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Abstract

We consider multivariate density estimation with identically distributed
observations. We study a density estimator which is a convex com-
bination of functions in a dictionary and the convex combination is
chosen by minimizing the Lo empirical risk in a stagewise manner.
We derive the convergence rates of the estimator when the estimated
density belongs to the Ly closure of the convex hull of a class of func-
tions which satisfies entropy conditions. The Ly closure of a convex
hull is a large non-parametric class but under suitable entropy con-
ditions the convergence rates of the estimator do not depend on the
dimension, and density estimation is feasible also in high dimensional
cases. The variance of the estimator does not increase when the num-
ber of components of the estimator increases. Instead, we control the
bias-variance trade-off by the choice of the dictionary from which the
components are chosen.

Mathematics Subject Classifications: 62G07

Key Words: Boosting, empirical risk minimization, greedy algorithms, mul-
tivariate function estimation.
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1 Introduction

We study estimation of a multivariate density function f : R¢ — R based
on identically distributed random vectors X!,..., X" € R% To analyze



the estimator we assume that the observations are independent. We are
interested in cases where dimension d is large.

We estimate the density applying a stagewise optimization of the Ly em-
pirical risk. The estimator is a convex combination of functions lying in a
dictionary of simple functions. The algorithm starts by choosing a function
from the dictionary which minimizes the empirical risk, and proceeds in a
stagewise manner, adding new simple functions to the convex combination.
The new terms of the convex combination will be chosen by minimizing the
empirical risk in such a way that the new terms increase the accuracy of the
estimate at those regions where the previous estimate was inaccurate.

We analyze the rate of convergence of the expected Lo error of the esti-
mator under the assumption that the true density belongs to the Ly closure
of the convex hull of a base class of functions. The main example will be the
case where the base class is a finite dimensional manifold of functions. For
these cases the estimator has the convergence rate (n/logn)~'/4 or n=1/4,
This rate does not depend on the dimension d. The curse of dimensionality
can be overcome in the sense that we may estimate densities lying in the
closure of the convex hull uniformly well, and this density class is a large
non-parametric density class of practical relevance.

We show that the stagewise minimization estimator is essentially equally
good as the convex combination which minimizes the empirical risk. By
defining the estimator in a stagewise manner we enable efficient calculation
of estimates. The definition of the estimator is semi-algorithmic in the sense
that the algorithm involves an additional minimization problem at each stage.
However, even the brute force method for solving the minimization problem
at each stage is feasible in some cases.

Error bounds for minimization estimators have been usually given under
entropy conditions for the density class. Here we do not consider entropy
conditions for the density class but the entropy conditions are posed on the
underlying class and the density class is defined as the closure of the convex
hull of this underlying class.

The analysis of the estimator shows that we control the bias-variance
balance by the choice of the dictionary of functions from which the con-
vex combination is selected: rich dictionaries lead to a small bias and large
variance. The dictionary is the smoothing parameter, or the regularizer, of
the estimator. The number of terms in the estimate does not increase the
variance, and we do not have to use any model selection procedure (like min-
imum description length) to choose the number of terms. This contrasts for
example with the case of orthogonal series estimators where the number of
terms in the expansion should be chosen to balance between the bias and
variance.



Boosting in classification is a well defined algorithm, but boosting can
also be considered as a generic functional gradient descent algorithm, and
then used in regression and density function estimation. The stagewise min-
imization algorithm which we consider does not involve the gradient of the
empirical risk functional. We make simulation experiments with such a boost-
ing algorithm and note that the algorithm gives slower convergence than the
stagewise minimization estimator. In boosting one typically optimizes with
respect to the size of the weights of the terms in the linear combination
but the stagewise minimization estimator uses a fixed sequence of weights,
avoiding the additional optimization step. In the literature concerning the
boosting in classification one has observed that the out-of-sample error de-
creases as the number of terms is increased, even after the training error of
the linear combination has reached zero, see Breiman (1996). Our analysis
is in conformity with this observation, but in boosting the number of terms
is often considered to be the regularizer, see the discussion in page

The existence of approximation procedures with dimension-independent
convergence rates was noticed by Jones (1992) and Barron (1993) for the
particular case of the L; Fourier classes. The analysis of the L; Fourier
classes is closely related to the analysis of mixture classes.

Stagewise minimization has been considered in density estimation pre-
viously only with the log-likelihood empirical risk. ILi and Barron (2000)
derive error bounds for the Kullback-Leibler distance. They consider sieves
which consists of convex combinations of M terms and both the bias and
variance terms in the error bound depend on M. They consider complexity
regularization with the complexity depending on the number of terms. In
contrast, the bounds in this article are such that the variance term does not
depend on the number of terms in the estimate, and thus we do not need
a complexity regularization with respect to the number of terms. The use
of the log-likelihood empirical risk requires the assumption of the bounded-
ness of the logarithm of the density; the density is assumed to bounded and
bounded away from 0, whereas the use of the Ly empirical risk requires only
the boundedness of the densities. Similarly to the current article, Rakhlin,
Panchenko and Mukherjee (2005) give error bounds which depend only on
the entropy of the base class, but using the fact that Rademacher averages
of a convex hull are equal to those of the base class, and they improve the
bound in Li and Barron (2000) by removing the dependence of the variance
bound on M. (We thank a referee for pointing this reference to us.) Ridge-
way (2002) considers stagewise minimization with a dictionary of Gaussian
functions and he finds the new members of the mixture by the EM algo-
rithm with Newton-Raphson acceleration. Rosset and Segal (2002) apply a
Taylor expansion of the log-likelihood which leads to a boosting algorithm



where the weights of the empirical risk are adjusted at each step (observa-
tions are weighted by the reciprocal of the current estimate). They apply
Bayesian networks as base learners. Projection pursuit density estimation
as presented in Friedman, Stuetzle and Schroeder (1984) constructs an es-
timate of product form with a stagewise algorithm minimizing the negative
log-likelihood criterion. Priebe (1994) considers an iterative algorithm with
a stopping rule for estimating Gaussian mixtures.

The estimator is defined in Section Pl The main theorem is formulated
in Section Bl Section gives rates of convergence under specific assump-
tions on the underlying base class. Section Hlillustrates the properties of the
estimator with simulation examples. The proofs are given in Section A
discussion is given in Section [l Some of the proofs are given in the Appendix
of the technical report Klemel&d (2005).

