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Abstract

Graphical models enhance the representational power of probability models through
qualitative characterization of their properties. This also leads to greater efficiency
in terms of the computational algorithms that empower such representations. The
increasing complexity of these models, however, quickly renders exact probabilistic
calculations infeasible. We propose a principled framework for approximating graph-
ical models based on variational methods.

We develop variational techniques from the perspective that unifies and expands
their applicability to graphical models. These methods allow the (recursive) compu-
tation of upper and lower bounds on the quantities of interest. Such bounds yield
considerably more information than mere approximations and provide an inherent
error metric for tailoring the approximations individually to the cases considered.
These desirable properties, concomitant to the variational methods, are unlikely to
arise as a result of other deterministic or stochastic approximations.

The thesis consists of the development of this variational methodology for prob-
abilistic inference, Bayesian estimation, and towards efficient diagnostic reasoning in
the domain of internal medicine.
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Chapter 1

Introduction

The presence of uncertainty in modeling and knowledge representation is ubiquitous,
whether arising from external factors or emerging as a result of lack of model pre-
cision. Probability theory provides a widely accepted framework for representing
and manipulating uncertainties. Much effort has been spent in recent years in de-
veloping probabilistic knowledge representations (Pearl 1988) and the computational
techniques necessary for realizing their power (Pearl 1988, Lauritzen & Spiegelhalter
1988, Jensen et al. 1990, see also Shachter et al. 1994). This has lead to a separation
of qualitative and quantitative features of probabilities, one represented via a graph
and the other through tables or functions containing actual probability values. It is
the qualitative graphical representation that holds the key to the success, both in
terms of sparseness and utility of the probabilistic representations and the efficiency
of computational operations on them. (For readers who will find the remaining in-
troduction hard to follow in terms of its content on graphical models, we suggest an
introductory book by Jensen, 1996 as a suitable background reading.)

In graphical representation of probabilities the nodes in the graph correspond to
the variables in the probability model and the edges connecting the nodes signify
dependencies. The power of such graph representation derives from interpreting sep-
aration properties in the graph as illustrations of independence properties constrain-
ing or structuring the underlying probability model. For this reason it is the missing
edges in the graph that are important as they give rise to separation properties and
consequently imply conditional independencies about the probability model.

Separation in graphical representations is defined relative to their topology, where
the topology results from the types of nodes and edges and the connectivity of the
graph in particular. While the nodes we consider are of the same type, the edges
come in two varieties: directed or undirected. The directed edges (arrows connect-
ing parents to their children) signify an asymmetric relation while the adjacent or
neighboring nodes linked via an undirected edge assume a symmetric role. For undi-
rected graphs containing only undirected edges (a.k.a. Markov random fields), the
separation that postulates conditional independences in the underlying probability
model corresponds to the ordinary graph separation!. For directed graphs possessing

1One set of nodes blocking all the “paths” between the other two sets



only directed edges or for chain graphs (see e.g. Whittaker 1990, Lauritzen 1996)
containing both directed and undirected edges, the separation corresponds to a more
involved d-separation criterion (Pearl 1988) or its variants (Lauritzen et al. 1990).
We note that these separation criteria that allow us to code independence statements
are mostly faithful in only one direction: all the separations in the graph hold as
independencies in the underlying model? (Pearl 1988). The converse is rarely true.
Graphs are therefore not perfect representations of independencies but nevertheless
useful in characterizing the underlying probability distributions.

The utility of a graph is not limited to facilitating structured knowledge repre-
sentation but it also holds a huge computational value. Any independencies in the
probability model constitute licenses to ignore in manipulating the probabilities lead-
ing to greater efficiency. The ability of a graph to elucidate these independencies thus
determines the feasibility of the computations on the associated probability model.
All exact algorithms for probabilistic calculations on graphical models make an exten-
sive use of the graph properties (Pearl 1988, Lauritzen & Spiegelhalter 1988, Jensen
et al. 1990).

Any graph representation of the underlying probability model is not necessarily
well-suited for computational purposes. It is typically the case that these graph
representations do not remain invariant to ordinary manipulations of the underlying
probability model such as marginalization or conditioning. The invariance property
is highly desirable, however, and is particular to graphs known as decomposable
graphs (see e.g. Whittaker 1990, Lauritzen 1996). Other graphs can be turned into
decomposable ones through procedures consisting of prudently adding dependencies
(edges). Decomposable graphs consist of cliques® that determine the complexity of
ensuing calculations on the underlying model. The complexity grows exponentially in
the size (the number of nodes or variables) of each clique. Decomposable graphs can
be further written in a form of junction trees (hyper-graphs) that serve as the final
platforms for exact probabilistic calculations (Jensen et al., 1990). The computations
in junction trees proceed in a message passing fashion and are well described in an
introductory book by Jensen (1996).

The framework for exact calculations is limited by the clique sizes* of the decom-
posable graphs that it relies on. Large clique sizes, on the other hand, may emerge
as a result of the transformation into decomposable graphs in certain graph struc-
tures or as a result of dense connectivity in the original graphical representation (only
few independencies are represented/available). In either case, the use of approximate
techniques becomes necessary.

One avenue for approximation is to severe the graph by eliminating edges, i.e.,
forcing additional independencies on the underlying distribution (Kjaerulff 1994).

2Graphical representations satisfying this property are called I-maps of the underlying probability
model

3Cliques are subsets of nodes where all nodes are connected to all others. The term is often used
in the sense of maximal such sets, i.e., a clique couldn’t be a proper subset of another clique.

4The probability model underlying a clique is a joint distribution over the variables (nodes) in
the clique and contains all possible interactions among these variables. It is therefore exponentially
costly (in the number of variables) to maintain or handle such a distribution.



This method reduces the clique sizes and can consequently benefit from the previously
described exact algorithms that exploit the sparseness in the graphical representation.
Another approach in the same spirit is to combine sampling techniques with exact
methods (Kjaerulff 1995). These approximation methods are perhaps more suitable
in settings where the large clique sizes arise later, when they are transformed into
decomposable graphs.

Graphical models that are inherently densely connected not only lead to large
clique sizes limiting the applicability of exact methods but they also involve a large
number of parameters that need to be assessed or estimated. The latter is often
addressed by resorting to compact forms of dependencies among the variables as is
the case with noisy-OR networks (Pearl 1988) and models more often studied in the
neural networks literature such as Boltzmann machines (see e.g. Hertz et al. 1991) or
Sigmoid belief networks (Neal 1992). Such compact dependency structure, however,
is not exploited in the exact algorithms nor in the approximate methods mentioned
earlier. These models nevertheless have important applications, most prominently in
the form of the QMR-DT belief network formulated for diagnostic reasoning in the
domain of internal medicine (Shwe et al. 1991, chapter 5).

We develop approximation methods for graphical models with several goals in
mind. First, we require these methods to be principled and controlled. In other
words, they should be reasonably general and it should be possible to assess their
reliability. Ideally, we look for upper and lower bounds on the quantities of inter-
est since the approximation accuracy in this case is readily measured as the width
of the interval separating the bounds. The approximation techniques should also
be integrable with exact algorithms to the extent that such algorithms are/can be
made applicable in large graphical models. Finally, the methods should exploit the
compactness of the dependency structure that appears in many densely connected
models. The approximation techniques we develop to meet these goals are known
generally as variational methods.

Variational methods have long been used as approximate techniques in the physics
literature, particularly in mechanics in the form of calculus of variations. Calculus of
variations pertains to extrema of integral functionals, where the solution is obtained
through fixed point equations (the Euler-Lagrange equations). In quantum physics
bounds on energies can be achieved through formulating a variational optimization
problem (Sakurai 1985). The computation of the system free energy can also be cast
as a variational problem and this formulation contains the wide-spread special case
known as the mean field approximation (Parisi, 1988). We note that modern use of
variational methods is not restricted to physics and these techniques have been found
useful and developed also in statistics (Rustagi, 1976) among other fields.

In the context of graphical models, it is the variational formulation of free energy
that has received the most attention. This fact derives from the direct analogy be-
tween free-energy (or log-partition function) in physics and the log-likelihood of data
in a probabilistic setting. From another but equivalent perspective, Peterson & An-
derson (1987) formulated mean field theory for Boltzmann machines in order to speed
up parameter estimation over sampling techniques used previously in these models.
Ghahramani (1995) employed mean field approximation to facilitate the E-step of the



EM-algorithm in density models with factorial latent structure. Dayan et al. (1995)
and Hinton et al. (1995) developed learning algorithms for layered bi-directional den-
sity models called the Helmholtz machines. The algorithms are explicitly derived
from the variational free energy formulation. Subsequently, Saul et al. (1996) calcu-
lated rigorous (one-sided) mean field bounds for these and other models in the class
of sigmoid belief networks. Jaakkola et al. (1996) derived related results for the class
of cumulative Gaussian networks. The more recent work on variational techniques
in the context of graphical models will be introduced in the following chapters when
relevant.

The work in this thesis considers variational methods from another perspective,
one that expands and unifies their development for graphical models. The variational
techniques we consider involve the use of dual representations (transformations) of
convex/concave functions. These representations will be introduced in detail in the
following section. Let us motivate these methods here in comparison to the goals set
earlier for approximate methods replacing exact calculations in graphical models. It
is the nature of the dual representations that they cast the function in question as
an optimization problem over simpler functions. Such representations can be easily
turned into approximations by simply relaxing the optimizations involved. This re-
laxation has two main consequences: (i) it simplifies the problem and (ii) it yields
a bound, both of which are desirable properties. We use the dual representations in
place of the original functions in probabilistic calculations and turn them into ap-
proximations or bounds in this manner. The ensuing bound on the target quantity
has two important roles. First, it naturally provides more information about the
desired quantity than a mere approximation. Second, it allows the approximation
to be further tuned or readjusted so as to make the bound tighter. For example, if
the approximation yields a lower bound, then by maximizing the lower bound neces-
sarily improves the approximation. We may also obtain complementary bounds and
consequently get interval estimates of the quantities of interest. Similarly to one-
sided bounds, the intervals can be refined or reduced by minimizing/maximizing the
complementary bounds. We note that the ability of variational methods to provide
bounds in addition to their inherent “error metric” makes them quite unlike other
deterministic or stochastic approximation techniques.

Graphical models, rife with convexity properties, are well-suited as targets for
the abovementioned approximations. We may, for example, use the transformations
to simplify conditional probabilities in the joint distribution underlying the graph
representation. In the presence of compact representations of dependencies, these
transformations can uncover the dependency structure in the conditional probabil-
ities and lead to simplification not predictable from the graph structure alone. A
particularly convenient form of simplification is factorization as it reduces dependent
problems into a product of independent ones that can be handled separately. We may
continue substituting the variational representations for the conditional probabilities,
while consistently maintaining either upper or lower bound on the original distribu-
tion (to preserve the error metric). When the remaining (transformed) distribution
becomes feasible it can be simply handed over to exact algorithms. We can equally
well use these transformations to simplify marginalization operations with analogous



effects.

We now turn to the more technical development of the ideas touched in this
introduction and provide first a tutorial on dual representations of convex functions.
These representations will be used frequently in the thesis. The overview of the
chapters will follow.

1.1 Convex duality and variational bounds

We derive here the dual or conjugate representations for convex functions. The pre-
sentation is tutorial and is intended to provide a basic understanding of the foundation
for the methods employed in later chapters. The Appendix 1.A can be skipped with-
out a loss of continuity; it is included for completeness of the more technical content
appearing later in the thesis. We refer the reader to e.g. Rockafellar (1970) for a more
rigorous and extensive treatment concerning convex duality (excluding the material
in the Appendix).

Let f(x) be a real valued and convex (i.e. convex up) function defined in some
convex set X (for example, X = R"). For simplicity, we assume that f is a well-
behaving (differentiable) function. Consider the graph of f, i.e., the points (x, f(z))
in an n + 1 dimensional space. The fact that the function f is convex translates
into convexity of the set {(x,y):y > f(x)} called the epigraph of f and denoted by
ept(f) (see figure 1-1). Now, it is an elementary property of convex sets that they can
be represented as the intersection of all the half-spaces that contain them (see figure
1-1). Through parameterizing these half-spaces we obtain the dual representations of
convex functions. To this end, we define a half-space by the condition:

all (z,y) such that 27¢ —y — p <0 (1.1)

where ¢ and p parameterize all (non-vertical) half-spaces. We are interested in char-
acterizing the half-spaces that contain the epigraph of f. We require therefore that
the points in the epigraph must satisfy the half-space condition: for (x,y) € epi(f),
we must have 27¢ —y — p < 0. This holds whenever 27¢ — f(z) — p < 0 as the
points in the epigraph have the property that y > f(x). Since the condition must be
satisfied by all € X, it follows that

max{ "¢ — fla) =} <0, (1.2)

rzeX

as well. Equivalently,

poz ma{ell—f@)} = Q) (1.3)
where f*(¢£) is now the dual or conjugate function of f. The conjugate function, which
is also a convex function, defines the critical half-spaces (those that are needed) for
the intersection representation of epi(f) (see figure 1-1). To clarify the duality, let us



drop the maximum and rewrite the inequality as

€< flx) + f7(€) (1.4)

The roles of the two functions are interchangeable and we may suspect that also
(o) = max{ 7€~ (6)} (15)

which is indeed the case. This equality states that the dual of the dual gives back
the original function.

Figure 1-1: Half-spaces containing the convex set epi(f). The conjugate function
F*(&) defines the critical half-spaces whose intersection is epi(f), or, equivalently, it
defines the tangent planes of f(x).

Let us now consider the nature of the space = over which the conjugate function
f* is defined. The point x that attains the maximum in Eq. (1.3) for a fixed ¢ is
obtained through

V{2t f(z)} = € = V. f(x) = 0 (L.6)

Thus for each ¢ in = there is a point x such that ¢ = V, f(x) (this point is unique
for strictly convex functions). The conjugate space is therefore the gradient space of
f. If £ represents gradients of f, why not write this explicitly? To do this, substitute
Vo f(2') for € in Eq. (1.5) and find

fle) = max{z" Vo f(e) = (Vo f(2)) } (1.7)

r'eX

We can simplify the form of the conjugate function f*( V. f(2') ) in this representation
by using its definition from Eq. (1.3). For £ = V. f(2'), the point x that attains the
maximum in Eq. (1.3) must be 2’: we have already seen that the maximizing point
must satisfy & — V., f(«) = 0, which implies that V. f(2') = V,f(x). For strictly

convex functions this gives @ = 2’. By setting = 2’ we get

TV f(a) = J(@) = (Vo f(a)) (1.8)



giving a more explicit form for the conjugate function. Putting this form back into
the representation for f yields

@) = max{ (e =) Vo f(a) + fa) § (1.9)
r'eX

which is a maximum over tangent planes for f. Importantly, this means that each
tangent plane is a lower bound on f. The maximum in the above representation is
naturally attained for @' = x (the tangent plane defined at that point). We note that
while the brief derivation assumed strict convexity, the obtained result (Eq. (1.9))
nevertheless holds for any (well-behaving) convex function. Whether this explicit
tangent representation is more convenient than the one in Eq. (1.5) depends on the
context.

Finally, to lower bound a convex function f(x) we simply drop the maximum in

Eq. (1.5) or Eq. (1.9) and get

fla) = et &= (&) = felx) (1.10)

where the affine family of bounds f¢(x) parameterized by £ consists of tangent planes
of f. The parameter ¢ is referred to as the variational parameter. There is an inherent
error metric associated with these bounds, one that can be defined solely in terms of
the variational parameter. This is discussed in Appendix 1.A with examples. The fact
that the bounds are affine regardless of the non-linearities in the function f (as long
as it remains convex), provides a considerable reduction in complexity. We will make
a frequent use of this simplifying aspect of these variational bounds in the chapters
to follow.

We note as a final remark that for concave (convex down) functions the results are
exactly analogous; just replace max with min, and lower bounds with upper bounds.

1.2 Overview

This thesis consist of the derivation of principled approximation methods for graphical
models basing them on variational representations obtained from convex duality. The
chapters contain a development of this methodology from inference (chapters 2 and 3)
to estimation (chapter 4), and finally to an application in medical diagnosis (chapter
5).

The purpose of chapter 2 is to develop methods for computing upper and lower
bounds on probabilities in graphical models. The emphasis is on a particular class of
networks we call log-concave models containing, for example, sigmoid belief networks
and noisy-OR networks as special cases. The emphasis is not in full generality but in
demonstrating the use of dual representations in transforming conditional probabili-
ties into computationally usable forms. The chapter is based on Jaakkola & Jordan
(1996) “Computing upper and lower bounds in intractable networks”.

In chapter 3 we formulate a recursive approximation framework through which
upper and lower bounds are obtained without imposing restrictions on the model
topology. Directed, undirected, and chain graphs are considered. The results in
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this chapter are (partly complementary) generalizations of those found in chapter 2.
The chapter is extended from Jaakkola & Jordan (1996) “Recursive algorithms for
approximating probabilities in graphical models”.

Chapter 4 constitutes a shift of emphasis from inference to estimation. In this
chapter we exemplify the use of variational techniques in the context of Bayesian
parameter estimation. We start from a simple Bayesian regression problem and extend
the obtained results to more general graphical models. Of particular interest is the
difficult problem of estimating graphical models from incomplete cases. The chapter
is expanded from Jaakkola & Jordan (1996) “A variational approach to Bayesian
logistic regression problems and their extensions”.

In chapter 5 we return to inference and consider the application of variational
methods towards efficient diagnostic reasoning in internal medicine. The probabilistic
framework is given by the QMR-DT belief network, which is a densely connected
graphical model embodying extensive statistical and expert knowledge about the
domain. The variational techniques we apply and extend in this setting are those
described in chapter 2 for noisy-OR networks.

Guide for the reader

The basic content of the thesis can be understood by reading the introduction along
with chapters 2 and 3, in that order. If any interest remains or to initially gain some,
we recommend reading chapter 5. For the reader interested in Bayesian estimation
at the expense of the approximation methodology for inference, we note that chapter
4 can be read without necessarily going through chapters 2 and 3 first. If, on the
other hand, the reader only wishes to explore the application side of the variational
methods in this thesis, we suggest reading chapter 5 as a stand alone article; the
previous chapters can be consulted later for a more comprehensive understanding of
variational methods.
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1.A Bounds and induced metrics

As we have seen the affine family of bounds f;(z) = 2T £ — f*(£) parameterized by ¢
consists of tangent planes of f. We would like to characterize the accuracy of these
bounds in terms of the variational parameter that defines them. We can, in fact,
define a metric in the conjugate space £ € = that specifies the accuracy of the bound
fe(x) in the original space X. To this end, we note that for strictly convex functions
each ¢ € = has a unique point ¢’ € X such that f(2') = fo(2'); 2’ and ¢ will be
called the corresponding points. Put another way, ¢ is the point in the conjugate
space that attains the maximum in f(a') = max¢ fe(2’). We define the distance from
¢ to &' to be the difference f(2') — fe(a'), which measures the approximation error in

the bound if at 2’ a suboptimal parameter ¢ is used instead of the optimal &. Thus
(see figure 1-2)

Dp(§ = &) = fola) = fe(2) (1.11)
= 2N =+ ()~ () (1.12)
= (VU (E =+ (&)~ () (1.13)

where we have used the fact that ' = Vg f*(¢') (see convex duality).

We now consider a few properties of this metric definition. Locally, the metric
reduces to a quadratic distance metric relative to the Hessian of the conjugate function
f*, which is positive definite®. Globally, however, the definition can be asymmetric
but nevertheless satisfies the uniqueness and positivity conditions. To define a similar
metric in the original space we would start from Eq. (1.3) and proceed analogously.
Consequently, we have two metrics, Ds.(¢§ — ¢') and Dy(z — '), induced in their
respective spaces. How are these metrics related? If we let (z,&) and (2/,£') be two

>For strictly convex functions

13



xE-fE)

Figure 1-2: The definition of the dual (semi)metric.

pairs of corresponding points, then we have the equality
Di(x — 2') = D€ — §) (1.14)

This indicates that the induced (directional) distance in the original space is equal to
the induced distance in the dual space but in the reverse direction. More generally,
the length of a path in the original space is equal to the length of the reverse path in
the dual space. The definition of D above thus generates a meaningful dual metric.

