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On the existence and characterization of the maxent

distribution under general moment inequality
constraints
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Abstract— A broad set of sufficient conditions that guarantees
the existence of the maximum entropy (maxent) distribution
consistent with specified bounds on certain generalized maents
is derived. Most results in the literature are either focusel
on the minimum cross—entropy distribution or apply only to
distributions with a bounded—-volume support or address ory
equality constraints. The results of this work hold for geneal
moment inequality constraints for probability distributi ons with
possibly unbounded support, and the technical conditions re
explicitly on the underlying generalized moment functions
An analytical characterization of the maxent distribution is
also derived using results from the theory of constrained
optimization in infinite—dimensional normed linear spaces
Several auxiliary results of independent interest pertaiing to
certain properties of convex coercive functions are also @sented.

Keywords: Coercive functions, Constrained optimization,

Convex analysis, Cross—entropy, Differential entropy, Maimum
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|. INTRODUCTION

Consider the problem of estimating a signal from “noisy
observations when we have complete information about tﬂ

statistics of the observation process but only partialrista-
tistical) information about the signal of interest. Pdrpaor
information about the signal probability distribution rhigoe
available in the form of bounds on a restricted set of cert

general moment measurements. Incompleteness in the pfh

information is with regard to the underlying signal probipi

distribution that is consistent with the measurements.rdh

arises the question of selecting a distribution from theifda
ones that is noncommittal with respect to missing infororati

The maxent principle provides a selection mechanism that

enjoys several appealing optimality properties [1]-[7].

Questions of existence and characterization of the maxen

distribution in a collection of probability distributionsver a

finite—dimensional Euclidean space are, in general, pnoble

in infinite dimensional constrained optimization involgisev-
eral subtleties, and many derivations in the literaturetaion
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errorg. Although the form of the maxent distribution subject to
general momergqualityconstraints has been known for long,
there has been little systematic investigation into itsdigl
and the existence of the maxent distribution. Most results i
the literature are either focused on the minimum crossepmtr
distribution or apply only to distributions with a bounded—
volume support. A key difficulty in extending such existence
and characterization results from cross—entropy to differ
tial entropy is that unlike cross—entropy which is always
well-defined, nonnegative, and satisfies a joint lower semi—
continuity property, differential entropy is not always lixe
defined and lacks a crucial upper—semicontinuity propéy t
is needed for establishing existence results along the lirfie
those for cross—entropy.

Building upon results due to Csiszar and Topsge [1], [9], we
provide broad sufficient conditions @eneral convex families
of distributions that guarantee thexistenceof the maxent
distribution in the family. We also specialize these existe
results to specific convex families of probability disttilons
defined through general moment inequality constraints. We
L‘c,o provide an analyticatharacterizationof the maxent
istribution for such general moment—constrained famiilie
Our existence and characterization results hold for pritibab
densities over a finite—dimensional Euclidean space, that i

aE'Wite—dimensional probability distributions that are allbogely

gptinuous with respect to the Lebesgue measure, although
ey can be extended to general finite—dimensional sigma—

Jinite measures also. For results pertaining to specific con-

vex families of distributions defined through general momen
inequality constraints, a finite number of constraints is as
med although the results can be extended when there are
a countable number of constraints. Our results apply foh bot
dififerential entropy and I-divergence although we statd an
prove results only for differential entropy.

Existence and characterization results for a family of com-
pactly supported probability densities on the real linehwit
a prescribed mean and variance (moment equality consfyaint
are presented in [10]. The analysis in [9] is exclusivelyated
to I-divergence (which requires a reference measure) ahd no
differential entropy and the existence results were stateyd
in terms of the convexity and variational completeness ef th
feasible set of distributions. Unlike the results in [9] wini
are in terms of general conditions on the convex collections

1See Borwein and Limber [8] for references to these nonrigerderiva-
tions.



of distributions satisfying general moment constraintshwi present a rich class of “well-behaved” functions that paevi
equality, which might be difficult to check in practice, ourthe general “stabilizing” moment constraints guarantgéire
results are for general momeinequality constraints, and the existence of the maxent distribution. Frequently encaeate
technical conditions arexplicitly on the underlying moment constraints such as mean quadratic energy and mean absolute
functiong. The results presented in [1] hold for probabilityenergy are well-behaved. These well-behaved constrainés h
distributions over a&ountable spacand the existence resultsseveral interesting and intuitively appealing properties are
therein pertain to theenter of attractionof a convex col- of independent interest.

lection of distributions. The relationship between theteen In Section[dl we provide some background, define all
of attraction of a family of densities defined via momenmportant terms, and state the maxent problem. In SeEfibn Il
equalityconstraintd and the maximum-likelihood estimate inwe state the main results of this work — fundamental theorems
an associated exponential family of densities is derivdd1h.  on the existence and characterization of the maxent disimib
Borwein and Limber in [8] also provide a set of sufficientonsistent with specified moment inequality constraintsoi
conditions for the existence of the maxent distributiond arof these theorems and related results of independent stitere
characterize its form but these results differ from ours iare presented in the appendices.

several aspects. Their results are for equality consgainirs

are for inequality constraints. The underlying space irirthe 1. BACKGROUND AND PROBLEM STATEMENT

analysis is the real line, our analysis is Bf. Their analysis Notation: R denotes the set of real numbers
considered distributions with bounded support. Our amglys ' '

allows distributions with unbounded support. R:= RU{—l—oo, —o0}

For a collection of distributions satisfying moment—edjyal ] ]
constraints, the maxent distribution, when it exists, has #1€ set of extended real numbers, d@ the d—dimensional