We denote with ||z]| the Euclidean norm of z € R4, with [|g||> the L,
norm of g : R — R, with respect to the Lebesgue measure, and ||g|c =
SUp,crd |g(z)|. We denote with #A the cardinality of a finite set A.

2 Definition of the estimator and related meth-
ods

2.1 Definition of the estimator

We assume to have a sequence X', ..., X" € R? of identically distributed
observations from the distribution of an unknown density f : R — R. We
define a model free estimator which may be applied also for estimating the in-
tensity function of a multivariate Poisson process. To derive the convergence
rates we assume that the observations are i.i.d.

A~

L, empirical risk. Define the empirical risk of a density estimator f :

R? — R with .
0 (F) = 2200 (1) 1)

where (g, x) is the Ly contrast function,
1g,x) = —29(x) + |lgl3,  g:R?—R, zeR"

Minimization of || f — f||% over estimators f is equivalent to the minimization
of || f=flI5=Ilfll3, and minimization of v, (f) amounts to the minimization of



1/ = fI2=1If]|2, up to the approximation Jra ffen '3 f(X7). Indeed,
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Stagewise minimization estimator. We define the estimator with a
stagewise minimization algorithm. New functions are added to a convex
combination by minimizing the empirical risk at each step. Functions are
chosen from dictionary D.

Definition 1 Stagewise minimization estimator fn : R — R, with dictio-
nary D of functions R? — R, with number of components M > 1, with
miaxing coefficients 0 < mp, <1, k=1,2,..., M — 1, and with the approxima-
tion bound € > 0, is defined recursively with the following rules.

1. Choose fo € D so that
Yn(fo) < inf 7u(9) + €. (3)

T ¢€D
2. Fork=1,...,M —1, let

fro= (1= ) frmr + ™0
where <;~5 € D 1is chosen so that

Tnl(f) < inf 3 (1= 7 focs + 700) + e (4)

3. Let fn = ]FM_l.
Remark 1 (Quantity to be minimized.) We may write the quantity to be
minimized in @) as
Yn ((1 — ) fer + 7Tk¢>
= (A =m)fir) + 0 (o) + 20— m)me | fro ()
R

Thus we try to choose the new additive component 7, ¢ in such a way that the
usual empirical risk 7, (7x¢) with an additional “penalization term” which
involves the inner product fRd fk_lgb is minimized. This penalization term
has the effect that we minimize the empirical risk under the condition that
the new component should be far from the current solution fk,l.

bt



Remark 2 (Mizing coefficients.) We may write the estimator as a mixture
A a1 U
fn =2 k=o Prfk, where

pk:ﬂ-knzj‘ig}rl(l_ﬂ-l)’ kf:(),,M—]_, (6)

where we denote my = 1. We have that 0 < p, < 1 and Zﬁiglpk = 1.
The weights pj of the mixture may be decreasing or increasing depending on
the choice of the coefficients 7. It would be possible to choose numbers 7,
at each step so that the empirical risk is minimized. It will turn out that
we get good error bounds with a fixed choice for the mixing coefficients, see
Remark @ below.

Remark 3 (Computational complexity.) We say that the definition of the
estimator in Definition [M is semi-algorithmic because the definition contains
the minimization problems ([B) and (@). An advantage of the estimator is
that the minimization problem over the convex hull is reduced to potentially
simpler minimization problems (B) and (#). We may note that when D is a
finite set, then the brute force algorithm for the calculation of the estimate
would take O(#D - M - Cepa) steps, where C.,, is the cost of evaluating
F(¢) = v ((1 - ﬂk)fk_l + m ), ¢ € D. Note that by ([22) we take typically
M =n'/2,

Remark 4 (Minimization estimator over miztures.) To clarify the defini-
tion of the stagewise minimization estimator we compare this estimator with
the estimator minimizing the empirical risk over the convex hull of the dictio-
nary. This minimization estimator over mixtures has smaller mean integrated
squared error than the stagewise minimization estimator, but the difference
consists only of a term of order M~!, as we state in Theorem Indeed,
Lemma B below shows that the empirical risk of the stagewise minimization
estimator may be bounded with the minimal empirical risk and an additional
term of order M~!.

Definition 2 Minimization estimator over mixtures f, : R? — R, with
dictionary D of functions RY — R, and with the approzimation bound € > 0,
satisfies

f)< inf
Yn(fn) < ,ant Tn(g) + €, (7)

where co(D) is the convex hull of D (the collection of convex combinations
S N, where ¢ € D, S Ni=1, >0, andk=1,2,...).



2.2 Related methods

Boosting. Boosting in classification may be considered as a generic func-
tional gradient descent algorithm for finding a linear combination of clas-
sifiers, see for example Mason, Baxter, Bartlett and Frean (2000). Let
(Dv,)(f) be the gradient at f of the empirical risk 7,. That is, (Dv,)(f) is
a real valued functional and we have a first order approximation

Yol f 4+ 1) 2 Y0 (f) + (DY) (f) ().

Since we consider convex combinations we use approximation

Wm((L=m)f +7h) = Y(f+x(h=[))
~ Yu(f) +7(Dva)(f)(h = f)
= () +7(Dr)()(R) = (D) (H)(F)]-

Thus, when we want to minimize v, ((1 — 7)f + wh) with respect to h and
7, we may first minimize (D7, )(f)(h) with respect to h and then apply one
dimensional minimization with respect to .

Consider first empirical risk =, as defined in ([Il), when (g, z) is the Lo
contrast function, v(g, ) = —2g(z) + [|g|3, g : R — R, x € R%. For the L,
empirical risk we may define the gradient as

(D)) === x)+2 [ pn ©

Second, let (g, x) be the log-likelihood contrast function, v(g, ) = —log g(x),
g:R? — R, 2 € RY. We may define the gradient for the log-likelihood em-
pirical risk as
h(X*?)

= 9)
f(X7)

Definition 3 Boosting estimator fn : R4 — R, with dictionary D of func-
tions ¢ : RY — R, with number of components M > 1, and with empirical
risk vy, : co(D) — R, and its gradient (D~,)(f)(¢) as in &) or [@), is defined

recursively with the following rules.

(D)) ===

1. Initialize fo e D.
2. Fork=1,...,M —1,

(a) apply a minimization algorithm to find an approximate solution

gbk to B
o = argminq&eD(DVn)(fkfl)(‘b)v



(b) apply one dimensional minimization to find an approximate solu-
tion my, to

T = argmin ¢ g 1)¥n ((1 - W)fkﬂ + 7T¢k> 5

(c) set . .
fe = (1 = m) fr1 + TP

3. Let fn = ]FM_l.

Rosset and Segal (2002) considered the log-likelihood empirical risk and
the gradient in ().

