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A LIMIT THEOREM FOR PARTIALLY OBSERVED 

MARKOV CHAINS 

BY THOMASKAIJSER 

Linkoping University 
Let {X,, n = 1,2, be a Markov chain with finite state space S =a }  

{1,2, d}, transition probability matrix P and initial distributionp. Let a ,  

g be a function with S as domain and define Y, = g(X,). Define 

Z,i = Pr[X, = il Yl, Yz, . . a ,  Y,], 

Z,  = (ZJ,Z,,, Z,d) ,a ,  

and let p, denote the probability distribution of the vector 2,. In this 
paper we prove that if {X,, n = 1,2, is ergodic and if P and g satisfy a a }  

certain condition then p, converges to a limit and this limit is independent 
of the initial distributionp. 

1. Introduction. Let {X,, n = 1, 2, . . . }  be a Markov chain with finite state 
space S = {I. 2, - . .,d), (stationary) transition probability matrix (tr p m) P = 
(piZj), and initial distribution p = (p,, p,, . . . ,p,) where 

Let g be a function with domain S and define 

A process {Y,) constructed in this way is usually called a partially observed 
Markov chain. Put 

Z n i = P r [ X n = i l Y , , Y 2 ,  . . . , Y,], i =  1 ,2 ,  d , n =  1 ,2 ,  . . a ,  

and 

Z, = (Znl, Zn2, .,Znd). 
The purpose of this paper is to prove that if {X,]: is ergodic and if P and g 

satisfy a certain condition A-specified below-then 

(i) the probability measure of Z, converges weakly to a limit measure, and 
(ii) the limit measure is independent of the initial distribution p. 

We shall also give an example (see Section 10) showing that the second of these 
results does not hold if we merely assume ergodicity, thus contradicting a con- 
jecture made by D. Blackwell (see [2] pages 17-1 8). 

In order to give a precise statement of our result we first need some notations. 
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678 THOMAS KAIJSER 

Let 
K = {(x~,xz, . . .,xd)c R d :xi 2 0, C xi = 1) 

% = the collection of Bore1 sets of K 

C[K] = the collection of real-valued, continuous functions on K 

where the subscript p indicates that the distribution of X, is taken to be p. 
Further let 

A = {g(i): i E S} 

and define a matrix M(a) = (m,,Ja)), for a E A ,  by 

m,,Ja) = pij  if g(j) = a 

= 0 otherwise. 

We also need a notion for matrices which we shall call subrectangularity. 

DEFINITION Let M denote a d x d matrix. If + 0 and 1.1. = 
miz,jz+ 0 implies that also + 0 and miz,jl f 0 then we call M a  subrectangular 
matrix. 

We now state the theorem to be proved in this paper. 

THEOREM Suppose the Markov chain {X,};" is ergodic. thatA. Suppose further 
P and g are such that the following condition holds: 

CONDITION There exists aJinite sequence a,, a,, of elements belonging A. . . .,a, 
to A such that the matrix product M(al)M(az) . . M(a,) is a nonzero subrectangular 
matrix. 

Then there exists a unique probability measure u on (K, 29') such that {u,,,},"=, 
converges weakly to u for all p; i.e., if u E C[K] then 

REMARK.In many special cases it is easy to verify Condition A. For example, 
if the tr p m P itself is subrectangular or if there exists an a E A corresponding to 
exactly one element of S then Condition A holds trivially. 

The basic idea in the proof is to use the fact that Z, can be represented as a 
normalized product of random matrices, an observation due to M. Rudemo (see 
[8] page 587). Then by using an estimate for products of nonnegative sub- 
rectangular matrices, essentially due to' H. Furstenberg and H. Kesten (see [4] 
Lemma 3) and using the fact that {Z,};" is a Markov chain we prove the theorem 
with methods similar to those used in [6]. 

REMARK.It is worth observing that the "set-up" given above also includes 
the seemingly more general situation, when the Y, are random functions of the 
X, in the sense that 
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where a belongs to a finite set A and C, q,,, = 1 for i E S. (If we only allow 
q,,, to take the values 1 or 0 we have the deterministic case.) For, defining 

we note from (1.1) that {X,'};o is also a Markov chain and then by defining 

we have reduced this "random" case to a "deterministic" case. 

2. Some representation formulas. We denote the i, j th element of a matrix 
M by (M),,? and similarly we denote (when convenient) the ith component of 
a vector x by (x),. Now for each a E A we define a matrix I(a) by 

( ( a ) ) ,  = 1 if i = j and g(i) = a 

= 0 otherwise. 
We also define 

llxll = CfIx,~,x E Rd . 
Clearly 

P' ['I = 'I = Ci:g(i,=api= IIpI(a)ll
and 

Hence 

Generalizing we have 

LEMMA2.1. (See ~ s t r o m  [ I ]  pages 182-183 and Rudemo [8] page 586.) 

