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Abstract

For a class of non-uniformly ergodic Markov chains (X)) satisfying
exponential or polynomial beta-mixing, under observations (Y;,) subject
to an IID noise with a positive density, it is shown that wrong initial
data is forgotten in the mean total variation topology, with a certain
exponential or polynomial rate.

1 Introduction

We consider a discrete time filter for a Markov chain (X,,) with values in the
Euclidean space R?, with observations (Y;,) from R,

X1 = Xo +0(X0) +0(Xn)En1, (0 20), (1)

Y, = h(X,) +V, (n>1). (2)

Here (&,,V},) is a sequence of IID random vectors of dimension d + ¢ with densi-
ties denoted by g¢(x) and gy (y) correspondingly, b(-) is a d-dimensional vector-
function, o(-) a d x d matrix-function, h(-) an ¢-dimensional vector-function.
Suppose the exact initial distribution of X, denoted by g, is known with some
error. The main problem addressed in this paper is whether or not this error
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is forgotten by the optimal filtering algorithm in the long run. More precisely
the setting is explained in the section 2.2 below, because it requires new defini-
tions. This setting is called a memoryless observation channel. Notice that if
observations were not conditionally independent given X's, say,

n

Un = _(h(X) + Vi),

i=1
then one could easily reconstruct its memoryless equivalent version,
Y,=U,—U,_1.

So, conditional independence of the observations is not restrictive here.

As it was noticed in [12], the representation of the filtering algorithm be-
low (see (7)) often allows a good modelling, although it rarely allows a good
computing of all integrals.

Under uniform ergodicity assumptions, this problem was discussed in [2], [12],
[7], where the limiting independence of the optimal filter algorithm on a wrong
initial data has been established, along with certain exponential bounds, in
continuous and discrete cases. See also [10], and discussion and further examples
and counterexamples in [3], [6]; see also [13] concerning a linear non-ergodic case.

The non-compact case attracted attention, especially in the last decade, and
several papers considered this problem in the following partial cases. In [1] a non-
compact case with linear observations and sufficiently small noise in observations
was tackled. Small noise conditions appeared also in [5], [14]. In [4], observation
noise is assumed to be bounded, along with some additional condition on the
positiveness of the noise density. In [12] and [11], mixing or “pseudo-mixing”
conditions on the conditional kernel are assumed; the former is a uniform ergodic
case which is essentially a compact case even though in a possibly non-compact
state space, while the latter assumes that the observation noise is, again, small
enough in a certain sense. All these cases do not allow Gaussian noise of an
arbitrary level of intensity. In [15], a variational approach was applied to the
filtering systems with a gradient type drift and linear observation part under
additional assumptions. Our model is more general; this is essentially a non-
compact and non-uniformly ergodic case, although it may not include some of
the models from the cited papers.

Among technical tools that we use, there are the Birkhoff or Hilbert met-
ric, as in [2] and [12], and recurrence or ergodicity bounds. The idea of the
approach is that under appropriate ergodicity assumptions, the signal process
spends most of its time in some compact ball, where the techniques of the com-
pact case is applicable. The rest allows a good exponential or polynomial bound.
The implementation of this idea, however, is less straightforward, due to several



technical reasons. Firstly, we double our Markov process (X,Y’) using another
independent version of it, (X,Y), and, thence, we wish not the original signal
process, but the doubled one, (X, X ), to spend most of its time in some compact.
Secondly, the Birkhoff metric does not suit well to any splitting of integrals and
measures, so that this should be arranged in the original total variation met-
ric. Thirdly, one has to estimate some unusual conditional probabilities after
a certain substitution, Y — Y'; they should be tackled using some new hints.
We suggest two methods for this. The first method exploits the idea that good
contraction holds true except on some rare event, related to the doubled signal
process; this event is a subset of two further rare events, each of which is deter-
mined by only one of the two independent signal processes. Here “rare” means
that both events allow some good estimates. This method essentially uses the
condition (A3) below, and exponential or polynomial recurrence assumptions.
The second method is based on a completely different idea how to tackle the
same rare event, namely, using some analogue of Girsanov’s change of mea-
sure, which makes signals and observations independent. This method requires
more restrictive recurrence assumptions, but does not use the assumption (A3).
Hence, the two main results are essentially different. At the same time, the “first
part” of their proofs is the same, and this is the reason to combine them in one
paper.

Technically, we use a simple splitting of the space of trajectories of our dou-
bled signal process into 2"! parts, depending on whether it is in some appro-
priate compact or outside this compact at every fixed time from 0 to n. The
common part of the proofs of the two theorems is an estimate on the “good”
event that the doubled signal process visits some compact frequently.

Surprisingly, stopping times do not help here, possibly because they do not
agree well enough with the Birkhoff metric.

The paper is arranged as follows: the section 2 contains the assumptions, the
main results, and some auxiliaries; the section 3 is devoted to the proof of the
first main result, and the section 4 to the proof of the second one. We consider
only Gaussian noises in the Theorem 2, although some results clearly can be
obtained by this approach for more general models; see the Remark 3 after the
statement of the Theorem 2 below.

2 Assumptions, main results, auxiliaries

2.1 Assumptions

The first group of assumptions serves the case of initial measures which satisfy
the assumption of absolute continuity, see (A3) below. The measure equivalence



is not assumed. The assumption (A3) is used directly in the end of the proof of
the Theorem 1.

(A1)

(A3)

We assume that

0 < inf I/i\?f Noo*(x)\ < sup sup Noo”(z)\ < oo,
T |A[=1 T |\=1

where A € R? the function b is locally bounded, and there exist p = 0, 1,
M >0 and r € (0, +00] such that

b
(% - 1) 27 < —r, ol = M 3)
X

if p = 1 then we understand this as a limit with » = 400, that is,

lim sup (M - 1) |z]* = —o0. (4)

|z|—00 ‘LE|

The noise (&,,V,,) is a sequence of IID random vectors with
E&, = 0;

if p =0, we assume Eexp(c|¢|) < oo; if p = 1, we assume E|[¢|™ < oo for
every m > 0; in all cases, for any R > 0 we assume,

CR = M

sup

< 00,
el jol<r qe(V)

and oo* is bounded and uniformly non-degenerate; the density ¢y is as-
sumed to be positive everywhere; the function A is locally bounded.

The measure g is absolute continuous with respect to vy, and, moreover,

Jae

< 0.
dl/o

Loo VO)

Moreover, both initial measures o and 1 possess some exponential mo-
ment, that is, there exists ¢ > 0 such that

/ e (o (d) + vo(dz)) < oo (5)



Remark 1 The some exponential moment for initial measures condition can be
relaxed, depending on p. Gaussian noise condition is not used in this group of
assumptions.

In the condition (A3) we do not require that the two measures are equiva-
lent,but just an absolute continuity of py with respect to vy. The uniform norm
L. can be easily relaxed to dug/dvy € L, with any a > 1; this would just
change the constants in the final estimate in the Theorem 1. If a = 1, — which
means simply an absolute continuity, — we can show just convergence in prob-
ability, without any useful bound. However, in the Theorem 2 we give certain
estimate for convergence rate in this case under additional assumptions on other
components of the system.