When we use the L, empirical risk with the gradient (§), then in step
2(a) of the boosting algorithm we find ¢ € D minimizing

2 ; X
a2 [ o (10)

where kK = 1,...,M — 1. In contrast, we noted in (H) that the stagewise
minimization estimator finds ¢ € D minimizing

n

Do) gl + 20— mme | fiwo ()
i=1

n -

27Tk

at steps k = 1,..., M — 1. The difference between () and (III) is that
in () the coefficients 7y are involved, and that in ([[I) there appears term
|]|3. Term ||¢|| has a further regularization effect. For example, if we use
a library of scaled functions ¢(z) = o~%((x — p)/o), where ¢ : R — R,
p € R o >0, then |93 = o~ ||+||3, which grows to infinity when o — 0.
Thus adding term ||¢[|3 to the empirical risk excludes adding terms to the
mixture with small o.

In boosting one is not only optimizing the choice of a new term ¢, but
also optimizing the choice of the weight 75, whereas stagewise minimization
uses fixed weights. Minimization with respect to the weights adds flexbility,
but it might add also variance to the estimator. Indeed, one has often noticed
that adding more terms to a boosting estimator (or keeping the size of the
weights of the terms large) adds variance to the estimator, see for example
Bithlmann (2002). The variance may also come from the fact that one applies
decision trees as weak classifiers and to choose the parameters of the decision
trees one needs additional estimation steps: decision trees are constructed by
choosing splitting points empirically and applying sample averages to define
the values of the function at the leaf nodes.



Convex minimization. We may try to solve the minimization problem
in ([) by convex minimization. Indeed, the minimization of the L, empirical
risk over weights of a convex combination amounts to the minimization of a
convex functional over a convex domain. One may use for example simplex
methods or interior point methods, see Gill, Murray and Wright (1991), Nes-
terov and Nemirovskii (1994). Juditsky and Nemirovski (2000) considered
the setting of regression estimation and they proposed a stochastic approxi-
mation algorithm for finding the minimizer over a convex hull.

EM algorithm. When one applies the log-likelihood empirical risk and
when the dictionary consists of Gaussian densities, or of densities belonging
to an exponential family, one may solve the minimization steps (Bl) and (H)
with the EM algorithm. This approach was considered by Ridgeway (2002).

3 Error bounds

3.1 A non-asymptotic error bound

The stagewise minimization estimator is a model free estimator. However, we
want to analyze the performance of the estimator over certain test beds. We
give first a general error bound when the density belongs to the Ls closure
of the convex hull of a set of functions G. We give in Section examples
of set G.

The collection of densities. Let G be a collection of functions R¢ — R
and denote with co(G) the Ls closure of the convex hull of G. We consider
the density class

F = Cb(G) N deen, (12)
where Fuen = Fuen(Bso) is the collection of bounded densities on R¢:
fden:{f: leuongBOO}a (13>
R4

where 0 < B, < 0.

The general error bound. We give a general bound to the mean inte-
grated squared error of the stagewise minimization estimator. Let the mixing

coefficients be 9
k L 2 ) ) 4y 9 ( )



Theorem 1 Let X', ..., X" be i.1.d. observations from the distribution of
density f : R — R. Let estimator f, be defined in Definition, with mizing
coefficients my given in [I4). Then, for f € F, when F is defined in [{I3),

2

. 2 4B
2= f| < inf |lg— fl5+4E n 2
fum i, = dnt o= J1E + 4By sup o) + 5 +e

Ef‘

where co(D) is the convex hull of D, v,(¢) is the centered empirical operator

defined by
@)= 230X = [ o o:RI-R (15)
i=1

and By = supycp [|¢ll2. We use the notation Ey to mean the expectation with
respect to the distribution of (X', ..., X™), that is, with respect to the n-fold
product measure with density [[;_, f(z").

Theorem [0 is proved in Section

Remark 5 Term infyecom) [lg — f||3 may be identified as the bias term,
term Efsupgep |Vn(9)| as the variance term, and term 4B35/(M + 1) + € as
the approximation term. The bias and variance terms are different depending
on the choice of the dictionary D. We consider two cases; (1) D is a d-net of
G; (2) D is the base class: D = G. The first case is studied in Section BTl
and the second case is studied in Section B.I.Z In the first case the bias term
is equal to 6 and in the second case the bias term vanishes. The variance
term has been studied extensively in the theory of empirical processes. Here
it is important that the supremum in the variance term is over ¢ € D and
not over g € co(D). We give below examples of the bounds for the variance
term.

Remark 6 With the choice of the mixing coefficients as in ([[4]) we may write
the estimator as a mixture f, = ZkMzglpkfk, where pr, = 2(k + 1)/[(M(M +
1), k=0,...,M — 1, where we used the formula given in (@). Thus the
coefficients py of the mixture are linearly increasing with k and the new term
gets always the largest weight.

Remark 7 The main interest of Theorem [ lies in the case where G is
a simple collection but co(G) is nevertheless a large nonparametric class,
although Theorem [ holds also in the case G = ¢o(G). The main example is
the case where G is a finite dimensional manifold. This case is considered in
Section In this case we may found reasonable algorithms for solving the

10



minimization problems (@) and @), and at the same time the convergence
rate of the estimator is not unacceptably slow in high dimensional cases.

When G is a Sobolev ball or a Holder ball of multivariate functions, then
G = co(G), see Remark

Minimization estimator over mixtures. We may clarify Theorem [l
by pointing out that when we consider the minimization estimator over the
convex hull, defined in Definition Bl then we get a better bound, without
term 4B3/(M + 1). However, in this case we do not have an algorithmic
definition of the estimator.

Theorem 2 Let X!, ... , X" be i.i.d. observations from the distribution of
density f : R* — R. Let f, be defined Definition@d. Then, for f € F, when
F is defined in (13),

. 2
Ec\f, — < inf — flI2 4+ 4E¢ sup |v, + €.
A= P el 118 + 4E; sup o (0)

Theorem Pl is proved in Section B; it follows directly from Lemma B given
in Section B2

3.1.1 ¢-net dictionary

A natural choice for the dictionary D is to take it equal to a d-net of the base
class G. When the base class G is Lo-bounded:

sup [|g[|2 < oo, (16)
geG

then for each 0 > 0, there exists a finite d-net Dy of G; collection Dy is of
finite cardinality and for each ¢ € G there is ¢' € Ds such that ||¢ —¢'||s < 0.
Theorem [ leads to the following corollary.

