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There are a wide assortment of descriptions of the belief propagation algorithm for
marginalisation because of its vast applicability. Hence the following thesis aims to
use consistent notation first to describe the crux of graphical models, in particular
the relationship between Markov random fields, Bayesian networks, and factor graphs.
Secondly, to illustrate the fundamentals and preliminary analyses of belief propaga-
tion, namely its relevance to Bethe free energy and LDPC codes, and a precursory
empirical investigation. Finally, to discuss the application of belief propagation to
satisfiability, culminating in survey propagation, one of belief propagation’s promising

progeny.
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Chapter 1

Introduction

In 1986, Judea Pearl formulated belief propagation, an approximate message-passing
algorithm designed to solve marginalisation and other inference problems for prob-
ability distributions with graph representations called graphical models [Pea88]. In
some respects, Gallager’s somewhat similar decoding algorithm for error-correcting
codes preceded belief propagation, which he devised in 1963 along with his celebrated
low-density parity-check codes [Gal63]. The greatest testament to the versatility
and generality of belief propagation is the countless descriptions of the algorithm
in a variety of mathematical disciplines since its inception, including coding theory
[MMC98, MN96, Mac03], physics [YFW02, BMZ03|, data mining [BK02|, and of
course statistics and artificial intelligence [Pea88, Fre98, KFLO0O1, Nea90]. Unfortu-
nately, its diverse applicability also results in a wide range of expository approaches
that lack a universal standard in notation. Thus some sort of fusion of some of these
sundry portrayals of belief propagation is desirable. There have been many generalisa-
tions of belief propagation from the basic message-passing framework [AM97, AMO00]

to many complex approaches [BMZ03, WJW03, YFWO02].

Moreover, belief propagation can be implemented using Markov random fields
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[WeiO1], Bayesian networks [Pea88], and factor graphs [KFLO1] often with unique
notation even amongst various discussions of the same implementation of belief prop-
agation. Hence delving into the particulars of belief propagation first necessitates
a clear understanding of the underlying graphical models. Upon describing these
models and belief propagation itself, a closer examination of some of the theoretical
advances pertaining to belief propagation is in order. Unfortunately, marginalisation
and its relative approximation are NP-hard. Consequently, theoretical analysis of
belief propagation and other algorithms for marginalisation will likely rely on par-
ticular types of graphs. Curiously, thus far, the related approximation technique of
free energy approximation [Hes04, Hes03, YFWO02] and the application of low density
parity-check codes [RUO1] provide most of theoretical work for belief propagation.
Recently, advances towards sufficient conditions for the convergence of loopy belief
propagation are promising [ITW05, MK05, TJ01]. However, the most significant result
for correctness is rather unsatisfactory, namely the result for a single-cycle Markov
network [WeiO1]. Lastly, a recent, and somewhat mystifying, extension and appli-
cation of belief propagation in the realm of satisfiability called survey propagation

appears successful for some difficult instances of the satisfiability problem [BMZ03].



Chapter 2

Preliminaries

This chapter describes some basic mathematical knowledge used throughout the the-
sis. To ensure a clear understanding of all the notation used herein, there are sections

describing definitions of basic probability, and graph theory.

2.1 Probability

Definition A probability distribution P : S — R is a function over a finite sample
space of possible outcomes 2 and an event set S C P(£2) which contains the trivial
event ) and empty event () and is closed under union and complementation. P has
three fundamental properties. For any events s,t € S:

P(s) >0, P(Q) =1, and if sNt = 0, then P(sUt) = P(s) + P(t). Also, let
P(s,t) = P(sNt).

Definition If P(t) > 0, the conditional probability of an event s given an event
t is defined as P(s|t) = P(s,t)/P(t). Bayes’s Rule follows from this definition, in

particular P(s|t) = P(t|s)P(s)/P(t).
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Definition Events s and t are independent in P denoted (sLt) if P(s|t) = P(s). We
denote s and ¢ being conditionally independent given u in P as (s_Lt|u), which holds

if P(u) =0 or P(s|t,u) = P(s|u).

Definition For a probability distribution P over a sample space §2 and event set
S, a discrete random variable X is a function mapping €2 to some finite set of values
such that the set (X = z) = {v € Q: X(v) = x} is in the set of events S for all

values x. Moreover, unless otherwise specified, P(x) is shorthand for P(X = z).

Definition The joint distribution of random variables X = { X1, Xs,..., X,,} is the
distribution over all events involving all of these variables. This distribution is P(X; =
T1,..., X, = x,) = P(X = x) = P(z) for values x = (x1,...,2,) € X, where X
denotes the set of valid values for variables X. Also, if S C X, then Xg denotes the
set of valid values for variables S. We may also use P(X) = P(Xy,...,X,) to denote

the joint distribution.

Definition The marginal distribution over a random variable X; is the distribution
over all events involving X; in some joint distribution of random variables X, i.e.
P(X; = x;) for all possible values of x;. It is typically computed from a joint dis-
tribution over several random variables, for instance from a joint distribution of two

random variables, P(z) = 3. P(z,y).

Definition Similarly, the conditional distribution over a random variable X given
that Y is known is the distribution over all events involving X given that particular
value of YV, denoted by P(X|Y = y). P(X|Y) denotes the set of all conditional
distributions P(X|Y = y).

Definition For random variables X,Y, 7, X is independent of Y given Z in P,
denoted X LY |Z,if (X =) L(Y = y)|(Z = z) for all values of XY, Z.
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Fig. 2.1: A dag.

2.2 Graphs

The following graph definitions consider only simple graphs with no self-loops.

Definition A graph G = (V, E) is a set of vertices/nodes V' and a set of undirected
edges E between pairs of distinct vertices. A directed graph is the same as a graph

except that the edges are directed, i.e. (u,v) # (v, u).

Definition There is a path from u to v in a graph G if the following edges are in
E(G), for some vertices X1,..., X, € V(G): uX;, X1 Xs, ..., X,v. There is a cycle in
G if there is a non-empty path from u to u. A graph G is connected if for any vertices
u,v € V, there is a path from u to v. The distance d(u,v) between two vertices u, v
is the length of, or the number of edges in the shortest path between v and v. The

diameter diam(G) of graph G is the maximum distance between two vertices in G.

Definition For any vertex u € V(G) of a graph G, N(u) = {v € V]uv € G} is the
set of neighbours. In a directed acyclic graph G, Pa(u) = {v € V|(v,u) € G} is the
set of parents and Ch(u) = {v € V|(u,v) € G} is the set of children. Also, the set of
descendants Desc(u) is the set of vertices in the subgraph rooted at u, excluding w.
The set of non-descendents is NonDesc(u) = V(G) \ Desc(u) \ {u}. For instance, in

figure 2.1, Desc(vy) = {vs,v6} and NonDesc(vy) = {vq, v9,v3}.
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Definition A graph G is a tree if G is connected and has no cycles. A graph G
is complete if for all vertices u,v € V, wv € E. A subgraph H = (Vy, Ey) of graph
G = (V, E) is a subset of vertices Vg C V and a subset of edges Ey C E where Ey
is the set of all edges in F with both endpoints in V. An induced subgraph G[A] is
the subgraph on the subset of vertices A C V(G) with edges E(G[A]) being all edges

of G having both endpoints in A.

Definition A clique is a maximal complete subgraph of G, or the set of vertices
in the said subgraph. That is, if any vertex in G is added to a clique, the resulting
induced subgraph is no longer a clique. A subclique is any complete subgraph of G.
An X, Y-bipartite graph is a graph G = (V, E) where V= X UY and for all uv € E,

eitheru € X;veYorueY,veX.



Chapter 3

Graphical models

Three graphical models, Markov random fields, Bayesian networks, and factor graphs
feature prominently in statistics, artificial intelligence, and physics, and each has
their virtues. Though not identical, the design of both Markov random fields and
Bayesian networks hinge on a desire to represent dependences of random variables
in a graph. Highlighting this is the fact that the definitions of these two models
centre on the independences of a joint probability distribution over these random
variables. Interestingly, the form of the joint distribution for both of these models
can be expressed as a product of simpler functions, which gives rise to the factor graph
model, where the notion of representing a distribution is generalised to some generic

global function g(x) expressible as a product of simpler functions called factors.

Definition The set of factorsis F' = {f1,..., fm} and X = {X;,..., X,,} is the set of
variables. A factor f; : X; — [0, k] is a function where X; C X, for some k € R, k > 0,
and X; denotes the set of valid values for variables Xj. As x = (21, 29,...,2,) € X
are the values for all variables in X, define x; = (z;,, s, . - . ,xi‘xj‘) € Xj to be the

values of the arguments X; of factor f;.
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For instance, the factors of Bayesian networks are probabilities, so kK = 1 in that

case.

Example For global function g(x) = fi(z1,x3) fa(2e, x3) = f1(x1)f2(x2), the vari-
ables are X = {Xi, Xy, X3}, the factors are F' = {f1, fo}, the arguments of f; are
X1 = {X4, X3}, and the arguments of fy are Xy = { X5, X3}. O

The remainder of this section describes these pervasive models and their rela-
tionship without indulging in excessive detail. For both Markov random fields and
Bayesian networks, we provide a basic understanding and fairly simple complete
proofs regarding their joint distributions. This framework sufficiently motivates their
generalisation to the factor graph model, which, in the context of belief propagation
and inference, is an ideal model. Finally, we explore the relationship between these

three models.

3.1 Markov random fields

Originating from the field of statistics [Ish81], Markov random fields (MRFs) are
undirected graphs whose variables represent the random variables in X and edges
represent dependences. The global function g(x) is the joint probability distribution
P(x), and the factors are the potential functions of cliques, where X; € C, where C'is
the set of cliques. A notable application of Markov random fields is computer vision.
In 1984, Geman and Geman [GG84] helped initiate the usage of Markov random
fields in computer vision, and thereafter, computer vision research involving MRF's

has burgeoned.

Definition A Markov random field (MRF) is a pair (G, P) consisting of a graph

G = (X, E) and a probability distribution P if each node X; € X is a random variable
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Fig. 3.1: Markov random field with P(x) = fo, (21, 2, x3) fo, (T2, 23, T4, T5).
and P(x) satisfies the local Markov property for all X; € X:
PXi| X\ {Xi}) = P(Xi|N(X3)). (3.1)

In other words, every variable is independent of its non-neighbours given its neigh-
bours, for example, see figure 3.1. One can also define a Markov random field using
other Markov properties, but the local Markov property is the simplest one and
these properties are equivalent precisely for positive distributions [KF02, pp. 168-
178]. Positive distributions are also sufficient to express the distribution of an MRF

in the following convenient form.

Definition A probability distribution P is a Gibbs distribution over G if it has the

following form:

P(x) = o [ ] falxa), (3.2)

AeC

where C'is the set of all cliques in GG and « is the normalisation constant. Another form
of the Gibbs distribution is the log-linear model, where if fa(xa) = exp(—ha(xa)),

then:

P(x) = avexp (— Z hA(XA)> : (3.3)

AeC
The equivalence of the distribution of an MRF and the Gibbs distribution given

a positive distribution is known as the Hammersley-Clifford theorem [Pea88, Lau96,
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KF02]. The Gibbs distribution can be parameterised in yet another form to facilitate
the proof of this theorem. Note that for simplicity, the following definition uses 0 for
fixed variables, but in fact any fixed assignment of variables is possible. The following
standard proof, stated slightly more concisely, first shows that this form is equivalent
to the Gibbs distribution, which subsequently helps prove the Hammersley-Clifford
theorem [Lau96, pp. 32-37].

Definition Let ¢ : X — R be a function where 0 is a valid value for each variable. For

x; if X; € A;
each subset of variables A C X define ga(x) = ¢(ya) where ya,; =
0 otherwise.

The inclusion-exclusion function (or canonical energy function [KF02]) is
ha(x) = ) (=1)"Plgp(x). (3.4)
BCA
The reason for calling this function the inclusion-exclusion function is its similarity
to the inclusion-exclusion principle in combinatorics. Moreover, the following key
proposition contains a variant of the Mo6bius inversion lemma, which is useful for

proving the Hammersley-Clifford theorem.

Proposition 3.1.1 The inclusion-exclusion function has the following properties.
(i) The function ha depends only on values of variables in A.

(i) If v; = 0 for some X; € A, then ha(x) = 0.

(i4i) (Mébius Inversion Lemma) q(x) = Y~ 4o x ha(x).

Proof (i) follows from the definition: any value for a variable not in A is replaced
with the fixed assignment 0. For (ii), consider some variable X; € A and divide the
subsets of A into sets A; and A; where the former is the set of subsets of variables in
A containing X; and the latter are those that do not contain X;. Clearly A; U A; is

the set of all subsets of A and every subset B € A; has a counterpart B € A; where
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B = BU{X,}. Furthermore, ¢5(x) = ¢5(x) because x; = 0 and they have opposite
sign in the summation of h4(x), so each such pair cancels, yielding ha(x) = 0.
(iii) follows by examining the sum over subsets B of functions ¢g(x) that arises
from the definition of h4(x) in (3.4):
> hax) =Y ) (-)MVlgp(x) = > apgs(x).
ACX ACX BCA BCX
Note that the coefficient ap of each gg(x) is
ap = Z (—1)IAVBl = Z (—1)El
{A:BCACX} ECX\B
ax = 1 because only the empty set contains X \ X. For any subset B C X, the
number of even subsets of X \ B is equal to the number of odd subsets by a simple
binomial coefficient argument (using (1 — 1)™). Hence all coefficients are 0 except for

ax, and by definition gx(x) = ¢(x). B

With these tools in hand, it is easy to show that for any Markov random field with
a positive distribution, this distribution must be a Gibbs distribution. The following
proposition shows that the distribution is similar to the log-linear form of the Gibbs
distribution. It is not quite the log-linear form because it depends on all subcliques
rather than cliques, but it is easy to rearrange the terms to attain the desired factors

of cliques.

Proposition 3.1.2 Let P be a positive distribution of a Markov random field (G, P),
and S be the set of all subcliques in G. Let q(x) = log P(x). Then
P(x) = exp (Z hA(x)> .
AeS
Proof Firstly, Proposition 3.1.1 (iii) yields P(x) = exp (ZAgX ha(x)). Thus it

suffices to show that for any subset A C X, if A is not a subclique, then ha(x) = 0.
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Let A C X not be a subclique, and consider non-neighbours X;, X; € A. Consider
subsets B, B C A where X; ¢ B and B = B U {X;}. Note that the set of all such

subsets B and B is the set of all subsets of A. Since the size of B and B differs

by one, they appear as +(qp(x) — ¢5(x)) in ha(x). Let y be the assignment of all

xr, if X € A;
variables except X; and X, where y;, =

0 otherwise.

Thus:
P(X;=x;,X;=x;,
qB(x) —qp(x) = log P((XiZO,X]-J:xj],;’))

— log P(Xi=zi|X;=x;,y)P(X;=x;,y)
P(X,L:0|X]:$J,y)P(XJZIE],y)

The last equality follows from the local Markov property: since X; ¢ N(X;), it

= log

follows that X; 1 X;|N(X;), hence the value of X; is irrelevant. This holds for all
subsets B, B of A, which constitute all terms in the summation of h(x).

Hence with slight abuse of notation,
ha(X; =2, X; =25,y) = ha(X; =2, X; =0,y)
and since X; € A, Proposition 3.1.1 (ii) applies, so ha(x) =0. B
Finally, the main theorem requires one simple property of conditional independence.

Fact For a positive distribution P and disjoint sets of variables X,Y, Z with corre-
sponding values x € X,y € Y,z € Z, X 1Y |Z iff there exist functions f, g such that
P(x,y,z) = f(x,2)9(y, 2).

Proving the only if direction is trivial, and the if direction is true because

P(x,2) = f(x,2) ) g(y.2), P(y.2) = g(y,2) ) _ f(x,2), P(2), so,

P(x,z) = Z f(x,2) Zg(y7 z), thus:
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P(x|y,z)P(y|z) = P(x,y,z) = f(x,2)9(y, z), so

i Algly.) = L BT 20 IO s iy, ),

and so P(X|Y,Z) = P(X|Z).

Theorem 3.1.3 (Hammersley-Clifford) Let (G, P), G = (X, E) be an MRF and the
distribution P be positive over X. G is a Markov random field with distribution P iff

P is a Gibbs distribution over G.

Proof The only if direction requires the results involving the inclusion-exclusion
function. Let ¢(x) = log P(x), which is valid because P is positive. By Proposi-
tion 3.1.2, P(x) = exp (Y 4c5 ha(x)) . By Proposition 3.1.1 (i), h4 depends only on
variables in A. Thus h4(x) = ha(xa). Then
P(x) = exp (X peshn(xs))
= HBGS\C exp(hp(xB)) [T acc exp(ha(xa))

= [licc fa(xa).
By definition, each subclique B € S\ C is contained in some clique A € C,

so every B can be grouped with a clique in the second product to form the factors,
validating the last equality. For instance, one factor could include all of its subcliques:
fa(xa) = [Ipes.pcaccy €xp(ha(xa)). Therefore P is a Gibbs distribution.

The if direction requires only the conditional independence fact: Consider variable
X; and its neighbours N(X;). Obviously any clique ¢ containing X; must only contain
variables in N (X;) because X; must be connected to all variables in ¢. Thus separating
the Gibbs distribution P into two products of factors Y = X \ ({X;} U N(X;)) and
X \'Y produces:

floxn) = [ faxa), gy, xn)= [ fa(xa)
A€C:X;€A AEC:X ;¢ A

P(x) = af(zi,xn)g(xy, Xn),



CHAPTER 3. GRAPHICAL MODELS 14

Fig. 3.2: Markov random field with non-positive distribution.

where x € X, xn € Xn(x,), and xy € Xy. Thus X; LY|N(X;), namely X; is inde-
pendent of non-neighbours given N(X;) hence verifying the local Markov properties

defined in (3.1). W

Lastly, a simple example reveals that if a Markov random field has a non-positive

distribution P, then P might not be a Gibbs distribution.

Example [Lau96, p. 37] Consider the graph G in Figure 3.2 with binary variables
W, X,Y,Z and the following distribution. P(w,z,y,z) = 0 except in the following
cases: (0,0,0,0), (0,0,0,1), (0,0,1,1), (0,1,1,1), (1,1,1,1), (1,0,0,0), (1, 1,0,0), and
(1,1,1,0), where P(w,x,y,z) = 1/8.

Then it is easy to check that P(W|X,Z2) = P(W|X,Y,Z) so WLY|X,Z. Simi-
larly P(X|W,Y) = P(X|W,Y,Z) so X LZ|W,Y. Thus G is a Markov random field.

Using the same argument in Lauritzen’s book, assume that P is a Gibbs distribution:
]-/8 = P(07 07 07 0) = fWX(07 O)fXZ(O> O)fYZ(07 O)fWY(Oa O)

0= P(0,0,1,0) = fwx(0,0)fxz(0,0) fyz(1,0) fwy(0,1)
1/8 = P<07 07 1a 1) = fWX(Ov O).fXZ(O7 1)fYZ(17 1).fWY(07 1)
Thus fyz(1,0)fwy(0,1) = 0 from the first two equalities. From the third equality,

fwy(0,1) # 0 so fyz(1,0) = 0. Finally,

1/8=P(1,1,1,0) = firx(1, 1) fxz(L0) frz(L,0) fiwy(L, 1)
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X1 X

Fig. 3.3: Joint distribution P(x) = P(z1)P(x2) P(xs|z1, x3) P(x4|xe) P(25|xs) P(26|274)

of a Bayesian network

which means fyz(1,0) # 0 , hence achieving a contradiction, so P is not a Gibbs

distribution. O

3.2 Bayesian networks

As with Markov random fields, good theoretical analysis pertaining to Bayesian net-
works is bountiful [KF02, Nea90, Pea88|.