Pr[Y, = a,, Y, = a,, . . ., Y, = a,] 

=IlpI(al)M(a,)M(a3)...M(a,)ll
n = l , 2  , . . .  

REMARK.Observe that the denurnerator in (b) is equal to zero with probability 
zero because of (a). 

PROOF. Both formulas are simple consequences of Bayes rule and the follow- 
ing obvious fact: 

LEMMA2.2. Let MI and M, be two d x d matrices and let y E Rd be such that 

1 1  yM1ll # 0 '2nd llyM1Mzl l # 0. Then 
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Next let Mdeno te  the subsets of A and define Q : K x M- [ O ,  1 1  by 

Clearly Q : K x ,w'+ [ 0 ,  1 1  defines a transition probability function (tr p f). 
Further let 

Dl = { ( x ,a )  e K x A :  IlxM(a)JJ > 01 , 
define h : Dl --t K by 

and let 
A(h-l(x, E ) )  = {a E A : h(x ,  a )  E E }  . 

LEMMA2.3. (See ~ s t r o m  [ I ]  page 187 or Black'well [2]  pages 14, 15). The 
process {Z,}? is a Markov chain with state space (K, Z)initial distribution u,,, and 
t r p f  R :  K x g-+[ O ,  1 1  defined by 

PROOF. The lemma follows easily from (b) of Lemma 2.1,  Lemma 2.2 and 
the definitions of Q ( x ,  B) ,  h (x ,  a )  and A(h-'(x, E ) ) .  

Next let x be an arbitrary element of K, let {Z,(x)),",, denote the Markov 
chain which starts at x (Z, (x)  = x )  and has tr p f R ( .  , .), and let p,,, denote the 
probability distribution of the vector Z,(x). The following corollary is an 
the definitions immediate consequence of Lemma 2.3. 

COROLLARY If for all x E K, {p,,,],"=, converges weakly to a limit which is 2.1. 
independent of x then also {u,,,},"=, converges weakly to the same limit for all initial 
distributions p. 

3. A random system with complete connection. From Corollary 2.1 of the 
previous section we note that in order to prove Theorem A, if suffices to study 
the Markov chains {Z,(x)],",,, x E K with tr p f R ( .  , 0 )  defined by (2 .3) .  

We now show how the Markov chain {Z,(x)];" is obtained. We start at 
Z o ( x )= x.  Then we pick an element Y l ( x )E A according to Q ( x ,  .) (defined by 
(2 .1 ) )  and take Z l ( x )  = h(x ,  Y l ( x ) )  where h(x ,  a )  is defined by (2.2). Next we 
pick an element Y,(x) E A according to Q(Z,(x) ,  .) and take Z,(x) = h(Z l (x ) ,  
Y,(x))  etc. The mathematical objects involved in this procedure-namely the 
two measurable sets (K, '%) and ( A ,  M ) ,the tr p f Q : K x M--t [ 0 ,  11 and the 
function h : Dl --t K-constitute a set { ( K ,g),( A ,M ) ,Q ,  h]  called a random 
system with complete connection. (See Iosifescu-Theoderescu [ 5 ]  Chapter 2, 
especially Section 2.3.3.1 .). At least essentially. There is namely one point at 
which the set {(K, Z'),( A ,  M ) ,Q ,  h] does not quite satisfy the definition of a 
random system with complete connection and that point concerns the function 
h : Dl --t K which only is defined on a subset Dl of K x A and not on all of K x 
A.  Therefore we shall need some extra concepts and notations which are usually 
not needed when studying random systems with complete connection. 
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We shall next justify the construction of {Z,(x)}$given above. Let A" denote 
the n-product set of A and let Am denote the infinite product set of A. Let M "  
denote the subsets of A" and let s f wdenote the o-algebra on Am generated by 
the cylinder-sets. Let q : K x A + [ O ,  11 be defined by 

(q(x, a )  can be regarded as the density function of Q(x ,  B).). Further let a" = 
(a,, a,, . . . ,a,) denote an element of A" and let 

D, = {(x ,a") e K x A" : 1 lxM(a,)M(a,) M(a,)ll > 0 )  . 

and 

By applying Lemma 2.2 we observe 

LEMMA3.1. V ( X ,an+")E D,,,, 	 n ,  rn 2 1 ,  then 

(3.1) qn+m(x, an+") = q,(x, an)qm(h,(x, a"), "an+") 

and 

(3.2) h,+,(x, an+") = h,(h,(x, a"), "a"+") , 
where 

nan+m = (a,+,, a,+,, . .,a,+,) 

