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Abstract. We study the entropy rate of a binary hidden Markov process (HMP) defined
by observing the output of a binary symmetric channel whose input is a first-order binary
Markov process. Despite the simplicity of the models involved, the characterization of this
entropy is a long standing open problem. By presenting the probability of a sequence under
the model as a product of random matrices, we show that the entropy rate sought is a top
Lyapunov exponent of the product, which explains the difficulty in its explicit computation.
We apply the same product of random matrices to derive an explicit expression for a first
order Taylor approximation of the entropy rate with respect to the parameter of the bi-
nary symmetric channel. The accuracy of the approximation is validated against empirical
simulation results. We also extend our results to Rényi’s entropy of any order.

1 Introduction

Let X = {Xk}k≥1 be a first order stationary Markov process over a binary alphabet,
with transition matrix P = {πab} such that πab = PX(Xk=b|Xk−1=a), a, b ∈ {0, 1}.
Consider also a Bernoulli (binary i.i.d.) noise process E = {Ek}k≥1, independent of
X, such that P (Ei = 1) = ε. Finally, define the process Z = {Zk}k≥1, with

Zk = Xk ⊕ Ek, k ≥ 1, (1)

where ⊕ denotes addition modulo 2 (exclusive-or). One can view Z as the output of
a binary symmetric channel with noise E, whose input is X. Notice that the process
Z is completely characterized by the parameters π01, π10, and ε.

The process Z is, in a sense, one of the simplest examples of a hidden Markov
process (HMP). In more generality, a HMP is a process resulting from observing
any discrete-time, finite state homogeneous Markov chain through a discrete-time
memoryless channel [1, 2, 3]. The chain and the channel, can be defined over arbitrary
alphabets, discrete or continuous. HMPs have been studied extensively, and few
other statistical tools have had such a wide range of applications in so many domains
of science and technology. The applications, to cite just a few, include automatic
character recognition [5], speech recognition [6, 7, 8], statistics [9], communications
and information theory [10], DNA sequencing [11, 12], etc., with just a small sample
of references given for each application. A comprehensive survey of HMP research
and applications can be found in [4], including an extensive bibliography. HMPs are
also referred to in the literature as hidden Markov models (HMM) (see, e.g., [7, 8]).

The simplicity of the definition of HMPs is misleading, and despite the exten-
sive research on their properties and applications, some questions on fundamental
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properties of the processes remain open, even for the “simple” case (1). Some of
these questions concern the performance of filtering [13, 14], denoising [15, 14], and
compression [4] on hidden Markov sources. In all these cases, algorithms exist that
achieve optimal performance (e.g., minimal residual noise or code length), even uni-
versally (without knowledge of the process parameters). However, in general, the
optimal value of the performance of interest for each of the problems has not been
explicitly characterized. In the case of compression, the problem of interest is the de-
termination of the entropy rate h(Z) of the process Z as an explicit (“single-letter”)
expression in the parameters of the process [4]. This is the question addressed in this
paper. Entropy rates are important in data compression (for obvious reasons), but
also in other algorithms such as searching and sorting. For example, it is known (cf.
[16]) that the average search time in digital trees is asymptoticaly equal to h−1 log n
where h is the entropy rate of the input sequence of symbols (assumed generated by
a strongly mixing process of positive entropy rate), and n the number of sequences
stored.

The question of computing the entropy of a HMP was studied as early as [17],
where the analysis suggests the intrinsic complexity of the HMP entropy as a function
of the process parameters.1 The reference shows an expression of the entropy in terms
of a measure Q, which solves an integral equation dependent on the parameters of the
process. The measure is hard to extract from the equation in any explicit way. More
recently, the problem of determining the residual noise of the best filter for a HMP was
studied in [13], and explicit asymptotic formulas for the regime where πab → 0, a 6= b
were obtained. Explicit formulas for the entropy rate for some asymptotic regimes of
the parameters πab are obtained in [14]. In contrast, our study focuses on the regime
where the channel parameter (noise) ε is small.