Let us consider a few examples. We start from a simple one where f(z) = 2?/2,
which is a convex function. The conjugate of f can be found from Eq. (1.3)

1

JH(€) = max{x{ - %xz =3¢ (1.15)

and it has the same quadratic form. According to Eq. (1.13), this representation
induces a metric in the original « space (note that unlike before we are now considering
the bounds on the conjugate rather than the original function). This metric is

f(2) (1.16)
(2' — x)? (1.17)

Dy(x —a') = (VF)'(«') (&' =) + f(z) -

1 1 1

o e S22

= 2'(a' —2)+ 2:1; 2:1; 5

which is the usual Euclidean metric. This result can be generalized to quadratic forms

defined by a positive definite matrix.

As another example, let us consider the negative entropy function f(p) = —H(p),

which is convex in the space of probability distributions (see e.g., Cover & Thomas
1991). The conjugate to this function is given by

F(¢) = max{p'¢—(-H(p)} (1.18)
= max{}_ pidi— > pilogp;} (1.19)

e bi

— , — ®i
= mﬁx{;pzlog b= logzi:e (1.20)

Pi
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where we have carried out the maximization analytically; the maximum is attained for
p; o e ® which is the Boltzmann distribution. We note that the conjugate function —
the log partition function — has to be a convex function of ¢ (the conjugates of convex
functions are convex). We are now able to ask what the induced metric is in the p
space. Using the definition above we obtain

Di(p—p) = (VH') (W —p)+ fp) = f(P) (1.21)
= 20— pi)logpi — H(p) + H(p') (1.22)
= Zpi log% = KL(p.p) (1.23)

which is the KIL-divergence between the distributions p and p’. We note that log-
partition functions will appear frequently in the thesis and thus whenever the repre-
sentation Eq. (1.18) is used to lower bound them, the associated metric will be the
KL-distance. The associated metrics for all other transformations appearing in the
thesis can be obtained analogously.
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Chapter 2

Upper and lower bounds!

2.1 Introduction

While Monte Carlo methods approximate probabilities in a stochastic sense, we de-
velop deterministic methods that yield strict lower and upper bounds for marginal
probabilities in graphical models. These bounds together yield interval bounds on the
desired probabilities. Although the problem of finding such intervals to predescribed
accuracy is NP-hard in general (Dagum and Luby 1993), bounds that can be com-
puted efficiently may nevertheless yield intervals that are accurate enough to be useful
in practice.

Previous work on interval approximations include Draper and Hanks (1994) (see
also Draper 1995) where they extended Pearl’s polytree algorithm (Pearl 1988) to
propagate interval estimates instead of exact probabilities in polytrees. Their method,
however, relies on the polytree property for efficiency and does not (currently) gen-
eralize feasibly to densely connected networks. We focus in this work particularly on
network models with dense connectivity.

Dense connectivity leads not only to long execution times but may also involve
exponentially many parameters that must be assessed or learned. The latter issue
is generally addressed via parsimonious representations such as the logistic sigmoid
(Neal 1992) or the noisy-OR function (Pearl 1988). In order to retain the compact-
ness of these representations throughout our inference and estimation algorithms, we
dispense with the moralization and triangulation procedures of the exact (clustering)
framework and operate on the given graphical model directly.

We develop our interval approximation techniques for a class of networks that we
call log-concave models. These models are characterized by their convexity properties
and include sigmoid belief networks and noisy-OR networks as special cases. Previous
work on sigmoid belief networks (Saul et al. 1996) provided a rigorous lower bound;
we complete the picture here for these models by deriving the missing upper bound.
We also present upper and lower bounds for the more general class of log-concave

!The basic content of this chapter has previously appeared in “T. Jaakkola and M. Jordan (1996).
Computing upper and lower bounds on likelihoods in intractable networks. In Proceedings of the
twelfth Conference on Uncertainty in Artificial Intelligence”.
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models focusing on noisy-OR networks in particular. While the lower bounds we
obtain are applicable to generic network structures, the upper bounds we derive here
are restricted to two-level (or bipartite) networks. The extension of the upper bounds
to more general networks will be addressed in chapter 3. There are nevertheless
many potential applications for the restricted bounds, including the probabilistic
reformulation of the QMR knowledge base (Shwe et al. 1991) that will be considered
in detail in chapter 5. The emphasis of this chapter is on techniques of bounding
and their analysis rather than on all-encompassing inference algorithms. Merging
the bounding techniques with exact calculations can yield a considerable advantage,
as will be evident in chapter 5 (see chapter 3 for more general methodology).

The current chapter is structured as follows. Section 2.2 introduces the log-concave
models and develops the techniques for upper and lower bounds. Section 2.3 contains
an application of these techniques to sigmoid networks and gives a preliminary nu-
merical analysis of the accuracy of the obtained bounds. Section 2.4 is devoted anal-
ogously for noisy-OR networks. We then summarize the results and describe some
future work.

2.2 Log-concave models

We consider here a class of acyclic probabilistic networks defined over binary (0/1)
variables Sy,...,5,. The joint probability distribution over these variables has the
usual decompositional structure:

P(S1,...,5,10) = HP(SASPW(%) (2.1)

where S,,, is the set of parents of S;. The conditional probabilities, however, are
assumed to have the following restricted form

P(5i]Spais 0) = G, (92'0 + > 92']‘5]‘) (2.2)

J€Epa;

where log Gih(x) and log Gy(«) are both concave functions of x. The parameters
specifying these conditional probabilities are the real valued “weights” 6;;. We refer
to networks conforming to these constraints as log-concave models. While this class of
models is restricted, it nevertheless contains sigmoid belief networks (Neal, 1992) and
noisy-OR networks (Pearl, 1988) as special cases. The particulars of both sigmoid
and noisy-OR networks will be considered in later sections.

In the remainder of this section we present techniques for computing upper and
lower bounds on marginal probabilities in log-concave networks. We note that any
successful instantiation of evidence in these networks relies on the ability to estimate
such marginals. The upper bounds that we derive are restricted to two-level (bipar-
tite) networks while the lower bounds are valid for arbitrary network structures.
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Figure 2-1: Two level (bipartite) network.

2.2.1 Upper bound for log-concave networks

We restrict our attention here to two-level directed architectures. For clarity we divide
the variables in these two levels as observable (level 1 or L) and latent variables (level
2 or Lj). See figure 2-1 for an example. The bipartite structure of these networks
implies (i) that the latent variables are marginally independent, and (ii) the observable
variables are conditionally independent. The joint distribution for log-concave models
with this special architecture is given by

P(Si,...,5,.00) =[] Gs, (HZ»O—I- > Hiij) II P(s;16;) (2.3)

1€, JEpa; JEL>

where L1 and Ls signify the two layers (observable and latent). Note that the con-
nectivity is from Ly (latent variables) to Ly (observables).

To compute the marginal probability of a set of variables in these networks we
note that (i) any latent variable included in this desired marginal set only reduces
the complexity of the calculations, and (ii) the form of the architecture makes those
observable variables (in L) that are excluded from the desired marginal set inconse-
quential. We will thus adopt a simplitfying notation in which the marginal set consists
of all and only the observable variables (i.e., those in L1). The goal is therefore to
compute

P({S:}iern,10) = > P(Si,...,5,0) (2.4)

{SJ}J€L2

Given our assumption that computing such marginal probability is intractable, we
seek an upper bound instead. The goal is to simplify the joint distribution such that
the marginalization across Ls or latent variables can be accomplished efficiently, while
maintaining at all times a rigorous upper bound on the desired marginal probability.
We develop variational transformations for this purpose. The transformations we
consider come from convex duality as explained previously in section 1.1.

To use such variational bounds in the context of probabilistic calculations, we re-
call the concavity property of our conditional probabilities (on a log-scale). According
to convex duality, we can find a variational bound of the form

log Gis, (92'0 + > 92']‘5]‘) <& (0i0‘|‘ > 92']‘51) — [(&) (2.5)

JEPa; J€Epa;
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where the definition of the conjugate function f* is conditional on the value of S;. We
can recover the original log-conditional probabilities by minimizing the bound with
respect to £. The setting of the variational parameter involves a trade-off between
accuracy and simplicity. We choose to fix ¢ thereby gaining feasibility but possibly
loosing in accuracy. Now, by exponentiating both sides of the above inequality, we
obtain a bound on the conditional probabilities:

Gs, (02»0+ > eijsf) < B G o (2.6)
JEPa;
eéié’io—f*(éi) H [efiei]]sj (2‘7)
JEPa;

The important property of this bound is that it factorizes over the latent variables
S; in Ly associated with the particular observable S;. We have explicated this factor-
ization by rewriting the bound in a product form. Since products of factorized forms
remain factorized, it follows that if we replace each of the conditional probabilities
in the joint distribution (see Eq. (2.3)) with the factorized upper bounds, then the
resulting upper bound on the joint remains factorized as well. Computing marginal
probabilities from such factorized distributions is very efficient (scaling linearly in
the number of variables to be marginalized over). To develop this more quantita-
tively, consider the joint distribution with the variational bounds substituted for the
conditional probabilities:

P(Si,....S.00) <

& (00 008 ) = (E)
Il (094 055 ] IT P(S;10;)  (2:8)

1€l JEL>
_ H efieio—f*(fi) % [H egizjepai 0i9 H P(S]|0]) (29)
Le€ly ] 1€l J€EL>
- - s,
— H efieio—f*(fi) X H [6 Zi:]epai fiei]] P(S]|0]) (210)
KIS2 J J€L2

where the first equality follows simply from pulling out the terms that do not depend
on the latent variables S;. To get the last equality, we have replaced the product over
t € L4 as a sum in the exponent while conversely turning the sum over the latent
variables into a product; the resulting product was combined with the product over
the prior probabilities. The notation ¢ : j € pa; stands for “those ¢ that have j as
a parent” (i.e. the “children” of j). As a result, we have a factorized bound on the
joint distribution that can be marginalized efficiently over any set of latent variables.
We therefore obtain a feasible bound on the desired marginal

P({Sitier,10) = Z P(S1,...,5]0) (2.11)

{SJ}J€L2
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<

H efigio—f*(fi)] X H |:€ Ziijepai gle”P] _|_ 1 — P] (212)

€l JELy

where for clarity we have used the notation P; = P(S; = 1]6;). Before touching the
question of how to optimally set the variational parameters, we make a few general
observations about this bound. First, the bound is never vacuous, i.e., there always
exists a setting of the variational parameters such that the bound is less than or equal
to one. To see this, let £ = 0 for all € L. The bound in this case becomes simply

[[e7® (2.13)

iELl

We can now make use of the property that for every? ¢ there exist an x such that the
bound is exact at that point. If we let xq be this point for £ = 0, then log G's, (2¢) =
200 — f*(0) = —f*(0). Putting this back into the reduced bound gives

H elOgGsi(l’o) — H Gsi(xo) (214)

1€l 1€l

As all Gg,(xg) are conditional probabilities, the product has to remain less than
or equal to one. Second, we note (without a proof) that in the limit of vanishing
interaction parameters ;; between the layers, the bound becomes exact. Also, since
the variational bounds can be viewed as tangents, small variations in ;; around zero
are (always) captured accurately.

We now turn to the question of how to optimize the variational parameters. Due
to the products involved, the bound is easier to handle in log-scale, and we write

log P({S:}ier,|0) < Z (€00 — [7(&)] + Z log [e 2 jepa &%Pj +1—P;| (2.15)

1€l JE€L

In order to make this bound as tight as possible, we need to minimize the bound with
respect to &. Importantly, this minimization problem is convex in the variational
parameters £ (see below). The implication is that there are no local minima, and the
optimal parameter settings can be always found through standard procedures such
as Newton-Raphson. Let us now verify that the bound is indeed a convex function
of the variational parameters £. The convexity of —f*(¢&;) follows directly from the
concavity of the conjugate functions f*. The convexity of

log [6 Zi:]epai &ibiy Pj _I_ 1 — P]:| (216)

follows from a more general convexity property well-known in the physics literature:

F(r) = log Ex {e"™)} (2.17)

2The variational parameter may have a restricted set of possible values, but in the context of the
log-concave models considered here, the value zero is in the admissible set.
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is a convex functional of r (see Appendix 2.A for a simple proof). The expectation
pertains to the random variable X. In our case the expectation is over 5; taking
values in {0,1} with probabilities 1 — P; and P;. The function r corresponds to
>ijepa; §i0i;Sj, and since affine transformations do not alter convexity properties,
convexity in r implies convexity in £.

2.2.2 Generic lower bound for log-concave networks

Methods for finding lower bounds on marginal likelihoods were first presented by
Dayan et al. (1995) and Hinton et al. (1995) in the context of a layered network
known as the “Helmholtz machine”. Saul et al. (1996) subsequently provided a more
rigorous calculation of these lower bounds (by appeal to mean field) in the case of
generic sigmoid networks. Unlike the method presented earlier for obtaining upper
bounds presented in the previous section, this lower bound methodology poses no
constraints on the network structure. The restriction on the upper bounds will be
removed in chapter 3.

We provide here an alternative derivation of the lower bounds, one that establishes
the connection to convex duality similarly to the upper bounds. Consider therefore
the problem of computing a log-marginal probability log P(.5™):

log P(S*) =log Y P(S,5) = logy_ 8755 =1og N "™ = f(r)  (2.18)
S S S

where S and 5™ denote two sets of variables, and the summation is over the possible
configurations of the variables in the set S. The function r is defined as r(5) =
log P(S,5*). We can now use the previously established result that f(r) is convex
in r. Analogously to upper bounds, convex duality now implies that we can find a

bound
=log) e > Zq(S)r(S)—f*(g) (2.19)
= Zq )log P(5,57) — f*(q) (2.20)

- Zq )log P(S,5%) + H(q) (2:21)

which is exact if maximized over the variational distribution® ¢. The conjugate func-
tion f* turns out to be the negative entropy —H(q) of the ¢ distribution (see Ap-
pendix 1.A). Unlike with upper bounds, the variational parameters are now quite
complex, i.e., distributions over a set of variables. The optimal variational distribu-
tion ¢*(5) = P(S]5"), the one that attains the maximum, is often infeasible to use
in the bound. The choice of the variational distribution therefore involves a trade-off
between feasibility and accuracy, where the accuracy is characterized by an inherent
error metric associated with these convexity bounds (see the appendix of chapter 1).

3The fact that the variational parameters define a probability distribution is specific to the case
we are considering.
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In this case, the metric specifying the loss in accuracy due to a suboptimal choice
for ¢ is the Kullback-Leibler distance between ¢ and the optimal distribution ¢* (see
Appendix 1.A). To emphasize feasibility we consider a particularly tractable (but
naturally suboptimal) class of variational distributions, that of completely factorized
distributions:

q(S) = Hqi(&) (2.22)

We can insert this form into the lower bound of Eq. (2.21) and consequently adjust
the parameters in ¢ (the component distributions) to make the bound as tight as
possible. The resulting approximation is known as the mean field approximation (see
e.g. Saul, et al., 1996). We note that in contrast to the upper bound, the mean
field lower bound is not guaranteed to be free of local maxima. Furthermore, even in
the case of mean field distributions, it may not be trivial to evaluate the associated
bound. While the entropy term in this case reduces to a manageable expression given

by

H(q) = ZH(%) = — ZZQi(Si)log ¢:(S%), (2.23)

the same is not necessarily true for the first term in Eq. (2.21). For example, in the
context of our log-concave models, the lower bound is given by

33 4(S)log G, (e Y eijsj) + H(g)

JEPa;

JEPa;

where the sum over ¢ follows from the product decomposition of the joint distri-
bution, and the expectation is with respect to the mean field distribution ¢. The
non-linearities in the log-conditional probabilities (i.e. in log (is,) may render the ex-
pectation over the “latent” variables S exponentially costly in the number of parents
of S; (almost regardless of the form of the distribution ¢). Additional approximations
or bounds are therefore often necessary even with the mean field approximation.
These approximations, however, make use of the particulars of the models and we
will consider them separately for sigmoid and noisy-OR networks. Note that the sim-
plicity offered by the mean field distribution greatly facilitates the derivation of these
additional approximations.
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2.3 Sigmoid belief networks

Sigmoid belief networks belong to the class of log-concave models considered earlier.
The conditional probabilities for sigmoid networks take the form

JEPa; J€Epa;

S 1-5;
P(Si|5pam‘9) = g (0i0‘|‘ Z (92']‘5]‘) [1 —4g ((92'0 + Z (92']‘5]‘)] (2.25)

where g(x) = 1/(14+exp(—x)) is the logistic function (also called a “sigmoid” function
based on its graphical shape; see Figure 2-6). The required log-concavity property
follows from the fact that both logg(x) and log(l — ¢g(x)) = log g(—x) are concave
functions of x. We note that the choice of the above dependency model is not ar-
bitrary but is rooted in logistic regression in statistics (McCullagh & Nelder, 1983).
Furthermore, this form of dependency corresponds to the assumption that the odds
from each parent of a node combine multiplicatively; the weights 6;; in this interpre-
tation bear a relation to log-odds.

We now adapt the generic results for log-concave models to sigmoid networks and
evaluate them numerically. We start with the upper bound.

2.3.1 Upper bound for sigmoid network

In order to obtain an upper for the class of two-level sigmoid networks we need
to specify the exact form of the variational transformation used in Eq. (2.5) and
consequently in Eq. (2.15) for log-concave models. For sigmoid networks this means
to quantify the transformation of log g(x) (cf. the probability model). The derivation
of this transformation is presented in Appendix 2.B. As a result we obtain

log Gis, (9i0+ > 92’15]‘) < (5i—&) (9i0+ > 92’15]‘) —H(&)  (2:26)

JEPa; J€Epa;

where H(-) is the binary entropy function. Note that we have explicated how the
transformation depends on the value of S; (unlike in the case of the generic trans-
formation of Eq. (2.5), where the dependence was left implicit). We may now use
the above transformation in Eq. (2.15) to get the desired bound on the log-marginal
probability:

log P({Si}ier,10) < > [(Si — &)bio — H(&)]
1€l
+ > log [e Lisera 580 p g p) (2.27)

J€EL>

As described earlier the optimal setting of the variational parameters £ can be found
simply via the standard Newton-Raphson method.
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2.3.2 Generic lower bound for sigmoid network

Our derivation of lower bounds for sigmoid networks deviates from those presented in
Saul et al. (1996) in terms of the type of additional approximations used to facilitate
the evaluation of the lower bound. Let us therefore describe briefly the techniques
that we use as they correspond to the numerical results presented in the following
section. We refer the reader to Saul et al. for their method. To this end, recall
first that the evaluation of the lower bound involves performing averages over log-
conditional probabilities with respect to the mean field distribution (see Eq. (2.24)).
For sigmoid networks this means averages of the form

E, log Gis, (X:) = E, { S:Xi + log g(— Xi) } (2.28)
where we have used the notation X; = 00 + 3¢, 01;5; and the identity
G (Xi) = g(Xo)5(1 - g(X0)'~5 = [ﬂ] Tlogx)) @)
' 1 —g(Xy)
L SE x) (2.30)

particular to sigmoid networks. Given that the mean field distribution ¢ is factor-
ized, the only difficulty in evaluating the expectations above comes from the term
FE,log g(—X;). To alleviate this problem we resort to an additional variational trans-
formation of log g(—X;), one that yields a lower bound (cf. the upper bound trans-
formation presented earlier). This transformation is derived in Jaakkola & Jordan

(1996) (see Appendix 3.B) and is given by

log g(—Xi) = —(Xi = &)/2 = MO(X] — &) +logg(—&) (2.31)

where A(£) = tanh(£/2)/(4€), and the transformation is exact whenever ¢ = X.
This additional lower bound depends on X; only quadratically and can be readily
averaged over the factorized mean field distribution.