Corollary 1 Let X', ... X" be i.i.d. observations from the distribution of
density f : RY — R. Let (I@) hold. Let estimator f, be defined in Definition

[, with mizing coefficients my given in (I4). Let § > 0 and let the dictionary
be a 6-net D = Ds. Then, for f € F, when F is defined in (I3),

log, (2#D) N 4B3
nl/2 M+1

N 2
By |fo— 1|, < 0*+8-2Bs
2

+ €,

where By = supep l|oll2, and By = SUPgep ||l oo -

11



Proof. Every convex combination of the functions in G may be approxi-
mated up to § with some convex combination of the functions in dictionary
’D(;Z

sup inf g—hls <o 17

o A, 5 lg = Rll2 (17)

where Ds is the dictionary defined in Assumption [6l The approximation

(@) follows directly from the fact that Dy is an d-net of G in the Ly metric.
For a proof of (') see Appendix [Al The fact that F C ¢o(G) implies

sup inf — =0. 18
up inf I~ ol (19

Equations (I7) and (I8) imply that

sup inf )Hf — hll2 <. (19)

feF hECO('D&

That is, when Dj is a d-net for G, then co(Ds) is a d-net for F. We have
proved the bound for the bias term in Theorem [ (the first term in the right
hand side). It is left to prove a bound for the variance term. The cardinality
of Ds is finite and we have

Eg¢sup |v,(¢)| < QBOOn_l/ZQUQ\/loge(Q#D(;),
»ED

see for example Lugosi (2002). We have proved the theorem. U

Remark 8 (Smoothing parameters of the estimate.) We have identified term
6% as the bias term and term (log,(#Ds)/n)'/? as the variance term. We
balance the bias and the variance of the estimator by the choice of dictionary
D. The choice of the number M of the terms does not affect the variance of
the estimator. We may improve the estimator by choosing M large but this
increases computational complexity.

3.1.2 G as dictionary

We may choose the base class G itself to be the dictionary. In order to apply
Theorem [[l we need that the entropy integral of the base class converges. Let
us call a d-bracketing net of G with respect to the L, norm a set of pairs of
functions Gs = {(g;,95) : j =1,...,N(d)} such that

2. foreach g € G thereis j = j(g) € {1,..., N(6)} such that gjL <g< ng.

12



Define the entropy integral

G(Bs) = /0 2 V1og, N(u) du, (20)

where By = sup,cg [|g|l2. Theorem [l implies the following corollary.

Corollary 2 Let X!, ..., X" be i.i.d. observations from the distribution of
density f : R — R. Let estimator fn be defined in Definition [, with mixing
coefficients my, given in (I4). Let the dictionary of fo be G. Let (14) hold, let
Boo = sup,cg ||9]lc < 00, and let the entropy integral G(Bz) be finite. Then,
for f € F, when F is defined in (13),

C 4B

. 2
— <
Eg || Jn f“z — nl/2 + M+1

+ €,

where By = sup,cc ||9ll2, and C' is a positive constant depending on By, By,
and on the entropy integral G(Bz).

Proof. We noted already in ([[§) that the bias term is zero when D = G.
For the variance term we have that

Egsup |v,(g)] <

9€G n1/2 :

by applying a variant of exponential inequalities given by Ossiander (1987),
Birgé and Massart (1993), Proposition 3, or van de Geer (2000), Theo-
rem 8.13. U

Remark 9 One may also derive a bound for the variance term with the help
of the empirical entropy:

Beo
Eysup (o) < -5 By [ \flog NGB ) du.
9€G n 0
where N(9,G, | - ||2,n) is the cardinality of the smallest J-cover of G with
respect to the empirical metric [|g]|3,, = >°7, g(X*)?. See Pollard (1989) or
van der Vaart and Wellner (1996). This type of bound was used in Rakhlin
et al. (2005). The expectation in the upper bound can further be bounded
by using
N3G, || - [l2.0) < C'(1/8)VED,

where V(G) is the VC-dimension of G, and " is a positive constant depend-
ing on V(G). See van der Vaart and Wellner (1996), Theorem 2.6.4.

13



3.2 Rates of convergence

We discuss cases where the estimator has the rate of convergence (n/logn)~'/4
or n~'/*. This rate may be achieved in the case where the density belongs
to the closure of the convex hull of a finite dimensional manifold. The case
where the density is an infinite mixture of densities on a finite dimensional
manifold may be reduced to this case.

3.2.1 Entropy condition

We consider the class of densities ([2) and make restrictions to G. When G is
a k-dimensional class, then there exists a d-net of G of cardinality C6—%. Now
we make concrete choices for the parameters of the stagewise minimization
estimator. Let the discretization parameter 6 = 9,, > 0 satisfy

1/4
5, = <1°g"> . (21)

n

Let the component number M = M, € {1,2,...} and the approximation
bound € = ¢, > 0 of the estimator satisfy

M' =< e, =0 (n'?). (22)
Corollary 3 Assume that the collection G has a 6-net Ds of cardinality
log(#D) < C'log 6", (23)

for a positive constant C. Let estimator fn be defined in Definition [ with
the component number M, as in (Z8), the mizing coefficients m as in (I4),
and the approximation bound €, as in (23).

1. Let § = 6, > 0 satisfy (Z1) and let the dictionary of the estimator
be D = Ds,, where Ds is as in Assumption [[A. We have under the
assumptions of Corollary O that

1/2
) sup Iy
feFr

~ 2

fn_f :

lim sup ( <0 (24)

n—oo

logn
where F is defined in (I2).