Next for each x IZ K and n 2 1 we define Qn(x, 0 )  : M "  + [ O ,  11 by 

B) = Cam,,q,(x, a") . 
From the definition of q,(x, a") we observe that 

for all n 2 1 .  Thus {Qm(x,o ) } ?  constitutes a sequence of probability measures. 
Moreover 

Qn+l(x, B x A )  = Qm(x, B )  , BIZ^^" 

and from Lemma 3.1 we also have 

Q"+"(x, BI" X Bz") = Ca"eB1n qa(x, a") z a " e B , "  a"),a") 

if an+" e A,"+", where 

(3.3)  	 A," = {a" e An : I lxM(a,) . . . M(a,)ll > 0 )  

(= the support of Qn(x, -)) . 
Hence, applying a theorem due to Ionescu Tulcea (see [7] Section V. 1 )  we have 

EXISTENCE TO every x e K there exists a probability space (Am, Mm,THEOREM. 
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Qxm) and a sequence of random variables {Y,(x)}," on (Am,  Mm)and with values in 
A such that 

QZm(Y1(x)  Q(x ,  B)  , B E @E B)  = 
and 

QXm(Y,+,(x)E BI Yrn(x) ,  m = 1 ,  2 ,  . . a ,  n) 

= Q(h,(x, Y n ( x ) ) ,  B ) ,  Qxm - a.s. , B E M ,  
where 

Y " ( x )= (Y,(x) ,  Y,(x),  . ., Y,(x)) . 
From this existence theorem and Lemma 3.1 it is easy to see that we also have 

LEMMA3.2. For n 2 1 

Pr [Y,(x)= a,, Y,(x) = a,, . . ., Y,(x) = a,] = tIxM(a,) M(a,) . M(a,)ll 

and 

where EiE g,i = 1 ,  2 ,  . . . , n. (Compare also Lemma 2.1.) 

4. The transition operator. We have already observed that in order to prove 
Theorem A is suffices to prove that {p,,,}," converges weakly to a limit which 
is independent of x ,  where p,,, denotes the probability measure corresponding 
to Z,(x). Now let B[K]= collection of real-valued, bounded, Bore1 functions 
on K and define the transition operator T :  B[K]-+ B[K]by 

From the definition of R ( - ,  - )  (see (2.3)) we note that 

Next let R"( - ,  - )  denote the n-step tr p f of R ( - ,  -). By the Chapman-
Kolmogorov equality we have 

and introducing the notation 
u,(x) = Tmu(x), 

we also have 

Furthermore it is not hard to see that 

(4.3) urn(x>= C ~ ( h , ( x ,an))q,(x, a") 

Now from (4.1) and (4.2) it follows that 



ON PARTIALLY OBSERVED MARKOV CHAINS 

and 

Therefore defining 

cp(u) = sup, ,, U ( X )  - infx€ K  4 x 1  , 
we have 

cp (~ ,+ l )  S cp(u"b). 

LEMMA4.1. I f  for each u E C [ K ]  


then there exists a unique probability measure p on (K ,  g)such that {p,,,}; converges 
weakly to p for all x E K. 

PROOF. The lemma is a simple consequence of (4.4),  (4.5) and Riesz represen- 
tation theorem. (Compare [3]Chapter 8, page 243 and page 266.) 

Next we define 

IIuII = SuPzs~I u ( x ) I  , u E B [ K ]. 
LEMMA4.2. The set {u E B[K]: lim,,, cp(u,) = 0 )  is closed under the supremum 

norm topology. 

PROOF. Standard. (See [6]Chapter 1 ,  for details). 

From Lemma 4.1, Lemma 4.2 and Corollary 2.1 we see that Theorem A will 
be proved if we can prove (4.6) for a set of functions which is dense in C [ K ] ,  
for example the set of Lipschitz functions. That is the set 

Lip [ K ]= { u  E C [ K ]: l"(x) - u ( Y ) ~  
IIx - Y I I 

The following property of Lip [ K ]will be used later. 

LEMMA4.3. 
u E Lip [ K ]- Tu E Lip [ K ]. 

