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Bregman Divergence: Definition

Definition 1. LetS be a nonempty, open, convex set such that S C dom(¢), where a
function ¢ : dom(¢) € R" > R is strictly convex on S. Assume that ¢ is differentiable
on S. The Bregman divergence ds : S xS = [0, o) is defined as

ds(X, ) = ¢(X) — d(y) — (X =Y, V(y))

where V¢(y) represents the gradient vector of ¢ evaluated at y.

Remark 1. [ Geometric Interpretation ] The Bregman divergence dy(X,y) may be
interpreted as the difference ¢(x) — h(x) where h(z) represents the hyperplane, which
is tangent to the epigraph of ¢ at the point (y, ¢(y)) in R™Y. The epigraph of ¢ is
defined as

epi(g) = {(x, t)Ix € dom(¢), ¢(x) <t}
Consider the first-order condition for convexity:
$(x) = B(y) + Vo(y)' (x - y)
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If (X, t) € epi(p), then
t> ¢(x) = ¢(y) + Vo(y)' (x - y)

It can be expressed as:

T D=

This means that the hyperplane h(z) defined by (V¢(y), —1) supports epi(¢) at the
point (y, (y)).

Remark 2. [ Relationship with exponential families ]| The log-likelihood of the
density of an exponential family p(X; ) can be written as

log(p(x; 6)) = —ds(T (x), u(6)) + log(b,(x))

where ¢ is the conjugate function of A(0) and u(0) = Eg[T(X)] = VA(O). The mappings
between 0 and u are given by the Legendre transformation

u(6) = VA(B) and 6(u) = Ve(u).
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The conjugate function ¢ can be expressed as

) = sup{(u, 6) — A9)}

0c®
= (VA®H),0) — A®6)

= (, 0(w)) — A1)

For a given X, we obtain the relationship by using the above Legendre transformation.

log(p(x;6)) =<6, T(x)) - A(6) + logh(x)
= (0,1) — AlB) +(T(x) — i, 0) + logh(x)
= @) +(T(X) = 1, Vo(u)) + log h(x)
= —0y(T(x), 1) + #(T(x)) + logh(x)
= —0y(T(x), ) + log(by(x))

where b,(X) = exp{a(T (X)) h(x).



Bregman Divergence: Properties

Property 1. [ Non-negativity ] Forallx € S and ally € S, we have ds(x,y) > 0, and
equality holds if and only ifx =y.

Proof: From the first-order condition for strict convexity, we have
$(x) > p(y) + Vo(y)' (x - y)
Therefore, dy(X,y) > 0. dy(X,y) = Oifandonly if x =y. m
Property 2. [ Non-symmetry ] In general, d,;(X,y) # dys(Y, X)
Property 3. [ Three-point] ForXx; € S and X, X3 € S,
dg(X1, X3) = dy(X1, X2) + dy(X2, X3) — (X1 — X2, Vi (X3) — V(X2))

Property 4. [ Convexity ] dy is always convex in the first argument, but not
necessarily convex in the second argument.

Proof: Since the nonnegative weighted sum of convex functions is convex, we can
easily see that d, is convex in the first argument. m
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Definition 2. Given a closed convex set Q C R" andy € S, a point X* € QN S for
which

X" =argmindy(z,y)
zeONS

is denoted by Pq(y) and is called a Bregman projection of the point'y onto the set Q.

