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A LIMIT THEOREM FOR PARTIALLY OBSERVED
MARKOV CHAINS

By THOMAS KAIJSER
Linképing University
Let {Xy,n=1,2, ...} be a Markov chain with finite state space S =
{1,2, .-+, d}, transition probability matrix P and initial distribution p. Let
¢ be a function with S as domain and define Y, = g(X»). Define
Zyt =Pr[Xn=1i|Y1, Y, -+, ¥al,
Z'" = (Z’ﬂly an’ ct Z’ﬂd) B
and let y, denote the probability distribution of the vector Z,. In this
paper we prove that if {X,,n = 1,2, ...} is ergodic and if P and g satisfy a

certain condition then g, converges to a limit and this limit is independent
of the initial distribution p.

1. Introduction. Let {X,,n = 1,2, ...} be a Markov chain with finite state
space S = {1.2, ..., d}, (stationary) transition probability matrix (tr pm) P =
(p:,;)> and initial distribution p = (p,, p,, - - -, p;) Where

p: =PrX, =1], i=1,2,.-.,d.
Let g be a function with domain S and define
Yn:g(Xn), n:1,2,...,

A process {Y,} constructed in this way is usually called a partially observed
Markov chain. Put

Znizpr[Xn:ilYI, Y, .-, Y,], i=1,2,...,d,n=1,2, ...

and
Zn = (an’ ana MY an) .

The purpose of this paper is to prove that if {X,}; is ergodic and if P and ¢
satisfy a certain condition A—specified below—then

(i) the probability measure of Z, converges weakly to a limit measure, and
(ii) the limit measure is independent of the initial distribution p.

We shall also give an example (see Section 10) showing that the second of these
results does not hold if we merely assume ergodicity, thus contradicting a con-
jecture made by D. Blackwell (see [2] pages 17-18).

In order to give a precise statement of our result we first need some notations.
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678 THOMAS KAIJSER

Let
K= {(x) Xy -+, X)) €R"1x, 20, F x;, = 1}

& = the collection of Borel sets of K
C[K] = the collection of real-valued, continuous functions on K
v, (E) =Pr[Z,eE], Eec&
where the subscript p indicates that the distribution of X, is taken to be p.
Further let
A={9(i):ie S}
S(a) = {i: 9(i) = a}, acA
and define a matrix M(a) = (m, ;(a)), for ae A, by

m; (@) = py; if g(j)=a
=0 otherwise.

We also need a notion for matrices which we shall call subrectangularity.

DErFINITION 1.1. Let M = (m, ;) denote a d x d matrix. If m, ; + 0 and
m,, ;, # 0implies thatalsom, ; = Oandm,,; =+ O then we call M a subrectangular
matrix.

We now state the theorem to be proved in this paper.

THEOREM A. Suppose the Markov chain {X,}; is ergodic. Suppose further that
P and g are such that the following condition holds:

CoNDITION A. There exists a finite sequence a,, a,, - - -, a,, of elements belonging
to A such that the matrix product M(a,)M(a,) - - - M(a,,) is a nonzero subrectangular
matrix.

Then there exists a unique probability measure v on (K, &) such that {v, }v_,
converges weakly to v for all p; i.e., if ue C[K] then

lm, . {x u(y)vn,p(dy) = S u(y)u(dy) -

REMARK. In many special cases it is easy to verify Condition A. For example,
if the tr p m P itself is subrectangular or if there exists an a € A corresponding to
exactly one element of S then Condition A holds trivially.

The basic idea in the proof is to use the fact that Z, can be represented as a
normalized product of random matrices, an observation due to M. Rudemo (see
[8] page 587). Then by using an estimate for products of nonnegative sub-
rectangular matrices, essentially due to' H. Furstenberg and H. Kesten (see [4]
Lemma 3) and using the fact that {Z,};° is a Markov chain we prove the theorem
with methods similar to those used in [6].

REMARK. It is worth observing that the ‘“set-up” given above also includes
the seemingly more general situation, when the Y, are random functions of the
X, in the sense that

(1.1) PriY,=a|X,=0iX,, Y, 1l=mIn]=Pr[Y, =a|lX, =i]l=¢q,,
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where a belongs to a finite set 4 and };,4,, = 1 forieS. (If we only allow
q:. to take the values 1 or 0 we have the deterministic case.) For, defining

X = (X, Y.)
we note from (1.1) that {X,’}; is also a Markov chain and then by defining
9( X)) =Y,
we have reduced this “random” case to a “deterministic” case.

2. Some representation formulas. We denote the 7, jth element of a matrix
M by (M), ; and similarly we denote (when convenient) the ith component of
a vector x by (x),. Now for each a € 4 we define a matrix /(a) by

(I(a)); ; =1 if i=j and g(i)=a
=0 otherwise.

We also define
[[x]] = 2f x|, x € R*.

Clearly
Pr[Y, = a] = Digw-api = [|PLA)]
and
Pr[Xl = 1| Yl — a] — (pl(a))z .
|| p1(a)||
Hence
= Pl
Pzl

Generalizing we have
LEMMA 2.1. (See Astrom [1] pages 182183 and Rudemo [8] page 586.)