Bayesian networks are directed acyclic graphs where variables represent the ran-
dom variables in X and edges represent dependences. Bayesian networks are par-
ticularly common in artificial intelligence, where they are used in expert systems
[Nea90, LS88].

Like Markov random fields, the global function g(x) is the joint probability distri-
bution P(x), but unlike Markov random fields, the factors are probability functions
that depend on a variable and its parents, i.e. fj(x;) = P(x;|pa;) where x; € X; gives
the values for X; = {Xj, Pa(X;)} and pa; € Xpax;) gives the values for Pa(Xj}).

For instance, see Figure 3.3.

Definition A Bayesian network is a pair (G, P) consisting of a probability distribu-

tion P, and a directed acyclic graph G = (X, E) where the nodes represent random
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variables and the directed edges represent dependencies, that is if (X3, X3) € E, then
X; influences directly Xs. More specifically, (X; L NonDesc(X;)|Pa(X;)), for each

variable X;.

Bayesian networks also have a factorised distribution similar to the Gibbs distri-

bution in Markov random fields under slightly more general conditions.

Definition For any DAG G = (X, E), a distribution P factorises according to G if
P(x) = [T;=, Plailpas) = [T, fi(xi)-

Theorem 3.2.1 For any distribution P and DAG G = (X, E), (G, P) is a Bayesian

network iff P factorises according to G.

Proof The only if direction [KF02, Pea88] follows immediately from the definition of
a Bayesian network. First order the variables so that all descendants X; of a variable
X; satisfy j > i. Such an ordering is valid because G is acyclic. Then using basic

facts of probability,

n n

P(x) = [[P(xilar, ..., 2im0) = | | P(ailpay).

=1 i=1

The last equality arises from the given independences X; | NonDesc(X;)|Pa(X;) be-
cause our ordering means that the variables X7,...X; 1 contain all parents of X;,

and no descendants of Xj.

Proof of the if direction requires that the basic Bayesian network independences

hold, that is, P(X;|X \ {X;} \ Desc(X;)) = P(X;|Pa(X;)).
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P(X\Desc(X;
P(XX \{X:}\ Desc(X)) = proyxyipedxo

EDESC(Xi) H;‘L:I P(X]|Pa(XJ))
ZX,L- ZDESC(Xi) H?:l P(XJ|PH‘(XJ))

P(XZIPa(X’L))ZDesc(X,L) H{j:XjEDesc(X,L-)} P(XJ‘PG’(XJ))
ZX'L ZDESC(Xi) P(X’LIPG(X’L)) H{j:XjEDesc(Xi)} P(XJIPG(XJ))

= sorinin = PXIPaX).
The second equality holds because P factorises according to GG. The last equality
holds because summing over all values of X; means ), P(X;|Pa(X;)) = 1. Note
that if X; is a leaf, Desc(X;) is empty so there is no summation over values of
variables in Desc(X;). Otherwise, it suffices show that the second-last equality holds
by induction, that is ZDesc(Xi) H{j:XjEDesc(Xi)} P(X;|Pa(X;)) = 1.
If all children of X; are leaves (i.e. max distance from X; is d = 1), exactly

one factor in the product contains X; € Desc(X;) for each descendant. Thus the

summation can be separated:

> 1T P(Xj|Pa(X;)) = I D r&Pax)) =1

Desc(X;) {j: X;€Desc(X;)} {j:Xj€Desc(X;)} Xj

For max distance d, we can apply this idea for the leaves L C Desc(X;):
ZDesc(Xi) H{j:XjEDesc(Xi)} P(X;|Pa(X;))

= ZDesc(Xi)\L [H{j:XjEDesc(Xi)\L} P(X;|Pa(X;)) >, H{k:XkeL} P(Xk|Pa(Xk))]

= ZDesc(Xi)\L H{j:XjeDesc(Xi)\L} P(X;|Pa(X;)).

The remaining summation is for all descendants of max distance d — 1, which is 1

by induction. W
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Flg 3.4: Factor graph with P(X) = fl(.Tg)fg(xl,.Tg,.Tg)fg(.Tg, 334)f4(3?4,$5).

3.3 Factor graphs

The notion of representing a factorised distribution is a common thread between
Bayesian networks and Markov random fields, and factor graphs seek to generalise
this idea. In factor graphs, the factorised distribution is built into the definition.
Moreover, instead of limiting the model to represent just probability distributions,
factor graphs represent any global function that is a product of local factors. Thus
this model is a convenient and tidy formulation for a multitude of applications that
includes both Bayesian networks and Markov random fields. Kschischang et al. pro-
vides an excellent survey of factor graphs that discusses many applications in de-

tail [KFLO1].

Definition For a set of variables X and a set of factors F', a factor graph G is an

X, F-bipartite graph that represents the factorisation

m

g(x) =[] fi(xs)- (3.5)

j=1
Furthermore, for any variable X;, factor f;, X;f; € E(G) iff X; is an argument of
factor f;. Hence the variables X; = N(f;) are arguments of f;. For instance, see

Figure 3.4.
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If the global function is a distribution then it can also called a factorised distrib-
ution to distinguish it from the more specific case of a Gibbs distribution for Markov
random fields. As noted, the factorised distribution is the definition of factor graphs,
whereas the basis of the definitions of the other graphical models centres on their in-
dependences. Hence it is interesting to consider which independences hold in a factor
graph distribution. Recall the following fact used to prove the Hammersley-Clifford
theorem, which would be used as the starting point to determine the independences

in a factor graph:
P(x,y,z) = f(x,2)9(y, z) iff xLy|z.
If the graph is a tree, then for any variable X;, and factors f;, fi, € N(X;), notice that

X; \ {Xi}LX \ {X;}|X;. This yields the following form for the joint distribution of

a factor tree.

Proposition 3.3.1 For any factor tree G, the joint distribution is the following equa-

tion:
— HijF P(Xj)
- HXiex(P(J}i))|N(Xi)|—1'

Proof If all variables are of degree 1, this proposition is trivial. Otherwise, suppose

P(x)

X1, Xo, ..., X4 are variables of degree at least 2. Observe that every factor must be
adjacent to such a variable because trees are connected, so UleN (X;)=F. It S
is a set of factors, let xg be values for all the arguments of the factors in S. Let
fivs---s finex,, be the factors containing X; and let y; be values for variables in
N(f;) \ {X1}. Then the right-hand side of the equation in the proposition equals

HijF:XlgN(f].) P(XJ)
HXZ-EX:z';ﬂ P(x;)IN(Xa)l-1

P(yj,, 1) H P(yjlz1)
FHENX O\ Fi, }

HijF:XlgN(fj)P(Xj)
HXiEX:i;él P(z;)INX)l-1

= P(XN(xy))



CHAPTER 3. GRAPHICAL MODELS 20

Xy X, QO
v 2
0 X3

Fig. 3.5: (a) Converting a Bayesian network to a factor graph with one factor per

variable. (b) Converting a Bayesian network to a factor graph with a clumped factor

node

This equality is because yj, Lyj |z1, where k % [. It is not hard to see that the contin-
ual application of this notion for each X; will produce P(xg) because U, N(X;) = F.
|

3.4 Relationship between models

These three models can be more or less similar depending on whether we want to
consider the precise independences of a graph or not. If we want only to maintain
the global function from a particular model, factor graphs encompass both Markov
random fields and Bayesian networks. The central difficulty with representing all
independences of a Bayesian network in a corresponding factor graph is that a factor
graph cannot capture the directed dependencies in a Bayesian network. Similarly,
Bayesian networks cannot always represent all the non-directional independences of
undirected graphical models because they are DAGs. Numerous works study these
characteristics in detail [KF02, Pea88]. However, for computing the marginals, the
only property that the graph needs to maintain is the factorised joint distribution or
global function. Since there are three models, there are six possible conversions, and

the following discusses them roughly in order of complexity.
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Bayesian network— factor graph

Firstly, Figure 3.5 (a) illustrates a simple procedure for converting a Bayesian network
to a factor graph, thus preserving the precise factorisation given in the Bayesian

network.

Create one factor node f;(x;) for every variable X; and connect it to X; and the
parents of X;, so f;(x;) = P(x;|pa;) and this preserves the factorised distribution.
Note that since the factors in factor graphs are more general than in Bayesian net-
works, one can also clump several factors from Bayesian networks into a single factor
in a factor graph. For instance, in Figure 3.5 (b), the Bayesian network with distribu-
tion P(x1,xe,x3) = P(x1)P(xs|x1) P (23|21, 22) becomes g(x1, x9, x3) = f1(x1, 22, x3),
where fi(x1,x2,23) = P(x1,22,23). This technique is sometimes advantageous be-
cause it removes loops and cycles, which often cause difficulty in computing marginals
in Section 4.1. Unfortunately, it does so at the cost of amplifying the complexity of
the individual factors. In any case, converting a Bayesian network to a factor graph is
clearly efficient, because each node in the Bayesian network only needs to be examined

a constant number of times.

Markov random field— factor graph

Similarly, factor graphs can represent all Markov random fields, for instance see Fig-
ure 3.6. The procedure simply calls for one factor node f¢, for each clique C; with
edges to each variable in C;. It is apparent that while the number of vertices increases,
this procedure will usually reduce the connectedness of the graph. Assuming that the
set of cliques of the Markov random field is known, this conversion is obviously effi-

cilent.
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X, X,
123
X, Xy X X,
fos45
Xy Xs Xy X5

Fig. 3.6: Converting a Markov random field to a factor graph

Fig. 3.7 Converting a Bayesian network to a Markov random field,
from distribution P(z1)P(xe)P (3|21, x2) P(x4|xe) P(25|24) P(26]24) to distribution

f1($17$11)f2($27$;)f123($1,$27$3)f24($2,$4)f45($4,$5)f46($4,$6).
Bayesian network— Markov random field

This conversion requires each variable and its parents to become cliques, and each
leaf node to be its own clique. Hence the former case involves the addition of edges
between the parents of each node to form cliques C' = {X;} U Pa(X;). The latter
situation needs a dummy node X, attached to a leaf node X;, with its factor set to

filws,x;) = P(x;) if 2; = x;, and 0 otherwise. Again, efficiency is apparent. For an

example of this method, see Figure 3.7.

Factor graph — Markov random field

The Gibbs distribution property of MRFs is an obstacle in the conversion, and re-
solving these main issues results in the algorithm. To help illustrate this process, see

Figure 3.8. In general, create a subclique for the variables of each factor. Then con-
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XQCP X

X, X

Xy X5

’

Xy

Fig. 3.8: Converting a factor graph to a Markov random field from
distribution fi(zy, xe, x3) fox2) f3 (e, T3, T4, x5) fa(T4, T5) to distribution

f123($1, T2, $3)f2($2, x;)f2345($27 X3, Ty, $5)f45($4, *75217 $5)-

sider the case of single-node factors, for which there are no corresponding subcliques.
In this situation, create a dummy node X; connected to each single-node factor node
fj(x;). The other problem is when |F| # |C|, which hinders the aim of converting
each factor into a subclique. Observe that |F| < |C| is impossible because each factor
node represents a subclique, so the number of cliques is at most the number of factors.
Hence |F| > |C|. Each excess factor f; introduces a subclique C' contained in some
larger clique, so again create a dummy node X, of node X; € C and connect it to
every node in C, including X;. In both the single-node factor case and the subclique
case, set the factor fo(xc, 7;) = f;(x;) if 7; = 2}, and 0 otherwise. The only efficiency
issue is that the resulting joint function for the new Markov random field must be

normalised because the global function of the factor graph might not be normalised.

Markov random field— Bayesian network

The conversion from an MRF to a Bayesian network can be done by creating a node
X¢ representing clique C' in the set of cliques of the MRF and making every X; € C'
a child of X¢, for instance see Figure 3.9. The factor P(x¢) corresponds to the MRF
factor fo(xc), and the “probability” P(z;|pa;) = 1 when the value z; of X; is the

same in each clique containing X;, and 0 otherwise. Unfortunately, due to the nature
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Fig. 3.9: Converting an  MRF into a  Bayesian  network,
from f123($17$27$3)f24($27$4)f35($37$5)f45($47$5)f46($47$6) to
P($123)P($24)P($35)P($45)P($46)P($1‘$123)P($2‘$123,$24)P($3‘331237$35)

P($4\$24,$46)P($5|$357$45)P($6\$46)-

X5 Xo
Fig.  3.10: Converting a  factor graph to a  Bayesian net-
work, from Ji(z1) fo(2) fa(1, 22, 3) fa(2, 24) f5(24, 75) f6 (24, T6) to

Py, )P(xs,)P(wg) P(ay,)P(xs)P(xss) P(wi|2y,, xp) P(wo|2ys,, 25, xp,) P(os|2y,)

P(xylws,, vp, v55) P(as|op,) P(ws |z s)

of MRF factors, the resulting Bayesian factors might not be normalised.

Factor graph — Bayesian network

To convert a factor graph into a Bayesian network, create new nodes Xy, representing
the factors with children X; € N(f;), with the new node factor P(x;) corresponding
to f;(x;), and P(x;|pa;) with the same definition as the M RF — BN conversion. For
clarity, see the illustration in Figure 3.10. As in the previous conversion, the Bayesian

factors might not be normalised if the factor graph factors were not normalised.



Chapter 4

Solving marginalisation

The task of marginalisation is a fundamental problem in probability. For instance,
it is often the main subtask of inference problems which encompass a wide range of
applications. Why is the computation of the marginal function important? Given
some joint probability distribution of many variables, we would often desire to ascer-
tain the likelihood of particular subsets of variables, like in the oft-cited example of
medical diagnosis expert systems [Pea88, LS88]. This section presents the problem
and chiefly discusses one algorithmic solution called belief propagation that works on

graphical models.

4.1 Marginalisation

Recall that the global function is

gx) =[] fi(xs)-

f]'EF

Computing a marginal distribution, i.e. probabilities, requires a normalisation

25
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constant Z =) ] fer i (x;) to yield the distribution

Definition The marginal function and distribution of X; are, respectively

z(wi) = Z 9(x),

x: X, =x;

P(z)= >  P(x)=z(x)/Z.

x: X, =x;

Moreover, the marginal function of a factor f;, i.e. the marginal of N(f;), is the sum
of the global function over all possible values of variables in X \ N(f;). The notation
N(f;) = x; means that x; gives an assignment to each variable in N(f;). So the
marginal of f; is

Ax) = Y g(x)

x:N(f;)=x;

The easiest method of marginalisation is by brute force. Unfortunately, it is
apparent that this method requires exponential time in the number of variables. For
instance, if the variables are binary, then computing the marginal requires 2/%1-1
computations of the global function g(x).

In fact, complexity analysis does not offer any respite. Complexity analysis
shows that computing P(X = z) over a graphical model is NP-hard [Co090] which
uses a reduction from 3SAT. In fact, the decision version of this problem is PP-
complete [LMPO1] and similarly, the functional version is #P-complete [Rot96]. Even
more unfortunate is the extension of this result by Dagum and Luby [DL93| that
shows approximate inference within some relative error in Bayesian networks is also
NP-hard. It is not difficult to see that these results also apply to factor graphs. One

simply converts the Bayesian network construction used in the reduction from 3SAT

into a corresponding factor graph construction. Then one generalises the conditional
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probability definitions in the Bayesian network into factor definitions and precisely
the same result follows. The construction of a Bayesian network for a CNF formula
will be discussed in Section 4.4 for the inference problem of maximisation. The con-
struction is the same as the one used in marginalisation, and because the hardness
proof for marginalisation is much more common, this section includes a similar proof
for the slightly different problem of maximisation.

Despite this bad news, there are several techniques that can often improve per-
formance in a factorised distribution. Some exact methods are variable elimina-
tion [KF02], belief propagation [Mac03], and the junction-tree algorithm [LS88].
There are also many approximate algorithms including variational methods [YFWO01],

loopy belief propagation [MWJ99], and tree reparameterisations [WJWO03].

4.2 Belief propagation in factor graphs

Known as belief propagation, probability propagation, and the sum-product algo-
rithm, this method is primarily used to compute the marginal function of a global
function that can be expressed as a product of local factors. The algorithm func-
tions by passing real-valued functions called messages between neighbouring nodes,
thereby exploiting the structure of the global function. Belief propagation is an im-
portant algorithm that has demonstrated empirical success in solving inference prob-
lems like marginalisation [HM97, MW J99]. Being successful in a general probabilistic
setting makes belief propagation particularly useful for a multitude of applications.
These include turbocodes [MMC98], LDPC codes [RU01], the forward-backward al-
gorithm, the Viterbi algorithm, the Kalman filter [KFLO01], free energy approximation
[YFWO02], and the satisfiability problem [BMZ03].

Some preliminary work [ITW05, MKO05, TJ01, Wei01] has been done to determine
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the graphs on which belief propagation works well, but much remains to be done. The
following discusses the algorithm in the factor graph model, first in the tree case for
which the algorithm was initially designed and then extend it for usage in any factor
graph. Subsequently, accounts of some basic correctness results, related problems,

and belief propagation in Markov random fields and Bayesian networks ensue.

4.2.1 Algorithm for trees

TreeBeliefProp
Output: set of messages
begin

while there is an unsent message do
Send all unsent messages u — v that can be sent (i.e. u has received

messages from all of its other neighbours), according to the message

definitions (4.1) and (4.2).

end

end

In the tree case, start by sending messages from leaf nodes. An internal node
u sends a message to a neighbour v if u has already received messages from all of
its other neighbours. The message passing component terminates when there are no
remaining messages to be sent. Moreover, the message definitions are fairly simple
and in trees, the algorithm is provably correct and efficient. The next two definitions

describe the messages that are passed between neighbours.

Definition The variable message X; — f;(z;), or simply X; — f; with the value of z;
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implicit, is the message from a variable X; to factor f; (For leat X;, X; — f;(z;) = 1):

Xi — fi(z;) = H fe — Xi(2). (4.1)

fReEN(X)\{fi}

Definition The factor message f; — X;(z;) or f; — X, is the message from a factor

f; to variable X; (For leaf f;, fi — Xi(z;) = f;(z;)):

fi= X)) = Y fix) ]I Xk filaw). (4.2)

xj: X =; XpeN(f)\{X:}

Observe that for binary variables, the factor message is a summation of 21V (/i)I-1
terms. Thus in the worst case, transmitting every message once could potentially be
as adverse as brute force marginalisation. However, such a network with a hefty
set of neighbours is unlikely in the graphical model setting. Typically, it is ac-
ceptable to assume that factors have a tolerable number of neighbours, for instance
when |N(f;)| € O(log|X]), so that transmitting every message once can be done in
polynomial-time in the number of variables. In trees, this algorithm will converge
once every possible message has been sent so it is certainly efficient. But convergence
in a single iteration is not always certain in general, thus suggesting the introduction
of notation to represent the approximation to the marginal function. In trees, this

approximation is precisely the marginal function.

Definition The belief propagation approximation to the marginal function z(x;) is

)= ] fo— X

meN(Xi)

Definition The approzimation to the marginal function z(x;) is b(x;):

b(x;) = f;(x;) H Xi— fj

X;EN(f;)
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fi fi fi fi
xd X, XIORO X Xy X xd \5x
f2 % 3 f fr P 3 f f3
X0 O X, X0 O0Xx, XO OX, X0 O X,
@ (b) (©) (d)
Fig. 4.1: Belief propagation example: (a) Step 1, (b) step 2, (c) step 3, and (d) step
4.

