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Abstract

The bias and variance of a real valued random variable, using
squared error loss, are well understood. However because of recent
developments in classification techniques it has become desirable to
extend these concepts to general random variables and loss functions.
The 0-1 (misclassification) loss function with categorical random vari-
ables has been of particular interest. We explore the concepts of vari-
ance and bias and develop a decomposition of the prediction error into
functions of the systematic and variable parts of our predictor. After
providing some examples we conclude with a discussion of the various
definitions that have been proposed.

1 Introduction

A lot of work has recently been conducted on developing general definitions
for bias and variance, in particular for misclassification errors. However in
attempting this task two questions arise. Namely

e what do these quantities measure?

e and why are they useful?
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1.1 Bias and Variance

In the regression setting the variance of an estimator Y is defined as E(Y —
EY)2. An equivalent definition is

Var(Y) = min E(Y — a)?
where a is non random. If we define

SY = argmin E(Y — a)?
a

then Var(f/) is a measure of the expected distance, in terms of squared error
loss, of the random quantity (17) from its nearest non random number (S f/)
We call SY the systematic part of ¥ and use the notation SY to emphasize
that S is an operator acting on the distribution of Y. In this case SY will
be equal to EY.

If we use Y to estimate a parameter 0 then the bias of YV is defined as
SY —0. The bias when using Y to predict Y, where Y and Y are independent
random variables, is less well defined. However from the decomposition,

E(Y -Y)? = E(Y-SY)2+E(Y —S8Y)?
PE(Y,Y) = Var(Y)+ MSE(Y,SY)

where SY = arg min, E(Y — a)?, we can see that the problem of predicting
Y is equivalent to one of estimating SY. This is because Var(Y) is indepen-
dent of ¥ so the mean squared error between ¥ and SY is the only quantlty
that we have control over. This motivates a definition of (SY — SY)? a

the squared bias and means that we can think of bias as a measure of the
distance between the systematic parts of ¥ and Y (SY and SY).

By writing Y = SY + € we see that it is possible to decompose our
random variable into systematic (SY) and random () parts. Both parts
contribute to any error we may make in estimation but their causes and
cures can differ markedly.

1.2 Standard Prediction Error Decomposition

It is well known that we can decompose the expected squared error of Y
from Y as follows

E(Y-Y) = Var(Y) +bias®’(Y,SY)+ Var(Y) (1)
W—/ ~ v
irreducible error reducible error
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so the ezpected loss of using Y is the sum of the variance of ¥ and Y plus
the squared distance between their systematic components. The variance of
Y is beyond our control and is thus known as the irreducible error. However
the bias and variance of ¥ are functions of our estimator and can therefore
potentially be reduced.

This shows us that Var(?) serves two purposes

1. it provides a measure of the variability of Y about SY

2. and it indicates the effect of this variance on the prediction error.
Similarly bias(Y, SY) serves two purposes

1. it provides a measure of the distance between the systematic compo-
nents of Y and Y

2. and by squaring it we see the effect of this bias on the prediction error.

This double role of both bias and variance is so automatic that we often
fail to consider it. However when we extend these definitions to arbitrary
loss functions it will not, in general, be possible to define one statistic to
serve both purposes.

2 Generalizing the definitions

Often squared error is a very convenient loss function to use. It possesses
well known mathematical properties such as the bias/variance decomposi-
tion (1) that make it very attractive to use. However there are situations
where squared error is clearly not the most appropriate loss function. This
is especially true in classification problems where a loss function like 0-1 loss
seems much more realistic.

So how might we extend these concepts of variance and bias to general
loss functions? There is one obvious requirement that it seems natural for
any generalization to fulfill.

U When using squared error loss our general definitions must reduce to
the standard ones.



Unfortunately U is not a strong enough requirement to ensure a unique
generalization. This is a result of the large number of definitions for variance
and bias that are equivalent for squared error but not for other loss functions.

For example the following definitions are all equivalent for squared error.
0 Var(Y) = min, E(Y —a)? = E(Y — §Y)?
0 Var(Y)

MSE(Y,SY) —bias*(Y,SY) = E(Y — SY)? — (SY — §Y)?