@)
Pr[]Y,=a,Y,=a, - ---,Y, =a,]
() = [|pl(a)M(a)M(a;) - - - M(a,)|| n=1,2, -
PIYYM(Y))M(Y) - - - M(Y,,)

n = n=1,2,---.

| PIY)YM(Y)M(Yy) - - M(Y,)||

REMARK. Observe that the denumerator in (b) is equal to zero with probability
zero because of (a).

Proor. Both formulas are simple consequences of Bayes rule and the follow-
ing obvious fact: '

LEMMA 2.2. Let M, and M, be two d x d matrices and let y € R* be such that
[|lyM,|| # 0 and ||yM,M,|| + 0. Then

M,
[|yM,| yM,\ M,

[ o] AN
M|

2




680 THOMAS KAIJSER

Next let % denote the subsets of 4 and define Q: K x . — [0, 1] by
(2.1) Q(x, B) = X ,e5 ||XxM(a)|| , xeK,Be .

Clearly Q: K x .9 — [0, 1] defines a transition probability function (tr pf).
Further let
D, ={(x,a)e K x A: ||xM(a)|| > O},
define #: D, — K by
M(a)
(2.2) h(x, a) = X244
llxM(a)|
and let
A(h~Y(x, E)) = {ae A: h(x,a) e E} .
LEMMA 2.3. (See Astrom [1] page 187 or Blackwell [2] pages 14, 15). The
process {Z,} is a Markov chain with state space (K, &) initial distribution v, , and
trpf R: K x & — [0, 1] defined by

(2.3) R(x, E) = Q(x, A(h~Y(x, E))) .

Proor. The lemma follows easily from (b) of Lemma 2.1, Lemma 2.2 and
the definitions of Q(x, B), A(x, a) and A(k~\(x, E)).

Next let x be an arbitrary element of K, let {Z,(x)};., denote the Markov
chain which starts at x (Z,(x) = x) and has tr pf R(., +), and let 4, , denote the
probability distribution of the vector Z,(x). The following corollary is an
the definitions immediate consequence of Lemma 2.3.

CoroLLARY 2.1. If for all x € K, {#,, ,}i-s converges weakly to a limit which is
independent of x then also {v, ,}=_, converges weakly to the same limit for all initial
distributions p.

3. A random system with complete connection. From Corollary 2.1 of the
previous section we note that in order to prove Theorem A, if suffices to study
the Markov chains {Z,(x)};_,, x € K with trp f R(., «) defined by (2.3).

We now show how the Markov chain {Z,(x)}; is obtained. We start at
Z,(x) = x. Then we pick an element Y (x) € 4 according to Q(x, «) (defined by
(2.1)) and take Z,(x) = A(x, Yy(x)) where A(x, a) is defined by (2.2). Next we
pick an element Yy(x) € 4 according to Q(Z,(x), ) and take Zy(x) = h(Z,(x),
Y,(x)) etc. The mathematical objects involved in this procedure—namely the
two measurable sets (K, &) and (4, %), the trpf Q: K x % — [0, 1] and the
function #: D, — K—constitute a set {(K, &), (4, %), Q, h} called a random
system with complete connection. (See Iosifescu-Theoderescu [5] Chapter 2,
especially Section 2.3.3.1.). At least essentially. There is namely one point at
which the set {(K, &), (4, ), @, h} does not quite satisfy the definition of a
random system with complete connection and that point concerns the function
k: D, — K which only is defined on a subset D, of K x A4 and not on all of K x
A. Therefore we shall need some extra concepts and notations which are usually
not needed when studying random systems with complete connection.
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We shall next justify the construction of {Z,(x)};° given above. Let A" denote
the n-product set of 4 and let 4~ denote the infinite product set of 4. Let 7"
denote the subsets of 4" and let .97 denote the g-algebra on A4~ generated by
the cylinder-sets. Let g: K x 4 — [0, 1] be defined by

q(x, @) = ||xM(a)||

(9(x, @) can be regarded as the density function of Q(x, B).). Further let a” =
(ay, ay, - -+, a,) denote an element of 4™ and let

D, ={(x,a") e K x A":||xM(a,)M(a;) - - - M(a,)|| > 0} .
Define g,: K x A~ —[0,1]and #,: D, - K,n=1,2, ... by

gu(x, a”) = ||[xM(a))M(a;) - - - M(a,)|]
and
xM(a)M(a,) - - - M(a,)
[[xM(a,)M(ay) - - - M(a,)||

h,(x,a") =

By applying Lemma 2.2 we observe

Lemma 3.1. If (x,a"*™)e D, ., n, m = 1, then

(3.1) Guim( @) = ,(x, @)gn(hy(x, @), "a"+")
and
(3.2) By, @) = hy(h(x, @), "a*™)
where

"t = (an+1’ a‘n+2’ ] an+‘m) *

Next for each xe€ K and n = 1 we define O*(x, «): %™ — [0, 1] by
Q”(xs B) = Za”eB ‘]n(X, a”) .
From the definition of ¢,(x, a”) we observe that
Q"(x, A) = T4 llxM(ay) - - - M(a,)l| = ||xP*]| =1

for all n > 1. Thus {Q"(x, +)}; constitutes a sequence of probability measures.

