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I-IOW MANY SHUFFLES TO MIX A DECK?*

JOSEPH B. KELLER

Abstract. A simple probabilistic model is devised to determine the number of shuffles required for the bottom
card of a deck to become uniformly distributed with a specified tolerance. This number is a lower bound on the
number of shuffles needed for the entire deck to be randomly mixed.
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We wish to find a lower bound on the number of riffle shuffles required to mix a deck of
k cards. In such a shuffle, the deck is cut at random and then the two parts are riffled together.
For simplicity we shall assume that the location of the cut is uniformly distributed, so that the
probability is 1 /(k 1) that the cut is just below any one of the first k 1 cards. Furthermore,
we assume that the bottom cards of the two parts are equally likely to be the bottom card after
the riffle. Therefore each has probability 1/2 of being the new bottom card.

To obtain a lower bound on the number of shuffles, we consider the original bottom card.
It will be the bottom card of one of the two parts after the first cut, so it has probability 1/2
of still being on the bottom after one shuffle. Therefore, the probability that it remains on the
bottom throughout n shuffles is 1/2n. When a 52-card deck is well mixed, the probability that
any given card is on the bottom must lie between (1 e) and (1 + e) for some e > 0, which
indicates how close the deck is to random. Therefore, for the deck to be mixed, it is necessary
that 1/2," < (1 + e) so n > log2[ 52 20 .625, n must be > 6.]. This shows that for e <
For a deck of k cards this argument yields n > log2 k log2 (1 + e) , log2 k e/ In 2. The
last expression holds for e << 1.

We shall now calculate exactly the probability Pn that the original bottom card is on the
bottom after n shuffles of a k card deck. To do so we observe that p,’+l is given by

(1) Pn+l - Pn + (1 Pn)
k 1

n > 1; P0 1.

The first term in brackets is the probability that the card was on the bottom after n shuffles.
The second term is the probability Pn that it was not on the bottom, times the probability

that the deck was cut just below it, which brings it to the bottom of the upper pile before
k-1

the (n + 1)st shuffle. The factor is the probability that it stays on the bottom after this shuffle.
The values of Pn given by (1) for k 52 andn 0, 10, cx are shown in the table.

1%..01923, and p9 exceeds this by 87The asymptotic value is p 52
The solution of the recursion equation (1), with the initial condition po 1, is

(2) Pn + 2(k- 1) k

From (2) we see that Pn decreases monotonically from to as n --+ oo. The difference

falls below e/k for the first time when n {n }, where {n denotes the least integer/9,,
greater than or equal to n. Here n is defined by

logz[(k- 1)/e]
(3) n 2(k-l)lg2[/--2
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TABLE

Pn+
25 02KI Pn "+" n > 1.

P0 P6 .03284

Pl .5 P7 .02590

P2 .2549 P8 .02250

P3 .13476 P9 .02083

P4 .07486 Pl0 .02001

P5 .04699 p .01923

When k >> 1, (3) simplifies to

(4) ne log2 k log2 e.

This result (4) has the same log2 k term as we obtained by the simple argument in the second
paragraph. However, the term -log2 e makes ne increase to infinity as e decreases to zero,
in contrast to that result. Thus (4) yields a much stronger necessary condition on n than does
the simple result.

Bayer and Diaconis have used a more sophisticated and more complicated argument
to analyze a somewhat different model of shuffling. They obtained the stronger result that for
large k, about log2 k + a constant shuffles are necessary and sufficient to mix a deck of k
cards. The - log2 k term in this expression exceeds that in (4) by the factor 3/2. The additional
shuffles are needed to make sure that all positions in the deck are mixed, not just the bottom
position. For k 52, their result shows that more than log2 k / a constant 8.58 + a
constant shuffles are needed.
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