2.3.3 Numerical experiments for sigmoid network

In testing the accuracy of the developed bounds we used 8 — 8 networks (complete bi-
partite graphs as in Figure 2-1 with 8 nodes in each level), where the network size was
chosen to be small enough to allow exact computation of the marginal probabilities
for purposes of comparison. The method of testing was as follows. The parameters
for the 8 — 8 networks were drawn from a Gaussian prior distribution and a sample
from the resulting joint distribution of the variables was generated. The variables in
the “receiving” layer of the bipartite graph were set according to the sample. The
true marginal probability as well as the upper and lower bounds were computed for
this setting. The resulting bounds were assessed by employing the relative error in
log-likelihood, i.e. (log Pound/log P — 1), as a measure of accuracy.
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More precisely, the prior distribution over the parameters was taken to be

1 1
Py =11 II —c 22 (2.32)

where the overall variance o2 allows us to vary the degree to which the resulting
parameters make the two layers of the network dependent. For small values of o2 the
layers are almost independent whereas larger values make them strongly interdepen-
dent. To make the situation worse for the bounds* we enhanced the coupling of the
layers by setting P(5;|6;) = 1/2 for the variables not in the desired marginal set, i.e.,
making them maximally variable.

In order to make the accuracy of the bounds commensurate with those for the
noisy-OR networks reported below, we summarize the results via a measure of inter-
layer dependence. This dependence was estimated by

Taaa = max\Nar [ P(S.]5,,)} (2:33)

i.e., the maximum variability of the conditional likelihoods. Here S; was fixed in the
P(S;]Spq,) functional according to the initial sample and the variance was computed
with respect to the joint distribution?®.

Figure 2-2 illustrates the accuracy of the bounds as measured by the relative
log-likelihood as a function of o44°. In terms of probabilities, a relative error of ¢
translates into a P'*¢ approximation of the true likelihood P. Note that the relative
error is always positive for the upper bound and negative for the lower bound, as
guaranteed by the theory. The figure indicates that the bounds are accurate enough
to be useful. In addition, we see that the the upper bound deteriorates faster with
increasingly coupled layers.

Let us now briefly consider the scaling properties of the bounds as the network
size increases. We note first that the evaluation time for the bounds increases ap-
proximately linearly with the number of parameters # in these two-level networks”.
The accuracy of the bounds, on the other hand, needs experimental illustration.

In large networks it is not feasible to compute o4 nor the true marginal likelihood.
We may, however, calculate the relative error between the upper and lower bounds.
To maintain approximately same level of 0,4 across different network sizes we plotted
the errors against oy/n (for fully connected n by n two-level networks), where o is
the overall standard deviation in the prior distribution. Figure 2-3 shows that the
relative errors are invariant to the network size in this scaling.

4Both the upper and lower bounds are exact in the limit of lightly coupled layers.

®Note that P(5;|Spq,) with S; fixed is just some function of the variables in the network whose
variance can be computed.

5Note that the maximum value for 44 is 1/2.

"The amount of computation needed for sequentially optimizing each variational parameter once
scales linearly with the number of network parameters. Only a few such iterations are needed.
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Figure 2-2: Sigmoid networks. Accuracy of the bounds for 8 by 8 two-level networks.
The solid lines are the median relative errors in log-likelihood as a function of ogy.
The upper and lower curves correspond to the upper and lower bounds respectively.
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Figure 2-3: Sigmoid networks. Median relative errors between the upper and lower

bounds (log scale) as a function of onz for n by n two-level networks. Solid line:
n = 8; dashed line: n = 32; dotted line: n = 128.

2.4 Noisy-OR network

Noisy-OR networks — like sigmoid networks — are log-concave models. In defining
the conditional probabilities for noisy-OR networks we deviate somewhat from the
standard notation to reveal the relation to log-concave models and for clarity of the
forthcoming expressions. In our notation the conditional probabilities are written as

Sy ) ) 1-5;
P(Si1Sps0) = (1= Do &I (Do, &SI T (o34

where all the weights 0;; are non-negative. The connection to the standard notation is
via 0;; = —log(1l — ¢i;), where ¢;; is the probability corresponding to the proposition
that the j!" parent alone can turn S; on. ¢ (related to the bias in our notation)
has a special interpretation as a leak probability, i.e., the probability that something
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other than the parents can independently turn S; on. The log-concavity feature of
this probability model stems from the concavity of log(1 — e™7).

As with sigmoid networks we now adapt the general results to noisy-OR networks
and verify the accuracy of the bounds numerically.

2.4.1 Upper bound for noisy-OR network

To specify the variational transformation of the noisy-OR conditional probabilities,
we only need to consider the transformation of log G1(x) = log(1—e™") since log G(x)
already has a linear form (see the probability model). Details are given in Appendix
2.C. By combining the transformation and the linear form, we find

log Gis, (92'0 + > 92']‘5]‘) < (Si&+Si—1) (92'0 + > 92']‘5]‘) — S f7 (&) (2.35)
jEpa; JEPa;
where f*(&) = &logé — (€4 1)log(&r + 1). We have again written explicitly the

dependency on the value of S;. This transformation leads to the following log-marginal

bound (see Eq. (2.15)):

log P({Si}ier,10) < D [(S:& + Si = 1) — Si f*(&:)]
iELl
+ ) log [e Zeicsene SETST poy_pl o (2.36)

J€EL>

The log-bound is convex in the variational parameters and can be optimized by appeal
to standard methods.

2.4.2 Generic lower bound for noisy-OR network

The earlier work on lower bounds by Saul et al. was restricted to sigmoid networks; we
extend that work here by deriving a lower bound for generic noisy-OR networks. We
refer to section 2.2.2 for the framework and commence from the noisy-OR counterpart
of eq. (2.21). For clarity, we use the notation X; = ;0 + 3 6;;5; and find

JEPa;

log P > Z Eylog Gs,(X;) + H(q) (2.37)
= Y B { Silog(l =) }+ 3B { —(1 - S)X; } + H(q) (238)

which comes from using the form of the conditional probabilities for noisy-OR net-
works; log P is a shorthand for the log-marginal we are trying to compute. While
the second (mean field) expectation in eq. (2.38) simply corresponds to replacing the
binary variable S; and those in the linear form X; with their “means” ¢; ®, the first
expectation lacks a closed form expression. To compute this expectation efficiently

8For simplicity we denote ¢;(S; = 1) by ¢;.
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we make use of the following expansion:
1—e @ =] g(22) (2.39)
k=0

where ¢(-) is the sigmoid function (see Appendix 2.D for details). This expansion
converges exponentially fast and thus only a few terms need to be included in the
product for good accuracy. By carrying out this expansion in the bound above and
explicitly using the form of the sigmoid function we get

P 2 X {~Silosll )}

=21 —a:) > 0ija; + Hq) (2.40)

Now, as the parameters §;; are non-negative, X; = 0;0 + >°

0;;5; > 0, and

J€Epay
e "% ¢ [0,1] (2.41)

We may therefore use the smooth convexity properties of —log(1 + ) (for x € [0, 1])
to bring the expectations in eq. (2.40) inside the log. This results in

logP > —=> ¢ log |1+ 2" bio II (qje_m"ﬂ +1—gqj)
ik j€pas

=2 (1=a) > 00, + Hq) (2.42)

JEPa;

A more sophisticated and accurate way of computing the expectations in eq. (2.40)
is discussed in Appendix 2.E.

2.4.3 Numerical experiments for noisy-OR network

The method of testing used here was, for the most part, identical to the one presented
earlier for sigmoid networks (section 2.3.3). The only difference was that the prior
distribution over the parameters defining the conditional probabilities was chosen to
be an exponential instead of a Gaussian:

0;; ~ Ae Mo (2.43)

(this corresponds to a Dirichlet distribution over the parameters in the standard noisy-
OR notation). For large A, 0;; stays small and the layers of the bipartite network
are only weakly connected; smaller values of A, on the other hand, make the layers
strongly dependent. We thus used A to vary (on average) the interdependence between
the two layers. To facilitate comparisons with the bounds derived for sigmoid networks
we used 044 (see eq. (2.33)) as a measure of dependence between the layers.
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Figure 2-4 illustrates the accuracy of the computed bounds as a function of 4"
The samples with zero relative error are from the upper/lower bounds in cases where
all the variables in the desired marginal are zero since the bounds become exact
whenever this happens. The lower bound is slightly worse than the one for sigmoid
networks most likely due to the symmetry and smoother nature of the sigmoid func-
tion. As with the sigmoid networks the upper bound becomes less accurate more
quickly.

We now turn to the effects of increasing the network size. Analogously to the
sigmoid networks the evaluation times for the bounds vary approximately linearly
with the number of parameters in these two-level networks, albeit with slightly larger
coefficients (for the lower bound). As for the accuracy of the bounds, Figure 2-5
shows the relative errors!® between the bounds across different network sizes. The
errors are plotted against y/n/A for n by n two-level networks, where A defines the
exponential prior distribution for the parameters. In the chosen scale the network

size has little effect on the errors'!.
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Figure 2-4: Noisy-OR network. Accuracy of the bounds for 8 by 8 two-level networks.
The solid lines are the median relative errors in log-likelihood as a function of ogy.
The upper and lower curves correspond to the upper and lower bounds respectively.

2.5 Discussion and future work

Applying probabilistic methods to real world inference problems can lead to the emer-
gence of cliques that are prohibitively large for exact algorithms (for example, in
medical diagnosis). We focused on dealing with such large (sub)structures in the
context of a class of networks we call log-concave models with an emphasis on the
sigmoid and noisy-OR realizations. For these networks we developed techniques for

9The slight unevenness of the samples are due to the non-linear relationship between the param-
eter A for the exponential distribution and o:q4.

10The errors are for the worst case marginal, i.e., for P({S; = 1}ier,)-

The 8 by 8 network is too small to be in the desired asymptotic regime.
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Figure 2-5: Noisy-OR network. Median relative errors between the upper and lower
bounds (in log scale) as a function of n%/)\ for n by n two-level networks. Solid line:
n = 8; dashed line: n = 32; dotted line: n = 128.

computing upper and lower bounds on marginal probabilities. The bounds serve as
an alternative to sampling methods in the presence of intractable structures. They
can define interval bounds for the marginals and can be used to improve the accuracy
of decision making in intractable networks.

Toward extending the work presented in this chapter we note that both the upper
and lower bounds can be improved by considering a mixture partitioning (Jaakkola
& Jordan 1996) of the space of marginalized variables instead of using a completely
factorized approximation. The restriction of the upper bounds for two-level networks
can be overcome by introducing the variational bounds recursively; this recursive gen-
eralization will be considered in detail in the next chapter. There we will also quantify
how the variational techniques can be merged with exact probabilistic calculations
whenever they are/become feasible (see also chapter 5, Draper 1994, Saul & Jordan
1996).
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2.A Convexity

We show that

- (X)) _ o T(X
= X = ; -
f(r)y=logk {e ( )} log > pie (X3) (2.44)
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is a convex functional of r. For clarity we have assumed that X takes values in a
discrete set { X7, Xs,...} with probabilities p;. Taking the gradient with respect to
ry = r(Xg) gives

0 et
o V=T e = B (2:45)

where Pj, defines a probability distribution. The convexity is revealed by a positive
semi-definite Hessian H, whose components in this case are

82

HM - 8rk8rl

f(r) = 6ubPs — PP, (2.46)

To see that H is positive semi-definite, consider

2T Hr = ZPk:L'Z — (Z kak)(z Px)) = Varp{z} >0 (2.47)

where Varp{z} is the variance of x; with respect to the distribution P;.

2.B Sigmoid transformation

Owing to the concavity of log g(x) we can write
logg(z) = min{ z — f7(§) } < Lo — f7(¢) (2.48)

where g(x) = 1/(1+e™") is the sigmoid function. It remains to specify the conjugate
function f*(¢). We can obtain this function by reversing the roles of log-sigmoid and
its conjugate in the above representation:

£1(€) = min{ & — logg(x) } (2.49)

To carry out the maximization we set

% {&x —logg(z) } = —g(—x) =0 (2.50)

giving . = —¢g71(£) = log(1 —¢) /€. This point attains the maximum in the represen-
tation for the conjugate function and therefore at that point

(€)= tr —logglz) = tlog " —log(1 —¢) (2.51)

= —flogt—(1-&log(1—&) = H()  (2.52)
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where we have used the fact that log g(x) = log(1 — g(—2)) = log(1 — &); H(&) is the

binary entropy function. Consequently, we have the bound
loa g(x) < € — H(¢) (2.53)
This log-bound implies a bound on the sigmoid function given by
g(x) < eto=HE) (2.54)

which is the form actually used in the probabilistic calculations in the text. The
geometry of this bound for a fixed ¢ is illustrated in figure 2-6. The point x where
the bound is exact corresponds to the maximizing point x = log(l — ¢)/¢ obtained
earlier.

S a1 0 1 2 3

Figure 2-6: Geometry of the sigmoid transformation. The dashed curve plots exp{{z—
H(&)} as a function of x for a fixed £ (=0.5).

2.C Noisy-OR transformation

As already stated, log(1 — e™") is a concave function of @ and therefore
log(1 — =) = min { & — *(€) } < & — /°(¢) (2.55)

To specify the conjugate function f* we can proceed as in Appendix 2.B for the
sigmoid function:

F7(6) = max{ ¢x — log(1 — ™)) (2.56)

The point = that attains the maximum is solved from

—T

€

%{ (o —log(l—e™)} = ¢ - =0 (2.57)

1l —e=
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giving @ = log(1 + £)/¢. The conjugate function therefore becomes

[7(€) = &x —log(l —e™*) = {log £ — (1 4 £) log(1 +¢) (2.58)

Turning the resulting bound on log(1 — ¢™") into a bound on the noisy-OR con-
ditional probability 1 — e™ gives

1 — e < etr= /7 (2.59)

The geometric behavior of this bound can be seen in figure 2-7 where we have plotted
1 — e and the associated bound for a fixed value of £&. The point where the bound
is exact is again given by the maximizing point @ = log(1 + &)/¢.

1
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Figure 2-7: Geometry of the noisy-OR transformation. The dashed curve gives
exp{x — f*(£)} as a function of & when ¢ is fixed at 0.5.

2.D Noisy-OR expansion

The noisy-OR expansion

l—e™ = f[g(Qkx) (2.60)
follows simply from
e = (¥ 61_2(61—; ) gla)(l —e™™)
= o g ) e

and induction. For x > 0 the accuracy of the expansion is governed by 1 — e=2" which
goes to one exponentially fast. Also since ¢(2%0) = 1/2, the expansion becomes (%)N

at x = 0, where IV is the number of terms included. As this approaches 1 —¢™° = 0
exponentially fast, we conclude that the rapid convergence is uniform. Figure 2-8

illustrates the accuracy of the expansion for small N.
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A word of caution is needed here. When the expansion is used as an approxima-
tion, i.e., only a few terms are included, it actually gives an upper bound on 1 —e™*
(see the figure or use the fact that 1 — e™** is less than one in Eq. (2.61)). The
expansion is nevertheless used in the text to obtain lower bounds. It is therefore
essential that sufficiently many terms are included in the expansion or otherwise we
run the risk of compromising the lower bound we are after. To determine an appro-
priate number of terms to include, we assume that there is an ¢ > 0 such that ¢ < =z
with high probability. For the expansion to be accurate regardless of the distribution
over x, we must have 2¥¢ > 1. This implies that k¥ > —log, ¢ many terms need
to be included. Adding many terms to the expansion, however, can be costly for
other reasons and therefore in cases where ¢ is very small the expansion may not be
appropriate.

1

0.9F
0.8F
07F
0.6
05F
0.4
.
o3f .~ 7
02t 7

0.1

0

L L L L L
0 0.5 1 15 2 25 3

Figure 2-8: Accuracy of the noisy-OR expansion. Dotted line: N = 1; dashed line:
N = 2; dotdashed: N = 3. N is the number of terms included in the expansion.

2.E Quadratic bound

For X € [0,1] we can bound —log(1 + X) by a quadratic expression:
—log(1 +X) > a(X — :1;)2 +b0(X —a)+ec (2.62)

where ¢ = —log(l + ), b = —1/(1 + ), and a = —[(1 — 2)b+ ¢ + log2]/(1 — z)*.
The coefficients can be derived by requiring that the quadratic expression and its
derivative are exact at X = z, and by choosing the largest possible a such that the
expression remains a bound. The resulting approximation is good for all € [0, 1]
and can be optimized by setting + = F{X}.

Let us now use this quadratic bound in eq. (2.40) to better approximate the
expectations. To simplify the ensuing formulas we use the notation

Eq{ ¢~ 20+ Y jepa, 01 )] } =20 I (e +1—¢;) =X (263

J€EPa;
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With these we straightforwardly find

log P({Si}icrl0) > 3 qia [X.(k-l—l) x4 (xgk))z]
ik

K3 K3

+> g [bik(Xi(k) — :Iifk)) + Cik]
ik

=21 —a:) > 0ija; + Hiq) (2.64)

which is optimized with respect to l’gk) simply by setting x . The simpler

bound in eq. (2.42) corresponds to ignoring the quadratic correction, i.e., using
a;; = 0 above.

(%) _ y ()

7 7
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Chapter 3

Recursive algorithms!

3.1 Introduction

In this chapter we complement and generalize the results of chapter 2 by extending the
bounding techniques to other types of graphical models and dispensing with the rather
strong two-layer topological constraints on the upper bounds that we assumed in the
previous chapter. In addition, the framework developed in this chapter will allow
the variational methods to be straightforwardly integrated with exact probabilistic
calculations. The key difference making these generalizations possible is the recursive
introduction of the simplifying variational transformations; the computation of upper
and lower bounds on marginal probabilities in this formalism can proceed in a node-
elimination fashion. This elimination formalism applies to a powerful class of networks
known as chain graphs (see e.g. Whittaker 1990, Lauritzen 1996), and although the
type of chain graphs that we consider in detail in this chapter are somewhat restricted,
Boltzmann machines and sigmoid belief networks are nevertheless included as special
cases.

While we attain generality with recursive bounds, we also have to rely on assump-
tions that guarantee a feasible continuation of the recursion steps. These assumptions
will constrain the results of this chapter to the extent that the recursive formalism
does not entail all the methods of chapter 2 but is to some degree complementary.
This is particularly true with noisy-OR networks as will be explained later.

The methodology proposed in this chapter nevertheless comes close to achieving
the objectives set previously (in the introductory chapter 1) for approximate meth-
ods: they are controlled, reasonably general, and mergeable with exact probabilistic
calculations. We start by developing the general recursive formalism. We then apply
the formalism to Boltzmann machines, sigmoid belief networks, and to chain graphs.

!This chapter extends the material in the previously appeared article “T. Jaakkola and M. Jordan
(1996). Recursive algorithms for approximating probabilities in graphical models. In Advances of
Neural Information Processing Systems 9.
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3.2 Recursive formalism

The approximation methodology that we derive will be applicable to graphical models
whether undirected, directed or chain graphs (currently some restrictions apply). Let
us first introduce our notation by defining the probability models for these graphs
and clarify the relevant differences between them.

3.2.1 Probability models

Undirected graphical models (a.k.a. Markov random fields) are defined in terms of
potential functions that specity a Gibbs’ distribution over the network variables. The
normalization is global, and the joint distribution is given by

P(5)=— e (3.1)

where S = {S51,...,5,} is the set of variables or nodes in the graph. The (constant)
partition function Z = Y e performs the normalization. If a graphical represen-
tation of the joint distribution is given, then the potential functions in the above joint
distribution cannot be arbitrary but must conform to the constraints inherent in the
graph. The Markov properties of the graph are consistent with the joint whenever
the potential functions are linear combinations of clique potentials. Clique potentials
depend only on the variables in each clique (see Besag 1974 for details).

Unlike the global normalization in undirected models, directed graphical models
presume a local normalization. Fach variable S; in these models is normalized with
respect to a subset of variables called the parents of S; (denoted by S,,,). A valid
probability model is obtained when the variables and their parents conform to some
global ordering, where the variable must follow all its parents. The local normaliza-
tions give rise to conditional probabilities (a variable given its parents) and the joint
distribution is simply a product of these conditionals. In a potential form we have

1

¢ #1(5:il5pa)) (3.2)

P(S) = HP(Si|Spai) = H 7

7 i|5pai

where the local partition functions Zs,,. = >s, € ¢i(5il%a:) guarantee the normaliza-
tion. Note that these are in general random variables (functions of random variables
Spa; ). The directed graphical representation fixes only the set of parents for each
variable and therefore leaves the potential functions in the above representation un-
constrained.