One may ask, what might happen if there is no even absolute continuity at
all. In this case, if there is an absolute continuity at some kg > 0, one can repeat
all considerations below starting from this kg, that would not change the final
conclusion about the convergence rate. However, one should take care about
the filter algorithm itself: if the observations which are given do not correspond
to the initial measure, and there is no absolute continuity of measures, the
algorithm, generally speaking, may not be able to run at all. One possible
solution could be to find or model some other imaginary observations, that suit
the wrong initial measure, and run the algorithm until it can work with given
observations Y. We do not discuss further details here.

The second group of assumptions serves the case when (A3) may fail. The
recurrence and moment assumptions are more restrictive here, and the function
h is bounded; the proof of the Theorem 2 is more involved.

(A’l) (Recurrence) We assume that

0 < inf |§\?f Noo*(x)A < sup sup Noo”(z)\ < oo,
T A= z |A=1

the function b is locally bounded, and
lim (| +b(x)| — []) = —o0.

|z|—o00

(A’2) (Gaussian noises) The noise (&,,V,) is an IID standard Gaussian ran-
dom sequence of random variables of dimension d 4+ ¢. The function h is
bounded.

(A’3) (Exponential moments) Both initial measures py and vy possess some ex-
ponential moment, that is, there exists ¢ > 0 such that

/ e (o (d) + vo(dz)) < oo (6)



See the Remark 3 below concerning some possible extensions for (A’2).

2.2 Setting and Main Results

The setting is based on the algorithm that solves the exact filtering problem,
which, as any Bayesian algorithm, depends on the initial data. Hence, we are
going to plug in a new initial measure instead of the exact one into the algorithm.
The filtered sequence is constructed via the observations (Y,), as a sequence of
conditional probabilities, P, (X, € - | F ), — where FY =0 (Y : 1 <k <n), -
with the initial measure po. Via the Bayes formula, this conditional measure can
be represented as a probability measure for any Y, via the following non-linear
operator SY1-¥Yn#H0 which we will denote for simplicity by S¥*0, applied to the
measure [,

P,(X,edx,|Y:,...Y,) = /HQ(:Q1,dxi)cf°\11(a:i,§/;)uo(dxo)
i=1

= dgo/HQ(J7i—17dl:i)\lj(xi,}/;)ﬂo(dlfo) =: MQSEL/”U‘O(CZZE”). (7)
i=1

Here W(z;,y;) is a conditional density of Y; at y;, given X; = x;,

V(i yi) = qv(yi — h(x))
(remind that gy denotes the density of V;), or
U(z;, Y;) = qv(Yi — h(z:)),
and Q(x,dz’) is a transition kernel for the Markov chain X,,, n > 0, that is,
1

Q) = s 0elo(a) & = = b))

(remind that g¢ denotes the density of £;). The random normalization constant
d!" is defined as follows,

;" = (E,uo (ﬁ ‘I’(Xj7yj)>

and, correspondingly,

-1

y1=Y1,..y;=Y;

HO

i ", E,, <H;:1 W(Xj,%’))

y1=Y1,..yi=Y;
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For the reader’s convenience let us show the formula for di°. Using stan-
dard notations for conditional and joint densities, dropping the index pq for
probability and expectation, and denoting just for this short explanation,

X, =(Xy,...,X,), Y, =(Y1,...,Y,), we have,

P, A|T) = [ flan| Vo) ds,
A

[T SG) L [
- R T = o J, O
7 [T v yor@) i, =, [ TLv 1@ da.,

due to the assumption of conditional independence of (Y;)’s given (X;). Hence,
d, = f(Y,)™!, and for A = (R%)", we get,

1= dy [ [Tt Y0 @) d = du BT 000 o

Now the “wrong initialization” problem can be formulated more precisely as
follows. One does not know the measure py exactly, but only some its approxi-
mation 9. Hence, one plugs in the observed values Y’s and this new measure v
into the formula (7). The problem is whether this algorithm forgets its wrong
initial data in the long run, that is, whether the difference between the con-
ditional measures provided by the algorithms with the exact and wrong initial
data converges to zero in some suitable topology. However, even before we pose
this question about convergence, we shall decide whether this operation of using
vy instead of g is well-defined. In which case it is well-defined and in which it is
not? The answer is that it is not well-defined if and only if our actually observed
vector Y,, is impossible under 14 for some n, or, equivalently, if the vector-value
(Xo, ..., X,) starting from the distribution 14 is impossible under the observed
Y,, for some n. Since clearly any value of (Xo,...,X,) with Xy € supp(iuo)
is possible, we have a sufficient condition for our operation to be well-defined,

supp(vp) C supp(u), or, equivalently,
vy << flo. (8)

This condition is sufficient whatever all other distributions are. Notice that
in many papers on the subject this is, indeed, assumed. However, it is not
necessary if we impose some other additional requirements, e.g., if the density
of V} is positive everywhere, which we have assumed in both groups of our
assumptions, see (A2) and (A'2).



Another issue is that while using the Birkhoff metric and induction we will
need equivalent measures with bounded derivatives, see (12) below. So it looks
as if (8) should have been assumed, at least. However, recall that induction
can be started not necessarily from zero. On the other hand, after the first
application of the “mixing inequality” (13) we will get comparable measures,
that is, equivalent measures with bounded derivatives, as required. Thus, we
can start our induction (12) from n = 1. This is why the condition (8), which
seems so natural and nearly indispensable, in fact, is not required here.

Now we shall explain how one can interpret this setting in a probabilistic
way, using again some Markov dynamics and conditioning. This is important
for our presentation, although logically it might not necessarily follow from the
previous paragraphs. In fact, for the initial distribution vy, we have another
sequences of measures and observations,

dye /HQ(a:i_l,dxi)\ll(xi,ﬁ)yo(dxo) = I/OSZ’”O(dxn) = v, (dxy,).
i=1

This can be, indeed, regarded as another conditional expectation, for the same
Markov process starting from another initial distribution 14, given some new
observations (371, e ,f/n). Without losing a generality, we can and will assume
that this pair, (X ,}7), is defined on some independent probability space; we
will not change our notation for the probability measure, nor for expectation,
though, both now apply to the process (X, Y, X, }7) However, due to the setting,
only original observations Y are available, so that we are obliged to identify
(Y,...,Y,) with (Yi,...,Y,), that is, we keep the original observations that
have risen from the original initial data ug, as though they were initialized by
its substitution 9. The result, 1,SY*°, is still some conditional probability,
namely, the conditional distribution of v, given (}71, e ,}7”), after the values
(}71, . ,}7”) have been replaced by (Yi,...,Y,). This operation is well defined
almost surely with respect to the measure P, , due to our assumptions on the
density qy .