Property 5. [ Generalized Pythagoras theorem: Part I] Let Q C C R" be a closed
convex set such that Q NS # 0. Assume thaty, Po(y) € S. Letz € QN S, then the
following inequality holds

ds(Pa(y),y) + ds(z, Pa(y)) < ds(z,y)

Proof: Define the function

Gu) = dyg(uy)—dy(u, Paly))
= (U, Vé(Pa(y)) — Va(y)) + a

where « is a real number independent of u. We can see that G(u) is convex. For any
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Awith 0 < 2 <1, we denote u, = 1z + (1 — 1)Pq(y) and obtain that
dy(Us,y) = dy(Ua, Pa(y)) < A[dy(z, ) — dy(z, Pa(y))] + (1 - )ds(Pa(y). y)
For A > O, this leads to
u(2.Y) ~ (2 Pa(y) ~ do(Paly).¥) 2 [dy(u1.Y) ~ dy(Pay). V)] - 2,(u. Pa(y)

The first term is nonnegative and the second term tends to zero as 1 — 0. To see
this, we use the directional derivative.

lim dy(Ua, Pal(y)) lim dy(Pa(y) + Az = Pa(y)), Pa(y)) — ds(Pa(y), Paly))

1—0+ A 10+ A
= (Vds(X, Pa(Y))lx=pq(y)» Z — Paly)))
= 0

The last equality holds since Vd,(X, Pa(Y))lx=p,y) = 0. ®

Remark 3. From the property 2 and 5, we can see that Bregman divergences are
not a metric.



Property 6. [ Generalized Pythagoras theorem: Part Il] In the same conditions
of property 5, if Q N S is an affine set, then the following equality holds

ds(Pa(y), y) + dg(z, Pa(y)) = dy(z,y)

Proof: We know that every affine subset of R" is an intersection of a finite collection of
hyperplanes. Denote those hyperplanes by (a;,x) = bj, i = 1,...,N. Since z, Po(y) €
QnNs,

(8, z—Pqo(y)y=0,1=1,...,N

To show the orthogonality between z — Pq(y) and Vé(y) — Vé(Pa(y)), consider the
following constrained optimization problem

minimize ds(zy)

subject to g,z2)=b,1=1,...,N

Because this problem is a convex programming, we can use the KKT conditions which
are sufficient and necessary. The Lagrangian of this problem is

N
L(z.2) = ¢(@) - 64) = 2= y. Vo)) - ) Ai((@.2) ~ b)
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and the KKT conditions are then

N
VoL(z,A) = V$(Z') = Vo(y) - ) digi = O
(8,2 =b,1=1,...,N

Here z* is equal to Pq(y). Therefore, we can see that

N
(2= Pa(y), Vé(y) — Vo(Pa(y))) = (z-Paly), - Z Aidy)
= 0
From property 3, it follows that

ds(Pa(y),y) + ds(z, Pa(y)) = dg(z,y) m
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Bregman Divergence: Examples

Example 1. [ Squared Euclidean distance ] The underlying function ¢(X) = (X, X)
is strictly convex, differentiable on R".

ds(X,y) = XX =Y, Y) = (X =Y, Ve(y))
= (XX =Y, Y) —(X-Y,2y)
= (X=Y,X-Y)
= Ix-ylIP

Example 2. [ KL divergence] Ifp is a positive vector, the negative entropy ¢(p) =
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>, pilnpi is strictly convex, differentiable on R,

dy(p.a) = > piInp- > glng - (p-q,Ve(a)
=1 =1
= D pinpi- ) gGing- ) (p-a)(ing +1)
L. . L,
Zplln Z(p. a)

KL(pll9)
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Measure Theory: o-field

Definition 3. [ o-field ] Let £ be an arbitrary space or nonempty set of points w. A
class Fq of subsets of Q is called a field if it satisfies these conditions:

1. Qe %o
2. A e Fqimplies A° € ¥
3. A Be ¥y implies AU B € ¥

A field ¥ is called a o -field if, in addition, Ay € F,n=1,2,..., implies | J{ An € .

Remark 4. A field is closed under the finite set-theoretic operations, and a o-field is
closed also under the countable ones.

Remark 5. The largest o-field in Q is the power class 2*, consisting of all the
subsets of Q); the smallest o -field consists only of the two sets {0, C2}.