The chain graphs (Whittaker 1990, Lauritzen 1996) are combinations of undirected
and directed graphs and therefore the most general of the three classes. They can
be viewed as directed graphs over clusters of variables, where the structure of each
cluster is specified by an undirected graphical model. Analogously to directed graphs,
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we can define the probability model on the level of clusters:

¢ Pe(SelSpac) (3‘3)

P(S) = TL PSSy = I -

¢ ZC"SPGC

where S. refers to the set of variables comprising the cluster ¢. Chain graphs have
therefore a local normalization on the level of clusters, whereas within each cluster the
normalization is global. Unlike in directed graphical models, the potential functions
?:(S:|Spa,) are constrained; the structure in the undirected graphs corresponding
to each cluster imposes restrictions on the possible dependencies in the potential
functions, just as with ordinary undirected models. We note finally that directed
graphs are special cases of chain graphs, where each cluster contains only one variable.
The undirected models, on the other hand, have only one cluster.

3.2.2 The formalism

The objective here is to be able to compute marginal probabilities in graphical models
regardless of their type, size, or complexity. Naturally, approximations are needed to
achieve this and the formalism we develop makes use of variational transformations.
The transformations we consider have their origin in convex duality as described
previously in section 1.1. The advantage of variational methods compared to other
approximate techniques is that they are controlled, i.e., they yield upper or lower
bounds on the quantities of interest. The approximation framework consists of three
phases: 1) transformation, 2) recursive elimination, and 3) exact computation. These
phases overlap to some extent and the division is intended to clarify the main dif-
ferences. The main function of the transformation phase is to rerepresent directed
and chain graphs in terms of undirected graphical models. We will not moralize or
triangulate the graph in this phase to perform a strict transformation of directed (or
chain graphs) to undirected models. These procedures will be employed in the exact
computation phase, which is used whenever it becomes applicable. Instead, we re-
tain the compactness of the conditional probabilities and the change of representation
from directed to undirected models involves approximations (esp. for chain graphs)
that will facilitate the subsequent marginalization task. In the recursive marginaliza-
tion phase, we successively eliminate or marginalize over the variables that are not
in the desired marginal set. The recursivity of this procedure allows the introduction
of simplifying transformations at various stages (consistently yielding upper or lower
bounds) that guarantee the feasible continuation of the marginalization procedure.
Exact algorithms will take over whenever they become feasible. We will now consider
these phases in more detail.

3.2.3 Transformation

For directed and chain graphs it is often their local normalizations or partition func-
tions that make them unwieldy for marginalization. To assist the marginalization
process it is therefore desirable to transform these graphical models into undirected
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ones. While such “transformation” is superficially achieved by rewriting the condi-
tional probabilities in terms of potentials, i.e.,

1
ZSPGC

P(S.]S,a,) ¢ ?(SclSpac) — ¢ (SclSpac)—log Zspq, (3.4)

the resulting undirected model would be just as infeasible. The transformations
therefore must involve a certain degree of simplification. To achieve this in a principled
way, we employ variational methods to transform the local partition functions. The
objective of these transformations is to bound the partition functions in terms of single
Boltzmann factors?, the potentials in which are feasible for further calculations. More
precisely,

Zspac — Z e (b(SC'SPac) ; e (b(spac) (35)
Se

where q;(Spac) is an effective potential. In order for the effective potential to posses a
sufficient degree of simplification we require that it should belong to the same class of
functions as the original potentials ¢(S.|S,q.). The motivation for this requirement
will become clear later. We note that the reduction of (local) partition functions
into effective potentials is a form of renormalization®, which in our case is carried
out with bounds rather than exactly. This, however, is exactly the goal of the re-
cursive marginalization phase considered below. We will thus defer the details of
the process by which the effective potential is obtained, and instead consider some
implications. Substituting the bounding Boltzmann factor for the partition function
of the conditional probability in Eq. (3.4) gives

L #(5Spa0) 5008 D, < 95l (5pac)

ZSPGC

= ¢?SeSac)  (3.6)

where the last equality follows from our assumption that the effective potential re-
mains in the same function class as the original potentials and therefore the two can
be merged. The resulting potential function that characterizes the desired undirected
model may have an altered dependency structure. Such “graphical” changes will be
considered later in conjunction with the effective potential. While the notation used
in this section was for chain graphs, the results apply equally well to directed models
(as special cases).

We note finally that sometimes the complexity of the potential functions them-
selves can preclude efficient marginalization and, in this case, variational techniques
can be introduced to simplify them as well. This is the case with noisy-OR networks,
for example, for which the local partition functions are unity and the potentials cor-

2A Boltzmann factor is a term of the form e (%),

3More precisely we refer to position space renormalization group. For a subset of lattice models
such renormalization can be performed exactly; for others approximate methods have been devel-
oped. These approximations do not yield upper and lower bounds on the original quantity, however,
and are therefore unsuitable for our purposes.
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respond to the log-conditional probabilities. The transformations of chapter 2 are
applicable in this setting.
Examples of networks directly covered by the formalism will be considered later.

3.2.4 Recursive marginalization

In light of the previous section, we assume that the probability model of interest is
an undirected graphical model and that the objective is to compute the marginal
distribution over a subset of variables, which we denote by S*. This is equivalent to
finding the partition function

77 =3 et55) (3.7)
S

where S refers to the set of variables to be marginalized over. In the following we will
drop the explicit reference to S*. We propose to carry out the required marginalization
recursively:

7 Ze¢(5) — Z [Z e¢(5)] (3.8)

S S\Si | Sk

where after each marginalization step, the resulting expression (in brackets) is trans-
formed so as to be able to continue with the recursion over the remaining variables.
The transformations we consider for this purpose are of the form

Dot g et (3.9)
Sk

where the Boltzmann factor corresponding to the effective potential QE(S \ Sk) must
remain amenable to further marginalization. If we require the effective potential to
be in the same class of functions as the original potentials, then the complexity of the
subsequent marginalizations will remain at most at the same level (instead of increas-
ing exponentially). This property is reminiscent of exact renormalization techniques
in the context of graphical models possessing a particularly feasible structure, as is
the case with decimatable graphs®. In our case each renormalization step (consis-
tently) introduces either an upper or lower bound instead of yielding the exact result.
We note that decimatable models or any other types of graphs that permit a feasible
application of exact methods would be treated accordingly in our framework as well.
We have therefore made a tacit assumption that at least at this stage of the recursive
algorithm, the graph does not possess any such structure.

We now turn to defining the variational transformations allowing the bounds in
Eq. (3.9). As mentioned earlier the variational transformations we will consider come

4Decimation is an exact renormalization technique well-known in the physics literature (see e.g.
Ttzykson & Drouffe 1989). Saul & Jordan (1994) give an introduction to decimation as well as an
application to “Boltzmann trees”.
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from convex duality, which are illustrated in detail in section 1.1. We start with a
lower bound transformation.

Lower bounds

In appendix 3.A we derive the following lower bound transformation:

log 3- eV > 37 q(Sk)6(S) + Hg) (3.10)

where H(q) is the entropy of the variational distribution ¢(Sx). Raising both sides
to the exponent, we see that this lower bound gives the desired effective potential
QE(S \ Sk). Whenever the original potentials are polynomials or any other functions
closed under affine transformations then the resulting effective potential remains in
the same function class, as required. The above transformation is precisely the mean
field approximation applied selectively to only one variable. There are several possible
extensions towards more accurate transformations. For example, we may easily use a
mixture distribution in place of the ¢ distribution above, where the scope of the mix-
ture components (mean field approximations) can be extended over several recursions.
Put another way, each mixture component can be defined as a sequence of mean field
approximations thereby providing the tools for recapturing the dependencies that the
naive mean field would ignore. We note that a correct application of the mixture
extension introduces an additional mutual information term into the bound. There
are nevertheless efficient methods for dealing with the added complexity (Jaakkola &
Jordan 1996).

We now consider the graphical implications of the simple lower bound transfor-
mation in comparison to those resulting from the exact marginalization. For any two
variables that are connected in the original graph, there has to be a term in the poten-
tial ¢(.5) that depends on both variables. The correct marginalization over Sj, would
introduce such terms between all the variables adjacent to Sj in the (undirected)
graph. In the approximate marginalization, however, where the effective potential is
a linear combination of the existing potentials, none will be introduced. Graphically,
therefore the lower bound marginalization amounts to simply eliminating the variable
from the graph. The elimination nevertheless comes with quantitative changes to the
existing potentials albeit that qualitatively they remain unchanged.

Upper bounds

Upper bound transformations for generic networks are currently under development
and we demonstrate only the availability of such bounds for a particular class of
binary networks known as Boltzmann machines (see e.g. Hertz et al. 1991). These
are graphical models with pairwise potentials mediating the interactions between the
binary variables in the model. More specifically, the potential ¢(5) for these models
consists of pairwise terms ¢;;(.5;,5;) = J;;5:5; (symmetric) and ¢;(.S;) = h;S;, where
the notation in terms of the weights J;; and biases h; is more typical. In appendix
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3.B we derive the following upper bound transformation

log Y e < (¢ + d0)/2+ A1 — ¢0)* — (V) (3.11)

Sk 6{071}

where we have used the shorthand ¢, = ¢(5)|s,=s. A is a variational parameter, and
f* a conjugate function whose form is specified in the appendix. This upper bound is
the effective potential we are after. To confirm that it remains in the class of pairwise
potential functions, let us switch to the notation in terms of weights and biases. The
difference ¢; — ¢g becomes

¢1—do=hr+ Y JiS (3.12)

J€adjy,

in which the summation is over the variables that are adjacent to Sy in the original
graph. The square of the difference ¢; — ¢g, the highest order term in the effective
potential, clearly contains no higher than pairwise dependencies.

In terms of the graphical consequences of this upper bound transformation, we
note that the squared term (& — &g)* will create a dependence between each pair
of variables adjacent to the one being marginalized over. Graphically these changes
in the connectivity correspond precisely to those of exact marginalization. Correct
marginalization, however, would accompany dependencies (potentials) of order higher
than two but such differences are implicit in the graphical representation.

3.2.5 Exact computation

Each iteration in the recursive marginalization procedure yields an additional bound
and consequently deteriorates the accuracy of the final bound. It is therefore necessary
to stop introducing further bounds when the remaining undirected model becomes
amenable to exact calculations. With exact calculations, we mean any method from
decimation (see e.g. Saul & Jordan 1994) to the clustering algorithm (Lauritzen
& Spiegelhalter 1988, Jensen et al. 1990) that does not involve approximations.
The interface between the recursive bounds and exact algorithms is straightforward:
we simply pass on the remaining potential to the exact algorithm. The variational
parameters (distributions) introduced throughout the recursive marginalization can
be optimized relative to the remaining exact calculations.

The approximate methods can be also used to facilitate the applicability of exact
algorithms. For example, since graphically the simple lower bound recursion elimi-
nates the variables from the model, we can use it to uncover feasible substructure.
Selective use of such elimination can make exact algorithms quickly applicable. This
objective is illustrated in figure 3-1. We note that this idea bears a connection to
the structured mean field method studied by Saul & Jordan (1996). Their approach
(non-recursive) suggests using exact methods for tractable substructures while apply-
ing mean field approximation for the variables mediating these structures. Translated
into our framework, this would mean eliminating the mediating variables through the
recursive lower bound transformation with a subsequent appeal to exact methods.
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Figure 3-1: Enforcing tractable networks. FEach variable in the graph can be re-
moved (in any order). The elimination of the dotted nodes reveals a simplified graph
underneath.

The real problem, however, is that of finding the key variables whose elimination
would render the remaining graph tractable. This can be achieved, for example,
as follows. A recursive elimination of all the variables from the network yields a
variational expression for the partition function (the order of the recursions is imma-
terial, see the examples below). The correct marginalizations can be subsequently
re-established by replacing the variational transformations with their associated ex-
act marginalizations (i.e. moving recursively backwards). This procedure amounts to
building amenable substructure from scratch. Look-ahead algorithms can be devised
to guide the search towards larger but manageable structures. The details will be left
for future work.

3.3 Examples

3.3.1 Boltzmann machines

We begin by considering Boltzmann machines with binary (0/1) variables. We assume
that the joint probability distribution for the variables S = {S7,...,5,} is given by

1
P(SVL, J) = m€¢(s|h’J) (313)

where h and J are the vector of biases and the weight matrix, respectively. The
potential ¢(S|h, .J) in this setting consists of pairwise interaction terms (and biases)

1
? J

where the weight matrix is symmetric and J; = 0. We assume that J;; = 0 whenever
there is no direct dependence between the variables S; and S; in the undirected
graph. The partition function Z(h,J) = Yge?5"I) normalizes the distribution.
The Boltzmann distribution defined in this manner is tractable insofar as we are able
to compute the partition function; indeed, all marginal distributions can be reduced
to ratios of partition functions in different contexts.

We now turn to methods for computing the partition function. This is exactly the
problem considered earlier in recursive marginalization. We may therefore apply both
the lower and upper bound recursive procedures to obtain lower and upper bounds
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on the desired partition function. Let us consider these in detail.

Lower bound recursion

As explained earlier, an approximate marginalization over Sy involves finding the
effective potential ¢(S\ Sk|h, J) through variational transformations. In the context
of Boltzmann machines, the transformation in Eq. (3.10) reduces to

log > eI > N"g(Sk)e(S|h, J) + H(q) (3.15)
Sref{0,1} Sk
1
itk ij#k
+hege + > qeJwiSi + H(qr) (3.16)
itk

where the second line corresponds to the terms that do not depend on Sy and therefore
remain unchanged; in the average over the variational distribution we have used the
simplified notation ¢(S; = 1) = ¢x. By collecting the weights and biases in this bound
we find that the parameters of the effective potential QE(S \ Silh, j) are given by

[

i = hi +aqpdy (3.17)
Joo o= J (3.18)

for 7,7 # k. The effective potential also includes an additional constant factor gy +
H{(qx). It is evident that the effective potential remains in the class of Boltzmann
machines, and the recursion can continue.

Let us analyze the recursion a bit further. First, as noted earlier, the approximate
marginalization step does not change the interaction weights J;;; it only affects the
biases h;. Marginalization in this approximation therefore leads to elimination with
modified biases for the remaining variables. Second, the resulting effective potential
is independent of the order in which the variables are marginalized over. To see
this, observe first that the cumulating biases remain linear (i.e., are of the form
712' = h;+ > qxJki after any number of iterations) and are therefore unaffected by the
ordering. It remains to show that the cumulating constant factor is order independent
as well. After each recursion the emerging constant factor has the form h{ ™' g+ H (qx),
where the notation h{~' refers to the bias for the k" variable after k — 1 recursive
marginalizations. The quantity of interest to us is the sum of these factors:

S{ g+ Hig)p = > { (hk + 3 qk/Jk/k) g + H(qk)} (3.19)

ke k' <k
= D Ahear + H(ge)} + D Jwngwa (3.20)
ke k' <k
1
= > {hegr + H(qr)} + 3 > Jekqrar (3.21)
k k' k
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where the first equation follows from rewriting the recursion biases in terms of the
original ones, and the last from the symmetry of the weight matrix J. In the final
expression the order independence is evident. As a final observation, we claim that
the recursive approximation is equal to ordinary mean field approximation for Boltz-
mann machines in the limit of applying the approximate marginalizations for all the
variables in the model. In this limit, all that remains from the recursions are the
constant factors introduced after each recursion step. The equation above collects all
these factors assuming we extend the sum over k over all the variables. The result
is exactly the mean field free energy for Boltzmann machines (see e.g. Hertz et al.

1991).

Upper bound recursion

We have already introduced the upper bound variational transformation applicable
to Boltzmann machines. We consider this transformation and its properties here in
more detail. Using the notation in terms of weights and biases, the upper bound from

Eq. (3.11) becomes

log 3 edn < Zh5+22J2]55+ hk+ZJk]

S,€{0,1} i#k i,k
2
J

where only the terms pertaining to S; are affected. Recall that we have assumed
that J;; = Jj; = 0 whenever ¢ and j are not adjacent in the original graph. The
parameters h; and JZ] characterizing the effective potential qb(S \ Sk|h J) can be
found by rewriting the above bound in the form of Eq. (3.14). This gives

}NLZ = h; + J;m'/Q + 2 hpdy + )‘k‘]zi (3.23)
jz']‘ = JZ']‘ + QAkjikaj (3.24)

for ¢, # k. The constant factor emerging from the transformation is given by
hi/2 + Aehi — f*(Ar)

Similarly to the lower bounds we make a few observations about the transforma-
tion. First, the new weight matrix jij contains pairwise potentials connecting all the
variables adjacent to S as in correct marginalization. We would therefore expect this
transformation to yield more accurate bounds than the simpler lower bound. This
will be quantified in the next section. Second, unlike with the simple lower bound
transformation the recursion order matters in this case. Third, if we complete the
recursive marginalization for all the variables in the model, then the resulting effective
potential is the sum of the introduced constant factors:

ST T = W) (3.25)
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Figure 3-2: a) The mean relative errors in the log-partition function as a function
of the scale of the random weights (uniform in [—d,d]). Solid line: lower bound
recursion; dashed line: upper bound. b) Mean relative difference between the upper

and lower bound recursions as a function of d(n/8)'/2, where n is the network size.

Solid: n = §8; dashed: n = 64; dotdashed: n = 128.

where h{~! is the bias for the variable S, after k— 1 recursion steps. From the update
equations above we see that the biases h{™' remain linear functions of the original
biases. The resulting potential (the equation above) is therefore only a quadratic
function of the original biases. It is not feasible, however, to unravel the result in
terms of the original weights .J;;. We conclude that the upper bound transformation is
inherently recursive, quite unlike the lower bound method (see the previous section).
We suspect that the lower bound approximation can be improved by making it more
sophisticated to the extent that it remains at least recursively computable.

Accuracy

To substantiate the previously made claim that the upper bound recursion yields a
more accurate bound we tested the recursions in randomly generated fully connected
Boltzmann machines with 8 binary variables®. The weights in these models were
chosen uniformly in the range [—d, d] and all the initial biases were set to zero. Fig-
ure 3-2a plots the relative errors in the log-partition function estimates for the two
recursions as a function of the scale d.

The upper and lower bound recursions would ideally be used in combination to
yield interval estimates of the partition functions of interest. The tightness of such
intervals as well as their scaling as a function of the network size is illustrated in
figure 3-2b. The figure shows how the relative difference between the two bounds
varies with the network size. In the illustrated scale the size has little effect on the
difference. We note that the difference is mainly due to the lower bound recursion as
is evident from figure 3-2a.