2. We have under the assumptions of Corollary @ that

N 2
fu - fH2 < oo (25)

lim sup n'/? sup Ey )
fer

n—oo

14



Proof. Corollary Bl follows directly by plugging-in the values (Z1I), ([22),
@3)) to the upper bound of Corollary [, or to the upper bound of Corollary Bl
O

Remark 10 When G is a Sobolev ball or a Hoélder ball of multivariate func-
tions, then there exists a d-net of G with cardinality Ns where

log(Ny) < C5~/% (26)

for a positive constant C, where s > 0 is the smoothness index, see Kol-
mogorov and Tikhomirov (1961). In these cases Corollary [0 gives the rate
n~%/(4s+d)  However, the optimal rate of convergence is known to be n=%/(2s+d)
for the Sobolev or Holder balls, and for example kernel estimators achieve
this rate. In high dimensional cases a mixture class makes a stronger re-
striction to the density than the classical smoothness conditions. We have
that

(n/logn)/* > n*/Ht) o g > 25, (27)

Thus, in the high dimensional cases, when d > 2s, the rate (n/logn)~/* is
better than the classical rate. The curse of dimensionality affects that accu-
rate estimation is not possible in high dimensional cases if the true density
is a worse case in a Sobolev ball, but if it happens that the true density lies
in a mixture class accurate estimation is possible also in high dimensional
cases.

Remark 11 van der Vaart and Wellner (1996) and Carl (1997) have shown
that if there exists a d-net of G of cardinality C(1/6)Y, then there exists a
5-net of F of cardinality C"(1/6)?V/(V+2) where C’ depends only on the enve-
lope of G, on C' and V. Here the §-nets are with respect to the Ly(Q) metric,
where () is a probability measure. Generalizations and better constants has
been given by Carl, Kyrezi and Pajor (1999) and Mendelson (2002). The
results indicate that the rate n=(V+2/B(V+D] can be achieved by a minimiza-
tion estimator of Definition Bl For V = 0 the rate is n='/2? and for V = oo
the rate is n=/%.

3.2.2 Convex closures of parametric families

We consider examples where condition (23)) for G holds. Let F be defined
by (Z) where
G = {g(-6): 6 €O} (28)

with © C R¥. Set G is a finite dimensional collection but set F is an infinite
dimensional collection. With regularity conditions on 6 — g(-,0) we may
guarantee a parametric bound for the entropy of G.
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Assumption 1 Assume that © C RF is bounded in the Euclidean metric,
and for all 0,0' € ©,

lg(-,0) = g(-, &)l < Cll0 — &'
for a positive constant C'.
Lemma 1 Assumption [l implies (Z3), for G defined in (23).

Proof. Tt is enough to note that ©® may be covered with C’6~* balls of
radius ¢, see Kolmogorov and Tikhomirov (1961). O

Corollary 4 Let Assumption O hold. Define estimator fn similarly as in
Corollary [3, except that the dictionary is defined by

Ds={g(-,0) : 0 € Os}, 0 >0, (29)

where O, § > 0, is a 0-net of O in the Euclidean metric. Then (Z4) holds,
where F is defined in (I3) with G as in (Z3). If the dictionary is G, then

(Z3) holds.
Proof. Corollary B follows from Corollary Bl and Lemma [Tl O

3.2.3 Infinite mixture families

Estimating a density in a class of infinite mixtures may not be more difficult
than estimating a density in the closure of a convex hull. Let G be defined
in ([23), that is, G = {g(-,0): 0 € O} with © C R*. Assume that © =
O x 0@ where ©W Cc R¥ 0 < k; <k, i=1,2, ki +ky=k. Let

G(G) = { / g (- 00,09)dQ (6?) : oM e 0M. Q € Q (@<2>)} (30)
o®
where g (-,0) = g(-,0%,0®) € G and Q(©?) is the set of probability
measures on O, Let us state the additional regularity conditions.

Assumption 2 Let g(x,0W, -) be Riemann integrable for all x € R?, 61V €
oW, Let

sup Hg (~,9(1),9(2)) H2 < 00, for all 0V ¢ ©W. (31)
0(2)ce(2)

Lemma 2 Let G be defined in (Z3). Let Assumption[d hold. Then,

G(G) C co(G). (32)

16



Proof. A proof of (B2) is given in the technical report Klemel& (2005).
The proof uses just the fact that the integral in the definition of g € G(G)
may be approximated with a Riemann sum. O

Corollary 5 Let Assumptionlll and Assumption[dhold. Define the estimator
fn similarly as in Corollary [, except that the dictionary is defined by (29).
Then (Z4) holds, where F is defined by

F = g(G) N fden- (33)
If the dictionary is G, then (Z3) holds.
Proof. We apply Lemma [ and Corollary @l 0J

Remark 12 Genovese and Wasserman (2000) show that a maximum likeli-
hood estimator can achieve the rate (n/logn)'/* for Gaussian mixture mod-
els. Ghosal and van der Vaart (2001) show that for Gaussian mixture mod-
els a maximum likelihood estimator can achieve the almost parametric rate
n'/2/(logn)?, v > 1. Biau and Devroye (2005) show that a complexity pe-
nalized minimum distance estimator achieves the parametric rate n'/2.

4 Illustrations

We illustrate the behavior of the stagewise minimization estimator with one
dimensional examples: a two-modal density, the standard log-normal density,
and the claw density. The mean integrated squared error (MISE, E [ | f—7 %)
and the mean integrated absolute error (MIAE, E [ | F—f]) of the estimates
were studied. The L; error may be more natural error criterion than the
Ly error since by Scheffés lemma it is related to the total variation distance:
[1f=fl= ssupy | [, f- [, f]. We also compared the stagewise minimiza-
tion estimator to a boosting estimator.

In the simulation experiments we did not choose the first term fo using
the rule (B). Instead, the first term was chosen by performing the minimiza-
tion only over the location p and the standard deviation was fixed to unity:
o = 1. This improved the estimator. When the optimization in choosing
the first term was performed over o, then always the smallest value of o was
chosen. The boosting estimator was initialized by the same rule as the stage-
wise minimization estimator. The boosting estimator was otherwise defined
by Definition Bl with the Ly gradient (§), but the weights of the boosting
estimator were not chosen by a minimization; the same fixed sequence of
weights was used as for the stagewise minimization estimator.
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A conclusion of the experiments is that the MISE of the stagewise min-
imization estimates decreases as the number of terms M is increased, and
after achieving the minimum, the MISE does not increase significantly. The
MIAE of the estimates behaves similarly. The stagewise minimization es-
timates detect the shape of the densities already when M is small, except
for the claw density one needs large M. Small wiggles appear to estimates
when M is large. The boosting estimates are much worse for small values of
M, but for large values of M they have the same accuracy as the stagewise
minimization estimates.

4.1 Two-modal density

We estimate a density which is a mixture of 3 univariate Gaussians, with
means 0,2, 4, with standard deviations 0.3,1,1, and with mixture weights
0.25,0.5,0.25. The solid black lines in Figures show the graph of the
density.

