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ON THE BEST RANK-1 AND RANK-(R;, Ra,...,RN)
APPROXIMATION OF HIGHER-ORDER TENSORS*

LIEVEN DE LATHAUWER', BART DE MOOR', AND JOOS VANDEWALLET

Abstract. In this paper we discuss a multilinear generalization of the best rank- R approximation
problem for matrices, namely, the approximation of a given higher-order tensor, in an optimal least-
squares sense, by a tensor that has prespecified column rank value, row rank value, etc. For matrices,
the solution is conceptually obtained by truncation of the singular value decomposition (SVD);
however, this approach does not have a straightforward multilinear counterpart. We discuss higher-
order generalizations of the power method and the orthogonal iteration method.
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1. Introduction. Multilinear algebra is the algebra of higher-order tensors,
which are the higher-order equivalents of vectors (first order) and matrices (second
order), i.e., quantities of which the elements are addressed by more than two indices.
Multilinear algebra is gaining more and more interest, largely due to its applications
in the context of higher-order statistics (HOS) [17, 18, 2, 4, 5, 7].

Rank-related issues in multilinear algebra are thoroughly different from their ma-
trix counterparts. Let us first introduce some definitions. A rank-1 tensor is a tensor
that consists of the outer product of a number of vectors. For an Nth-order tensor .4
and N vectors UM, U@ ... UM this means that a;,i,...xy = ugll)ug) ‘ ufg) for
all values of the indices, which will be concisely written as A = UM o U@ o...0c UW),
The n-rank of a higher-order tensor is the obvious generalization of the column (row)
rank of matrices: given an (I3 X Iy X -+ x Iy)-tensor A, it equals the dimension of
its n-mode vector space, i.e., the vector space spanned by the I,,-dimensional vec-
tors obtained from 4 by varying the index i,, and keeping the other indices fixed.
An important difference with the rank of matrices is that the different n-ranks of
a higher-order tensor are not necessarily the same. The n-rank will be denoted as
rank,(A). An Nth-order tensor of which rank;(A) = Ry, ranks(A) = Ra, etc., will
briefly be called a rank-(Rj, Ra,...,Rx) tensor. This is not to be confused with a
“rank-R tensor”, by which one generally means a tensor that can be decomposed in
a sum of R, but not less than R, rank-1 terms; see, e.g., [16].

This paper is a follow-up of [9], in which we discussed a multilinear generaliza-
tion of the singular value decomposition (SVD). For convenience, we will refer to
this decomposition as the higher-order SVD (HOSVD). The starting point of our dis-
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cussion is that, despite the many analogies between the SVD and the HOSVD, the
tensor decomposition does not reflect a simple higher-order equivalent of the classi-
cal link between the best rank-R approximation of a given matrix and its truncated
SVD. Although truncation of the HOSVD of a given tensor may lead to a good rank-
(R1, R, ..., Ry) approximation ([9] contains an error bound), it turns out that this
tensor is in general not the best possible (least-squares) approximation under the given
n-mode rank constraints. This paper reports some research results on the estimation
of best rank-(Ry, Ro, ..., Ry) approximations.

Important research on this topic has already been carried out by Kroonenberg [13,
14], Kroonenberg and de Leeuw [15], and ten Berghe, de Leeuw, and Kroonenberg [19].
They devised an alternating least-squares (ALS) method to improve the fit, which is
known as “three-mode factor analysis” in psychometrics. (The generalization to orders
higher than three is briefly indicated in [13].) The basic idea is to optimize, mode per
mode and in an iterative way, the components of a factorization of the given tensor;
each optimization step essentially involves a best reduced-rank approximation of a
positive (semi)definite symmetric matrix. We will discuss this work and present the
following refinements and complementary results:

(1) In the fundamental best rank-1 approximation problem, an approximation of
a given higher-order tensor can gradually be enhanced by means of a relatively simple
higher-order generalization of the power method [12] (see sections 3.1 and 3.2).

(2) The efficiency of the higher-order power algorithm can further be increased
by updating two modes at the same time (see section 3.3).

(3) Kroonenberg, de Leeuw, and ten Berghe initialized their algorithm with a
truncated HOSVD model, but it was indicated that only local optimization was guar-
anteed. In section 3.4 we will explicitly show that initializing optimization routines
with a truncated HOSVD indeed does not always lead to the global optimum; on the
other hand, it is our experience that defective cases are rarely met.

(4) For the elementary case of supersymmetric (2 x 2 X --- X 2)-tensors, the
symmetric stationary points of the higher-order power algorithm can be fully charac-
terized (see section 3.5). This case is important, e.g., with respect to applications in
blind source separation [11].

(5) With respect to arbitrary values of Ry, Rs, ..., Ry, we will present a square-
root version of the original algorithm, aiming at a higher accuracy, and interpret
it as a multilinear generalization of the technique of orthogonal iterations [12] (see
section 4).

For clarity, the concepts of this paper are formulated in terms of real-valued tensors.
They can be generalized for complex tensors.