exponential form where the exponent belongs to the closkf! Euclidean space. Vectors are denoted by boldfacesette
subspace spanned by the measurement functions [8]. The §i-example,x € R¢, and finite dimensional vectors are
ditional flexibility allowed by inequality constraints ldato a tréated as column vectors. All sets in this work are Lebesgue
stronger characterization of the maxent distribution. \Wevs measurable. IfA and B are Lebesgue—measurable sgbsets of
not surprisingly, that under moment inequality constisaamd R_dv then the statement = B means that the set of points not
mild regularity assumptions, the maxent distribution has #imultaneously in boti and B has Lebesgue measure zero
exponential form where the exponent belongs to the neddld 4 is said to be equal & almost everywhere (a.e.). Al
tive cone generated by the measurement functions. In mdHfctions in this work take values it and are measurable
applications, inequality constraints are perhaps more-coMilth respect to the Lebesgue measure oiér Inequalities
monly encountered than equality constraints. With egalit’volving measurable functions are to be understood in the a
constraints, it is often difficult to verify the existence af Sense. Allintegrals are in the sense of Lebesgue. A prababil
maxent solution because of possible errors in the estimafi@Nsity function (pdf) is a measurable functiefx) on R?
moments. The conditions of our existence and charactaizatthat is non-negative almost everywhere (a.e.) and integrat
theorem are application—oriented in the sense that if tife unity over RY. All results in this work are stated for
measurement functions meet certain general requirentaets, Probability densities over finite-dimensional Euclidepaces,
maxent solution exists and has a special exponential foren, Wt is, probability distributions that are absolutely toaous
have learnt (thanks to an anonymous reviewer) about anotMéih respect to the Lebesgue measure, although they can
work by Csiszar which addresses inequality constraing$. [10€ extended to general sigma-finite measuresR6nalso.
However, those results are for the minimum cross—entrofy (R?) andL=>(R¢) respectively denote the set of absolutely—
problem and it is not clear how they could be extendéateg_rable functions ovek? and the set of_ essentially bounded
to the maxent problem especially when the support set HY§Ctions [15, p. 119] oveR*. For convenience, we shall often
unbounded volume — an important consideration in our worRMit the X’ and the dx’ that appear inside an integral. Thus,
Other general references where inequality constraint® hav
been considered include [13, Section 13.1.4] and [14]. /Af(x)dx

We provide two sets of sufficient conditions on the un- . .
derlying constraint functions that guarantee the existeoic will often be gbbre\_nated t,OfA f(x) or simply fA f. The
the maxent distribution. In one set of sufficient conditi,on§ymb0|7T and its variants will denote pdfs and
the proof hinges on the assumption that the distributions of E[g] := 61
interest have supports that are contained in a finite volume T e

d
SUb.S(.at ofR thgt need not be _boundgd._ The second set 8£notes the mathematical expectation of the functidr)
sufficient conditions removes this restriction by assumnthng under the pdfr(x). The support of a functiorf (x) is the set

sref§gtnce O]f t?] ge]fnergtl)l stalT||I|2|tng rr;ogjetq';)ct(_)nstra\l/r\ll:sm ﬂbf points where it is nonzefaand is denoted byupp(f). The
ehinition ot the feasible coflection of distributions. @ indicator or characteristic function of a subseof R¢ denoted

2\We use the terms moment function and measurement functierciange- PY 14(x) is the function that is equal to one over and

ably. zero elsewhere. The volume of a Lebesgue—measurable subset
3The moments were with respect tocafinite reference measure over a
general measurable space. 4Note that we are working with probability density functions



S of R? is its Lebesgue measure and is denoted $y In appropriate moment inequalities without explicitly retyug
addition to the arithmetic of the extended reals, the foifmy thatsupp(7) C S in the definition. For example, if

conventions regarding infinity are adopted in keeping with
measure—theoretically consistent operations: up =u1 =0,

and

In0 = —o0, In§=+o0,Va>0, 0-(doc0)=0. Po(x) == —¢1(x) =1 —1s(x)
Thus0In0 = 0 which also agrees with the limiting value ofian, for eachr belonging toQ, we have|supp(r)\S| = 0.
the quantitytInt as the variable decreases to zero. For clarity of exposition we shall primarily work with the

_In Bayesian inference, signals of interest are modeled gnyex collection[[Z11). However, it is quite straightf@ma
high—dimensional real random vectors with assomatetzli P45 extend our results to convex collections having indiaidu
referred to as prior distributions on the signals. Dete R lowerbounds{l, € R}, on the moment measurements.
have an underlyingi~dimensional pdf denoted by(x). In |5 general, many distributions will satisfy the moment
many applications, only limited information abatitx) can be  ongiraints of2. The choice of a distribution from this moment
gathered. Moments of probability distributions are oftsedi ¢,sistent class depends upon the goals to be achieved by
to describe the underlying statistical structure of a sisth o selection. For the application of lossless compression

process. For example, the set of all finite—order moments Qi answer can be given. The unique pdf that maximizes the
a scalar random variable provides, under suitable regylaryjiferential entropy functional
assumptions, a complete statistical description of theloan
variable [16, Theorem 30.1, p. 388]. In practice, only a h(rm) := —Ex[In7]
finite set of moments is a priori known or can be es'umateéjver a convex sefF, whenever it existsalso minimizes
(measured) from samples. In many cases even these are HOt . .

. . the worst—case rate for encoding repeated independent ob-
available but bounds on the moments are available. The b;oun§

may be regarded as arising from the impreciseness of momg pvations ofX "losslessly” [20, pp. 105-106], [7, pp. 61~
Y 9 ISIng Imprecisene 8§f [1, Theorem 3, p. 16] (The results in [1], [7] are for
measurements. For example, for> 0, the empirical mean

. - T discrete entropy). A similar result holds for high-rateslips
(P energies of wavelet coefficients in different subbands a mpression [6].

often used to construct _stat|_st|cal mpdels _for images [17 " Definition 2.1: (Maximum entropy distribution) LeF" be a
[19]. In general, the limited information will be unable to ; o .

. . o . : convex collection of distributions for which
single out a desirable distribution that is consistent wita
moment constraints. The limited information would rather Fn{pdf 7:h(r) > —o0}
specify a whole class of distributions that satisfy the monime
constraints.

Let prior information about a random vect&rbe available

in terms of upper bounds on the expected values of certain h(mag) = max h(r).
real-valued Lebesgue—measurable (measurement) fusction mel

is nonempty. The maxent distribution it whenever it exists
is the unique pdfr,,z belonging toF satisfyind

It may be noted that sinde(r) is a concave functional [21],
é :Rd—>R77€1—‘7 the set
! {pdf 7 : h(m) > —oc0}
whereT is a finite index sét A useful notion is that we can . .
sometimes design these functions(x) (that is, the measure- 1S CONvex. The uniqueness afy, follows from the strict
ments). Each candidate distributiofx) that is consistent with concavity of the differential-entropy functional [21] atie

these measurements then belongs to the set convexity of F. o _ o
In addition to being minimax optimal for the application of

Q(u) = {pdf 7 :supp(w) C S, and for ally in T, lossless compression with uncertain source statisticsiséed
Er[¢,] < uy < +00}, (2.1) apove, tr_\e maxent distri_butjon .is also ‘.‘maxim.ally noncom-

mittal” with respect to missing information while satisfg
whereS is a closed Lebesgue—measurable subsBt'dfaving prior constraints [4]. Shore and Johnson in [2] show that if a

nonzero but possibly infinite volume and distribution has to be picked from a class of probability- dis
tributions by maximizing a functional satisfying some matu
u:= {uy € R}per postulates, it must necessarily be the maxent functiorgaim

is a finite—dimensional, real-valued, vector of moment mppén a study of logically consistent methods of inference s&&i

bounds. We assume that the only prior information availapfi¢monstrates that the maxent distribution is the only oae th
is expressed by the moment constraints (bf Since Q2 is satisfies two d_|fferent|ntU|t|ver appe_alm_g axiom s_ysm[ﬁ]._
defined through inequality constraints that are linearrin These properties of the maxent distribution make it a dekdra

it is a convex set of probability distributiondt is possible ch|0|ce for S|gn?l e;tlmatlgn. g ,
to implicitly incorporate support constraints inf through | SOMe applications, based on previous measurements, a
reliable reference distribution(x) for the signal of interest
5The focus of this work is on the case when the number of meamme IS available. New moment measurements might reveal that the
functions is finite but the results can also be extended t@#éise when there
are a countable number of measurement functions. 5The subscript ME stands for maximum entropy.



