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Local approximate inference algorithms

Kyomin Jung and Devavrat Shah

Abstract—We present a new local approximation algorithm A. Previous work
for computing Maximum a Posteriori (MAP) and log-partition ) o )
function for arbitrary exponential family distribution re presented The question of finding MAP (or ground state) of a given

by a finite-valued pair-wise Markov random field (MRF), say G.  MRF comes up in many important application areas such as
Our algorithm is based on decomposition ofG into appropriately coding theory, discrete optimization, image denoisingniSi

chosen small components; then computing estimates localin larly. | tition function i di i biogsl
each of these components and then producing good global arly, log-partition function I1s used In counting combiag

solution. Our algorithm for log-partition function provid es prov- Objects [3], loss-probability computation in computer -net
able upper and lower bounds on the correct value for arbitrary  works, [4], etc. Both problems are NP-hard for exact and even

graph G. For MAP, our algorithm provides approximation with  (constant) approximate computation for arbitrary gragh
quantifiable error for arbitrary  G. Specifically, we show that if the However, the above stated applications require solvingethe

underlying graph G either excludes some finite-sized graph as its bl - imole alaorith A | dssf
minor (e.g. Planar graph) or has low doubling dimension (e.gany problems using very simpie algorithms. A popular Successiu

graph with geometry), then our algorithm will produce solution ~ @pproach for designing efficient heuristics has been asvisll
for both questions within arbitrary accuracy. The running time  First, identify a wide class of graphs that have simple algo-

of the algorithm is ©(n) (n is the number of nodes inG), with  rithms for computing MAP and log-partition function. Then,
constant dependent on accuracy and either doubling dimenan, for any given graph, approximately compute solution either

or maximum vertex degree and the size of the graph that is b ing that simole alqorith heuristi .
excluded as a minor (e.g3 for all Planar graphs). y using that simple aigorithm as a heuristic or in a more

We present a message-passing implementation of our algo-SOPhisticated case, by possibly solving multiple sub-fenwis
rithm for MAP computation using self-avoiding walk of graph. In  induced by sub-graphs with good graph structures and then

order to evaluate the computational cost of this implementdon, combining the results from these sub-problems to obtain a
we derive novel tight bounds on the size of self-avoiding wkl gl|obal solution.

ggeﬁt.for arbitrary graph, which may be of interest in its own Such an approach has resulted in many interesting recent

As a consequence of our algorithmic result, we show that the "€Sults starting the Belief Propagation (BP) algorithmigiesd
normalized log-partition function (also known as free-enegy) for Tree graph [1]. Since there is a vast literature on thpscto
for a class of regular MRFs (e.g. Ising model on 2-dimensional we will recall only few results. In our opinion, two importan
grid) will converge to a limit, that is computable to an arbitrary  z|gorithms proposed along these lines of thought are the gen
accuracy, as the size of the MRF goes to infinity. This methodike eralized belief propagation (BP) [5] and the tree-rewesght
classical sub-additivity method, is likely to be widely apticable. . . .
. . . algorithm (TRW) [6]—[8]. Key properties of interest for thee
Index Terms—Markov random fields; approximate inference; jterative procedures are the correctness of their fixedtgoin
low doubling-dimension graphs; minor-excluded graphs; panar 54 convergence. Many results characterizing properties o
graphs; MAP-estimation; log-partition function; messagepassing the fixed int K tarti f 51 \ari f
algorithms; self-avoiding walk. he fixed points are known starting from [5]. Various suf-
ficient conditions for their convergence are known starting
[9]. However, simultaneous convergence and correctness of
such algorithms are established for only specific problems,
e.g. [10]-[12].

Markov Random Field (MRF) [1] based exponential family Finally, we dispuss two relevant results. T_he first rgsult
of distribution allows for representing distributions im a IS about properties of TRW. The TRW algorithm provides
intuitive parametric form. Therefore, it has been sucegssProvable upper bound on log-partition function for arhiyra
in modeling many applications (see, [2] for details). Tharaph [8]. However, to the best of authors’ knowledge thererr
key operational questions of interest are related to $itais IS not quantified. The TRW for MAP estimation has a strong
inference: computing most likely assignment of (partjallyconnection to specific Linear Programming (LP) relaxatién o
unknown variables given some observations and computatfé Problem [7]. This was made precise in a sequence of work
of probability of an assignment given the partial obseprmati Py Kolmogorov [13], Kolmogorov and Wainwright [12] for
(equivalently, computing log-partition function). In shpaper, binary MR_F. It is worth noting that LP relaxation can be poor
we study the question of designing efficient local algorighnven for simple problems.
for solving these inference problems. The second is an approximation algorithm proposed by

Globerson and Jaakkola [14] to compute log-partition fiomct
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provides provable upper bound for arbitrary graph. Howevestatistical physics for various reasons (see book by Madras
they do not quantify the error incurred. Further, their aitpon  and Slade [17]). Recently, Weitz [18] obtained a surprising
is limited to binary MRF. result that connected computation of marginal probabdity
a node in any binary MRF to that of marginal probability of
a root node in an appropriate self-avoiding walk tree. We use
a direct adaption of this result for computing MAP estimate
We propose a novel local algorithm for approximate como design message passing scheme for MAP computation. In
putation of MAP and log-partition function. For ary> 0, order to evaluate computation cost, we needed tight bound on
our algorithm can produce arapproximate solution for MAP the size on self-avoiding walk tree of arbitrary graph We
and log-partition function foarbitrary MRF G as long as>  obtain a novel characterization of size of self-avoidingkwa
has either of these two properties: (@) has low doubling tree within a factoR for arbitrary graphG. This result should
dimension (see Theoreni 2 ahtl 5), or (B)excludes a be of interest in its own right.
finite-sized graph as a minor (see Theordrhs 3 [@nd 6). ForFinally, as a (somewhat unexpected) consequence of these
example, Planar graph exclud&s s, K5 as a minor and thus algorithmic results, we obtain a method to establish existe
our algorithm provides approximation algorithms for Planaf asymptotic limits of free energy for a class of MRF.
graphs. Specifically, we show that if the MRF ig-dimensional grid
The running time of the algorithm i®(n), with constant and all node, edge potential functions are identical then th
dependent ore and (a) doubling dimension for doublingfree-energy (i.e. normalized log-partition function) gerges
dimension graph, or (b) maximum vertex degree and sige a limit as the size of the grid grows to infinity. In general,
of the graph that is excluded as minor for minor-excludeslich approach is likely to extend for aregular enoughtMRF
graphs. For example, f@-dimensional grid graph, which hasfor proving existence of such limit: for example, the result
doubling dimensionO(1), the algorithm takes”(¢)n time, will immediately extend to the case when the requirement of
whereloglog C(e) = O(1/¢). On the other hand, for a planarnode, edge potential being exactly the same is replacedeby th
graph with maximum vertex degree a constant, @¢1), the requirement of they being chosen from a common distribution
algorithm take<”’(¢)n time, with loglog C'(g) = O(1/¢). in an i.i.d. fashion.
In general, our algorithm works for ang and we can
guantify bound on the error incurred by our algorithm. It i€. Outline

worth noting that our algorithm provides a provable lower The paper is organized as follows. Sectioh Il presents
bound on log-partition function as well unlike many of thg\ecessary background on graphs, Markov random fields, ex-
previous results. ponential family of distribution, MAP estimation and log-

Our algorithm is primarily based on the following ideapartition function computation.

First, decomposé into small-size connected components say Section[Tl] presents graph decomposition schemes. These
G1,..., Gy by removing few edges ofi. Second, compute decomposition schemes are used later by approximation al-
estimates (either MAP or log-partition) in each of th& gorithms. We present simple, intuitive an@(n) running
separately. Third, combine these estimates to produceb@lglatime decomposition schemes for graphs with low doubling
estimate whilgaking careof theerror induced by the removed dimension and graphs that exclude finite size graph as a minor
edges. We show that the error in the estimate depends oBbth of these schemes are randomized. The first scheme is
on the edges removed. This error bound characterizationoigr original contribution. The second scheme was proposed
applicable for arbitrary graph. by Klein, Plotkin and Rao [15] and Rao [16].

For obtaining sharp error bounds, we need good graphSectionI¥ presents the approximation algorithm for com-
decomposition schemes. Specifically, we use a new, simple guting log-partition function. We describe how it provides
very intuitive randomized decomposition scheme for graplgper and lower bound on log-partition function for artijgra
with low doubling dimensions. For minor-excluded graphgraph. Then we specialize the result for two graphs of istere
we use a simple scheme based on work by Kilein, Plotkiow doubling dimension and minor excluded graphs.
and Rao [15] and Rao [16] that they had introduced to studySection[¥ presents the approximation algorithm for MAP
the gap between max-flow and min-cut for multicommoditgstimation. We describe how it provides approximate eséma
flows. In general, as long & allows for such good edge-setfor arbitrary graph with quantifiable approximation error.
for decomposing- into small components, our algorithm will Then we specialize the result for two graphs of interest: low
provide a good estimate. doubling dimension and minor excluded graphs.

To compute estimates in individual components, we useSection[V] describes message passing implementation of
dynamic programming. Since each component is small, ittise MAP estimation algorithm for binary pair-wise MRF for
not computationally burdensome. However, one may obtaanbitraryG. This can be used by our approximation algorithm
further simpler heuristics by replacing dynamic programgni to obtain message passing implementation. This algorithm
by other method such as BP or TRW for computation in theuilds upon work by Weitz [18]. We describe a novel tight
components. bound on the size of self-avoiding walk tree for a@y This

In order to implement dynamic programing using messagkelps in evaluating the computation time. The messagergassi
passing approach, we use construction based on self-agoidmplementation has similar computation complexity as the
walk tree. Self-avoiding walk trees have been of interest gentralized algorithm.

B. Contributions
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Section[VI] presents an experimental evaluation of ounotion of dimensiond in the Euclidian spac®<. It follows
algorithm for popular synthetic model on a grid graph. W&om definition that for any grapl, p(G) = O(logy n).
compare our algorithm with TRW and PDC algorithms and/e note the following property whose proof is presented in
show that our algorithm is very competent. An importandppendix[A.
feature of our algorithm is scalability. Lemma 1:For anyv € V andr € N, |B(v,2")| < 277(M).

Section[VITl presents the implication of our algorithmic Next, we introduce a class of graphs known ragor-
result in establishing asymptotic limit of free energy fegular excludedgraphs (see a series of publications by Roberston
MRFs, such as an Ising model @hdimensional grid. and Seymour under "the graph minor theory” project [22]). A
graphH is called minor ofG if we can transformG into H
through an arbitrary sequence of the following two operatio

. . . ) ) ) removal of an edge; (b) merge two connected vertices
A reader, interested in obtaining a quick understanding at is, remove edgéu,v) as well as vertices and v; add

the res_ul_ts_, should skip everythir_wg in SeCt i otherrt_haa new vertex and make all edges incident on this new vertex
the definition of(e, A) decomposition, and skip the Sectiony .+ \vere incident on or v. Now, if H is not a minor ofG
[VTlcompletely. Reading these two sections at the very end MAan we say tha€l excludesH as a minor

be helpful to parse the results with ease for all the readers. The explanation of the following statement may help un-

derstand the definition betteany graphH with » nodes is a
Il. PRELIMINARIES minor of K,, where K, is a complete graph of nodes. This
This section provides the background necessary for subieirue because one may obtafh by removing edges from
guent sections. We begin with an overview of some gragk, that are absent it/. More generally, ifG is a subgraph
theoretic basics. We then describe formalism of Markov ranf G’ and G has H as a minor, therG’ has H as its minor.
dom field and exponential family of distribution. We formigla Let K., denote a complete bipartite graph withnodes in
the problem of log-partition function computation and MAReach partition. Thenk, is a minor of K,.,.. An important
estimation for Markov random field. We conclude by statingnplication of this is as follows: to prove property P for gha
precise definitions of approximate MAP estimation and aj- that excludedd, of sizer, as a minor, it is sufficient to prove
proximate log-partition function computation. that any graph that excludés, , as a minor has property P.
This fact was cleverly used by Klein et. al. [15].