Thus one can roughly think of the variable message X,, — f,, as the known
marginal of X,, without f,, and the factor message f,, — X,, as the known marginal

function of X,, so far.

Definition The belief propagation approzimation to the marginal distribution P(z;)

is B(z;), and similarly, B(x;) approximates P(x;).

Correctness of belief propagation in trees is the simplest and most established
correctness result. A simple, though somewhat lengthy, induction proof verifies this
fact. First however, the ensuing example illustrates belief propagation in action and

should provide some explanation for why belief propagation works in trees.

Example Given the graph G from Figure 4.1 and binary variables, belief propagation
performs the following steps:

Step 1: Messages from leaves

(Xi—=fi)=Xs—= fo)=(Xa— fo) =1, (fs = Xs) = fs(z2).

Step 2: Messages from non-leaves with at most one non-leaf neighbour
fi — Xo(x2) = le:XFm fi(z1, 22),
Jo— Xp = ZXZ;XFIQ fo(xo, w3, 74)
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Step 3: Xo — f1 = (f2 = Xo)(f3 = Xo) = X, . xom0, J2(T2, 3, 24) f3(22),
Xo— fo= (i = Xo)(fs = Xo) = 3°, xpmu, J1(T1,22) f3(2),
Xo—f3 = (/i = Xo)(f2 = Xo)
= D i Xoman J1(@1,02) D0 fo(Ta, @3, 14)

= ZX;XFIQ Ji(1, 22) fo(wa, T3, 74)
Step 4: fo — X3 =) ) x,m0, f2(X2) (X2 = f2) = X vyy, [1(X1) f2(x2) f3(22),

fo= Xa =31 xime, [2(x2) (X2 = f2) = Do xma, J1(X1) fa(x2) f3(22),

fi = X1 =3 ixme, N1 22) (X — f1) = 3 x —0, [1(X1) fo(X2) f3(2).

The marginal of X is b(x;) = fi — X;.

The marginal of Xy is b(z2) = (f1 — X2)(fo — X2)(fz3 — Xao).

The marginal of X3 is b(z3) = fo — X3 and the marginal of X, is b(z4) = fo — X4
0

One of the notable features present in this computation involves the distribution

of sums and products, alluding to the subsequent minor lemma.

Lemma 4.2.1 (distributivity) For finite sets Sy,..., S C N,

IXe- ¥ I

i=1 v;€S; (V1,0 )E(ST,...,5%) =1
Proof Induction. Base k =2 (i.e. 14+ +xp)(yr + -+ uy) = 2191 + . .. TxY1):
(Do) (Ze)- ¥
v1E€51 V€S> (v1,v2)€(51,52)

Suppose the lemma holds for £ — 1. Then

k k—1
[Tz ZviESi v = ([[im ZvieSi v;) kaesk Uk

k—1 ) )
= (Z(Ul """ o1 €(S10Sp1) [ v) kaeSk vk, by induction,

k
i1 Vi, by base case.
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Fig. 4.2: Factor tree example with components C1, Cy, C3 with X; as a non-leaf

This simple lemma helps prove the following theorem, which states that belief

propagation solves single variable marginalisation for factor trees.

Theorem 4.2.2 For any factor tree G, the marginal of X,, is z(x,) = b(x,). That

is, z(x,) = HfmeN(Xn) fm — X, upon completion of message-passing.

Proof Induction on |F|. Base case |F| = 1. All variables are leaves neighbouring

f1, so for any leaf X;, X; — f; = 1. Then for any leaf X,

fi = X, = Z filxa) = Z 9(x) = z(n).

X1:Xn=2n x: Xn=1n
This also holds when the factor is a leaf. Suppose the theorem holds for < |F| factors.
For simplicity, consider X;.

Case 1: X4 is not a leaf variable.

Let C; be the component of G \ {X;} containing f; € N(X;), and let C] be C;
with the vertex X; and edge Xjf;. The vertices V(C;) = X(C;) U F(C;), which
respectively, are the variables and factors in C;. Finally, let c;, ¢} be an assignment

to all variables in X (C;), X (C?) respectively.
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Fact All V(C;)s are disjoint and cover all vertices in G except X; because G is
a tree, i.e. V(G)\ {X1} = Upenix)V(C;). Figure 4.2 depicts an example of these
components.

So consider such a message f; — X; in C]. By induction, (f; — Xl)c; = zc (x1).
Note that f; — X; in G depends solely on messages sent in C! (G is a tree) and

factors in C! retain the same domain as their counterparts in G. Thus

fi— Xi=(fi = X1)or = 20/(11) = Z H fi(x5)-

C; :X1=x1 f]' EF(CI)

So from this,

HfieN(Xl) fi— Xy = HfieN(Xl) chlezzl HfjeF(Ci) fi(x5)
- Z{Ci/}fiezv(xl)i)(l:m <Hfi€N(X1) HijF(Cz‘) fj(xj))
= Zx:Xlzzl HijF fj(X_j)

= z(xy).

The second equality holds by Lemma 4.2.1, and the Fact validates the third equality.

Case 2: X1 1s a leaf variable. For simplicity, let f; be the neighbour of X; and
let N(f1) ={X1, Xo,..., X;}.

Let D; be the component of G \ {f1} containing X; € N(f1), and the vertices
V(D;) = X(D;) U F(D;), which respectively, are the variables and factors in D,;.
Finally, let d; be an assignment to all variables in X (D;).

Fact All V(D;)s are disjoint and cover all vertices in G except f; because G is
a tree, i.e. V(G) \ {fi} = Uxien()V(D;). Figure 4.3 depicts an example of these

components.

Consider the marginal of X; € N(f;) in D;. Thus
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Fig. 4.3: Factor tree example with components D1, Dy, D3 with X; as a leaf

Xi=fi = eneo-tpy fm = Xi
= HfmeN(Xi)—{fl}(fm — Xi)p, = 2p,(%;)
= Zdi:Xi:xi HfjeF(Di) fi(x5)-
The second equality holds because the messages forming the first product in G depend
only on messages in D;, so these messages are the same in D;. Induction justifies the

third equality. Then since X is a leaf, it suffices to show f; — X; = z(x1):

fi—=Xo = Y xime i) xieninxg Xi — f

(x1)
- ZXI:XIZ-'EI fl (X1> HXlEN(fl)\{Xl} Zdi:Xi:fEi Hf]EF(Dz) f](xj>
le:Xlzzl fl (Xl)(Z{di:Xi:xi,XiEN(fl)\{Xl}} HXléN(fl) Hf]'GF(Di) fJ (XJ)>
(

le:xlzm fi Xl)(Z{di:Xi:zi,XieN(fl)\{Xl}} HfjeF—{fl} fi(x5))
= ZX:X1=CE1 HijF f] (Xj))
= z(xy).
(4.2) upholds the first equality, the second equality is a consequence of the preceding

discussion, the third equality is true because of Lemma 4.2.1, and the Fact establishes

the fourth equality. Thus, the proof is complete at last. H
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Fig. 4.4: Factor tree with components D;, Dy and C; = D1 U{X;},Cy = Dy U{X5}.

Additionally, belief propagation can also compute the marginal function of a factor

fmn-

Corollary 4.2.3 For any factor tree G and any factor f,, € F, 2(Xm) = b(Xm), that

is 2(Xm) = fm(Xm) HXjeN(fm) Xj = fmn-

Proof Consider f; and suppose that its neighbours are X,..., X, If f; has only
one neighbour X; and H = G \ {f1}, then

b(x1) = fi(z1)(X1 — f1) = fi(z) HfmeN(Xl)\{fl} fm = Xo
By above Theorem: = fi(x1)zg(21)

= fi(z1) Zx;xlle HfjeF(H) fi(x;)

- Zx:Xlle Hf]-EF fj(Xj) = Z(xl)'

Otherwise, apply induction on |F|. For the base case |F| =1, X; — fi = 1 and
x1 = X so the marginal of f; is the marginal of all variables, i.e. the global function:
b(x) = fi(x) = g(x).

Now consider the general case. Since G is a tree, removing X; will leave two
disjoint subgraphs: Dy, which contains f; and its neighbours, and Dy, which contains
the rest of the neighbours of X;. Now let Cy = D; U{X;} and Cy = Dy U{X;} and
let c1,co denote the assignments to variables in these two subgraphs (Figure 4.4).

Then
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b(x1) = filx1)Ix,eni)Xi = f

= (filx1) HXjeN(fl)\{Xl}Xj — [1)X1 = fi

= (Zeanty=a Hperen fi)) U penoen iy fi — X1)

= (chzN(fl):xl HfieF(Cl) fi(x1))zc, (1)

= (chzN(fl):xl HfieF(Cl) fi(xi))(Zctille HfieF(Cg) fi(xi))

= ZX;N(fl):xl HfieF(Cl) fi(x1)) HfieF(CQ) fi(xi))

= Zx:N(fl)le HfieF fi(x1)) = z(x1).
Induction gives the second equality, and Theorem 4.2.2 accounts for the third equality.
The sixth equality holds because V(Cy) NV (Cy) = {X;} and V(C;) UV (Cy) = X.
Note that the initial assignment x; for b already includes the assignment for X, so
both subgraphs only fix the same assignment to the lone shared variable X;. Also,
fixing N(f1) for Cy is valid because no neighbour of f; besides X is in Cy. Since this
covers all variables in GG, the combined summation is over assignments of X.

The second-last equality holds because F/(C1)NF(Cy) = 0 and F(C1)UF(Cy) = F.

Thus combining the two products has no overlap and covers the whole set of factors.

|
Lastly, one must verify that message-passing will complete across all edges.

Proposition 4.2.4 For any tree G, at any step during belief propagation, there is
always a node in S C V' that can send a message, where S = {sy,...,s,} is the set

of all nodes with messages to send at this step.

Proof Suppose that at some point during the execution of the algorithm, no s; € S
can send a message. Then every s; € S is waiting for messages from at least one other

node. Note that all unsent messages must originate from nodes in S by definition.
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$1 82 S3 Sk—15k

<O<=0O<0O...0=0O=272

Fig. 4.5: Nodes that cannot send messages

Without loss of generality, assume that s; awaits a message from sy, which awaits a
message from s3 and so forth, as depicted in Figure 4.5. Then all nodes in S except
s1 and s; have at least one message to send and cannot do so. So s, must await a

message from some node in S, but then there is a cycle in S achieving a contradiction.

4.2.2 Loopy belief propagation

The above algorithm does not quite work in general graphs, since there may be no
leaves. A simple modification of the above algorithm will allow it to run on general
graphs. The given algorithm converges when a message is sufficiently close to its
previous message, for sufficiently many consecutive iterations.

The modification is to initialise all messages X,, — f,, = 1. This converges to
a set of messages consistent with the message definitions (4.1) and (4.2) in the tree
case.

This method achieves convergence to the messages in the previous algorithm in
diam(G) iterations for any factor tree G. For instance, if diam(G) = 1, there is one
factor and one variable, so the messages transmitted in the first iteration are already
the desired messages. If diam(G) = 2, say there are two factors and one variable.
Since the factors are leaves, they transmit the correct message in the first iteration,

but the variable requires a second iteration to transmit the correct message.

Proposition 4.2.5 For any factor tree G and any message from u to v, belief prop-

agation converges in i iterations, where i is the maximum distance to a leaf without
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BeliefProp
Output: set of messages

begin
Initialise all variable messages X,, — f,, = 1.;

while there is an unconverged factor message do

for each X, € X do
transmit X,, — f,, for all f,, € N(X,).

end

for each f,, € F do
Compute f,, — X,, according to (4.2) for all X,, € N(f.).

if |f, — X" — f,, — X%| < ¢ then
fm — X, has potentially converged, so increment a counter ctr.

if ctr = k then
Message f,, — X,, has converged.

end
end

else
fm — X, has not converged, so reset ctr =0

end
end
Compute all new messages X,, — f,, according to (4.1) for the next

iteration.

end

end

38
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going through v.

Proof Induction on i. i =0 (u is a leaf) is trivial.

Suppose the proposition holds for < i. Consider a message from u to v where the
max distance to a leaf without going through v is i+ 1. Now consider a message from
w € N(u)\{v} towu. The max distance to a leaf without going through u for any such
message is at most 7. So by induction, each of the messages affecting the computation
of u — v converges within 7 iterations, so the message from u to v computed in the
iteration 7+ 1 must converge appropriately. e.g. If u is a variable z,, and v is f,,, then
by the end of iteration 4, then for any my € N(z,) \ {m}, fm, — X, is exactly as
defined in the original algorithm, so in iteration ¢ + 1, the computation of X,, — f,,
must also correspond exactly to the required message. Moreover, it is apparent that
once a message becomes the “correct” message, it will always remain correct because

G is a tree. B
Then the convergence result follows easily:

Corollary 4.2.6 For any factor tree G, all messages converge within diam(G) iter-

ations.

There is no such guarantee of convergence in the general case, but as mentioned
before, empirical and analytical work suggests that belief propagation does work well
in some specialised settings. Much of the literature explaining the success of loopy
belief propagation in marginalisation is empirical and non-rigorous [HM97, MW J99],
although recent work gives some interesting sufficient conditions for the convergence
of loopy belief propagation [IIW05, MK05, TJ01]. Consequently, the question of the
quality of the belief propagation approximation in marginalisation is still open. Since
approximate inference is N P-hard, the best one can hope for is an understanding of

the types of graphs on which belief propagations works best.
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4.3 Belief propagation in other graphical models

4.3.1 Belief propagation in Bayesian networks

In his detailed book [Pea88|, Judea Pearl introduced the notion of belief propagation

in Bayesian networks for the particular inference problem of marginalisation. Its

description however, is less compact than the same algorithm in factor graphs.
Recall that in Bayesian networks, x; specifies values of X; and Pa(X;), and factor

fi(xi) = P(x;|pa;), where pa; are values for all variables in Pa(X;).

Definition For every X, € Pa(Xy), the “backward” message (from child to parent)
is

A,(wa) = Y [ £ T Axle) 11 X, (2;5)

Xs: Xqg=xq X;€Ch(X5s) X;€Pa(X)\{Xq}
Definition For every X; € Ch(X;), the “forward” message (from parent to child)
is

Tx,(2s) = 11 A ) [ YD flx) ] mx()

X, €Ch(X)\{Xq} Xs: X 5= X;€Pa(Xs)
Definition The belief of variable X, computed by this version of belief propagation
is

BEL(z) = [ Ax()| Y filx) [] mx.(2)

X;€Ch(Xs) xs: Xo=1s X;E€Pa(Xs)

In the conversion, create one factor node f;(x;) for every variable X; (recall Fig-
ure 3.5 in Section 3.4). One can derive the factor graph version of belief propagation
from Pearl’s algorithm. This can be done by simply dissecting the message definitions
for Bayesian networks.

Essentially, mx,(zs) = Xy — fq and Ax,(z4) = fs — Xg4. First consider mx,(x;).

When converting the Bayesian network into a factor graph, the new link from X to
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Xy is from X, to f4, so it would be desirable for the forward message to correspond
precisely to Xy — f4. Similarly, since the backward message A y_(x4) needs to transmit
information from X, to Xy, it would be ideal for the backward message to correspond

to the message from the factor of X, to Xj.

Tx,(Ts) = HXieCh(XS)\{Xd} Ax, (@) <ZXS:X5::C5 [fs(xs) HX]EPa(XS) X (%))
= HXiECh(XS)\{Xd}(fi — X;) <ZXS;XS:zS fs(xs) HXjEPa(XS)(Xj - fs))

Ixiconxon g (fi = Xo)(fs = X5)

HfieN(Xs)(fi — Xy).
To explain the above, the product of Ay, (zs) for X; € Ch(X;) is the product of
messages from children of X,. When inserting factor nodes, these are the messages
from f; — X,. This accounts for all messages that X, — f; needs except f, — X,.
Thus set fy — X, to be the remaining summation over values xs. Note that this
message accounts for all messages from the parents of X, which is are all of the
neighbours of f; except X. Consequently, this accounts for all the necessary messages

to compute X, — fy.

M (30) = Porgme (06 Txccongr 2@ T eparan i 7.(25))
= Sewaas (506 Meonorn (i = X Tl epagen e (X5 — 1))
= YCames ()G = ) T e e (K5 = 1)
= Stemes S5 T enirn (X5 = £2)

The product of A, (xs) composes of messages from the children of X, that is messages
fi — X,. This product yields precisely the message X, — fs because the set of
neighbours is N(X;) = {fs} U {fi : Xi € Ch(X,)}. Finally, the product of mx,(z;)
composes of messages from the parents of X;, that is X; — f,. Since the set of parents
excludes X, this message is precisely fs — X;. Hence the message definitions from

the factor graph model are consistent with those in the Bayesian network model.
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Xl X2

X3 X,1 X5
Fig. 4.6: Converting a pairwise Markov random field to a factor graph

Then it is easy to check that BEL(z,) = B(xy).

BEL(xs) = HXiGCh(XS) Ax,(7s) <ZXS:XS:xS fs(xs) ijepa(xs) TX, (%))
[Txiconen (fi = Xo) (fs = X5)
HfieN(Xs) fz - Xs - B(xs>

Since we can always convert Bayesian networks into factor graphs, and the same
algorithm applies for both models, it is reasonable to consider the simpler message

definitions given for the factor graph model.

4.3.2 Belief propagation in Markov random fields

Most literature describes belief propagation for Markov random fields under a spe-
cialised type of Markov random fields called pairwise Markov random fields [Wei0l,
YEWO1]. These are simply Markov random fields with a maximal clique size of 2,
i.e. there is no subclique with 3 nodes. Since the edges are undirected and all nodes
are variables, this model only has one message:
X5y =Y foy [[ 2% X@
z ZeN(X)\{Y}

The computation of the belief is b(z) = [];cnx) Z M, X (z), the same as in the

factor graph case.
As in the Bayesian network case, it is easy to transform this problem into the factor

graph case and vice versa when applicable. Figure 4.6 depicts a conversion from a
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pairwise Markov random field to a factor graph. This case is more straightforward:
Set

XEY = fxy =Y,

and then from the above message definition, Consequently,
[I 25 x@)=x- .
ZeN(X)\{Y'}
Thus the message definitions of factor graphs are not nearly as simple as that of
pairwise Markov random fields. On the other hand, the difficulty with this model is
that pairwise Markov random fields are quite restrictive without first clustering cliques
in general Markov random fields. Also, factor graphs are certainly more general than

pairwise Markov random fields.

4.4 Related inference problems

An inference problem related to marginalisation called the maximisation or most
probable explanation (MPE) problem has a solution similar to belief propagation
known as the min-sum, Viterbi, or max-product algorithm [Mac03, p. 339]. This
algorithm is also the inspiration for the warning propagation algorithm [BMZ03]
which will be discussed in Section 6.2. The algorithm is precisely the same as belief
propagation except one replaces all instances of Y with max. This yields the max-
product algorithm and all the results from before apply. For instance, it is clear that

the distributivity lemma 4.2.1 would also apply when stated as such:

k
maxuv; = max Hvi.
1 v; €85} (U17---7Uk)€(517“'7sk) i=1

In the base case, (maxy, cs, v1)(MaXy,es, V2) = MAX(y; 00)e(Sy1,5,) V1V2 is clearly true.

Similarly, the min-sum algorithm is merely the max-product algorithm in the negative
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log-likelihood domain (or replace max with min, and [] with ) [Mac03, pp. 339-
340]. Unlike marginalisation, which requires the precise value of g(x), maximisation
requires only the values x such that max, g(x). So maximisation seems as though it
may be easier than marginalisation, and some work suggests that belief propagation
works especially well for maximisation [Wei01, WFO01]. Still, solving maximisation is
NP-complete [KF02, Par02].