The rest of this extended summary is organized as follows: In Section 2 we present
the probability of a HMP sequence Zn

1 as a product of random matrices. In Section 3
we rely on classical results on products of random matrices, and show that the entropy
we seek is a top Lyapunov exponent of such a product. Lyapunov exponents are
notoriously difficult to compute. In [19] it was proved that the Lyapunov exponent is
not algorithmically approximable (i.e., there is no polynomial algorithm to compute
it with any degree of approximation). This provides additional supporting evidence
to the elusiveness of the HMP entropy. In Section 4 we symbolically manipulate the
product of random matrices of Section 2, in a manner that allows us to obtain our
main result: an explicit first-order Taylor expansion of h(Z) near ε = 0, as a function
of the parameters πab. We show that the linear term of the expansion has a pleasant
information-theoretic flavor, and can be expressed as a Kullback-Liebler divergence
between distributions of triplets related to the underlying Markov process. We extend
our analysis to Rényi’s entropies. Finally, in Section 5, we present results of empirical
simulations of HMPs, and validate the entropy rate approximation.

1The setting in [17] is that of deterministic functions of Markov chains, which can be shown to
be equivalent to the HMP setting in the finite-alphabet case [3, 18, 4].



2 A Product of Random Matrices

For any sequence {Yk}k≥1, we denote by Y j
i the (sub-)sequence Yi, Yi+1 . . . Yj, j ≥ i.

For a binary variable Y , we write Ȳ = 1 ⊕ Y . Observe that Zi = Xi if Ei = 0
and Zi = X̄i if Ei = 1. We compute the probability P (Zn

1 ) of a vector Zn
1 emitted

by the HMP, for some n ≥ 1. Using elementary properties of probabilities, and our
assumptions on the processes X and E, we have

P (Zn
1 , En) = P (Zn

1 , En−1 = 0, En) + P (Zn
1 , En−1 = 1, En) (2)

= P (Zn−1
1 , Zn, En−1 = 0, En) + P (Zn−1

1 , Zn, En−1 = 1, En)

= P (Zn, En|Z
n−1
1 , En−1 = 0)P (Zn−1

1 , En−1 = 0) +

P (Zn, En|Z
n−1
1 , En−1 = 1)P (Zn−1

1 , En−1 = 1)

= P (En)PX(Zn ⊕ En|Zn−1)P (Zn−1
1 , En−1 = 0)

+ P (En)PX(Zn ⊕ En|Z̄n−1)P (Zn−1
1 , En−1 = 1)

We shall write this probability in matrix form. We denote row vectors by bold
lowercase letters, matrices by bold uppercase letters, and we let 1 = [1, 1]; superscript
t will denote transposition. Let

pn = [P (Zn
1 , En = 0), P (Zn

1 , En = 1)]

and

M(Zn−1, Zn) =

[

(1−ε)PX(Zn|Zn−1) εPX(Z̄n|Zn−1)
(1−ε)PX(Zn|Z̄n−1) εPX(Z̄n|Z̄n−1)

]

(3)

where the expressions PX(Zi|Zi−1) are the Markov transition probabilities computed
on the components of the HMP Z.

One concludes from (2) that

pn = pn−1M(Zn−1, Zn). (4)

Since P (Zn
1 ) = pn1

t = P (Zn
1 , En = 0) + P (Zn

1 , En = 1), after iterating (4), we obtain

P (Zn
1 ) = p1M(Z1, Z2) · · ·M(Zn−1, Zn)1

t. (5)

Notice that the M(Zi−1, Zi) are random matrices, since the conditionals PX(Zi|Zi−1)
are random variables.

3 Entropy Rate as a Lyapunov Exponent

The joint distribution P (Zn
1 ) of the HMP, presented in (5), has the form of a product

of random matrices. It is easy to apply a subadditive ergodic theorem to see that
E[log P (Zn

1 )] must converge to a constant known as the top Lyapunov exponent of the
random product [20, 21, 19]). Furstenberg and Kesten [20] (see also [21]) proved the
following result.



Theorem 1 (Furstenberg and Kesten, 1960) Let M1, . . . ,Mn form a station-
ary ergodic sequence and E[log+ ||M1||] < ∞ Then

lim
n→∞

1

n
E[log ||M1 · · ·Mn||] = lim

n→∞

1

n
log ||M1 · · ·Mn|| = µ a.s.. (6)

An immediate corollary to Theorem 1 and (5) is that the entropy of the HMP is
equal to a Lyapunov exponent.