We applied the dictionary of Gaussians ¢((z — p)/o)/o, where ¢ is the
standard Gaussian density, —1 < pu < 5 with stepsize 0.3, and 0.2 < o < 2
with stepsize 0.2. We generated 500 samples of size n = 500. We constructed
estimates with the number of terms

Me M={1,2,3,4,5,7,9,11,15,20,30,50, 100,200, 300}.  (34)

Figure [Th shows the average of MIAE (blue “1”) and the average of MISE
(red “27), for the stagewise minimization estimator for the 15 values of M €
M., over the 500 samples. The average of MISE for the boosting estimator is
shown by green “3”. Frame b) shows the Box plots for each sample of MISE
values of the stagewise minimization estimator, and frame c) shows the Box
plots for the boosting estimator, over M € M.

Figure Bl shows estimates when the number of terms M = 7. The dashed
red graphs in frames a-c) show the stagewise minimization estimates corre-
sponding to the 0.1-quantile, median, and the 0.9-quantile among the MISE
values over 500 samples. The dotted green graphs in frames a-c) show the
boosting estimates whose MISE values were equal to the 0.1-quantile, me-
dian, and the 0.9-quantile. Thus frame a) shows better than average es-
timates, frame b) shows typical estimates, and frame c) shows worse than
average estimates.

Figure B shows estimates when the number of terms is M = 300. We
show again the estimates corresponding to the 0.1-quantile, median, and
0.9-quantile of the MISE values.

Figure[ll shows that the average MISE is minimized for the stagewise min-
imization estimator when M = 100, but the average MISE is not significantly
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Figure 1: 2-modal density, sample size n = 500. Frame a) shows the average
of MIAE (blue “1”) and the average of MISE (red “2”) for the stagewise
minimization estimator, for the 15 values of M € M, over 500 samples. The
average of MISE for the boosting estimator is shown by green “3”. Frame
b) shows the Box plots for each sample of MISE values for the stagewise
minimization estimator and frame c¢) shows the Box plots for the boosting
estimator. A logarithmic scale is used for the y-axis.

Figure 2: 2-modal density, sample size n = 500, number of terms M = 7.
Frame a) shows as dashed red graph the stagewise minimization estimate
whose MISE value is equal to the 0.1 quantile among all MISE values for the
500 samples, as dotted green graph the boosting estimate whose MISE value
was equal to the 0.1 quantile among all MISE values, and the true density
as the black solid graph. Frame b) shows the estimates corresponding to the
median values of MISE. Frame c) shows the estimates corresponding to the
0.9 quantiles of MISE.
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Figure 3: 2-modal density, sample size n = 500, number of terms M = 300.
The setting is otherwise the same as in Figure Pl but now M = 300; the
dashed red graph shows a stagewise minimization estimate and the dotted
green graph shows a boosting estimate.

larger for M = 300. The MIAE increases even less when M is increased from
100 to 300. The MISE values for the boosting estimates were larger than
for the stagewise minimization estimates for small values of the number of
terms M, but when M increases, then the MISE values approach each other.
Figure @l shows that when M = 7, then the stagewise minimization estimator
gives good estimates, but the boosting estimate does not detect the shape
of the density. Figure B shows that when M = 300, then both estimators
produce good estimates, and the quality of the estimates does not have much
variability. In general, estimates behave qualitatively similarly with respect

to MISE and MIAE.

4.2 Log-normal density

To make a comparison with Priebe (1994) we considered the estimation of
the standard log-normal density (27)~"/2z~! exp{—(log, z)?/2}, 0 < < oc.
Priebe (1994) constructed a Gaussian mixture estimate with 27 terms when
the sample size was 1000.

We applied the dictionary of Gaussians ¢((z —p) /o) /o, —1 < p < 5 with
stepsize 0.3, and 0.2 < o < 2 with stepsize 0.2. We generated 500 samples of
size n = 50. We constructed estimates with the number of terms M € M,
when M is defined in (B4)).

Figure @k shows the average of MIAE (blue “1”) and the average of MISE
(red “27), for the stagewise minimization estimator for the 15 values of M €
M., over the 500 samples. The average of MISE for the boosting estimator is
shown by green “3”. Box plots are shown only for the stagewise minimization
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Figure 4: Log-normal density, sample size n = 50. Frame a) shows the
average of MIAE (blue “17) and the average of MISE (red “2”) for the
stagewise minimization estimator, for the 15 values of M € M, over 500
samples. The average of MISE for the boosting estimator is shown by green
“3”. Frame b) shows the Box plots for each sample of MISE values, for
the stagewise minimization estimator, and frame c¢) shows the Box plots for
each sample of MIAE values, for the stagewise minimization estimator. A
logarithmic scale is used for the y-axis.

estimator. Frame b) shows the Box plots for each sample of MISE values, and
frame c) shows the Box plots for each sample of MIAE values, over M € M.

Figure Bl shows estimates when the number of terms M = 7. The dashed
red graphs in frames a-c) show the stagewise minimization estimates corre-
sponding to the 0.1-quantile, median, and the 0.9-quantile among the MISE
values over 500 samples. The dotted green graphs in frames a-c) show the
boosting estimates whose MISE values were equal to the 0.1-quantile, me-
dian, and the 0.9-quantile.

Figure [l shows estimates when the number of terms is M = 300. We
show again the estimates corresponding to the 0.1-quantile, median, and
0.9-quantile of the MISE values.

Figure @l shows that for the sample size n = 50 the behavior of MISE and
MIAE is similar as for the two-modal density with sample size n = 500. The
variability of the MIAE decreases slightly, when M increases, although the
variability of the MISE stays the same. Figure [l shows that qualitatively the
estimates behave well when M = 7, although the heightness of the mode is
not estimated accurately. Figure @ shows that when M = 300, then small
wiggles start to appear. In the best case the stagewise minimization estimator
estimates the mode well, but the boosting estimate is less accurate.
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Figure 5: Log-normal density, sample size n = 50, number of terms M = 7.
Frame a) shows as dashed red graph the stagewise minimization estimate
whose MISE value is equal to the 0.1 quantile among all MISE values for the
500 samples, as dotted green graph the boosting estimate whose MISE value
is equal to the 0.1 quantile among all MISE values, and the true density as
the black solid graph. Frame b) shows the estimates corresponding to the
median values of MISE. Frame c) shows the estimates corresponding to the
0.9 quantiles of MISE.