>The small network size was chosen to facilitate comparisons with exact results.
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3.3.2 Sigmoid belief networks

Sigmoid belief networks are directed graphical models over binary variables for which
the joint probability has the usual product form:

1 g (S —log Z;
P(S) _ H Z|S e¢l(Sl|Spai) — H e(b’(S"Spai) 1 gZz|Spai (326)

The potentials, however, take on a particular form

$i(Si|Spa,) = Silhi + Y7 JijS)) (3.27)
J€py;
Consequently, the local partition functions are given by

Zisp = Y, € Fhoe o) (3.28)

Si€{0,1}

Now, to transform this model into an undirected graph we compute the effective
potentials corresponding to the log-partition functions via upper/lower bound varia-
tional transformations. These transformations have already been introduced in the
context of recursive marginalization. From Eq. (3.10) and Eq. (3.11) we get

log Z esi(hi-l_zﬂepai‘]ijsj)

SiE{O,l}
> qi(hi + Z JiiS;)+ H(q) (3.29)
JEPa;
< (Rt Do JuSi/2 4 Ai(hi+ Y0 JuS)t = () (3.30)
J€Epay J€Epay

where ¢; = ¢(5; = 1). Inserting these back into the probability model of Eq. (3.26)
gives upper and lower bounds on the joint distribution in terms of Boltzmann ma-
chines. The recursive marginalization procedure presented earlier for Boltzmann ma-
chines is therefore applicable and can be used to find the desired marginal probability.
Note that in this conversion the upper/lower bounds on the log-partition function are
reversed as bounds on the joint distribution (see Eq. (3.26)). The upper bound on
the joint (corresponding to the simple lower bound) replaces the log-partition func-
tions with linear combinations of existing potentials. Such removal of normalization
amounts in graphical terms to simply substituting undirected links for the original di-
rected ones. The lower bound on the joint, in contrast, introduces pairwise potentials
between the parents of each variable. By connecting the parents this transformation
therefore correctly moralizes the graph.
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3.3.3 Chain graphs

The joint probability distribution for the binary chain graphs we consider here is
given by

P(5.]5,4.) ¢ 9(5clSpac) — ¢ ¢(SeclSpac)—log Zsp,, (3.31)

ZSPGC

where the potentials ¢(S.|S,q,) corresponding to each cluster of variables S. have the
following restricted form:

1

1€c J€Epac 1,5€EC
esf o 1 c
1€c 1,5€EC

Here the weight matrix J°* mediates the influence of outside cluster variables on the
variables within the cluster ¢. The nature of this influence is to bias the within cluster
variables while leaving the interaction structure intact. For this reason we have used
the compact notation A%/ for the (effective) biases that contain the outside influence.
As to the availability of our approximation framework it is important (currently) that
he?¥ depends linearly on the outside cluster variables.

To transform the chain graphs into undirected models we no longer can use the
individual variational transformations to achieve the conversion. Instead, we need to
consider the recursive framework for finding the effective potentials corresponding to
the cluster log-partition functions log Zs,, . These effective potentials consequently
characterize the resulting undirected model. It is important, therefore, that these
potentials will have a feasible dependence on the outside cluster variables S, . If this
dependence is at most quadratic, then the recursive marginalization procedure for
Boltzmann machines becomes applicable as with sigmoid networks. This will indeed
be the case. To verify this, note first that the outside cluster variables can appear in
the effective potentials only through hfff, which are linear functions. We know from
previous results (see section 3.3.1) that the effective potential from the lower bound
recursion depends only linearly on the biases. The upper bound recursion, on the
other hand, yields potentials that are at most quadratic in the biases. The desired
property therefore holds.

In sum, we have shown how the joint distribution for chain graphs can be bounded
by Boltzmann machines to which the recursive approximation formalism is again
applicable.

3.4 Discussion
In this chapter we have developed a recursive node-elimination formalism for rigor-

ously approximating intractable networks. The formalism applies to a large class of
networks known as chain graphs and can be straightforwardly integrated with exact
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probabilistic calculations whenever they are applicable. Furthermore, the formalism
provides rigorous upper and lower bounds on the desired quantities (e.g., the variable
means).

The generality of our approach remains constrained, however, by the available
transformations (upper bounds) and also by the assumptions needed to guarantee the
feasible continuation of the recursion steps. The latter refers to the requirement for
the effective potentials to remain in the same function class as the original potentials.
The effects of this requirement can be mitigated by employing the methods of chapter
2, particularly in case of noisy-OR networks, to reduce the complexity of the original
potentials.

We note finally that this chapter completes the development of generic variational
methods for inference in graphical models (apart from the combination of exact and
approximate methods for noisy-OR networks developed in chapter 5). The next chap-
ter will shift the emphasis from inference to Bayesian estimation and does not rely on
the results obtained so far, except for its use of the same variational transformations.

References

J. Besag (1974). Spatial interaction and the statistical analysis of lattice systems.
Journal of the Royal Statististical Society B 2:192-236.

J. Hertz, A. Krogh and R. Palmer (1991). Introduction to the theory of neural com-
putation. Addison-Wesley.

C. Ttzykson and J. Drouffe (1989). Statistical field theory. Cambridge University

Press.

F. Jensen, S. Lauritzen, and K. Olesen (1990). Bayesian updating in causal probabilis-
tic networks by local computations. Computational Statistics Quarterly 4: 269-282.

S. Lauritzen (1996). Graphical Models. Oxford: Oxford University Press.

S. Lauritzen and D. Spiegelhalter (1988). Local computations with probabilities on
graphical structures and their application to expert systems. Journal of the Royal
Statistical Society B 50:154-227.

T. Jaakkola and M. Jordan (1996). Mixture model approximations for belief networks.
Manuscript in preparation.

R. Neal. Connectionist learning of belief networks (1992). Artificial Intelligence 56:
71-113.

L. Saul and M. Jordan (1996). Exploiting tractable substructures in intractable
networks. In Advances of Neural Information Processing Systems 8. MIT Press.

L. Saul and M. Jordan (1994). Learning in Boltzmann trees. Neural Computation 6
(6): 1174-1184.

30



J. Whittaker (1990). Graphical models in applied multivariate statistics. John Wiley
& Sons.

3.A Lower bound

Consider the function

F(3) =1log Y e (3.34)
Sk

where q; is a vector with components equal to ¢(9) for different values of S; while
the remaining variables are kept fixed. We claim that f(q;) is a convex function of
qg. This can be verified simply by computing the Hessian of f and observing that it
is positive semi-definite (see Appendix 2.A), or alternatively, by noting that it is a
conjugate function of the negative entropy function (see Appendix 1.A). According

to section 1.1, f must have a representation of the form
f(6) = max{q"é—f(q) | (3.35)

The variational parameter ¢ in this case is a probability distribution (gradient space
of f consist of probability distributions) and the conjugate function is the negative
entropy function —H(¢). By recalling the definition of ¢ as ¢(5) we get

F(8) = Y alSi)e(S) + Hq) (3.36)

We have also (notationally) constrained the variational distribution ¢ to depend only
on S and not (as it should) on the remaining variables that were assumed to be
fixed during the transformation. When the other variables are allowed to vary, this
restriction amounts to an additional approximation, known as the mean field approx-
imation.

3.B Upper bound

Here we derive a variational upper bound for

log Y e = log(e¢°—|—e¢1) (3.37)

Sk 6{071}

= (do+ ¢1)/2+ log (6 (D1=00)/2 1 ¢ _((’51_%)/2) (3.38)

where we have used the notation ¢, = ¢(.5)s,=,. For clarity let us define © = ¢; — ¢
and let

f(x) =log (e */2 ¢ _x/Q) (3.39)
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which is the function we need to find the transformation for. Now, f(:z;) is a symmetric
function of z, and a concave function of z?. Let f(2?) = f(:z;), or, in words, [ treats
f as a function of z?. Since now f(2?) is a concave function of z?, convex duality
implies a representation of the form

fl@)= (%) = min{Ae® = [F)} < Aa? = 7 (V) (3.40)

where f* is the conjugate function of f. To specify the form of the conjugate function,
it is easier to reparameterize the bound in terms of tangent planes; see section 1.1
and Eq. (1.9) in particular. Take £* to be the new variational parameter indicating

the location of the tangent, so that A = A(§) = V2 f(£?), and find
fla) < A& a® = (&) = €ME) (3.41)

where

NE) = Ve (€)= Vea(€) = 17 tanb(¢/2 (3.42)

Recall that the bound is exact whenever {* = z? (tangent defined at that point).
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Chapter 4

Bayesian parameter estimation!

4.1 Introduction

The Bayesian formalism is well suited for representing uncertainties in the values of
variables, model parameters, or in the model structure. The formalism further allows
ready incorporation of prior knowledge and the combination of such knowledge with
statistical data (Bernardo & Smith 1994, Heckerman et al. 1995). The rigorous
semantics, however, often comes with a sizable computational cost of evaluating multi-
dimensional integrals. This cost precludes the use of exact Bayesian methods even
in relatively simple settings, such as generalized linear models (McCullagh & Nelder
1983). We concern ourselves in this chapter with a particular generalized linear
model—logistic regression—and show how variational approximation techniques can
restore the computational feasibility of the Bayesian formalism.

Variational methods should be contrasted with sampling techniques (Neal 1993)
that have become standard in the context of Bayesian calculations. While surely
powerful in evaluating complicated integrals, sampling techniques do not guarantee
monotonically improving approximations nor do they yield explicit bounds. It is
precisely these issues that are important in the current chapter.

The chapter is organized as follows. First we develop a variational approximation
method that allows the computation of posterior distributions for the parameters
in Bayesian logistic regression models. This is followed by a brief evaluation of the
method’s accuracy along with a comparison to other methods. We then extend the
framework to belief networks, considering the case of incomplete data. Finally, we
consider the dual of the regression problem — a density estimation problem — and
show that our techniques lead to exactly solvable EM updates.

IThis chapter is based on “T. Jaakkola and M. Jordan (1996). A variational approach to Bayesian
logistic regression problems and their extensions. In Proceedings of the sizth international workshop
on artificial intelligence and statistics” .
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4.2 Bayesian logistic regression
We begin with a logistic regression model given by
P(S]1X,0) = g ((25 — 1)0"X) (4.1)

where g(z) = (14 e™*)~! is the logistic function, S the binary response variable, and
X ={Xy,..., X, } the set of explanatory variables. We represent the uncertainty in
the parameter values 6 via a prior distribution P(#) which we assume to be a Gaussian
with possibly full covariance structure. Our predictive distribution is therefore

P(S|X) = /P(S|X,0)P(0)d0 (4.2)

In order to utilize this distribution we need to be able to compute the posterior param-
eter distribution P(A|D',..., DT), where we assume that each D = {S* X! ... X!}
is a complete observation. To compute this posterior exactly, however, is not feasible?.
It is nevertheless possible to find an accurate variational transformation of the condi-
tional probability P(5|X, #) such that the desired posterior can be computed in closed
form. Let us next introduce the transformation and show how the posterior can be
computed based on a single observation D. We will see that under the variational
approximation the parameter posterior remains Gaussian, and thus the full posterior
can be obtained by sequentially absorbing the evidence from each of the observations.
The variational transformation we use is given by (see Appendix 3.B)

P(SIX.0) = g(H,) = g(€) exp{(Hs —€)/2— NE)(HE - )} (4.3)
= P(5]X,0,¢)

where Hg = (25 — 1) 32, 0;X; and A(§) = tanh(£/2)/(4¢). We may verify the trans-
formation by a direct maximization with respect to the variational parameter &, and
recover the original conditional distribution. The value of £ at the maximum is simply
Hs.

The posterior P(|D) can be computed by normalizing the left hand side of

P(S|X,0)P(0) > P(S|X.0,)P(0) (4.5)

Given that this normalization is not feasible in practice we normalize the variational
distribution instead. The variational distribution has the convenient property that
it depends on the parameters 6 only quadratically in the exponent (eq. 4.4). Conse-
quently, as the prior distribution is a Gaussian with mean g and covariance matrix X,
computing the variational posterior — absorbing the (variational) evidence — amounts
to only updating the prior mean and the covariance matrix. Omitting the algebra

2Even without the prior distribution iterative schemes are need and such methods are intractable
in our case.
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this update yields

st S (6 X XT (4.6)
Hpost = Spowt |V 0+ (S = 1/2)X] (4.7)

where X = [X; ... X,]7. Now, the posterior covariance matrix depends on the varia-
tional parameter ¢ through A(£) and thus its value needs to be specified. We obtain
¢ by optimizing the approximation in eq. (4.5). Using the fact that the approxi-
mation is in fact a lower bound we may devise a fast EM algorithm to perform this
optimization (see appendix 4.A). This leads to a closed form update for ¢ given by

¢=F {(Z ejw} = XS X A (X ) (4.8)

where the expectation is taken with respect to P(0|D, £°'?), the variational posterior
distribution based on the previous value of £. Alternating between the ¢ update and
those of the parameters monotonically improves the posterior approximation of eq.
(4.5). The convergence of this procedure is very fast; roughly only two iterations are
needed. The accuracy of the resulting variational approximation is considered in the
next section.

In summary the variational approach allows us to obtain the posterior predictive
distribution

P(S]X,D) = /P(S|X,0)P(0|D)d0 (4.9)

where the posterior distribution P(6|D) comes from sequentially absorbing each (com-
plete) observation D! in the data set D = {D',... . DT}. The predictive likelihoods

P(S*|X*, D) for any complete observation D' have the form

1 1 1 by
log P(S'X'.D) = log g(61) -6/ M6~ 5" S g St log (o (410
where p and ¥ signify the parameters in P(0|D) and the subscript ¢ refers to the
posterior P(0|D, D') found by absorbing the evidence in D".

4.3 Accuracy of the variational method

Figure 4-1a compares the variational form of eq. (4.4) to the logistic function for
a fixed value of ¢ (here { = 2). We note that this is the optimized variational
approximation in cases where £ {(Z] 0,X;)?%¢ = 2} = 22 since this condition is the
fixed point of the update equation (4.8).

To get an indication of the quality of the variational approximation in the con-
text of Bayesian calculations we numerically computed the approximation errors in
the simple case where there is only one explanatory variable and the observation is
D ={5 =1,X = 1}. Figure 4-1b shows the accuracy of the variational predictive
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Figure 4-1: a) The logistic function (solid line) and its variational form (dashed line)
when ¢ is kept fixed at £ = 2. b) The difference between the predictive likelihood
P(S =1|X) = [g¢(0)P(0)df and its variational approximation as a function of g(u);

here P(#) is Gaussian with mean y and variance o?.

likelihood as a function of different prior distributions. The evaluation of the pos-
terior accuracy is deferred to the next section where comparisons are made to other
related methods. In practice, we expect the accuracy of the posterior to be more
important than that of the predictive likelihood since errors in the posterior run the
risk of accumulating in the course of the sequential estimation procedure.

4.4 Comparison to other methods

Other sequential approximation methods have been proposed to yield closed form
posterior parameter distributions in logistic regression models. The most closely
related appears to be that of Spiegelhalter and Lauritzen (1990) (referred to as the S-
L approximation in this chapter). Their method is based on making a local quadratic
approximation to the complete log-likelihood centered at the prior mean x (also known
as the Laplace approximation). Similarly to the variational updates of eq. (4.6-4.7),
the S5-I approximation changes the prior distribution according to

Sih o= ST (- p) XXT (1.11)
oot = 114 (S = ) Sy X (1.12)

where p = g(u? X). Since there are no additional adjustable parameters in this ap-
proximation, it is simpler than the variational method. For the same reason, however,
it can be expected to yield less accurate posterior estimates.

We compared the accuracy of the posterior estimates in the simple case where there
is only one explanatory variable X = 1. The posterior of interest was P(8]S = 1),
computed for various settings of the prior mean p and standard deviation o. The
correct second order statistics for the posterior were obtained numerically. Figures 4-
2 and 4-3 illustrate the accuracy of the posterior for the two approximation methods.
We used simple (signed) errors in comparing the obtained posterior means to the
correct ones; relative errors were used for the posterior standard deviations. The error
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a)

measures were left signed to reveal any systematic biases. Based on figures 4-2a and
4-3a the variational method yields more accurate estimates of the posterior means.
When the prior variance is small (figure 4-2b), the S-L estimate of the posterior
variance appears to be at least as good as the variational estimate. For larger prior
variances, however, the S-I. approximation degrades more rapidly. We note that the
variational method consistently underestimates the true posterior variance — a fact

that could also have been predicted theoretically (and could be used to refine the
approximation). Finally, in terms of the KI-divergences between the approximate
and true posteriors, the variational method seems to (slightly) outperform the S-L
approximation, again the more clearly the larger the prior variance. This is shown in

Figure 4-4.
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Figure 4-2: a) The errors in the posterior means as a function of g(x), where  is the
prior mean. Here o = 1 for the prior. b) The relative errors in the posterior standard
deviations as a function of g(p). o = 1 for the prior distribution.
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Figure 4-3: As figure 3 but now ¢ = 2 for the prior distribution.
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Figure 4-4: KL-divergences between the approximate and the true posterior distribu-
tion as a function of g(x). a) ¢ = 2 for the prior. b) o = 3. The two approximation
methods have (visually) identical curves for o = 1.

4.5 Extension to belief networks

A belief network can be constructed from logistic regression models that define condi-
tional probabilities of a variable given its parents®. The predictive joint distribution
for this belief network takes the usual product form

P(S1,. ., 80) = [T P(S:]Spa,) (4.13)

where S,,, 1s the set of parents of 5;. We note that this is an extension of sigmoid
belief networks (Neal 1992) due to the prior distributions over the parameters. In
order to be able to use the techniques we have described for computing the poste-
rior distributions on parameters in this setting, we assume first that the observations
are complete, i.e., contain a value assignment for all the variables in the network.
Complete observations contain all the Markov blankets* for the parameter distribu-
tions defining the conditional models (see figure 4-5a). Given value assignments for
the variables in the Markov blanket, i.e., for the variables in the associated con-
ditional model, the parameter distributions become independent of everything else
in the network. Consequently, the posterior distributions over the parameters for
each conditional model remain independent from each other as well. To estimate the
parameters distributions based on complete observations therefore reduces to n inde-
pendent subproblems of estimating each of the conditional regression models, which
can be done as before.

4.5.1 Incomplete cases

3The sets of parents for the variables must be consistent with some global ordering of the variables.

4Markov blanket for a variable consists of any set of variables such that, conditionally on the
variables in the Markov blanket, the variable in question becomes independent from the remaining
variables in the probability model.
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Figure 4-5: a) A complete observation (shaded variables) and the Markov blanket
(dashed line) associated with the parameters 5. b) An observation where the value
of Sy is missing (unshaded in the figure).

In many practical situations the assumption of complete cases is quite unrealistic. The
presence of missing values, however, means that we no longer have all the Markov
blankets for the parameters in the network. Thus dependencies can arise between the
parameter distributions across different conditional models. Let us consider this in
more detail. A missing value implies that the observations pertain to the marginal
distribution rather than the full joint distribution. The marginal distribution is ob-
tained by summing or marginalizing over the possible missing values of the relevant
variables, such as S in figure 4-5b. This figure illustrates, for example, that the
posterior distributions for the parameters 6; and f5 would depend on the value of
Sy had it been included in the observation. Thus when we marginalize over Sy, the
posterior distribution over the parameters 84 and 65 becomes a mixture distribution,
where each mixture component corresponds to a possible value of 54, and the mixture
weighting is according to the posterior distribution for Sy (given the observations).
In such a mixture posterior, the parameters associated with the two conditional mod-
els become dependent and the distribution will be multimodal. More precisely, the
posterior distribution for these parameters is given by

P(04,05]0bs.) ZP(obs.,S4|(94,(95)P((94)P((95) (4.14)
o i:P(S4|Spa4,(94)P(S5|Spa5,05)P(04)P(05) (4.15)

where Sy € 5,4, 1.e, one of the parents of S5. For a more thorough discussion
of posterior parameter distributions see Spiegelhalter & Lauritzen (1990). We note
here that the new dependencies arising from the missing values in the observations
can make the network quite densely connected (a missing value effectively connects
its neighboring nodes in the graph). The dense connectivity, on the other hand,
leaves little structure to be exploited in the exact probabilistic computations in these
networks and tends to make the model infeasible.

Importantly, the simplifying variational transformations introduced earlier for the
logistic regression models do not remove the emerging dependencies among the poste-
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rior parameter distributions. Thus unlike in the regression case, where the posterior
parameter distributions remained simple Gaussians, the use of these variational trans-
formations with missing values yields not a single Gaussian posterior but a (large)
mixture of them containing parameter distributions for other conditional models as
well. To avoid such connectivity and multimodality, further approximations are nec-
essary. What should the nature of these approximations be? Ideally, we would like
to return to the setting of complete observations, where the parameter distributions
can be maintained locally. Such a transition, however, would presume having “filled-
in” the missing values. We propose to perform this fill-in in a principled manner by
resorting to an additional variational technique known as the mean field transforma-
tion.