D. How to read this paper: a suggestion

A. Graphs B. Markov random field

An undirected grapkiz = (V, ) consists of a set of vertices A Markov Random Field (MRF) is defined on the basis of

“; :V\jel’c.;c.).n’sTiLd}etrh?);?resi(;:nlge(:trzd r?sy Stﬁ;to Ese?ngﬁ? I‘e/ : dadD undirected grapt¥ = (V, E) in the following manner. Let
. y P'e grapns, b geg_{l,...,n}andECVxV. For eachw € V, let X,

between a pair of nodes or self-loops are not allowed. Lgt . . . -
e random variable taking values in some finite valued space

Y.,. Without loss of generality, lets assume that = X for
allveV. LetX = (Xy,...,X,) be the collection of these
random variables taking values Yi*. For any subsel C V,

I'(v) ={u €V :(u,v) € E} denote the set of all neighboring
nodes ofv € V. The size of the sdf(v) is thedegreeof node
v, denoted ad,,. Letd* = max,cy d,, be the maximum vertex

degree inG. A clique of the graphG is a fully-connected we let X 4 denote{X,|v € A}. We call a subseS  V a

subsetC’ of the vertex set (i.e{u, v) € I for all u,v € C). cutof G if by its removal fromG the graph decomposes into

Nodesu andv are called connected if there exists a path R or more disconnected components. Thaiis$ — AUB

G starting fromwu and ending ab or vice versa Sincé&s is .
: : .. with AN B = () and there for any, € A,b € B, (a,b) ¢ E.
undirected. Each grap&y naturally decomposes into d|3]0|nt_|_heX is called a Markov random field, if for any cstc V.,

i < i< . . .
sets of verticesy, ..., Vi where forl < i < k, any two X4 and X g are conditionally independent giveds, where
nodes sayu,v € V; are connected. The sel§,...,V, are V\S = AU B

called _the connected compone_nts(hf : By the Hammersley-Clifford theorem, any Markov random
We introduce a popular notion afimensionfor graphG .. : : . .
(see recent works [19] [20] [21] for relevant details) Definﬂeld that is strictly _posm_ve (LePr(X = x) > O_f_or all
’ x € X") can be defined in terms of a decomposition of the

de: V>V =Ry as distribution over cliques of the graph. Specifically, we Iwil
dg (7, 5) = length of the shortest path between i and ;. restrict our attention to pair-wise Markov random fieldsl§®
. . . defined precisely soon) only in this paper. This does notrincu
If i = j thendg(i,j) = 0 and if, j are not connected, then oo o generality for the following reason. A distributain
definedg(i,j) = co. It is easy to check that thus defineqenresentation that decomposes in terms of distributicer ov
dg is a metric on vertex sét. Define ball of radius' € Ry ¢jjques can be represented through a factor graph overetiiscr
aroundv € V asB(v,r) = {u € V 1 da(u,v) <r}. Define \aiapies Any factor graph over discrete variables can be
plv,r) = inf{KeN:Ju,...,ux €V, ]tcranformedl i)ntg a paigwise Marklov randon;lfield (see, d[7]
K or example) by introducing auxiliary variables. As reader
B(v,r) € Uima B(ui,7/2)}- shall notice, the techniques of this paper can be extended
Then, p(G) = sup,cy,er, p(v,7) is called thedoubling to Markov random fields with higher-order interaction that
dimensionof graphG. Intuitively, this definition captures the contains hyper-edges.
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Now, we present the precise definition of pair-wise Markov [1l. GRAPH DECOMPOSITION

random field. We will consider distributions in exponential |, this section, we introduce notion gfaph decompositian

form. For each vertex» € V' and edge(u,v) € E, the \ye describe very simple algorithms for obtaining decompo-

corresp02nd|ng potential functions atg, : ¥ — Ry and gjtion for graphs with low doubling dimension and minor-

Yup + X7 — Ry. Then, the distribution oX is given as gycjuded graphs. In the later sections, we will show thahsuc

follows: for x € %7, decomposable graphs are good structures in the sensedfat th
allow for local algorithms for approximately computing fog

Pr[X =x] o exp Z Do(Ty) + Z Yy (0, ) | (1) partition function and MAP.

veV (u,v)EE

We note that the assumption @f,,,, being non-negative A. (¢, A) decomposition

does not incur loss of generality for the following reasons: Givene, A > 0, we define notion ofe, A) decomposition

(a) the distribution remains the same if we consider padéntfgy 5 graphG = (V, E). This notion can be stated in terms of

functions ¢, + C, ¢ + C, for all v € V,(u,v) € E  yertex-based decomposition or edge-based decomposition.

with constantC’; and (b) by selecting large enough constant, \ye call a random subset of verticBs— V' as(e, A) vertex-

the modified functions will become non-negative as they agRcomposition ot if the following holds: (a) For any € V,

defined over finite discrete domain. Pr(v e B) <e. (b) LetS;, ..., Sk be connected components
of graphG’ = (V', E') whereV’ = V\B and E’ = {(u,v) €
C. Log-partition function E :u,v € V'}. Then,max;<x<x |Sk| < A with probability
The normalization constant in definitionl (1) of distributio 1-
is called thepartition function Z. Specifically, Similarly, a random subset of edgésC E is called an
(e, A) edge-decomposition @ if the following holds: (a) For
anye € E, Pr(e € B) <e. (b) LetSy,..., Sk be connected
Z = Z eXp Z Po(z0) + Z Yuw(Tu; o) | - components o(f grap)ﬁl’ = (V',E') whereV’' =V andE’ =
xexr vev (wv)ek E\B. Then,max,<x<x |Sk| < A with probability 1.

Clearly, the knowledge of is necessary in order to evaluate
probability distribution or to compute marginal probatis,
ie. Pr(X, = a,) for v € V. In applications in computer . ) . )
scienceZ corresponds to the number of combinatorial objects, TS Section presentgs, A) decomposition algorithm for
in statistical physics normalized logarithm Bfprovides free- 9raphs with low doubling dimension for various choice of
energy and in reversible stochastic netwogkprovides loss ¢ @nd A. Such a decomposition algorithm can be obtained
probability for evaluating quality of service. through a probabilistically padded decomposmon for ;uch
In this paper, we will be interested in obtaining estimate &aPhs [20]. However, we present our (different) algorithm

log Z. Specifically, we will callZ as ane-approximation of due to its simplicity. Its worth noting that this simpliciyf
7 if the algorithm requires proof technique different (and more

(1-e)logZ < log Z < (1+¢)log Z. complicgted) thgn that kpown in the literature.

We will describe algorithm for node-baséd A) decompo-
sition. This will immediately imply algorithm for edge-he
) o ) ) decomposition for the following reason: giver = (V, E)
The maximum a posteriori (MAP) assignmexit is one yth doubling dimensiorp(G), consider graph of its edges

B. Low doubling-dimension graphs

D. MAP assignment

with maximal probability, i.e. G = (E,E) where(e,¢’) € £ if e, ¢’ shared a vertex ii67. It
x* € arg max Pr[X = x|. is easy to check thai(G) < 2p(G) + 1 Thergfore, (unning
xexn algorithm for node-based decomposition @mwill provide an
Computing MAP assignment is of interest in wide varietgdge-based decomposition.
of applications. In combinatorial optimization problem} The node-based decomposition algorithm far will be

corresponds to an optimizing solution, in the context ofgma described for the metric space bnwith respect to the shortest

processing it can be used as the basis for image segmentafiath metricde introduced earlier. Clearly, it is not possible

techniques and in error-correcting codes it corresponds tiohave(e, A) decomposition for any and A values. As will

decoding the received noisy code-word. become clear later, it is important to have such decompositi

In our setup, MAP assignmert* corresponds to for e and A being not too large (specifically, we would like

A = O(logn)). Therefore, we describe algorithm for any
¢ > 0 and an operational parameté&f. We will show that
the algorithm will producee, A) node-decomposition where
A will depend one, K andp.

Define, H(x) = (X ev o (@) +22 (0 0)ep Yuv (@Tu, 20)). We Givene and K, define random variabl€) over{1,..., K}

will be interested in obtaining anestimate, sak, of x* such as

that

<* € arg max (Z bo(T0) + Z N G

veV (u,v)eE

o Jel—o)t f1<i<K
(I —e)H(x*) < H(X) < H(x"). PriQ=il= {(1 —e)K =K



SUBMITTED TO IEEE TRANSACTION ON INFORMATION THEORY

Define, Pk (1 — e)X=1, The algorithm B-DIM (e, K)
described next essentially does the following: initialgl

the graphG, upon removal of3, decomposes into connected
component each of size at ma&t”.

vertices are coloreavhite. Iteratively, choose a white vertex pgefore. we prove (a) and (b), lets bound the running time

arbitrarily. Let u; be vertex chosen in iteratioh Draw an
independent random number as per distributio®oBayQ;.
Select allwhite vertices that are at distan€®, from u, in 5
and color thenblug color all white vertices at distance Q;
from u,; (including itself) asred. Repeat this process till no
morewhite vertices are left. OutpuB (i.e. blue nodes) as the
decomposition. Now, precise description of the algorithm.

DB-DIM (g, K)

(1) Initially, set iteration numbet = 0, Wy =V, By = 0
and Ry = 0.
(2) Repeat the following tilWW; # 0:
(a) Choose an element € W; uniformly at random.
(b) Draw a random numbep, independently according
to the distribution ofQ.
(c) Update
() Biy1 — BiU{w|dg (ug, w) = Q¢ and w € W, },
(||) Rt+1 — Rt U {’LU|dG(’LLt,’LU) < Qt and w S
Wi,
(i) Wepr = Wi N (B U Req1)".
(d) Incrementt < t + 1.
(3) Outputs,.

We state property of the algorithmebpim (e, K) as fol-
lows.

Lemma 2:Given G with doubling dimensiorp = p(G)
ande € (0,1), let K(e,p) = *2log(22). Then Ds-
DIM(e, K (g, p)) produces random outpuB C V that is
(2¢,A(e,p)) node-decomposition ofG with A(e,p) <
K (g, p)?r. The algorithm take€)(C(e, p)n) amount of time
to produceB, whereC(e, p) = K (¢, p)**.

of the algorithm. Note that the algorithm runs for at mast
iterations. In each iteration, the algorithm needs to chexles
that are within distanc& (e, p) of the randomly chosen node.
Therefore, total number of operations performed is at most
O(K (g, p)?f). Thus, the total running time i©(nK (¢, p)?*).
Now we first justify (a) and then (b).

Proof of (a).To prove (a), we use the following Claim.

Claim 1: Consider metric spact1 = (V,dg) with |V] =
n. Let B C V be the random set that is output of decompo-
sition algorithm with parametefe, K') applied toM. Then,
foranyv € V

Prlv € B] < ¢ + Px[B(v, K)|,

whereB(v, K) is the ball of radiusk” in M with respect to
the dg.

Proof: (Claim[d) The proof is by induction on the number
of pointsn over which metric space is defined. When= 1,
the algorithm chooses only point ag in the initial iteration
and hence it can not be part of the output BefThat is, for
this only point, sayv,

Prjv € B] =0 < e+ Px|B(v, K)]|.
Thus, we have verified the base case for inductioa=(1).

As induction hypothesis, suppose that the CI&im 1 is true
for any metric space on points withn < N for someN > 2.
As the induction step, we wish to establish that for a metric
spaceM = (V,dg) with |V| = N, the Claim[1 is true.
For this, consider any point € V. Now consider the first
iteration of the algorithm applied ta1. The algorithm picks
ug € V uniformly at random in the first iteration. Given

Before presenting the proof of Lemnid 2, we state ttoepending on the choice afy we consider four different cases

following important corollary for designing efficient algdhm.

Corollary 1: Let ¢ < 1,p be such thatplog(p/e) =
o(loglogn). Then DB-DIM(¢/2,K(g/2,p)) produces

(or events).

Case 1.This case corresponds to evént where the chosen
randomuy is equal to point of our interest. By definition of

(e,log'/* n) node-decomposition for any finite (not scalingdlgorithm, under the event,, v will never be part of output

with n) L .
Proof: Sinceplog(p/e) = o(loglogn), we have that

24 48
2p <1og ?p + log log ?p> = o(loglogn).
Therefore, by definition of< (¢, p) we have that

K(e/2,p)*

24 48
exp (2p [log ?p + loglog Tp})

exp (o(loglogn))
logl/L n,

IN

)

setB. That is,
Prjv € B|E1] =0 < e+ Pg|B(v, K)|.