A~

O Var(Y) = PE(Y,Y) - E(Y —SY)2=E(Y —-Y)2 - E(Y — SY)2

These lead naturally to three possible generalized definitions.

)

L Var(Y
IL. Var(Y)
Y

min, EL(Y,a) = EL(Y,SY)
EL(Y,SY) — L(SY,SY)

III. Var(Y) = EL(Y,Y) — EL(Y, SY)

where L is a general loss function, SY = argmin, L(Y,a) and SY =
argmin, L(Y, a)

For general loss functions these last three definitions certainly need not
be consistent. This inconsistency accounts for some of the differences in the
definitions that have been proposed. For example Tibshirani (1996) bases
his definition of variance on I while Dietterich and Kong (1995) base their’s
more closely on III. We will see later that both I and III are useful for
measuring different quantities.

What other requirements should a definition of variance fulfill? We can
think of ¥ ~ g(Fr,) where g is a function that depends on the method used
to obtain Y from the observations and F'r, is the distribution of the observa-
tions or training data (Tr). While Y ~ Fr. where Fr, is the distribution of
the test data. Often Frr,. and Fr. are assumed the same but in general they
need not be. So we see that variance is a function of g and Fr, but is not a
function of Fr.. This is desirable because it allows us to compare estimators
across different test sets (a low variance estimator for one test set will also
be low variance for a second test set). So another natural requirement is

O The variance must not be a function of the distribution of the test data,
Fre.



This requirement rules out II and III given above which in general will be a
function of Fe.

There is a similar requirement on the bias. Since bias is a measure of the
distance between the systematic components of Y and Y we require that

O The bias must be a function (A)ff’ and Y through SY and SY only (ie
bias must be a function of SY and SY)

With 0,00 and O in mind the most natural definitions of bias and vari-
ance are

‘ ‘ Loss Function ‘

‘ ‘ Squared Error ‘ General ‘
Variance E(Y — SY)? EL(Y,SY)
SY = argmin, E(Y —a)? | SY = argmin, EL(Y , a)
Bias? (SY — SY)? L(SY,SY)

This definition of variance is identical to that given in Tibshirani (1996) but
our definition of bias differs from his. Our definition of bias is equivalent
to that of bias? for squared error. It should be noted that, even with the
restrictions we have listed, these definitions by no means represent a unique
generalization of the concepts of bias and variance. However, as we will see
in the next section, these statistics may not be our primary concern.

3 Bias and Variance effect

While these definitions fulfill the stated conditions they have one major
drawback. Namely in general there is no way to decompose the error into
any function of bias and variance, as is the case for squared error loss (1). In
fact it is possible to construct examples (see section 4.1) where the variance
and bias are constant but the reducible prediction error changes as we alter
the test distribution.

Often we will be interested in the effect of bias and variance. For exam-
ple it is possible to have an estimator with high variance but for this variance
to have little impact on the error rate. It is even possible for increased vari-
ance to cause a lower error rate (see section 4.2). We call the change in error
caused by variance the Variance Effect (VE) and the change in error caused
by bias the Systematic Effect (SE). For squared error the variance effect is
just the variance and the systematic effect is the bias squared. However in



general this will not be the case.

Recall in the standard situation we can decompose the expected squared
error as follows,

E(Y -Y) = Var(Y) +bias®’(Y,SY)+ Var(Y)
W—/ - ~- o
irreducible error reducible error

but note

Var(Y) = E(Y —8Y)?
bias®(Y,SY) = (SY —SY)?
= E[(Y - 8Y)?— (Y — 8Y)
Var(Y) = E(Y —8Y)?
= E[Y-Y)’ - (Y - 5Y)%

Remember for squared error SY = EY and SY = EY. This gives the
following decomposition

ELs(Y,Y) = ELs(Y,SY)+E[Ls(Y,SY) — Ls(Y,SY)]|+E[Ls(Y,Y) — Ls(Y, SY)]

PE Var(Y) bias2(Y,SY) Var(Y)

where Lg is squared error loss. Note that everything is defined in terms of
prediction error of Y with respect to Lg.