In the context of belief networks, mean field transformation can be characterized
as a form of relaxed marginalization. The correct marginalization is a global operation
in the sense that it affects synchronously all the conditional models that depend on the
variable being marginalized over. Mean field, on the other hand, is a local operation
by acting individually on the relevant conditional models. In other words, mean
field approximation simply transforms separately all the conditional models in the
belief network that pertain to the marginalized variable. Importantly, this locality
preserves the factorization of the joint distribution as with complete observations
thus performing the desired “filled-in” of the missing value. More precisely, the
transformation of the (relevant) conditional models is given by

P(S]Sp00) = TT P(S]Sp0, 0)") (4.16)

S/

where S is the variable with a missing value assignment and ¢(5’) is a mean field
distribution over the missing values. The variational parameter in this transformation
is the distribution ¢. The transformed conditional probabilities are thus geometrically
averaged over the missing values (with respect to the mean field distribution). Note
that if the particular conditional probability does not depend on the missing value the
above transformation will not change it. While the transformations are carried out
separately for each relevant conditional model, the mean field distribution associated
with any particular missing value remains the same across such transformations. We
note that the transformation does include a multiplicative constant that depends on
q (see Appendix 4.B for more details).

The use of mean field with in maintaining the Bayesian parameter distributions
is straightforward. When absorbing evidence from observations with missing val-
ues we first apply the mean field transformation to fill-in the missing values. The
resulting joint distribution factorizes as with complete observations but now con-
tains transformed conditional probabilities. The posterior parameter distributions
therefore can be obtained independently for the parameters associated with different
(transformed) conditionals. Two issues remain to be considered. First, the trans-
formed conditional probabilities are now products of logistic functions and therefore
more complicated than before. The introduction of the variational transformations
for the logistic functions, however, turns them into exponentials with quadratic de-
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pendence on the parameters, and the product transformation of Eq. (4.16) retains
this general form. Thus the evidence will again be “Gaussian” and if the prior is a
multivariate Gaussian so will the posterior. The second issue is the dependence of
the posterior parameter distributions on the mean field distribution ¢. The metric
for optimizing ¢ comes from the fact that mean field transformation yields a lower
bound on the true marginalization. We therefore set ¢ to the value that maximizes
this lower bound. This optimization is carried out in conjunction with the optimiza-
tion of the ¢ parameters for the logistic transformations, which are also lower bounds.
We can again devise an EM-algorithm to perform this maximization, the details of
which are given in Appendix 4.B.3. The resulting sequential updating equations for
the parameter distributions are similar to eq. (4.6-4.7):

Sk = ST+ 2M&) E{SSE,} (4.17)
Hpost: = Sposts | ST+ E{(Si = 1/2) S0} | (4.18)

where 5,4, 1s the vector of parents of 5;, and the expectations are with respect to the
mean field distributions. When the observations in the database are complete the
expectations simply vanish.

4.6 The dual problem

Figure 4-6: a) Bayesian regression problem. b) The dual problem.

The dual of the regression problem (eq. (4.1)) is found by switching the roles of
the explanatory variables  and the parameters #. In the dual problem, we have
fixed parameters = and explanatory variables §. Unlike before, distinct values of
f may explain different observations while the parameters & remain the same for
all the observations, as shown in figure 4-6. In order to make the dual problem of
figure 4-6b useful as a density model we generalize the binary output variables s to
vectors S = [S1,...,59,]7 where each component S; has a distinct set of parameters
X, =[Xa.. .Xim]T associated with it. The explanatory variables # remain the same
for all components. Consequently, the dual of the regression problem becomes a latent
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variable density model with a joint distribution given by
P(S1,. ... 8] X) = / lH P(S]X;, 9)1 P(6)d0 (4.19)

where the conditional probabilities are logistic regression models
P(Si|Xi,0) =g ((252' - 1)2])@59]‘) (4.20)

We would like to use the EM- algorithm for parameter estimation in this latent
variable density model. To achieve this, we again make use of the variational trans-
formations. These transformations are introduced for each of the conditional proba-
bilities in the above joint distribution and optimized separately for the observations
D' = {5%,...,S!} in the database (note that the observations now consist of only the
values for the binary output variables). As in the logistic regression case, the trans-
formations change the unwieldy conditional models into simpler ones that depend on
the parameters only quadratically in the exponent (they become “Gaussian”). The
variational evidence, which is a product of the transformed conditional probabilities,
retains the same property. We are thus able to obtain the posterior distribution cor-
responding to such “Gaussian” evidence and, analogously to the regression case, the
mean and the covariance of this posterior are given by

N7 o= T Y 2n(E) XX (4.21)

Ly Yo X+ Z(Sf —-1/2)X; (4.22)
The variational parameters £ associated with each observation and the conditional
model can be updated using eq. (4.8) assuming X,, is replaced with X;, the vector
of parameters associated with the ¢*" conditional model. After we have computed
the posterior distributions for all the observations in the data set, we can solve the
M-step exactly. Omitting the algebra we get the following updates

1
Y o« —ZZt (4.23)
T4
1
e Y (1.24)
¢
where
A= SO (S + pund) (4.26)

b= S(SE—1/2) (4.27)
We note finally that since the variational transformations are lower bounds, these
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updates result in a monotonically increasing lower bound on the log-likelihood of the
observations. This desirable monotonicity property is unlikely to arise with other
types of approximation methods, such as the Laplace approximation.

4.7 Technical note: ML estimation

The standard maximum likelihood procedure for estimating the parameters in logistic
regression uses an iterative Newton-Raphson method to find the parameter values.
While the method is fast, it is not monotonic; i.e., the likelihood of the observations
is not guaranteed to increase after an iteration. We show here how to derived a
monotonic, fast estimation procedure for logistic regression by making use of the
variational transformation in eq. (4.4). Let us denote H, = (25" — 1)), 0, X} and
write the log-likelihood of the observations as

L) = Zlog P(SY1X50) = Zlogg(Ht)

> Y logg(&) + (Hi— &)/2 — \&) (HE - &)
— L00,6) (4.28)

The variational lower bound is exact whenever & = H; for all t. Although the
parameters # cannot be solved easily from L(8), £(6,¢) allows a closed form solution
for any fixed ¢, since the variational log-likelihood is a quadratic function of §. The
parameters # that maximize £(0,&) are given by ' = A~'b where

A= "2XM&) HH,m and b= (S"—1/2)H, (4.29)

t

Successively solving for § and updating ¢ yields the following chain of inequalities:
L0)=L(0,6) < LO,&) < L0, &) = L(0) (4.30)

where the prime signifies an update and we have assumed that £ = H; initially. The
combined update thus leads to a monotonically increasing likelihood. In addition,
the closed form #-updates make this procedure comparable in speed to the standard
Newton-Raphson alternative.

4.8 Discussion

We have exemplified the use of variational techniques in a Bayesian estimation prob-
lem. We found that variational methods can be employed to obtain closed form
expressions that approximate the posterior distributions for the parameters in lo-
gistic regression and associated belief networks even in the case of missing values.
Furthermore, our variational techniques lead to an exactly solvable EM algorithm for
a type of latent variable density model—the dual of the regression problem.
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4.A Optimization of the variational parameters

To optimize the variational approximation of eq. (4.5) in the context of an observation
D = {5 X1,....X,,} we formulate an EM algorithm to maximize the predictive
likelihood of this observation with respect to ¢. In other words, we find ¢ that
maximizes the right hand side of

/P(S|X,0)P(0)d0 > /P(S|X,0,§)P(0)d0 (4.31)

In the EM formalism this is achieved by iteratively maximizing the expected complete
log-likelihood given by

Q(Ele™) = E {log P(S|X,0,€) P(0)} (4.32)

°ld) Taking the derivative of ) with respect

where the expectation is over P(8|D,¢
to ¢ and setting it to zero leads to

_NY

a oldy __

E () 0,X,) - 52] =0 (4.33)
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As A(¢) is a monotonically decreasing function® the maximum is obtained at

& =E0X;) (4.34)

By substituting ¢ for £°'% above, the procedure can be repeated. Each such iteration
yields a better approximation in the sense of eq. (4.31).

4.B Parameter posteriors through mean field

Here we consider in detail the use of mean field in filling-in the missing values to facil-
itate the computation of posterior parameter distributions. We start by introducing
the mean field approximation from the point of view that will be most convenient for
our purposes. We note that several different formulations exist for mean field (Parisi
1988); the one presented here is tailored for our purposes.

4.B.1 Mean field

As mentioned in the text, mean field can be viewed as an approximation to marginal-
ization. Consider therefore the problem of marginalizing over the variable 5" when
the joint distribution is given by

P(Sy,...,5.00) = T] P(S:i|Spas, 0:) (4.35)

If we performed the marginalization exactly, then the resulting distribution would not
retain the same factorization as the original joint (assuming S’ is involved in more
than one of the conditionals then) as can be seen from

STLP(S150.00 = T P(S150.00| STIPSIS0.00 (130

7 7

where we have partitioned the product over the conditionals according to whether
they depend on S’ (indexed by ') or not (indexed by ¢"). Marginalization is therefore
not a local operation. Locality is a desirable property for computational reasons,
however, and we attempt to preserve locality under approximate marginalization.
The approximation we use for this purpose is a variational transformation based on
the fact that any geometric average® is always less than or equal to the usual average.
By applying this property to the marginalization, we find

P(Sl,...,SnIG)] (4.37)

%:P(Sl,...,SHW) = %:q(S’)[ e

>This holds for ¢ > 0. However, since P(S|X,0,¢) is a symmetric function of £, assuming & > 0
has no effect on the quality of the approximation.
A geometric average over x;, 1 € {1,...,n} with respect to the distribution ¢; is given by [, z{*.
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Y

P(Sy,..., 5,077
| "™ 139

S/

= Clq ngp Sil S, 0 )S’>] (4.39)

7

where the inequality comes from transforming the average over the bracketed term
(with respect to the distribution ¢) into a geometric average. The third line follows
from plugging in the form of the joint distribution and exchanging the order of the
products. The multiplicative constant C'(¢) relates to the entropy of the variational
distribution ¢

1 140
Clq) = H [q(S’)] and therefore log C'(q Z q(5")1log q(S")  (4.40)
S/

Let us now make a few observations about the result in Eq. (4.39). First, the choice
of the variational distribution ¢ always involves a trade-off between feasibility and
accuracy. For example, if ¢ were chosen to be the posterior distribution for S’ given
the remaining variables in the network, then the transformation would be exact rather
than a lower bound. While attaining perfect accuracy, this choice would amount to no
simplification. We emphasize feasibility and consequently assume that the variational
distribution ¢ depends only on the variable being marginalized over (i.e., S). The
resulting lower bound is the mean field approximation. Second, for any fixed ¢ and for
mean field in particular, the transformed marginalization (in Eq. (4.39)) follows the
factorization of the original joint distribution. The conditional probabilities, however,
have been modified in this approximation (mean field) according to

P (5| Spai» b —>HPS|SW, 1)) (4.41)

Unlike correct marginalization, this transformation of conditional probabilities is a
local operation. Note that the transformation has no effect on the conditional prob-
abilities that do not depend on S’. We note that the mean field distribution ¢ is the
same in all transformations corresponding to the same missing value.

Let us lastly explicate the case where the missing variable S’ is in fact a set of
variables, i.e., 8" = {S],..., 5/ }. It might not be feasible in this case to allow the
variational distribution ¢ to vary independently for each configuration of the variables
in S’; nor would it be a mean field approximation. Indeed, mean field approximation
in this case would consist of successive applications of the conditional transformations
for each of the variables in S’. It can be easily verified that this is equivalent to
transforming the conditional probabilities for the whole set 5" using a product or
factorized distribution

=TT (s (1.42)
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4.B.2 Parameter posteriors

To fill-in the missing values in an observation D, = {sf,...} we use the mean field
approximation. As a result, the joint distribution factorizes as with complete ob-
servations. Thus the posterior distributions for the parameters remain independent
across the different conditional models and can be computed separately. Accordingly,

P(6;| Dy, q) HP (54]Spa,, 0;)" S’>] P(6;) (4.43)

Even with the mean field approximation, however, this posterior remains at least as
unwieldy as the Bayesian logistic regression problem considered earlier. Similarly to
that case, we introduce the logistic transformations from Eq. (4.4) for the conditional
probabilities and obtain

P(0i|Dt7Q7€) X -H P(Si|5pai70i7§i)q(5/)] P(ez) (444)

_S’

_ H{ (H )2\ ) (2, ~€%) }q“')] P(0;)  (4.45)

— -g(f) ezs’q (5 { Hs"_g)/z_A(g)(Héi_w}] P(9;) (4.46)

_ {9(5) o (BUHS)=0)/22 O (B2 )60 ] () (4.47)

P(SZ|SP%7027€27Q)P(02) (448)
where Hg, = (25, — 1)0?52,%, and 5,,, is the vector of parents of S;. The expectations

are with respect to the mean field distribution ¢ and, for simplicity, we have used the
same variational parameter ¢ for all the conditionals involved. The latter is naturally

suboptimal but may be necessary if the number of missing values is large. Now, since
Hsg, is linear in the parameters 6;, the exponent in Eq. (4.47), consisting of averages
over Hg, and its square, stays at most quadratic in the parameters ;. This property
implies that if the prior distribution is a multivariate Gaussian so will the posterior.
The mean fiyos:;, and covariance Y5, of such posterior are given by (we omit the

algebra)

Soh = S +2M&) E{Su S0, } (4.49)
Hpost: = Sposts | ST+ E{(Si = 1/2) 800} | (4.50)

The expectations here are with respect to the mean field distribution ¢. Note that this
posterior depends both on the distribution ¢ and the parameters ¢. The optimization
of these parameters is shown in Appendix 4.B.3.

67



4.B.3 Optimization of the variational parameters

We have introduced two variational “parameters”: the mean field distribution ¢ for
the missing values, and the £ parameters corresponding to the logistic transforma-
tions. The metric for optimizing the parameters comes from the fact that both of
the transformations associated with these parameters introduce a lower bound on
the likelihood of the observations. Thus by maximizing this lower bound we find the
parameter values that yield the most accurate approximations. We therefore attempt
to maximize the right hand side of

log P(Dy) = log P(Dilé, q) (4.51)
— log/P(th,f,q)P(@)dH (4.52)

= logH/P(Si|5pam0i7€i7Q)P(0i)d0i +log C'(q) (4.53)

where D; is contains the observed variable settings. We have used the fact that the
joint distribution in our approximation factorizes as with complete cases. Similarly
to the case of Bayesian logistic regression considered previously, we can devise an
EM-algorithm to maximize the variational log-likelihood of observations with respect
to the parameters ¢ and ¢; the parameters 6 are considered as latent variables in this
formulation. The E-step of the EM-algorithm, i.e., finding the posterior distribution
over the latent variables, has already been described in Appendix 4.B.2. Here we will
consider in detail only the M-step. For simplicity, we solve the M-step in two phases:
one where the mean field distribution is kept fixed and the maximization is over ¢,
and the other where these roles have been reversed. We start with the first phase.

As the variational joint distribution factorizes, the problem of finding the optimal
¢ parameters separates into independent problems concerning each of the transformed
conditional. Thus the optimization becomes analogous to the simple Bayesian logistic
regression considered earlier. Two differences exist: first, the posterior over each 6,
is now obtained from Eq. (4.48); second, we have an additional expectation with
respect to the mean field distribution ¢. As to the second difference, we note that the
mean field expectations appear only in the exponents of the transformed conditionals
(see Eq. (4.48) above). The significance of this feature lies in the fact that such
expectations can always be incorporated into the E-step simply as additional averages.
Reinterpreting the E-step in this manner reduces the problem to the simple regression
explained earlier. For this reason we don’t repeat the resulting EM-algorithm of
Appendix 4.A here.

The latter part of our two-stage M-step is new, however, and will be considered
in detail. The purpose here is to hold the parameters ¢ fixed and instead optimize
over ¢. In this case we do not include the mean field averages into the E-step, but
more traditionally compute

Qlalg™) = E{log P(Dy,0]¢.q)} (4.54)
= > Ei{log P(8:|Spa,- 0,6, ) P(0:)} + log C(q) (4.55)
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Old) which factorizes across

where the first expectation is with respect to P(8|¢, ¢
the conditional models as explained previously; the expectations F; are over the
components P(0;|¢;, ¢'?), obtained directly from Eq. (4.48). Let us now insert the
form of the transformed conditional probabilities, P(S;|S,a;,¥:, &, ¢), into the above
definition of the ) function. For clarity we will omit all the terms that have no

dependence on the mean field distribution ¢ as they will be irrelevant to our M-step.

Y

After some algebra we obtain:
Qale™) = S E{ B2~ N&) EAHLY ) +1ogClg) + ... (456)

- EqZ{Ei{HSi}/Z—)\(&)Ei{Hgi}}—I—H(q)—l—... (4.57)

where I, refers to the expectation with respect to the mean field distribution ¢. The
second equation follows by exchanging the order of the expectations F; and E,, which
are mutually independent. We have also used the fact that log C'(¢) is the entropy
H{(q) of the mean field distribution ¢ (see Appendix 4.B above). Recall the notation
Hs, = (25— 1)0?51,%, where S,,, is a binary vector of parents of \5;. Before proceeding
to maximize the ) function with respect to g, we explicate the averages E; in the
above formula:

E{Hs} = (25 = 1)ftge,Spa, (4.58)
2
EZ{Hgl} = (ﬂgostispai) +ng:1i2posti5pai (459)

Here piyo5, and X,.5, are the mean and the covariance, respectively, of the posterior
P(0;]&,¢%) for the parameters of the i conditional model. Simply putting these
back into the expression for the ) function we get

2

Qlalg™) = E, z{ (250 = s, Spae/2 = MED (it Spa)
—M&) ST Spost Spas b+ H(q)+ .. (4.60)

Now, some of the binary variables s have a value assignment based on the observation
D, and the remaining variables will be averaged over the mean field distribution ¢q. A
reader familiar with Boltzmann machines will notice that since the binary variables
appear only quadratically in the above formula, the ) function can be viewed as
a mean field approximation for a type of Boltzmann machine (see e.g., Hertz et al.
1991). The (locally) maximizing distribution ¢ can therefore be obtained through
sequentially solving

%Q(QIQO”) =0 (4.61)

for each of the component distributions (here ¢, = ¢1(Sx = 1)). The solutions for
these can be found in closed form and each update leads to a monotonically increasing
Q(qlg”'?). The latter property follows from the fact Q(¢|g°'?) is a concave function

69



of each of the component distributions (the expectation is linear and the entropy
concave) implying a single attainable maximum. Note that the concavity property
does not necessarily hold globally since the mean field expectations over the quadratic
terms yield bi-linear forms with respect to these component distributions; we may not
therefore be able to obtain the globally optimal mean field distribution.
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Chapter 5

Variational methods in medical
diagnosis

5.1 Introduction

The wealth and complexity of information in modern medicine underlies the tendency
towards automated processing. In addition to low level processing aids, automated
techniques can serve as powerful tools in more cognitive tasks such as in diagnosis.
An example of such diagnostic tool, and the one considered in this chapter, is the
Quick Medical Reference (QMR) knowledge base, compiled for internal medicine. The
knowledge base embeds a combination of statistical and expert knowledge of about
600 significant diseases and their associated findings (about 4000). The intended use
of this knowledge base is as an interactive decision tool for a practicing doctor in
internal medicine. For the purpose of diagnosis, an early version of QMR included
a heuristic reasoning mechanism for suggesting underlying diseases based on known
findings (laboratory results or physicians’ observations), or to outline informative
tests to be carried out in order to verify a disease hypothesis, among other things.
The reliance of heuristic tools for diagnostic reasoning, however, leaves much to be
desired. The employed reasoning methods, for example, may be inconsistent and they
can hide the assumptions underlying the success or failure of obtained diagnoses.
QMR-DT (Shwe et al. 1991), a decision theoretic reformulation of the QMR
knowledge base, provides a more rigorous basis for automated inference. The rela-
tionships between the diseases and findings in this formulation take the form of a
belief network (see e.g. Pearl 1988, Jensen 1996). Such probabilistic format enhances
interpretability by allowing relevant assumptions to be explicated and, furthermore,
endows the system with consistent rules of inference that are readily available for
diagnostic (and other) decision making. The semantic rigor brought by the use of
probability theory, however, often comes with a sizable computational cost of evalu-
ating the conclusion implied by the probabilistic framework. Probabilistic inference,
after all, has been shown to be an NP-hard problem in general (Cooper 1990). The
size and complexity of the QMR belief network in particular appears to render exact
evaluation methods inapplicable. To reap the benefits from the probabilistic formula-
tion of the QMR network, we are forced to consider approximate methods for carrying
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out the inferences.