Case 2.Now, supposeuy be such thatv # wug and
dg(ug,v) < K. Call this eventE,. Further, depending on
choice of random numbe®p,, define events:

FEy = {d(;(UO,U) < Qo}, = {dg(uo,v) = Qo}, and
Ea3 = {dg(uo,v) > Qo}-

By definition of algorithm, whenks; happensy is selected

for any finite L. The last inequality follows from the definitionas part of R; and hence can never be part of outgsit
of notationo(-). Now, LemmdR implies the desired clain® When E,, happensv is selected as part oB; and hence
Proof: (Lemm&R)To prove claim of Lemma, we needit is definitely part of output seB. When E»3 happensy is
to show two properties of the output sBtfor given ¢ and neither selected in sé®, nor selected in seb;. It is left as
K = K(e,p): (@) for anyv € V, Pr(v € B) < 2¢; (b) an element of the sét/;. This new se®V; has points< N.
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The original metricdg is still a metric on poinﬂ;of Wi. By
definition, the algorithm only cares abotV;,d¢) in future
and is not affected by its decisions in past. Therefore, we ca
invoke induction hypothesis which implies that if evefiis
happens then the probability of € B is bounded above by
£ + Pk|B(v, K)|. Finally, let us relate thér[Ey; |F,] with
Pr[Fa|Es). Supposedg (ug,v) = ¢ < K. By definition of
probability distribution ofQ, we have

[BaslBs] = (1 _E)g_l 3) Now, the four cases are exhaustive and disjoint. That is,

222 ' UL | E; is the universe. Based on the above discussion, we

obtain the following.

Case 4.Finally, let £, be the event thatlg (up,v) > K.
hen, at the end of the first iteration of the algorithm, we
again have the remaining metric spagé’;,d¢) such that
[Wi| < N. Hence, as before by induction hypothesis we will
have

Prjv € B|E4] < ¢ + Pk |B(v, K)|.

K-1
PrEyn|Ey] = (1—e)f 14+ ) e(l—e)! 4
j=t+1 Prlv e B] = ZPr[v € B|E;| Pr[E;]
= (1-¢). (4) =1
That is, - < (maxPr v € B|E;] ) (Z Pr[E )
PI‘[E22|E2] = 1— PI‘[E21|E2].
- < e+ Pg|B(v, K)|. 9)
N
Let ¢ = Pr[E2|E2]. Then, This completes the proof of Claifd 1. [
Prjv € B|Es] = Prv € B|Eay N Es] Pr[Eay | Es] Now, we will use Clain 1L to complete the proof of (a). Lemma

[ for metric space with doubling dimensign and integer
+ Pr{v € B| By N ] Pr{Eps | B distances imply that,
+ PI‘[U S B|E23 N Eg] PI‘[E23|E2]
£q q IB(v, K)| < ’B (U72ﬂog2 KW)‘ < gp(logy K+1) (2K)*.

= 1-: +(e+ Pk|B(v,K)|) (1 - ——

Pre[B( K)ll ~ ¢/ Therefore, it is sufficient to show that
qI'K v,
< e+ Px[B(v, K)|. (5) Recall that (¢, p) = 1221og (22) , and Py = (1 — )k~
Hence,
Case 3.Now, suppose:, # v is such thadg (up,v) = K. 12 24
Call this eventEs. Further, let evenfys; = {Qo = K}. Due K = =P log (—p>
to independence of selection €%, Pr[Es;|Es] = Px. Under < <
eventEs; N B3, v € B with probability 1. Therefore, > 6p (1Og (@) + log log (@))
- € € €
PI‘[’U S B|E3] = PI‘[’U S B|E31 N Eg] PI‘[E31|E3] 6p
c c = —log2K. (10)
+ Pr[v € B|ES; N Es] Pr[ES,|Es) c

= Prx +Prlv e BIE5; N Es](1 - Pr)-(6)  Now sincek > 3, we obtain thatk' — 1 > 22 log 2. Then,

1
Under event,ES, N E3, we havev € W, and the remaining from K> 2 andp > 1,

metric spaceW;,dg). This metric space has N points.
Further, the ball of radiugd aroundv with respect to this
new metric space has at md&(v, K)| — 1 points (this ball
is with respect to the original metric spagd of N points).
We can invoke induction hypothesis for this new metric space

(because of similar justification as in the previous case) to (K —1)log(1 —¢)~! > plog 2K+10g§,
obtain

1
K—1>—log2K—|— log—

Note thatlog(l —&)~' > log(14+¢) > §, fore € (0,1).
nce,

. which implies
Prjv e B|ES; NEs] < e+ Px(|B(v,K)|—1). (7) (1- o)k 12K <e.

From [8) and[{(I7), we have
Prlve BIEs] < Pr+ (1= Pr)e+ Pe(Bv. K)[ = 1)) proot of (b). First we give some notations. Defing, —
- E(l_PK)+PK|B(va)| Ri —Ri—1, B: = By — Bi_1 and

2 —
+ Pic (1= [B(v, K)) ORy={veV:v¢ R and3 v € R; s.t.dg(v,v) =1}.
< e+ Pg[B(v, K)|. (8)

This completes the proof of (a) of Lemrh 2.

The followings are straightforward observations impligdie

INote the following subtle but crucial point. We are not chiagghe metric r5?!_90rithm: foranyt > 0, (i) Rtm.Rtfl =0, (i) B:NB;—1 =0,
dg after we remove points from original set of points as parhefalgorithm.  (iii) Ry C B(u¢—1,Q¢—1), and (iv) B; C B(ut—1,Q+—1+1)—
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B(u:—1,Q:—1). Now, we state a crucial claim for proving (b).C. Minor-excluded graphs

Here we describe a simple and explicit construction of

Claim 2: For allt > 0, R, C B;. decomposition for graphs that exclude certain finite sized

graphs as their minor. This scheme is a direct adapation of

Proof: (Claim [2) We prove it by induction. Initially, a scheme proposed by Klein, Plotkin, Rao [15] and Rao [16].
Ry = By = 0 and hence the claim is trivial. At the endwe describe an(c, A) node-decomposition scheme. Later,

of the first iteration, by definition of the algorithm we describe how it can be modified to obtdin A) edge-
Ry = Ri = B(uo, Qo), and decomposition. .

Suppose, we are given gragh that excludes grapli,. ,

By = By = B(ug, Qo + 1) — B(uo, Qo). as minor. Recall that if a graph excludes some gréptof r

nodes as its minor then it excludés. , as its minor as well.
In what follows and the rest of the paper, we will always
assumer to be some finite number that does not scale with
n (the number of nodes iG7). The following algorithm for
generating node-decomposition uses paramétekater we
Suppose to the contrary, théR, ., ¢ By,1. That is, there shall relate the parametdrto the decomposition property of

existsv € R, such that ¢ B,. By definition of algorithm, the output.
we have MINOR-V(G, r, A)

Ry = B(Uz, Qz) — (Rz @] Bg).

Therefore, by definitiordR; = B;. Thus, the base case of
induction is verified. Now, as the hypothesis for induction
suppose thab R, c B, for all t < ¢, for somel > 1. As
induction step, we will establish th&R, 1 C B41.

(0) Inputis graphiG = (V, E) andr, A € N. Initially, i = 0,

Therefore,
Go =G, B=0.
ORy1 C (B(ug, Qe+ 1) — B(ug, Qe)) UR, U By. (1) Fori=0,...,r — 1, do the following.
Again, by definition of the algorithm we have (a) LetS,..., S, be the connected components(ef
(b) For eachSj;,1 < j < k;, pick an arbitrary node
Biyr = B(ug, Qe+ 1) — B(ug, Qo) — Re — By v € SL.
Thereforep € By, orv € Ry, UB,. Recall that by definition o Create a breadth-first search trgg rooted atu,
of algorithm 8, N R, = 0. Since we have assumed thatt in S
Byy1, it must be thatv € R,. That is, there existg’ < ¢ o Choose a numbebgl uniformly at random from
such thatv € R,. Now sincev € dR,y; by assumption, it {0,...,A—1} ‘ ‘
must be that there exists € Ry such thatdg (v,v") = 1. o LetB; be the set of nodes at leve}, A+ L7, 2A+
Since by definitionR, 1 N Ry = (), we havev’ € OR,. By Li,...in T}
induction hypothesis, this implies that € B, C B,. That o UpdateB = Bufgl B;
is, B, N Ryy1 # 0, which is a contradiction to the definition (c) seti =i+ 1.

of our algorithm. That is, our assumption thaR,1 ¢ Bry1 ,
is false. Thus, we have established the inductive step. Th(ls) OutputB and grapht:’ = (V, E\B).
completes the induction argument and proof of the Claim 2:

As stated above, the basic idea is to use the following step
recursively (upto depth- of recursion): in each connected

Now when the algorithm terminates (which must happePmponent, sayS, choose a node arbitrarily and create a

within n iterations), say the output setfis- andV — By = Ry breadth-first search tree, s&. Choose a number, say,

for someT'. As noted aboveR; is a union of disjoint sets uniformly at random from{0, . — 1}. Remove (and add

Ri,..., Rp. We want to show thak;, R, are disconnected for to B) all nodes that are at level + kA, k > 0in 7. Clearly,

anyl <i< j < T using Clainf2. Suppose to the contrary thahe total running time of such an a'QO”thm@(T(” +|E]))

they are connected. That is, there exists R; andv’ € R; for a graphG = (V, E) with [V| = n; with possible parallel

such thatdg (v,v’) = 1. SinceR; N R; = 0, |t must be that implementation across different connected components.

v € OR;,v € OR;. From Clain{2 and fact tha, C By, for Figure[1 explains the algorithm for a line-graphsof= 9

all ¢, we have thatR NB+#0,R;NB # 0. This is contrary nodes, which excludek’ » as a minor. The example is about

to the definition of the algorlthm Thus, we have establishédsample run of MOR-V(G,2,3) (Figure[l shows the first

that Ry,..., Ry are disconnected components whose unidigration of the algorithm).

isV — BT. By definition, each ofR; C B(u;_1,K). Thus, The following is the result that was in essence proved in

we have established thdt — By is made of connected [15], [16].

components, each of which is contained inside balls of smadiu Lemma 3:1f G excludesK,., as a minor. Let3 be the

K with respect todg. Since,G has doubling dimensiop, output of MINOR-V (G, r, A). Then each connected component

Lemmall implies that the size of any ball of radiiisis at of V\B has diameter of siz&(A).

most (2K)”. Given choice of: <1 andp > 1, we have that Proof: This Lemma, forr = 3 was proved by Rao in

K > 2. Therefore,(2K)? < K?°. This completes the proof [16] (Lemma 5 and Corollary 6 of [16]). The result is based

of (b) and that of Lemma] 2. B on Theorem 4.2 of [15], which holds for amy Therefore, the
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(a) LetSi,...,S) be the connected components®f

B S (b) For eachSi,1 < j < k;, pick an arbitrary node
vj € SJZ
i/ o Create a breadth-first search trgg rooted atv,
in S .
o Choose a numbeL; uniformly at random from
. T} {0,...,A—1} _ _
Ly=1 o LetB: be the set of edges at levk}, A+ L, 2A+
Li,...inT}

o UpdateB = B UL, Bi.
(c) seti =i+ 1.
¢ (3) OutputB and graph’ = (V, E\B).

Lemma 5:SupposeG excludesk,., as a minor. Letd*
G, o9 © © © o—9o o be maximum vertex degree of nodes G Then algorithm
MINOR-E(G, 7, A) outputs B which is (r/A,d*°™) edge-
decomposition of7.
Proof: Let G* be a graph that is obtained froi by
adding center vertex to each edge(dflt is easy to see that
if G excludesk, , as minor then so does*.

Now the algorithm MNOR-E(G,r,A) can be viewed
as executing MNOR-V(G*,r,2A-1) with modification that
result of Rao naturally extends for amy This completes the the random numberdjs are chosen uniformly at random
justification of Lemma. m from {1,3,5...2A — 1} instead of the whole support
Now using Lemm&13, we obtain the following Lemma. {1,2,...,2A —1}. To prove Lemmal5, we need to show that:

Lemma 4:SupposeG excludesk,., as a minor. Letd* (a) each edge is part of the output &etwith probability at
be maximum vertex degree of nodes Gh Then algorithm MOStr/A, arz)o!A()b) each of the connected component/ai3
MINOR-V(G, 7, A) outputs B which is (r/A,d*°™) node- IS at mostd™ .
decomposition of;. Thg (a) follows from exactly .the same argyments as those

Proof: Let R be a connected component B 3. From used in Lemma@l4. For (b), consider the following. The Lemma
Lemma[B, the diameter of? is O(A). Since d* is the B implies that if the algorithm was executed with the random

maximum vertex degree of nodes @f the number of nodes NUmbers Ljs being chosen fron{1,2,...,2A — 1}, then
in R is bounded above by*©™). the desired result follows with probability. It is easy to

To show thatPr(v € B) < r/A, consider a vertex € V. S€€ that under the execution of the algorithm with these
If v ¢ B in the beginning_of an iteratiop < i < r — 1. choices for random numbers, with strictly positive protigbi

then it will present in exactly one breadth-first search ,treéndependent of.) all the Ljs are chosen only from the odd

say 7;_1'_ This vertexv will be chosen inB;? only if it is at numbers, i.e.{_1,3,5, . .2_A — 1}. Therefore, it must be that
level kA + L for some integek > 0. The probability of this when we restrict the choice of numbers to these odd numbers,

the algorithm must produce the desired result. This coraplet
the proof of Lemmals. [ |

51 SQ 53

Fig. 1. The first of two iterations in execution ofIMOR-V(G, 2, 3) is shown.

event is at most /A sinceL§ is chosen uniformly at random
from {0,1...,A — 1}. By union bound, it follows that the _ ; ) )
probability that a vertex is chosen to be fhin any of ther Figure[2 explains the algorithm for a line-graphof= 9

iterations is at most/A. This completes the proof of Lemma®d€s, which excludek’ ; as a minor. The example is about
a. m 2 sample run of MOR-E(G, 2,3) (Figure[2 shows the first

It is known that Planar graph exclud&s ; as a minor. Hence, Iteration of the algorithm).