Corollary 1 Consider the HMP Z as defined above. The entropy rate 2

h(Z) = lim
n→∞

E[−
1

n
log P (Zn

1 ) ] = lim
n→∞

1

n
E[− log

(

p1M(Z1, Z2) · · ·M(Zn−1, Zn)1
t
)

]

is a top Lyapunov exponent of M(Z1, Z2) · · ·M(Zn−1, Zn).

Proof. To verify the claim, it suffices to show that p1A1t, of (5) (where we define
A = M(Z1, Z2) · · ·M(Zn−1, Zn)) is a norm. Certainly this is the case since it satisfies
the three properties of the norm (since Mi is a nonnegative matrix).

We note that the connection between discrete-time, finite state Markov chains
and Lyapunov exponents, based also on Theorem 1, is studied in [22], where the
dual problem of a memoryless signal going through a Markov channel is considered.
The results in [22] also link other interesting parameters like mutual information and
channel capacity to Lyapunov exponents.

Unfortunately, it is notoriously difficult to compute top Lyapunov exponents as
proved in [19]. Therefore, in the next section we derive an explicit asymptotic ex-
pansion of the entropy rate h(Z), which does not depend on direct computation of
Lyapunov exponents.

4 Asymptotic Expansion

We derive an expansion of the entropy rate h(Z) for the HMP Z as a function of ε,
for small values of ε.

For a given binary n-tuple zn
1 , let

Mi = M(zi, zi+1) =

[

(1 − ε)PX(zi+1|zi) εPX(z̄i+1|zi)
(1 − ε)PX(zi+1|z̄i) εPX(z̄i+1|z̄i)

]

=

[

PX(zi+1|zi) 0
PX(zi+1|z̄i) 0

]

+ ε

[

−PX(zi+1|zi) P (z̄i+1|zi)
−PX(zi+1|z̄i) P (z̄i+1|z̄i)

]

def
= M

(0)
i + εM

(1)
i , (7)

and
p0 = [PX(z1), 0] + ε[−PX(z1), PX(z̄1)]

def
= M

(0)
0 + εM

(1)
0 . (8)

Here, PX(b|a) = πab are transition probabilities of the Markov process X, which
is assumed stationary, and PX(a) are its marginal (stationary) probabilities, a, b ∈

2When no base is specified, logarithms are to base 2; ln x will denote the natural logarithm of x.



{0, 1}. Notice that for the sake of a uniform notation, the matrices M
(0)
0 and M

(1)
0

are of dimensions 1 × 2, while M
(0)
i and M

(1)
i are 2 × 2 for i > 0. Using the above

definitions and (5), we obtain

PZ(zn
1 ) = P (Zn

1 = zn
1 ) = p0M1M2 · · ·Mn−11

t

= (M
(0)
0 +εM

(1)
0 )(M

(0)
1 +εM

(1)
1 )(M

(0)
2 +εM

(1)
2 ) · · · (M

(0)
n−1+εM

(1)
n−1)1

t. (9)

In order to compute the Shannon entropy (and, later, Rényi entropies of any
order), we resort to the following formal definition (which was also used in entropy
computations in [23]):

R(s, ε) =
∑

zn

1

P s
Z(zn

1 ), (10)

where s is a complex variable, and the summation is over all binary n-tuples. Define
also the matrix

P(s) =

[

πs
00 πs

01

πs
10 πs

11

]

, (11)

and the vector π(s) = [P s
X(0), P s

X(1)]. The following lemma summarizes some key
properties of the function R(s, ε).

Lemma 1 (i) The (unnormalized) Shannon entropy of Zn
1 is given by

H(Zn
1 ) = E [− log P (Zn

1 )] = −(ln 2)
∂

∂s
R(s, ε)

∣

∣

∣

∣

s=1

. (12)

The entropy of the underlying Markov sequence is H(Xn
1 )= (− ln 2) ∂

∂s
R(s, 0)

∣

∣

s=1
.