Example 3. [ Field but not o-field | Consider the class of the finite disjoint unions
of subintervals of Q = (0,1]. Augmented by the empty set, this class is a field B.
Suppose that A = (ay, a’l] U---U(am ay], where (a;, a{] are disjointanda; < --- < apm,.
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Then A° = (ag, 8] N -+ N(am am)° = (0,81] (8}, 8] U+ - - U(@y, 1. an] and so lies in
Bo. If B = (b, by] U+ U(bn. by, then ANB = U, U, {(a. a1 N(by. bi]}, and so
AN Bisin By Thus By is a field. Although By is a field, it is not a o -field. It does not
contain the singletons {X}, even though each is a countable intersection (,(X — % X].

Proposition 1. Given any class C of subsets of Q, there is a smallest o--field ¥ (C)
containing C. The smallest o -field is the intersection of all the o -field containing C.

Proof: There exists at least one o-field containing C, the power class 22. Moreover,
an arbitrary intersection of o-fields is itself a o-field. Suppose that ¥ = ("); i, where
Fiis a o-field. Then Q € F; for all i, so that Q € ¥. And A € F implies that A € ¥ and
A® € F for each I, so that A® € . If A, € F for each n, then A, € F; for each nand i,
so that | J,, A, lies in each F; and hence in . Thus 7 (C) is a o-field containing C. It
is smallest in the sense that it is contained in every o-field that contains C. =

Definition 4. [ Measurable space] A pair (Q,F) is a measurable space if F is a
o-field in Q.

Example 4. [ Borel o-field ] Some important measurable spaces are:

1. Q=(ab] cR, C: the class of all sub-intervals of Q.
B, =F(C)
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2. Q =R, C: the class of all sub-intervals of Q.

B=7F(C)
3. Q =RK C: the class of all sub-rectangles of Q.
B =F(C)

Remark 6. The Borel o-field contains the open and closed sets. It contains all the
subsets in Q that actually arise in ordinary analysis and probability theory.
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Measure Theory: Measures

Definition 5. [ Finitely additive measure ] A set function ug on a field ¥ is a finitely
additive measure if it satisfies these conditions:

1. uo(A) € [0, ] for A € Fo
2. uo(0)=0
3. for disjoint A, B € ¥,

po(AU B) = po(A) + 1o(B)

Definition 6. [ Measure ] A set function u on a o-field ¥ is a (o-additive) measure
If it satisfies these conditions:

1. u(A) €[0,c0] forAe ¥
2. u(® =0
3. for disjoint Ay, Ay, ... € F,



The measure u is finite or infinite as u(€2) < oo or u(Q) = co. Itis a probability measure
if u(€2) = 1. If there exists a countable sequence Ay, Ay, ... such that Q = | .., A« and
(A < oo, then u is o-finite.,

Definition 7. [ Measure space ] The triple (Q,5 ,u) is a measure space if u is a
measure on a o-field F in Q.

Proposition 2. [ Continuity from above and below | Letu be a measure on the o -
field F .

1. IfFALe F,A, | A and if u(A,) < oo for some n, then u(An) | u(A).
2. IfALeF,ALT A then u(An) T u(A).

Remark 7. By A, T Aismeant Ay c Ao C --- and A = | J,An; by An | A is meant
ALDAD--- and A=), A,

Theorem 1. [ Carathéodory’s extension theorem ] If a finitely additive measure
o on a field Fq is continuous from above at (), then there exists a unique measure u
on F such that u(A) = uo(A) for every A € Fy.

Remark 8. [ How to construct measure spaces | Carathéodory’s extension theorem
will almost always allow one to extend a finitely additive measure to a measure. In
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fact, it is the tool that is generally applied to construct measure spaces. Typically, to
define a measure space, we first construct a finitely additive measure on a field by an
explicit formula. Then we check continuity from above at () and invoke Carathéodory’s
extension theorem.