Lemmal4 implies the following.
Corollary 2: Given a planar grapt¥ with maximum vertex IV. APPROXIMATE log Z
degreed*, then the algorithm MNOR-v(G,3,A) produces Here, we describe algorithm for approximate computation
(3/A, d*°™) node-decomposition for any > 1. of logZ for any graphG. The algorithm uses an edge-
We describe slight modification of MoR-v to obtain decomposition algorithm as a sub-routine. Our algorithor pr
algorithm that produces edge-decomposition as followgeNo/ides provable upper and lower boundlog Z for any graph
that the only change compared toimbR-v is the selection G. In order to obtain tight approximation guarantee, we will
of edges rather than vertices to create the decomposition. Use specific graph structures as in low doubling dimensiah an
MINOR-E(G, -, A) minor-excluded graph.

(0) Input is graphG' = (V, E) andr, A € N. Initially, i =0, A. Algorithm
Go =G, B=1. In what follows, we use term Ecomp for a generic edge-
(1) Fori=0,...,r — 1, do the following. decomposition algorithm. The approximation guarantedef t
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B. Analysis ofLOoG PARTITION: General G

G o o o o o o o oo
Here, we analyze performance obG PARTITION for any
¢ G. Later, we will use property of the specific graph structure
to obtain sharper approximation guarantees.
Theorem 1:Given a pair-wise MRFG, the LOG PARTI-
TION producedog 7, g, log Zyg such that
1 ~ ~
Li=1 T log Z1g < log Z < log Zuyg,
1OgZUB —10gZLB = Z ( Z—d)le) .
(i,5)eB
It takes O (|E||E||S*‘) + Tbecome time to produce this es-
\L timate, where{S*| = max/*, |S;| with DEComP producing
decomposition of7 into Sy, ..., Sk in time Tbecowe:
G, o 9o 9o o 9o o o o o Proof: First, we prove properties dbg Z, g, log Zug as
1 2 3 4 5 6 7 8 9 follows:
5 (0)
S1 So S3 logZis = ZlogZ + Z ¥
(i,7)€B
Fig. 2. The first of two iterations i tion ofIMOR-E(G, 2, 3) is shown. a
19 efrsto O Iterations In execution ofl R E( )ISS own (:) 1og [ Z exp <Z (bz ,
xen™ ieV
output of the algorithm and its computation time depend en th o
property of DEcomP. For graph with low doubling dimension, * _ z}; sz” Zi: 2;) ZBw
we use algorithm B-bim (over the edge graph) and for graph (44) B (h4)€
that excludesk, , as minor for somer, we use algorithm ®)
MINOR-E s log Z exp Z(bi(xi)
xexmn i€V
LOG PARTITION(G)
+ Z Vi (wi, 25) + Z Vij (i, 15)
(1) Use DecomA(G) to obtainB C E such that (i,4)€E\B (i,4)eB
(@) G’ = (V,E\B) is made of connected components = logZ
S1,...,SK. (e)
bR < log| Y exp| Y i(x)
(2) For each connected componefjt 1 < j < K, do the enn eV
following:
(a) Compute partition functior¥; restricted tosS; by + Z Vi (w5, 25) + Z w%
dynamic programming (or exhaustive computation). (i,))€E\B (i,4)eB
(3) Let zl]/ = min(%m/)ey U)'LJ (CC, I/), g = (d)
Inax(m,m/)ep 1/}ij(£C,I/). Then = ZlOgZ + Z ’l/]
(i,7)€B
1OgZLB - ZlOgZ + Z wzjv = 10gZUB.

(i,7)€B
& We justify (a)-(d) as follows: (a) holds because by removal o

. edgess3, the G decomposes into disjoint connected compo-

log Zug = ZIOgZ + Z Vi nentssS, ..., Sk; (b) holds because of the definition of:;
(c) holds by definitionwg and (d) holds for a similar reason
as (a). The claim about differendeg Zyg — log Z 5 in the
statement of Theorefd 1 follows directly from definition®(i.

In words, LOG PARTITION(G) produces upper and lowersubtract RHS (o) from (d)). This completes proof of claimed
bound onlog Z of MRF G as follows: decompose graghinto  relation between boundsg Z g, log Zug.
(small) component§,, ..., Sk by removing (few) edge8 c For running time analysis, note thabls PARTITION per-
F using DECOMA(G). Compute exact log-partition function informs two main tasks: (i) Decomposirdg using DEcomp al-
each of the components. To produce bOUh@SZLB,log ZUB gorithm, which by definition tak@peconpe time. (i) Comput-
take the summation of thus computed component-wise ld§g Z; for each componens; through exhaustive computa-
partition function along with minimal and maximal effect oftion, which takesO(|E; ||E|‘S ‘) time (whereE; are edges
edges fromB. between nodes of;) and producinglog Zis,log Zug takes

(i,5)€B
(4) Output: lower boundlog Z.s and upper bountbg Zug.
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addition |E| operations at the most. Now, the maximum size ® H (1 + exp( Z — iLj))GXP( fj)

among these components [i8*|. Further, theU;E; C E. (i,j)EM
Therefore, we obtain that the total running time for thisktas ()
is O(|E||Z||S*|). Putting (i) and (ii) together, we obtain the 2 H exp( Z— zL;)
desired bound. This completes the proof of Theokém 1m (i,5)eM
= exp| > vk (11)
(i) €M

Justification of (0)-(c): (o) follows sincey;;,¢; are

non-negative functions. (a) consider the following
C. Some preliminaries probabilistic  experiment:  assign (z;,z;) for each
(i,j) € M equal to (zf,2) or (zf,zf) with
probability 1/2 each. Under this experiment, the
expected value of theexp(z(m)eM1/;“(:1:1-,:03-)), which

Before stating precise approximation bound add.PAR-
gp bp exp(vhi; (2] sx ] ) +exp(ij (@] @)

TITION algorithm for graphs with low doubling dimensionis H(i_j)eM 5 , is equal to
and graphs that exclude minors, we state two useful LemnpsM\[zer exp(X-; jyenr Yij (i, ;). Now, use the fact
aboutlog Z for any graph. that ¢ (zF,2%) > k. (b) follows from simple algebra
Lemma 6:1f G has maximum vertex degre& then, and (c) follows by using non-negativity of functiof;;.
Therefore,
1
log Z > 3wl vkl logZ > ) (0 —vf)
ds+1| < -
(i.j)€E (i,j)eM
. . 1
Proof: Assign weightw;; = 4fj — ¢]; to an edge > Soo@h-vh) . (12
(i,7) € E. Since graph has maximum vertex degr&e by (i.j)EE

Vizing's theorem there exists an edge-coloring of the gra%ing fact about weight of. This completes the proof of
using at most* + 1 colors. Edges with the same color for emma® -

a matching of the&=. A standard application of Pigeon-hole’s Lemma 7:If G has maximum vertex degre& and the

principle implies that there is a color with weight at Iea%ECON| ) oroducesB that is (c. A) edge-decomposition
77 (X (i.j)er wij)- Let M C E denote these set of edges H(G) produ s (2,4) edg postion,

IR then R R
atis, E [log Zug — log ZLB} <e(d*+1)logZ,
1 . .
U_ B> U_ By w.r.t. the randomness i3, and LOG PARTITION takes time
(ijéM( i 1%) —d +1 (iéE(d}m ’LJ) O(nd*|E|A) + TDECOMP-

Proof: From Theoreni]l, LemmA&] 6 and definition of

Now, consider aQ c X" of size 2/M| created as follows. (s, A) edge-decomposition, we have the following.

For (i,7) € M let (:CZU,xJU) € argmax(, ,ex? Yij(z, ')

For eachi € V, chooser’ € ¥ arbitrarily. Then, E |log Zug — log ZALB} < E Z W5 — k)
Q = {xe¥":V(i,j) € M, (x;x;) = (z ,af) or e o
(zF, 2L);for all other i € V, x; = zF}. - Z Pr((i.j) € B)(¥ij = ¥ij)

1%y L
(i,J)€E
Note that we have used the fact theft is a matching forQ

to be well-defined. < ¢ Z wg _ %Lj)
By definition ¢;, 1;; are non-negative function (hence, their (1.1)€E
exponents are at leas). Using this property, we have the < e(d" +1)logZ.
following: Now to estimate the running time, note that underA)
[ decompositions, with probability 1 the G’ = (V, E\B) is
Z > > exp > dilz)+ D> V(i) divided into connected components with at madstnodes.
| x€Q eV (i,§)EE Therefore, the running time bound of TheorEn 1 implies the
© r desired result. |
- éeXp (i;Mw (@i 25) D. Analysis ofLoG PARTITION: Low doubling-dimensioi;
B ) Here we interpret result obtained in Theorem 1 and Lemma
(a) L U P obtain .
> 2lM] H exp(vi;) —;— exp(vy;) [7, for G that has low doubling-dimension and uses decompo-

(i,j)eM sition scheme B-DIM.
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Theorem 2:Let MRF graphG of n nodes with doubling  Now, by Lemmal the running time of the algorithm is
dimensionp be given. Consider any € (0,1). Definep = O(nd*|X|”) + Toecome- As discussed earlier in Lemrh& 5, the
€27P73. Then LOG PARTITION using DB-DIM(p, K (¢, p)) algorithm MINOR-E takes O(r|E|) = O(nrd*) operations.

produces boundeg Z, s, log Zug such that That is, Toecomr = O(nrd*). Now, A = d*°® and A <
. . r(d* 4+ 1)/e 4+ 1. Therefore, the first term of the computation
E [bg Zus —log Zig| < clog Z. time bound is bounded above by
The algorithm takesD(n2”Cy(e, p)) time to obtain the es- 0 (nd*|2|d*o("d*/5)) _
timate, whereCy(c,p) = [S|X@)™ . Further, if p(p +
log1/e) = o(loglogn) then the algorithm takes(n'*’) Now, we will establish that the above term @n2) under
amount of time for any > 0. the hypothesis—'d*logd* = o(loglogn). The hypothesis

Proof: The Lemmd R, Lemmil 7 and Theoréin 1 impliednplies that (since- a constant, not scaling with):

the following bound:
Alogd* = o(loglogn).

£27P72(d* +1)log Z
elog Z. (13)

E |log Zus —log Zis That is, for any finiteL (say, L = 2) we have that

<
<
B A = O(log" L n).