Notice that, in this formulation, bias? is simply the change in prediction
error when using SY, instead of SY, to predict Y in other words it is the
change in prediction error caused by bias. This is exactly what we have de-
fined as the Systematic Effect. Similarly Var(Y) is the change in prediction
error when using l;', instead of SY, to predict Y; in other words the change
in prediction error caused by variance. This is what we have defined as the
Variance Effect.

This decomposition will hold for any loss function so in general we define

SE(Y,Y) = E[L(Y,SY)— L(Y,8Y)]
and VE(Y,Y) = E[LY,Y)- L(Y,SY))



Notice that the definition of VE corresponds to III in section 2. We now
have a decomposition of prediction error into errors caused by variability
in Y (Var(Y)), bias between Y and ¥ (SE(Y,Y)) and variability in ¥
(VE(Y,Y))

~

EL(Y,Y) = EL(Y,SY)+ E[L(Y,SY) — L(Y,SY)] + E[L(Y,Y) — L(Y, SY)]

~

~

e v e

Var(Y) SE(Y,)Y) VE(Y.Y)
= Var(Y)+ SE(Y,Y)+VEY,Y)

Now in general there is no reason for Var(Y) to equal VE(Y,Y) or for
bias(f’, SY) to equal SE(IA/, Y). Often it will be the variance and bias effects
that we are more interested in rather than the variance and bias itself. One
of the nice properties of squared error loss is that V E = Var so the variance
effect, like the variance, is constant over test sets. In general this will not
be the case.

Note that due to the fact L is a loss function, Var(Y) > 0, and by the
definition of SY, SE(Y,Y) > 0. However the only restriction on VE(Y,Y)
is, VE(Y,Y) > —SE(Y,Y). Indeed we will see examples where the variance
effect is negative.

4 Examples

All calculations in the following two examples are performed at a fixed input
X. We have not included X in the notation to avoid confusion.

4.1 Absolute Loss

Suppose we use the loss function L(a,b) = |a—b|. What decomposition does
this give?

~

EL(YY,Y) = Var(Y)+SE(Y,Y)+VE(®Y,Y)
= EL(Y,S8Y) + E[L(Y,SY) — L(Y, SY)]
+ E[L(Y,Y) — L(Y, SY)]

(2)



= EY -Y| = E|Y -SY|+E(Y -SY|—-|Y —8Y)
+ E(Y -Y|—-|Y -8Y)
= E|Y —med(Y)|+ E(]Y —med(Y)| — |Y — med(Y))|)
+ E(Y —Y|—|Y —med(Y)))

where med(Y") is the median of Y.

This gives

) = E(Y —Y|—|Y —med(Y)])

) = EL(Y,SY)=E|Y —med(Y)|
SE(Y,Y) = E(Y —med(Y)|—|Y —med(Y)|)

) = L(SY,SY) = |med(Y) — med(Y)|

) = irreducible error = E|Y — med(Y)|

A simple example illustrates the concepts involved. Suppose Y is a
random variable with the following distribution

Y 0 1 2
Pr(Y=vy)|a/4|1/2|(2—a)/d

We will start with a = 1. Suppose our estimator is simply the constant
Y = 2. Then clearly med(Y) = 1 and med(Y) = 2 so bias(Y,SY) = 1.
Note that both Var(Y) and VE(Y,Y) are zero so the systematic effect is
the only relevant quantity in this case.

SE(Y,Y) = E(Y —medY)|—|Y —med(Y)|)
E(Y =2[-|Y -1])
1-1/2=1/2
So the SE is not equal to the bias. We can show that SE is not a

function of the bias by altering a. Notice that for 0 < a < 2 the median of
Y remains unchanged at 1. So the bias is also constant. However.