Several objectives can be set for approximate methods replacing exact calculations.
Such methods first of all should be consistent in that, given enough computational
resources, they would yield the result implied by the probabilistic model. Second,
we should be able to assess the reliability of the results when such computational
resources are not available. In the context of the QMR-belief network, Shwe et al.
(1991) (see also Shwe & Cooper 1991) proposed the use of sampling techniques to
obtain estimates of the posterior probabilities for the diseases (diagnoses in proba-
bilistic terms). Sampling methods meet the first of our objectives since, in the limit
of a large number of samples, the estimates will converge to the correct ones under
mild conditions. The second objective, however, remains largely unattained by these
techniques.

In this chapter we apply and extend an alternative approximation framework,
that of variational methods, to compute the posterior probabilities for the diseases in
the QMR belief network. Variational methods have a long history as approximation
techniques in the physics literature. Unlike sampling methods variational techniques
yield deterministic approximations that are adapted to each case separately. We con-
sider here a particular type of variational methods, those most applicable to the QMR
belief network. These techniques can be readily merged with exact evaluation meth-
ods in the QMR setting and therefore allowing us to let the available computational
resources to determine the extent to which approximations are introduced. Towards
the second objective for approximate methods, the variational methods yield explicit
expressions for the posterior probabilities of the diseases. These expressions in turn
can be subjected to further analysis concerning the accuracy and sensitivity to the
various aspects of each case under consideration.

We start by defining the QMR belief network and the inference problem we are
trying to solve through the use of variational methods. We then introduce and develop
the variational techniques used in the chapter. Finally, we report numerical results
on the accuracy and usefulness of variational techniques in diagnostic reasoning.

5.2 The QMR-DT belief network

The structure of the QMR-DT belief network currently conforms to the class of two-
level or bi-partite networks (see figure 5-1). The diseases and findings in this model
occupy the nodes on the two levels of the network, respectively, and the conditional
probabilities specifying the dependencies between the levels are assumed to be noisy-
OR gates. The bi-partite network structure encodes the assumption that, in the
absence of findings, the diseases appear independently from each other with their
respective prior probabilities (i.e. marginal independence). Also evident from the
structure is that conditionally on the states of the diseases the findings are inde-
pendent of each other (conditional independence). For a more thorough discussion
regarding the medical validity of these and other assumptions embedded into the
QMR-DT belief network, we refer the reader to Shwe et al. (1991).

To state more precisely the probability model implied by the QMR-DT belief
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d Diseases

Findings
Figure 5-1: The QMR belief network is a two-level network where the dependencies

between the diseases and their associated findings have been modeled via noisy-OR
gates.

network, we write the joint probability of diseases and findings as

Py = PP = TP (5.1

[17(d;)

where d and f are binary (1/0) vectors referring to presence/absence states of the
diseases and the positive/negative states or outcomes of the findings, respectively.
The conditional probabilities P(f;|d) for the findings given the states of the diseases,
are assumed to be a noisy-OR models:

P(fi=0d) = P(fi=0[L) 4H‘P(fz' = 0[d;) (5.2)

= (I—ao) [T0—a)” = e "0 L sepe, S (5.3)

JEPa;

Here pa; (“parents” of ¢) is the set of diseases pertaining to finding f;. ¢;; = P(f; =
0|d; = 1) is the probability that the disease j, if present, could alone cause the finding
to have a positive outcome (i.e. 1). ¢o = P(f; = 0|L) is the “leak” probability, i.e.,
the probability that the finding is caused by means other than the diseases included
in the belief network model. The noisy-OR probability model encodes the causal
independence assumption (Shwe et al., 1991), i.e., that the diseases act independently
to cause the outcome of the findings. The exponentiated notation with 6;; = —log(1—
¢i;) will be used later in the chapter for reasons of clarity.

5.3 Inference
To carry out diagnostic inferences in the QMR belief network involves computing

posterior (marginal) probabilities for the diseases given a set of observed positive
(fi = 1) and negative (f; = 0) findings. Note that these sets are considerably smaller
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than the set of possible findings; the posterior probabilities for the diseases are affected
only by findings whose states we have observed. For brevity we adopt the notation
where fi* corresponds to the event f; = 1, and similarly f; refers to f; = 0 (positive
and negative findings respectively). Thus the posterior probabilities of interest are
P(d;|f*, f7), where f* and f~ are the vectors of positive and negative findings. The
computation of these posterior probabilities exactly is in the worst case exponentially
costly in the number of positive findings (Heckerman, 1988; D’Ambrosio 1994); the
negative findings f~, on the other hand, can be incorporated in linear time (in the
number of associated diseases and in the number of negative findings). In practical
diagnostic situations the number of positive findings often exceeds the feasible limit
for exact calculations.

Let us consider the inference calculations more specifically. To find the posterior
probability P(d|f*, f7), we first absorb the evidence from negative findings, i.e.,
compute P(d|f~). This is just P(f~|d)P(d) with normalization. Since both P(f~|d)
and P(d) factorize over the diseases (see Eq. (5.2) and Eq. (5.1) above), the posterior
P(d|f~) must factorize as well. The normalization of P(f~|d)P(d) therefore reduces
to independent normalizations over each disease and can be carried out in time linear
in the number of diseases (or negative findings). In the remainder, we will concentrate
solely on the positive findings as they pose the real computational challenge. Unless
otherwise stated, we will assume that the prior distribution over the diseases already
contains the evidence from the negative findings. In other words, we presume that
the updates P(d;) « P(d;|f~) have already been made.

We now turn to the question about how to compute P(d;|f*1), the posterior
marginal probability based on the positive findings. Formally, to obtain such a pos-
terior involves marginalizing P(f*|d)P(d) over all the remaining diseases, i.e.

P(d;|f*) o< > P(fT|d)P(d) (5.4)

d\d;

In the QMR belief network P(f*|d)P(d) has the form

o R

7

I P(d))

J

PP [HP fﬂd] (5.5)

I17(d)

which follows from the notation in Eq. (5.3) and the fact that P(fi"|d) = 1 —
P(f7|d). To perform the summation in Eq. (5.4) over the diseases, we would have
to multiply out the terms 1 — el} corresponding to the conditional probabilities for
each positive finding. The number of resulting terms would be exponential in the
number of positive findings and is not feasible. There is, however, local structure in
the dependencies in the QMR belief network that can be exploited to speed up the
computation (D’Ambrosio, 1994). For example, some findings are associated with
only a few diseases. The gain from exploiting the local structure nevertheless does
not appear to be sufficient to render the inference problem tractable in a practical
setting.
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5.4 Variational methods

5.4.1 A brief introduction

The variational approximation techniques we use and extend in this chapter are based
on those developed in chapter 2 for noisy-OR networks. The extension considered in
the current chapter pertains to the integration of these methods with exact probabilis-
tic calculations rather than to the transformations themselves. For readers unfamiliar
with the results of chapter 2 we have included a brief introductory presentation below.
Other readers may wish to skip this material and commence from around Eq. (5.13).

The objective of our approximation methods is to simplify a complicated joint
distribution such as the one in Eq. (5.5) above through variational transformations of
conditional probabilities. The transformations themselves rerepresent the conditional
probabilities in terms of optimization problems. Such representations are naturally
turned into approximations by relaxing the optimizations involved. The fact that
these approximations come from optimization problems implies that they have an
inherent error metric associated with them, which is quite uncharacteristic of other
deterministic or stochastic approximation methods. The use of this metric is to
allow the approximation to be readjusted once they have been used, for example, in
computation of marginal probabilities.

For the origin of the variational methods considered here we refer the reader to
the introductory section 1.1 of chapter 1. For the purposes of this chapter, we recall
that these methods transform any concave function f into an optimization problem

by
fl) = H}gn{ o — 16} (5.6)

where f* is the dual or conjugate function and ¢ is a variational parameter. If we
relax the minimization above and fix the the variational parameter ¢, we obtain a

bound

fla) < &he =18 (5.7)

which is how the transformations are naturally used as approximations. We note that
the reduction in complexity ensuing the substitution of the linear bound for f can
be huge. What is gained in simplicity may, however, be lost in accuracy but this is
not necessarily so. The loss in accuracy is contingent on the smoothness of f: the
smoother f is, the more accurate the bound is.

5.4.2 Variational methods for QMR

Let us now return to the problem of computing the posterior probabilities in the
QMR beliet network. Recall that it is the conditional probabilities corresponding to
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the positive findings that need to be simplified. To this end, we write
P(fFld) = 1—e 072 b = loslize™) (5.8)

where x = 0,0 + >; 0;;d;. Consider the exponent f(x) = log(l — e™"). For noisy-
OR, as well as for many other conditional models involving compact representations
(e.g. logistic regression), the exponent f(x) is a concave function of x. Based on
the introduction we know that there must exist a variational upper bound for this
function that is linear in a:

flx) < &o = (¢ (5.9)

The conjugate function f*(£) for noisy-OR is given by (see chapter 2 for a derivation)

JH(€) = —Clog & + (£ + 1) log(€ + 1) (5.10)

The desired bound or simplification of the noisy-OR conditional probabilities is found
by putting the above bound back into the exponent (and recalling the definition
x =i+ 3; 0i;d;):

P(fHd) = /0 (5.11)
S efi(9i0+zjeijdj)_f*(£i) (512)
— efieio—f*(fi)H[efieiJ]d] (513)
J
= P(ffld,&) (5.14)

where we have rewritten the bound as a product over the associated diseases to
make explicit the fact that it factorizes over such diseases. Importantly, any evidence
possessing this factorization can be absorbed efficiently (in time and space) just as
with negative findings. Thus unlike the correct evidence P(fi"|d) from the positive
findings, the “variational” evidence P(fi"|d,&;) can be incorporated efficiently into
the posterior.

We are now ready to outline the variational approximation framework for obtain-
ing efficient estimates of the posterior marginal probabilities for the diseases. The
first step is to reduce the complexity of handling the positive findings by introducing
the transformations

P(fF]d) — P(ff|d. &) (5.15)

Not all the positive findings need to be transformed, however, and we use these
transformations only to the extent that is necessary to reduce the computational load
to a manageable (or practical) level. The posterior estimates can be consequently
obtained from the transformed probability model.

Two issues need to be clarified for this framework. The posterior estimates will
depend on the variational parameters ¢ which we need to set and adjust to the
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current diagnostic context. This issue is resolved in Appendix 5.A; the adjustment
of the variational parameters reduces to convex optimization that can be carried out
efficiently (there are no local minima). The second issue is the question of which
conditional probabilities (or positive findings) should be transformed and which left
unchanged. This will be considered next.

The order of transformations

The decision to transform or treat exactly any of the conditional probabilities P(f;|d)
corresponding to the positive findings is a trade-off between efficiency and accuracy.
To maintain a maximal level of accuracy while not sacrificing efficiency, we introduce
the transformations by starting from the conditional for which the variational form
is the most accurate and proceed towards less accurate transformations. When it is
manageable to treat the remaining conditionals exactly we stop introducing any fur-
ther transformations. How then do we measure the accuracy of the transformations?
The metric for this comes from the fact that the transformations are indeed bounds.

Each transformation introduces an upper bound on the exact conditional prob-
ability. Thus the likelihood of the observed (positive) findings P(f*1) is also upper
bounded by its variational counterpart P(f*|¢):

Py =2 PUTIP) < 3 P(TId,P(d) = P(TIE) (5.16)

The better the variational approximations are, the tighter this bound is. We can assess
the accuracy of each variational transformation as follows. First we introduce and
optimize the variational transformations for all the positive findings. Then for each
positive finding we replace the variational transformation with the exact conditional
and compute the difference between the corresponding bounds on the likelihood of
the observations:

6= P(f*1€) — P(fHIEN &) (5.17)

where P(fT|€\ &) is computed without transforming the ' positive finding. The
larger the difference § is, the worse the :** transformation is. We should therefore
introduce the transformations in the ascending order of és. Put another way, we
should treat exactly the findings for which ¢ is large.

Figure 5-2 illustrates the significance of using the proposed ordering for introduc-
ing the variational transformations as opposed to a random ordering. The two plots
correspond to representative diagnostic cases, and show the log-likelihoods for the
observed findings as a function of the number of positive findings that were treated
exactly. We emphasize that the plots are on a log-scale and therefore the observed
differences are huge. We also note that the curves for the proposed ordering are con-
vex, i.e., the bound improves the less the more findings have already been treated
exactly. This is because the exact conditionals first replace the worst transforma-
tions and the differences among the better transformations are smaller. It is for this
reason that we can expect the variational posterior estimates to converge close to
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the true values after a reasonably small fraction of the positive findings have been
treated exactly. We finally note that the 6 measure for determining the ordering fa-
vors variational transformations for conditional probabilities that are diagnostically
the least relevant. This is because the variational transformations are more accurate
for positive findings that are not surprising, i.e., are likely to occur, or when there is
less impetus for explaining them (the leak probability is large). See Appendix 5.B for
details.
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Figure 5-2: The log-likelihood of the observed findings as a function of the number of

positive findings treated exactly. The solid line corresponds to the proposed ordering
and the dashed line is for a random ordering.

5.5 Towards rigorous posterior bounds

The variational methods we have described earlier provide upper bounds on the likeli-
hood of the observed findings. Other variational methods can be used to obtain lower
bounds on the same likelihoods. The ability to obtain upper and lower bounds on
the likelihoods provides the means for achieving such bounds on the desired posterior
marginals as well. To see why, note first that by Bayes’ rule the posterior marginals
can be written in terms of likelihoods:

Pld; =1,1%)
P(d; =1, f*)+ P(d; = 0, f+)

P(d; =1]f") = (5.18)

where, for example, P(d; = 1, f*) is the joint likelihood of the findings and the
disease j to be present. Let us assume that there are methods available for finding
likelihood bounds and use the notation P(-) for lower bounds and analogously P()

for upper bounds. It follows from standard results (see e.g. Draper, 1994) that the
posterior disease marginals in this case are bounded by

P(d; =1, f")

P(d; =1]f") > P(d; =1, f*)+ P(d; =0, f+)

(5.19)
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- Pld; =1, 1%)
P(d; =1|f) < P =1 /)1 P =0 ) (5.20)

Note that both upper and lower bounds are needed to obtain either an upper or
lower bound on the posterior disease marginal. The techniques described in Jaakkola
& Jordan (1996a) provide the missing lower bounds on the marginal likelihoods in
the QMR setting. While these methods can produce quite accurate lower bounds
for many networks, the specifics of the QMR belief network nevertheless precludes
their use. The reason for this discrepancy comes from the mathematical expansions
that these lower bounds rely on: for very small leak probabilities such expansions
become unreliable. This is indeed the case with the QMR belief network whose leak
probabilities are typically quite small (can be as low as 1077).

We introduce here an alternative technique towards obtaining rigorous bounds on
the posterior marginals. Although we only use the upper bound variational technique,
we make a more extensive use of its approximation properties. To this end, we adopt
the notation r(d; = 1, f*) to denote the ratio of the variational upper bound to the
correct marginal likelihood, i.e.,

(5.21)

where r(d; = 0, f*) is defined analogously. We may now write the correct marginal

likelihoods as P(d; = 1, f*)/r(d; = 1, f*). Substituting these for the correct likeli-
hoods in Eq. (5.18) and multiplying by the ratio r(d; = 1, f*) gives

P(d; = 1. /%)
d =1|f") = .
P(d; = 1, /%)

= P =10 4 P = 0.7) o2

where the inequality follows from the conjecture (partially proved in Appendix 5.B)
that the approximation in terms of the ratio is better for the case d; = 1. The key
here is that the variational parameters are optimized individually to P(d; = 1, fT)
and P(d; = 0, f*); otherwise, Eq. (5.23) would correspond exactly to the variational
posterior estimates discussed earlier and figures 5-3 and 5-4 below would refute the
conjecture in that regard. Now, the effect of the instantiation d; = 1 is to increase the
leak probabilities selectively for its associated positive findings (see the probability
model). In Appendix 5.B we show that an increase in the leak probability (or the
bias term 6;) for a single finding necessarily makes the variational approximation
for that finding more accurate in terms of the ratio. We emphasize that the proof
presented in the appendix is not sufficient to warrant the inequality in Eq. (5.23) and
the question remains open for future work.
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5.6 Results

The diagnostic cases that we used in evaluating the performance of the variational
techniques were cases abstracted from clinicopathologic conference (abbrev. CPC)
cases. These are considered clinically more difficult cases involving multiple diseases
underlying the observed findings. These are also cases in which Middleton et al.
(1991) did not find their importance sampling method to work satisfactorily. Four of
the 48 CPC-cases included in our evaluation turned out to have a sufficiently small
number of positive findings (< 20) to allow an exact computation of the posterior

!, We begin assessing the quality of the

marginals for the purposes of comparison
variational estimates from these cases. For the remaining cases, we don’t have an
exact reference posterior distribution to compare against; alternative measures of

accuracy will be considered.

5.6.1 Comparison to exact posterior marginals

Here we have chosen out of the CPC-cases those that have positive findings less than
or equal to 20 so as to be able to evaluate the correct posterior marginals. Table 5.1
contains a description of these “admissible” cases.

case | # of pos. findings | # of neg. findings
1 20 14
2 10 21
3 19 19
4 19 33

Table 5.1: Description of the cases for which we evaluated the correct posterior
marginals.

Figures 5-3 and 5-4 illustrate the correlation between the approximate and the
true posterior marginals. If the approximate marginals were in fact correct then the
points in the figures should align along the diagonals as shown by the dotted lines.
The plots are obtained by first extracting the 10 highest posterior marginals from
each (admissible) case and then computing the approximate posterior marginals for
the corresponding diseases. In the approximate solutions we varied the number of
positive findings that were treated exactly in order to elucidate the rate by which the
approximate marginals approach the correct ones. Figure 5-5 reveals more quantita-
tively the rate of convergence of the posterior marginals. The plots show the fraction
of all posterior marginal estimates (10 largest from each admissible case) whose error
exceeds the specified threshold as a function of the number of positive findings that
were treated exactly. We may loosely interpret these level curves as probabilities that,

1One of the cases with < 20 positive findings had to be excluded due to vanishing numerical
precision in the exact evaluation of the corresponding posterior marginals.
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in a hypothetical case, the error in a posterior marginal estimate would exceed the
specified limit. Figure 5-5a is in terms of the relative error in the posterior marginals;

figure 5-5b on the other hand uses the absolute error.
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Figure 5-3: Correlation between the variational posterior estimates and the correct
marginals. In a) 4 and in b) 8 positive findings were treated exactly.
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Figure 5-4: Correlation between the variational posterior estimates and the correct
marginals. In a) 12 and in b) 16 positive findings were treated exactly.

5.6.2 Comparison to Gibbs’ sampling estimates

In this section we will compare the accuracy of the variational posterior estimates to
those obtained through stochastic procedures. Our goal here is merely to demonstrate
that the variational methods are competetive with sampling techniques. For this rea-
son, we chose to use a straightforward Gibbs’ sampling technique in our comparisons.

We emphasize, however, that many (often superior) sampling methods are available
(see Shwe & Cooper 1991, Neal 1993) and our results should be viewed in this light.

In our Gibbs’ sampling method the posterior disease marginals were obtained from

P(d) = 3 PUA] f, d\ d)

(5.24)
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Figure 5-5: The fraction of posterior marginal estimates exceeding the specified error
limits as a function of the number of positive findings that were treated exactly. The
error measures used were a) the relative error, and b) the absolute error.

where each new disease configuration d' was computed from the previous one d'~!
through sequentially resampling the disease states with replacement. The order for
the updates was chosen randomly at each stage. For good performance only every
5" such d' sample was included in the above sum. The initial configuration d° was
drawn from the prior distribution over the diseases?’. While discarding (a lot of)
early samples is generally profitable, it seemed to only deteriorate the results in our
case. The accuracy gained through the use of later samples was offset by the loss in
computation time spent for discarding the early samples (cf. the time/accuracy plot
of figure 5-6 below). Consequently no early samples were excluded.