Now for graph with doubling dimensiop, |E| = n2°. Under o o o
the decomposition algorithm with parameterand K (i, p), TS in turn implies that, for finitg3| we have

the number of nodes in any component is at mgsty, p)2~. |E|A _ O(na/z)

Therefore, by Lemm@&]2 the desired bound on running time ’

follows. for anyd > 0. Sinced* = o(loglogn) = O(n%/?). Therefore,

Now, consider when conditionp(p + logl/e) = it follows that
olloglogn). Givenp = <273, O (nd*[2*) = o(n'*?).
plogp/e = p(loprr p+3+logl/e) This completes the proof of Theordmh 3. [ |

= O(p" +plogl/e)
= o(loglogn), (14)

from the above described hypothesis of the Theorem. Now, V. APPROXIMATE MAP

DB-DIM(¢, K (¢, p)) produces(e2~2, O(log"/* n)) edge-
decomposition from Corollarf]l1. We seleét = 2. Given
this and above arguments, we have that the running time
the algorithm iso(n'*+?%)) for any § > 0. This completes the
proof of Theoreni 2. [

Now, we describe algorithm to compute MAP approxi-
rBf;\ter. It is very similar to the &G PARTITION algorithm:
givenG, decompose it into (small) componeists . . ., Sk by
removing (few) edge# C E. Then, compute an approximate
MAP assignment by computing exact MAP restricted to the
components. As in ©G PARTITION, the computation time
E. Analysis ofL0G PARTITION: Minor-excludedG and performance of the algorithm depends on property of

We apply Theorenf]l and Lemnid 7 for minor-exclude@€composition scheme. We describe algorithm for any graph
graphs when the Bcomp procedure is essentially theG: which will be specialized for graph with low doubling di-
MINOR-E. We obtain the following precise resul. mension and graph that exclude minor by using the apprepriat

Theorem 3:Let MRF graphG of n nodes excludés,., as ©€dge-decomposition schemes.
its minor. Letd* be the maximum vertex degree @ Given

€ > 0, use LOG PARTITION algorithm with MINOR-E(G, 1, A) MoDE(G)
whereA = [ 407 Then,
; ; 0) Input is MRF G = (V,E) with ¢,(-),i € V,
log Z1g < log Z < log Zyg; and ( o ’ ’
648 = & - & 2uB ¢ij('a')a(za])€E'
E [1Og Zus —log Zig| < elog Z. (1) Use DECOMRA(G) to obtainB c E such that
. a) G’ = (V,E\B) is made of connected components
Further, algorithm takegnC(d*,|%|,¢)), where constant ()51 (SK\ ) P

* * oW i ~—1 g% *
C(d*,|X],e) = d*|3] . Therefore, ife™d*logd* =

o(loglogn), then the algorithm takes(n'*?) steps for ar- (2) For each connected componeijt 1 < j < K, do the

bi following:
itrary 6 > 0.

Proof: From Lemmdb about the MOR-E algorithm, () Through dynamic programming (or exhaustive com-
we have that with choice of = [““F1)], the algorithm putation) find exact MAPx™/ for componentS;,
produces(s, A) edge-decomposition wherd = ¢*°@). wherex*? = (z;"/)es, -

Since it is an(e,A) edge-decomposition, the upper bound3) Produce output*, which is obtained by assigning values
and the lower boundog Zug, log Z, s, for the value produced to nodes using*’,1 < j < K.

by the algorithm are withir{1 + ¢) log Z by Lemma&[¥.
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A. Analysis ofMODE: GeneralG B. Some preliminaries

Here, we analyze performance ofdde for any G. Later,
we will specialize our analysis for graph with low doubling
dimension and minor excluded graphs.
Theorem 4:Given an MRF G described by [1) This section presents some results about the property of

MoDE algorithm produces outpule® such that: MAI_D solution that will be nseful in _obtaining tight. approxi-
mation guarantees later. First, consider the following.
Hx') = Y (v — o) <HE) < HXD).

(i,5)eB Lemma 8:If G has maximum vertex degre¥, then
The algorithm takesO (|E|K|E|‘S*|) + Tbecome time to 1
produce this estimate, whet§*| = max/, |S;| with DE- HxT) = d + 1 Z vij
coMP producing decomposition @ into S1, ..., Sk in time L)€
TDECOMP- 1
U _ ok

Proof: By definition of MAP x*, we haveH(x*) < = d*+1 Z Vi ~ Vi | - (16)

H(x*). Now, consider the following. L) B
H(x*) = max bilxi) + i@, T Proof: Assign weightw;; = ¢;; to an edge(i, j) € E.
&) xexn Z () Z i i) Using argument of LemmEgl 6, we obtain that there exists a

i€V (i.))EE

= g Do+ X vl

matchingM C E such that

1
_’iGV (Z,J)EE\B Z 1/)13 - d*+1 Z ¢”
(7‘)7)6M J)EE
+ Z Yij (@3, ) Now, consider an assignmext! as follows: for each{i, j) €
(i.j)eB M set (z}M,2}) = argmax(, ,exz ¥ij (z, 2'); for remain-
(a) ing i € V, setz to some value in% arbitrarily. Note that
< max Z di(x;) + Z Yij(xi, ) for above assignment to be possible, we have used matching
i€V (i,)EE\B property of M. Therefore, we have
HEM) = D aila)+ D vl
U 3 ©j ’L 7 ]
+ ( 2): ¥ij eV (i,j)EE
i,7)EB
K = Z(bl(xl )+ Z wu( Ly ] )
S [ max H(XJ)} + 3 wf < e
=1 JeE\S | ( + Z w
= i,7)EB ij \L; a J
K (i,5)eM
© Z w7 (@)
= + Z v oM
>
j=1 (i,j)EB — Z u}”( [ 7 )
(i,5)eM
(d) —~ _ U
< HED+ | YD e -kl (15) - Z Vi
(if)eB (i,5)eM
We justify (a)-(d) as follows: (a) holds because for eacheedg > 1 Z w 17)
(1,7) € B, we have replaced its effect by maximal vah/xg - odr+1 '

(b) holds because by placing constant vazlmjga over (i,j) € (el

B, the maximization over? decomposes into maximizationHere (a) follows because/;”,@ are non-negative valued
over the connected components@f = (V, E\B); (c) holds functions. SinceH(x*) > H(x") and 5 > 0 for all
by definition ofx*7 and (d) holds because when we obtaifi;j) € E, we obtain the Lemm@] 8. u
global assignment* from x*7,1 < j < K and compute its

global value, the additional terms get added for e@ch) € B Lemma 9:1f G has maximum vertex degre& and the
which add at IeasipL amount. DecomAG) producesB that is (¢, A) edge-decomposition,

The running time analysis of BIDE is exactly the same asthen

that of LoG PaRTITION in Theoren(]l. Hence, we skip the
details here. This completes the proof of Theofém 4.

E [H(x*) —H(x)| < e(d + 1H(xY),

where expectation is Wrt the randomnessAn Further,
B MODE takes tlmeO(nd*|E| ) + Toecomp-
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Proof: From Theoreni}4, Lemm&] 8 and definition of

(e, A) edge-decomposition, we have the following.

E H(x*)—H(i?)} < E| DY @ -vh)
(i,5)eB
=Y () e BWY — )
(i,j)eE
< e | > W -vkh)
(i,§)EE
< e(d + 1H(xY). (18)

The running time bound can be obtained using argumerqlgI

similar to those in LemmE@] 7. ]

C. Analysis oMoDE: Low doubling dimensiorr

13

Proof: From Lemmdb about the MoR-E algorithm,
we have that with choice o\ = (@], the algorithm
produces(s, A) edge-decomposition wherd = ¢*9@).
Since its an(e, A) edge-decomposition, from Lemnid 9 it
follows that

E [H(x*) - H(Q)} < eH(xY).

Now, by Lemmal[P the algorithm running time is
O(nd*|E|A) + Toecowr. As discussed earlier in Lemrh& 5, the
algorithm MINOR-E takesO(r|E|) = O(nrd*) operations.
That is, Toecomr = O(nrd*). Now, A = d*°™) and A <
r(d* +1)/e + 1. Therefore, the first term of the computation
e bound is bounded above by

O (naj2”"""7).

Now, we will establish that the above term (n?) under
the hypothesis~'d*logd* = o(loglogn). The hypothesis

Here we interpret result obtained in Theorlein 4 and Lemmiaplies that (since* a constant, not scaling with):
[, for G that has low doubling-dimension and uses decompo-
sition scheme B-DIM.

Theorem 5:Let MRF graphG of n nodes with doubling 4t is, for any finiteL (say, L = 2) we have that
dimensionp be given. Consider any € (0,1) such that
p(p + logl/e) = o(loglogn), definep = 27773, Then
MoODE using DB-DIM(p, K (¢, p)) produces bounds* such
that

Alogd* = o(loglogn).

A = O(log" L n).
This in turn implies that, for finiteX| we have

E[H(x") - H()| < H(x). 5 = o(n®/2),
The algorithm takesO(n2°Cy(e, p)) time to obtain the es- for anys > 0. Sinced” = o(loglogn) = O(n®/?). Therefore,
timate, whereCy(c,p) = |S|5@»)* . Further, if p(p + it follows that
log1/e) = o(loglogn) then the algorithm takes(n'*?) o (nd*|E|A) — o(n'+9),
amount of time for any > 0.

Proof: Theoren[#, Lemmal9 and Lemrh& 2 imply thaThis completes the proof of Theordrh 6. [ |
the output produced by MIDE algorithm is such that

VI. MESSAGEPASSING IMPLEMENTATION THROUGH

E |H(x*) — H(x*
(X ) (X ) SELFAVOIDING WALK

< 22777 3(dF + 1)H(x¥)
< egH(x"),

(19) The approximate inference algorithms,o& PARTI-
becausel* + 1 < 2°*2 for a graph with doubling dimension TION and MoDE presented above arfcal in the sense

p. The running time analysis of the algorithm follows exactlyhat in order to make computation, the centralization of the
the same arguments as those in the proof of Theflem 2. algorithm is limited only up to each connected component.

D. Analysis ofMoDE: Minor-excludedG

This section provides a method for designing messagefgassi
implementation for computing these estimates using thfe sel
avoiding walk trees. This message passing algorithm is ex-
plained for MAP computation and is restricted to binary MRF.

We apply Theoreni]4 and Lemnid 9 for minor-excludel is worth noting that any MAP estimation problem over

graphs when the Bcomp procedure is the MiOR-E. We
obtain the following precise result.

Theorem 6:Let MRF graphG of n nodes excludés, , as
its minor. Letd* be the maximum vertex degree @ Given
e > 0, use MoDE algorithm with MINOR-E(G, r, A) where
A= [@1. Then,

E [H(x*) - H(Q)} < eH(xY).

Further,  algorithm  takes (nC(d*,|X|,¢)), where
o, [z),e) = @z """, Therefore, ife~'d*logd* =
o(loglogn), then the algorithm takes(n'*?) steps for
arbitrary ¢ > 0.

discrete pair-wise exponential family can be converte® int
a binary pair-wise MRF with the help of addition nodes. This
is explained in AppendikB. Thus, in principle, this message
passing algorithm can work for any discrete valued Markov
random field represented by a factor graph.

A. Equivalence: MRF and Self-Avoiding Walk Tree

The first result is about equivalence of max-marginal of a
node, say, in an MRFG and max-marginal of root of self-
avoiding walk tree with respect to. Dror Weitz [18] showed
such equivalence in the context of marginal distributiofis o
the nodes. We establish the result for max-marginal. Howeve
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the proof is a direct adaption of the proof of result by Weitis naturally induced on it as follows: all edges inherit the
[18]. pair-wise compatibility function (i.ex..(-,-)) and all nodes
inherit node-potentials (i.ep.(-)) from those of MRFG in

1 a natural manner. The only distinction is the modification
T P13 of the node-potential omarkedleaf nodes ofl’saw (G, v)
) 3 as follows. A marked leaf node, say of Tsaw (G,v)
modifies its potentials as follows: if it iSreenthan it sets
Tsaw(G,1) F s Tv Teomr(G.1) 4 (1) = ¢ (1),60(0) = 0 but if it is Redleaf node then it
4

setsgy (0) = ¢4, (0), ¢ (1) = 0.
Example 1 (Self-avoiding walk treeConsider4 node bi-
nary pair-wise MRFG in Figure[3. Let nodd gives number

GraphG
‘ 1

1

P13 a to node2, numberb to node3 so thata > b. Given this
9 3 numbering, the bottom left of Figuké 3 represehigsiyy (G, 1).
" o The Green leaf node essentially means that we set its value
A 3 9 permanently tol.

With above descriptionTsaw (G, v) gives rise to a pair-

GE 1 wise binary MRF. LetQ, denote the probability distribution

1 1 induced by this MRF on boolean culje, 1}/V+I. Our interest

will be in the max-marginal for root or equivalently

AR, AR a(y) = max Qg (o), wherey € {0,1}.
% ' N : o

S ce{0,1}IVvlig,=

2

Here we present an equivalence betweé() and g ().