A

SE(Y,Y) = E(Y —medY)|—|Y — med(Y)))
= E(Y -2/ Y —1])

a 1 2—a a 1 2—a
= 2 741l o0 == (10 S+ 1 )
= a/2



So as a approaches 0 so does the SE! In other words it is possible to have an
estimator that is systematically wrong but with an arbitrarily low reducible
loss associated with it.

4.2 0-1 Loss

Now suppose our loss function is L(a,b) = I(a # b). We will now use the
notation C' and SC instead of Y and SY to emphasize the fact that this loss
function is normally used in classification problems so our predictor typi-
cally takes on categorical values: C € {1,2,... ,K} for a K class problem.

Further define

PY = Pr(Y =i)

3

and PY = Pr(C=1)

where i runs from 1 to K. Recall that C ~ g(Fr,), and hence PC are based
on averages over training sets. With this loss function we see

SY = argmiinE(I(Y;éi))

— : Y
= argmin Z P;
J#i

= argmax PiY ie the bayes classifier

3
and SC = argmaxP{ ie the mode of C
3
We now get

VE(C,Y) = E(I(Y #C)—I(Y # SC))
= P(Y £0) - P(Y # SO)

= D P(=Pf) = (1-P)

Var(C) = ntinEI(C # a)
= P(C # 80)

= 1—maxP’
2



SE(C,Y) = E(I(Y #8C)—-I(Y £5Y))
P(Y #8C)— P(Y #85Y)
Pgy — Pic
= miaxPiY - ch
bias(C,SY) = I(SC # S5Y)
Var(Y) = EI(Y #5Y)
= P(Y #5Y)

= 1- maxPiY
2

A simple example will again provide some illumination. Suppose Y has
the following distribution.

Y 0 1 2
Pr(Y=y) | 05]04]0.1

Now we compare two classifier random variables (at a fixed predictor X)
with the following distributions.

L ¢ [of[1]2]
Pr(Cy=¢) |04 ]0.5|0.1
Pr(Co=¢) 01|05 |04

SY =0, SC, = SCy =1 and SE(C,Y) equals 0.1 for both classifiers.
These two classifiers have identical distributions except for a permutation of
the class labels. Since the labels have no ordering we would hope that both
classifiers have the same variance. In fact Var(Cy) = Var(Cy) =1 - 0.5 =
0.5. However the effect of this variance is certainly not the same for each
classifier.

VE(C,,Y) = P(Y #£C;)—P(Y # SC1) = 0.59 — 0.6 = —0.01
VE(Cy,Y) = P(Y #Cs)—P(Y # 8C5) =0.71 —0.6 = 0.11

In fact the variance of C; has actually caused the error rate to decrease while
the variance of Cy has caused it to increase! This is because the variance in
(1 is a result of more classifications being made to 0 which is the bayes group
while the variance in (5 is a result of more classifications being made to 2
which is a very unlikely group to occur. Therefore, we see that it does not
necessarily follow that increasing the variance of C; would cause a further
reduction in VE(C1,Y) or that decreasing the variance of Cy would cause a
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reduction in VE(Cs,Y). Friedman (1996) noted, that for 0-1 loss functions,
increasing the variance can actually cause a reduction in the error rate as
we have seen with this example.

5 Conclusion

The definitions, given in this paper, apply to all loss functions and types
of predictors/classifiers (ie real valued or categorical). They reduce to the
standard definitions in the case of squared error with real valued random
variables but allow a much more flexible class of loss functions to be used.

We have seen that it is possible to construct a definition of variance that
is independent from Fr, but in general variance effect will be a function of
the test distribution. While in theory it is possible to construct examples
where there is little or no relationship between variance and variance effect,
in practice it may often be the case that variance and variance effect are
well correlated. This means that we can use variance (which is independent
from the test data) to predict the effect of an estimator/classifier on a new
data set. Similarly it may often be the case that we can use bias as a “rea-
sonable” predictor of systematic effect.

Hence all four statistics, Var(Y), VE(Y,Y), Bias(Y,SY) and SE(Y,Y),
are important. While, for a fixed test distribution it is VE(Y,Y) and
SE (IA/, Y') that we want to concentrate on, to predict these values for an esti-
mator /classifier on a future test set we must use Var(Y) and Bias(Y, SY).