To prove NP-completeness of maximisation, we use the following formulations of
the problem [PD04]. Note that it is straightforward to show that BN-MPE is NP-hard
if BN-MPE-D is NP-complete.

BN-MPE-D: Given a Bayesian network G over variables X, evidence e for a
subset of variables £ C X, and a number k, does there exist an assignment w to
W = X \ E such that P(w,e) > k?

BN-MPE: Given a Bayesian network G over variables X and evidence e for a

subset of variables £ C X, solve argmax, P(w,e), where W =X \ E.
Proposition 4.4.1 BN-MPE-D is NP-complete.

Proof Firstly, the given evidence e and guess w, yields a full assignment to the joint
distribution, so it is easy to check if P(w,e) > k. To show it is NP-hard, reduce
3SAT to BN-MPE-D. This proof mirrors Cooper’s NP-hardness proof for marginali-
sation [Co090].

Consider the 3CNF formula F' with n variables Q@ = {Q1,Qs,...,Q,} and m
clauses, and let a Boolean assignment of the variables be denoted by q = {¢1, 42, - - -, Gn }-
So show that F is satisfiable iff there exists a number k£ and an instantiation w to the
variables of some Bayesian network G such that P(w,e) > k, for some instantiation e
of some evidence E. The ensuing proof uses the standard Bayesian network simulation

of a formula first presented in Cooper’s hardness proof for marginalisation [C0o090].
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@ ©@ @ (9
|
G ﬁ@
OF—=0—=W)
Fig. 4.7: Bayesian network construction of F' = (@1 V —Q2) A (Q2 V Q3 V —Q4) A

(=Q3 V Q4). The vertex W is used for the modified MPE problem without evidence

described after this proof.

The set of vertices is as follows: one vertex for each variable @);, one vertex for each
clause C;, and one vertex for each AND connective Dj, and also denote D,,_; =Y.
For edges, (Q;,C;) € E(G) iff clause C; contains ();. To link the clauses, initially
use (C1,Dy) € E(G),(Cy, D) € E(G), which will represent D; = C; A Cy, and
subsequently use (D;_1, D;) € E(G), (Cj+1,D;) € E(G), j > 2, which will represent
D; = Dj_1 N Cj4q. Clearly, Y = D,,_ will serve to represent the entire formula F'.

For a simple example, see Figure 4.7.

Let each variable @Q; have a uniform prior probability (i.e. P(Q; = 1) = 0.5). The
rest of the vertices are essentially indicator variables set based on which connective
they represent in the formula F', namely every C; is an OR connective and every Dy,
is an AND connective. Thus P(C; = 1|Q1 = ¢j1,Qj2 = ¢j2, Q3 = q;3) = 1 if the
given assignment of variables satisfies C';, and 0 otherwise. Similarly, if ¢ = dx—1 =1,
then P(Dy = 1|Cy = ¢g, Dx—1 = di—1) = 1 and 0 otherwise (note the slightly different
case for Dy). This construction is obviously attainable in time which is polynomial in
the size of the formula. The network has size O(|F'|) and the conditional probability
tables are all small: the largest set of probabilities required are for the clauses which

are given at most three variables.

Note that the joint probability P(x) can be condensed because of the nature of
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the vertices in GG that represent connectives. Given some assignment q, the above
construction already determines the remainder of the conditional probabilities, and
there is exactly one assignment of values to the C; and Dy, vertices with positive
probability. Thus clearly, Y = 1 iff an assignment q satisfies F', so Y to represent all
of the intermediary connectives that essentially form F'.

So P(Q =q,Y = 1) =1/2"if q satisfies F' and 0 otherwise. Now set the evidence
E = {Y'} with e = 1, that is let the evidence be Y = 1, and take k = 1/2""!. Thus
P(q,e) = 1/2" > k if q satisfies F' and P(q,e) = 0 # k if q doesn’t satisfy F'. Hence:
I is satisfiable iff for some Bayesian network G, evidence E, and number k, there

exists an instantiation w to variables W = X \ E such that P(w,e) > k. B

Solving the complexity of same decision problem with no evidence requires a slight
modification to the construction in a reduction from 3SAT. The problem is now as
follows:

Given a Bayesian network G over variables X, and a number k, does there exist
an assignment x to X such that P(x) > k?

Shimony shows a reduction from vertex cover [Shi94| and Park and Darwiche
demonstrate a reduction from a satisfiability problem to prove a similar inference
problem without evidence [PD04]. However, only one vertex needs to be added to
the above construction to achieve the desired result:

Use the same construction as before with the additional vertex W and edge

(D1, W) (Figure 4.7), and set its conditional probability

1 ifdy,_; =1;
P(W = 1|Dm_1 - dm—l) ==

1/2 otherwise.

Then it is clear that there is an assignment x such that P(x) > 1/2""1 iff F is

satisfiable.
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Another inference problem that is probably more difficult than marginalisation
and maximisation is the generalisation of maximisation called the maximum a pos-
teriori (MAP) problem. The goal of MAP is to determine values s of variables
in some subset S C X satisfying maxs P(s). MAP is difficult because it com-
bines marginalisation (P(s) = > .s_¢ P(x)) and maximisation, and it is NPPP.
complete [Par02, PD04], a class believed to be substantially harder than NP. Cou-
pled with the hardness of approximating marginalisation, it seems that inference in
general is a difficult problem, yet there is still hope for approximation algorithms on
particular classes of graphs. Some work has already begun in the analyses of such

algorithms, and chiefly for belief propagation.



Chapter 5

Some insight and analysis into

belief propagation

Several threads of research demonstrate the theoretical and empirical value of belief
propagation. For instance, Weiss shows the convergence and an error bound of belief
propagation in a single cycle graph [AHM98, Wei01], Yedidia et al. and Heskes un-
veiled the relationship between belief propagation and free energy [Hes04, YFW02],
and Richardson and Urbanke prove the convergence and concentration of the algo-
rithm in LDPC codes [RUO1]. Finally, active research on the convergence of loopy
belief propagation has aided in understanding the algorithm through various mathe-
matical techniques [[IW05, MKO05, TJ01]. This section explore these avenues of free
energy and LDPC codes, and implements a rudimentary belief propagation algorithm

to explore some simple classes of cyclic factor graphs.

48
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5.1 Free energy

Discussing free energy necessitates an apparent diversion to statistical mechanics.
However, maintaining notation consistent with previous sections will help to illustrate
the intersection between free energy approximation and belief propagation.

The set of values x € X is sometimes called the set of realisations for the n discrete-
valued random variables in X, or the state of the system in statistical mechanics.

Recall the factorised joint distribution P(x) = %H;n:l 1i(x5).

5.1.1 Definitions and motivation

One of the centerpieces of statistical mechanics is Boltzmann’s Law, which is based
on the belief that physical systems tend to be in states of low energy. For a physical

explanation, see http://hyperphysics.phy-astr.gsu.edu/hbase/quantum /disfen.html
P p yperphy phy g q

Definition For a given temperature T and energy function £ : X — R, the Boltz-

mann distribution is the following equation:

P(x) = e BT /7. (5.1)

where the normalisation constant or partition functionis Z =3 x e EC/T.

This distribution is a generalisation of the Gibbs and factorised distribution men-
tioned earlier. In fact, throughout this section, assume that the system is set up as
a factor graph with the factorised distribution and the constant 7' = 1. Thus in this
situation, the energy is simply a function of the factors of G:

E(x) ==Y Infi(x;). (5.2)

fieF

The major obstacle in the computation of the Boltzmann distribution lies in the

partition function Z, because the naive method requires a summation over all possible
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values of X. Traditionally, the Helmholtz free energy Fg of a system is the desired

quantity because computing it will also yield Z:
F H = — In Z.

One method of approximation is the variational approach, which approximates the
joint distribution P(x) with a simpler distribution B(x). This method relies on the
variational free energy defined in terms of B and its close connection to the Helmholtz

free energy.

Definition The Gibbs free energy or variational energy F(B) is a function of B(x)
expressed in terms of the variational average energy U(B) and the variational entropy
H(B). They are defined as follows, where the belief B(x) is an approximation of the

joint distribution of the system P(x):

F(B)=U(B) - H(B) = Y B(x)E(x) — (- > B(x) lnB(X)>
xeX xeX

This apparently nebulous equation is in fact rather straightforward. The average
energy is simply defined like the expected value of the energy function in the system.
Similarly, the entropy is a measure of the average amount of information in the
system. For a thorough discussion regarding its derivation, see works on information
theory or thermodynamics [JJ00, Mac03]. In the context of energy, entropy can be
construed as the inherent energy present in the system, so the free energy is precisely
the difference of total average energy and the intrinsic energy of the system. Another
quantity known as the Kullback-Leibler divergence aids in expressing the relationship

between the variational energy and the Helmholtz free energy.
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Definition The Kullback-Leibler divergence or relative entropy measures the differ-

ence between distribution B and P, and is defined as

B(x)
P(x)

KL(B,P)= )Y B(x)ln

xeX

Immediately from these definitions, it follows that F(B) = Fy+ K L(B, P). More-
over, K L(B, P) is nonnegative and zero iff B(x) = P(x). Consequently, F/(B) > Fy
and equality iff B(x) = P(x). So because P(x) = arg minpx) F(B), the desired goal
is to compute minpgx) F'(B). Unfortunately, minimising over B(x) is also intractable,
so the actual goal of this process is to approximate the minimisation of the variational
energy in a reasonably efficient manner.

One variational approach, called mean field approximation, attempts to minimise
F(B) over a restricted class of probability distributions B. For example, instead of

minimising over all beliefs, one can consider beliefs of the form

B(x;a) = exp > |,

{XiEX:XiZIi}
where the minimisation is over a. Mackay outlines how this restriction, one of many

viable constructions of B(x), yields a tractable minimisation of the variational free

energy [Mac03, pp. 424-425].

5.1.2 Region-based approximations

Yedidia et al. introduced another approximation technique, dubbed region-based
approximations, by minimising over the region-based free energy rather than the
variational free energy [YFWO02]. The crux of the method is to first compute the
free energy of smaller, more manageable pieces, then combining them to form the

region-based free energy, and finally minimising this combined quantity. Figure 5.1
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Xs Xy fs

Fig. 5.1: Factor graph. If Fr = {fs, f3}, then {X5, X4, X5} C Xg. In a Bethe
approximation, the regions are Ry, = {f1, X1, Xo, X3, Xu}, Ry, = {fa, X2, X5}, Ry, =
{fg,Xg,X4,X5}, and RXi = {Xz} for each X; € X.

illustrates an example of regions in a factor graph. The definitions for the marginal

and energy in a region mirror those for the entire system.

Definition A region R = XrU Fg where Xi € X is a subset of variables and Fp is a
subset of factors under the constraint that if f; € F, then all variables neighbouring

f; are in Xp. Moreover, xg is an assignment to the variables in R.

Definition The marginal distribution over region R is P(xg) and belief bg(xg) or
Br(xgr) (Bg is a distribution, whereas bg might not be) approximate P(xg). The
region energy of R is

Ep(xp) =— Y Infi(x;).

fi€Fr

The region free energy of R is

FR(bR) = UR(bR) — HR(bR) == Z bR(XR)ER(XR) — <— Z bR(XR) In bR(XR)) .

XR XR

The goal is to divide the factor graph into regions so that the overall free energy
is the sum of the free energies of all the regions. Let R be a set of regions and cg
be the counting number of region R. The constants cg roughly determine how often

the approximation counts each variable and factor. The region-based free energy Fpr

represents this approximation to the overall free energy:
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Definition The region-based free energy or approximation is

Fr({br}) = Ur({br}) — Hr({br}) = )Y crUr(br) = Y  crHr(br).

ReR ReR

Definition A walid region-based approzimation satisfies

D crlm(f) = ) erlxa(Xi) = 1,

ReR RER

where Ig(x) = 1if 2 € S, 0 otherwise, for all variables X; and factors f;.

Definition A constrained region-based free energy is a region-based free energy with
beliefs Br(xg) that are probability distributions, i.e. Fr({Bgr}). Moreover, the
marginal region beliefs B(xg) are consistent for pairs of regions that both contain
the set of variables X. For instance, if S C R;,S C R,, then in both regions, the

marginal of variables S is the same in both regions.

A valid region-based approximation has the subsequent properties that gives it

credence as an approximation to the variational free energy.

Proposition 5.1.1 For all regions R € R, if bp(xr) = P(xr), then the aver-

age energy Ur({br}) of a wvalid region-based approximation is exact, namely that

Ur({br}) = U(P).

Proof This proposition follows from the definition of a valid region-based approxi-
mation and the marginal P(xg), achieving the equality Ug ({br}) = U(P). The key
observation is that every region satisfies N(f;) € Xp and extraneous variables in

Xg \ N(f;) will sum out leaving the marginal of each factor f; in Fr. B

It is easy to see that such a convenient result does not follow for the region-based
entropy. Although each variable will have ) .. x,er Cr = 1, the regions with X; may
all have different variables, thus usually there is no way to consolidate the disparate

sums involving the marginals P(xXg).



CHAPTER 5. SOME INSIGHT AND ANALYSIS INTO BELIEF PROPAGATION o4

Flg 5.2: Regions Rl = {f17X17X2}7R2 = {f27X17X27X3}7R3 = {X1}7R4 = {X2}

of a factor graph.

Example See Figure 5.2, whose graph has regions are given in the figure. Suppose
it has counting numbers cg, = cr, = —cr, = —cgr, = 1, so that this region-based

approximation is valid. Behold that when br(xr) = P(xRr), the region-based entropy
Hy = _( >y Plar o) I Pay, 20) + Y0, P(x) In P(x)

=%, Ple)nP(n) = X2, Plez) In Plzz) ).
In general, this does not equal the exact entropy H(P) = —3_ P(x)InP(x).

18

However, in the special case when the joint distribution P(x) is uniform, Hg = H(P),
because H(P) = —In P(x). Similarly, > = P(xg,;) In P(xg,;) = In P(xg,), 50

1

T1MoNg

Hr = —In P(x1,22)—In P(x)+In P(x1)+In P(z3) = —In

— _InP(x) = H(P),

where n; is the number of values that X; can take. It is apparent that equality arises
in this case because the approximation is valid. For instance if R3 is removed, the

region-based entropy is not exact when the joint distribution is uniform. [J

Proposition 5.1.2 For all R € R, if bg(xr) = P(xr), and if P(x) is an equiprob-

able distribution, then the entropy Hr({br}) is exact, that is Hr({br}) = H(P).

Proof The proof follows from the simple generalisation of the above example. B

Ideally, the region-based entropy would achieve its maximum when the joint dis-
tribution is uniform, thus imitating this key property of exact entropy. This would

also yield a desirable region-based approximation because of the above propositions
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and the ultimate goal of minimising the region-based free energy would likely imply

near-maximum entropy. This suggests the ensuing definition.

Definition A mazxent-normal constrained region-based approximation is one that is

valid and its region-based entropy is maximised when all beliefs Br(xg) are uniform.

Clearly, this type of approximation is open to many specific region and counting
number assignments that could prove fruitful in the pursuit of a better approximation.

Moreover, many older approximation ideas can be expressed in this convenient form.

5.1.3 Bethe free energy

A classic example is the Bethe method, which renowned physicist Hans Bethe devised
in 1935 [Bet35]. Moreover, it is a region-based approximation where the set of regions
R = Rr URx. There are M regions in R each representing a factor node and its
neighbouring variables, and cp = 1 if R € Rp. Also, there is one region for each

variable node in Ry, and cgy =1 — |IN(X;)| if Rx, € Rx.

Definition The Bethe free energy is a function of the beliefs b;(z;), b;(x;):

FBethe = UBethe - HBethe>

UBethe = — Z ij(xj)lnfj(xj)>

fi€F xj

Hpeme = — Y Y _bi(x) Inbi(x5) + > (IN(Xp)| = 1)) bifa:) nby(xy).

fi€EF Xj X, eX

Definition The constrained Bethe free energy is Bethe free energy with beliefs (de-
noted B, signifying that they are probability distributions) abiding the following

constraints for all variables X; and factors f;:
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e Normalisation: 3, Bi(x;) =3, Bj(x;) =1,
e Consistency: B;(x;) = Z{XJ:XZ:%} Bj(x;), and
o Inequality: B;(x;), B;j(x;) > 0.

Theorem 5.1.3 For all regions R in the Bethe method, if Br(xr) = P(xgr) then the

exact variational FE is equal to the Bethe FFE for factor trees.

Proof By Proposition 5.1.1, the exact average energy U equals the Bethe average
energy, since Bethe FE is valid. Similarly, by Proposition 3.3.1, the Bethe entropy is
also exact because in trees,

P(x) = H P(x;) |/ < H P(xl.)UV(Xi)—l) '

fieF X;eX
Then applying this equation to H(P) equates to Hpeipe. B
Proposition 5.1.4 For the constrained Bethe approximation, the global maximum of
the region-based entropy Hpene is when the beliefs Br(xr) are uniform for all regions

R € R, i.e. the Bethe approrimation is maxent-normal.

Proof
Hpne = (L per Hi(Bi) = Lxex VXD H(BY) ) + Xy, cx Hi(B)

S per (Hi(B) = Sxeniyy HilBo)) + Sxex Hil By).
Expanding the contents of the summation over factors and using the consistency

constraint yields
ij B;(x;) In B;j(x;) — ij B;(x;) In By (x,) — ZXieN(fj)\{Xk} H;(B;).

This is at most — 3 c n(s 0\ (x,} Hi(Bi) < 0 because K'L(Bj, By,) = 0 and entropy
is non-negative. Clearly, setting all beliefs to have a uniform distribution results in
equality for this sum. It also maximises the sum over variables because of the well-
known fact that entropy H(P) is maximised when P is uniform. Hence the Bethe

entropy is maxent-normal.
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5.1.4 Bethe free energy and belief propagation

Why would Bethe free energy and belief propagation be connected? Both find dis-
tributions B(x;), B(x;) which approximate the respective marginal distribution of
the joint distribution P(x). Furthermore, both techniques exploit the structure of
the graph and perform computations on smaller regions that cumulatively, facili-
tates in the approximation of some global function. However, the two approximation
techniques reach this distribution using slightly different approaches, so certain ad-
justments need to be made to corollate the two approximations. Yedidia proves the
subsequent theorem [YFWO02], and uses Lagrange multipliers as described in Appen-
dix A. Also observe that the constraints of constrained Bethe free energy are linear,

so Theorem A.4.2 applies.

Theorem 5.1.5 The interior stationary points of the constrained Bethe free energy

are BP fized points.

Proof To determine when Bethe free energy is minimised, construct a Lagrangian
L of Fpene and its constraints, which produces the desired stationary points. For all

variables X; and factors f;, the conditions are
e normalisation n;(x) = > Bi(z;) — 1,n;(x) = ij B;(x5) — 1,
e consistency cj;(x) = B;(z;) — Z{XJ:XZ:%} B;(x;), and
e inequality g;(x) = —B;(x;).