Fig. 3. A graphG of 4 nodes with one loop is given. On left, we have theThis is a direct adaptation of result by Weitz [18].
self-avoiding walk tree o7 for nodel, i.e. T's aw (G, 1) with green and red . . o

being special nodes. On right, we have computation Tieg s p (G, 1) for Theorem 7:Consider any binary pair-wise MRE =
node1's computation under Belief Propagation (or Max-Produdgpethm. (V,E). For anyv € V, let pﬁ() be as defined above with
The grey nodes off coarp(G,1) correspond to green and red node of 3 T
Ts aw (G, 1) on the left, respect toPrg. Let Tsaw (G,v) be the self-avoiding walk

tree MRF and lety:(-) be as defined above for root node of

Given binary pair-wise MRF- of n nodes, our interest is Tsaw (G, v) with respect tdQc . Then,
in finding (1) _ @)

pi(y) = max  Pr(o), for v € {0,1} for all v. P;(0) 2;(0)
o€{0,1} 00 =y Here we allow ratio to b@, co.
Definition 1 (Self-Avoiding Walk TreelConsider  graph

G = (V. E) of pair-wise binary MRF. Fov € V, we define ,46f we will come across graphs with sorfieed vertices,
the self avoiding walk tre€'s aw (G, v) as follows. First, for \hare a vertex is said to be fixed td (resp.1) if ¢, (0) >0
eachu € V, give an ordering of its neighbord'(u). This bu(1) = 0 (resp.¢u(1) > 0, ¢4(0) = 0). The induction
ordering can be arbitrary but remains fixed forever. GV&R o ‘the number ofunfixedvertices of G. We essentially
this, Tsaw (G, v) is constructed by the breadth first searcqye the following, which implies the statement of Lemma:
of nodes of G starting fromv without backtracking. Then given any pair-wise MRF on a gragh (with possibly some
stop the bread-first search along a direction when an alrea?géédvertices), construct correspondifig 4y (G, v) MRF for
visited vertex is encountered (but include it Ty.4w (G,v)  some node. If the number ofunfixedvertex of G is at most

as a leaf). Say one such leaf beof Tsaw (G,v) and let ., yhen the[[2D) holds. Next, inductive proof.
it be a copy of a nodev in G. We call such a leaf node

of Tsaw (G, v) asMarked A marked leaf node is assignedinitial condition. Trivially the desired statement holds for
color Redor Greenaccording to the following condition: The any graph with exactly onenfixedvertex, by definition of
leaf w is marked since we encountered nadeof G twice MRF, i.e. [1). The reason is that for such a graph, due
along our bread-first search excursion. Let the (directett) all but one node being fixed, the max-marginal of each
path between these two encountersuofin G be given by node is purely determined by its immediate neighbors due to
(w,v1,...,v,, w). Naturally, vy, v, € N(w) in G. We mark Markovian nature of MRF. The immediate neighborhood of
the leaf nodew as Greenif according to the ordering donein Tsaw (G, v) andG is the same.
by nodew in G of its neighbors, ifv; is given smaller
number than that of,. Else, we mark it aRed Let V,, and
E, denote the set of nodes and vertices of tfeqw (G, v).
With little abuse of notation, we will call root dfs 4w (G,v)  Induction step.Without loss of generality, suppose that our
aswv. graph of interest(z, hasm + 1 unfixedvertices. Ifv is a
Given aTsaw (G,v) for a nodev € V in G, an MRF fixedvertex, then[(20) holds trivially. Let € V be an unfixed

(20)

Proof: The proof follows by induction. As a part of the

Hypothesis Assume that the statement is true for any graph
with less than or equal te» € N unfixednodes.
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vertex of G. Then we will show via inductive hypothesis thatd > 1. Let S(ai,...,aq) = {s = (s1,...,8n) € X" : 51 =
@) py1) ai,...,Sq = aq}. Then,
q’?;(o) = p:‘;(o) : maXseS(m,ag...,ad) ps _ maXseS(alyaz”’ad) p5|l12-,...,ad

) MAaXseS(ay.as,..., P MaXseS(ay.as,..., Dslas..... '
Let d be the degree of; v1,vs,...,vs be the neighbors 9€5(81,02,...,a4) s 9€8(81,02,..,00) Pslas,....a4

of v where the order of neighbors is the same as that used . _
in definition of Tsaw (G,v). Let Ty be the ¢th subtree of Proof: Let ¢ Pr(X
Tsaw (G, 1) havingu, as its root and”(¢) be the binary pair-
wise MRF induced orf} by restriction ofT'saw (G, v). Let
q; (o) be the max-marginal of vertex taking values € ¥ =
{0,1} with respect toY (¢). Note that wheri; consists of a . o
single vertex, theny; (o) o ¢y, (o). Let A, = iZEéi- Then B. Size of Self-avoiding walk tree
from definition of pair-wise MRF and tree-structure, We present a novel characterization of the size of the self
avoiding walk tree in terms of number of edges in it (which
i (o) (1) is equal to number of nodes minus 1). This characterization i
L maxges; Yo, 0(0,0)g) (o) necessary to obtain bound on the running time of the self-

. avoiding walk tree. This combinatorial result should be of
Now to calculate 222 we define a new grapli=’ and interest in its own right.

= ag,...,Xd = ad).
Then, by definition of conditional probability fos €
S(ay,az,...,aq)US(a1,az,...,64), Ps = Ps|as,....asq- FrOM
this, Lemma follows immediately. |

* d
qi(l) _ AU H maXgex w’U@,’U(O—a 1)q
7;(0) P

() . ,
the corresponding pair-wise MREK’ as follows. Let G’ Lemma 11:Consider a connected gragh = (V, E) with
be the same a&' except thatv is replaced byd vertices |V| = n nodes andE| =n — 1 + k edgesk > 0. Then for
v}, v, ..., v); eachv, is connected only tay, 1 < ¢ < d. anyv eV, |Tsaw(G,v)| < (n+ k — 1)25+1. Further, there
The X' is defined same a& except that,, (1) = i/dqsv(l), exists a graph witlm — 1 + k& edges withk < n/2 so that for
¢u;(0) = ¢4(0) and ),y = ¢u,0. Then, any nodev € V, [Tsaw (G,v)| > n2F2.

Proof: The proof is divided into two parts. We first

!

(1) max{x,:xq:/ SLXT, =1 X :1} Pre/(X) provide the proof of lower bound. Consider a line graphof
by = L 2 d - nodes (withn — 1 edges). Now add < n/2 edges as follows.
r3(0) maX{X/;X/,:o,X/,:o vvvvv X,,:O} Pre: (X) Add an edge betweeh andn. Remainingk — 1 edges are

1 v2 va added between node paif&,4), (4,6),...,(2(k —2),2(k —
B ﬁ pe(1) 22) 1)), (2(k — 1), 2k). ConsiderQany node, say. !t is easy to
= 110(0)’ see that there are at lea®t~2 different ways in which one
=1 can start walking on the graph from nodeowards nodel,
where define yy(0) = maxx/.x/, - Pr[X’| X;; = cross froml to n via edge(1,n) and then come back to node
0,...,X, = 0,X/, —1,... ’};/ — 1]. The second V- Each of these different loops, starting framand ending
d

qat v creates2 distinct paths in the self-avoiding walk tree of

7 . ength at leas}. Thus, the size of self-avoiding walk tree of

multiplication and LemmO.- Lo each node is at least2*—2 for each node. This completes the
Now for 1 < ¢ < d, consider MRFX’(¢) induced on proof of lower bound.

G'(0) = " —{vg} by fixing {vy, ... 05} —{v;} as follows: * Now, we prove the upper bound @R:*! on the size of
let (¢’v§ 0) =1, ¢v; (1) =0);..; (¢’v2,1 0) =1, ¢v2,1 (1) = self-avoiding walk tree for each nodec V. Given thatG is
0); (@uy,, (0) = 0,0y, (1) = 1);...:(w,(0) = 0,6v,(1) = connected, we can divide the edge &t= Er U E;, where
1). Then letyy (o), 0 € ¥ denote the max-marginal of, for g, — {e1,...,ex} andT = (V, Er) forms a spanning tree
taking values with respect taX’(¢). Given this, by definition of . Let S be the set of all subsets df;, = {e1,... e}

of MRF X" as well X’(¢) and noting thaty; is a leaf (only (there are2* of them including empty set). Now fix a vertex

equality (lzrflm) folloWsl)by standard trick of Telescopin

connected tay,) with respect to grapli’, we have v € V and we will concentrate offis 411 (G, v). Consider any
1e(1) /g MAXoes B (o, 1)wy(0) ueV (ca_ln bev) andS € S. Next, we wish to count number
0 N maxees B, o (0,000 (23)  of paths inTs4w (G,v) that end at (a copy of (however,
He 78 Pur,vp \% T u need not be a leaf), contain all edgesSnbut none from
From [21), [22) and(23) it is sufficient to show that E\S. We claim the following.
1 x(1 Claim. There can be at most one pathef. (G, v) from
vd) g 1) -
= -5, 1</0<d (24) 4 to (a copy of)u and containing all edges froifi but none
ve(0) q;(0)
_ _ from E;\S.
Now, note thatT} is the same adsaw (G(£)) with respect Proof: To prove the above claim, suppose it is not true.
to X'(¢). Because for eact = 1,...d, G'(£) has one Then there are at least two distinct paths freno u that
less unfixednode than(z, the desired resulf.{24) follows by contain all edges ir6 (but none fromE;,\S). Consider the
induction hypothesis. B symmetric difference of these two paths (in terms of edges).
Lemma 10:Consider a distribution ok’ = (X1,...,X,,) This symmetric difference must be a non-empty subsdfof

where X; are binary variables. Let; = Pr[X = s|,s € ¥". and also contain a loop (as the two paths have same starting
Let pyjas,....ap = Pr[X = s|X2 = a»,...,Xq = ag] for any and ending point). But this is not possible &s= (V, Er)

.
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is a tree and it does not contain a loop. This contradicts otlve reason that it provides the detailed distributed messag
assumption and proves the claim. B passing implementation for computing MAP. A reader, not
Given the above claim, for any nodg clearly the number interested in such detailed implementation, may skip this
of distinct paths from node to (a copy of)u in Tsaw (G,v)  section.
are at mose*. Now each edge has two end points. For each To describe the pseudo-code, we need some notation. Each
appearance of an edge 6fin Tsaw (G,v), a distinct path nodev € V, let N(v) denote the set of all its neighbors,
from v to one of its end point must appear iy 4w (G,v). i.e. N(v) = {u € V : (u,v) € E}. Nodev assigns an
From above claim, this can happen at m@st 2 = 2*+1,  arbitrary fixed order to all nodes itV (v). For example, if
There aren + k — 1 edges ofG in total. Thus, net number v has neighbors, w and z then it can numbet: as the first
of edges that can appear iy 4w (G,v) is at most(n + k — neighborw as second neighbor andas third neighbor. The
1)2%+1; thus completing the proof of Lemnialll. m ordering chosen by each node is independent of choices of
all other nodes. The algorithm operates in two phases. In
C. Algorithm: At a higher level the firs_t phasg, algorithm explores local topology for each
. ) node via sending “path sequences”. By “path sequence” we
_ Now, we describe algorithm to compute MAP approXyean a finite sequence of verticés;, vs, . .., vy,), where
imately. The algprlthm is the same aquE, however (ve,0041) € Efor 1 < ¢ < k — 1. In the second phase,
computation restricted to each component is done through sgqrithm uses the path sequences to recursively calculate
aYO'd'”g walk. Speufu_:a_lly, the algorithm does the follogi “computation sequence” which in turn leads to calculation
given G, d_ecompose it into (small) componer_ﬁ&, e ’_SK of ¢’(-) at nodes. A “computation sequence” is of the form
by. removing (few) edges3 C E,. where B is obtained U1, 02, « .,V 1, (0), 114, (1)), Where my, (1) are certain
using DECOMP, (as before, for minor-excluded graph Us€es numbers (which have interpretation of message). As we
MiNOR-E and Ds-DIM for graphs with low doubling gy see the structure of recursive calculation to obtain
dimension). Then, compute an approximate MAP assignmeph,,tation sequence” is the same as that of max-product
by computing e_xact MAP restricted to the components. Théﬁgorithm. Thus, there is very strong connection between MP
exact computation for each component is performed througf§ psc-Pass-MoDE. For ease of exposition, the algorithm

a message passing mechanism using the equivalence statqg &ﬂescribed to compute the raii(1)/q: (0) for all v € V.
TheorenlV: essentially, growing self-avoiding walk treguist MODE(G) Y

sending messages along a breadth-first search tree; compmgiGPAss'
tion over a self-avoiding walk tree is essentially standask-
product (message passing) algorithm. The precise schégtule
message-passing is described in the next sub-section, Were
describe algorithm for any graph at a higher-level.

(0) Initially, each vertex sends a path sequenge to each
of its neighbors.

