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Non-Exponential Families of Distributions

By K. C. Klauer!

Summary: The problem discussed is whether a given set P of mutually equivalent probability
distributions constitutes an exponential family or not. As an alternative to the well known charac-
terization by linear independence an analytic method is pointed out which allows one to demon-
strate in a relatively easy way that many familiar classes of distributions (e.g. Cauchy-, -, logistic-)
are not exponential families.
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1 Introduction and Terminology

For the well known examples of exponential families it is fairly easy to find an ex-
ponential representation. The complementary problem, i.e. to demonstrate that a
given class P of distributions does not constitute an exponential family, requires
quite different methods.

Apart from a characterization by linear independence, characterizations of ex-
ponential families are either confined to one-parameter exponential families (e.g.
Pfanzagl 1968) or yield conditions that cannot be falsified more easily than the con-
ditions implied by the original definition of an exponential family (e.g. Barndorff-
Nielsen and Pedersen 1968).

In Sect. 2, the well known characterization by linear independence (cf. Barndorff-
Nielsen 1978, p. 112) is briefly reviewed and applied in two cases to show that a
family of distributions in non-exponential. In Sect. 3, we shall provide a new method
which on the basis of a separation property allows one to identify many familiar clas-
ses of distributions as non-exponential. Contrasting Sect. 2 and the examples given in
Sect. 3, it is seen that the new criterion is often easier to apply.

In the following we will essentially use the terminology of Barndorff-Nielsen
(1978). Let (X, B, P) be a statistical field, where P is a family of probability mea-
sures on the c-algebra B on X. P is said to be parametrizable, if there exist a subset
Q of a Euclidean space R™ and a bijective mapping from 2 onto P. In this case,
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(Pw)wegq will be called a parametrization of P. P is said to be relevant, if it is pa-
rametrizable and if its elements are mutually equivalent.

Definition 1: Let (X, B, P) be a statistical field. P is an exponential family if
(i) P is parametrizable and — (P,,)., o being a parametrization of P —

(ii) there exist k € N, mappings a : Q2 >R, a: Q> R¥ T:(X, B)>(IR¥, B¥) and a
Q € P such that

cﬁ"i— . P_ 1
40 =a(w) exp () - T) ae. (1

Remark 1: The expression (1) is called an exponential representation of (the densities
of) P. The smallest integer k, for which there exists an exponential representation (1)
is the order of P denoted by ord P. The statistic T is called a canonical statistic and,
in case k = ord P, the representation (1) as well as T are said to be minimal.

2 A Characterization by Linear Independence

Let (X, B, P) be a relevant statistical field, (P,,)., e o be a parametrization of P and
Q € P. For each w € Q we choose a version p(*;w) of the Q-densities of P, that is
positive for all x € X. For a real-valued statistic f we denote the P-equivalence class
containing f by [f].

Proposition 1 (cf. Barndorff-Nielsen 1978, p 112): P is an exponential family of
order k if and only if span 4, the linear hull of 4 = {[Inp(";w)] : WEQ} U {[IX]}
has dimension k£ + 1.

Proposition 1 immediately yields
Corollary 1: If Q or X is a finite set, then P is an exponential family fulfilling
ord P<I[+1 or ord P<|X|, respectively.

Remark 2: For the proof of Proposition 1 it is useful to note that — using a basis of
span A — a minimal canonical statistic 7" can be chosen as

T(x) =(np(x;wy), ..., In p(x; wy)).

Thus, when X is a topological space and p(-; w) is continuous for each w € §2, then
a continuous minimal canonical statistic exists.