reference distribution has inconsistencies with new imi@r is a finite normalization constant. The paramefeYs(u) }er
tion in the form of bounds on momenfs{R.1). The situatioare all nonnegative, and satisfy

suggests a revision of the reference model while not igigorin

earlier measurements. An attractive model selectionrimite > A By [89] — uy) = 0. (3.2)
in this situation is to select the distribution §hthat is closest v€r

to the reference distribution in the sense that it has mimmUMoreover,

cross—entropy (MCE) relative to the reference prior:

Definition 2.2: (Cross—entropy [9, p. 146]) Theross- hrpye) = a(u)+ Z Ay (W)Ery, 5 [¢4]
entropyof pdf 7 (x) with respect to pdfr»(x) (also known as =
the I_—dlverge_nce, _Kul_lba_lck—_Le|bIer distance, relatlve_brepy, = afu)+ Zuv)\v(“)-
and information discrimination) denoted Hy(m||m2) is de- e
fined as: Remark 3.1:Note that if 7 belongs toQ2(u) and —co <
D _ [ ExIn(Z2)] if m < m (see Definitio ARB) (), thenm < myp. If there exists a pdir in Q(u) with
(m|m2) = +00 otherwise. —oo < h(m) andsupp(7) = S, then the sef\ Sy has zero
Definition 2.3: (I-projection [9, p. 147]) Let be a pdf and volume; that is Sy, almost everywhere coincides withand
F a convex collection of priors such that we may takeSy,r = S in the above theorem.

Remark 3.2:The numberg\, },cr in TheorenZZ]l above
Fn{pdf m: D(rllr) < +oo} are Lagrange multipliers associated with the moment con-

is nonempty. The I-projection ofonto ', whenever it exists, Straints of2(u) in @IJ). The constraint qualificatiofi{3.2)

is the unique pdfrycr belonging toF satisfying implieF t]hat Ay, = 0 if constraint v is inactive, that is,
ETFME ¢’Y < uV'
D(mymcEel|lr) :gleigD(WHT)- Remark 3.3:Since S has nonzero volume and,;z is

The updated distributionry;cz is referred to as thé— unique, if the measurement functiof®, },cr are linearly
projection of » onto F. Since D(x||r) is strictly convex in independent then there is a unique choice for the parameters
7 [21], and F is a convex setryox iS unique whenever it A := {\, },er that satisfies the moment constraints(iffu).
exists. In this case, the mapping from the vector of moment bounds

Generally speaking, the maxent distributior(ir2J) need u to the vector of Lagrange multipliers is a function, that
not exist. Our goal is to provide a set of sufficient condisionis, it is not a one-to-many map. If the measurement functions
on the measurement functions that guarantee the existeft@ not linearly independent, the characterization thacst|
of the maxent prior. We provide such a set of conditions iiolds, but the Lagrange multipliers need not be unique.
the following section. We also characterize the form of the Remark 3.4:The Lagrange multipliers\(u) are usually
maxent prior. Similar existence and characterization ltesuimplicit functions of the moment bounds If for some value
for I-projection under momerinequality constraints can be of u a Lagrange multiplier turns out to be zero — that is,
derived along similar lines but are omitted from the present (u) = 0 for somey € I' (a situation that will arise if the
work (see [9], [12], [22], [23]). associated moment constraint is inactive, thakis,, ,, [¢,] <
u~) — then the maxent solution corresponding to any larger
value of u, will remain the same (see Appendix B.2 for a
proof). Thus, the map(u) from moment bounds to Lagrange

) ) ) ) multipliers is in general not injective. However, see thé fo
The following theorem proved in Appendix B.1 provides fowing remark.

characterization of the unique maxent distributiofisubject Remark 3.5:The mapping from the moment upper—bounds

to suitable technical conditions. u to the Lagrange multipliers\(u) is one-to-one when the

Theorem 3.1:(Characterization of the maxent distributionyomain is restricted to the set of those valuesidbr which
Let 2(u) be as in[Z11). Let there exist a paf in ©2(u) such \ 1) > 0 for every~ in I, that is, all the constraints are
that for ally in I', Ex, [¢,] < u,. If the unique maxent pdf 5cive This fact can be seen by the following argument. Sup-

mu e belonging toQ2(u) exists andh(mys i) is finite, then the ose that(w and {4 both mao to the same set
maxent pdf has the form P {uy Jrer and{u,”}rer P

of strictly positive Lagrange multiplier§\, > 0},cr. Then
because all constraints are active, dudial (3.2), nechssari

1 — — 4@
exp{ —a(w) = 30N, g @) i = B [y 00] = vz
yer for every~ in T

Theoren 31l asserts that whenever the maxent distribution
in a moment—consistent class exists then, subject to soifde mi
technical conditions, it has a natural exponential formegiv
by 3). The next result proved in Appendix B.3 essentially
a(u) =In / exp q — Z Ay (1) (x) p dx asserts that if a pdf having the exponential form given[)(3.

Sme yer is moment consistent then it must be the maxent distribution

IIl. EXISTENCE AND CHARACTERIZATION OF THE
MAXENT DISTRIBUTION

7"'ME(Xa U—) =1syp (X)

where Sy g := supp(mye) C S satisfiesEx [1s\s,,,] = 0
for everyr € Q(u) for which —co < h(w) and



for the moment—consistent class. In this sense, the neult reshat is,h(F') is finite, and there exists a unique maxent pdf in

is a converse to Theoreln B.1. F.
Theorem 3.2:(Converse to the characterization theorem) Corollary 3.4: Let Q(u) be as in [ZI). Let{¢,},cr be
Let Q(u) be as in[[Zl1). Consider a pdf uniformly bounded from below by, € R andS have nonzero
but finite volume. IfQ2 is nonempty and
Texp(X,A) 1= 1g,(X)-exp{ —a — Z Ay(u)gy (%) o, C = ﬂ {xe8:¢,(x) <u,}
yel’

yel’
where S.«, IS a measurable subset ¢, and the vector
of nonnegative but finite—valued parametgrs,(u)} cr is
denoted byA. If

() 7Texp belongs toQ(u),

(i) Er [1s\s.,,] =0 for everym € Q(u) for which —co <

has nonzero volume then there exists a unique maxent pdf
mume in Q(u) having the exponential form given by Theo-
rem3Bd withh(myg) € R.