(1) When nodeu receives a path sequence;, v, ..., vi)
from its neighborv, (note that, by construction given

MODE(G) later, v, = v) it does the following:
(1) Use DECOMA(G) to obtainB C E such that olf w is a leaf (i.e. u is conngcted only
(@) G' = (V, E\B) is made of connected components to v), u sends back a computation sequence
S1.... Sk (v1,v2, ..., vk, u,my(0),my(1)) to v, where
(2) For each connected componeiit 1 < j < K, do the my(o) o< max ¢y, (ou, 0)du(oy)
following: 7€
(@) Compute exact MAR*J for componentS;, where Z my(ow) = L (25)
X7 = (27 )ies,.
(b) Computation ofx’"’ is performed by growing self- o If uis not a leaf, check whether appears among
avoiding walk tree at node restricted to induced v, 1 <UL <k
graph by nodes ofS; using a message passing + If NO, u sends a path sequenga, ..., v, u) to
mechanism; then computing max-marginal on self- each ofu’s neighbors bub.
avoiding walk tree using message passing mecha- x If YES, then letvy = u,1 < /¢ < k.
nism (i.e. standard max-product algorithm on self- — If, with respect to the ordering given by
avoiding walk tree). node u to its neighbors, the rank (order)
(3) Produce output*, which is obtained by assigning values of node ve1 is larger then v, then u
to nodes using<*7,1 < j < K. This is clearly local sends back (tov) a computation sequence
operation. (V1,02 ooy Vky Uy My, (0), My (1)), where
my (1) =1 andm,(0) = 0.
— Otherwise (i.e. the rank of node_; is smaller
D. Algorithm: Message-passing schedule than v), u sends back (tov) computation
The following is a pseudo-code of a distributed message sequence  (vi,v,. .., Uk, u, My (0), my (1)),
passing algorithm Mc-PAss-MoODE which computesx*»/ wherem,, (0) = 1 andm, (1) = 0.

for each componen$;. The Msc-PAss-MODE finds exact (2) Once a nodeu receives a computation sequence
MAP, by Theorenil7. This section is of interest primarily for  (v1,. .., vg, My, (0),m,, (1)) from its neighborv, (note
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that, by constructionv, = v and vx_; = u). Store
this computation sequence s memory and do the
following:
olf k& > 2, check whetheru has stored
computation sequences of the form

(’Ul, . ,kal,w,mw(O),mw(l)) for all Grid cris

w € N(u) — {vg—2}. If S0, u sends a computation _ _ ‘ B

sequence (v vg—1(= u),my(0),my(1)) to Fig. 4. Example of grid graph (left) and cris-cross grapgHj with n = 4.
ey U , ,

vk—o Where

(1) Varying interaction.d; is chosen independently from
distribution/[—0.05, 0.05] and #;; chosen independent from
U[—a,a] with o € {0.2,0.4,...,2}.

(2) Varying field.¢;; is chosen independently from distribu-

M) x| 00016 (0)x

Ou

Moy (o) | tion U[—0.5,0.5] andd; chosen independently frotd[—c, o]
wEN (u)—{vp_2} with a € {0.2,04,...,2}.
Z mu(au) = L (A) Grid, n=7
oLEX 03
Delete computation sequences J:
(V1 oy Vk—1, W, My (0), M4 (1)) for all &
w € N(j) — {ix—2} from u’s memory. £ o
olf & = 2, then check whether for all N
w € N(j), u has stored computation sequences w|
(v1,w, My (0),my,(1)). If SO, compute the (estimate .

Of) max_belief Of’LL as u.; } 04 [ 08 1 12 14 16 18 2

Interaction Strength
¢;(0) x ¢u(0) [] mulo), and Y q(o)=1.

UJGN(U) UGE 0.025
(3) When all nodes have computed their max-beliefs, declare o=
¢:(1)/q:(0) as an estimate gf*(1)/p:(0) Vv e V. £oos
N oo
VIl. EXPERIMENTS ' 02 04 06 08 1 12 14 16 18 2

Field Strength
Our algorithm provides provably good approximation for ’

any MRF that has low doubling dimension or that excluded
minor. The planar graph is a special case of such graphs. Te 5 comparison of TRW, PDC and our algorithm for grid graph

popular model of grid graph, which is both planar and has lowith » = 7 with respect to error ifog Z. Our algorithm outperforms
doubling dimension, will be used in the experimental sectioTRW and is competitive with respect to PDC.

We will, however, use the decomposition algorithmNaRr- The grid graph is planar. Hence, we run our algorithnsL
E for obtaining our results. Now we present detailed setup aprr1ion and MoDE, with decomposition scheme IMOR-
experimental results. E(G,3,A), A € {3,4,5}. We consider two measures to
evaluate performance: error log Z, defined asnl—2| log 729 —
A. Setup 1 log Z|; and error inE(x*), defined as |E(x®9 — E(x*)|.
Considéf binary (i.e.X = {0, 1}) MRF on ann x n lattice We compare our algorithm for error itbg Z with the
G=(V.E): two recently very successful algorithms — Tree re-weighted

algorithm (TRW) and planar decomposition algorithm (PDC).
Pr(x) o exp Zgixi n Z 0,2z, |, forx e {0,1)"°.  The comparison s plotted in Figure 5 where= 7 and results
are averages ovel0 trials. The Figure (A) plots error with
respect to varying interaction while Figure (B) plots ength
Figure[4 shows a lattice or grid graph with= 4 (on the respect to varying field strength. Our algorithm, essditial
left side). There are two scenarios for choosing parametérgiperforms TRW for these values df and perform very
(with notationZ{[a, b] being uniform distribution over interval competitively with respect to PDC.
[a, b]): The key feature of our algorithm is scalability. Specifigall
running time of our algorithm with a given parameter value
2Though this setup has;, ;; taking negative values, they are equivalenty gcales linearly im, while keeping the relative error bound
to the setup considered in the paper as the function valeelwer bounded . A
exactly the same. To explain this important feature, we thiet

and henceaffine shift will make them non-negative without changing the ) ] ) : ;
distribution. theoretically evaluated bound on erroidg Z in Figure® with

eV (i,j)eE
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o 1A Grid, n=100 (A) Grid, n=100
08
07
06
05
04
03
02

—A=5

—A=10

Z Error Bound
MAP Error Bound

08 1 12 14 18 18 2
Interaction Strength

(B)Grid, n=1000 (B n=tom

Z Error Bound
MAP Error Bound

_ 02 04 08 08 1 12 14 18 18 2
Interaction Strength

0 0 06 08 1 12 n 16 18 2
" C) Grid, n=1000
(€ it =000 Interaction Strength N (C) Grid, n

MAP Error Bound

02 04 06 08 1 12 14 18 18 2 02 04 06 08 1 12 14 16 18 2
Field Strength Field Strength

Fig. 6. The theoretically computable error bounds fog Z under Fig. 7. The theoretically computable error bounds for MAP under
our algorithm for grid withn = 100 andn = 1000 under varying our algorithm for grid withn = 100 andn = 1000 under varying
interaction and varying field model. This clearly shows abaity of interaction and varying field model.

our algorithm.

) VIII. UNEXPECTED IMPLICATION: EXISTENCE OF LIMIT
tags (A), (B) and (C). Note that error bound plot is the same
for n = 100 (A) and n = 1000 (B). Clearly, actual error is  This section describes an important and somewhat unex-
likely to be smaller than these theoretically plotted baule  Pected implication of our results, specifically Lemnias 7 and
note that these bounds only depend on the interaction strend@. In the context ofegular MRF, such as an MRF ofi;, (of
andnot on the values of fields strengths (C). n? nodes) with same node and edge potential functions for all
Results similar to of bG PARTITION are expected from Nnodes and edges, we will show that (non-trivial) liritlog Z
MODE. We plot the theoretically evaluated bounds on the err§Kists asn — oco. It is worth noting that showing existence
in MAP in Figure[T with tags (A), (B) and (C). Again, theOf such limits is not straightforward in general and hence ou
bound on MAP relative error for giveh parameter remains Mmethod should be of interest as such an analytic tool. We
the same for all values of as shown in (A) forn = 100 and Pelieve that the result stated below is well-known; howetger
(B) for n = 1000. There is no change in error bound with?roof method is likely to allow for establishing such exste
respect to the field strength (C). for a more general class of problems. As an example, the
theorem will hold even when node and edge potentials are not
the same but are chosen from a class of such potential as per
B. Setup 2 some distribution in an i.i.d. fashion. Now, we state theiles

Everything is exactly the same as the above setup with theTheorem 8:Consider a regular MRF ofi nodes ond-
only difference that grid graph is replaced tys-crossgraph dimensional gridZ; = (V,,, Ey,): let ¢;; = v, ¢; = ¢ for all
which is obtained by adding extra four neighboring edges pe€ V,., (i,j) € E, with ¢ : ¥ - R, ¢ : ¥ — R,. Let Z,
node (exception of boundary nodes). Figure 4 shows crisscrde partition function of this MRF. Then, the following limit
graph withn = 4 (on the right side). We again run the samexists:
algorithm as above setup on this graph. For cris-cross graph
which is graph with low-doubling dimension, we obtained its
graph decomposition from the decomposition of its grid sub-
graph. Therefore , the running time of our algorithm remain
the same (in order) as that of grid graph and error bound wilf Proof of Theorerfll
become only3 times weaker than that for the grid graph. We The proof of Theoreriil8 is stated fdr= 2 andX: = {0, 1}
compute these theoretical error bounds feg Z and MAP case. Proof forl > 3 andX with |3| > 2 can be proved using
which is plotted in Figur€l8 anld 9. These figures are similaxactly the same argument. The proof will use the following
to the Figure§16 andl 7 for grid graph. Lemmas.

. 1
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(A) Cross Edge Graph, n=100 (A) Cross Edge Graph, n=100
25

)l A

15 —A=10

—A=20

Z Error Bound
MAP Error Bound

02 04 08 08 1 12 14 16 18 2 02 04 06 08 1 12 14 16 18 2
Interaction Strength Interaction Strength

(B) Cross Edge Graph, n=1000
2

Z Error Bound

MAP Error Bound

’ .*<.

02 04 08 08 1 12 14 16 18 2 02 04 08 08 1 12 14 16 18 2

Interaction Strength Interaction Strength
(C) Cross Edge Graph, n=1000 (C) Cross Edge Graph, n=1000 ’

N

Z Error Bound

MAP Error Bound

|
|
|
|
|
1
|

02 04 08 08 1 12 14 16 18 2 02 04 06 08 1 12 14 16 18 2
Field Strength Field Strength

Fig. 8. The theoretically computable error boundsliet Z under our Fig. 9. The theoretically computable error bounds for MAP under our
algorithm for cris-cross withh, = 100 andn = 1000 under varying algorithm for cris-cross withh = 100 andn = 1000 under varying
interaction and varying field model. This clearly shows abaity of interaction and varying field model.

our algorithm and robustness to graph structure.