PROOF.Let x = (x,, x,, . . . , x,) and y = (y, ,  y,, . . . , y,) be two fixed but 
arbitrary vectors of K and let {e,: i = 1 ,  2 ,  . . . , d }denote the set of base-vectors 
of Rd. Define 

S, = { i E S :  x, > 0 and y, > 0 )  

S ,  = { i E S :  xi > 0 and y, = 0 )  

S ,  = { i  E S :  xi = 0 and y, > 0 )  
and 

Now using the fact that 
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it is not very difficult to convince oneself that for any u E B [ K ]  

I Tu(x)  T ~ Y )- l 
= I CS ,X i  C A, u(h(x,  a))q(ei, a)  + C s zXi C A, u(h(x,  a))q(ei, a )  

- CS,Yi CA, U ( ~ ( Y ,a))q(ei, a)  - C s 3  Yi CA( a))q(ei, all ' ( ' ( ~ 9  

(4.7) 5 I C S ,(xi  - CA,u ( ~ ( x ,~ i )  a))q(ei, a )  

+ C s ,  (xi  - Yi) CAiu(h(x,  a))q(ei, a )  

+ C s 3  (xi  -Yi)  C A ~u(h(Y, a))q(ei, a>I 

+ I Yi C A, ( ~ ( h ( x ,  u(h(y,  a)))q(ei, a)l 11 + I2CS ,  a) )  - = say. 
Now clearly 

since 
C q(ei, a )  = 1 . 

Furthermore if i E S, and a E A, then both I IxM(a)ll and 1 1 yM(a)ll are larger than 
zero, and by simple calculations we obtain 

Therefore if u E Lip [ K ]and we define 

u l L  = inf i1.: sup,,, ' ( x )  - ' ( Y ) I 2 , u E Lip [ K ]  
IIx - Y I I 

we obtain 

C s ,  C A (yiq(ei'I2 1 ~ 1 ~  IxM(a)  - yM(a)I 5 21~1,C AIxM(a)  - yM(a)ll
IIyM(a)II 


2 2 1 4 ~C ACi Ixi - Yil C j  (M(a)) i , j= 214L Ci Ixi - Yil C j (f ' ) i , j  


= 214L IIx -Y I I .  

Thus 

and by combining (4.7), (4.8) and (4.9) we obtain, for u E Lip [ K ] ,  

The lemma is proved. 

5. A coupling device. From Lemma 4.1,  Lemma 4.2, Corollary 2.1 and (4.3) 
we see that what we want to prove is that 
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for all u E Lip [ K ] .  One difficulty that arises when trying to estimate the quantity 

is caused by the fact that in general A," # A,". The purpose of this section is 
to show how this difficulty can be overcome. 

We start with some notations. For x E K, we define 

S ( x )  = { i c S :  ( x ) ~> 0 1 .  

Further if S' denotes a subset of S we define 

K(S1)= { x E K :  S ( X )  = S'} 

and if 0 < a 5 1, we define 

and 

LEMMA5.1. There exist constants a ,  and Po ,  0 < a,, Po _I 1 ,  an integer no and 
a set So c S such that for all x c K 

Since the proof is rather long, we postpone it until Section 9. 

REMARK.The lemma is false without Condition A. 

Next we introduce an equivalence relation - by 

x - y if S ( X )= S ( y ) ,  
and define 

K ( a )  = { ( x ,y )  c K ( a )  x K(a) :x - y }  . 

LEMMA5.2. If x - y then A," = A,", for all n 2 1 .  


PROOF. Follows from the definition of A," (see (3.3)). 

Now let x and y be two arbitrary elements of K. Let { ( Z n l ( x ) ,Znl'(y))}nm_,be 
a sequence of two d-dimensional random variables such that {Zn1(x)},"and 
{Zml ' (y)};are two independent Markov chains both generated by R ( - ,  - )  and 
such that ZO1(x)= x and ZOu(y)= y .  Define 

where a ,  is the constant of Lemma 5.1. 

LEMMA5.3. There exist constants Go and p,, 0 < p, < 1 such that for all 

x , y € K  
Pr [N,, ,  > n] 5 COP," , n = O , 1 , 2 ,  . , .  

PROOF. Follows easily from Lemma 5.1. 

LEMMA5.4. Let n > m. Then for any u c B [ K ]  we have 
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PROOF. Let u E B[K].  We have 

where E[ :B] denotes integration over the set B. 

From Lemma 5.3 follows that 

Moreover, from the Markov property follows tha.t 

= l k  SUP(%,y)ci(oo) - ' m - k ( ~ ) I  ,I u n - k ( ~ )  

where 

(5.6)  	 A, = Pr [N , , ,  = k ] . 
The inequality 	(5.2) now follows from (5 .3) ,  (5 .4) ,  (5.5) and (5.6).  

We also have 

LEMMA5.5. Let 0 < a S 1,  and ( x ,  y )  E K(a) .  Then 

(5.7) lun(x) - un(y)l 5 (1 - a ) c ~ ( u )  

+ lul L CAx" I lhn(x, an) - hn(y, an) l lqn(Y 9 an) 
for all u E Lip [ K ] .  