The proof of TheoreniZ313 appears in Appendix C.1. The
proof of Corollary[3¥ appears in Appendix C.2. While the

h(r), and finite measure condition is crucial to the proof of Theofef 3.

(iii and CorollaryC3 W, the next theorem and corollary show that
Z M (Er.., [04] — uqy) =0, the existence of the maxent distribution is guaranteed by th
yer presence of a “stabilizing” constraint function in the diifom

of Q even if the support set’s volume is not finite. The proofs

then ey, is th i t pdf iR d ! ) :
eNTexp 1S the unique maxent pdf ifd(u) an of these results appear in Appendix C.3 and Appendix C.4

M(Trexp) = v+ Z/\w(u)mep [&+] respectively. We would like to point out that the sufficient
v€eT conditions for existence mentioned in [9] and the corollary
is finite. following Theorem 5.2 in [25] for the cross-entropy problem

Before entering into sufficient conditions for the existen¢ 1S Not available for differential entropy unless attentitn
the maxent distribution, we would like to briefly comment of€stricted to distributions supported on a set of finite Isgje
some practical aspects of computing the Lagrange multiplignéasure due.to the. lack of a geperal upper-semicontinuity
from given moment constraints. The infinite—dimensionai-coProperty for differential entropy. It is not immediatelyeair
strained entropy maximization problem can be converted tdjgyv_those results can be extended to distributions having an
finite—dimensional convex minimization problem by invagin infinite-volume support.

Lagrange duality theory [20, pp. 21-24]. This forms the Definition 3.1: (Stable function) A real-valued measurable
basis for developing numerical techniques for computirg tunction f(x) is stable ifexp{—Af(x)} belongs toL'(R?)
Lagrange multipliers that characterize the maxent distiom.  for all A > 0.

Several algorithms based on iterative gradient—projactio ~ Remark 3.6:If f(x) is stable so isAf(x) for all A €
moment—matching procedures having different converger((9e+00)-

properties have been proposed in the literature, for exam-Theorem 3.5:(Existence of the maxent distribution — sta-
ple, Bregman's balancing method, multiplicative algebrapilizing constraint) LetS be a closed, Lebesgue—measurable
reconstruction technique, generalized iterative scafieghod, Subset ofR? having nonzero but possibly infinite volume and
Newton’s method, interior—point methods, etc. [24]. Hoarev F be a nonempty, convex,'—complete collection of pdfs over
these algorithms have been largely applied to problemsevhér- If

the underlying space is a finite set and require evaluating) there exists arj in I’ such that—oco < h(m) and
moments at each step. This task can be nontrivial if th@) there exist finite realsl, u, with L < u, and a stable
underlying space iR? and d is large, as in the case of function such that for allr in F, L <E,[¢] < u,

images, because moment computation will involve evalgatig, o, h(F) := (sup,.p h(r)) € R, that is, h(F) is finite, and
very high dimensional integrals. One would typically neeghere exists a uniaie maxent pdf

to take recourse to computationally intensive algorithike | Corollary 3.6: Let Q(u) be as in [Z1). Let{¢,} cr be

importance sampling or Markov—chain Monte—Carlo for NYiniformly bounded from below by € R andS have nonzero

merically evaluating the high—dimensional integrals atl:hea(but possibly infinite) volume. If is nonempty and
step. However, in certain situations it might be possiblai@

advantage of the structure of the specific moment functionsg %e:r:ez;fsrt{x € 1‘? ;‘oﬁvv(\/?icﬁ o} h%saz(()jr:bzerios \é?;ubrlge’
to develop fast heuristic approximations for the Lagrange ) Sl € ) Uao € b0 '
multipliers [20, Chapter 4], [17]-[19]. then there exists a unique maxent pdf g € ©2(u) having the
Theorem 3.3:(Existence of the maxent distribution — finite€Xponential form given b)_/ Theorel B.1 it k) € R

volume support constraint) Le§ be a closed, Lebesgue— Remark 3.7:In CorollariesT3}t an36, the condition that
measurable subset @¢ having nonzero but finite volume.the measurement functiong), },er be uniformly bounded
If F is a nonempty, convex;'—complete collection of pdfs from below by L € Rl |sdsuff|c:|ent to ensure tha@(u) is
over S and—oo < h(m) for at least one pdf, belonging to complete under theC!(R?) norm (see PropositioR .1 in
F, then Appendix[@). The condition that

h(F) = :gh(”) €R, C:=Nyer{x €S :¢dy(x) <uy}



has nonzero volume is a sufficient condition to ensure thedn be included in the set of available moment measurements
there is at least one pdf, with —co < h(m). without affecting the maxent solution. Although this new
In conclusion, we demonstrate a rich class of “welleonstraint is redundant, it tells us that Theorem 3.7 can be
behaved” constraint functions for which condition (2) irapplied and the maxent distribution §nexists under the mild
Corollary[3® is satisfied. The main result here is Thedrefn Jequirements of Corollafy3.6.
whose proof appears in Append? D.
Definition 3.2: (Omni—directional unboundedness) A real—

valued function on a vector space asymptotically positive _
and unbounded in all direction§ f(z) — +oo whenever  The authors would like to thank Prof. Tamer Basar for help-

||z|| — oo. For simplicity we shall refer to this as themni- ful discussions regarding optimization in infinite—dimiems
directional unboundednegsoperty (which is also sometimessPaces, Prof. Imre Csiszar for clarifying maxent existenc
referred to as the coercive property [26, Definition A.4(cjesults related to differential entropy in [25], Dr. Raman
p. 653]). Venkataramani for discussions related to omni—directipna
Remark 3.8:In a finite—dimensional Banach space such afibounded functions, and the anonymous reviewer for point-
R<, all norms are equivalent [27, Theorem 23.6, p. 177]. 19 out that our results do not require the measurement
other words, if|| - || and|| - ||, are two norms, there arefunctions to be nonnegative.
positive constantd, > 0 andU > 0 such that
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APPENDIXA

Lix|[a < [Ix[lb < Ul[x][a PRELIMINARIES

for all x in the finite—dimensional Banach space. Thu®Rih Definition A.1: (Convex set) A subsef' of a vector space

l1[[a — 00 |Ix|[p — oc. is said to beconvexif wheneverz,; andz, are inC, so is
o - az + (1 — a)zy for every« in the closed intervalo, 1].