The main question here is about a discrepancy of the filter with a wrong mea-
sure 1y instead of g and the exact one, or, in other words, about the difference
of the two measures,

(oS ™ — 1Sy ") (dzy),

whether it is reasonably small for large values of n. We will be interested in
the distance in the mean total variation norm with respect to the original initial
measure fig.

Theorem 1 1. Under the assumptions (A1) — (A3) above, the following bounds
hold true:



Cpn™™, p=1, Vm >0,

QY,uo QY,vo <
Eppol oSy 1S, lrv < { Cexp(—cn), p=0.

(9)

2. In addition, the following pathwise inequalities hold true:

(1) If

Euolluogﬁf"“’ — pSY |y < O™,

then, for every m’ < m, not necessarily integer, there exists a (random)
ng such that

[p0SYH0 — v SY 0| oy < m 7™ n > ny.

(i) 1f

Bl roSyH — voSy*ellry < Cexp(—cn),

then for any ¢ < ¢, there ezists a (random) ng such that

oSy "0 — 1Sy |7y < Cexp(—cn), n 2 ng.

The continuous time case can be treated similarly, although with some es-
sential technical changes; this work is under preparation.

Theorem 2 1. Under the assumptions (A'1) — (A’'3) above, the following holds
true: there exists co > 0 such that

EollpoSYHo — 1 SY7||py < Cexp(—con). (10)

2. In addition, the following pathwise inequalities hold true: for any ¢ < cy,
there is a random time ng which s finite almost surely, such that

[10SpH0 — Sy |lrv < Cexp(—cn), n > np.

Remark 2. Notice that in the Theorem 1 the constants in the right hand side
of the main inequality can be chosen uniformly over every class of problems with
uniformly bounded values of the integrals in the assumption on the initial mea-
sures, all coefficients, non-degeneracy constant of the matrix co*, and all other
constants (A2)—(A3). Similarly, one can state uniform bounds for appropriate
classes of problems in the Theorem 2.

Remark 3. In the Theorem 2, non-Gaussian noises in both components
of the system could be considered by this approach, too, under some general



assumptions on the noise likelihood ratio functions. A simple sufficient condition

for that is Q. d')
x,dx
sup ————= <oo, VR>D0,
el 31 Ja' < R Q(T, d")
for ), and
qv(y — h(z))
v (y)

for gy (or ¥), which can be checked for densities like gy (z) = 3 exp(—|z]), and
qv(z) = Cp(1 + |z|)7*, k > 2. For densities with lighter tails our hypothesis is
that the latter condition may be replaced by

0<01§/(QV(ZV_—(:>(QC)))4dy§C<oo,

0<Ct< <C<oo0, Vv,

or some further extensions of this condition. In this case, the likelihood ratios
are the analogues of the Girsanov type exponentials in the proof of the Theorem
2 below. Of course, the noise centering condition is not essential under (A’l).
We postpone a more detailed discussion about other cases till further papers.

Remark 4. One relevant and important counterexample can be found in
3], although it is not a counterexample to any particular theorem. A simpler
counterexample to theorems could be constructed as follows. Suppose there is
no mixing in the sense that the process X has two separated ergodic classes,
and support of pg lies in one of them, while support of 14 lies in the other one.
Then, one just may not be able to use Y’s in the filter algorithm, at least, if
the support of the observation noise distribution is bounded. In this case the
filter may never be able to start working with a wrong initial measure, and the
principle that the filter forgets wrong initial data fails.

The continuous time case can be treated similarly, although with some es-
sential technical changes; this work is under preparation.

3 The proof of Theorem 1

1. Let us introduce some indicators. First of all, in this proof, x stands for the
whole sequence (z1,...,x,), and likewise for Z, and the same for the random
sequences X, X, and Y. As suggested above in the setting, we consider inde-
pendent couples (X,Y) and (X,Y), with initial distributions of the first compo-
nents, £(Xo) = o and £(Xy) = 1. For every i > 0, let M; := max(|X;|, | X,|).
For fixed R and n, we denote by § a (non-random) vector of dimension n+1 with
coordinates 1 or 0 at every place, and the following indicators, with a convention

10



00 =1,

1=0

= f[u(ai = 1)1(M; < R) +1(5; = 0)1(M; > R)).

=0

Remind that this indicator function depends on R and n as parameters, which
are dropped from the notation. In some cases it will be useful to present the
latter indicator as

For every 0 let us define
J=J)={i: 0<i<n, =1}
Denote by A the set of all possible values of the vector §.
Let us define new operators on the spaces of normalized and non-normalized

measures on R? = R? x R?, or, rather, on the space of pairs of measures, each
on R?, as follows,

(p,v)SYHo(Ax B) = [ [1(x, € A, &, € B)

x <ﬁ O (2, Y)W (i, Y3) Q11 d) QT d@)) ul(dio)(do),
=1

and

(13, v2) Sii s (A x B)
= ff H(zip1 € A, %441 € B)15(w4, %) 15(2i41, Tig1)

XW(@ig1, Yig1) VY (Tig1, Yie1)Q(24, dwig 1) Q(T4, dTiqr ) pui(dvy ) vi (d Ty ),

11



and (we use a double integral notation just to emphasize that we integrate with
respect to the variables x and 7)

(1, V)S’Z§R§6§M07VO (A x B)

= [ [1(xn € A, &, € B)1s(x, &)

x (ﬁ OO (2, Vi)W (75, Vi) Qi1 d) Q(Fi1, d@)) s(dao)v(dio),

i=1
and

(4,1)SY#9(A x B)

= [ [ 1(@n € A&y € B)1y(x,7)

x (13[1 \IJ(:UZ-,Y;)\D(JEZ-,Y;)Q(%1,d:ci)Q(:Ei1,di*l-)) s(do)(di),

which can be equivalently presented as
(1, v)SYH(A x B) = HsﬁffoB)

We remind that all the operators above correspond to the independent pairs
of (X,Y) and (X,Y), due to the direct product of the integrals with respect to
the variables z;’s and z,’s.

Now we define a notion which will play a crucial role in the sequel. For every
0, let

65;5;/107’/0 = (/LO,VO)SYRJ“O’VO (R*) = Eon(16(2) | Y, Y/) S
Y=Y

where Z = (X X ). Due to the assumption on the density gy, these random
variables are well-defined. Notice that the symmetry in the definition of S
implies a very important identity,

e?ls;ﬂo,l/o _ 6Y 5; V0510

Indeed, since all restrictions on x are the same as those on z, or, in other words,
because 15(x, Z) = 15(Z, x), we conclude,

Y;6;50,0
en

12



= [ [15(x, T) (:lzllcfocé’olll(xi,Y,-)\I/(iti,Yi)Q(xi_l,dxi)Q(:I:i_l,dfi)) po(dxo)vo(dzo)

= [ [15(z,2) (}i Cfocfoﬁl(:ﬁi,}ﬁ)ﬁl(xi,ﬁ)@(ii1,d§:i)Q(:ci1,dxi)) po(dxo)vo(dzo)

(by change of variables, z; «— &;, for all i’s)

= [ [1s(z, T) (ﬁc?”cfolll(a:i,Yi)\IJ(:EZ-,Yi)Q(aji_l,d.ri)Q(iri_l,d:I:i)) vo(dxo) po(do)

— o Y0;00,H0
=e, .