Figure 6: Log-normal density, sample size n = 50, number of terms M = 300.
The setting is otherwise the same as in Figure B but now M = 300.
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Figure 7: Claw density, sample size n = 500. Frame a) shows the average
of MIAE (blue “1”) and the average of MISE (red “2”) for the stagewise
minimization estimator, for the 15 values of M € M, over 500 samples. The
average of MISE for the boosting estimator is shown by green “3”. Frame
b) shows the Box plots for each sample of MISE values for the stagewise
minimization estimator and frame c¢) shows the Box plots for the boosting
estimator. A logarithmic scale is used for the y-axis.

4.3 The claw density

The claw density is the density number 10 in Marron and Wand (1992). It
is a multimodal density with 5 modes, shown in Figure § as a black graph.

We applied the dictionary of Gaussians ¢((x — p)/o)/o, =3 < u < 3
with stepsize 0.3, and 0.02 < ¢ < 1.1 with stepsize 0.02. We generated 500
samples of size n = 500. We constructed estimates with the number of terms
M € M, when M is defined in (B4).

Figure [fh shows the average of MIAE (blue “1”) and the average of MISE
(red “27), for the stagewise minimization estimator for the 15 values of M €
M, over the 500 samples. The average of MISE for the boosting estimator
is shown by green “3”. Frame b) shows the Box plots for each sample of
MISE values of the stagewise minimization estimator, and frame c¢) shows
the Box plots for the MIAE values of the stagewise minimization estimator,
over M € M.

Figure B shows estimates when the number of terms M = 300. The
dashed red graphs in frames a-c) show the stagewise minimization estimates
corresponding to the 0.1-quantile, median, and the 0.9-quantile among the
MISE values over 500 samples. The true density is shown as the black solid
graph.

Figure [ shows that the MISE and MIAE start decreasing when M = 20;
for smaller values of M the modes are not detected at all. Figure B shows
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Figure 8: Claw density, sample size n = 500, number of terms M = 300.
Frame a) shows as dashed red graph the stagewise minimization estimate
whose MISE value is equal to the 0.1 quantile among all MISE values for the
500 samples, and the true density as the black solid graph. Frame b) shows
the estimates corresponding to the median value of MISE. Frame c¢) shows
the estimates corresponding to the 0.9 quantile of MISE.

that qualitatively the modes are detected by the stagewise minimization es-
timator, although the height of the modes is not estimated accurately. The
variability of the estimates is small.

5 Proofs

First we show in Section Bl that the stagewise minimization estimator has
not much larger empirical risk than the minimization estimator defined in
Definition 1 Second, we derive in Section an upper bound for the inte-
grated squared error of the stagewise minimization estimator in terms of the
optimal approximation error, that is, we give an oracle inequality.

Proof of Theorem [l Theorem [lfollows combining LemmaBland LemmaE}
we choose € = 4B3 /(M + 1) + € in Lemma B

Proof of Theorem 2. Theorem B follows directly from Lemma Hl given in
Section B2

Notation. Denote

fl@,A) = f(z,A,D) = Mo(z), xz€R (35)

¢eD
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where A = (Ay)gep € W, and W is the set of vectors of coeflicients of finite
convex combinations:

W:W(D) = {()\¢)¢€DERDZ)\¢ZO, Z)\¢:1, #{)\¢>O} <OO},

¢eD

where RP denotes the set of vectors indexed by the possibly infinite set D.
The dictionaries D which we consider in Section have finite cardinality
and condition #{\; > 0} < oo is superfluous in these cases. Note that we
have {f(-,A) : A € W} = co(D), where we denote with co(D) the convex
hull of D.

5.1 Empirical risk of the stagewise minimization esti-
mator

We prove that the stagewise minimization estimator fn does not have much
larger empirical risk than the global minimum of the empirical risk over
fGA), Aew.

The fact that the minimization over a convex hull may be solved in a
stagewise manner was noted by Jones (1992), Barron (1993), Lemma 2, in
the Hilbert space context. Lemma Bl may be considered as an empirical
version of these results. A result of Maurey given in Pisier (1981) is referred
as an origin of this algorithm. Breiman (1993), Lee, Bartlett and Williamson
(1996), Theorem 2, considered the Ly regression estimation. In the context
of density estimation with the log-likelihood empirical risk the stagewise
procedure was analyzed in Li and Barron (2000). A general version of the
algorithm is analyzed in Zhang (2003).

Lemma 3 We have for the estimator fn defined in Definition [ that
4B?2
M+1

where 7, is defined in (@), By = supyep ||¢ll2, M > 1 is the number of terms
in fn, and the mizing coefficients are ), = 2/(k+2),k=1,...,M—1.

() < it (F(5A) + +e

Proof. Let 0 < § < B2 and let f* € {f(-,A) : A € W} be such that
) < . .
() < ol 3 (F )+ 6 (30

We prove that for k =0,1,..., M — 1,

2

) <)+ e @7
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The lemma follows from (B7) by letting & — 0, because fu_; = fn. Write

N
= szf%
i=1

where f* is defined in (B6), p; > 0, Zi]ilpi =1, and ¢; € D. We have that

Zpﬂ/n((l - 71-k)fk—l + Trdi) — Y ()

i=1

< (1=m) [walficr) = 9] + 72B2 (39)

(For a proof of (BY) see Klemeld (2005).) From (BS) it follows that there is
such ¢* € {¢1,...,0n} C D that

(1= k) feo1 + mk6™) — a(f7)
< (1= m) [1nlfir) = )] + B2 (39)

We prove (B7) with induction. From the definition of fy and @B3) it follows
that

Yo(fo) € (@) + € < Yul(f*) + B2 + .

Thus the case £ = 0 in (B7) is proved. We make the inductive hypothesis

that for k > 1,
2

o) = ) < 225 e (40

and prove the inductive step. We have

Yol fe) =W (f7) < (1= Wk)fk—l + k") — Y (f*) + mre (41)

< (1 —my) { 4B; + e} + T B3 + e (42)

- k+2

_ 4B3(k+1) (43)
(k+2)?

< 4B; + €.

T k+2

In (@) we applied the definition of the fz. In @2) we applied ([BJ) and the
inductive hypothesis [{). In ([@3) we applied the choice m, = 2/(k +2). We
have proved ([B1) and thus the lemma. O
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5.2 Oracle inequality

We prove that the theoretical error of a minimization estimator may be
bounded by the optimal theoretical error and an additional stochastic term.