(ii) We have

R(s, 0) =
∑

zn

P s
X(zn

1 ) = π(s)Pn−1(s)1t. (13)

Using a formal Taylor expansion near ε = 0, we write R(s, ε) = R(s, 0)+ε ∂
∂ε

R(s, ε)|ε=0+
O(Rε,ε(s, ε

′)ε2), where Rε,ε(s, ε
′) is the second derivative with respect to ε computed

at some ε′. It can be shown (details will be provided in the journal version of this pa-
per) that Rε,ε,s(1, ε

′) = O(n) for 0 < ε < 0.5, where Rε,ε,s(1, ε
′) is the first derivative

with respect to s at s = 1 of Rε,ε(s, ε
′). Now, by Lemma 1(i) and the above estimate

of Rε,ε,s(1, ε
′), we obtain

H(Zn
1 ) = H(Xn

1 ) − (ln 2)ε
∂2

∂s∂ε
R(s, ε)

∣

∣

∣

∣

ε=0,s=1

+ O(nε2) (14)

= H(Xn
1 ) − (ln 2)ε

∂

∂s

∂

∂ε

∑

zn

1

P s
Z(zn

1 )

∣

∣

∣

∣

ε=0,s=1

+ O(nε2).

To compute the derivative of P s
Z(zn

1 ) at ε = 0, we first differentiate both sides of (9),
obtaining

∂

∂ε
PZ(zn

1 )

∣

∣

∣

∣

ε=0

=

n−1
∑

i=0

M
(0)
0 M

(0)
1 · · ·M

(0)
i−1M

(1)
i M

(0)
i+1 · · ·M

(0)
n−1 1. (15)



Using the definitions of the matrices M
(b)
i , b = 0, 1, from (7) and (8), it follows, after

some algebraic and probability manipulations, that

∂

∂ε
PZ(zn

1 )

∣

∣

∣

∣

ε=0

= PX(zn
1 )

n−1
∑

i=0

(gi(z
n
1 ) − 1), (16)

where

gi(z
n
1 ) =

PX(z̄i+1|zi)PX(zi+2|z̄i+1)

PX(zi+1|zi)PX(zi+2|zi+1)
=

PX(ziz̄i+1zi+2)

PX(zizi+1zi+2)
, 0 < i < n − 1, (17)

g0(z
n
1 ) =

PX(z̄1z2)

PX(z1z2)
− 1, gn−1(z

n
1 ) =

PX(zn−2z̄n−1)

PX(zn−2zn−1)
− 1.

Thus,

∂

∂ε
P s

Z(zn
1 )

∣

∣

∣

∣

ε=0

=

[

sP s−1
Z (zn

1 )PX(zn
1 )

n−1
∑

i=0

(gi(z
n
1 ) − 1)

]

ε=0

. (18)

Observing that PZ(zn
1 )|ε=0 = PX(zn

1 ), taking derivatives on both sides of (10), and
using (18), we obtain

∂

∂ε
R(s, ε)

∣

∣

∣

∣

ε=0

= s
∑

zn

1

P s
X(zn

1 )

n−1
∑

i=0

(gi(z
n
1 ) − 1). (19)

By an argument similar to that leading to the result of Lemma 1(ii), we obtain the
following.

Lemma 2 We have

∂

∂ε
R(s, ε)

∣

∣

∣

∣

ε=0

= sπ(s)
n−1
∑

i=1

Pi−1(s)
(

Q1(s)Q2(s) − P2(s)
)

Pn−i−2(s)1t (20)

where

Q1(s) =

[

π00π
s−1
01 π01π

s−1
00

π10π
s−1
11 π11π

s−1
10

]

, Q2(s) =

[

π00π
s−1
10 π01π

s−1
11

π10π
s−1
00 π11π

s−1
01

]

.

To find the linear term in the Taylor expansion (14), we need to differentiate (20)
with respect to s, and evaluate at s = 1. To facilitate this computation, we use the
spectral representation [16] of the matrix P(s). Let λ(s) be the main eigenvalue of
P(s) with rt

1(s) and l1(s) being the corresponding right and left main eigenvectors,
respectively, normalized so that l1(s)r

t
1(s) = 1. Let also µ(s) be the second eigenvalue,

with rt
2(s) and l2(s) the respective right and left eigenvectors. The matrix spectral

representation yields (cf. [16, 24])

Pk(s) = λk(s) rt
1(s)l1(s) + µk(s) rt

2(s)l2(s). (21)

Notice that each term on the right hand side of (21) is rank-one matrix obtained as
the outer product (column × row) of the respective eigenvectors.