PROOF. For any x , y E K we have 

CAn qn(x ,  an)  = CAn qn(y9 an) = 1 
and 

C A n  (qn(x,  am) - qn(Y 3 an)(I ,  I Ix - Y I I . 
Moreover if ( x ,y) E K ( a ) then Ilx - yll j2 . ( 1  - a ) and A," = A,". Therefore 
if ( x ,  y )  e K(a)  and u E Lip [ K ]we have 

which was to be proved. 

6. Two lemmas on products o f  matrices. On the right-hand side of (5.7) the 
quantity 
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occurs. The purpose of this section is to prove two inequalities for products 
of nonnegative, nonzero subrectangular matrices. (See Definition 1.1 for the 
definition of a subrectangular matrix.) 

We first need some notations. Let M denote a nonnegative d x d matrix. 
We define 

S , (M)  = { i: (M), , i  > 0 , some j }  

S , (M) = { j :  ( M ) i , i  > 0 , some i }  

( M ) i  = C i  ( M ) i , i
and 

IlMll = maxi ( M ) ,. 
The following lemma is a slight generalization of Lemma 3 in [ 4 ] .  

LEMMA6.1. Let M,, M ,  ,. . .,M,, n 2 1 ,  be nonnegative, nonzero, subrectangular 
matrices such that 

Let U = M I  M ,  . . . M ,  and assume that 

(6.2) 

Let 

Then if i,  and i, E S l ( U )  we have 

PROOF. The proof is essentially based on the same ideas as used by H. 
Furstenberg and H. Kesten in their proof of Lemma 3 in [ 4 ] .  

First we observe that since i,  and i,  E S,(U) we have > 0 and (U), ,  > 0 
and hence the left-hand side of (6.4) is well defined. Next we state 

PROPOSITION6.1. Let M and N denote two nonnegative d x d matrices. If M is 
subrectangular so are M N  and N M .  

PROOF. Trivial. 

From this proposition follows that U is subrectangular 

PROPOSITION If j,, j, E S,(U) and, i,, i ,  E S1(U)  then 6.2. 

PROOF. Since j,, j, E S,(U) and i,, i ,  E S,(U) we obtain from the subrectangulari- 
ty of U (U)il , i l  > 0 and (U) i2 , j ,> 0. Next let n 2 3 and denote V = M ,  M ,  . . . 
M,-,. Then 

( u ) i , , j l  = C r , k  ( M l ) i l , r ( V ) r , k ( M I t ) k k j .  
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and 
(%,,j,  = C r , k  ( M 1 ) i 2 , r ( V > r 7 k ( M n > k , j z  ' 

Using the subrectangularity of M I ,  V and M ,  we obtain from (6.1),  (6,2) and 

from which (6.5) follows. 
That (6.5) also holds when n = 1 or 2 is evident. 
From Proposition 6.2 clearly follows that 

(6.6) alan(u)il5 (u)iz5 (alan)-'(U)il 9 4,  4 E &(u) 
and by combining (6.6) and (6.5) we see that (6.4) holds if n = 1. Next let 
n 2 2 and denote W = M ,  M,  . . . M,. Then if i E's,(u)we have 

Thus if we denote 
[ Y k  = (Ml)il,k( W)k k 1 , 2 ,  ...,d= 

(u>il 
and 

we have 

Now let k E S,(M,). Then applying (6.3) and (6.6) we obtain 

Hence if k E S,(M,) 

(6.8) P k  2 812anak 
and since M ,  is subrectangular the inequality holds trivially if k @ &(MI) .  
Furthermore using the fact that 

C S , ( W )  ( M l ) i , k ( W ) k  = ('16
we have 

(6.9) C S ~ ( W )  = C S a k  = = C SP k  = C s l ( W )  P kak ' 

Therefore, defining Sf = {k :a ,  >= Pk)we obtain from (6.7),  (6.8) and (6.9) 

(6.4) then follows by induction. 
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LEMMA6.2. Let MI ,  M,, . . ., M, and U be as in Lemma 6.1. Let x a n d y  c K,  
and suppose that JlxUJI > 0 and llyUll > 0. Then 

PROOF. From the definition of the norm we have 

But 

and similarly 

y,(U>.. (u>i,j, yi(U>izi> = Cs,cv,---
IIYUII (u>i ll~ull 

Therefore 

where we have defined 

a .  = -Xi(U).  and p = y.(U)., j = 1,2 ,  . . ., d
7lxul l Ilyull 

But C xi(U), = llxUll and hence C ai = 1. Similarly we obtain pi = 1. 
Therefore 

< max,.,,,, a-min,,,,,,- . +C, \CX,- p i \ .( (u>i (u>i( " ) i 9 i )  

Then applying Lemma 6.1 we obtain 

since 3 C lai - P i ]  5 1. The lemma is proved. 