Example 5. [ Counting measure | Let¥ be the o-field of all subsets of €, and let
u(A) be the number of points in A, where u(A) = oo if A is not finite. This u is counting
measure. It is finite iff Q is finite, and is o -finite iff Q is countable. Even if ¥ does not
contain every subset of 2, counting measure is well defined on ¥ .

Example 6. [ Lebesgue measure ] Let¥ be the Borel o-field of all sub-intervals of
R, and consider u((a,b]) = b—a. This u is Lebesgue measure. For k-dimensional
Borel o-field, the Lebesgue measure is defined as

k
uA) = [ [b-a). A=(xeRYa < x <b,i=1...Kk.
i=1

The Lebesgue measure is o-finite.

Remark 9. The class of all finite union of disjoint sub-intervals in R is a field. Take ug
on this field to be length. Then ug is continuous from above at (). Therefore, Lebesgue
measure Is an unique extension.
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Definition 8. [ Almost everywhere (a.e.) ] Let (Q2, F,u) be a measure space. We
say a property P holds almost everywhere with respect to the measure u if the set
A = {w € Q|P does not hold at w} € ¥ and u(A) = 0. We write this as P u—a.e.
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Measure Theory: Measurable Functions

Definition 9. [ Inverse image ] Given two spaces Q, R, and a function X : Q — R,
the inverse image of a set B c R is defined as X 1B = {w € Q|X(w) € B}. Denote this
by {w|X(w) € B}.

Definition 10. [ (Borel) Measurable function ] Given two measurable spaces (Q, F),
(R, B), a function X : Q +— R is called (Borel) measurable if the inverse image of every
setin B is in . Refer measurable functions on (Q, F) as ¥ -measurable. Denote the

o -field of inverse images of sets in B by ¥ (X).

Proposition 3. Let A c B such that ¥ (A) = B. Then X : Q — R is measurable if
the inverse of every setin A is in F .

Remark 10. Hence, if X is a real function such that {w|X(w) < X} € F for all X, then
X is F -measurable.

Proposition 4. If X : R — R is continuous, then it is measurable.

Proposition 5. If X is a measurable function from (Q2,%) to (R,8B) and ¢ is a B-
measurable function, then ¢(X) is an ¥ -measurable function.
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Remark 11. If¢ is a continuous function, ¢(X) is ¥ -measurable.

Proposition 6. Suppose that Xy, Xo, ... are ¥ -measurable.

1. The functions sup, Xn, infy Xp, limsup, X,, and liminf, X, are ¥ -measurable.
2. Iflim, X, exists everywhere (pointwise convergence), then it is ¥ -measurable.

Definition 11. [ Simple function ] The set indicator of a subset A € ¥ is the
function

1 weA
1A(w):{0 ng

A simple function is any finite linear combination of set indicators,
n
gw) = ) ailn(w), AeF
i=1

Remark 12. A set indicator and simple function are ¥ -measurable.

Proposition 7. If X is ¥ -measurable, there exists a sequence {X,} of simple
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functions such that

0 < Xh(w) T X(w) if X(w) >0
0> Xh(w) | X(w) if X(w) <0

for every w € Q.

Proposition 8. [ Transformation of measures ] Let(Q,¥) and (R", By,) be measurable
spaces, and suppose that the mapping X . Q — R" is F-measurable. Given a
measure u on ¥, define a set function i1 on 8B, by

fi(B) = u(X'B), Be B,

Then i is a measure on (R", By).
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Measure Theory: Integration

Definition 12. [ Definite integral ] Let f be a nonnegative ¥ -measurable functions
on a measure space (Q, 7, u). The integral of f is defined as

f fdu = fQ f(w)du(w) = fQ f (w)pa(dw)
sup{z int f(w)]u(m}

where Ay € ¥, ANA; =0 fori # |; and | i A = Q. The supremum extends over all
finite decomposition {A;} of Q. If f fdu is finite, then f is integrable.