The definition of omnidirectional unboundedness therefore pefinition A.2: (Convex function) Let” be a vector space.

does not depend upon the specific norm used when WQ‘unctionalf : V — R is said to be convex if for every

underlying space is finite dimensional. a € [0,1], and for anyz; andz, belonging toV,
Definition 3.3: (Well-behaved function) Lep : R — R

be a convex and omni—directionally unbounded function. A flazi + (1 —a)ze) < af(z1) + (1 — a)f(z2).
real-valued function) : R — R is well-behaved if there

exists a nonnegative real number M such that If equality holds only whenz, = z, then f is said to be

strictly convexIf —f is (strictly) convex thenf is said to be
P(x) < ¢(x), VxeR?:|[|x||>Mand (strictly) concave
SUpP||x||<M lh(x)| < oo S Definition A.3: (Absolute continuity) A pdfr, is said to be
Remark 3.9:A convex and omni—directionally unboundedypsolutely continuous relative to a pe, in symbolsr; <
function is well-behaved. If (x) is well-behaved s0 i8f(x) o 7, > 7, if for every Lebesgue measurable subseof
for all A belonging to the open intervad, +occ). Re, [, 7w = 0 implies [, m = 0 and hencesupp(ri) C

Theorem 3.7:A well-behaved function is stable. #,, is  gupp(,).
well-behaved and Fact A.1: [28, p. 5] The cross—entropy of pdf; relative
Ex[$] < Uy < +00 to pdf w5 is always well defiqed and_non—negati\_/e (it could
_ be +00). The cross—entropy is zero if and only7fi = 7
thenh(w) exists and almost everywhere.

Fact A.2: [21] Differential entropyh(r) is strictly concave
in 7. Cross—entropyD(m ||m2) is convex in the paifmy, m2)
Hence, if¢., belongs to{¢,},cr in Corollary[Z® then and strictly convex inr;.

sup h(m) < 1y + In [le=%0| 1 < +00 Fact A._3: (Joint Iowe_r semi—continuity of cross—entropy
e (u) = 70 £ : [29, Section 2.4, Assertion 5]) If the pdfs, andg,, converge

Remark 3.10:Suppose that in Corollafz3.6, none of thén £*(R%) norm to pdfsp and ¢ respectively as: — oo,
measurement function&p, }.er is well-behaved, but somethen
nonnegative linear combination of the measurement funstio

h(7) <ty +In|le” %0 |21 < o0.

D(pllg) < liminf D(pnl|gn)- (A1)
OWES Zwby, where0 < u, < +oo forall vy € T, Fact A.4: [20, p.88], [11], [1, Theorem 1, p. 14]: IF C
ver L'(R9) is a complete, convex collection of pdfs ah@F) :=
is well-behaved. Let,,, := 3" uyu, and SUpP,cp h(?r) is finite, then there exists a unique distribution
7* belonging toF’ such that for every sequen¢e,,} C F for
Q= {pdf m:< Ex [¢p] < up}- which h(r,) — h(F), we haver, — 7* in £'(R%) norm.

Fact A.5: (A fundamental theorem of convex optimization
[30, adapted from Theorem 1, p. 217]) Uétbe a vector space
and F' a convex subset of. Let f : F — R be a convex
—00 < L <E;[du] <uy functional on F' and {g,},<r a finite collection of convex

It is clear thatQ2(u) C €2,,. Hence, the well-behaved function
¢, and the associated moment constraint



mappings fromF into R. Suppose that there exists a poift
in F such that for ally € T, g-(vo) < 0 and

inf f(v)

veG

mg (A.2)

is finite where
G:={veF:g,(v)<0,VyeT}

Then there exist nonnegative Lagrange multipli€hs, },cr

such that
mo = inf (£(v) + 32 Mg (v
~el’

Furthermore, if the infimum is achieved ifL(A.2) by*
belonging toG, it is also achieved by* in (B33 and

Z A gy (v

~el’

(A.3)

(A.4)

APPENDIXB
CHARACTERIZATION OF THE MAXENT DISTRIBUTION

1) Proof of Theoreni-311:We shall apply FacEAl5 with
V = LYRY),

F = {pdf 7 : supp(w) C S},
fm) -

—h(m), vo := m, and

9+(7) := Ex[d)] —u

for eachy in I'. Clearly,V is a vector space ankl is a convex
subset ofVV. Sinceh(r) is a concave functionalf(x) is a
convex functional orF. Also, {g- () }~cr is a finite collection
of linear (hence convex) functionals dn By assumptions
belongs toF" and for eachy in I, g,(m) < 0. ThereforeF’
is nonempty. The infimunmg in FacfAD is attained at* =
myme and is equal toh(ma ) which is finite, that is;mg =
h(ryEe) € R. Hencery g -Inmyy g is absolutely integrable on

R<. We have now verified that the conditions of FRCTIA.5 are
fulfilled and as a consequence, we are guaranteed the edsten

q lie inside F. In view of (B3), for ally € T" for which
Ay > 0, we must have

]EWIME[¢'Y] =uy € R
which implies that
EWME |¢’Y| < 00.
Hence,
Eﬂ'e |¢V| < (1 +9) -E

since|l + 0q| < 1+ . Furthermore,

TME |¢7| < o0 (B'4)

0<(1-0)<1+60-q<1+6

implies that for allx € R? and for alld € [0, 1),

|In(1+60-q(x))| < Ag :=In (max ((1 +0), a i 9))> < 0.
It follows that
|h(7T9)| < (1 + 9) 'EFME |1n7TME| +

+ Ay < 00, VO € [0,1). (B.5)

This shows thatry - In 7y is also absolutely integrable for all

6 in [0,1). In view of (B3), [B3), [B), and the fact that

is a finite index set,

—o0 < —h(mrme)+ Z Ay Erprpdy] —uy] <
yel’
< —h(me) + Z Ay [Erg [#y] — uq] < o0

~el’
Collecting terms together and usirfg(B.2) we arrive at:

lq- Z eyl +

yel

0 <0-E

T™ME

+ /(we-ln7m—7rME~ln7rME) < + oo.
S

of nonnegative real\, },r so that[AB) and{AM) hold, that Thys for allg € (0,1) we have

is,
—hrymg) = mm - —|—Z)\ 7 [04] —u,y]] , (B.1)
~el’
> A Ernpldy] —uy] = 0. (B.2)
yel’

The last condition is equatiof {8.2) in TheorEml 3.1. Conside

perturbations around the minimizet,; g of the form
g = e - (14+60-q)
whered € [0, 1],
q € L2RY), |lglloe <1, and Er,,,[q) =0.  (B.3)

It can be verified thaty > 0, [|mg||z2 = 1, andsupp(ms) C S,
that is, mp is a pdf with support contained i for every
6 € [0,1]. This ensures that the-perturbations ofry,  along

g ) As)

yel’
(7‘1’9 1n7T9 —TME lanE)
0

7TIWE

+/S

The function

< + o0. (B.6)