Lemma 4 Let f € {f(-,A): A € W} be such that
Y(f) < int u(f(A)) +¢, (44)

— Aew

where € > 0. Then

7= 1], < ng, 15600 = £15 -+ =+ dsup )

where f is the true density, f(-, A) is defined in (F3), and v, () is the centered
empirical operator defined in (I1).

Proof. Let ¢ > 0 and let f° € {f(-,A) : A € W} be such that
0 2 : 2
17— 72 < nt 17, ) — JIE+ <

~

We have for g = f, g = f°,

lo= FIE=nle) = A1 =2 | fo+ =3 o(x)

Thus,
Pt = (F) ) = 0 = =2 (= 10) . a5)
Thus,
|7 ][, 110 = 71
= [[F = 4| = mlFy + A = 1170 - 1
< 7= 1], =)+l e = 150 1 (46)
— 2w, (f—f(])—l—a (47)

In #6Q) we applied ([4)), and in [@7) we applied ([H). Denote the vectors of

the empirical and theoretical coefficients as

@n=<%g¢<xi)) , @f:</Rdf¢)¢6D-
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Let A, = (Ag)gep € W, A0 = (A%)sep € W be such that

f=FeAD =AY,
Then
v (1=17) = ©.—6p" (A, - 1)
< (1Al + 14%0 | 10 = &5l

< 20, -6l
= 2sup|vy(e)]- (48)
9D

Here we applied the notation [[All;, = > cp [As| and [[Alli, = supgep [Asl,

and the fact that ||A,|;,, [|A°];, < 1. The lemma follows from (@) and (EE)
by letting &’ — 0.

6 Discussion

Estimators based on local averaging, like kernel estimators, suffer from the
curse of dimensionality. Stagewise minimization can however work in high
dimensional cases, but even this estimator cannot work uniformly well over
such large classes as Sobolev balls. The mixture classes provide however
an example of a density class where the stagewise minimization estimator
behaves uniformly well, and this class is a large non-parametric density class
of practical interest.

The stagewise minimization estimator is related to the family of boosting
estimators. Unlike usual boosting estimators, the stagewise minimization
estimator uses a fixed sequence of weights. When using the stagewise mini-
mization estimator one does not need to choose the number of terms (or the
size of the weights) using a model selection procedure (regularization).
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A Proof of (I7)

Using the notation in (Bd) Eq. (I7) may be written as

su inf “N,G)— f(-,A',D <.
S ALG) - TN Do

Let ®,, v € D, be the collection of those ¢ € G for which 1 is the closest
member of Ds:

{gb eG:y= argminw,E%H@Z/ — gb||2} )
We may solve ties arbitrarily to make a partition of G:
G = Uypep; Py, Dy N Oy, b #Y.

Let A € W(G), A = (Ag)gec- Let A" € W(D;), A = (X)yep, be such that

Ny= > Ay
¢

€d,
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Now

G) =) M= > Ao

#EG YED;s pedy,

and
N D SRS Bl DOpY
Y€Ds eDs \ PEPy,

Thus

1FCAC) = F A D), < D0 Y Mlle— 2l
$EDs 9Dy,

< <4
ffl%fféﬁ ¢ — ]2

We have proved (7).

Jussi Klemela

Department of Economics, University of Mannheim
L7 3-5, 68131 Mannheim, Germany

Email: klemela@rumms.uni-mannheim.de
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B Proof of Lemma

Let f € G(G), f = [or 9 (-,0W,0%)dQ (6?). Let Py, m=1,2,..., be a
regular collection of rectangles covering O eventually and with vanishing
volumes:

0@ c U U R, lim max vol(R) = 0.

m—o00 REPm
m=1 REPpm,

Let 0z € R be the center of R € P,,. For each x € R?, 6V € O g(z,00), )
is Riemann integrable. Thus, by the definition of the Riemann integral,

lim > g (x,0",0r) QR) = / g (x,0M,02)dQ (0?) = f(a).
e©2)

m—0o0

REPm

Jensen’s inequality, Fubini’s lemma, and assumption (BII) imply that f is
square integrable. Thus, by the dominated convergence theorem,

lim y (f(x)— > g (00, 0p) Q(R)) dr = 0.

RePm

We have proved the lemma, since ), p g (z,0W,6z) Q(R) € co(G), for all
m=12,... [

C Proof of (38)

We use repeatedly the fact that

W+ 9) =)+ wle)+2 [ fg (19)
R
For ¢ € D,and k =0,1,..., M — 1, denoting 7y = 1, applying (@9),

Yo((1 = ) frs +~7Tk¢)
= Yu((1 = ) frmr + Tt — £5) + 70 (f7)

2 [ [0=mfa+mo-r]r. (50)
Also, for the first term in the right hand side of (B0),
Yal(1 = 7k) frmr + T — £7)
= Tn ((1 — ) (foer — f*) + Tl — f*))
= (L= (fe1 = F7) + almn(6 = [7))
2= mm [ (i = 16 1) (51)
Rd
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Let f* be as in (B6). We have that

N N
Y pim(mdi— ) = m Y pillei— 113
=1 =1

<

We have that

N
m Y pi (loill3 —
i=1

2 2
T, B5.

N
> 0 (1= m) femr + i) — Y f7)
i-1

N
— Zpﬁn((l — ) foo1 + Tt — f7)

i=1

21— m) / (Feor — 1)f°

= (1 —m) fk 11— f

+ Z pzfyn 7Tk

+2(1—7Tk)/ (for — )

IA

(L =) (fim1 = f7)) + 7 B3

21=m) [ (= 1F

< (1-m) [%(fkfl)

— 3l f")] + B3,

Indeed, in (B3) we applied (B) and the fact that

In (B4) we applied (BIl) and the fact that

1£713)

2(1 — m, szpz/ (for — [) (i — f) = 0.

In (BH) we applied (B2). In (B6) we applied the fact

V(L= m) (femr = 1)
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(52)

(53)

[(1 — )l + TR — f*} fr=2(1-m) /Rd(fkl -



201 =m) [ =P = (=m0 [3aies) = )

2

= —m(1 — ) Hf* — frr , =0

which is implied by the fact
(1= 1) s = 7)) = (= m) [ Fes) = 0]
= 2 s = = = i - 11

where we used the fact 1 —m, — (1 —m,)* = 7 (1 — 7). We have proved (Bf),

thus (B). O
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