The inequality conditions are all inactive when considering interior points, so their
Lagrange multipliers are necessarily zero (see Theorem A.3.1). Then the Lagrangian

L is a function of the beliefs B;, B; and multipliers vx,, vy,, Aji:
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L = (= Cxex (NG = D)X, Bi(ai) In B(x)
T er Yo B I Bi(%5) = X e Yo Bi(35) In f(7))
+ ZXiGX/yXinZ'(X)—'—ijEF/ijnj(x)

+ Zx ex Zf]eN(X > Ni (@) [Bi(@:) = 3 i xi—asy Bi(%5)]-

Then =0 5 = 0 yield equations for the beliefs at the stationary

aB( =aB(

points that are proportlonal to the BP fixed-point beliefs for consistency Lagrange

multipliers when \j;(z;) = In(X; — f;(x:)):

B(xj) = fi(xj)exp | =y, =1+ Y Nl |,

X;eN(f5)

1

JiEN(X;)

One technicality is that the beliefs of leaf variables are excluded from the analysis
because they do not influence the Bethe free energy, but it is a minor detail because
leaf variable beliefs are easy to compute from the belief of their neighbouring factor.

Theorem 5.1.6 The BP fixed points that are positive for all x are also interior

stationary points of the constrained Bethe free energy.

Proof Given the convergence of belief propagation to yield beliefs, recall the messages

and belief equations (assuming everything is normalised):
o Xy = fln) = Hfm,eN(Xn)\{fm} S = Xn(@),
o fin = Xalwn) = 2 x0een fm(Xm) HXn/eN(fm)\{Xn} X = fulTw),
o B(x;) = HfmeN(Xi) fm — Xi,

o B(xj) = fi(xy) [Ix,ensy Xi = fi-
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As in Theorem 5.1.5, the crucial connection between Bethe free energy and belief
propagation is via \j;(z;) = InX; — f;(x;). Substituting this into the messages

produces

Xi — fi(w;) = exp(Nji(w3)),

2 — [N(X3)| 1 3

g - Ry i (i)

fj — XZ(.CEZ) = eXp
TREN(X;):k#]

Substituting these messages into the belief equations results in equations proportional
to the interior stationary points achieved in Theorem 5.1.5.

Bx) = f;09) e (Ly,engry bil#))

B(r:) = o (o Zpenon 2 = INCODA) + ()]

- P <|N<x_1i>|—1 2 feN(xs) Aﬂ(*”fi)) :

Theorem 5.1.7 If all factors of a factor graph are positive, then all belief propagation

beliefs are interior stationary points of the constrained Bethe free energy.

Proof In fact, if all factors of a factor graph are positive, then all fixed points of belief
propagation are always positive. This follows from the initialisation of the variable
messages to 1 as described in Section 4.2.2 and the application of the messages defined
in Section 4.2.1. If all the messages are always positive, then it holds that the fixed
points, which is the computation of the beliefs, must also be positive because this
computation is a product of converged messages. Consequently, they are all interior

stationary points of Bethe free energy by Theorem 5.1.6. B

Theorem 5.1.8 If all factors are positive, then all local minima of constrained Bethe

free energy are BP fized points.
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Proof To prove this theorem, it suffices to show that all local minima of the con-
strained Bethe free energy are interior minima. Then Theorem 5.1.5 validates this
theorem. This proof generalises Yedidia’s Theorem 9 [YFWO1].

Suppose that there is a local minimum of Bethe free energy that is not an interior
minimum. That is, there is a region belief such that for some assignment of its
variables, Br(xg) = 0. Assume that each variable X; € {1,2,...,n}. The basic idea
is to first modify Bgr by a small amount so that it is no longer an edge point, that is
no assignment of variables makes Bgr zero. Then show that this new Bpg results in a
lower free energy thus proving the original Bgr could not have been a local minimum.

One case is that no variable region has belief B;(z;) = 0, so B;j(xj) = 0 and
let IN(fj)| = k > 2 (dealing with £ = 1 is trivial). The main issue in modifying
B; is that the consistency and normalisation constraints must be maintained. The
two subcases are when xj = (¢,c,...,c) and when it is not on the “diagonal”. All

unspecified beliefs below remain unchanged from their old belief.

On diagonal

¢ Bj(xj) = e(n"~' = 1),

e Bj(x;) = BY!(xj) — ¢, if at least one variable X; = z7, and x; # x},

e Bj(x;j) = BY(xj) + e(n*~" — (n — 1)*1), if x; # x; is on the diagonal.

Off diagonal

o Bi(xj) =e((n— 1)1 —1),

e Bj(x;) = BY(x;) — ¢, if at least one variable X; = 2} and xj # x{, and x; is
not on the diagonal,

e Bj(x;) = B(x5) + e(n*! — (n — 1)* 1), if x; is on the diagonal and variable
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* Bj(x;) = By (x;) +€e(n*"' —(n—1)*"" —1), if xj is on the diagonal and variable

*

Verifying normalisation: On the diagonal, there are (n* —1—(n—1)¥) instances of the
second item (all possible assignments except those that do not contain any variable
set X; = a7), (n—1) of the third, and one of the first. Checking normalisation equates

to summing all the epsilons to ensure they sum to 0:
=D+ =D = (- - (P -1 - (n—-1)F) =0.

Similarly off the diagonal, let d be the number of variables in xj with a distinct
assignment. Then there are (n* —1 — (n—1)* — d) instances of the second item, n —d

of the third, d of the fourth, and one of the first, so
(n—)"' =D+ (n—d)(n* ' —(n—1)" Y +d(n* ' —(n—1) 1=1)—(n"~1—(n—1)"—d) = 0.

Verifying consistency: Likewise, checking consistency corresponds to ensuring the
sum of epsilons for a given variable X; = z; equals 0. In fact, the main modifications
to the belief B; arise from the aim to satisfy these constraints. Recall

Bi(z;)= Y Bjxy),
{xj: Xi==}
so there are n*~! terms in the summation.

Firstly on the diagonal, if X; = z, all terms have x} in their assignment and
exactly one term is B;(x}), so the epsilons clearly sum to zero. Secondly, if X; # =},
(n —1)%~1 terms have no variable set to z7, for any X, € N(f;), so n*~! — (n —1)k1
terms have at least one variable set to 2% (but not all since X; # z¥). Moreover, there
is exactly one term where x; = (c,¢,...,c) so that its modification falls under the

category of the third item because X; # z} = 1.
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Off the diagonal, if X; = z}, then one term is Bj(xj), another is the diagonal
(fourth item), and the rest have z}, and simply combining the epsilons totals zero. If
X; = x} # xF, the diagonal term is like in the previous case, and n*~1 — (n —1)*1 -1
other terms also contain a variable in xj, which adds up splendidly to zero. Lastly, if
Xi = x; is not a variable in xj, it has one diagonal term corresponding to the third
item in the above list and n*~' —(n—1)*~" terms that contain a variable in x}. Again,
addition of the epsilons clearly nullifies the modification to satisfy consistency. Hence
consistency holds.

Finally, the new belief B; has a lower free energy than B¢, for sufficiently small
€ > 0. With a small ¢, (1) the modifications to B;(x;) where x; # xj will negligibly
affect their average energy and entropy terms. Most importantly, (2) a sufficiently
small € guarantees that the energy from the assignment xj is less than its entropy,
yielding a decrease in free energy from the old belief B?. As is clear, if f;(x;) = 0,
gaining an infinite average energy is likely, thus the condition of positive factors is
necessary. Also observe that the above modification does not work if there is another
B;(x;) = 0 where at least one X; = x because inequality will fail. Basically, the
extension entails setting the belief of each such assignment to the same assignment as
B; (X}"), adjusting the other modifications appropriately, and all of the other affected
belief assignments. Suffice to say that this is even messier and the effect on the
overall free energy is similar. Furthermore, it is clear that this process can continue
ad nauseam, since each subsequent zero assignment involving the new considered

variables must also be included. For instance, consider £ = 2 and two zero assignments

('r;kv y2)7 (x;kv Zz)
* Bi(x;) = (n—4)e, if BY(x;) =0,

o Bj(x;) = BY"(x3) — 2¢, if x5 = (2}, ), o0 # 7,
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o Bj(x;) = By (x3) — €, if x5 = (o, ¢), o # x}, ¢ € {yi, %},
e Bj(x;) = BY(x3) + 2¢, if x5 = (I,1) for 1 € {1,2,3,...,n},
e Bj(x;) = BY"(x;), otherwise.

Verification of the constraints and the decreasing free energy simply follows in the
same manner as the simpler case discussed above. Also observe an example of the
aforementioned problem of the repetitive application of this procedure: if there is yet
another assignment involving z; or y; whose belief B, is zero, this modification must
be altered yet again. However, the main point is that the adjustments always add or
subtract O(e) from the old beliefs so that the above argument will always apply.
The second case is when a variable region has B;(z}) = 0. Also suppose only
one variable has such a zero belief. A similar process can be used to derive the more

general setting where several variables have each have at least one zero belief. Then

for belief B;,

Bi(z}) = € Bi(x;) = B (z;) — ¢/(n — 1), if z; # xF.

(2

Observe that for f; € N(X;), B;(x;) = 0 if X; = =7, thus an adjustment of each B;

is also in order. For |[N(f;)| =k > 2,
e Bi(x;) =¢/(nfF71 —1),if X; = 2} and x;j is on the diagonal,

o Bi(xj) =e(n™ 1 —2)/(n*! = 1)2 if X; =z}, and x; is not on the diagonal,

_ old n2k—3_opk-241 : : ok .
e Bj(x;) = BY(x5) — s oy o e VB if some variable X; = x}, 1 # i,

— Rold (n—1)k=1(n2k=3 _opk—241)_pk-14pk-2 B .
° Bj(xj> - Bj (Xj)_‘E nF—2(n—1)(nF—1-1)2 , lej = (C, Cyunny C), c 7& ;.

Verifying normalisation: The normalisation constraint for B;(x;) trivially holds. For

the factors adjacent to X;, there is one occurrence of the first item, n*~' — 1 of the
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second, n* —(n—1)F —n*~1 of the third, and (n—1) of the last. Summing the epsilons
is simple though excruciating, but does in fact sum to zero, so the normalisation
constraint holds for B;(x;).

Verifying consistency: Recall Bi(z;) = Z{szxi:zi} Bj(x;), which has n*~! terms
in the summation. If [ =4 and X; = z}, the summation equals B;(z}) = € because
there is one occurrence of the first item in the list and the rest fall in the case of the
second item, which means the sum of the epsilons trivially sums to e. If [ = ¢ and
X; # x, then one term falls under the case of the fourth item and (n*~* —(n—1)*1)
terms fit in domain of the third item. This situation demands that the summation
yvields B;(z;) = B¢ (xz;) — ¢/(n — 1), which a bit of work reveals to be true.

Similarly, if  # ¢, the summation of epsilons must equal zero, because B;(z;)
maintains the same value as B'(z;). Again, there are two subcases. If X; = x¥, the
first item has one term, the second item has n*~? — 1 terms, and the third item has
the remainder of terms. Lastly, if X; # z}, the fourth item has one term, the second
item has n*~2 terms and the third item has (ny_; —n*2—(n—1)*"1) terms. Showing
that these epsilons sum to zero is a simple, though tedious exercise.

It remains to be shown that the overall free energy of the modification is less than
the original free energy. With a sufficiently small ¢ > 0, the change to B; will add
(IN(X;)| — 1)O(elne) to the entropy, which increases the overall free energy. Also,
tweaking B; forced revisions with each belief of X;’s neighbours, which further affects
the free energy. It is easy to guarantee that upon applying these changes to B;, the
entropy will increase. The only beliefs B;(x;) of note are those with X; = x}, which

were originally zero, and each B; applies the same modifications so

1 b1 nh=1 —2 nt1—2
‘N(XZ)‘ EW(IHE—IH(H - 1>>+€ﬁ hlE"‘hl nk_l -1

So with constant C', this equates to |N(X;)|lelne + Ce < |[N(X;)|elne — elne, for



CHAPTER 5. SOME INSIGHT AND ANALYSIS INTO BELIEF PROPAGATION 65

sufficiently small ¢ > 0. The right-hand side is the contribution from B;(z}), so
overall the entropy increases. Finally, the change in average energy is at most De
for a constant D and for sufficiently small €, this change is less than the change in
entropy, so the overall free energy decreases. At last, this interminable proof is finally
complete. The general case where there are more assignments yielding zero beliefs

can follow the same labyrinthine template. Il
Theorem 5.1.9 If all factors are positive, there is a BP fixed point.

Proof This theorem is a consequence of previous theorem - Bethe free energy is
bounded below because factors are nonnegative so there is a global minimum which

by Theorem 5.1.7 means that there is a BP fixed point. B

The consequence of this theorem is that for any factor graph whose factors are all
positive, there is always potential for the convergence of belief propagation. Perhaps
the clearest results thus far are Theorems 5.1.5 and 5.1.7, namely that interior sta-
tionary points of Bethe free energy are BP fixed points, and if the factors are positive,
then BP fixed points are interior stationary points of Bethe free energy. The most
significant snag rests in the situation when there exists a factor with some assign-
ment such that f;(x;) = 0. Heskes aids somewhat in the resolution of this issue,
demonstrating that stable BP fixed points are local minima of Bethe free energy, and
that the converse is false using stability analysis [Hes03]. Finally, subsequent work
by Heskes clarifies some sufficient conditions for unique BP fixed points, associating
them with Bethe free energy, with the ultimate goal of providing better sufficient con-
ditions for the convergence of belief propagation [Hes04]. Based on this relationship,
Yedidia introduces a generalised belief propagation algorithm that exploits the notion
of region-based approximation which could potentially outperform belief propagation

[YFWO1].
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5.2 LDPC Codes

Once again, we embark on an apparent diversion, this time to the preeminent appli-

cation of belief propagation, the decoding of LDPC codes.

5.2.1 Definitions

In 1962, Gallager pioneered low-density parity-check (LDPC) codes, which are par-
ticularly good linear codes that use a sparse parity-check matrix [Gal63]. First, some
basic definitions and intuition are necessary to describe and understand these codes.

Error correction of corrupted data is of primary interest in information theory.
Not surprisingly, practical transmissive channels and storage devices are imperfect,
and thus the distortion of data is a critical issue in need of solutions. Hence instead of
merely sending the unmodified data, one should be inclined to include some form of
additional information to assist in an unblemished exchange. In information theory,

the set of messages that can be sent through a channel is called a code.

Definition A channel @ is denoted as @) = {A, O, P}, where A is the input alpha-
bet, O is the output alphabet, and for any = € A,y € O, P includes the transition
probability distribution P(y|x), and the channel input distribution P(z). Intuitively,
the capacity of a channel @) is the most information that ) can transmit. For more

information on mathematical details, refer to a text that covers information the-

ory [Mac03].

Definition A code C' is a subset of the set of all possible permutations of n input
symbols, i.e. C' C A™ where A is the input alphabet (e.g. a binary code has A = Z,).

Elements of C' are called codewords. The rate of code C' is

g - loglC]
n
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Note that the definition for a channel applies for a single input symbol, so one must

extend the channel definition to allow for the transmission of codewords.

Definition The nth extension (), of a channel consists of n independent copies of
the original channel @ = {A, O, P} so that Q,, = {A", O™, P}, where A" is the input
alphabet, and O™ is the output alphabet. Lastly, assuming independence of the n
copies of , x € A", and y € O™,

n n

Pu(ylx) = [ [ P(sile:) and P(x) = [ P(xs)-

i=1 i=1
In the nascence of information theory, Claude Shannon proved that there is a code
that can transmit at a rate arbitrarily close to the capacity of any channel with an
arbitrarily small error probability [Sha48]. Unfortunately, despite considerable effort,
no one has uncovered such a remarkable and elusive code. Still, many types of codes
are good because they can be used to transmit with arbitrarily small probability
of error up to some rate close, sometimes arbitrarily close, to the capacity of some

channels.

Definition A binary code C'is a linear code if for codewords u, v € C, and constant
¢ € Zoy,u+v e C, and cu € C (modulo 2 arithmetic). Equivalently, one can define
the linear code as the set of solutions x of the equation Hx? = 07, where H is called

a parity-check matriz. Each row of H is called a parity-check equation.

LDPC codes are an example of a sparse graph code, which consists of linear
codes with sparse parity-check matrices, and is among several such codes displaying
exceptional error-correction capabilities. It is worth noting that other sparse graph
codes such as turbo codes can also be decoded using belief propagation [MMC98|.

Finally, the following is a simple definition of LDPC codes.



CHAPTER 5. SOME INSIGHT AND ANALYSIS INTO BELIEF PROPAGATION 68

Definition (d,,d.)-reqgular LDPC' code is a binary linear code determined by the
condition that every codeword bit participates in exactly d, parity-check equations
and every parity-check equation involves exactly d. codeword bits. In other words,
the parity-check matrix has exactly d, ones in each column and exactly d. ones in

each row.

For the remainder of this discussion, assume that there are n codeword bits or
variables and m parity-check equations or checks. Moreover, the definition for LDPC
codes can be weakened slightly. In particular, one can define irregular LDPC codes
in a similar fashion where each variable participates in a varying number of checks,
and similarly, each check has a varying number of variables.

As mentioned earlier, the application of belief propagation to decode LDPC codes
is one of the great successes of the message-passing algorithm. Richardson and Ur-
banke contribute some results that further the theoretical understanding of both
LDPC codes and belief propagation [RUO1]. As such, a few more definitions given by

Richardson and Urbanke are useful in this analysis.

Definition For any graph G and vertex u € V(G), the u-neighbourhood N& of
depth d is the induced subgraph G|[A], where A contains all vertices such that for any

veV(G),ve Aiff d(u,v) <d, so A can contain duplicate vertices.

Definition For any graph G and ¢ = wv € E(G), the undirected e-neighbourhood
N2 of depth d is defined as the set of edges whose endpoints are in N¢ U N¢. For
€ = (u,v), where wv € E(G), the directed €-neighbourhood N¢ of depth d contains all
edges and nodes in paths €1¢€3 . .. €5 starting from u where €7 # € and €; is a directed

version of an edge in E(G).
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Definition If the induced subgraph of a neighbourhood is a tree, then the neigh-
bourhood is tree-like. Clearly, a neighbourhood is tree-like iff all involved vertices are

distinct.

Proposition 5.2.1 Let 2 < d, < d.. For any X,Y -bipartite graph where deg(ux) <
d, and deg(uy) < d. for ux € X,uy €Y, the number of distinct vertices in any of

the predefined neighbourhoods of depth 21 is upper bounded by 2(d,d,)".

Proof Follows by induction on [. Firstly, the neighbourhood has the most distinct
vertices if it is a (d,, d.)-regular tree, so it suffices to consider the number of distinct
vertices in this case. For instance, this is the proof for the u-neighbourhood N2. The
base case is for depth 2, which contains 1+ d, + d,d. < 2(d,d.) distinct vertices.
Suppose the proposition holds for depth 2/. By induction and observation, there

(I+1)

are at most 2d.dl + ddH + d5Hdi distinet vertices in Ni This is at most

2d5HdI Y vertices because 2 < d,, < d,, so the proposition holds. W

5.2.2 Concentration and Convergence

The following is an attempt to generalise the proof of Richardson and Urbanke’s
theorems in Section 4 [RU01]. The basic strategy is to break up the two major
components into two separate theorems: the first on the concentration around the
expected value and the second on the convergence to the cycle-free case. The proofs
are essentially equivalent to the ones given in the aforementioned paper. It is easiest
to first consider the case in which both sides of the bipartite graph are regular, i.e.

regular LDPC codes.

Definition For any iteration [, The discrepancy of an edge e in a labelled bi-

partite graph G is §;(e), where 0 < §(e¢) < 1. The total discrepancy of G is

Z' = ZEEE(G) di(e).
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Definition Locality holds if a message (and discrepancy) across an edge € depends

only on the directed neighbourhood N2 in the ' iteration.