Moreover
Q"*(x, B x A) = Q*(x, B), Be

and from Lemma 3.1 we also have ‘
Qn+m(x’ Bln X Bzm) = Za”GBI” qn(x’ a”) ZameBg‘m qm(h'n(x’ an), am)
if a®*t™ e 4,"*™, where
3.3) A" = {a"e A ||xM(a)) - - - M(a,)|| > 0}
(= the support of Q*(x, .)).
Hence, applying a theorem due to Ionescu Tulcea (see [7] Section V.1) we have

EXISTENCE THEOREM. To every x € K there exists a probability space (A, 7,
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Q,>) and a sequence of random variables {Y,(x)}y on (A°, =) and with values in
A such that

Q.~(Yy(x) € B) = Q(x, B) , Be s
and
0,7(Y,(x) € Bl Y, (x), m = L,2,..., n)
= Q(h,(x, Y™(x)), B), Q,° — a.s., Be ',
where

Yr(x) = (Yi(x), Yo(x), - -+, Yo(x)) -
From this existence theorem and Lemma 3.1 it is easy to éee that we also have
LEMMA 3.2. Forn=>1

PrYy(x) = @, Yi(x) = @5, -+, V,(x) = a,] = HxM(a) M(@,) - - - M(@,)]|
and

Pr[Z\(x)eE,, Z(x) e E,, - -+, Z,(x) € E,]

= Pr[h(x, Y(x)) € E}, hy(x, Y*(x)) € E,, - -+, h,(x, Y™(x)) € E,],

where E;e &, i=1,2, ..., n. (Compare also Lemma 2.1.)

4. The transition operator. We have already observed that in order to prove
Theorem A is suffices to prove that {g, .} converges weakly to a limit which
is independent of x, where p, . denotes the probability measure corresponding
to Z,(x). Now let B[K] = collection of real-valued, bounded, Borel functions
on K and define the transition operator T: B[K] — B[K] by

4.1) Tu(x) = (g u(y)R(x, dy) , u e B[K].
From the definition of R(., ) (see (2.3)) we note that
Tu(x) = Bawiono (-5 ) IWM@I = T uthtr, D), @)

Next let R"(, .) denote the n-step trpf of R(.,.). By the Chapman-
Kolmogorov equality we have

Tu(x) = § u(y)R*(x, dy)
and introducing the notation
u,(x) = T™u(x), u e B[K]

we also have .

(4.2) Upym(X) = Tru,(x) .
Furthermore it is not hard to see that

4.3) u,(x) = ZM” u(h,(x, a"))q,(x, a") .
Now from (4.1) and (4.2) it follows that

(44) SupxeK un(x) g SupxeK un+1(x)
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and
4.5) inf, ., u,(x) Zinf, ., u4,.,(x) .
Therefore defining
@(u) = sup,cx u(x) — inf, ¢ u(x), ue B[K],
we have

¢(un+1) é gD(u‘n) *
LeMMA 4.1. If for each u e C[K]
(4.6) lim,_., ¢(#,) = 0

then there exists a unique probability measure p on (K, &) such that {,, ,}5° converges
weakly to p for all x e K.

Proor. The lemma is a simple consequence of (4.4), (4.5) and Riesz represen-
tation theorem. (Compare [3] Chapter 8, page 243 and page 266.)

Next we define
|[u]] = sup,ex [u(x)] 5 ueB[K].
LEMMA 4.2. The set {u € B[K]:lim, _, ¢(u,) = 0} is closed under the supremum
norm topology.

Proor. Standard. (See [6] Chapter 1, for details).

From Lemma 4.1, Lemma 4.2 and Corollary 2.1 we see that Theorem A will
be proved if we can prove (4.6) for a set of functions which is dense in C[K],
for example the set of Lipschitz functions. That is the set

Lip[K] = {ueC[K]: sup“__yli(lllci_—;l;(l_ly)l < oo} )

The following property of Lip [K] will be used later.

LemMMa 4.3.
ueLip[K]= TueLip[K].