7. The subrectangular case. In this section we prove the assertion of Theorem 
A under the extra assumption that the tr p m P is subrectangular. First we 
observe that 

P subrectangular M ( a  subrectangular for all a E A . 
Next let ( x ,  y )  e l?(a,) and let a" c A,". Then JJxM(am)lj> 0 and IjyM(an)JJ> 0. 
Therefore, if we denote 
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we obtain from Lemma 6.2 

(7.1) jJh,(x, a,) - h,(y7 an)ll 5 d(l - a3)" 


Hence applying Lemma 5.5, for u E Lip [K], we obtain 


(7.2) S U P ( z , y ) E i ( a o )J u ~ ( x )- u~(Y)I5 (1 - ~o)Y('>+ I U I L ' P I ~  
where p, 	= (1 - a3). 


Then combining (7.2) with Lemma 5.4 we obtain, for n, m 2 1, 


(7.3) Y'(ulL+m)I (1 - ao)Y'(u) + 1'1, d ~ l "+ P(u)CoPO" 


Thus if we choose n and m sufficiently large, say n = n, and m = m,, then 


cP(~n,+m,>I (1 - ~I )Y( .u )  
where a, = a0/2. 

But because of Lemma 4.3 we have that 

u E Lip [K] =,u, E Lip [K] , n =  l , 2 ,  . . .  
Therefore we can apply (7.3) to the function u,~+,~. We then obtain 

Y'(~~~+rn~+n+m) = P((u,,+rn,),+m)= (by (4.2)) 


2 (1 - ao)Y'(~m~+rn~)I~rn,+rn,IL dpln Y'('n1+rn1) Copom 


5 (1 - ao)(l - a,)c~(u)+ Ju,l+mlIL .
d~1"+ Y'(~~,+~,)COPO" 

Again choosing n and m sufficiently large (probably much larger this time since 
I U , , + ~ , I ~  might be very large), say n = n, and m = m,, we obtain 

cP(u~l+n,+m,+m,~I (1 - a,)'Y'(u) 

Repeating this procedure and using the fact that {y(u,)} is a nonincreasing 
sequence we see that if u e Lip [K] then limn_,, y(u,) = 0, which together with 
Lemma 4.2, Lemma 4.1, and Corollary 2.1 proves that the assertion of Theorem 
A is true if we assume that P is a subrectangular matrix. 

8. The final step. In order to complete the proof of Theorem A all that 
remains to do (besides proving Lemma 5.1) is to prove the following lemma. 

LEMMA8.1. Assume Condition A holds. Then, if a > 0, 

(8.1) limn-m supicai Caz?tl1hn(x, an) - h,(,~) an)llqn(x3 a") = 0 . 
For, having proved this lemma, we by the same arguments as used in the 
previous section can prove 

u e Lip [K] ==, lim,,, ~ ( u , )= 0 

form which Theorem A follows. 

PROOFOF LEMMA8.1. Since we assume that Condition A holds, there exists 
an integer mo and a sequence {bo, b,, b,, . . . , bmo}such that the matrix product 
M(bo)M(b,) . . . M(bmo) is a nonzero subrectagular matrix. 
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Now let { Y , ( x ) } ~ ~ ,x E K be the stochastic process introduced in the existence 
theorem of Section 3. Denote 

(Y, (x) ,  Y,(x), . . ., Y,(x)) = Y " ( x )  
and 

(Yn+i(x), Ym+,(x), . ' 9  Yn+rn(x))= "Yrn(x )  

From Lemma 3.2 it is clear that if x - y then 

(8.2) 	 CA," I l h a ( ~ ,a*) - hn(y3 an)[ l q n ( ~ ,  a") 

= E[llh,(x, Y"(x))  - h " ( ~ ,Y"(x))lll . 
Define 

n, = min {n :mini, (P")i,j> 0) . 
Such an n, exists since {X,)," is assumed to be ergodic. Denote 

M(Y,(x)) M(Y,(x)) M(Y,(x)) = M " ( 4  
and 

M(Y,+i(x)) M(Yn+,(x)) . . M(Yn+rn(x))= MSrn(x). 