In order to prove that P is not an exponential family, one has to demonstrate
the existence of linearly idependent systems of arbitrary size in the Set A as defined
in Proposition 1. In doing so, the handling of P-equivalence classes tends to be rather
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cumbersome. In many situations this can be avoided as follows: Let X be a topological
space, P be the Borel o-algebra and P be relevant; then one can assume that X is the
common support of all P € P. If the functions p(-; w) are continuous w.r.t. the topol-
ogy on X, then they are uniquely determined, i.e. we can replace [lnp(:; w)] by
In p(-; w). Furthermore, using Remark 2 and interchanging the roles of x and w, we
get similarly to Proposition 1

Corollary 2: Let (X, B, P) be a statistical field, where (X, B) is a Borel space and X is
the common support of all P€ P, p(-; w) being continuous w.r.t. the topology on X.
Then P is an exponential family if and only if span A" where 4" = {In p(x; ) : x € X},
has finite dimension.

We now give two examples of how the preceding results can be used to show that
certain classes of distributions are non-exponential. For this purpose the following
remark is useful.

Remark 3: 1If p(-; w) is of the form p(-;w) =a(-; w)b(-; w) where a(-; w) and b(*; w)
are continuous functions and a(-; w) already is of exponential form (i.e. the functions
Ina(-; w) span a vector space of finite dimension) then it is sufficient to find linearly
independent systems of arbitrary size in the vector space spanned by the functions
In b(*; w). Analogous results hold when in applying Corollary 2 the roles of x and w
are interchanged.

Example 1: For parameters (cg,c;) €(0,%) x (0, 1/2) the following functions are
densities of probability measures with respect to Lebesgue measure

1

f(xi(cq,c1)) =K(cg,cq)(co tey1x7) ,

where K(cg,cy) is a suitably chosen constant. Subfamilies of this family, i.e. those
with (cg,cy) € Q2 C (0, ) x (0, 1/2), are called Pearson — type VII — distributions
(Johnson and Kotz 1970). Such subfamilies do not constitute exponential families
if the set A4 = {co/c; :(co,cy) € 2} is not finite.

For n €N, the functions x - In (a; +x2), i=1,...,n, constitute a linearly in-
dependent system where (a,,), e is a sequence of pairwise different elements of 4.
This can be seen by, for example, proving the linear independence of the derivatives
of these functiors. According to Proposition 1 and Remark 3, this proves our claim.
An important member of this class is the family of Student’s ¢,-distributions with
parameter v € IN as can be seen by representing the Lebesgue-densities in the form

v+1 v+1

v+1 R 1 v x2 e
f(x;v)=( 5 ) 1 o (u+l+;:—l)

vool35)

Letting cq = /(v + 1), ¢; = 1/(v+1) and observing that 4 =N, it is seen that the
family of Student’s ¢,-distributions is not an exponential family.
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Example 2: The class of hyper-Poisson distributions given by
BX

AA+ DA +x—1)"

fGx:(8,0)=a(6,0) X EN,(6,) €(0,=)?

(cf. Johnson and Kotz 1963) is not exponential: According to Corollary 2 and Remark
3 it is sufficient to show that the functions

x —1

(V) = ~2 In(A+i), x€N,

are linearly independent. This can be seen by observing that the functions g, +;—g, =
In (- +x),x € N, constitute a linearly independent system as can be shown by looking
at their derivatives.

3 A Separation Criterion

In this section X is a Borel subset of an R and B is the Borel o-algebra on X. Fur-
thermore, P is relevant and X is assumed to be the common support of all P € P. Let
Let u be a o-finite measure equivalent to P and suppose there exist positive and con-
tinuous versions f(-; w) of the u-densities of P, , w € 2.

Definition 2 (cf. Barndorff-Nielsen 1978, p. 12): Let D be a subset of X. P issaid to
distinguish on D if for all elements x and y of D the condition

“there are positive constants ¢ and ¢ such that 3

forall w € Q ef(x;w) = éf(y; w)”

implies that x = y.

Note that f(-; w) is uniquely determined by the assumptions listed at the beginn-
ing of this section.