Remark 13. For general f, the integral is defined by

ffd,uzf]“’d,u—ff_d,u

where

o [ fw) ifO< f(w) < oo
1:(“’)‘{o if — oo < f(w) <0
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and

oy fw) if —co<f(w)<0
f(‘“)‘{o if0 < f(w) < oo

Proposition 9. If f(w) = 3, @ila(w) is a nonnegative simple function, {A;} being a
finite decomposition of Q, then [ fdu = ¥ aip(A).

Proof: Let {B;} be a finite decomposition of Q and g; be the infimum of f over

Bj. If AMNBj # 0, then g < «a;. Therefore, 3;Bju(Bj) = Xi;Biu(ANBj) <
2ij @i(Ai N Bj) = 3 aiu(Ay). The equality holds if {B;} coincides with {A;}. m

Theorem 2. [ Monotone convergence theorem ] If0 < fy(w) T f(w) for all w, then
0< [ fodu 1 [ fdu.

Remark 14. [ Uniqueness of the integral ] Although there are various ways to
define the integral, they are all equivalent if they have properties of proposition 9 and
theorem 2. For f nonnegative, there exist simple functions f, such that 0 < f, T f.
The integral [ fdu must be lim, [ f,du, and the value of each [ f,du is determined.

Proposition 10. [ Monotonicity ] If f and g are integrable and f < g a.e., then
[ fdu < [ gdu.
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Proposition 11. [ Linearity] If f and g are integrable and «,p are finite real
numbers, then af + Bg is integrable and [ af +pgdu =« [ fdu + 8 [ gdu.

Theorem 3. [ Fatou’s lemma] If {f,} is a sequence of nonnegative measurable

functions, then
fliminf fnd,usliminfffnd,u.
n n

Proof: If g, = infy.p, f, then 0 < g, T g = liminf, f,. Thus by the theorem 2, fgnd,u 1
[ gdu. Since [ fodu > [ gndu, we have

flimninf fidu = Iirmfgndu
= Iimninffgndu

< Iimninfffnd,u.l

Theorem 4. [ Lebesgue’s dominated convergence theorem] If |f)] < g a.e,
where ¢ is integrable, and if f, — f a.e., then f and f,, are integrable and f fdu —

f fdu.
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Theorem 5. [ Interchanging integration and differentiation] Suppose that f(w, t)
is a measurable and integrable function of w for each t in (a,b). Let ¢(t) =
f f(w, Yu(dw). Suppose that for w € A, where A € F,u(QQ — A) = 0, f(w,t) has
a derivative f'(w,t) in (a,b) and that | (w,t)] < g(w) for w € A and t € (a,b), where g
is integrable. Then ¢(t) has derivative f f'(w, )u(dw) on (a,b).

Proof: By Lebesgue’s dominated convergence theorem and mean value theorem,

rn o dt+h)—o(t) f(w,t+h) - f(w,t)
SO =T = [ T

p(dw)

_ f f'(w, u(dw). =

Definition 13. [ Integration over sets ] The integral of f over a setAin ¥ is defined

by
ffd,u=flAfd,u
A

Notice that [, fdu = 0 if u(A) = 0.

Proposition 12. IfAq, Ay, ... are disjoint, and if f is either nonnegative or integrable,
then fUnAn fdu=>, fAn fdu.
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Proposition 13. [ H6lder’s inequality ] Let f and g be ¥ -measurable functions on
a measure space (Q, ¥, u) for which |f|P and |g|9 are integrable. For p,q > 0 such that

1+1—=1
1 1
P g
|ffgdu sf|fg|dus[f|f|pdu] U|g|Qdu]

P q
Definition 14. [ Density | Suppose that f is a nonnegative measurable function.
Define a measure v by

V(A :ffd,u, AcF
A

The measure v is said to have density f with respect to u. For formal substitution, we
write dv = fdu.

Remark 15. This is one of the methods of constructing a new measure from a given
measure. Note that u(A) = 0 implies that v(A) = 0. Clearly, v is finite iff f is integrable.