(7T9 . 11?17T9 — TME '11?17T]\4E)
0

is integrable for eacH in (0,1) and is nondecreasing thfor
eachx in S. Furthermore,

TH ‘—

To4 1= 1911&)1@ =q-mye-(1+Inmyge)

is also integrable. The monotone convergence theorem [15,

p. 87] applied to(ryp — 7o) shows that

J

To+ = lim

010 7o



From [B®) one therefore obtains:

0 < /q TME * (1+1n7TME+Z/\V¢V < 400
yel
= /q TME (1D7TME+Z)\7¢7 < +o0, (B.7)
yel
since E,,,,[¢g] = 0 from (B3). But if (B2) holds forg

satisfying [BB), it also holds for-q. We are led to the
conclusion that for every belonging to£>(R%) satisfying
llglloo < 1, Wheneverfsq -myme = 0 we must also have

/q mve - (Inmam + > Aydy) = 0.

yel

Thus, for allg belonging to£> (R%), Wheneverfs qmve =0
we must also have

/q mve - (Inmye + Y Aydy) =0.

yel’

Let Sy e = supp(wME). Now, 1SME “TME, 1SME TME*
In7mae, and {1s,,, - TmE - ¢4 }er all belong to £ (RY)
whose norm-dual [30, p. 106] i8> (R%). If

1SME “TME - (1D7T]\4E + Z )\7¢7)
~el’

does not belong to the one—dimensional closed subspac
spanned byls,,,. - TaE, then by the Hahn—Banach theorem

[30, p. 133], there exists a bounded linear functiopabn
L' (R4) which vanishes alg,,,, - Tz but not at

]'SZ\/IE *TME - (IHWIL{E + Z )"Y(b’v)v
vyel

that is, there exists a in £>(R?) such thatfsq cmymE =0
but

q TME * (anME‘i‘Z/\v(bv #0
yel

contradicting the conclusion of the last paragraph. Heheget
exists a real scalar such that

TME * (hlﬂ'ME + Z)\7¢7)
~el’

= —QTME

for all x in Sy/g, that is,

a5 (%) = Ls,, (%) - exp{—a = ) Ay (%)}

yel’

We shall presently show that for eaghbelongs toQ2 with
—o0 < h(m), we haveD(n||myp) < +oo, that is,n, 7 <
mag- IN particular, this would mean that

]Eﬂ'[]“S\SME] =0

for all 7 € Q with —oo < h(w). To show this, define

1 1
g = (1—E)7T]\4E+E7T, k=1,2,...

and note that for each, (i) 7, belongs to(, (i) = < =, and

mvE < T, and (i) 7, — mwa g, Where the convergence

is in the almost everywhere sense and also undecCt&?)
norm. We have

+oo > h(mme) > h(mg) =
= (1 - %) h(Tyve) + Eh(ﬁ) +
+(1- 1) Drwelim + 1 D(llm)
>

(1 - %) h(rmE) + %h(ﬁ) + %D(W”W’C)’

where the first inequality follows from the existencemnof;
and because belongs ta, the second equality is an identity,
and the third inequality follows from the nonnegativity of
cross—entropy (Fa€fA.1). Hence,

h(m) + D(w||mk) < h(mare)

for all k. Taking limits, noting thatr, converges tary, g in
norm, and using the lower semi—continuity property of cross
entropy (FacEARB) one obtains

h(ﬂ') +D(7T||7T]\4E) < h(TFME) < 0Q.

Sinceh(n) > —oo, D(n||mmE) < co. The characterization is
now complete. [ |

2) Proof of Remark=3l4iet u map toA(u) andmy g be
the maxent pdf i2(u). Define

Ip:={yeTl:\ =0}

Suppose that for ali in I'g, u/, > u, and for ally in I'\I'y,
ul, = u,. Let 7y, be the maxent pdf if2(u’). We shall
show thatmy g = 7). Clearly, Q(u) C Q(u’) implies that

h(rme) < h(ny,g). On the other hand, using_(B.1) with

7w = 7, it follows that
-2 M

~veI'\I'g

hMrve) > Wryg) By, o [09] — us]

>

hmhe)
since\, > 0 and
]Ew’ME[%] < Uy

for all v in T\T'g. Thush(myr) = h(m)p). Sincer), is
unique, the result follows.

3) Proof of TheorenT32:Let o« be the normalization
constant for whichrey,, is a valid pdf. The condition

Er[15\8.., (¥)] = 0

for all = belonging tof2(u) for which —co < h(nw) implies
that m < mexp, In particular,supp(n) C supp(mexp). Hence,

0 < D(rl[exp) = a+ > Ay(W)Er[y(x)] —h(r) < oo,
yel’
This implies that
—00 < h(m) < a-i-Z/\w(u)E [94]
yel
< O‘+Z/\7“7 < .
yel’



Since ey, belongs toQ2(u) and in £'(R4)—norm implies convergence in (Lebesgue) measure
which in turn implies the existence of a subsequenge
Z Ay (Brey [9] = uy) =0, converging tor almost everywhere iiR? [15, Proposition 18,
ver p. 95]. Since each element of the subsequence satisfies (i), s
henceE,. _ [¢,] = u, for all v : A, > 0. Thus, for allx does the limitr. Furthermore,

belonging to2(u) for which —oco < h(7),
/(7‘(—1)‘ = /ﬂ'—/ Tn
—00 < h(m) < a+ > MWEr,[6,] = A(Texp), R R R
|m — 7|
that is, e

yel’
—00 < h(m) < h(Texp) < 0. = |7 =l ey — 0

IN

Hence, for allr in Q(u), A(1) < h(Texp) < 00 AN Texp asn — oo so (i) holds. Applying Fatou’'s lemma [15,
belongs toQ(u). - m 'heorem 9, p. 86] to the sequence of non—-negative functions

T (%) [d+ (%) — L]

APPENDIXC i
PROOF OF EXISTENCE THEOREMS which converges to
1) Proof of Theoreli3l3tet rg(x) := ‘—g‘ls(x) (note that 7(x) [¢(x) — L],
|S| < 00). For all = in F' we have .
gives
0 < D(x||rg) = In|S| — h(r), /Rd Thy < 1imninf/Rd Tn®y < Usy.
that Is, Hence (iii) also holds, and belongs tof2. [ |

< ) ) .
h(m) < In S| < o0 2) Proof of Corollary[3H: 2 is nonempty by assumption,

Since there exists a pdfy in F for which —co < h(m), it convex by definition, and’'~complete by Propositidn Q.5

follows that has finite volume by assumption. Sin€ehas nonzero volume
h(F) := sup h(rm) € R, andC C S which has finite volume|C| < oco. If
TeF
1
that is,h(F) is finite. Let{m}7°, be any sequence of pdfs in To(x) = mlc(x)