PrOOF. Let x = (X, X5, -+, Xz) and y = (yy, yy + -+, ys) be two fixed but
arbitrary vectors of K and let {e;:i = 1,2, ..., d} denote the set of base-vectors
of R¢. Define

S,={ieS:x,>0 and y, > 0}

S,={ieS:x,>0 and y, = 0}

S;={ieS:x,=0 and y, > 0}
and

A, ={aec A:||le,M(a)|| > 0}.
Now using the fact that
q(x, a) = s x;9(e; a)
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it is not very difficult to convince oneself that for any u € B[K]

|Tu(x) — Tu(y)|
= | Zs, Xs 2a, u(h(x, @))q(ess @) + Xs, Xi 14, U(h(x, @))q(es> @)

— s, Ve 24, (Y, a))q(es, @) — X5, Vi 204, u(H(Y, @))q(e;s a)|
(4.7) = |25, (X0 — po) 24, u(h(x; @))q(e;, @)

+ 2, (X0 — yo) 24, u(h(x, @))q(e;, a)

+ sy (X0 — yi) Za, u(h(y, a))q(e;, a)

+ | X8, Ve 24, (u(h(x, @)) — u(h(y, a)))q(e;, a)| = I, + I, say.
Now clearly
(4-8) I < Xs|xi — pal|u]] 214,90 @) = |[x — yl| [[u]]
since

24 9(esa)=1.

Furthermore if i € S, and a € 4, then both ||xM(a)|| and ||yM(a)|| are larger than
zero, and by simple calculations we obtain

| M sMa) | < 2@ — yM@l]
IxM(@)|  |lyM()|| I} — |lyM(a)||
Therefore if u € Lip [K] and we define
i . |u(x) — u(y)| i
|u|L_1nf{r.sup,¢y_”T:yT§ 7}, ueLip[K]
we obtain
I, < X5, Vi 2a, 4] ||B(x, @) — A(y, a)||q(e;, a)
<, 3o g 3, M@ — yM@)ligten @
= e e 2 = )
Yiq(e:s a) — —
= 20l Zs, Z”W |lxM(a) — yM(a)|| < 2|u|, T4 ||xM(a) — yM(a)]]
= 2uly 24 2a X — yil 25 (M(@)),; = 20ul, 241X — yil X5 (P)ej
= 20ul, ||x — )| -
Thus
(4.9) I < 20ul,|]x — yl|

and by combining (4.7), (4.8) and (4.9) we obtain, for u e Lip [K],
|Tu(x) — Tu(y)| = (Jull + 2[ul)llx — )l -
The lemma is proved.

5. A coupling device. From Lemma 4.1, Lemma 4.2, Corollary 2.1 and (4.3)
we see that what we want to prove is that

limn-mo Supz.ueK |Za"‘€Az" u(hn(x’ an))qn(x’ an) - Za"eA”" ”(hn()” a")‘lm(}” an)l =0
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for all u € Lip [K]. One difficulty that arises when trying to estimate the quantity

IZa”eAx” u(hn(x’ an)qn(x’ an) - Za"e Aym ”(hn()” an)qn(.y’ an)|

is caused by the fact that in general 4, = A4,". The purpose of this section is
to show how this difficulty can be overcome.
We start with some notations. For x € K, we define

S(x) ={ieS:(x);, > 0}.
Further if S’ denotes a subset of S we define
K(S) = {xeK:S(x) =5}
and if 0 < « < 1, we define
K@) = {xeK:(x), = a if ieS(x)}

and
K(a, ') = K(a) n K(S") .

LEMMA 5.1. There exist constants ay and By, 0 < a,, By < 1, an integer n, and
a set S, C S such that for all xe K

(5.1) Pr[Z, (x) € K(, S)] = B -

Since the proof is rather long, we postpone it until Section 9.
ReMARK. The lemma is false without Condition A.
Next we introduce an equivalence relation ~ by

X~y if S(x) =S(y), x,yek,
and define ~
k(@) = {(x,y) e K(a) x K(a): x ~ y}.

LEMMA 5.2. If x ~ y then A" = A", foralln > 1.
Proor. Follows from the definition of 4, (see (3.3)).

Now let x and y be two arbitrary elements of K. Let {(Z,/(x), Z,"(y))}z-, be
a sequence of two d-dimensional random variables such that {Z,'(x)}> and
{Z,)"(»)}; are two independent Markov chains both generated by R(., -) and
such that Z(x) = x and Z,”"(y) = y. Define

N,,, = min{n:(Z,'(x), Z,"(y)) € K(ao)}
where «, is the constant of Lemma 5.1.

LEMMA 5.3. There exist constants C, and p,, 0 < p, < 1 such that for all

x,yekK
PrN,, > n] < Cp", n=0,1,2, ...

Proor. Follows easily from Lemma 5.1.
LemMMA 5.4. Let n > m. Then for any u € B[K] we have

(5‘2) SUP. yex lun(x) - ”n(}’)!
é maxogkém Sup(z,y)ef{(ao) [un—k(x) - un—k(.y)l =+ 9D(u)c0pom .
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ProoF. Let u € B[K]. We have

[ta(x) — uu(P)] = |Eu(Z4(x)) — Eu(Z,(y))|
= |E[u(Z,/(x)) — w(Z,"(P)]I
= Lo |E[M(Z,)(x) — w(Z,"(y)) s N,y = K]|
+ |E[(Z,/(x)) — w(Z,"(x)): N.,, > m]| ,

where E[ : B] denotes integration over the set B.