Next, denote
(1, U)SX;R;&MO,VO (Ax B):= (ez;&uo,l/o)—l (1, ,/)S*%’;R;é;uo,uo (A x B).

The sense of the last notation is that ~the result of this action is a normalized
measure restricted to the event 15(X, X) = 1.

Next important step is due to the fact that the distance in total variation
for the measures in R? can be estimated from above via the correspondingly
duplicated measures, and the latter can be split into 2" terms as follows,

|10 Sy o0 — 1 SY w0k |y < || (o, v9) Sy 00 — (v, o) Sy 700 ||y

< 6% H(MO, UO)S’7§L/§R§5§MO7VO _ (Vo, MO)EX;R;&MO’WHTV
c

(because [ 22- <3211 -1)

=92 (;ZA SupD(QZ;J;uo,Vo (ﬂO» VO)S”r};;R?a;NOyVO (D) _ 65;6;1/0,#0 (Vo, Mo)gz;R;é;uo,uo (D))
€

—9 Z 65;64«)4«) SUPD((M, VO)S%/?R;‘SWO,VO(D) _ (Vo, Mo)g%/;R;&“O’”O(D)),
SEA

where D runs all Borel sets B(R??). The fact that the (random) normalization
constant is the same for the two measures has been used essentially here. The
first inequality in the chain of expressions above can be explained as follows,

(1/2) [[ (0, v0) S0 = (v, p10) Sy "0 |y

13



= Slll)p (S 1((zn, &n) € D) po(dao)ro(dio)
« (; cﬁ”oci”o\ll(xi,}/;)\lf(ii,}/;)@(xi1,dxi)Q(a~Ui1,d§3i)>
— [ (2, 7,) € D)Vo(dl’o)ﬂo(dfo))

( Cfocyo‘l’(%,Yi)‘l’(fuY;)Q(%—l,dxi)Q(fi—l,dfi))
i=1

> sup [ 1((zn, Tn) € A X R po(dxo)vo(dzo)
AeB(RY)

X ( AW (2, Y)W (2, Y;) Q@i day) Q(T—1, diz))
i=1

— [1((zn, @) € A X RY vy (dzo) po(do)

X ( CQLOCI;O\P(miyY;‘)\Ij(i‘i,}/;‘)Q(xi—ladxi)Q(ji—ladji))>
i=1
(here we will change variables in the second integral, x — & and visa versa)

= sup ([ 1((zn,Tn) € A x R)po(dzo)ro(dio)
A€eB(R4)

X ( Cgoc;‘/o‘lj(ﬂ% YU (2, Vi) Q(xi—1, dzx;)Q(Ti-1, df?z)>
=1

— f 1((in,xn) € Ax Rd)l/o(di’o)/ﬁo(dxo)
X (” C?OC?O\I’(%JQ)‘I’(@?E)Q(%1,d$i)Q(5Ui1,dfi))>
i=1

= sup (f 1z, € A) <zﬁ1 CéLO‘I’(Ii,K)Q(%—hd%O fo(do)

A€eB(R9)
— f 1(Zi’n € A) (H C;O\P(i’“n)@<gﬁz_1,di’z)) Vo(di‘o)>
=1
= (1/2) [lpoSy® — vo Sy |7y

14



We will use the Birkhoff metric for positive measures, see [9], and also [2], [12]
(where it is called Hilbert metric; one more synonym is the projective metric),

o, v) = { In (infs: p < sv) if finite,

(supt: p >tv)’
400, otherwise.

Another equivalent definition reads,

Insup(du/dv) + Insup(dv/du), if finite,
400, otherwise.

pp,v) = {

Due to the inequality for the total variation norm and the Birkhoff metric
(see [2] and [12]), and since both measures below, — that is, (g, 1)SY HtHo0
and (v, po)SY %010 — are normalized, we have,

2 sup ((NO, VO)SZ;R;&“O’”O(D) _ (VO; Mo)g}L’;R;&;uom (D))
D

2 - -
< o pl(st0, 1) SYFO#, (3, o) S i), ()
We claim that there exists mg < 1 such that if £ > 1, then

p((p0, v0) Sy 0020 (1, p1g) SfEOimo0)

= p ((po, 10)SY 0 (1, p10) SY 1) < o, (12)
where .
k=#1(0):=> 1(j—1€J,je )
j=1

or, in words, #1(0) is the total number of consequent pairs of ones in §. This
follows by induction from the following two inequalities, see, e.g., [12]; we use
here short notations (s, ;) = (poro) S, .

)

(1°) For every 1,
p (i) ST, 0, ) ST ) < p (i), (01 1)
(2°) There exists mg < 1 such that if i € Jand i+ 1 € J,
p (i) ST 0, ) ST ) < 7o (g1 2): (Vi 1)
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The latter follows from the Proposition 3.9 from [12], with the contraction
constant, 7z < (1 — Cz?)/(1+ C5?), due to the “mixing condition”

sup Qizi1 (o, To, da’, dT")
pr Qiit1(vo, U, da’, dT’)

sup, det 0¥ () (%(01(1/ — v — b(wp)) >2

<
- Sll)lf inf, det o*o(x) SEE ge(o= (2" — zo — b(xo))
—: Cg < 00, (13)
with Dg := {(z0, Zo, vo, Vo, 2, &) : |z0ol,|Z0], |vol, |Dol, |2|,|Z'| < R}. and

Then, the meaning of the inequality (2°) is that the replacement of non-
random kernels ) by random ones QW does not change the supremum of
the derivative of one measure with respect to another.

For the completeness and reader’s convenience, we remind the proof of the
inequality (1°). If using the second version of the definition for the Birkhoff
metric, it suffices to check, for every i, that firstly”

1 i+1y Vi1 (AR 1
i =sup ——— < sup = fi,
+1 d(Vit1, fiv1) d(v;, i)
and secondly,
d(Vig1, phis1) d(vi, 1) 2
fi2 ‘=sup ———— <sup ——= =: f7,
1 d(thit1, Vig1) d(pi, v;)

where d(u, v)/d(v, p) means a Radon—Nikodym derivative. The two inequalities
can be proved similarly, so we only check the first one. We estimate,

S = sup(pigr, visr) (A, A1) | (Vig, i) (dvigy, digq)

J na(day)vi(dz;)Q( s, di 1) Q( i, dTigr )W (x4, Vi)W (24, Y7)
S vilda:) i (dzs)Q( 24, digr ) Q(Ti, dTi )W (i, Y)W (24, Y))

= sup
(remind that both integrals are with respect to dz; dz; only)

v S vildey) ps(de:) Q( 2, i) Q(Zs, i)V (2, Y)W (24, Y;) fxl
U vi(dr) i (dE) Qs dwiy ) Q (i, dEir) ¥ (g, Vi) U(2,Y;) .