Operating with the spectral representations, we obtain

∂2

∂ε∂s
R(s, ε)

∣

∣

∣

∣ε=0,
s=1

= n π(1)rt
1(1) l1(1)1t l1(1)

∂

∂s

(

Q(s) − P2(s)
)

∣

∣

∣

∣

s=1

rt
1(1), (22)

where Q(s) = Q1(s)Q2(s). Observe that

∂

∂s

(

Q(s) − P2(s)
)

∣

∣

∣

∣

s=1

= Q′
1(1)Q2(1) − P′(1)P(1) + Q1(1)Q′

2(1) − P(1)P′(1),

using an obvious shorthand for differentiation with respect to s. Also, for the transi-
tion probability matrix P = P(1), we have

l1(1) = π(1) = [
π10

π10 + π01
,

π01

π10 + π01
],

the vector of stationary probabilities of the Markov process X, and r1(1) = [1, 1].
Thus, π(1)rt

1(1) = l1(1)1t = 1. The main result of this section now follows from (22)
and from (14) by carrying out the computations and arranging terms.

Theorem 2 The entropy rate of the process Z is

h(Z) = lim
n→∞

1

n
Hn(Zn) = h(X) + f1(π01, π10)ε + O(ε2),

with

f1(π01, π10) = D (PX(z1z2z3)||PX(z1z̄2z3)) =
∑

z1z2z3

PX(z1z2z3) log
PX(z1z2z3)

PX(z1z̄2z3)
, (23)

where h(X) is the entropy rate of the Markov process X, D denotes the Kullback-
Liebler divergence, and the summation is over all binary triplets.

Example. Consider a Markov process with symmetric transition probabilities π01 =
π10 = π, π00 = π11 = 1−π. This process has stationary probabilities PX(0) =
PX(1) = 1

2
. The probabilities PX(z3

1) of binary triplets are readily computed as
PX(000) = PX(111) = 1

2
(1 − π)2, PX(001) = PX(011) = PX(100) = PX(110) =

1
2
π(1 − π), PX(010) = PX(101) = π2. Substituting these values into (23), we obtain

f1(π, π) = 2(1 − 2π) log
1 − π

π
. (24)

Remarks. We note that similar results can be obtained for Rényi entropies Hs of
any order s and the respective entropy rates, by noting that

Hs(Z
n
1 ) =

log R(s, ε)

1 − s
. (25)

A derivation similar to that leading to Theorem 2 yields

hs(Z) = hs(X) +
ε

(1 − s)λ(s)
l1(s)

(

Q(s) − P2(s)
)

r1(s) + O(ε2), (26)

where the Markov Renyi’s entropy is hs(X) = 1
1−s

log λ(s) (cf. [16]).
Also, higher order terms for the Shannon (or Rényi) entropy rate expansion can

be obtained by considering terms as in (15), but with, say, k factors of type M
(1)
i for

the k-th order term.



Parameters Calculated Empirical

h(X)+
ε π n h(X) f1(π, π) f1(π, π)ε − 1

n
log PZ(zn

1 )

0.001 0.005 4 · 109 0.045 15.121 0.061 0.056
0.001 0.010 4 · 109 0.080 12.994 0.094 0.091
0.001 0.025 1 · 109 0.168 10.042 0.179 0.177
0.01 0.050 1 · 108 0.286 7.646 0.363 0.349
0.01 0.100 1 · 108 0.469 5.072 0.520 0.514
0.01 0.300 1 · 108 0.881 0.978 0.891 0.891

Table 1: First order approximation of h(Z) according to Theorem 2 and empirical
estimation.

5 Experimental Results and Validation

HMPs for various values of the parameters ε and π01 = π10 = π were simulated,
generating pseudo-random HMP sequences of lengths between n = 108 and n = 4·109.
For each generated sequence zn

1 , the probability PZ(zn
1 ) assigned by the hidden Markov

model of the given parameters was computed, and − 1
n

log PZ(zn
1 ) was taken as an

estimate for the entropy rate. This is justified by the fact that a sequence emitted
by the HMP is “typical” and, thus, satisfies | 1

n
log PZ(zn

1 ) +hn(Z)| < δ for any δ > 0,
with probability approaching one as n → ∞ [25]. A sample of results for some values
of ε and π are given in Table 1, where values of h(Z) estimated using the result of
Theorem 2 are compared with simulation estimates. The slope ∂hn(Z)/∂ε|ε=0, as a
function of π, is plotted in Figure 1. The empirical slope was estimated using first
differences of the estimated values of hn(Z) near ε = 0, and the result compared with
the analytical value produced by (24).
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