The first theorem relies on a message-passing algorithm with the Locality property.
It may be possible to relax the definition for discrepancy. The theorem relies on Z
being the sum over all edges of some measure of the messages across edges in order
derive a suitable bound for Claim 1. This measure should bounded by some constant.
In this case, the measure (discrepancy) is between 0 and 1. In the case of LDPC
codes, the discrepancy is an indicator variable denoting whether the message from
variable to constraint is wrong, which is sufficient to determine the validity of the

message-passing algorithm.

Lemma 5.2.2 (Azuma’s inequality) If Zy, Z1, ... is a martingale sequence such that
for each k > 1, |Z) — Zy_1| < ag, then for alll > 0 and any A > 0,

2
k=1 Y

—)\?
Pr(|Zi — Zo| > A < 2exp <17> :

For more information on this inequality and martingales, refer to a text covering

probability theory [MR95].

Theorem 5.2.3 For a given d,,d.,l: consider the probability space over all labelled
(dy, d.)-regular graphs G"(d,, d.) with n variables and received values of all n variables

R, let Z = Z'. Then there exists a constant 3 > 0 such that for any € > 0,
Pr[|Z — E[Z]| > ndye/2] < 2¢5,

Proof First construct a martingale on the random variable Z which is also a graph-
theoretic function. Formally, a particular instance in the probability space should be
denoted as (G, R). Since the first part of the proof deals only with G, R is dropped

for the sake of clarity whenever viable.
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As a brief preamble, consider the order of the edges of a graph in G"(d,, d.). Label
the outgoing edges from variables from 1,...,nd, and similarly, label the outgoing
edges from checks from 1, ..., md.. Thus, one can think of the edges as a pair of these
labels. Let the first ¢ edges refer to the edges connected with labels 1,...,7 from the
variables.

Construction Define the equivalence between two graphs in the ensemble G =; H
to mean that the first ¢ edges in G and H are equivalent. Define the martingale

sequence Zy, 21, ..., Lnd, by
Z;(G)=E[Z(H) : G =, H].

Secondly, prove that the difference between consecutive random variables in the
martingale sequence is at most some «a; and then apply Azuma’s inequality.

Let G(G,1) be the set of graphs in G"(d,, d.) whose first i edges agree with those
of G, that is G(G,1) = {H : H =, G}. Let G;(G, ) be the subset of G(G, ©) consisting

of those graphs whose i + 1t edge go to the same check label j, Then

Z(G) = E[Z(H):H € G(G,i)]

= Y E[Z(H): H € G;(G,i)]- Pr{H € G;(G,i): H € G(G,i)}.

Define ¢, : G;(G, i) — Gi(G, i) as the switching operation described in Richardson
and Urbanke which essentially switches two edges of the graph [RUO01, p.614]. That
is, this operation replaces the edge labelled (i 4+ 1, ;) and some other edge labelled
(x, k) with (i +1,k) and (x,5). This operation preserves probabilities because every
graph occurs with uniform probability.

Claim 1 |Z(H) — Z(6;4(H))| < 8(d,d.)’

Using Proposition 5.2.1 and locality (a message along any edge e is a function of

its directed neighbourhood N%), it follows as that the switching operation affects at
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most 8(d,d.)! neighbourhoods. Hence Claim 1 follows.
Claim 2 [E[Z(H): H € G;(G,i)]| — E[Z(H) : H € Gx(G,1)]| < 8(d,d,)’
This follows from Claim 1 and because |E[W]| < E[|W]], using the fact that

E[Z(H): H € Gi(G,9)] =E[Z(¢;x(H) : H € G;(G,1)].
The desired inequality follows from this claim:
|2i41(G) — Zi(G)| < max[E[Z(H) : H € G;(G,4)] - E[Z(H) : H € G(G, )]l-

Consequently, Azuma’s inequality applies, thus completing the proof of the theorem
for the exposed edges. For the n messages R received by variables, extend the martin-
gale sequence to be denoted as 71 (G, R), ..., Zng,+1(G, R), ..., Z(n41)a, (G, R). Again
by locality, each exposed message received by v affects at most the nodes in N*
which is upper bounded by Proposition 5.2.1, appropriately bounding |Z;,1 — Z;| as

required. W

The second theorem requires only the requisite assumptions in the first theorem.
The proof is unchanged with nothing important to note, hence there is no need to
restate the proof. However, observe that relaxing the constraints on discrepancy
would require some changes to the theorem. p is the expected discrepancy along an
edge with a tree-like directed neighbourhood of depth at least 2. Hence E[Z;] =
nd,p represents the expected total discrepancy if every edge has a tree-like directed

neighbourhood of depth at least 2[, i.e. the cycle-free case.

Theorem 5.2.4 With the same assumptions as the previous theorem, and n > 2v/e,
|E[Z] — E[Z;]| < nd,e/2.

Corollary 5.2.5 With the same assumptions as the previous theorem,

Pr(|Z — E[Z)] > ndye] < 2¢77.
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Theorem 5.2.3 states that the actual total discrepancy is concentrated around the
expected total discrepancy. Theorem 5.2.4 reports that for a sufficiently large graph,
the expected total discrepancy converges to the expected total discrepancy in the
cycle-free case. Lastly, the corollary proclaims that the actual total discrepancy is
concentrated around the expected total discrepancy of the cycle-free case.

The extension to irregular graphs is not difficult as mentioned in Richardson and
Urbanke [RUO1]. If the degrees are bounded, the concentration results still hold, but
for different constants for the appropriate ensemble of graphs.

While the theorems themselves do not assume anything about the message-passing
algorithm besides locality, knowledge of the algorithm is necessary to present some-
thing useful. Hence generalising this argument for a problem like k-SAT requires a
suitable definition for discrepancy that pertains to the specific message-passing al-
gorithm used for the problem. Moreover, the theorem in its current form demands
that the algorithm operates on a labelled bipartite graph. So over graphs in any en-
semble of bipartite graphs representing some random constraint satisfaction problem,
the total discrepancy is concentrated around the expected total discrepancy in the

cycle-free case.

5.3 Empirical performance in some factor graphs

Generally empirical research regarding belief propagation has focused on particular
applications [MWJ99]. Instead, this basic implementation aims to assess the applica-
bility of belief propagation on simple classes of graphs with the ultimate intention
of analytically characterising on which graphs belief propagation works well. The
algorithm is essentially the same as the one discussed in Section 4.2.2 with two mi-

nor changes. Firstly, the algorithm normalises the factors and messages to avoid
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numerical underflow. Secondly, the algorithm assumes that the computation of the
messages equates the message transmission. The algorithm designates convergence to
mean that all messages are within a small tolerance (default is 107*) of their previous
values, and non-convergence to mean that the algorithm has not converged within a
specified number of iterations (default is 100). The C implementation of the algo-
rithm was run on a large set of randomly generated factor graph classes with varying
factor definitions through a simple Perl script. Belief propagation is compared to a
slightly refined version of brute force marginalisation to determine the quality of its
approximation. Computing the error of a function also requires some consideration.
While it is reasonable that the error of a function B(x;) approximating P(x;) with

value z; is the traditional relative error RE(B(x;)) = \w

, it is not entirely
clear what should be used to determine the overall error of such a function. For
simplicity, equally weighting the relative error of B(x;) at each X; = x; gives a crude
characterisation of the overall error of B(X;). Assuming |X;| is the number of values

X, can take,

1

Error(B(X;)) = X

[ X5 -1
> RE(B(z).

5.3.1 Results

Running belief propagation on three simple types of graphs reveals some of the po-
tential capabilities of the algorithm. All of the performance graphs discussed herein

are in Appendix B.

Grids

One easily-generated graph is a pairwise Markov random field converted into a factor

graph, which resembles a grid. Briefly, grids are highly structured, where all factors
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Fig. 5.3: A grid with width w = 3, height h = 2 and edge probability p.

have degree at most two and variables have degree at most four, and no two variables
share more than one common factor. A w x h grid has wh variables, and a random
grid G is simply a grid with the possible edges in E(G) probability p. For instance,
see Figure 5.3. The results for some small grids are perhaps surprisingly good, as
evidenced in the low error and perfect convergence (see Appendix B). Both the
number of variables wh and number of edges appear to be directly proportional to
the error and convergence rate, while changing the variables from binary to quaternary
has little effect on either measure. This observation is not as surprising because the
increase in variables and edges implies an increase in dependencies and complexity of

the overall system.

To further assess how limited this good performance is to this specific breed of
graph, construct a full grid, that is the random grid with probability p = 1, and add
all other possible non-grid edges with probability ¢g. The effect on belief propagation’s
efficacy is drastic, as the error rises sharply even with ¢ = 0.1 on small grids. Thus
it seems likely that there is some property of a grid that allows belief propagation to

function remarkably well.
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Fig. 5.4: Disjoint 2k-cycle graph with 2 cycles, £k = 2, and extra variable probability

p.

Disjoint cycles

Another simple type of graph is a graph of disjoint cycles. Considering the only
major result for belief propagation is for graphs with a single cycle, it is reasonable
to consider the extension to a scenario with several disjoint cycles. For simplicity,
each disjoint cycle in the graph has k variables, and thus k£ factors, and each vertex
in cycle has probability p of having an additional variable, and a factor if necessary,
attached to it. Intuitively, these graphs are trees of cycles. For instance, see Figure
5.4. Expectably, the results for these graphs are somewhat better than grids, and like
grids, these graphs always converged. Since the number of additional leaves would
not affect the overall error and convergence, p = 0.3, which is a reasonably small
value, but large enough so that there will usually be at least one additional leaf.
The same notion of dependencies and complexity discussed in relation to grids also
applies for disjoint cycle graphs. Increasing the number of disjoint cycles adversely
influences the error and convergence rate, as graphs with one cycle have roughly half
the error of those with four cycles. More cycles means more dependencies, which
tend to negatively impact the effectiveness of belief propagation. However, increasing

the size of the cycles decreases the error, which also conforms with belief that larger
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cycles have fewer dependencies between all variables. Interestingly, the trend for
the convergence rate is not as clear, although the gap between convergence rate of
graphs with different cycle size appears directly proportional to the number of cycles.

Curiously, all graphs with only one cycle take close to five iterations to converge.

Random graphs

Lastly, one can consider the general case of random graphs, namely given the vertices
of a graph G = (V, E), an edge (v1,v2) € V x V is in E with probability p. While
not particularly helpful in isolating the specific types of graphs on which belief prop-
agation runs well, it is still interesting to realise the effect of the number of edges,
variables, factors, and values of variables.

Many interesting oddities crop up in the tested cases. Perhaps the simplest pattern
in these graphs is that the convergence, unconvergence, and error of random graphs
does not depend on whether a variable is binary or quaternary. Another trend in error
is that for a factor-to-variable ratio in [1, 3.5], the error grows steadily as the number
of edges increases, hence supporting the notion that an increase in dependencies
diminishes the effectiveness of belief propagation. For larger ratios, the only clear
conclusion is that the error grows drastically as the ratio increases, although for five
variables, it actually decreases for p > 0.5.

Regarding convergence, the general trends for convergence and unconvergence are
similar, which is expected because higher convergence rates would suggest a higher
number of unconverged instances. However, it is curious that increasing the number
of variables alters the convergence rate drastically as the number of edges increases.
For five variables, the convergence rate tends to increase as the number of edges
increases, although for factor-variable ratios [4, 6], the convergence rate levels out for

p > 0.4, while the percentage of unconverged instances grows rapidly for p > 0.4.
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However, the error remains relatively low when p > 0.4, at least compared to the
corresponding error for eight and ten variables.

For eight and ten variables, the slowest instances and highest percentage of uncon-
verged instances is around p € [0.4,0.7] yielding graphs resembling parabolas, that is
the rate of unconvergence is increasing up to some point, and decreasing past that
point. Strikingly, as the number of variables increases, the unconvergence rate drops
sharply for large p, and correspondingly the speed of convergence rises dramatically.
However, the error is quite erratic at these values, which suggests that there is an
edge probability p* such that belief propagation past p* is no longer reliable even with
fast convergence, possibly resulting from how constrained the system is for many vari-
ables and large p, and a potential increase in the number of stationary point pitfalls.
This p* seems appears to be consistent for any ratio, although the effect becomes
substantially worse for large p*, and also seems to decrease as the number of variables
increase. For instance, it seems p* > 0.9 for five variables, but p* € [0.6,0.7] for eight
variables and p* € [0.4,0.6] for ten variables. Still, it is not entirely apparent why
belief propagation acts in such a manner for random graphs and this could warrant

further investigation.

5.4 Analysis of belief propagation

Section 4.2.1 already proved convergence and exactness of belief propagation in trees,
and the correctness of the program for factor trees reinforces the correctness of the
theorem and the program. The program demonstrated empirical evidence of some of
belief propagation’s capabilities, but clearly lacks analytical muscle. Thus far, there
are some attempts to determine good sufficiency conditions for convergence of belief

propagation [Hes04, [IW05, MKO05, TJ01], but most of these are rather inconvenient
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01 U1 U2 02

O, Uy Us Os
Fig. 5.5: A single-cycle pairwise MRF with variables Uy, Uy, Uz, Uy, O1, O3, O3, Oy.

tests. Even less is known about the correctness of belief propagation, with the most

notable result being for a single-cycle graph [Wei01].

5.4.1 Convergence

Though recent investigations regarding the convergence of belief propagation yield
some preliminary analytical work and interesting avenues of attack, the results seem
somewhat unsatisfying. Tatikonda and Jordan essentially use a unique Gibbs measure
as sufficient condition for loopy belief propagation [TJ01]. Most recently, Mooij and
Kappen give a stronger condition using Banach’s fixed-point theorem and analysis

pertaining to it [MKO05].

5.4.2 Correctness

Aside from the results for a single-cycle graph [Wei01], there is apparently no an-
alytical progress on this front. One possible approach may be to re-examine the
belief propagation algorithm through its origins in probability theory. More specifi-
cally, this entails how the assumed independences in the belief propagation algorithm
affect performance in various graphs. Crudely speaking, it is unsurprising that the
algorithm tends to produce more precise results when there are fewer edges relative to
the number of vertices because these graphs have a propensity for fewer dependences.

In another sense, they are more tree-like than their edge-crammed brethren.
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The result of Weiss relies on a pairwise Markov random field (G, P) with 2n
variables X = {Uj,...,U,,O1,...0,}, where Uy,..., U, are in the cycle and leaf
variable O; neighbours U;, for i = 1,...,n (see Figure 5.5). His key observation is
that in a single cycle, one can express the new message received by a variable in the
cycle as a function of the old message received by the same variable. Recall that the
MRF message is

X—=Y(y) = ZfXY(%?J) H Z — X(x).

ZeN(X)\{Y}

Thus the MRF message X — Y (y) can be expressed as a vector X — Y whose ith
value equates to X — Y (i). Moreover, the MRF message can also be written as

a matrix operation, where ® denotes componentwise multiplication (e.g. (u1,us) ®

(v1,v9) = (ugv1, ugwe)) and Mx .y (i,7) = fxy(J,1):

X Y =Mx_y @ 7 - X.
ZEN(X)\{Y}

Then it is not hard to see that the following holds:
U, — U = Cuy,—v, (Un — UP?) .
To determine Cy, .y, note that
U, — U =My, —v,(0, = U, ©U,_1 — U,) = My, v, Dr,(Up_1 — Uy,),

where D, (i,j) = O, — U,(i) if i = j and 0 otherwise. Repeating this process
for U,y — U,,...,U; — Us, which ultimately yields the desired matrix Cy, _y,.
Now the theorem can be stated, and its proof is in the original paper, and also

relevant to this discussion, Aji et al. proved a similar result for a single cycle graph

[AHMO8, Wei01].

Theorem 5.4.1 [Wei01] For a pairwise Markov random field consisting of a single

cycle as specified above, then if all elements of Cy, .y, are nonzero, then
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e U, — Uy converges to the principal eigenvector of Cy, .y, .
e U, — U, converges to the principal eigenvector of Dy 'Cy, 7, D1

e The ratio A\1/Xs of the largest eigenvalue A\ of Cy, .y, and the second-largest

eigenvalue Ao governs the convergence rate of the messages.

o The elements Cy, v, (i,1) give the correct posterior marginal probabilities Py, (i) o

Cu,—uv, (1,1).

o The belief B(U,) is related to P(Uy) by: B(Uy) = BP(Uy)+(1—B)Q(Uy), where
B is the ratio of A1 to the sum of all eigenvalues of Cy, _y,, and Q(Uy) depends

on the eigenvectors of Cy, .y, -



Chapter 6

Propagation for satisfiability

In recent years, there has been some interest in using message-passing algorithms to
solve the venerable propositional satisfiability problem, and this section reviews the

framework and message-passing solvers for random 3-SAT [BMZ03, MMWO05].

6.1 Definitions

Definition A [iteral is a propositional variable or its negation and a clause is a
disjunction of literals. k-CNF formula F (conjunctive normal form) on n variables
X ={Xy,...,X,} is a formula of propositional logic consisting of a conjunction of m
clauses F' = {f1,..., fm}, each with at most k literals. Let r = m/n be the clause-to-
variable ratio. Also, x is an assignment to the variables X, and x; is an assignment
of the variables X, where X; = {X; € X : either X; or =X is in f;} is the set of
variables in clause f;. Finally, another representation of the assignment to variables

is the truth assignment function T :{0,1}" — {0,1}.

Note that one can express a formula as a Boolean function F : {0,1}" — {0, 1},

where F(x) = 1 if the assignment X = x satisfies the formula F, and F(x) = 0

82
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otherwise. The Boolean function of a clause is defined in a similar fashion: f; :
{0,1}%l — {0,1}. As a result, a CNF formula can be written in the following

familiar form:

7o) =] £ix0).

Definition The k-SAT problem, or k-satisfiability, can be formulated as the following
decision problem: given an instance F of k-CNF with variables X and clauses F', does

there exist an assignment x of variables such that F(x) = 17

Typically, for the k-SAT problem, it is easier to just consider the k-CNF instances
where every clause has exactly k literals. One can also define methods for randomly

generating k-CNF formulas.

Definition An instance of uniform random k-SAT is a k-CNF formula given n
variables and m clauses, or just a ratio r, such that each clause includes k literals
chosen at random from the 2n possible literals, where the probability of selecting
a literal is 1/2n. A clause is acceptable if they contain at most one literal of any

variable. Otherwise, one discards it and tries again.

Intuitively, a small ratio implies many copies of every variable hence yielding an
under-constrained instance with many solutions, whereas a large ratio implies an over-
constrained instance, where proving unsatisfiability is usually easy. Hence the central

goal is to determine a tight interval of phase transition [r* ., 7% ] such that for ratios

k

nsat, almost

r<rk

o, almost all k-SAT instances are satisfiable, and for ratios r > r

all k-SAT instances are unsatisfiable. Informally, the difficult instances are usually
the ones within this interval, where the problem might have only a few solutions.
It appears empirically that the hard region of random 3-SAT occurs at a threshold

ratio around 4.2, and some recent progress has managed to tighten the transition
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interval around this ratio [AP04, CK02]. Moreover, some evidence maintains that
some message-passing algorithms work quite well in this hard region, especially the

survey propagation algorithm for 3-SAT [BMZ03].

Belief propagation in factor graphs can also be modified for the satisfiability prob-
lem. In particular, each variable is a variable node and each clause is a factor node
with a labelled edge to a variable node if the clause contains this variable. The
label is simply an indicator for the negation of a variable in a clause. All of the fol-
lowing algorithms rely on message-passing from variable-to-clause (variable messages
X; — f;) and clause-to-variable (clause messages f; — X;). The following formu-
lation parameterises messages in such a way that eliminates the argument X; = x;,
so to distinguish them from the original message definitions, the originals will always

contain the argument, i.e. f; — X;(z).