In the last inequality, we have replaced p;(dx;)v;(dZ;) by vi(dz;)u;(dZ;) in the
numerator, with the help of the bound on the derivative, f!.
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The induction base k = 1 (not k = 0) in (12) is valid due to the fact that
after the first pair of ones, the measures become comparable, by virtue of (13);
and the induction step follows from (2°) directly.

Now we can estimate as follows (there is only one term in the second sum
below),

Euo,uoﬂﬂoggj’”o — VOSZ’VO”TV < Z Oﬂﬁl(é)_lE eY303k0,v0

Ko, Vo n
SEN; #1(6)>1

) Z Eez;é;uo,l/o sup ((MO» VO)STXL’;R;&MO,VO (D) _ (1/0, MO)SX;R;&“O’VO(D))
SEA; #1(6)=0 D

<3 CEE O A DB, el S0 (14)
dEA

Hence, our main goal here is to estimate the expectation B, ,, e} o#ovo.

2. Let us split the sum ) ;. into two parts, with #1(5) > en, and with
#1(0) < en, where € > 0 is to be chosen. Whatever 0 < € < 1, we have, for n
large enough,

#1 .
26 #1(8)>en ( )= /\ 1)EM063;75,#0,V0

= Z&:#l(&Zen (ﬂ-};%l( - A 1)ENOE#O7VO(15(X7 X) | Y7 {/>‘

Y=Y
< 7R s #10)2en Lo Lo (15(X, 1Y, Y)’Y:Y
=R By 25 #1(0)2en Puo.g <15( ) Re Y) ‘Y:Y
=T Ly Pruovo <U6:#1<5)zen (X, X) Y, }N/) ‘Y/:Y = i (15)

The equality in the last line here is because the indicators 15(.X, X ) with different
0’s correspond to disjoint events, and due to linearity.

Hence, our main task remains to estimate the second term of the sum,

N ~ -
Z (Wﬁl( )1 A 1)Euo (Eﬂowo(b(X’X) | Y, Y) ?:Y)

d: #1(6)<en
< Y B (BunLX. 5 V)| ). (16)
5: #1(8)<en B

17



We have,

(17)

Let us introduce some new indicators: let 0 < R be large enough, and

n n

#1(X)r:= > UIXe| <R), #0(X)r=Y 1(Xi > R).

k=0 k=0
Let us show that by the Dirichlet principle,

L(#1(X)n 2 1+ 3, #1(X)n > 1+ 3 n)

X 25:#1(5)<€TL 15(X7 X) = 0. (18>

Indeed, first of all, notice that

Y LX.X)=1 (Z 1(| X1 V | Xia| VX VX < R) < en> .

5:#1(8)<en =1

Every “large” coordinate | X;| > R or |)~(k| > R, 0 < k < n, can reduce the
sum Y7 1(1X | V| X | V |Xi] V | Xi| € R) at most by two. So, if this sum
has a value less than en, this means that at least (1 — €)n/2 coordinates | Xg|
or |Xy| are greater than |R|, i.e., #0(X)gr + #0(X)gr > 5%n; hence, either
#1L(X)p < 1+ 3, or #1(X)p < 1+ 3n, — since otherwise #0(X)g <
and #0()2)}{ < %n ThU.S, Z?:l 1<|X2_1’ V |Xi_1| V |Xz| V |X1’ < R) < €n,
implies #1(X) < 1+ (3+€)n/4 or #1(X) < 1+ (34 €)n/4, so, (18) holds true.

Hence, we have,

Euo Euo,l/o Z 15(X7X) | Y’Y/ -

0:#1(8)<en -

18



3+ € - -
< By | Bpoun | 1#L(X )R < = —n) Y LXX) VY .
0: #1(d)<en
> 3+e ~ ~
+ By | Buowo | 1#I(X)n < =——n) >, LX,X)[VY ||

d: #1(H)<en

< B, (EWO (1(#1(X)R <2 I SOIRE ?) ’y y)

~ 3+e€ ~
+Bp (B (10810000 < 225 1 7:7) | )

3+¢€

~ B, (E,m (1(#1(X)R <3F Y)>
)

1
0 17)],

(because X does not depend on Y, nor X depends on Y).

+E,, (E . (1(#1()?)3 <

We estimate,

E,, (EHO (1(#1(X)R < 31%) | Y))

- 5 (1081008 < 20). (19)

Next, we estimate the other term, using the assumption (A3),

E,, (EVO <1(#1()~()R < 316”) | Yf) ‘y_y)

< Cy By, (Euo <1(#1(X)R < 3I€”> | Yf) ‘?:Y)

(because E,, F(X,Y) < CLE,, F(X,Y))

_ B, (Em (1(#1(5()R < 3:%) | Y))

(because E,, F(X,Y) = E, F(X,Y))

19



5 3+e
= (% Euo (1(#1()()3 < 1 n)) ,
similarly to (19) where we had the equality.

3. Let n > ng, ng be large enough (at least ng > 4/(1 —¢)), and 1 > € >
(1/ng) + (3+¢€)/4. Due to the bounds which easily follow from [16] and [17], the
latter expectation possesses an appropriate bound, exponential or polynomial,
depending on the value p, if R is chosen large enough, namely,

Cpn™™, p=1, Vm>D0,

Cexp(—cn), p=0. (20)

Bl (#100)n < ) < {
This follows readily from the hitting time estimates for 7 = inf(t > 0 : |X;| <
R), see [16] and [17],
E, 77 < Co(1 + |z|™) (Vm > 2k) (p=1, Yk >0), (21)
E,exp(at) < Cexp(clz]) (3C,c,a>0) (p=0),

due to the inequality P, (#1(X)r < €'n) < P, (7en > n), — where 71 = 7, and
by induction 7,41 :=inf(t > 7,+1: |X;| < R), n > 1, — and due to exponential
Chebyshev’s inequality in the case p = 0, and by standard inequalities for semi-
martingales in the case p = 1. By virtue of (21), it can be shown by induction,
in each case:

e [p=0] We have,

Py(Fen > n) < exp(—an+ énlnC + c|z|), (22)

where the value C' := sup, < E exp(a7) can be done arbitrarily close to
1 by choosing large R. Hence, we get an exponential upper bound for
P, x(f' 'n > n)

e [p=1] Let € <€ < 1. We have,

en

Py(fen > 1) = Po(Y (i = Fia) > m) < C(1+ [2™) (1 = ")) 072,

=1

with any m > 2k, if we choose R so large that € SUD|, <R E. (7 — Th—1
X5 ) <€ <1
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Both (22) and (23) have been proved in [16] and [17], correspondingly, so we
do not repeat the calculus in either case. For convenience of reading, however,
recall the idea of the proofs. In both cases due to the choice of ¢/, the mean
value of 7, — 7,1 is less that (¢/)~!. So, in the case p = 0 one can apply
exponential martingale inequalities, which lead to (22). In the case p = 1 one
applies polynomial martingale inequalities that generalize the fact that the k-
th moment of the sum of independent identically distributed random variables
growth as n*/2, and this is why we get the multiple n*/? in the right hand side
of (23).