Theorem 6. If v has density f with respect to u, then

fgdv:fgfd,u
27



holds for nonnegative g. Moreover, g is integrable with respect to v iff gf is integrable
with respect to u, in which case

fgdv:fgfd,u, fgdv:fgfd,u
A A

both hold.
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Measure Theory: Lebesgue Integral

Definition 15. [ Lebesgue integral | A $B-measurable function on R is Lebesgue
integrable if it is integrable with respect to Lebesgue measure A, and its Lebesgue
integral [ fdA is denoted by [ f(X)dx.

Definition 16. [ Riemann integral ] Let f : [a,b] — R be a bounded function. The
function T is said to be Riemann integrable on [a, b] if

fabf(x)dx: fabf(x)dx

where

b n
f f()dx = sup{L(P, f) = > m(x — x_1)IP is a partition of f}

va_ i=1

and
— i
f f()dx = inf{U(P, f) = > Mi(x — x_1)IP is a partition of f}.
a i=1
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Here, my = inf{f(X)|xi_.1 < X < X} and M; = sup{f(X)|xi.1 < X < X;}. The common
value in that case is called the Riemann integral of f over [a,b] and is denoted by

[ £ (x)dx

Remark 16. The Riemann integral when it exists coincides with the Lebesgue
integral.

Remark 17. [ Riemann integrable] Let R[a,b] denote the set of all functions f
[a,b] —» R which are Riemann integrable. R[a, b] includes the class of all monotone
functions, the class of all continuous functions, and the class of all functions with finite
discontinuity points. A bounded function on a bounded interval is Riemann integrable
Iff the set of its discontinuities has Lebesgue measure O.

Example 7. [ Dirichlet function] Let f : (a, b] — R be defined by

F(x) = 1 ifXxis a rational
| 0 ifxisairrational

For any partition P of (a,b], U(P, f) = (b—a) and L(P, f) = 0. Thus f is not Riemann
integrable. But the Lebesgue integral is O because f = 0 a.e.

Remark 18. It is because of its extreme oscillations that the above function fails to
be Riemann integrable. This cannot happen in the case of the Lebesgue integral of a
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measurable function. If f fails to be Lebesgue integrable, it is because of its positive
part or its negative part is too large, not because of one or the other is too irregular.
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Measure Theory: Absolute Continuity

Definition 17. [ Absolutely continuous] Let u and v be two measures on a
measurable space (Q,¥). We say that v is absolutely continuous with respect p,
denoted by v < u, if, for A € F, u(A) = 0 implies v(A) = 0.

Remark 19. Ifv(A) = fA fdu, then certainly v < u. The Radon-Nikodym theorem
goes in the opposite direction.

Theorem 7. [ Radon-Nikodym theorem ]| Ifu andv are o -finite measures such that
v < u, then there exists a nonnegative f, a density, such that v(A) = fA fdu for all
A € . For two such densities f and g, u[f # g] = 0.
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Probability Theory: Probability Spaces

Definition 18. [ Probability space] A measure space (Q,F,P) is called a
probability space, where P is a probability measure on ¥ . A point w € Q is called
the sample point. A set A € ¥ is called an event. The event N with P(N) = 0 is called
a null event. A property which is true except for null events is said to hold almost
surely (a.s.) or with probability 1.

Example 8. [ Tossing coins ] Suppose we toss a coin three times. The sample
space is given by

Q = (HHH, HHT,HTH,HTT, THH, THT, TTH, TTT}

Each of the followings is a o-field

Fo = 10,9}

1. = {0, {HHH,HHT,HTH, HTT}L,{THH, THT, TTH, TTT}, Q}

> = {0, {HHH,HHTL{HTH HTT}L{THH THT}L{TTH, TTT}, Q, and their unions}
2 = F = The power set of Q
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Define P(A) = %(the number of elements in A). Then each (Q, %, P),k=0,1,2,3, is
a probability space.