To be able to reliably assess the accuracy of the posterior estimates we used
the four tractable cases described in the previous section. Figure 5-6 shows the
mean correlations (across these admissable cases) between the approximate estimates
and the correct posterior marginals as a function of the execution time needed for
computing the estimates. The correlation measures for the stochastic method were
averaged across 20 independent runs for each admissable case, and across these cases
for the final measure. The error bars in the figure were obtained by averaging the
standard deviations computed for each admissable case from the 20 different runs;
the error bars therefore reflect how much the correlations would typically vary over
several runs on the same case, i.e., they capture the repeatability of the stochastic
estimates. Note that the variational estimates are deterministic and vary only across
cases. We conclude from the figure that more sophisticated sampling techniques are
needed to achieve a level of performance comparable to variational methods.

5.6.3 Posterior accuracy across cases

In the absence of the exact posterior marginals for reference, we have to find a way to
assess the accuracy of the estimated posterior marginals. We perform this assessment
through a measure of variability of these marginals. Recall first that in the varia-

?The most likely initial configuration was therefore the one with all the diseases absent.
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Figure 5-6: The mean correlation between the approximate and exact posterior
marginals as a function of the execution time (seconds). Solid line: variational esti-
mates; dashed line: Gibbs’ sampling. The dotted line indicates the average time for
the exact calculation of the posterior marginals in the admissable cases.

tional approximation some of the conditional probabilities for the positive findings
are treated exactly while the remaining conditionals are replaced with their variational
counterparts. The posterior marginals will naturally depend on which conditionals
received exact treatment and which were approximated. Conversely, a lack of such
dependence implies that we have the correct posterior marginals. We can therefore
use this dependence as a way to assess the validity of the current posterior estimates.
Let ]%(dz = 1) be the 7' largest posterior marginal probability based on the varia-
tional method, and let ]%"'k(di = 1) be a refined estimate of the same marginal, where
the refinement comes from treating the k'* positive finding exactly. As a measure
of accuracy of the posterior estimates we use the variability of ]%""k(di = 1) around
pi(di = 1), where k varies in the set of positive findings whose conditional probabili-
ties have been transformed in obtaining ]%(dz = 1). Several definitions can be given
for this variability and we consider two of them below.

Mean squared variability

For each disease we define the variability of its posterior probability estimates accord-
ing to
Lo 1

6 = = Zk: (P(di = 1) - PF(di = 1)) (5.25)

which is the mean squared difference between ]%(dz = 1) and its possible refinements
]%"'k(di = 1). The sum goes over the positive findings for which we have introduced
a variational transformation in computing pz(dz = 1). As an overall measure of
variability for any particular diagnostic case, we use

0 = maxd; (5.26)
1<10
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The decision to include only 10 largest posterior marginals is inconsequential but
convenient. We note that the & measure is scale dependent, i.e., it assigns a higher
variability to the same relative difference when the probabilities involved are larger.
The measure therefore puts more emphasis on the posterior marginals that are likely
to be diagnostically most relevant.

Before adopting the variability measure & for further analysis we will first provide
some empirical justification for it. To this effect, we can use the admissible CPC cases
considered in section 5.6.1 for which the exact posterior disease marginals can be
computed. We would expect the variability measure to reflect the true mean squared
error between the variational posterior estimates and the correct posterior marginals.
As shown in figure 5-7, the correlation between these measures is indeed quite good.
Naturally, only the four reference cases included in the figure are not sufficient to
establish the credibility of the variability measure but they are indicative. The a)
and b) parts of the figure, respectively, correspond to treating 8 and 12 findings
exactly.
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Figure 5-7: The correlation between & and o, where & is the variability measure and
o is the true mean squared error between the variational estimates and the correct
marginals. 10 most likely posterior marginals were included from each admissible
case. The number of exactly treated findings was 8 in figure a) and 12 in b).

Figure 5-8 illustrates how the accuracy or the variability & of the posterior esti-
mates depends on the number of positive and negative findings across the CPC-cases.
Eight conditional probabilities were treated exactly in each of the CPC-cases. Figure
5-9 is analogous except that the number of exactly treated findings was 12. As ex-
pected, the variational approximation is less accurate for larger numbers of positive
findings (see the regression lines in the figures). Since the number of exactly treated
findings (or conditionals) was fixed, the more positive findings a case has, the more
variational transformations need to be introduced. This obviously deteriorates the
posterior accuracy and this is seen in the figures. The figures also seem to indicate
that the variational approximations become better as the number of negative findings
increases. This effect, however, has to do with the scale dependent measure of accu-
racy. To see why, note first that the negative findings reduce the prior probabilities for
the diseases, although somewhat selectively. Smaller prior probabilities nevertheless
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decrease the posteriors marginals. The scale dependent & therefore decreases with-
out any real improvement of the variational accuracy. The figure 5-9 is included in
comparison to indicate that indeed the error measure is consistently lower when more
findings have been treated exactly. We note finally that the squared error measure
for the posterior marginals is generally quite small; large deviations from the true

marginals are therefore rare.
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Figure 5-8: a) The variability & of the posterior marginals as a function of the number
positive findings in the CPC-cases. b) The same variability measure & but now as a
function of the number of negative findings. 8 positive findings were treated exactly

for this figure.
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Figure 5-9: a) The variability & of the posterior marginals as a function of the number
positive findings in the CPC-cases. b) The same variability measure & but now as a
function of the number of negative findings. Now 12 positive findings were handled
exactly.

Min/Max variability across cases

While the squared error captures the mean variability in the posterior estimates, it is
important to find out the limits of how much the true posterior marginals could devi-
ate from our estimates. We use the bounds miny P{"k(di = 1) and max; P{"k(di =1)
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as indicators of this deviation. While these variability bounds do not provide rigorous
bounds on the posterior disease marginals they nevertheless come close to doing so in
practice. To substantiate this claim, we used the four CPC cases considered in section
5.6.1. Figure 5-10 illustrates the accuracy of these bounds for 10 most likely posterior
marginals from each of the four cases. Although few of the posterior marginals do
fall outside of these bounds, the discrepancies are quite minor and even in these cases
the bounds provide an indication of the direction of the error between the correct and
the estimated posterior marginals. Moreover, when the bounds are tight, the true
posterior marginals appear within or very close to the bounds.

While the bounds provide a measure of accuracy for individual posterior estimates,
we employ a correlation measure to indicate the overall accuracy. In other words, we
use the correlation between the variational posterior estimates and the min/max
bounds of the refined marginals as the overall measure. A high degree of correlation
indicates that the posterior probabilities are very accurate; otherwise, at least one of
the positive findings should influence the refined posterior marginals and consequently
the bounds thereby deteriorating the correlation. Recall that each positive finding is
treated exactly in one of the refined marginals. We note that this correlation measure
is deterministic.
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Figure 5-10: The correlation between the min/max bounds and the true posterior
marginals. 10 most likely posterior marginals were included from each admissible
case. In a) 8 findings were treated exactly and in b) 12.

Figure 5-11a illustrates the correlation between the variational posterior marginals
and the min/max bounds of the refined marginals for the CPC cases. The cor-
relation coefficients when 8 findings were treated exactly for each diagnostic case
were 0.953/0.879 between the approximate marginals and those of the min/max
bounds, respectively. When 12 findings were included exactly these coefficients rose
to 0.965/0.948 (see figure 5-11b). The dependence of the correlation coefficients on
the number of exactly treated positive findings is illustrated in figure 5-12a. The
high monotonic increase in the correlation is mainly due to the proper ordering of the
findings to be treated exactly (see section 5.4.2). In comparison, figure 5-12b shows
the development of the correlations for a random ordering.
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Figure 5-11: a) Correlation between the estimated posterior marginals and the
min/max refined marginals. There were 8 positive findings considered exactly. b)
as before but now the number of findings treated exactly was 12.
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Figure 5-12: Mean correlation between the approximate posterior marginals and the
min/max bounds as a function of the number of positive findings that were treated
exactly. Solid line: correlation with the max- bound; dashed line: correlation with
the min- bound. Figure a) is for the case where a proper ordering was used to select
the findings to be treated exactly and in b) a random ordering was used.

5.6.4 Execution times

We report here additional results on the feasibility of the variational techniques in
terms of computation time. The results were obtained on a Sun Sparc 10 workstation.

The execution times for obtaining the variational posterior estimates are over-
whelmingly dominated by the number of exactly treated positive findings, i.e., the
amount of exact probabilistic calculations. The time needed for the variational op-
timization using the shortcut discussed at the end of Appendix 5.A is insignificant.
The maximum time across the CPC-cases was less than 2 seconds whenever at most
12 positive findings were treated exactly.

More relevant in a practical setting is the combined time of obtaining the posterior
estimates and carrying out the verifying analyses as described in the previous sections.
Figure 5-13 plots the mean and the maximum execution times across the CPC-cases
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for such analyses as a function of the number of positive findings that were treated
exactly. The mean time when 12 findings were treated exactly was about 1 minute
and the maximum about 2 minutes.
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Figure 5-13: Mean (solid line) and maximum (dashed line) execution times in seconds
for the analyses of section 5.6.2 across the CPC-cases as a function of the number of
exactly treated positive findings.

5.7 Discussion

The benefits of probabilistic models and reasoning comes from the rigorous semantics
that underlies them. Increasingly complex probabilistic models such as the QMR-DT
belief network, however, necessitate the use of approximate techniques in evaluat-
ing the probabilities or quantities implied by the probabilistic framework. We have
demonstrated in this chapter that variational methods can be employed as viable al-
ternatives to sampling techniques that are more traditionally used towards such goals.
We maintain, however, that our results are preliminary and resort to one out of many
possible techniques. For example, the feasibility of obtaining rigorous bounds on the
posterior disease marginals through variational methods was only partially exploited
in the current work. Such bounds become perhaps even more important in fully de-
cision theoretic systems, towards which QMR-DT is being developed. This chapter
therefore characterizes merely the potential of variational methods for probabilistic
reasoning in important application domains such as in medicine.
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5.A Optimization of the variational parameters

The metric for optimizing the variational parameters comes from the bounding prop-
erties of the individual variational transformations introduced for the conditional
probabilities. Each transformation is an upper bound on the corresponding condi-
tional and therefore also the resulting joint distribution is an upper bound on the
true joint; similarly all marginals such as the likelihood of the positive findings that
are computed from the new joint will be upper bounds on the true marginals. Thus

Py =2 PUTIP) < 3 P(TId,P(d) = P(TIE) (5.27)

and we may take the accuracy of P(fT|¢{), the variational likelihood of observations,
as a metric. To simplify the ensuing notation we assume that the first m of the
positive findings have been transformed (and therefore need to be optimized) while the
remaining conditional probabilities will be treated exactly. In this notation P(f*[¢)
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is given by

PO = >

H P(f¢+|dvfi)] [H P(f¢+|d)] HP(dJ') (5-28)

x E { I P(f)d. gi)} (5.29)

where the expectation is over the posterior distribution for the diseases given those
positive findings that we plan to treat exactly. Note that the proportionality con-
stant does not depend on the variational parameters; it is the likelihood of the exactly
treated positive findings. We now insert the explicit forms of the transtformed condi-

tional probabilities (see Eq. (5.12)) into Eq. (5.29) and find

PUFHE) E{Hefiwm*Zﬁ”dﬂ)‘f*(f")} (5:30)

_ eZiSm(gieiO_f*(éi))E{ezbiﬁmglﬂ”dﬂ} (5.31)

where we have simply the products over ¢ into sums in the exponent and pulled out
the terms that are independent of the expectation. On a log-scale, the proportionality
becomes an equivalence up to a constant:

log P(F1E) = €+ X (600 — [7(6)) +log B {e Zuusnt®h (5.32)

Several observations are in order. Recall that f*(¢;) is the conjugate of the concave
function f (the exponent), and is therefore also concave; for this reason —f*(¢;) is
convex. We claim that the remaining term

log E {e ZJ,iSmfﬂwdﬂ} (5.33)

is also a convex function of the variational parameters. The justification for this can
be found either in Appendix 1.A of chapter 1 or Appendix 2.A of chapter 2 (it is also
well-known in the physics literature). Since any sum of convex functions stays convex,
we conclude that log P(fT]¢) is a convex function of the variational parameters. Im-
portantly, this means that there are no local minima and the optimal or minimizing ¢
can be always found. We may safely employ the standard Newton-Raphson procedure
to solve Vlog P(f*|¢) = 0. For simplicity, we may equivalently iteratively optimize
the individual variational parameters, i.e., for each ¢ solve 0/0&;log P(f*|£) = 0.
In this case, the relevant derivatives consists of (algebra omitted):

IEk
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gig s PUME = otV {zjjek]d]} (5.35)

Here the expectation and the variance are with respect to the same posterior distri-
bution as before, and both derivatives can be computed in time linear in the number
of associated diseases for the finding. We note that the benign scaling of the variance
calculations comes from exploiting the special properties of the noisy-OR dependence
and the marginal independence of the diseases. The convexity of the log-likelihood
(with respect to ) is evident from the expression for the second derivative (i.e., it
is always positive).

To further simplify the optimization procedure, we can simply set the variational
parameters to values optimized in the context where all the positive findings have
been transformed. While such setting is naturally suboptimal for cases where there
are exactly treated positive findings, the incurred loss in accuracy is typically quite
small. The gain in computation time can, however, be considerable especially when
a large number of positive findings are treated exactly; the expectations above can
be exponentially costly in the number of such positive findings (see Eq. (5.5)). The
simulation results reported in this chapter have been obtained using this shortcut
unless otherwise stated.

5.B Accuracy and the leak probability

Here we prove that any increase in the leak probability improves the accuracy of
the variational transformation. Such increase of the leak probability can happen,
for example, as a result of conditioning the likelihood of the observed findings on
the presence of some of the diseases (see the calculation of the posterior marginal
probabilities in the text). Now, for the accuracy to improve as a function of the leak
probability (or the bias term in the exponentiated notation) means that the following
log-likelihood ratio has to be a decreasing function of the bias e:

mine E {5(2 %d@e)—F(f)} e ming B {es<x+e>—F<s>}
E{l—e_zje”dj_ﬁ} E{l—e_l’_ﬁ}

ratio(e) = log (5.36)

where the expectations are with respect to the posterior distribution over the diseases
based on all other observed findings except for the positive finding :. We have adopted
the simplified notation x = 37, 0;;d; since the linear form plays no role in the proof.
We note that it suffices to show that the derivative of ratio(e) is negative at € = 0.
The negativity of this derivative for other values of € follows simply by redefining =
(i.e, x « 2 +¢€), and the fact that the proof does not depend on the distribution over
x.

To fix ideas, we start from the observation that since the variational transforma-
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tion is optimized with respect to ¢ at e = 0 we must have
0 _ _ IF(£)
il Er=F(\ _ —F() &x Exl| _
afE{e } e [E{xe } 7€ E{e } 0 (5.37)

The fact that 0F(£)/0¢ = —log(£/(£ + 1)) allows us to obtain an implicit solution

for ¢ from the above equation giving

e % . F {xefl’}
£ = =t where 7 = Ty Tty

(5.38)

T can be seen to be the mean of x with respect to the twisted or tilted distribution.
It is well-known in the large deviation literature that & > FE{x} (see e.g. Bucklew,
1990). To use this property we first differentiate ratio(e) with respect to € and find:

E{e ™}

0
—ratio(e) = f — m

o (5.39)

where the implicit derivatives vanish due to the optimization of £. As z/(1 — z) is an
increasing function of z and since e~% is a convex function of z, i.e., E {e~*} > e~ F1#},
it follows that

1D {e—x} e—E{x}
l—E{e*} = 1— e Flo}

(5.40)

Finally, combining the results from Eq. (5.38), Eq. (5.39), and Eq. (5.40) with the

fact that e™ is a decreasing function gives

—% E{e® -z —E{z}
—ratio(e) = ¢ {e) ¢ ¢

= — — — <0 5.41
Oe l—e?® 1—FE{e} ~1—e® 1—eFlt— (5.41)

This completes the proof.
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Chapter 6

Discussion

Graphical models remain useful as knowledge representations to the extent that we
are able to carry out inferences in these models or learn on the basis of observations.
The increasing complexity of the models in important application areas, however,
necessitate the use of approximate techniques to reap the benefits from the prob-
abilistic representations. We have provided in this thesis a framework for approx-
imating graphical models in a principled way through variational transformations.
The preceding chapters contain the development of this approximation methodology
for probabilistic inference, Bayesian estimation, and for diagnostic reasoning in the

context of the QMR-DT belief network.

Probabilistic inference: In chapter 2 we laid the foundation for obtaining upper and
lower bounds on probabilities and subsequently in chapter 3 removed the topologi-
cal constraints from such bounds by introducing the relevant transformations recur-
sively. The recursive methods proposed in chapter 3 are currently constrained by the
available transformations. The framework nevertheless provides the basis for further
development of these transformations.

Relevant to this framework is the role that the variational bounds play in deter-
mining the approximation accuracy. If the interval estimate specified by the comple-
mentary bounds is tight then necessarily the approximation is reliable. The converse,
however, is not true in general. By this we mean that the marginal estimates! ob-
tained through one of the bounds need not be inaccurate even if the interval estimate
is too wide to be useful. The aspect that is lost due to wide intervals is the guarantee
of reliability, not the accuracy directly. In the absence of useful intervals, the bounds
will nevertheless retain their error metric (boundedness), and they can be refined ac-
cording to this metric. It is only by mixing upper bounds with lower bounds that we
lose the metric as well and, consequently, all the benefits accompanying variational
methods over other approximation techniques.

Another issue to consider is the nature of the variational transformations we have
used. Is the convexity framework too restrictive? Many variational transformations
producing strict bounds can be viewed as manifestations of underlying convexity

!Note that the marginal estimate based on either upper or lower bound are found simply by
normalizing the expression for the corresponding bound.
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representations through reparametrization (cf. the mean field derivation in Appendix
4.39). More to the point is the question whether it is convenient to establish the
relation — assuming it exists — to convex duality. This, of course, is not always the
case.

We have also largely disregarded the issue of possible semantic losses resulting
from the use of variational approximation techniques: which independence properties
will be lost and which are imposed by the variational framework? While impor-
tant, the question as posed is somewhat ambiguous since the answer depends on the
optimization schedule adopted for the variational parameters. For example, if the
optimization is performed conditionally on each configuration of the variables in the
probability model, we retain the exact model. The way to investigate this issue is
to concentrate on actual bounds on marginal probabilities, where the variational pa-
rameters are optimized conditionally on each marginal configuration. Normalizing
such a bound yields a marginal distribution whose independence properties can be
characterized.

Bayesian estimation: The Bayesian formalism for parameter estimation can be par-
ticularly useful in the extreme cases of scarce data or when the amount of data is
overwhelming, both of which are likely to arise in modern environments. In the for-
mer case, the benefit comes from the ease of embedding prior knowledge into the
parameter values, while in the latter the advantage relies on the sequentiality of the
estimation procedure. Computationally, however, the Bayesian framework is quite
costly and often infeasible. We demonstrated in chapter 4 that variational methods
can provide efficient and principled approximations to re-establish the utility of the
Bayesian formalism, particularly in the presence of missing values.

Applications: The preliminary application of the variational methods to the QMR-DT
belief network illustrates the potential in these techniques for large scale applications.
We did not fully utilize the power of the methodology, however, and the calculation
of rigorous bounds on the posterior marginals in the QMR setting remains an issue
for future work.

We have deferred the discussion about sampling methods in comparison to the
variational ones here as such considerations seem most appropriate in the context of
applications. While sampling techniques enjoy wider (or at least more immediate)
applicability, they also appear to be less able to benefit from the structure of a par-
ticular model; nor do they attain bounds or analyzable expressions for the quantities
of interest. It is also straightforward and profitable to combine variational methods
with exact calculations, whereas with sampling techniques it is less apparent how this
can be done efficiently. Extensive comparisons between these methods will be needed
to resolve the domain characteristics in which one is preferable to the other. We
note finally that the two frameworks need not be mutually exclusive: the variational
estimates could be used, for example, as importance sampling distributions, which
has been suggested by many people.
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