Hence, in both cases (20) holds true. Some more details concerning similar
bounds can be found in the proof of the Theorem 2 below, see (27)—(28).

4. Hence, we get the estimate for the expression in (17),

EMO EMO,VO( Z 15(X7 X) | Y7 Y/)‘ S { Cexp(—

Y=Y
0:#1(8)<en

for all m > 0 in the case p = 1. Combining this with the earlier inequalities (14)
and (15), we obtain in both cases the final estimate (9), which in the case p =0
may have a new constant ¢ in the exponential.

5. The non-averaged bounds follow from Chebyshev’s inequality and the Borel—-
Cantelli lemmae. The Theorem 1 is proved.

4 The proof of Theorem 2

1. We continue the proof from the estimates (14)—(16). Remind that our main
task remains to estimate the second term of the sum (14),

Z (Wzl(é)il N 1)EMO (EM07V0(15(X’ X) | Ya ?)‘?—Y)
0:#1(8)<en -
< Y B (BunLX.X) YV ).
0: #1(8)<en -

Remind that now we cannot use the assumption (A3), and the idea to tackle
this term is quite different. Remind that now the noise (£, V) is Gaussian. Let

v = exp <— D h(X)Yi+ % > ORAX) =) (XY + % > h2()~(l-)> :

i<n i<n i<n i<n
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We will use one more version of the Bayes formula,

o Bl (LX) YY)

By (16(X, X) | YY) = - a (24)
EZovVo('V_l |Y,Y)

where for any measure P, we denote by P? the measure with a density dP”/dP =
v, and E7 then denotes expectation with respect to this measure P?. For the
reader’s convenience, remind the proof. For any bounded measurable function
g = g(Y,Y) we can check the definition of the conditional probability as follows,

By (160X, X771 [ V,Y)

0,0
(E/’IOWO (v 1Y, Yf))
El.. (15()(, X))y, ff)

(Bloan (v 1 V7))

B}y (160X, X)y 1V V)

E#O,l/og

=E"v"yg

Ho,;v0

(E,ZUWO(’V_I ‘ Y, Yf))

- EZOWO <g EZOaVO <15(X’ X)’Y_l | Y, Yf))

Ho,v0

(EZO,VO (7_1) ’ Y’ ?)

- Elo,vo (g 15<X7 X)’Yil) = Euoﬂfo <g 15(X7X)> :

Let us emphasize that here we do not need to substitute ¥ by Y, because the
matter was simply to check the definition of conditional expectation.

Next, due to the Cauchy—Bouniakovsky—Schwarz inequality, — known in older
monographs either as the Cauchy—Bouniakovsky, or Cauchy—Schwarz’, we follow
here some recent suggestions of unification, — for the conditional expectation we
estimate the numerator in (24),

By (16X, X771 VY

- N 172 ) o\ 1/2
< (Blowo (LD 1VT)) T (Bl (12107))

The denominator will be treated separately.
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The further plan uses the following idea. Firstly, under P} . the couples of

Ho,v0?
processes (X, X) and (YY) are independent, — a discrete version of Girsanov’s

Theorem, — so that

By (1605, X) | V¥ ) = B, 1y 15(X, X) = By 15(X, X),
which is a non-random value. The last equality is also due to Girsanov’s The-
orem; its sense is that the density ~ does not change the distribution of the

non-observable process. Secondly, we will show that the expectation of the sec-
ond factor divided by the denominator, with respect to P, ,,, or, equivalently,

with respect to P,
_2 - 1/2
(Bl (2 1V7) ], )

J200)
Ho
Blow(r V.V

o . 1/2
LB (1Y) )
(25)
EZOJ'O ('7_1 | Y, Y)‘ -

Y=Y

= By

does not exceed some exponential exp(Cn), with a constant C' that depends
only on ||h||z.. Finally, as we will see shortly, the expression E,,, ,,15(X, X) can
be made smaller that exp(—Cn) with any C' under an appropriate choice of R,
if #1(9) < en. Hence, we will get an exponential bound for the second part of
the sum (14), too. Let us start this programme.

2. Denominator in (25). We are going to estimate it from below. We have,

Bl 1Y)

—ngO(epoh Y——Zh +Zh)~(Y——Zh()~(i)2)|Y,f/)‘?Y

i<n i<n i<n i<n

—Cn vV Y
> gy <exp (3 XY+ S (XY | Y, Y) ‘?ZY

i<n <n

B (exp(z hX,)Y;) | y) EY . <exp(z hX,)Y;) | Y/)

<n

23



In other words,

(E;;O " <exp (- ;h(&)ﬁ> | Y)) (?zy.

The first conditional expectation in the latter bound suits well our further appli-
cations of the Bouniakovsky—Cauchy—Schwarz inequality. The second one suits
it as well, because it can be re-written as

(Ego " (exp (- > h(Xy)fg) | Y)) .
(EZO o (eXp (— Zh(ffi)Yi) | Y)) ,

since X and Y are independent under P7.

Further, with p > 1, r = p?, — we will use p = 4, —

1/p
(E (- YA, )

i<n

1/p
(E/.’ZO l/()( 10,0 eXp pz h ))

<n
1/p
(Ego v €XD(—p Y h(XZ-)YZ-)>
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1/2p 1/2p
:< Yoo €XD(—2p Y h(X Y——Zh}? ) (Evexp(erh(f(i)?O

i<n i<n i<n

S (eCn)1/2P _ €C'n

Y
with a generic constant C' > 0.
Similarly, and, in fact, even simpler, we estimate the term

1/p
(EV B o (exp(— Zh )

1<n

1/p
< (E . (exp (—pzmm))) <eon

3. Numerator in (25). Similarly, — and also simpler, — we treat the numerator.
We are to estimate it from above. We have,

Bl (772 RE Y) ‘?:Y

=E) . <exp (22 h(X)Y: =) h(X;)?

i<n i<n

+2) (XY =) h(f(i)2> Y, 57) ’Y_

i<n i<n -

+Cn /
T C IO e TR TN

<n i<n

e ) ) e o (00 )
i<n i<n
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< etCn (EZM (exp <2Zh(Xi)K-> | Y))
x (Eg (exp <2Zh()~(i)}7i> | Y>> LZY'

. L - 1/2
(E,uo,llo (7 ‘ Y? Y) ‘?:Y>

1/2
< tOn (Eg <eXp (22 h(Xi)Yi> | Y>>
i<n
1/2
x <E;WO <exp <22h(XZ-)Yi) | Y)) ‘?Zy.
i<n

The rest is similar to the calculus made for the denominator. Whence, due to
Holder’s inequality,

In other words,

E) 1YY v
v oA—1 Ho,vo 7 ' Y=Y
E/ﬁofy

oy | V1)

Y=Y

1/4 1/4
< (B eon2 (E exp<4zh<xim>> (E exp<4Zh<Xi>Yi>>

i<n i<n

1/4 1/4
x(Evexp<—2Zh<Xim>> (Evexp<—22h<f<im>> < exp(Cn), (26)

i<n i<n

because all factors allow this upper bound.