The idea of the criterion to be derived resides in the fact that, under certain
regularity conditions, the partition of X induced by (3) (note that (3) defines an
equivalence relation on X) is the same as that induced by a minimal sufficient statistic
T, i.e. that T(x) = T(y) if and only if (3) holds (cf. Barndorff-Nielsen 1978, Corol-
lary 4.3). Thus, if T: X - R¥ is a continuous minimal sufficient statistic and if P
distinguishes on an open set D CIR™ | then k must not be smaller than m (see Lemma 1).
Now assume that P is an exponential family and that T: X - R¥ is a continuous
minimal canonical statistic. If P distinguishes on an open set DCIR™, then our argu-
ment suggests that kK =m, since, under certain regularity conditions, 7" is a minimal
sufficient statistic for P. Recalling that for minimal canonical statistics k = ord P, we

n
have ord P = m. If the same assumptions hold for all families P” := {ifl P:PE P},
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we have ord P" >n -m for all n € N. Since ord P = ord P" (cf. Barndorff-Nielsen
1978, p. 127), the assumption that P is an exponential family yields a contradiction.
In the sequel, we will show that these heuristics give rise to a valid criterion under the
assumptions listed at the beginning of this section. We will make use of a result from
analytic topology.

Lemma 1: Letm, n€N, n<m, and ACIR™, A having nonempty interior. If
f:A ~> IR" is continuous, then fis not injective.

Proof: The assertion is an immediate consequence of the so-called “antipodal theorem”
which states (cf. e.g. Eisenack and Fenske 1978, Corollary 5.2.6): If f is a continuous
function defined on the boundary 8S of a symmetric bounded zero-neighbourhood
S in R and maps into a proper linear subspace of IR™, then there exists a p € 3§

such that f(p) = f(-p).
Theorem 1: Let the conditions stated at the beginning of this section be satisfied (in
particular XCIR™) and let P be an exponential family. If there exists a subset D of
X the interior of which is not empty and such that P distinguishes on D, then ord
P=m.
Proof: Let
flx;w) =h(x)a(w) exp (e(w) - T) p-ae. (4)
be a minimal representation of P. According to Remark 2 we can assume T to be con-
tinuous, hence 4 can be assumed to be continuous and positive. This shows that (4)
holds everywhere. If T(x) = T(y), we have, setting ¢ = 1/h(x) and & = 1/h(y),
cf(x;w)=¢f(y;w) foral w€E.

Since P distinguishes on D, the restriction of T on D must be injective. By Lemma 1
the assertion follows.

The criterion implied by Theorem 1 is often easier to use than that outlined in Sect. 2.
We give two examples.

Example 3: The family of logistic distributions (Johnson and Kotz 1970) with param-
eter (o, 8) € R x (0, =) is given by the Lebesgue-densities

fix; (@, B) = % exp (—(x — a)/B)/(exp (—(x —a)/) + 1)*.
The condition

« T fxj;(a,0))=¢ ‘I"III f(j3(0,B)) forall (o,8) ER x(0,)”
j=1 j=
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implies
n n
“c exp (— z (xi—a)) (1+e~ 0j=)y?
I':l i:l
n n
=¢ exp (— z (yi-oz)) I (1+e" %92 forall a€R”. %)
j=1 j=1

This equality has to hold even for complex «. Thus, the zeros of the left-hand side and
right-hand side of (5) have to coincide so that P” distinguishes on the open set

DM = ((x1, ... x,) 1x; <xp <...<x,}.
Thus, the family of logistic distributions is not an exponential family.

Example 4: The family of Cauchy distributions is not an exponential family. The
Lebesgue densities of this family are given by
1

1
Y W’ 6,N)ERx (0, ).

fGe;(0,0) =

The condition

“‘there exist positive constants ¢ and ¢ such that

¢ T fGi(0.0)=¢ T1 f(y;:8,0) forall (6,0)ER x(0,)"
j=1 j=1
implies
n n
e I (1+(y;-0)*)=¢ II (1+(xj—6)*) forall §€R. (6)
i=1 i=1

This equality has to hold even for complex 8. Thus, the zeros of the left-hand side and
right-hand side of (6) have to coincide so that P" distinguishes on

DM = {(xy,..,x,) :x; <xp <...<x,}.

Remark 4. In a similar way, it can be seen that the class of Laplace-distributions (cf.
Johnson and Kotz 1970) is not exponential.
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