(5.3)

From Lemma 5.3 follows that
(5-4) E[u(Z,/(x)) — u(Z,7(y)): Noyy > m] = p()Co o™ .
Moreover, from the Markov property follows that
(55  |E[M(Z)(x)) — u(Z,"(y): Noy = K]|
S A SUP G,y e kiay [E[M(Z4-4(%)) — w(Z4(7))]

= Zk Sup(x,y)elz’(ao) |un—k(x) - ”n—k(}’)| ’
where

(5.6) 2 =Pr[N,, = k].

The inequality (5.2) now follows from (5.3), (5.4), (5.5) and (5.6).
We also have
LEMMA 5.5. Let 0 < a < 1, and (x, y) € K(a). Then

(5.7 |uu(x) — w ()| = (1 — @)p(u)

+ U] Zagn [1halx, 8%) — ha(y, @%)]|9a(y @7)
for all ue Lip [K].

Proor. For any x, y € K we have
Loanqu(X, %) = Tan ga(y, ") = 1

Zoan [9a(x, @) — qu(y, ™) < [lx = )l -
Moreover if (x, y) € K(a) then ||x — y|| £ 2 - (1 — @)and 4,* = A4,". Therefore
if (x, y) € K(«) and u € Lip [K] we have
(%) — u(V)| = | Za,n 4(ha(x; @))(qa(x, @) — 4u(y, @)
| D ayn @(ha(x, @) — u(ho(y, a))q.(y, a*)|
< p@)(1 — @) + [u]y Zapn [|ha(x, @) — ho(y, a®)|9.(y, a7)
which was to be proved.

and

6. Two lemmas on products of matrices. On the right-hand side of (5.7) the
quantity
[[2a(x, @) — ha(y, a™)|

<=H xM(a,) --- Ma,) _ yM(a,) --- M(a,) H)
IxM(a,) - - - M(a,)||  |[yM(ay) - - - M(a,)||




ON PARTIALLY OBSERVED MARKOV CHAINS 687

occurs. The purpose of this section is to prove two inequalities for products
of nonnegative, nonzero subrectangular matrices. (See Definition 1.1 for the
definition of a subrectangular matrix.)
We first need some notations. Let M denote a nonnegative d x d matrix.

We define

S(M) ={i: (M), ; >0, some j}

Sy(M) ={j:(M),; >0, some i}

(M), = 215 (M),

[|M|| = max,; (M), .

and

The following lemma is a slight generalization of Lemma 3 in [4].

LEMMA 6.1. LetM,,M,,---,M,, n = 1, be nonnegative, nonzero, subrectangular
matrices such that

(6.1) max; ;oo (My),; =1, m=1,2,..-,n.
Let U= M, M, ... M, and assume that

(6-2) |l > 0.

Let

(6.3) 0, = min, ; {(M,); ;: (M), ; > 0}, m=12,...,n.
Then if i and i, € S(U) we have

(6.4) et _ Das | < 11— 5,7,)

(U, (U)s,
foralljesS.

Proor. The proof is essentially based on the same ideas as used by H.
Furstenberg and H. Kesten in their proof of Lemma 3 in [4].

First we observe that since i, and i, € S,(U) we have (U),, > 0 and (U), >0
and hence the left-hand side of (6.4) is well defined. Next we state

PROPOSITION 6.1. Let M and N denote two nonnegative d x d matrices. If M is
subrectangular so are MN and NM.

ProoFr. Trivial.
From this proposition follows that U is subrectangular.

PROPOSITION 6.2. If j,, j,€ Sy(U) and. i,, i, e S,(U) then

(6.5) 6,0, < % < (6,0,)7".
i)
Proor. Since, j, € Sy(U)and i, i, € $,(U) we obtain from the subrectangulari-
ty of U (U), ; > 0 and (U),, ;, > 0. Next let n = 3 and denote V =M,M, ...
M Then

n—1°

(U)il,jl = Zr,k (Ml)il,r(V)r,k(Mn)k,j~
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and
(O)iyiy = Zire M)y o (V) e(Madi g, -
Using the subrectangularity of M,, V and M, we obtain from (6.1), (6,2) and
6.3)
O < 616n Zr,k (V)r,k é (U)i,j é Z"r,k (V)r,k ’ lf l = il’ iz;] :j19j2

from which (6.5) follows.
That (6.5) also holds when n = 1 or 2 is evident.
From Proposition 6.2 clearly follows that

(6-6) 0,0,(U);, = (U)y, = (8:0,)7'(U)s, » i iy € Sy(U)

and by combining (6.6) and (6.5) we see that (6.4) holds if n = 1. Next let
n = 2 and denote W = M, M, - .. M,. Then if i ¢ S;(U) we have

s — 5 L)W Wiy

(U, (U, W)
Thus if we denote
= M)W, k=1,2,-.-,d
(U),,
and
B, = M)y (W k=1,2,...,d
(U),,
we have
Ui (U W,
6.7) (©)sys - ()i = Ysom (@ — Bi) ——=i-.