LEMMA8.2. There exists a constant yo such that for all x E K 


P . 3 )  Pr [Mnl+"o(x) is subrectangular] 2 y, . 
PROOF. Because of Proposition 6.1 

Pr [Mni+"o(x) is subrectangular] 

2 Pr [M,"lo(x) is subrectangular] 

2 Pr[Yfil+,(x)= b,, k = 1 , 2 ,  . ..,m , ] .  

Now since the product M(b,) M(b,) . . . M(brno)is nonzero we have Ilei0M(bo). . . 
M(bmo)lJ2 y1 > 0 for some vector eiowhere lei)$, as before, denotes the set of 
base-vectors of Rd. Moreover, using the ergodicity of the matrix P it is not very 
difficult to prove that there exists y, > 0 such that for all x E K 

Pr [(Znl(x)), ,2 r212 6, 
where 

8, = mini, { (PVl ) , ,j }  . 
From (3.1) then follows that 

Pr [Y,,+,(x) = b,, k = 1, 2 ,  mo]2 61r,y,. . a ,  

and hence by taking yo = 6,y,y, we obtain (8.3),  and hence Lemma 8.2 is 
proved. 

Next for each x E K define a sequence of positive, integer-valued stochastic 
variables {N,(x)};=, by 

N,(x) = min {n : M(Y,(x)) M(Y,))  . . . M(Y,(x)) is subrectangular) 
N,+,(x) = min {n:M(Y,,(x))  M(Y,,+,(x)) . . . M(Y,,+,(x)) is subrectangular) 

k =  1 , 2  
where k' denotes N,(x)  + 1 .  
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From Lemma 8.2, Lemma 3.1 and Lemma 3.2 it is not difficult to convince 
oneself that the following result holds: 

LEMMA There exist constants C ,  and p,, 0 < p, < 1 such that for all x E K8.3. 
and for all choices of m,  k,, k,, k,, n,, n,, . ., n, 

a ,Pr [ N k l ( x )2 n,, Nk2(x)  2 n,, N,,(x) 2 n,] S C2p2"l C S P ~ " ~  C~PZ"" 

We omit the proof. 
To simplify notations we from now on write Nk instead of N,(x). Next define 

L = L(n) = max { k :Nl + N,  + . . . + N ,  5 n}  , if N ,  5 n , 
= 0 otherwise. 

We have 

E[llh,(x, Y n ( x ) )  - h,(Y Ym(x)) l l l5 

P . 4 )  5 E[IIhlL(x7yn(x ) )- h,(y7 Yn(x))II :L(n) 2 21 
+ 2 Pr [L(n)5 11 = I,(n) + I,(n) say. 

From Lemma 8.3 follows 

Next denote 
. .  a ,  p k Z N l f  N z f  " ' f N k 7  k =  1 , 2 ,  

and 
GI = nrl M(Y,(x)) 

9Gk+l = It;;:; M(Y,(x)) k = l , 2 ,  . . . . 
On {L(n)2 2 )  define 

GL' = rI;=,iL-l+l M(Y,(x)) . 
By definition G,, k = 1, 2 ,  . . . are subrectangular and 

{(G,),,j : (Gk),,j > 0 )  2 8"' 7 

where as before 

8 = min { (P) i , j: (P), , j > 0 )  . 
Also, by Proposition 6.1 ,  we note that G,' is subrectangular and that 

{(GL')i , j: (GL')i,j> 0 }  2 aN '  
where N' = n - p,-,. Therefore, by Lemma 6.2 ,  we have 

@ e 6 )  

@ a 7 )  I,(n) 5 E [ ( n k = :( 1  - 2 ) ) ( I  - P N ' ): L(n)  2 21 . 
Now, by using Lemma 8.3, it is elementary but somewhat tedious to prove that 

@ a 8 )  lim,+wE [ ( n f - l ( l  - 82Nm+N' -))(I P N ' ): L(n)  2 21 = 0 . 
(8.1) then follows by combining (8 .2) ,  (8 .5) ,  (8.7) and (8 .8) , and hence Lemma 
8.1 is proved. 

9. Proof of Lemma 5.1. In this section we prove Lemma 5.1. First, since 
we assume that Condition A holds, we know that there exists a sequence 
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a,, a,, . . . ,a, such that 
M = M(al) M(a,) . . . M(a,) 

is a nonzero subrectangular matrix. In agreement with the notation in Section 
6 we let S,(M) and S,(M) denote respectively the nonzero rows and nonzero 
columns of M .  Now let i, E S,(M).  Since {X,}," is ergodic there exists an integer 
n, and sequences {k,(i), k l ( i ) ,  . .,knl(i)) ,  i  E S ,  such that k,(i) = i, k,,(i) = i, 
and 

n 2 1 p ( k n - l ( i ) ,  k ( i ) )  > 0 9 

where p(i, j) denotes the i ,jth element of the matrix P. Define 

and let e,, i  c S ,  denote the ith base-vector of Rd. It is easy to see that 

and therefore, for all i c S ,  we have 

and 
(h,,(e,, a " ~ ( i ) ) ) ~  = 0 if j g S,(M) . 