4. The term ) ; 45 <on Euowo1s(X, X) = Epgvg D5 p1(5)<en 16(Z). This is
now the last and the main issue; emphasize that we are looking for a bound of
this non-conditional probability, which, for every 0 < e < 1, should be less than
any exponential, if the value R is chosen large enough. Intuitively, this looks
reasonable under our assumption (A1), which is sufficient for an exponential
mixing; however, we will not use any mixing bounds directly, and we suppose
that it would not be easy to use them anyway. We will use the hint from the
proof of the previous theorem, reducing the problem to estimates for X and X
separately.
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We have,

E

10,Y0 Z 15(2)

0: #1(8)<en

i=1

=Pow (Z 1(X;_1) <R, |X;_1| <R |Xi| < R,|Xi| < R) < en) :
Hence, it suffices to show, — see (18), — that for every 0 < e < 1,

Py (Z 1(|Xi| < R) < ne) <e (27)

i=0
and

P, (Z 1(|X;] < R) < ne) <e o (28)
i=1
all if R is large enough. Both inequalities can be proved similarly, we will
establish the first one. Notice that the bounds are similar to (20) in the proof
of the Theorem 1 above. The reason why we give more details here is that there
no appropriate reference to exponential inequalities with an arbitrary constant.

Given the recurrent Markov process Xy, k > 0, let us construct a dominating
one-dimensional random walk, (j, on Z, = {0,1,...}. The idea is that for every
trajectory of X, this random walk ¢ will dominate X at all times, more precisely,
¢k > (| Xk|—R)4, and because of its simple structure, certain exponential bounds
can be easily computed for (. An idea of enlargement of the probability space
will be used, although we will not change notation for the probability measure.

For any time k£, let

zp = —[= (| Xk = R)4],

or, by words, zj, is the least integer which is not less than (| Xj|— R); of course,
x> 0. Then, by induction, define

Tht1 — Tk, Thy1 — Tp > —1,

LZ'O = X, i‘k 1 — i’k =
' + T — 1, Tpt1 — T < —1.

Generally speaking, the process &y, is not Markov, although the pair (Xj, &) is;
the jumps of  are —1,0,1,...; and its jumps are not less than the jumps of the
process xy, therefore, &), > z. Since xy > (| Xi| — R)+, we have also,

T > (| Xe| — R)4.

In particular, Zx = 0 implies (| Xx| — R)+ = 0, that is, | Xi| < R.
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Since the process (Zj) is not Markov, we will “spoil” it further to get a
simpler Markov dominating random walk. Define the non-random values,

qr; =sup P(T1 =20+ J | Xo), Jj>1,

Xo
and
qg%g = sup P(& = Zo | Xo),
Xo:x0>0
and
0
Gep=1-  qry,
j=1
and, finally,
+ (+)
ail =1 ar; — 4
j=1

Due to the assumptions, there exist C' > 0 and gg — 0, R — 00, such that
for every j > 1,

with
lim gn = 0. (30)
Moreover,
lim sup qgg (Xo) = 0. (31)

R—00 x¢:20>0

Indeed, consider firstly the case 7 > 1. Notice that 25,1 —; = j is equivalent
to xr11 — xx = j, which, by definition, is equivalent to

[=(1 Xk = B)4] = [= (| Xpsa] = R)4] = J.
It follows,
0<j—=1<([Xepa| = R)y — (| Xu| = R)4 <j+ 1.

This implies,

| Xir1| > [ Xo[ +5 — 1.
Indeed, if |X;| < R, then 0 < j — 1 < (| Xj41| — R)+ — (| Xk| — R)+ means
simply 0 < j — 1 < (| Xp41| — R)4, or, equivalently, 0 < j — 1 < |Xyq1| — R, or
|Xk+1| > R+j—1 > |Xk|—|—j—1 If|Xk| > R and (le+1|—R)+—(|Xk|—R)+ >0,
we have, | Xpi1| — R— | Xk| = R >j — 1, or | Xgs1| — | Xk| > 7 — 1, as required.
Thus,

Tpyr —Tp =7 > 1 implies [ Xpp| >R, & [ Xppa| = [ Xi| > Tpgr — T — 1.
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Therefore,

sup Pr, (Z1 = %o + )
o
< sup Py, (T1 — Tp 2 j) < SEPP(!XH —[Xol >j =1 [Xa] = R | Xo).
o 0

We will consider separately

sup  P(|Xi|—|Xo| >7—1;|X:| = R | Xo)
Xo: | Xo|<R/4

and

sup  P(|X1| = [Xo| > 75— 1; | X1| = R| Xo).
Xo:|Xo|>R/4

We estimate,

sup  P(|Xq| — | Xo[ > j —1; |[Xa] =2 R | Xo)
| Xo|<R/4

) R
< sup P(|X;] Z]—1+5 | Xo)
| Xo|<R/4

_ R
< sup P(|Xo +0(Xo)| +cl&i| 25 — 1+ 5 | Xo).
| Xo|<R/4

Here we split the supremum into two,

sup < sup + sup ,
[Xo|<R/4  |Xo|<Ro Ro<|Xo|<R/4

where Ry is chosen so that

sup (Jz + b(x)| — |=]) < 0.
|z|>Ro

Moreover, denote

Co := sup (|z +b(x)| —|z|) < 0.
lz|<Ro

Remind that b is locally bounded. We have, with Ry < R/4 and any A > 0,

, R
sup P (1% -+ 000 + el 2145 | Xo)

| Xo|<Ro

] R
< sup P(|Xo+b<xo>| Xl el = -1+ 2~ Ry Xo)
| Xo|<Ro
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. R R
< sup P<\X0+b(X0)\—|X0|+C|§1| ZJ—1+———|X0)

| Xo|<Ro 2 4

R
< s P(1X0+ 000 - X0l 4 lei 2 45— 1] Xo)
|Xol<Ro

R
gP<c\§1\ ZZ+J’—1—Co>

< exp (—/\ <§ +7—1- C’O>) Eerlél,

Here we can take, for example, A = 1. Further, estimate

, R
sup (X4 000+l 25— 1+ 5 %)

Ro<|Xo|<R/4
: R R
< osup P Xo +0(Xo)[ = [Xo[ +el&ul 2 -1+ 5 = [ Xo
Ro<|Xo|<R/4
R R
<P > o
= (C|§1| 2] Ty 4>
R
SP(C‘fﬂ Zj—1+z—00>
: 1t A
< exp —)\(j—l—i—Z—C'o) Eerst,
Finally, due to (Al), with a(R) 1= —sup,sg(lr + b(z)| — |2]), we have,

0 < a(R) — oo, R— o0, and

sup  P(|X1| — | Xo| > 75— 1; | X1 > R | Xo)
Xo:|Xo|>R/4

< sup P([Xo +0(Xo)| — [Xo| 4 6] > j — 1] Xo)
|Xo|>R/4

< Plcl&] > j — 14+ a(R/4) | Xo)

<exp(=A(j — 1+ a(R/4)))Eel.