B. Proofs of Lemmas
Lemma 12:Let d = 2 and ¢* = max,c(0,1} (o), ¥* =
max(q ,1e{0,132 ¥(0,0"). Then,
n? <log Z, < an?, Proof: (LemmdIR)Consider the following.

wherea = log 2 + log ¢* + 4log 1)*. = Z Hl H 1

. 1 . x€{0,1}n? i€V (i,j)EE,
Lemma 13:Define a,, = —5log Z,. Now, givenk > 0,
there exists:(k) large enough such that for amy, n. > n(k), S Il exp(e@)) [ exp(v(xi,z)))

1 k xe{0,1}n? i€Vn (1,9)€ER
m—an| =0 = O ——— .
o an] <k> + (mln{m,n}> Z

Proof: (Theoreni B)WWe state proof of Theorefd 8, before Z H exp(¢”) H exp(y”). (26)
proving the above stated Lemmas. First note that, by Lemma x€{0,1}n? 1€Vn (4,5)€En
2, the elements of sequenag = n=>*log Z, _take value in Here, (a) follows from the fact that), ¢ are non-negative
[1,a]. Now, suppose the claim of theorem is false. That iggjued functions and (b) follows from definitions éf , *.

sequenceu, does not converge as — oo. That is, there Now, taking logarithm on both sides implies the Lemima 12.
existsé > 0 such for any choice ofiy, there aren > n > ng -

such that

,\
INS

—
INS

Proof: (Lemmd&IBGivenk > 0, considem large enough
(will be decided later). Considet2 = (V,,, E,,) and let it be
By LemmalIB, we can seleétlarge enough and latety > laid out on X — Y plane so that its node if;, occupy the
n(k) large enough such that for amy, n > no, integral locations (i,7), 0 <i <n—1,0<j <n—1.
Now, we describe a scheme to obtait¥(1/k), O(k?)) edge-
decomposition ofZ2. For this, choosé;, (s € {0,...,k—1}
But this is a contradiction to our assumption that does independently and uniformly at random. Select edges to form
not converge to a limit. That is, we have established th&t to obtain edge-decomposition as follows: select vertical
a, converges to a non-trivial limit ifl, o] as desired. This edges with bottom vertex havirlg coordinate/s + jk, j > 0,
completes the proof of Theorenh 8. B and select horizontal edges with left vertex havikigcoordi-

|am — an| > 9.

|am — an] < 6.
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nate/; + jk,j > 0. That is,
B

a class of regular MRFs. Our result suggest a way to explicitl
evaluate these limiting up to an arbitrary accuracy. Thesusth
{(w,v) € B u=(i,5),v=(i+1,j),i modk =1} o o general interes?aspa method for)éstablishi)r/lg asyioptot

U {(u,v) € By :u=(i,5),v = (i,5 +1),7 modk = L2 }imits as well as computing these limits.
It is easy to check that this i$O(1/k),O(k?)) edge- FinaIIy,. we r(_amark that our methods.are epraingd for
decomposition due to uniform selection df, ¢, from exponential family only. Hovyever, they easily extend tc_tamr
{0,...,k — 1}. Therefore, by Lemmdl7, we can Obtair{ward-core models such as independent set or matching where

estimates that arél -+ O(1/k)) log Z,, using our algorithm. there is anon-constrainingassignment to node values.
Let m = [n/k]. Under the decompositioB8 as described

above, there are at lea$tn — 1)? connected components
that are MRF onZ. Also, all the connected componentsl[i]
can be covered by at most: + 1)? identical MRFs onZ.
Using arguments similar to those employed in calculatidns C}Z]
Theorentl (using non-negativity &f v), it can be shown that
the estimate produced by our algorithm is lower bounded a$’!

5 log Zj,
n =
(1= 0(1/k) = O(k/n)),

(1= 0(1/k))(m — 1)*log Zi [4]
5]

and is upper bounded as [6]

5log Zj,
n =
(1+O(k/n)+ O(1/F)).

Therefore, from above discussion we obtain that

(1+0(1/k))(m + 1)*log Zy X

(7]

(8]

1 4 [0l
—logZ, = k_g (1+0(k/n) £ O(1/k)). 0
Therefore, recalling notation af,,, we have that
k
|am — an| = Qko <W> + akO(l/k) [11]

Since,a;, € [1,a] for all k, we obtain the desired result of

LemmalI3B. ] [12]

IX. CONCLUSION [13]

In this paper, we present simple novel local approxima-
tion algorithm for computing log-partition function and NPA
estimation for arbitrary exponential distribution remed [15]
by a pair-wise MRF. We showed these algorithms provide
bounds for arbitrary graph with quantifiable approximatioPr6
guarantees. Further, for low-doubling dimension graphd an
minor-excluded graphs it can provide arbitrary accuradiiwi
linear time. The main takeaway for a practitioner is the”!
following: there is a simple and intuitive local algorithmyig)
that provides provable bounds with computable approxionati
error for any graph and hence it can be used as a good heuriﬁ(jj:
and producing approximation guarantee certificate.

We proposed message-passing implementation based on
self-avoiding walk trees which should provide such implq-zo]
mentation for other problems as well. This method, through a
transformation from non-binary exponential family to hipa
MRF, extends for any finite valued factor graph. Howeves th[21
can result in somewhat redundant construction. Understgnd
design of direct constructions for non-binary pair-wise MR
is an important open problem. (22

We derived an unusual implication of our algorithmic resulf23
for providing existence of asymptotic limits of free enefgy

REFERENCES

J. Pearl, Probabilistic Reasoning in Intelligent Systems: Netwodfs
Plausible Inference San Francisco, CA: Morgan Kaufmann, 1988.
M. Wainwright and M. Jordan, “Graphical models, expoti@nfamilies,
and variational inference,JUC Berkeley, Dept. of Statistics, Technical
Report 649 2003.

A. Sinclair and M. Jerrum, “Approximate counting, unifo generation
and rapidly mixing markov chainsnf. Comput, vol. 82, no. 1, pp.
93-133, 1989.

F. P. Kelly, “Loss networks,”Annals of Applied Probabilityvol. 1, pp.
319-378, 1991.

J. Yedidia, W. Freeman, and Y. Weiss, “Generalized lb@iepagation,”
Mitsubishi Elect. Res. Lab., TR-2000;Z800.

M. J. Wainwright, T. Jaakkola, and A. S. Willsky, “Treexbed repa-
rameterization framework for analysis of sum-product agldted algo-
rithms,” IEEE Transactions on Information Theorg003.

——, “Map estimation via agreement on (hyper)trees: Meggspassing
and linear-programming approache&EE Transactions on Information
Theory 2005.

——, “A new class of upper bounds on the log partition fuoof’ IEEE
Transactions on Information Theqrg2005.

S. C. Tatikonda and M. I. Jordan, “Loopy belief propagatiand gibbs
measure,” inUncertainty in Artificial Intelligence 2002.

M. Bayati, D. Shah, and M. Sharma, “Max-product for nmaxim weight
matching: convergence, correctness and Ip duali8EE Transaction on
Information Theory Accepted, preliminary version appeared in IEEE,
ISIT 2005.

C. Moallemi and B. V. Roy, “Convergence of the min-sumssege pass-
ing algorithm for quadratic optimization3tanford University Technical
report, 2006.

V. Kolmogorov and M. Wainwright, “On optimality of treeeweighted
max-product message-passing,”Umcertainty in Artificial Intelligence
2005.

V. Kolmogorov, “Convergent tree-reweighted messagssing for en-
ergy minimization,”IEEE Transactions on Pattern Analysis and Machine
Intelligence 2006.

A. Globerson and T. Jaakkola, “Bound on partition fumictthrough
planar graph decomposition,” INIPS 2006.

P. Klein, S. Plotkin, and S. Rao, “Excluded minors, natkvdecompo-
sition and multicommodity flow,” inACM STOC 1993.

] S. Rao, “Small distortion and volume preserving emliegis for planar

and euclidean metrics,” iIBCG '99: Proceedings of the fifteenth annual
symposium on Computational geometryNew York, NY, USA: ACM
Press, 1999, pp. 300-306.

N. Madras and G. Sladdhe Self-Avoiding Walk Birkhauser, Boston,
1993.

D. Weitz, “Counting independent sets up to the treeshoéd,” in STOC
'06: Proceedings of the thirty-eighth annual ACM symposamiTheory
of computing New York, NY, USA: ACM Press, 2006, pp. 140-149.
D. R. Karger and M. Ruhl, “Finding nearest neighbors irovgh-
restricted metrics,” irBTOC '02: Proceedings of the thiry-fourth annual
ACM symposium on Theory of computingNew York, NY, USA: ACM
Press, 2002, pp. 741-750.

A. Gupta, R. Krauthgamer, and J. R. Lee, “Bounded gedestfractals,
and low-distortion embeddings,” iFOCS ’'03: Proceedings of the
44th Annual IEEE Symposium on Foundations of Computer Seien
Washington, DC, USA: IEEE Computer Society, 2003, p. 534.

] S. Har-Peled and S. Mazumdar, “On coresets for k-meadsanedian

clustering,” in STOC '04: Proceedings of the thirty-sixth annual ACM
symposium on Theory of computindNew York, NY, USA: ACM Press,
2004, pp. 291-300.

] N. Robertson and P. Seymour, “The graph minor theomgtted, 1984.

S. Sanghavi, D. Shah, and A. Willsky, “Max-product foraxmum
weight independent setPre-print, 2007.



SUBMITTED TO IEEE TRANSACTION ON INFORMATION THEORY 21

APPENDIXA There is an edge i6; between any two nodefay,y},)
PROOF OFLEMMA[T] andd(az,y2,) if and only if there exists a variable index

The proof is by induction om € N. For base case, consideSuch that
r = 0. Now, B(z,2° = 1) is essentially the set of all points 1) m is in both domains, i.em € a; andm € a, and
which are at distance 1 by definition. Since it is metric with ~ 2) the corresponding variable assignments are different, i
distance being integer, this means that the set of all points s, # Y.
that are at distancé. By definition of metric, we have that In other words, we put an edge between all pairs of nodes that
x is the only such point. That isB(z,1) = {z}. Hence, correspond tdnconsistentassignments. Given this gragh,
IB(z,1)| = 1 <20¢M) for all z € X. we now assign weights to the nodes. ket 0 be any number
Now suppose the claim of Lemma is true foralk £ and such thatc + ¢, (y.) > 0 for all « andy,,. The existence of
all z € X. Considerr = k£ + 1 and anyz € X. By definition such ac follows from the fact that the set of assignments and
of doubling dimension, there exists< 2°(*) balls of radius domains is finite. Assign to each nodév,y,) a weight of
2k, sayB(y;, 2%) with y; € X for 1 < j < ¢, such that ¢ + ¢a(yao). Consider an example of this construction first.
B(z, 21 U§:1B(yj72’“). Later, we state the precise equivalence.

Therefore,
¢
B(z, 2" <> [B(y;, 29).
j=1
By inductive hypothesis, fot < j </,
B(y;, 2")| < 28,
Since we have < 2°(M) we obtain

IB(z,25+1)| < ¢ 2keM) < 9l 1)p(M)

This completes the proof of inductive step and that of the
Lemma[d.

Fig. 10. Example of transforming MAP for factor graph to MA# hinary

APPENDIX B pair-wise MRF.
TRANSFORMATION: MAP IN FACTOR GRAPH TO BINARY Example 2:Let y; and y2 be binary variables with joint
PAIR-WISE MRF distribution

In this section we show that any MAP estimation problem
is equivalent to estimating MAP in a specific binary pairevis

problem on a suitably constructed graph with node potential, are theg are any real numbers. The correspond'(ﬁg's

This construction is from work by Sanghavi, Shah and Willskyy, 5\vn in Figurd T0. Let be any number such that+ 6
[23]. This construction is related to the “overcompleteifias ¢+ 6, ande + 61, are all greater than 0. The weights on the
representation [2]. Consider the following canonical MAR jag in(Z are:0, + ¢ on node *1” on the leftg, + ¢ for node
estimation problem: suppose we are given a distribuign “1” on the right, 615 + ¢ for the node “11”, and: for all the
over vectorsy = (y1,...,yn) Of variablesy,,, each of which other nodes.

can take a finite value. Suppose also thafactors into a | aima 14:Supposeq and G are as above. @) Iy*
product of strictly positive functions, which we find convemt o o AP estimate ofg, let &* = {d(a,y")|a € A}

to denote in exponential form:

1
q(y1,y2) = Z exp(bhy1 + O2y2 + b12y192)

be the set of nodes i that correspond to each domain
being consistent withy*. Then,é* is an MWIS of G. (b)
) Conversely, suppos&* is an MWIS of G. Then, for every
domaina, there is exactly one nod¥«, y}) included ino*.
Here o specifies the domain of the functiaf,, andy, is Further, the corresponding domain assignmgrit$a € A}
the vector of those variables that are in the domainp@f are consistent, and the resulting overall vegtoris a MAP
The o’s also serve as an index for the functions.is the estimate ofg.
set of functions. The MAP estimation problem is to find a  Proof: A maximalindependent set is one in which every
maximizing assignmeng* € arg maxy q(y). node is either in the set, or is adjacent to another node that
We now build an auxillary graphf?, and assign weights is in the set. Since weights are positive, any MWIS has to be
to its nodes, such that the MAP estimation problem abovem@ximal. ForG andq as constructed, it is clear that
equivalent to finding the MWIS of>. There is one node in 1) If y is an assignment of variables, consider the corre-
G for each pair(«, y,), wherey,, is anassignmenti.e. a set sponding set of node§(a,y,.)|a € A}. Each domain
of values for the variables) of domain We will denote this a has exactly one node in this set. Also, this set is an
node of G by 6(«, ya). independent set iz, because the partial assignments

1y) = o [] exp(0ualva) = Sexp (Z ba(ya)

acA aEA
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y. for all the nodes are consistent wigh and hence
with each other. This means that there will not be an
edge inG between any two nodes in the set. B
2) Conversely, ifA is a maximal independent set @,

then all the sets of partial assignments corresponding to
each node inA are all consistent with each other, and
with a global assignment.

There is thus a one-to-one correspondence between maximal

independent sets i and assignmentg. The lemma follows

from this observation. |

22
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