(U),, (U, W
Now let k € S,(M,). Then applying (6.3) and (6.6) we obtain
M)y W)y - 525 M)W

o, " (U,
Hence if k e Sy(M))

(6.8) By = 6,0, a,

and since M, is subrectangular the inequality holds trivially if k ¢ Sy(M)).
Furthermore using the fact that

Zs1<w> (M) (W) = (U),
we have

(6.9) Disym W = Qs A = 1= 2sB = is,om) B -
Therefore, defining S* = {k: a, = 8,} we obtain from (6.7), (6.8) and (6.9)

W)y Uy

= (max P e.s - minsltw (W)k7j> st (@ — Br)

Uy,  (U), 10wy, W)/ *
i i s N (1 _ 52
< (maxsl(w) et = i, L0 )(1 5.3,) .

(6.4) then follows by induction.
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LEMMA 6.2. Let M;, M,, ---, M, and U be as in Lemma 6.1. Let x and y c K,
and suppose that ||xU|| > 0 and ||yU|| > 0. Then

I ~ gl =4 @ - o).

Proor. From the definition of the norm we have

xi(U)i,J yz(U)t J
SO T B

e~ el = =

But
XU, sy A )i X(U)ss P (U)i,; xU),
2T B = B @) o)

and similarly

yl(U)z 3 — (U)z .7 .yl(U)
N T R 7 A 77

Therefore

2isy (U)s.s (a; — By)

2 ).

H [[xU]| IlyUIIH
where we have defined

_ x(U), _ }’z(U) ;
a, =82 and B; = i=1,2,...,d.
||xU| Iyull’

But 3] x,(U); = [|xU|| and hence 3 @; = 1. Similarly we obtain 3] 8, = 1.
Therefore

(U)s,;
lZslm @),
)i _ mi (U)s,
= (maxieslw) ), My es ) (U)z> 3 2ila; — By

Then applying Lemma 6.1 we obtain

H”xU” HyU””— AT (1 — 0,%.,)) 5

since § 3} |a; — B;| = 1. The lemma is proved.

7. The subrectangular case. In this section we prove the assertion of Theorem
A under the extra assumption that the tr pm P is subrectangular. First we
observe that

P subrectangular — M(a) subrectangular forall aecA.

Next let (x, y) € K(a,) and let a* € 4,*. Then |[xM(a")|| > 0 and ||yM(a™)|| > 0.
Therefore, if we denote

0 = min, ; {(P), ;: (P); ; > 0}
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we obtain from Lemma 6.2
(7.1) lln(x, @) — ho(y, a®)|| = d(1 — &)
Hence applying Lemma 5.5, for u € Lip [K], we obtain
(7.2) SUP (2,41 ¢ &(ap [t(x) — w, (P = (1 — a)p(u) + |u, dp,
where o, = (1 — &%).
Then combining (7.2) with Lemma 5.4 we obtain, for n,m > 1,
(7.3) P(Upim) = (1 — ag)o(u) + [u|, do,* + p(u)Copp™ -
Thus if we choose n and m sufficiently large, say n = n, and m = m,, then
(P(”n1+m1) = (1 - al)SD(.”)

where a; = «a,/2.
But because of Lemma 4.3 we have that

uelip[K]=u,cLip[K], n=12,...
Therefore we can apply (7.3) to the function 4, ,, . We then obtain
w(un1+m1+n+m) = (by (42)) = ¢((un1+m1)n+m)

=(1- a'o)SD(”nl+m1) + Iun1+m1|L do* + o(Uy 1m,) * Copo™

S (I = a)(1 — a)p(u) + |”n]+m1|LdP1ﬂ + Oty 4m,)Co0o™ -
Again choosing n and m sufficiently large (probably much larger this time since
[#,,+m,| Might be very large), say n = n, and m = m,, we obtain

(P(un1+n2+m1+m2) = (1 - al)zso(u) .

Repeating this procedure and using the fact that {¢(x,)} is a nonincreasing
sequence we see that if u € Lip [K] then lim,_, ¢(u,) = 0, which together with
Lemma 4.2, Lemma 4.1, and Corollary 2.1 proves that the assertion of Theorem
A is true if we assume that P is a subrectangular matrix.

8. The final step. In order to complete the proof of Theorem A all that
remains to do (besides proving Lemma 5.1) is to prove the following lemma.

LemMmA 8.1. Assume Condition A holds. Then, if a > 0,

(8.1) lim,, o, SUPZ(w) i apn [[Ba(Xs @) — ha(p, @")||9a(x, @) = 0.
For, having proved this lemma, we by the same arguments as used in the
previous section can prove
ueLip [K] = lim, ., ¢(u,) =0
form which Theorem A follows.

Proor oF LEMMA 8.1. Since we assume that Condition A holds, there exists
an integer m, and a sequence {b,, b;, by, - - -, b, } such that the matrix product
M(b))M(b,) - - - M(b,,) is a nonzero subrectagular matrix.
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Now let {Y,(x)};, x € K be the stochastic process introduced in the existence
theorem of Section 3. Denote
(Yy(x), Yo), -+, Ya(x)) = Y*(x)
and
(Yn+1(x)’ Yn+2(x)’ R} Yﬂ+’fn(x)) = nYm(x) .