Remark 20. In probability, the o-field is interpreted as the degree of information we
have about the result of an experiment.

Example 9. [ Counting measure] LetQ = {w1,wy,...} and ¥ be the power set of
Q). Here, the counting measure is o-finite. Let p1, P2, ... be nonnegative numbers
such that }; pi = 1. For each A = {wy,, wk,, ...}, define P(A) = % Px; - Then P
Is a probability measure, and is absolutely continuous with respect to the counting
measure.

Example 10. [ Lebesgue measure] LetQ = (0,1]. Then¥ = {0, (0,c], (c,1],Q},0 <
c < 1, isao-field. The Lebesgue measure is then a probability.

Example 11. [ Density ] Consider a measurable space (R", B,) and the Lebesgue
measure u. Assume that f is a measurable nonnegative function such that f fdu =1,
and define P(A) = fA fdu for each A € B,,. Then (R", B,,, P) is a probability space. We
call f the density of P with respect to u.
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Probability Theory: Random Variables

Definition 19. [ Random variable] Let (QQ,F,P) be a probability space. A F -
measurable function X : Q — R" is called a random variable or random vector. We
usually denote P(X~1(B)) = P(X € B), the probability that X is in B.

Remark 21. The probability space is essentially a mathematical construct, which
may be quite abstract. We therefore introduce mappings X from Q to R", the space
we understand easily. With a random variable X properly defined, we may consider
(R", B, I5) as a proper probability space to work in, the probability space induced by
X, where P(B) = P(X € B) for B € B,. (see proposition 8.)
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Probability Theory: Expectation

Definition 20. [ Expected value and variance] LetX = (Xy,...,Xn)" be a random
vector. We define

ﬂ:E(x):fXdP:(fxldP,...,fxndP)T

and call it the expected value (or mean) of X. The n by n matrix

Y =Var(X) = f(x — ) (X —p)"dP
where the integral is also taken componentwise, is called the variance of X.

Definition 21. [ Distribution and density | The distribution function of X is the
function F = Fx : R" — [0, 1] defined by

F(X) = P(X < x) forallx e R"

If there is a nonnegative integrable function f . R" — R such that

F(X) = f{ )
y<X
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then it is called the density function of X with respect to u. It follows that
P(X € B) = f f(X)u(dx), for all B € B,
B

Remark 22. The distribution P(X € B) is the probability measure on (R", B,).

Remark 23. The integral is an ordinary sum (discrete random variables), when u is
the counting measure, or an ordinary integral (continuous random variables) when u
IS the Lebesgue measure.

Theorem 8. Let X : Q — R" be a random variable with distribution function F and
density T with respect to u. Suppose g : R" — R, and Y = g(X) is integrable. Then

E(Y) = fR 09 f()u(c).

In particular,

E(X) = fR - (u(dx). Var(x) = fR (¢~ EQ))(x — EC)" f ()l
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Exponential Families: Definition

Definition 22. [ Exponential family ] Letv be a o-finite measure on (R", 8,). Let
O={0c Rdlf h(x) exp¢d, T (X))»(dx) < oo}.
RN

The quantity A, known as the log partition function, is defined by the integral

A®) =10g [ 16 exp(e. TE(e)
RN
and define

p(x; 6) = h(x) exp{<o, T(x)) — A(6)}

The family of probability densities {p(X; 6)|0 € ®} is called a d-dimensional exponential
family of probability densities. ® is called the natural parameter space. 0 € O is
referred to as a canonical parameter, and T (X) is known as a sufficient statistic.,

Definition 23. [ Regular exponential family ] An exponential family for which the
natural parameter space O is an open set is called reqular. Herein, we restrict our
attention to regular exponential families.
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Definition 24. [ Minimal representation | If there is no vector a € RY and constant
b € R such that (a, T(x)) = b holds v-a.e., the representation is said to be minimal.