F such that for eaclt, h(m) € R andh(m,) — h(F) ask o ) ) o
goes tooo. SinceF is £-complete, from FadiZAl4 it follows denotes the distribution that is uniform over the égtit is
that there exists a unique pdf in F to whichr, convergesin ¢lear thatrc belongs to(2(u) and

norm. _Convergencg in norm_implies convergence in measure h(re) = In|C| > —oc.

which in turn implies the existence of a subsequence which

converges almost everywhere [15, Proposition 18, p. 95]. Bience by Theorer 3.3,

passing to the subsequence we can assume that, without loss h(Q) = sup h(r) € R

of generality,;, converges tar* almost everywhere (and in o ,768 ’

norm). The lower semi—continuity property of cross—enyrop[hat is, h(Q2) is finite, in fact

(see (A1) in FadCAI3) implies that

In|S| = h(r*) = D(r*||rg) < liminf D(mg||7rs)
ISTSOT— lim A(my) and there exists a unique maxent pdfz belonging toQ2(u)
k—o00 having the exponential form given by TheorEml3.1. MW
In|S|—h(F). (C.1) 3) Proof of Theoreri:35For each) > 0, let

This shows thath(F) < h(r*). However, h(7*) < h(F) Zy = [|exp{ =M }|£1(re) < 400
becauser* belongs toF'. It follows that h(7*) = h(F') and
henceryz = 7* is the unique maxent pdf if. m and -
ME 1
Proposition C.1: (Variational completeness 6f) Let Q(u) ™= (20) 7 exp{=A}.

be as in[Z1L). Lef ¢ }cr be uniformly bounded from below gqor all 7 in F we have
by L € R. Then( is a convex collection of pdfs which is
complete under th&! (R%) norm. 0 < D(r||mx) = AEx [¢)] + In Zx — h(m),

Proof: Q) is convex becausé,[¢,] is linear in . -t is
Let {r,}>>, be a Cauchy sequence fa C L£'(R?). Since ’
L'(R%) is complete with respect to the- || za) norm [15, M) < AE;[¢] +InZy < du+1nZ)y < oc.
Theorem 6, p. 125] andlr,, } > ; is a Cauchy sequence, ther
existsm € L!(R?) such thatr, converges tor under the
L£'(R?) norm. We need to show that: @ > 0 (i) [, 7 = 1, o
and (iii) for all v in ', Ex[¢,] < u,. Recall that cfc?nvergence h(F) := i‘;ﬁih(”) €R,

—00 < In|C| < h(Q) <In|S| < oo,

Since there exists a pdf, in F' for which —oco < h(m), it
follows that

9



that is, h(F) is finite. Since I’ is £'~complete, following APPENDIXD

the proof of TheoreniZ3l3, there exists a unique pdfin PROOF OFTHEOREM[Z1

F and a sequencey, in F such that for eaclk, h(my) € R, Proposition D.1: If pdf 7 belongs to£>(R?) then h ()
h(mx) — h(F) ask goes tocc and 7, — 7* both in  oyists and
norm and in the almost everywhere sense. The lower semi—

i g —00 < —In||7||g~ < h(m).
continuity property of cross—entropy (sde_({]A.1) in HacilA.3

and the moment constraints If pdf = belongs toL?(R?) thenh(r) exists and
2
{VreF,—oco < L <E;[¢Y] <u< oo} ) —00 < 1 —||7||z2 < h(m). _
Proof: Since||r||;: = 1 and 7 belongs to£>(R?), it
imply that follows that0 < ||||z-. Also,
AE .« [1/)] +InZ, — h,(ﬂ'*) = D(ﬂ'*Hﬂ')\) 0< 7T(X) < ||7T||Loc
< likm inf D (g ||my) almost everywhere. Thus,
= lilcnigf[AEwk [¢] +1In Z) —o0 < —wln||7||ge < —7InT.
— h(mg)] Since for all nonnegative Int < ¢ — 1, we have
< /\u-i-an,\—klim h(ﬂk)

m(x) — (7(x))? < —m(x) In ()
= Xu+InZy—h(F).
s (F) almost everywhere. Sineebelongs to£?(R?) andr is a pdf,

This shows that the result follows. [ |
Remark D.1:The conditions in the above proposition are
hF) <h(m*)+ Xu—Eq [0]] < h(7*)+ A (u—L) not necessary foh(w) to exist and be strictly greater than

_ —o0. For example, if
for all A > 0. Hence for every > 0 by choosing\ such that

A(u— L) < e, we obtainh(F) < h(r*) 4+ e. Thush(F) < m(t) := 1(0_’1](,5)L7
h(7*). However, h(n*) < h(F) becauser* belongs toF. 2V
It follows that A(7*) = h(F) and henceryp = 7" is the thenh(r) = In(2), wherel ,(t) is the characteristic func-
unique maxent pdf irf". B ton of the interval(0,1]. The conditions in propositiof D.1

4) Proof of Corollary[3b: 2 is nonempty by assumption,do not guarantee that(r) will be finite. For example,
convex by definition, and'-complete by Propositidnd.1. Let

C' be a subset of” having nonzero but finite volume and m(t) = 1[8-,00)(t)t_1(1n t)>
1 is both bounded and square integrable which implies/iaj
mor(x) 1= chf (x). exists but,h(r) = +o0 [31, p. 237]. In the sequel, we shall
derive a general moment condition that ensures/ifval when
It is clear thatres belongs toQ2(u) and it exists, is less that-oo (Corollary[D.8).
Proposition D.2: (Sufficient condition for integrability.) If
h(rcr) = n|C'| > —oc0. ¢ : RY — R is convex and omnidirectionally unbounded, then

. . . for all strictly positivea,
Sinceg-, is uniformly bounded from below by, € R, for all

7 in  we have 0< Zy(a) = / exp{—a¢(x)} dx < 0.
Rd
—00 < L < Er[gq,]. In other words, a convex and omni—directionally unbounded
function is stable.

Again, for all = in €2, .
gal T Proof: It is clear that for all real-valued, 0 < Z,(a).