From Lemma 3.2 it is clear that if x ~ y then

(8.2) 2an |ha(x, @) — R,(p, a™)||g.(x, a”)
= E[||hy(x, Y*(x)) — k(y, Y"(x)|]] -
Define
n, = min {n: min, ; (P*), ; > 0}.

Such an n, exists since {X,}° is assumed to be ergodic. Denote
M(Yy(x)) M(Yy(x)) - - - M(Y,(x)) = M*(x)
and
M(Y,11(x)) M(Y,45(%)) - -+ MY, (%)) = M,"(x) -
LEMMA 8.2. There exists a constant y, such that for all x € K
(8.3) Pr [M™*™(x) is subrectangular] = 7, .
Proor. Because of Proposition 6.1
Pr [M™+*™(x) is subrectangular]
= Pr[M7o(x) is subrectangular]
2Pr[Y, 4(x) = b k=1,2, .-, m].
Now since the product M(b)) M(b,) - - - M(b,,) is nonzero we have |le;, M(b) - - -
M(b,)|| = r, > O for some vector e, where {e,},%, as before, denotes the set of
base-vectors of R%. Moreover, using the ergodicity of the matrix P it is not very
difficult to prove that there exists 7, > 0 such that for all x e K

Pr[(Z, (X)), = 2] = 0,

where .
0, = min, ; {(P™), ;} .

From (3.1) then follows that
Pr [Yn1+k(x) =b,k=12,..., my] = 0,7:7

and hence by taking 7, = d,7,7, we obtain (8.3), and hence Lemma 8.2 is
proved.

Next for each x e K define a sequence of positive, integer-valued stochastic
variables {N,(x)}i, by

Ny(x) = min {n: M(Y,(x)) M(Y,)) - -- M(Y,(x)) is subrectangular}
Nipr(x) = min {n: M(Y.(x)) M(Yyr 4o(%)) - - - M(Y,,,(x)) is subrectangular}
k=1,2...

where k' denotes Ny(x) + 1.
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From Lemma 8.2, Lemma 3.1 and Lemma 3.2 it is not difficult to convince
oneself that the following result holds:

LeMMA 8.3. There exist constants C, and p,, 0 < p, < 1 such that for all xe K
and for all choices of m, ki, ky, k,, 1y, gy ++ -, 1y,
Pr [N, (X) = 1y Nipy(%) = Mgy« o5 N (%) Z 1] = Cyp"1 Gy - -+ Copgm .

We omit the proof.
To simplify notations we from now on write N, instead of Nj(x). Next define

L=Ln)=max{k:N,+N,+ --- + N, = n}, if Ny<n,

=0 : otherwise.
We have

E[|lAa(x, Y*(x)) — hu(y, Y]]
(8.4) < E[[Jhu(x, Y™(x)) — Ao(ys Y*(0))I|: L(n) = 2]

+ 2Pr[L(n) £ 1] = I(n) + I(n) say.
From Lemma 8.3 follows

(8-5) lim,_., I(n) = 0.
Next denote
=N+ N,+ .-+ + N, k=1,2,...,
and
G, = [ M(Ya(%))
Grya = TIEHE M(Y (%) k=1,2, .

On {L(n) = 2} define
GL’ = Hz:,ull_1+1 M(Ym(x)) ¢
By definition G,, k = 1, 2, ... are subrectangular and

min, ; {(G,);,; : (Gi)s,; > 0} = 0%,
where as before

(8.6) 6 = min {(P);;: (P)ey >0} .
Also, by Proposition 6.1, we note that G’ is subrectangular and that
min, ; {(G,)i.s (Gy)is > 0} Z 0
where N = n — p,_,. Therefore, by Lemma 6.2, we have
(8.7) I(n) < E[(TT52 (1 — 8wt ))(1 — 0%): L(n) = 2] .
Now, by using Lemma 8.3, it is elementary but somewhat tedious to prove that
(8.8) lim, ., E[(TTZ* (1 — 6% m+¥)) (1 — 6°¥'): L(n) = 2] =0.

(8.1) then follows by combining (8.2), (8.5), (8.7) and (8.8), and hence Lemma
8.1 is proved.

9. Proof of Lemma 5.1. In this section we prove Lemma 5.1. First, since
we assume that Condition A holds, we know that there exists a sequence
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a,a, -, a, such that
M = M(a,) M(a,) - - - M(a,,)

is a nonzero subrectangular matrix. In agreement with the notation in Section
6 we let S;(M) and S,(M) denote respectively the nonzero rows and nonzero
columns of M. Now let i, e S;(M). Since {X,}; is ergodic there exists an integer
n, and sequences {ky(i), k,(i), - - -, k, (i)}, i€S, such that k(i) =i, k, (i) = i
and