E.g., one can take A\ = 1, to satisfy (29).
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Consider the case j = 0 & x;, > 0. The same calculus as above, gives a sim-
ilar estimate. Indeed, z; > 0 implies 0 < |X;| — R < . Hence, we have, with
any positive A in the last line,

sup  P(| X1 — [ Xi| > =15 | X0| > R | X)

X ‘Xk|>R

< sup P(|Xo +b(Xo)| + cléi] — [Xo] > —1] Xo)
| Xo|>R

< Plel&] > =1+ a(R) [ Xo)

< exp(=A(—1+ a(R))) Berel,
Again, one can take A\ = 1 here.

5. Our next issue is to construct a dominating Markov process for Ty, at last. All
we need for this is to adjust the transition probabilities, so that they would not
depend on Xj. For this aim, we will increase slightly all probabilities of jumps
up, as well as zero if the state is positive, still keeping them small enough. Let

Co = To.
Further, for 7 > 0 define
Cer1 =G+, ontheset (Tpr1 =Tk +7)N (T >0).

On some part of the set (x> 0) N (41 = T, — 1), we will allow (pp1 = § — 1,
but on some other part of this set the increment (.1 — (; may be non-negative:
0,1,2,... The following paragraph explains the details.

Consider random variables
Aqrj(Xi) = qrj — P(Tre1 =T + J | Xp),
and, in the case T, > 0, define
Gey1 =Cr+7J, =0, ontheset (Tpy1 =2k —1)N(aj-1 < xp1 < ay),

where Y1 is a new independent random variable which is uniformly distributed
on [0, 1], and the non-random values a; are defined by the equalities,

CLJ' = Z AqR,i(Xk‘)7 a_1 = O

0<i<j

31



On the complementary set,

(Tr41 =T — 1) N (Xa+1 = jli_{glo aj = Z Aqri(Xk)),

0<i<oo
we define
Chp1 = G — L.
If z;, = 0, we define, in a similar manner,
1 =C+J, i T =2p+7, >0,
and,
CGey1 =Cr+74, 7>0, ontheset (Tpr1 =Tk)N(aj—1 < Xpt1 < aj).

Further, let
Cey1 = Cp — 1,

on the set

(Ge > 0) N (@her =2 = =1) N (k1 = D Agrs(Xe)),

0<i<oo

and
Cer1 = Gy

on the set

(G =0)N (Thy1 — 7% = 0) N (Xhy1 = Z Aqr,i(Xy))-

0<i<oo

Notice that all transition probabilities for the process ( are non-random, given
the current state (i at time k; moreover, they clearly do not depend on time k
either. Indeed, we have,

PC1 —CG=J1CG)=qr;, J=>1, ¢G>0
P i =0 — (+) 0:

((k—i—l Ck | Ck) qR’07 (k > U3

P(Ger =G =—11G) =di )y, G >0;
k+1 k k dr~1> Sk ;
PCt1—CG=J|CG=0)=qr,;, j>1

P(Geyr — G =01 G = 0) = g5y,
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All these equalities follow directly from the construction. For example, for j > 1,
¢ >0,

P(Coy1 —C =7 | Ck) = qry>

as required.
Hence, ((x, k > 0) is a Markov chain with the state space {0,1,2,...}, and
the following matrix of transition probabilities, with the usual notation p;; =

P(Cy1 =7 | G =1),

9ro 4r1  4r2 4rR3  4R4
qgh qg& dr1  4r2 4RA4
0 OIS
dr.~1 49ro 49r1 4R2
<pij)0§i,j<oo = 0 0 q%}zl qzt_g 4dRr,1
0 0 0 45 di
0 0 0 0 a5,

Moreover, remind that the inequalities (29)—(31) hold true.

Next, by the construction,
Ck > j:ka

because all jumps of (; are greater than or equal to the jumps of Z; at any time
k, and, of course, (; = Ty. The reason why we need this process is that for
this simple random walk one can use explicit formulae for some asymptotics, as
shown below.

Notice that ¢ = 0 implies | Xj| < R. Therefore, it is sufficient to show that
for any € > 0,

k=0

P (i (¢ > 0) > en) <e o, (32)

In turn, (32) follows from the inequality,

P(T > en) <e ", (33)

with any C' > 0 if R > 0 is large enough, where



and
T0 := mf(k >1: Ck,1 > 0, Ck = 0) — ko,

where

ko :=inf(k >0: (. > 0),
and 75, j > 0, are defined similarly by induction,
7; =1inf(k > 7j_1 : (o1 >0, ( = 0) — k;, where k; :=1inf({ > 7,1 : (, > 0).

Naturally, all 7; are independent and identically distributed, except, perhaps, 7
if (o > 0; the latter is independent from the others, too, but may have a different
distribution. We have,

P(7 > en) < e Bl (Ee’\”)n

= exp (—ne)\ +1n Ee*™ +nln Ee/\”)) .

Due to (29)—(31), for every fixed A > 0, we can choose R so large that both
values In Ee*™ and In Ee*™ are arbitrarily close to 1. Indeed, let

=inf(k>0: ¢ =0).

The standard Lyapunov function approach, — e.g., as presented in [8], — applied
to the process exp(A(; + A1k) with any A > A; > 0, readily shows the following:

v(Cp) = B¢y exp(MT) < Cexp(A(p), as gr— 0,
with any fixed C' > 1. So,

E’\TQ<1+ZCQU <1+CZq exp(Aj)

j>1 j>1
<1+ (jRexp()\)_; ~ 1.
1 — grexp(})
Similarly,

’\Tl<1+ZP <1+CZq exp(\j)

j>1 i>1

<1+ gé% ~ 1,

1 —gexp(N)

because due to the moment assumption from (A1),

P =17) < Puy(|[Xo| > R+j —1)
< e—(R—lﬂ')EHOe\Xo\ _ ( R+1) E e\Xo\ < Cq
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with an arbitrary small ¢ > 0, if R is large enough. Notice that it would be
enough to use just the fact that the value Ee*™ is finite; however, since A may
be arbitrarily large, anyway we need the moment assumption which implies
Ee* =~ 1 for R large enough. Hence, one can choose any large A > 0, and
then for this fixed A we choose R large enough, so that, eventually, with some
non-random ny,

P(T > en) <exp(—An/2), n > ny.

Thus, the inequality (33) is satisfied, which finally implies,

> Euunls(X) < exp(=An/4), n > ny,
#0(8)>en

with any large A, if R is large enough. So, we get (27) and similarly (28). Now,
combining these bounds with (14) and (15), we get the desired inequality (10).

6. The pointwise bound follows immediately from Chebyshev’s inequality and
the Borel-Cantelli lemmae. The Theorem 2 is proved.
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