6 Discussion

Dietterich and Kong (1995), Kohavi and Wolpert (1996), Breiman (1996b),
Tibshirani (1996), and Friedman (1996) have all recently written papers on
the topic of bias and variance for classification rules.

Kohavi and Wolpert (1996) define bias and variance of a classifier in
terms of the squared error when comparing Pz-c to PZ-Y. For a two class
problem they define the squared bias as (P} — P{)? and the variance as
PEP(1 — PF) which are as one would expect for squared error. As a result

the Bayes Classifier will have a positive squared bias unless P} € {0,1}.
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The definitions of Dietterich and Kong (1995), Breiman (1996b), and
Tibshirani (1996) are more similar in spirit to those in this paper. Dietterich
and Kong (1995) define bias = I(Pr(C # Y) > 1/2) and var = Pr(C #
Y) — bias. This gives the decomposition

Pr(C #Y) = var + bias
From these definitions we can note the following

e although not immediately apparent, this definition of bias coincides
with ours (I(SY = SY)) for the 2 class situation.

e for K > 2 the two definitions are not consistent which can be seen
from the fact that for our definition of bias the Bayes Classifier will
have zero bias while for Dietterich and Kong’s (1995) it is possible for
the Bayes Classifier to have positive bias.

e the variance term will be negative whenever the bias is non zero.

Breiman’s (1996b) definitions are in terms of an “aggregated” classifier
which is the equivalent of SC' for a 0-1 loss function. He defines a classifier
as unbiased at X if SY = SC and lets U be the set of all X at which C is
unbiased. He also defines the complement of U as the bias set and denotes
it by B. He then defines the bias and variance over the entire test set as

bias(C) = Px(C #Y,X € B)— Px(SY #Y,X € B)
var(C) =Px(C#Y,X €U) — Px(SY #Y,X € U)
This is equivalent to defining bias and variance at a fixed X as

bias =

P(C#Y)—P(SY #Y) SY # SC
SY = SC

var =

P(C#Y)-P(SY #Y) SY =SC
SY # SC

This definition has the following appealing properties
e Bias and variance are always non-negative

e If C is deterministic then its variance is zero (hence SC has zero vari-
ance)
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e The bias and variance of SY is zero.

However we note that at any fixed X the entire reducible error (total
error rate minus bayes error rate) is either assigned to variance (if C' is unbi-
ased at X) or to bias (if C is biased at X). Certainly it seems reasonable to
assign all the reducible error to variance if C is unbiased (if C' were unbiased
and did not vary it would be equal to the bayes classifier). However when C
is biased it does not seem reasonable to assign all reducible errors to bias.
Even when C is biased, variability can cause the error rate to increase or de-
crease (as illustrated in section 4.2) and this is not reflected in the definition.

Tibshirani (1996) defines Variance, Bias and a prediction error decompo-
sition for classification rules (categorical data). Within this class of problems
his definition of Variance is identical to that given in this paper. He defines
a quantity AE (Aggregation Effect), which is equal to the Variance Effect
we have defined, and for most common loss functions his definition of Bias
will be equivalent to our Systematic Effect. This gives a decomposition of

Pr(C#Y)=Pr(Y # SY) + Bias(C) + AE(C)

which is identical to ours. However, it should be noted that although these
definitions are generalizable to any loss function they do not easily extend
beyond the class of “classification rules” to general random variables (eg
real valued). It is comforting that when we restrict ourselves to this smaller
class the two sets of definitions are almost identical.

Friedman (1996) provides a good comparison of the different definitions.

In large part all this work has been spurred on by the success of the plug
in classification techniques that have recently been developed. A plug in
classification technique (PaCT) is one where we take a standard classifier and
plug it into a new algorithm. Examples include the Error-Correcting method
(Dietterich and Bakiri (1995)), the Bagging method (Breiman (1996a)) and
the Arcing method (Freund and Schapire (1995)).
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