13 pkaa(d), ka(9) >0,

where p(i, j) denotes the i, jth element of the matrix P. Define

b,()) = g(k,.(9) » 1<n<n
a,(i) = b,(i), 1<n<n
=044 _m> m+1Znsn+4m,

put
M; = M(by(i)) M(by(0)) - - - M(b,,,(7))

n,=n, + m
a"(i) = {a,(i), ay(i), - - -, a, (D)}
and let e;, i € S, denote the ith base-vector of R?. It is easy to see that
S(M,M) = S(M)

and therefore, for all i ¢ S, we have

(B, (€;5 a™(i))); > 0 if jeSyM)
and
(B, (€5 a™(i))); = O if jgSy(M).
Defining
a; = min {(h, (e;, a"(i)));,j € SYM)} ,
a' = min{a/, ie S},
0 = min {(P), ;: (P),; > O}, and
pr=om,
we obtain

Pr[Z,(e) e K(«', Si(M))] = Pr[Z, (e;) = h, (e, a™(i))]
= q'nz(ei’ a"‘z(i)) =om=4,

and hence (5.1) holds for x = ¢,, i € S, if we take n, = n,, a, = o', B, = B’ and
Sy = Sy(M). Now let x be an arbitrary element of K. Since we can write x =
2. x;e; and since }; x, = 1, at least one of the terms x,, i = 1,2, ..., d, is larger
than d~*. We may of course assume that x, > d~*. Then if j € S,(M), we have

_ (xM,M); > X(eMM);

= =z da'f
|IxM M| [|xM, M|

(R (x> a™(1)));

and
Guy(x; @™(1)) = x,q,,(e,, a™(1)) = d'f" .
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But if j ¢ Sy(M) we have
(b, (x, a™2(2))); = O
for all i e S, since S,(M; M) = S,(M).
Hence if we take n, = n,, ay = d~'a’p’, , = d='p’ and S, = S,(M) we can
conclude that (5.1) holds for all x € K. The lemma is proved.

REMARK. I want to thank the referee for helping me to find a correct proof
of this lemma.

10. A counter example. As we mentioned in the introduction the conclusion
of Theorem A does not hold if we merely assume that the process {X,}° is
ergodic. We shall show this by an example.

Let the state space consist of four elements S = {1,2, 3,4} and let the
function g be such that

(101) g(l) = g(2) =a, g(3) = g(4) =b, a+b.

Let the transition probability matrix P be given by

10 10
0 3 0 %
(10.2) P_%OO%
04+ 40

It is easy to prove that P is ergodic.

Now let p = (py, p,, ps» p,) be the initial distribution for the Markov chain
{X,} generated by P and let us for simplicity assume that p, = p, = 0.

Denote

@, = (Pl’ P2 0,0), ay = (Pa Pr 0, 0)
ag = (0, 0, P Pz) ) a, = (0, 0, Pas Pl) .

We shall show below that
(10.3) lim, ,Pr[{Z, =a,]=1%, i=1,2,3,4.

From (10.3) then follows that if P and g are given by (10.2) and (10.1), the
distribution function of Z, converges to a limit, but this limit does depend on
the initial distribution p. To prove (10.3) let us first observe that

q9(x, a) = [|xM(a)|| = § = [|9(x, b)|| = [|xM(D)]| , xekK
and that
h(x, a) = (x; + X3 X, + x,, 0, 0) , xekK
h(x, b) = (0,0, x;, + x,, X, + X5) , - xek.
Therefore

(10.4) g(a;, a) = g(a;, b) = %, i=1,2,3,4
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and
h(ay, a) = a,, h(ay, a) = a,
(10.5) hay, a) = a,, ha,, a) = «a,
h(ay, b) = ay, h(a,, b) = a,
h(ay, b) = a,, ha,, b) = a;.
From (10.5) we observe that in this very special case the state space of the
Markov chain {Z,};* only consists of the four points «a;, a,, a; and @,. Now let

B = (b,;) be the trpm associated to the process. By definition b, ; =
Pr{Z,,, = a;|Z, = a;] and from (10.4) and (10.5) we obtain

PriZ,.,=a,|Z, =a]=1%, i=1,3
PriZ,,=a|Z,=a]=4%, i=2,4
PriZ,g,=a;|Z, =a;] =%, i=2,4
PriZ,,.,=a;|Z,=a]=1%, i=1,3.

Hence the tr pm B is also given by (10.2) and since this matrix is ergodic and
double-stochastic, (10.3) follows.

REMARK 1. The above example is the same as the one used by Blackwell in
[2] to show that the entropy of the {X,}-process need not to be larger than the
entropy of the {Y,}-process.

REMARK 2. Suppose that we in (10.2) take p;, = 1 — ¢,0 < ¢ < } instead of
and take p,, = ¢ instead of 0. Then the product M(a)M(a)M(b)M(a)M(a)M(b)M(b)
is a nonzero subrectangular matrix; hence Condition A is satisfied and Theorem
A applies.

REMARK 3. Suppose that we in (10.2) again take p, =1 — ¢ (0 < e < d),
but now take p,; = § + ¢ instead of §. It is then not very hard to convince
oneself that Condition A does not hold and hence Theorem A cannot be applied.
However it is my belief that the conclusion of Theorem A still holds.
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