In a factor graph, the first requirement is that the graph represents the global
function (3.5), and the representation of the CNF formula F as a Boolean function
maintains this property. Thus belief propagation undergoes two major modifications.
One is that the edges are labelled, to account for the presence of negated variables,
and the second is that the factors are Boolean. Thus running belief propagation to
solve single-variable marginals equates to solving how likely the formula is true given

one assigned variable.

Currently, one goal in this area is to understand survey propagation, an exten-
sion of belief propagation for the satisfaction problem. Empirical results reveal good
performance for belief propagation up a clause-to-variable ratio to around 3.921, and
even better performance of survey propagation, which seems to work well for random

3-SAT instances in the aforementioned hard region [BMZ03, MMWO05].



CHAPTER 6. PROPAGATION FOR SATISFIABILITY 85

6.2 Warning propagation

Warning propagation [BMZ03] is a naive method of propagation algorithm for satis-
fiability that serves as an excellent intuitive introduction to propagation algorithms

for satisfiability.

6.2.1 Message definitions

The set of neighbours N(X) = N, (X)UN_(X) consists of clauses containing X or =X
(the clause is in N, (X) or N_(X) respectively). Let indicator functions I-o(z) = 1

if z > 0 and 0 otherwise and Io(z) = 1 if x < 0 and 0 otherwise.

Xi— [ = Z fi— X — Z fi — X (6.1)
Te€NL (X)\{f5} TReN_(X\{f;}
fi— X = || ) 11 Lo(Xy — f;).  (6.2)
XKeNL(f)\{Xi} XreN_(fi)\{Xi}
[iENL(X3) fiEN-(X5)
¢ = 1,if X Y =X >0 (6.4)
[iENL(X3) fiEN_(X5)
= 0, otherwise. (6.5)

The variable-to-clause message (6.1) sends the clause information regarding what
value the variable wants to be. More specifically, the variable tells the clause whether
it wants to be true or false if a majority of other clauses containing the underlying
variable want it to be true or false respectively. If no majority is reached, then the
literal does not have information to yearn for truth or falsehood. Thus equation (6.1)
is positive if the variable wants to be true, negative if it wants to be false, and zero

if it is uncertain.
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The clause message f; — X, is an indicator determining whether f; desires the
literal of X; to be true. It can also be interpreted as a warning sent to a literal
demanding that it will be set to be true. Thus transmitting an affirmative indicator,
a warning, requires the clause to believe that all its other literals desire to be false.
The equation (6.2) reflects this idea. For variable X € N, (f;), I<o((Xy — f;) is L if
there are more clauses telling X to be false, and 0 otherwise. Similarly, for variable
Xi € N_(f;), Iso((Xy — f;) is 1 if there are more clauses Hence the product over
all other literals of ¢ equates to a warning (¢ — x = 1) if and only if all these literals
want to be false (all indicators are 1).

The belief computation B; conveys the same information as X; — f;, except it
uses all neighbours of X, that is it prefers X; true if B; > 0 and X; = 0 if B; < 0.
Finally, the contradiction number ¢; determines if a variable has a clause that wants

X, to be true and another that wants =.X; to be true, which suggests a contradiction.

Resemblance to the min-sum algorithm

This formulation is a natural extension of the min-sum algorithm, whose message

definitions are as follows:
Xi— filws) = Xpeni ooy e = Xilw) = X pen_ v fr = Xili).
fi = Xilw) = minegxima 505 ( Cen, g Xe = Si@n)
2 XN (N (X} KB fJ‘(xk))'

b(z;) = Zf]-eNJr(Xi) fi = Xi(z) — ijeN,(Xi) fi = Xi(z).
The negation of messages from negative literals distinguishes these messages from
their positive counterparts. On a high level, WP treats the computation of both

beliefs of X;, X; = 0 and X; = 1, is unnecessary. To see this, one can think of the
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messages as indicators of the desirability of X; = x;. Since f;(x;) = 1 if x; satisfies
f; and 0 otherwise, f; — X;(z;) < 0. Obviously, if f; — X;(z;) =0, X; = x;
would be the least desirable assignment, so f; must prefer X; = 1 — ;. The min-sum
variable message has the same meaning as the WP variable message: X; — f;(z;)
tells f; that either the other clauses containing X; or the other clauses containing —.X;
want X; = x;. The WP clause message (6.2) simplifies the min-sum clause message
and treats the incoming desirability information of each X; — f;(zx) equally, and

effectively determines if the clause wants X; = 1 or not.

6.2.2 Algorithm

As with most propagation algorithms, WP is correct for factor trees. But it can fail
when there is a cycle. One minor consolation is that it is in some sense sound when

applying a recursive process based on WP (Warning Inspired Decimation or WID).

6.2.3 Correctness

Theorem 6.2.1 Warning propagation converges and is correct for any factor tree G
representing a formula F, that is WP(F ) returns no contradictory messages iff F is

satisfiable.

Proof [BMZ03] Convergence follows in the same vein as Proposition 4.2.5 and Corol-
lary 4.2.6. Then consider the set of converged messages ¢ — X, X — ¢ in order to
prove correctness. First prove the direction “if WP(F) returns a contradictory mes-
sage, then F is unsatisfiable”. For any edge ¢X € E(G), let H.x be the subgraph
containing c¢ of the graph G with the edge c¢X removed.

Claim 1 if ¢ — X = 1, then c¢ is not true in the subgraph H.x containing c

induced by the removal of edge cX.
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WP (formula F)
Output: The set of all clause messages and their values (empty if
unconverged).

begin
Build graph G out of formula F;

Randomly initialise clause messages to 0 or 1;

converged «— false ;

fort «— 1to T do
Randomly order the edges of G and update clause messages in that

order;

if for all clause messages f; — X; = f; =11 X; then
converged «— true ;

exit loop.

end
end

if converged = false then
return (;

else
return set of clause messages.

end

end
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WID (formula F, partial assignment 1)

begin
Replace F with the simplified formula of F using the partial assignment 7;

clausemessages «— WP (F);

if clausemessages = () then
return “unconverged”.

end
Compute the desired value of variables B;;
Compute the contradiction numbers ¢;;

if there exists ¢; # 0 then
return “unsatisfiable”.

else
Extend the assignment 7 to 7" as follows: for all variables with a

non-zero H;, assign x; = 1 if H; positive and z; = 0 if it is negative;

if No such variable exists then
Pick an unassigned variable at random and randomly assign it.

end
end

If all variables are fixed, check 7" on F and return “unsat” or 7’;

Otherwise run WID(F, 7');

end
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This is an induction on the maximum distance of ¢ from a leaf. The base case
is vacuous. Suppose the claim is true for a max distance < d, and consider ¢ with
max distance d, and ¢ — X = 1. By (6.2), ¢ receives only nonzero messages from
neighbours Y € N(c) \ {X}. If Y € Ny(c), then Y — ¢ < 0. Hence there is some
be N_(Y) such that b — Y = 1. b is closer to a leaf than ¢ in Hpy, so by induction,
b is violated in Hpy. Thus to satisfy b, Y must be set to false, which does not satisfy
clause ¢. A symmetric argument follows if Y € N_(c), so it follows that ¢ must be
violated in H.x, validating Claim 1.

Then suppose that there is some ¢; = 1. By definition, there must be a clause
c € Ny(X;) and clause b € N_(X;) such that c - X; =b — X; = 1. By Claim 1, cis
violated in H.x, and b is violated in Hyy,, so it is impossible to satisfy both clauses.

Proving the converse: It suffices to show that if WP(F) returns no contra-
dictory messages, then F is satisfiable. Firstly, the lack of contradictory messages
is equivalent to stating that no variable X receives warnings from clauses contain-
ing X and clauses containing —X. Using induction on |X]|, the base case is trivial.
Consider a non-leaf variable X; neighbouring clause c¢. Let the subgraph H have
V(H) = V(H.x,) U{X 1} and E(H) = V(H.x,) U{cX1}. Note that the messages
sent from the leaves of H towards the root X; are the same messages sent in the
original graph G, so these messages must satisfy the condition of no contradictory
messages. However, messages sent from X; towards the leaves of H might differ from
their values in GG. Thus it remains to verify that there are no contradictory messages
in the subtree H. If this is true, applying induction, H is satisfiable. The same
reasoning applies for each neighbour of X7, so each such subtree is satisfiable. Since
there are no contradictory messages in G, there is no pair of clauses b, ¢ such that b
needs X; = 1 and ¢ needs X; = 0 by Claim 1. Subsequently, F must be satisfiable.

Claim 2 If there are no contradictory messages in G, then no variables in H have
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contradictory messages in H.

Denote messages in H as u — g v and messages in G' as u — v. Prove this Claim
by induction in the distance 2d of variable Y to X;. For the base case, it is obvious
X has no contradictory message since it only has one neighbour in H. For d = 1,
because X is a leaf in H, X; —y ¢ = ¢ —y Y = 0. The other incoming messages
b—p Y =b—Y, so there are no contradictory messages for Y. Suppose the claim
holds for distance 2(d—1), and consider a variable Y of distance 2d from X;. Consider
the parent b of Y in the subtree rooted at X, and the parent Z of b.

If Y — b = 0, then the messages from the children of Y to Y are all zero, so
the incoming message b — g Y is the only possible nonzero incoming message for Y,
so Y has no contradictory message. If Y — b >0and Y € N.(b) (or Y — b <0
and Y € N_(b)), then the message b —p Y will obviously not yield a contradiction.
Lastly, if Y — b > 0 and Y € N_(b) (or its symmetric case): If b € N, (Z) (or
symmetrically b € N_(Z)), then Z —pg b > 0 because by induction, Z must only
receive non-zero messages from clauses containing the non-negated Z. Consequently,

b —py Y = 0, affirming that Y has no contradictory message. Hence Claim 2 holds.

Theorem 6.2.2 WID is sound. That is, WID(F) returns a contradiction or does

not converge if F is unsatisfiable.

Proof This is trivial because when a provided with a full assignment, the algorithm
checks if this assignment satisfies F. Thus if F is unsatisfiable and WID produces a
full assignment 7 for F, WID will discover that F is false and returns F unsatisfiable.
It also seems plausible that checking a full assignment is unnecessary, i.e. if WID

generates a full assignment for F, then F is satisfiable. B
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These results are not particularly strong considering that most interesting formulas
contain cycles. For instance, even in the case of graphs with a single cycle, WP, and
thus WID, can fail. Also, while there is no guarantee of convergence for unsatisfiable
formulas with cycles, this simple result does provide a starting point. Why are cycles
particularly difficult to handle? The proof for trees uses the fact that a message
depends only on messages entering the source that do not involve the destination.
In other words, message u — v depends only on messages “behind” u in the same
direction. But for a message in a cycle, at the very least it will depend on all messages
in the same direction from every preceding iteration. In the worst case, all messages
could potentially depend on all messages, hence injecting a major complication to
any potential analysis. Even the simple case of a single cycle demonstrates that WID

is not complete.

Example With probability 3/16, WID(F) fails if F is a single cycle with girth 4
with randomly chosen labels. (note that F is always satisfiable)

Case 1: Variable x; and variable x5 appear as the same literal in both clauses.
Then no clause sends a warning and the subsequent random assignment will always
lead to an appropriate satisfying assignment.

Case 2: Only one of the variables (say x1) appear as the same literal in both
clauses. Again, upon convergence, no clause sends a warning because two clause
messages must be zero. However, if the assignment to variable x; does not satisfy
either clause, then F' = x5 A =25 so the second run of WP will reject F, thus failing.
So this case has a probability 1/4 of failing.

Case 3: Neither variable appears as the same literal in both clauses. This time,
the only possibility of failure is in the order of updates. In particular, failure occurs

if a variable receives contradicatory messages upon convergence. Some work shows
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that this case also has a probability 1/4 of failing.

Overall, Case 2 and 3 occur 3/4 of the time, so probability of failure is 3/16. O

Example With probability < 3/16, WID(F) fails if F is a single cycle with girth 6
with randomly chosen labels.

There are four cases: either each variable occurs as the same literal, exactly two
variables occur as the same literal both times, exactly one variable occurs as the same

literal twice or no variable occurs as the same literal twice.

In the first two cases, there is no chance of failure. Case one has no assignments
that will cause the remaining formula to be false and no chance of contradictory mes-
sages. The second case also has no bad assignment. Moreover, the one variable that
can have contradictory messages cannot because the other variables will “dominate”
it. The third case has only one chance of failure and that is the bad assignment of the
variable occuring as the same literal, with the literal set to false. This has probability
1/6 of occurring. Lastly, the final case will not always fail, and so overall, considering
the random assignment of labels, the probability of failure is strictly less than 3/16.
O

This tends to suggest that WID will perform better as the cycle gets larger, al-
though it is difficult to be certain with just two examples. A potential approach for
the single-cycle resembles Weiss’ or Aji’s proof for belief propagation on a single cycle
[AHMO98, Wei01]. However, even an analysis of the general case for the relatively sim-
plistic warning propagation algorithm escapes current efforts. Evidently, the problem
rests in how to analyse a message-passing algorithm when messages often depend on

a host of other messages from various iterations in a complicated manner.
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6.3 Belief propagation

The naive WP algorithm is essentially a binary algorithm that does not exploit fully
the warnings. Applying belief propagation aims to use probabilities to better model
the received warnings. The original belief propagation algorithm used to compute

marginals is the starting point for the SAT variant of belief propagation.

6.3.1 Message definitions

The original representation used for solving marginals can be rewritten in a convenient
form for solving satisfiability that bears a close resemblance to survey propagation.
In fact, just as belief propagation is a refined version of warning propagation, survey
propagation appears to be a refined version of belief propagation. Define
Xi=fi= 1] a-0h—x)), X, 5 f; = I a-—x)),
FLENS (X:) FLENH(X5)
where if [ is the literal of X; in f;, Nf(X;) are the clauses containing the literal

excluding f;, and N} (X;) are the clauses containing the literal —.

fi— X = I x-1 (6.6)
Xe€N(fi)\{X:}
S
X; :
X, — f; = . — /i — (6.7)
(Xi = fj) +(Xi = fj)

In SAT, the overall intention of the messages is to determine the best assignment
for a variable. Thus the clause-to-variable message represents the probability that
the clause f; requires the literal of X; in f; to be true given an assignment to the
other literals in f;. Equivalently, this is the probability f; is false without this literal.
Consequently, each variable message must represent the probability that an assign-

ment of X; violates f;. Thus the definition of f; — X; assumes the independence of
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the neighbouring variables of f;. Curiously, the fundamental ideas are analogous to
those applied for warning propagation, but the range of values is much finer than in
warning propagation.

Note that the variable message definition should be proportional to the product
of the probability that clauses f; with the same literal of X; as f; are true without
this literal. Assuming independence, this equates to the probability that every such
fr except f; is true excluding the literal of X;. This does not quite correspond to
the previous interpretation of the variable message, where it is the probability that
X; violates f;. However, assume that if all clauses fz € N3 (X;) are true without the
literal of X, then not all clauses f, € Nj(X;) are true without the literal of X;. Then
in fact, the two interpretations coincide.

Critically, these definitions make some bold independence assumptions because
of the products in each message. Under certain circumstances where dependence
is strong, it seems likely that belief propagation, and similarly survey propagation,
is prone to to failure. Also note that the assumption matching the two conflicting

variable message definitions is typically false, and is dealt with in survey propagation.

6.3.2 Algorithm

BP for SAT is nearly identical to WP. Simply change the initialisation to be a random
assignment in [0, 1], use the above message definitions, and instead of exact conver-
gence, define convergence to be within some small tolerance. Upon the completion of
the propagation phase, one must compute the beliefs, which is sometimes called the
decimation phase because this portion of the algorithm assigns the variables of the

formula [BMZ03]. To compute the beliefs B;, define

S= ] a-h—X)), U= ][] 0-(h—X)). B=

FRENL(X5) fREN_(X3)
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There is nothing complex about this definition, as it closely resembles the variable
message definition, and determines the preferred assignment of variables, if they have

one.

6.3.3 Correctness

It suffices to show that SAT-BP is a special case of belief propagation for marginals,

in which case any property of BP follows for SAT-BP. Recall the original definitions:

fi—Xilz) = Y hg) I Xe— filaw), (6.8)

X3: Xi=w; XpeN(f)\{X:}
Xi— fi(z) = H fre = Xi(s). (6.9)
FREN(X)\{f5}

6.4 Survey propagation

The original description of survey propagation is rather in-depth and extensive when,
in fact, the basic motivation behind the algorithm is not particularly difficult to
explain [Urq03]. The following explanation follows a similar route in the interpretation
of survey propagation, using its close relation to belief propagation to draw some sort

of intuition.

6.4.1 Message definitions
Recall the definitions for X; g fj and X; EN f;j, and define the following:

Xi 5 fi= (X5 [5G ).

XpeN(f)\{X:}
S 0
XZ' - fj _ ( 1 f]) ( 7 f]) (611)

XS+ S-S
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In fact, these messages are nearly identical to their belief propagation counter-
parts. The generalisation in survey propagation simply sheds the previous assumption
that if all clauses f}, € N7 (X;) are true without the literal of X;, then not all clauses
fr € N ]“(XZ) are true without the literal of X;. It is entirely possible that all clauses
do not rely on X; at all for satisfaction. Thus subtracting this possibility yields a
better expression of the two interpretations of the variable message discussed in the
section on belief propagation. Specifically, the variable message is the probability that
X, violates f; and X; ER fj means the probability that all clauses in f, € N7(X;)
are true without the literal of X;. The additional term X; 9, f; corresponds to the
probability that all clauses in f; € N(X;) except f; are true without the literal of
X;. Hence (X; 3, fi) — (X; 9, f;) refers to precisely the probability that all clauses
in fp € N7(X;) are true without the literal of X; and some clause in f; € Ni(X;) is

false without the said literal.

6.4.2 Algorithm

The SP algorithm is the same as BP, except in the update. If these messages converge,
first check if all of the clause messages are zero. This situation implies that survey
propagation has no idea of how to proceed with the remainder of the formula, and
turns over the rest of the problem to a more traditional and well-established solver.
Otherwise, compute the three biases of a variable X;, which globally determine the
probability of X; being true (positive bias B;"), false (negative bias B; ), or uncertain
(B?). Just as in all message-passing algorithms, define these biases in the same
manner as the above messages except over all neighbouring factors. Note that three

computations necessary because of the addition of the third possibility that belief
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propagation excluded by assumption.

Bo U’LS’L

BF = = )
! UZ + SZ - UZSZ, ! Uz + Sz - UZSZ

LT U+ S - US)
The final decision of variable assignment is usually taken to be at least one variable
with high inclination towards assignment, i.e. |B;" — B; | is large. The algorithm then

begins anew with the simplified formula.



Appendix A

Lagrange multipliers

This section deals with a fundamental technique of non-linear constrained optimisa-
tion called the Lagrange multiplier method utilised in Theorem 5.1.5. There are a
plethora of references for multivariate calculus and optimisation theory that discuss
the Lagrange multiplier method, and a couple of these form the basis of this overview
[CZ01, MT96, Spi65]. First, a brief summary reviews the critical definitions of mul-
tivariate differentiation and extrema. Subsequently, a discussion of the Lagrange
multiplier method follows in two parts. The simpler case is for problems with only
equality constraints, and the harder case is for problems that also have inequality

constraints.

A.1 Definitions

Let f : R™ — R™ be a vector-valued function, often denoted as f(x) = (f1(x),. .., fm(X)),
where f; : R® — R for¢ =1,..., m. The concept of a neighbourhood is central to dif-
ferentiation, and whereas the notion of a neighbourhood is clear in R?, its immediate

generalisation to R” requires a few more definitions to be understandable.