Definition 25. [ Overcomplete representation | Ifthe representation is not minimal,
it is called overcomplete.
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Exponential Families: Basic Convexity

Proposition 14. © is a convex set.

Proof: Let 01,6, € ©,0 < a < 1. Then, by Holder’s inequality,

f h(x) explady + (1 — )6, TOO(dX) = f h(x)®(exp(B1. T (%)) () (exp(fa, T (x))) - v(cx)
104 1-a
< [ f h(x) exp<91,T<x)>v(dx)] [ f h(x) exp(01, T())v(dX)
< 0. i

Definition 26. [ Lower semi-continuous ] A function f : dom(f) c R" — R is
called lower semi-continuous at x € dom(f) if f(x) < liminf, f(x,) for every sequence
{Xn} € dom(f) that converges to X.

Proposition 15. A(6) is lower semi-continuous on RY, and C* on @.
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Proof: By Fatou’s lemma,

f h(x) exp(d, T)W(dx) = f hO) limiinf exp(@n, T ())v(cx)

< Iimninf f h(X) exp{bn, T (X))v(dx)

Hence, A(A) < liminf, A(6,). =

Proposition 16. The derivatives of A(0) are the cumulants of the random vector
T(X). In particular

S = EIT.)

2

%QA (59) = B[Ta()T(X)] = Eo[ Ta(X)]Eo[Tp(X)]
0B
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Proof: We can interchange the order of differentiation and integration.

OA0)
80,

é%@{Iog f h(x) exp(@,T(x)W(dx)}

J Ta(h(x) exp(d. T (x))v(dlx)
J 709 exp6, T (x))(dx)

_ f T, ()h(X){exp(d, T(X)) — A@)}v(dx)
= E[T,(X)]. m

Remark 24. A s also called the cumulant generating function of the random vector
T(x).

Proposition 17. A(6) is a convex function, and strictly convex if the representation
Is minimal.

Proof: Since

T1(xX) — ET1(X)
VPA(B) = E : [Ti(X) — ET1(X), -+, Ta(X) — ETa(X)]"
Ta(X) — ET4(x)
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the hessian V2A(#) is positive semi-definite on the open set ®, which ensures
convexity. If the representation is minimal, there is no vector a € RY and constant
b € R such that (a, T(x)) = b holds v-a.e. Then

var (@ TO) = E[a’T() - E@T()]
= a'E[TXTX)"Ja-a"E(T(X)E(T(X)"a
= a' V?A@)a>0

foralla # 0 € R9and 6 € ®. This strict positive definiteness of the Hessian on the
open set O implies strict convexity. ®

Proposition 18. [[V?A(6)] — o for any sequence {6;) c © approaching the
boundatry.

Proof. Let 6, be a boundary point, and let 8y € ® be arbitrary. By the convexity and
openness of O, the line segment 6; = af,+ (1— a)bp is contained in ® for all @ € [0, 1).
Since A(6) is differentiable and convex on 9,

A(6o) = A(6r) + (VA(6L), b — ).
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Then,

IA

A(6r) — A(6o) (VA(6), 6 — 6o)
KVA(6), 6; — 6p)|

< 16 = Goll IVA(G)II.

IA

As a — 1—-, A(6;) — oo by the lower semi-continuity of A. Since ||6; — 6p|| is bounded,
IV2A(G,)|| = 0. m
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Exponential Families: Legendre Duality

Definition 27. [ Conjugate] Let f : dom(f) c R" — R. The function f* : R" - R,
defined as

f*(y) = sup {y,x)— f(x)}

xedom(f)

is called the conjugate of the function f. The domain of the conjugate function
consists of y € R" for which the supremum is finite. The conjugate of a differentiable
function is also called the L.egendre transform of f.

Remark 25. f* is a convex function since it is the pointwise supremum of a family of
convex functions ofy.
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