Ex[dq,] <ty < 00. Since¢(x) is unbounded in all directions, there exists a strictly
N positive r such that for allx satisfying||x||,, > r we have
Hence by Theoreri 3.3, #(x) > ¢(0). Thus,
o inf ¢(x) = inf X) = min X) = ¢(x
h($2) = ilelgh(ﬂ') eR, R P(x) [l < P(x) IIXIlzlﬁr(b( ) = ¢(x0)

that is, h(92) is finite, in fact for somex, in R? satisfying||xo||,, < r. The second equality

follows because being convex oR? is continuous, and the
—00 < In|C’| < () < inf [ud +1In Z,] < o0 closed ball
>

{x eR?: [|x[[e, <7}
where Z, is as in the proof of Theorefn 3.5, and there exis§
a unique maxent pdfry,r belonging toQ2(u) having the

exponential form given by Theorefn B.1. [ | P(x) := d(x + x0) — P(x0).

g a compact subset &<“. Next, define the function
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Sincex, is a global minimizer ofp(x), it follows thatv(x) and the result follows. [ |

iS non—negative, and attains its global minimum valué et Proposition D.4: Let = be a pdf for which there exists a
the origin. The function)(x) also inherits the convexity and convex and omnidirectionally unbounded functipnR¢ — R
omni—directional unboundedness properties¢gk). Hence such thaty(x) < —In(x) for all ||x|| sufficiently large. Then
it suffices to demonstrate that for all strictly positive h(n) exists anch(m) < +oo. If further, 7 belongs to£> (R?)
exp{—av(x)} is integrable. Since)(x) is non-negative and or £2(R?) thenh(r) exists, andh(r)| < +oo, thatis,—7 In 7
unbounded in all directions, there exist & 0 such that for belongs to£!(R?).

all x satisfying||x||,, > p we havey(x) > 1. Now Proof: Let
. w(X)=Hrﬁnn Y(x) = P(x*) > 1 with |[x*|[s, = p. P:={xeR’:0<n(x)<1}
x[ley=p x[ley=p

The first equality follows from the continuity af(x) and the P€ the set over which-wlnz is nonnegative. From the
compactness of the closed sphere of ragiis R?. The last assumptions omr there exists a strictly positive real number

inequality above follows from the way has been defined. For [t Such that for alljx|| > R,

all x in R? having a norm|x||,, which is strictly larger than 0 < ¢(x) < — In7(x).
p, the convexity ofy)(x) and the definition ok™* imply that -
. px p p Define the set
1 <4(x¥) Slﬂ(w) < Wlﬂ(x)‘i‘(l—w)lﬂ(o)- .
& & & B:={xeR?:|x|| > R}.
in Rd
ts complementBe¢ is a closed and bounded subseiRsfan
Eg\r/eall a > 0 and for allx in R* such that||x||,1 > p we | ol Be | losed and bounded subsefdfand
0 |1%]] 1 () has finite volume. Write
< a—— < ap(x),
p / —mlnm = / —7r1n7r+/ —mlnm. (D.1)
sincew)(0) = 0. Thus, for allx in R? such that P PnBe PNB
0 We shall show that each integral on the right side of the above
[[xlle; > p >0, equality is upper bounded by a positive real number. From thi
exp{—ap(x)} < eXp{—EHXHz 1. it will follow that h(w) exists andh(r) < +o0. Since for all
N P ' nonnegative, Int < t, for all x in P we have
Finally, since ] 0<In % < ﬁ
%[l = > [x(0)], =0 < —nr(x)Inr(x) < 1.
=1

Thus the first integral on the right side di{ID.1) is upper
and the exponential functioexp{—|t|}, ¢ € R is integrable bounded by the volume oP N B¢ which is less than the
over R, the result follows. B volume of the bounded sét¢. Again, since for all nonnegative
The conditions ony(x) in the previous proposition can bet, Int < /%, for all x in P we have
somewhat relaxed as the following corollary demonstrates.

oo . 0< -1 < A2
Corollary D.3: A well-behaved function is stable, that is, S —lamlx) < V/m(x)
if v : RY — R is well-behaved, then for all > 0, = 0< —7(x) In7(x) < /7(x).
0 < Zy(a) = =) 4y < 1o, Now for all x in P N B we have,
. , d . L)
Proof: Sincev is weﬁ—behaved, there exists a convex, 0< —7m(x)In7m(x) < /7(x) <e 2

omni—directionally unbounded functiop : R4 — R and a

nonnegative real numbe¥! such that for all in R¢ whose where the last inequality follows from the fact that

norm is strictly larger than\/ we have¢(x) < ¢ (x) and d(x) < —Innw(x)
for all x in R? whose norm is no larger that/ we have -
P(x) < 4o00. Now, for all x in B. We are lead to the following inequalities
Zy(a) :/ e W) —|—/ e (), 0 §/ —mlnm §/ e 5% < ||6_@||51 < 00,
{x:||x||<M} {x:||x||>M} PnB PNB
The first term on the right side is bounded singéx) is where the last inequality is a consequence of Corollant D.3.
bounded over the set From Propositiod DI1 it follows that if further belongs to
., L>(R%) or to £2(R?), thenh(r) > —oco and henceh(r)| <
{xeR: [|x]| < M} +00, that is, —7In7 is absolutely integrable. The proof is

which has finite measure. PropositBilD.2 provides an upgetmplete. n
bound for the second term: Corollary D.5: Let ¢(x) be well-behaved. If we define

/ e~ W@ ax < / e~ ¥ dx < +o00 7(x) := ,
{x:M<||x|[} {x:M<||x|[} Zy(1)
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then, 7 is a pdf, 7 belongs to botht>(R9) and £2(R%).  [9]
Thus n satisfies the conditions and hence the results of

Propositio DM, that ish(r) exists andh(w)| < +oo. [10]
Corollary D.6: Let ¢, be a well-behaved function. 1f is

any pdf that satisfies [11]

Eﬂ [(b’m] < Uryo < +00 (12]

thenh(r) exists and (13]

R(m) < Uy +1Infle” %021 < +o0. [14]

If further —oo < h(7) then0 < D(x||r) < +o0 where [15]

=0 (%) [16]

r(x) == Tl .

is a pdf.

Proof: Corollary[D:3 shows that(x) is integrable and is [18]
hence a valid pdf. It is also clear thatpp(r) = R? and hence
7w < r for each pdfr. The inequalityin¢ < ¢t —1 which holds
for all nonnegative when applied ta: = r(x)/7(x) reveals [19]
that for all x belonging to the support—set of the pelf

F(x) — () + 7(x)hg (%) +
+ () In e~ %] 1.

[20]

—7m(x)In7(x) <

Now sinceE[¢,,] < u., for 7= belonging to2, integrating [2]
the above inequality ovetupp(7) we can conclude that(r)

. [22]
exists and
[23]
R(m) < Uy +1Infle” %01 < +o0.
[24]
It is also clear that if-co < h(m) then
[25]
0 < D(xlr)
< In|le=% —h
<l sl —h(m+ [ 7o o
S Uyt In [le=%0 || 21 — h(m) [27]
< +o0.
[28]

|
Theoren33J7 follows from Corollafy .3 and CoroIIam_LD.G.[zg]
[30]
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