99
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Definition For x = (zy,...,,) € R", the Euclidean norm is ||x|| = />, 27. An
open set U is a subset of R™ if for any point x € U, there exists ¢ > 0 such that for
any point y € R" with Euclidean distance ||x — y|| < ¢, y € U. Thus intuitively, no
element of an open set U is a boundary point. A neighbourhood of x € R™ is an open

set U containing the point x.

For instance, an obvious example of an open set is the open ball of radius r and
centre Xg, which is defined as the set of points D, (xq) = {x € R" : [|x — x0]| < r}.

The following definition of a limit is a variant of the traditional € — § definition.

Definition For a vector-valued function f : R® — R™, and a € R", the limit of a

function f at a point a exists, or equivalently f approaches b at a, denoted

lim f(x)=b

X—a

iff for all neighbourhoods N of b € R™, there exists a neighbourhood U of a such
that if x # a, and x is in U, then f(x) is in N. Moreover, f is continuous at a if
limy ., f(x) = f(a), and f is a continuous function if it is continuous at every point

ac R"™

Definition For a function f: R" — R, x = (xq,...,2,) € R", i € {1,...,n}, and
e; the ith standard basis vector, the partial derivative of f with respect to the ith

variable exists and is the real-valued function of n variables

if the limit exists.

The partial derivative is essentially the same as computing the single-variable

derivative of a function, because its definition assumes that only one variable is not
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fixed. As such, it only reveals part of the overall picture of the derivative of a function,
and one must use all these partials to determine the differentiability of a function of

many variables.

Definition For a function f : R” — R, the gradient of f at x = (z1,...,2,) € R"is
Vi) = (2.2,
Definition For a function f : R™ — R™, f is differentiable at x € R™ if the partial

derivatives of f exist at x and if

G+ ) — £(0) = DF()|
" I

=0.

Df(x) is the derivative of f at x, and is the m x n Jacobian matrix of partials gj;] (x).

Note that a row ¢ of the Jacobian matrix is V f;, so if m = 1, Df(x) = V f(x).

This definition is an extension of the single-variable derivative, and complete de-
tails regarding the intricacies of multivariable calculus can be found in any text on

the subject [Spi65].

Definition A function f : R® — R™ is a C! function if all of its partials exist and
they are all continuous. Moreover, all C'! functions are differentiable [MT96, pp. 159
[Spi65, p. 31].

Definition A path ¢ in S C R" is a continuous map ¢ : (a,b) — S, and a curve C
on a surface S is the set of points C' = {e(t) € S : t € (a,b)}. If ¢ is differentiable,
the derivative ¢ (), or velocity, is a column vector tangent to the path ¢(t), and the

curve C traced out by ¢ if ¢ (t) # 0.

Definition For a C! function h : R" — R™, consider a surface S = {x € R" :
h(x) = 0}. Then the tangent space at a point xo on S is the set T'(xo) = {y € R":
Dh(xo)y = 0}.
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Why is this a reasonable definition for the tangent space for such a surface S7
The basic intuition is that the tangent space at x¢ on the surface S should be the set
of all vectors tangent to the surface at x¢. Not surprisingly, the tangent space at xq
is precisely the set of all vectors tangent to paths in S passing through xq, whenever

the derivatives Vh,; are linearly independent at xg, given by the following theorem.

Theorem A.1.1 Let xo be a point in S = {x € R™ : h(x) = 0} such that the
derivatives Vhi(xo) are linearly independent, and T'(Xxo be the tangent space on S.
Then y € T(xo) iff there exists a differentiable path in S passing through xq¢ with

deriwative y at Xgq.

Proof The if direction of the theorem is straightforward. For a path ¢(t) in S, where
c(ty) = Xo, € (to) is a tangent vector to S at xo. Furthermore, £h,(c(t)) = 0 for
any ¢ = 1,...,n, and by the chain rule, the gradient of each h; is orthogonal to the
tangent space:

d

0= %hl(C(to)) = VhZ(Xo) . Cl(to).

Consequently, a vector tangent to a curve in S at xq is tangent to the surface S at
Xg. The converse requires the rather lengthy implicit function theorem, which uses

the assumption of linear independence [MT96, pp. 226-230], [Spi65, pp. 35-39]. B

Definition If f : R” — R is a given function, then the point xo € R" is a local
manimum of f if there is a neighbourhood V' of x¢ such that for all points x € V|
f(x0) < f(x). Similarly, x¢ is a local mazimum if there is a neighbourhood V' of xq
such that for all points x € V| f(x) < f(xo). A point is a local extremum if it is
either a local minimum or maximum. A point x¢ is a critical point of f if either f is
not differentiable at xq, or if V f(x) = 0. A stationary point is a critical point where

Vf(x) = 0. Finally, a saddle point is a critical point that is not a local extremum.
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For instance, consider the simple case of a differentiable function f : R — R of a single
variable. The above definitions clearly conform with the traditional single-variable
calculus definitions for extrema. Moreover, it is well-established that to find these
extrema, one simply needs to find the stationary points, that is find all x € R such
that f'(z) = 0, and determine which are saddle points, local minima, and maxima
using higher-order derivative tests [Spi94, 185-199, 410-412].

The multivariate unconstrained case follows in an analogous fashion. To find the
local extrema of a differentiable function f : R” — R, it suffices to find all x € R”
such that V f(x) = 0. Finally, one uses a generalisation of the higher-order derivative

tests based on the Hessian to distinguish the type of extrema [MT96, pp. 190-204].

A.2 Extrema under equality constraints

Introducing constraints into the equation complicates matters. The problem can be

formulated in the following manner:

Find the local extrema of f(x), where f: R™ — R
subject to equality constraints h(x) = 0, where h : R" — R™ and m <n

and inequality constraints g(x) < 0, where g : R" — R?

The motivation behind this method is to consolidate all of the constraints and
the main function into a single function called the Lagrangian which can be used to
compute the stationary points of the original function under the given constraints.
Initially, assume that there are no inequality constraints, so p = 0. Essentially, the
following theorem shows that solving for the stationary points of the Lagrangian
function will find potential extrema of the original function under constraints [CZ01,

MTI6].
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Definition The Lagrangian function L : R™ x R™ — R of a C! function f : R® — R
subject to the C! function of constraints h : R* — R™ is defined with Lagrangian

multipliers X € R™ as

m

L(x,A) = f(x) + Y _ Aihi(xq).

i=1
The derivative of L at (x,) is

VL(x,A) = (Vf(x) + Z AiVhi(x), h,~(x)> :

Theorem A.2.1 (Lagrange) Let f : R" — R and h : R* — R™ ' m < n be C?
functions, where f is subject to h(x) = 0, namely f is restricted to the surface
S ={x € R":h(x)=0}. Ifxo € R" is a local minimum, or mazimum, of f restricted
to S and the derivatives Vhy(Xo), ..., Vhn(Xo) are linearly independent, then there
exists Lagrange multipliers X € R™ such that the derivative of the Lagrangian is zero

at Xo-

VL(X(), A) =0.

Proof Rewriting the summation yields Dh(xo)” A, so show that V f(x¢) = —Dh(x¢)"A
for some A € R™. Let y € T(x0). Observe that for any points z € R™ and
x = Dh(xo)Tz € R", it follows that x”y = 0, so x € T(xg)*. Hence it suffices
to show that V f(xo)Ty = 0. By Theorem A.1.1, a tangent vector y € T'(xq) is also
tangent to some path ¢(t),t € (a,b) in S at xo. Thus, there is a ty € (a, b) such that
c(ty) = Xo, and ¢ (ty) = y. Since Xq is a local minimum of f restricted to S, f(e(t))
has a local minimum at ¢ = ¢, and by the chain rule, 0 = %(c(to)) = Vf(xo) - (to).
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Hence expanding out the derivative VL, one finds the stationary points of f

subject to constraints h using the following m + n equations.

oL oL oL oL
VL(Xvk) - <a—x1(X7A)7‘“78—%(X7A)7a—)\i(x7)‘>7'">m(xuk)) =0.

Clearly, this method will find all of the stationary points of the function f. How-
ever as in the unconstrained case, distinguishing the type of stationary points requires
higher-order derivative tests based on the Hessian, which is beyond the scope of de-

tail required herein. Moreover, it is covered extensively in the pertinent introductory

texts [CZ01, 383-387], [MT96, pp. 218-223].

A.3 Extrema under inequality constraints

When there are also inequality constraints, Lagrange multipliers require the services

of Kuhn-Tucker conditions [CZ01, KT50]. As usual, some definitions are in order.

Definition An inequality constraint g;(x) < 0 is active at x¢ if g;(x0) = 0, and
inactive if gj(xo) < 0. Moreover, equality constraints are always active. Finally, the

index set of active inequality constraints at xq is J(x0) = {J : gj(x0) = 0}.

Definition A point xg is an interior point if all inequality constraints are inactive,
and xq is an edge point if there is an active constraint. A point xq is a local interior
extremum if it is an interior point and a local extremum such that the neighbourhood
of xq satisfies the constraints. Similarly, a point is an interior stationary point if it is
an interior point and a stationary point such that the neighbourhood of xq satisfies
the constraints. An edge stationary point is an edge point and a stationary point
such that the neighbourhood of x¢ satisfies the constraints, and maintains all active

inequality constraints at xq.
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With p # 0, the definition for a Lagrangian must be generalised.

Definition Given the Lagrange multipliers A € R™ w € RP, the Lagrangian function
L:R"xR™xRP — R of a C! function f : R® — R subject to C*' functions of

constraints h : R™ — R and g : R? — R is

P
L(x, A7) = +Z/\h )+ > migi(x)
j=1

The derivative of L at (x,A, ) is

VL(x,\, ) = ( Z)\ Vhi(x Z@vgﬂ (x),95(x )).

The Karush-Kuhn-Tucker theorem generalises the Lagrange method to handle

inequality constraints.

Theorem A.3.1 (Karush-Kuhn-Tucker) Let f : R" — R, g : R* — RP, and h :
R" — R™ m < n be C' functions, where f is subject to h(x) = 0 and g(x) < 0,
namely f is restricted to the surface S = {x € R" : h(x) = 0,g9(x) < 0}. Ifxo € R" is
a local minimum of f restricted to S and all derivatives of active constraints (Vh;(Xo)
fori=1,....n and Vg;(xo) for j € J(xo)) are linearly independent at Xq, then there

exists Lagrange multipliers A € R™ m € RP such that the following conditions hold:
1. >0,
2. Vf(Xo) + Z:,Zl )\ZVh"L(XO) + Z?:l ijgj(XO) = 07 and

3. w-g(x0) = 0.

Proof ([CZ01, pp. 399-401)) Firstly, since xq is a local minimum of f restricted

to .S, it is also a local minimum of f restricted to the surface restricted only to the
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active constraints, defined as {x : h(x) = 0,g,(x) = 0,j € J(xo)}. Thus Theorem
A.2.1 applies, producing Lagrange multipliers A € R™, w € R? such that
m p
0=V f(xo) + > A\iVhi(xo) + Y 7 Vg;(xo),
i=1 Jj=1
where for all inactive constraints, m; = 0, thus eliminating the inactive constraints,
so condition 2 holds. Condition 3 is also an immediate consequences of this fact:
p
m-g(x0) = Y _migi(x0) = D> mgi(x0)+ Y mgi(x0) =0,
j=1 j€J(x0) 3¢ J (x0)
because for j ¢ J(xg),7; = 0 and for j € J(xo¢), g;(x0) = 0.
It remains to show that condition 1 holds, that is, for all active inequality con-
straints j € J(xg), m; > 0. Prove m; > 0 by contradiction, so assume that there exists
a k € J(xo) such that m; < 0. Let the remaining active constraints at xo define the

surface S and tangent space T'(xg) at Xo:

S={x:h(x)=0,g,(x)=0,j € J(x0),j # k}, and

A

T'(x0) = {y : Dh(x0)y = 0, Vg;(x0)y = 0,7 € J(x0),j # k}.

Then there exists y € T(xo) such that Vgi(xo)y < 0, because fori =1,...,m,j €
J(Xo), the derivatives Vh;(x¢), Vg;(xo) are linearly independent. Then VLy = 0
yields V f(x0)y+7, Vg (X0)y = 0. Consequently, V f(xq)y < 0 because 7,V gr(xo)y >
0.

As stated in the previous theorem, the tangent vector y € T(XO) is also tangent to
some path ¢(t),t € (a,b) in S at xq, so let ¢(ty) = X and € (ty) =y, where to € (a, b).
Then by the chain rule,

4
dt
dgi
dt

(e(to)) = Vf(x0)y <0, and

(c(to)) = Vgr(xo)y < 0.
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Hence there exists § > 0 such that for all ¢ € (tg,to+9], f(c(t)) < f(Xo). Furthermore,
there exists € > 0 such that for all ¢ € [tg,to + €], gr(c(t)) < 0. Consequently, for all
t € (to,to + min(d, €)], f(e(t)) < f(xo) and gi(c(t)) < 0. Ergo, these points are in S,

contradicting the assumption that xg is a local minimum of f restricted to S. B

The same result holds for a local maximum, except that in this situation, * <
0. Still, the underlying framework is identical, so one can compute the stationary
points using the same process. The conditions supply the following equations and

inequalities:

Vf(xo) + 2205 AiVhi(xo) + 30, m;Vgj(x0) =0,
e h(xg) =0,

* g9(x0) <0,

e >0 (or m <0 for local maxima), and

o m-g(x0) = 0.

Note that since 1 > 0, or # < 0, the last condition can also be written as
m;gj(x0) = 0, for each j = 1,...,p. Hence points satisfying all of these conditions
are stationary points of f restricted to S. Furthermore, all stationary points of f
restricted to S are all attainable using this process, i.e. if xq is a stationary point
of f restricted to S, then it satisfies the above conditions. This is true because xq
must satisfy the constraints, so the Lagrangian reduces to the original function f,

and Vf(xg) =0
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A.4 Linear constraints

An interesting special case of this problem occurs when all of the constraints are
linear in x. Clearly, the previous proofs would still apply, and Lagrange multipliers
will always exist. However, there is an alternate proof of this special case using only
the simple lemma of Farkas, avoiding the more involved implicit function theorem
used in the general case. Note that for x € R", x > 0 means that x; > 0 for

i=1,...,n.

Lemma A.4.1 (Farkas) For a matriv A € R™™ and vectors x € R",b € R" X €
R™, Ax > 0 with bTx < 0 has a solution x iff ATA = b with X > 0 has no solution

A

Proof First prove the only if direction. Then suppose that the right side has a

solution, i.e. both sides have a solution. Then since Ax > 0 and A > 0
A-(Ax) >0,
but because A”XA = b and b"x < 0,
A (Ax) =b'x <0,

thus a contradiction.
For the if direction, suppose that the left side has no solution, i.e. neither side has
a solution. Consider the set S = {s € R":s = ATA X > 0}. By assumption, b ¢ S,

and the key geometric observation is that there is a x € R™ such that for some o € R,
x'b < a < xTs,
for all s € S. It follows that o < 0 because 0 € S, and for all X > 0,

a <X (Ax).
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Then suppose for some i, (Ax); < 0. But then setting A\; = (o — 1)/(Ax); and the
remaining \; = 0 produces A - (Ax) = a — 1, so Ax > 0. Finally, x’b < a < 0, so

Ax > 0 with b"x < 0 has a solution, thus achieving the desired contradiction. H

The following convenient description is obviously equivalent to Farkas’ lemma: if

bTx > 0 for all x satisfying Ax > 0, then ATX = b with A > 0 has a solution .

Theorem A.4.2 If a constrained optimisation problem has only linear constraints,
then for a local minimum xqo of f restricted to S, there exist Lagrange multipliers
A € R™ @ € RP such that if there are only equality constraints, the Lagrange condition
in Theorem A.2.1 hold at x¢ and if there are also inequality constraints, the Karush-

Kuhn-Tucker conditions in Theorem A.3.1 hold at xg.

Proof (equality) First prove the equality constraint case. For b € R", A € R™*"

and letting the ith column of A be A;, the m equality constraints can be written as
h(x) = Ax —b =0 (so Vh;(x) = 4;).

As in the Lagrange theorem, assume linear independence of the constraints. Since
Xg is a local minimum, for sufficiently small ¢ > 0, there exists a vector y such that
Xp + ¢y is also on f restricted to S, and by the first-order Taylor expansion [MT96,
p. 183],

0 = hi(xo + cy) = hi(xo) + cVhi(xo) -y + 0(c),
implying that Vh;(x¢) -y =0, so Ay = 0. Similarly,
f(xo +cy) = f(x0) + ¢V f(%0) -y + 0(c),

and f(xo) < f(xo +cy), 50 Vf(xo) -y > 0.
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Then Ay > 0 and —Ay > 0, so applying Farkas’ lemma twice results in the

following equations: For nonnegative A%, A! € R™ such that

Vil Z)\OVh (xo) and V f(xo) Z)\ Vhi(xo).

i=1
Thus it follows that there exist Lagrange multipliers A € R™ such that V f(xq) =

Yo AiVhi(x0), and the equality constraints also hold at xq by definition. W

Proof (inequality) When there are only inequality constraints, the proof follows

similarly. For B € RP*" b € RP, the p inequality constraints can be written as
g(x) = Bx) +b <0 (so Vg;(x) = Bj), where B; is the jth column of B.

As in the KKT theorem, assume linear independence of the active constraints, which
implies that the vectors n; with j € J(xg) are linear independent, and assume that
there is at least one active constraint.

Since X is a local minimum, for sufficiently small ¢ > 0, there exists a vector y
such that xg 4 cy is also on f restricted to .S, and by the first-order Taylor expansion,

where j € J(xo),

0 > gj(xo +cy) = gj(%0) +cVg;(x0) - y + 0(c),

implying that —Vg;(xo) -y > 0, so Ay > 0, where A = —B. Similarly,

f(xo0 +cy) = f(x0) + eV f(x0) - ¥ + 0(c),

and f(xo) < f(xo0 + cy), so Vf(xo) -y = 0.

By Farkas’ lemma, there exist nonnegative Lagrange multipliers w € R? such that

V[(X0) = =X jcs(xo) Ti Vi (Xo0). Hence

P
V f(xo) + Z m;Vg(%o) = 0,
j=1
where m; = 0 if j ¢ J(x0). Thus this yields the conditions of the KKT theorem. The

theorem is a direct consequence of these two proofs. B



Appendix B

Performance graphs of belief

propagation

The following pages are graphs plotting the convergence and error of particular types
of graphs. First are the graphs for grids, secondly are the graphs for disjoint cycle

graphs, and the last group are the graphs for random graphs.
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Fig. B.1: Performance of grids with binary variables.
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Convergence of full grids (w,h,q) with binary variables
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Fig. B.2: Performance of full grids with non-grid edges and binary variables.
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Convergence of grids(w,h,p) with quaternary variables
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Convergence of disjoint 2k—cycle graphs with binary variables
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Fig. B.4: Performance of disjoint cycle graphs.
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Fig. B.5: Convergence of random graphs plotted against the edge probability.
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Unconvergence of G(N=5,M,p) graphs with binary variables
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Fig. B.6: Unconvergence of random graphs plotted against the edge probability.
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Convergence of G(N=5,M,p) graphs with binary variables
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Error of G(N=5,M,p) graphs with binary variables
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Fig. B.10: Error of random graphs plotted against the factor-variable ratio.
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Convergence of G(N=5,M,p) graphs with quaternary variables
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Fig. B.11: Convergence of random graphs with quaternary variables.
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