Defining 
a,' = min {(h,,(e,, a .~( i ) ) )~,  j E S,(M)} , 
a' = min {a,', i  E S )  , 

6 = min {(P),, : (P),, > 0 ) , and 

/3' = 6%, 
we obtain 

and hence (5.1) holds for x = e,, i  E S ,  if we take no = n,, a ,  = a' ,  p, = ,B' and 
So = S,(M). Now let x be an arbitrary element of K. Since we can write x = 

xiei and since x, = 1 ,  at least one of the terms x,, i  = 1 ,  2 ,  . . . ,d ,  is larger 
than d-l. We may of course assume that x, _2 d-l. Then if j c S,(M),  we have 

and 
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But if j q S,(M) we have 

(h,,(x, ana(i))) j = 0 

for all i E S ,  since Sa(Mi M )  = S,(M). 
Hence if we take no= n,, a, = d-lalP', Po = d-lpl and So= S,(M) we can 

conclude that ( 5 . 1 )  holds for all x E K. The lemma is proved. 

REMARK.I want to thank the referee for helping me to find a correct proof 
of this lemma. 

10. A counter example. As we mentioned in the introduction the conclusion 
of Theorem A does not hold if we merely assume that the process {X,}: is 
ergodic. We shall show this by an example. 

Let the state space consist of four elements S = (1, 2, 3, 4 )  and let the 
function g be such that 

Let the transition probability matrix P be given by 

It is easy to prove that P is ergodic. 
Now let p = (p,,p,, p3, p,) be the initial distribution for the Markov chain 

{ X n } ~generated by P and let us for simplicity assume that p, = p, = 0. 
Denote 

a,  = (p1, p,, 0 ,  0 )  a ,  = (pa, p1, 0 ,  0 )  

a3 = (0 ,  0 ,  p1, p,) , a4 = (0,  0 ,  pa, p1) * 

We shall show below that 

(10.3) lim,,, Pr [Z ,  = ail = 4, i = 1 , 2 , 3 , 4 .  

From (10.3) then follows that if P and g are given by (10.2) and (10.I ) ,  the 
distribution function of Z ,  converges to a limit, but this limit does depend on 
the initial distribution p. To prove (10,3) let us first observe that 

q(x, a) = IIxM(a)II = $ = IIq(x, b>II = IIxM(b)II 7 
X E K  

and that 
h(x, a) = ( X I  + x,, x, + x4,O, o ) ,  X E K  

h(x, b) = (0 ,  0 ,  xl + x4, xa + ~ 3 ), ' X E K .  
Therefore 
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and 

(10.5) 

h(a1, b) = a , ,  h(a,, b) = a, 

h(a3, b) = a , ,  h(a,, b) = a, .  

From (10.5) we observe that in this very special case the state space of the 
Markov chain {Z,}: only consists of the four points a,, a,, a, and a,. Now let 
B = (biSj) be the tr p m associated to the process. By definition b,,j = 
Pr [Z,+, = aj12, = a,] and from (10.4) and (10.5) we obtain 

Pr [Z,+, = a, 12, = a,] = 4, i =  1 , 3  

Pr [Z,+, = a, I Z, = a,] = 1 , i = 2 , 4  

Pr [Z,+, = a, I Z, = a,] = 6 , i = 2 , 4  

Pr [Z,+, = a, I Z, = a,] = 4, i = 1 , 3 .  

Hence the tr p m B is also given by (10.2) and since this matrix is ergodic and 
double-stochastic, (10.3) follows. 

REMARK1. The above example is the same as the one used by Blackwell in 
[2] to show that the entropy of the {X,}-process need not to be larger than the 
entropy of the {Y,}-process. 

REMARK2. Suppose that we in (10.2) takep,, = 4- E, 0 < E < + instead of 4 
and take p,, = E instead of 0. Then the product M(a)M(a)M(b)M(a)M(a)M(b)M(b) 
is a nonzero subrectangular matrix; hence Condition A is satisfied and Theorem 
A applies. 

REMARK3. Suppose that we in (10.2) again take p,, = 6 - E (0 < E < +), 
but now take p,, = 4+ E instead of 4. It is then not very hard to convince 
oneself that Condition A does not hold and hence Theorem A cannot be applied. 
However it is my belief that the conclusion of Theorem A still holds. 
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