Before starting with the next section, we add a comment on the notation that
is used. To facilitate the distinction between scalars, vectors, matrices, and higher-
order tensors, the type of a given quantity will be reflected by its representation:
scalars are denoted by lower-case letters (a, b, ...; «, 3, ...), vectors are written as
italic capitals (A, B, ...), matrices correspond to boldface capitals (A, B, ...), and
tensors are written as calligraphic letters (A, B,...). This notation is consistently
used for lower-order parts of a given structure. For example, the entry with row index
¢ and column index j in a matrix A, i.e., (A);;, is symbolized by a,; (also (4); = a;
and (A)iyiy-iy = Qiyig--iy); furthermore, the ith column vector of a matrix A is
denoted as A;, i.e., A = [A; A5 --]. To enhance the overall readability, we have made
one exception to this rule: as we frequently use the characters ¢, j, r, and n in the
meaning of indices (counters), I, J, R, and N will be reserved to denote (unless stated
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otherwise) the index upper bounds.

2. Basic definitions. In this section, we introduce some elementary notations
and definitions needed in subsequent developments.

2.1. Multiplication of a higher-order tensor by a matrix. Higher-order
power and orthogonal iterations involve a multilinear equivalent of matrix-vector and
matrix-matrix multiplications.

Let us first have a look at the matrix product G = U - F - VT, involving ma-
trices F € RI¥2 U € RN %IV e R2X2 and G € R71*/2. To avoid working
with “generalized transposes” in the multilinear case (in which the fact that 1-mode
vectors are transpose-free would not have an inherent meaning), we observe that the
relationship between U and F and the relationship between V (not VT) and F are
in fact completely similar: in the same way that U makes linear combinations of the
rows of F, V makes linear combinations of the columns of F; in the same way that
the columns of F are multiplied by U, the rows of F are multiplied by V; in the same
way that the columns of U are associated with the column space of G, the columns
of V are associated with the row space of G. This typical relationship will be denoted
by means of the x,, symbol: G =F x; U x5, V.

In general, we make the following definition.

DEFINITION 2.1. The n-mode product of a tensor A € Cl*12XXIN by g matriz
U € C/»*In | denoted by Ax, U, is an (Iy x Iy X -+ X Iy_1 X Jpy X I g1 - X Iy)-tensor
of which the entries are given by

def
(A X0 O isiyin jninsain = D Qirieiy yiningain Wi
in
The n-mode product satisfies the following properties.

PROPERTY 1. Given the tensor A € Ci>*12XXIN gnd the matrices F € Cn*In,
G € C/»*Im  one has

AX,F) %X G=(AXy G) X, F=AX, F x,,, G.

PROPERTY 2. Given the tensor A € Cl1xI2xXIN gnd the matrices F € CTn>*In,
G € CE»>*In one has

(A%, F)x, G=Ax, (G-F).

2.2. Matrix representation of a higher-order tensor. To be able to express
our results in a more common matrix language, we define “matrix unfoldings” of a
given tensor, i.e., matrix representations of that tensor in which all the column vectors
(row vectors, etc.) are ordered sequentially. To avoid confusion, we will retain one
particular ordering of the column (row, etc.) vectors; for order three, these unfolding
procedures are represented in Figure 2.1. Notice that the definitions of the matrix
unfoldings involve the tensor dimensions I;, Is, I3 in a cyclic way and that, when
dealing with an unfolding of dimensionality I. x I, I, we formally assume that the
index i, varies more slowly than 4;. In general, we make the following definition.

DEFINITION 2.2. Assume an Nth-order tensor A € RI*I2xXIN — The ma-
triz unfolding A, € RInxUntrlngzInIilaIn-1) contains the element Giyigin OF
the position with row number i, and column number equal to (ip+1 — 1)Ihyolnys -
INIIy - Ty + (ipg2 — Dilpgslpga---INLip - Iy + -+ +(in — 1)[112---
Inoav+ (in— 1) Iol3- - Lyq + (o — 1)Isly - Loy + -+ ip_1.
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Fi1G. 2.1. Unfolding of the (I1 X I X I3)-tensor A to the (I1 X I2I3)-matriz A1y, the (I2 X I311)-
matriz A gy, and the (I3 X I112)-matriz A3y (I1 = Iz = I3 = 4).

—_

Ezample 1. Define a tensor A € R3%2%3 by a117 = a112 = G911 = —ag12 =

(213 = G311 = G313 = Q121 = G122 = G221 = —G222 = 2, U223 = (321 = (323 =
a3 = agi2 = a123 = azzz = 0. The matrix unfolding A ;) is given by

>~

1 10|2 20
Ap=|1 -1 2|2 2 4
2 0 2[4 0 4

2.3. Scalar product and Frobenius norm. The scalar product (A,B) of

two tensors A, B € RI1*12XXIv jg defined in a straightforward way as (A, B) Lof

> i i, 2oin Qivig-inbiyig-iy - The Frobenius norm of a tensor A € Rfxf2xxIn
is then defined as ||A|| % /T4, A).

3. Higher-order power iteration. In this section, we investigate how a given
tensor can be approximated, in an optimal least-squares sense, by a tensor of rank 1.
In section 3.1, the problem is formalized in two different ways and analyzed with the
technique of Lagrange multipliers. In section 3.2, we show that an approximation can
be improved by means of a higher-order generalization of the power method. A more
efficient variant is presented in section 3.3. Section 3.4 deals with the choice of a good
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initial value. For supersymmetric (2x2x---Xx2)-tensors, the determination of the best
rank-1 approximation and the other symmetric stationary points of the higher-order
power algorithm is reformulated as a polynomial rooting problem in section 3.5.
Section 3.2 can be considered as a special but important case of the ALS technique
for the computation of the decomposition of a given tensor in a minimal sum of rank-
1 terms [1, 3]. The idea is to update the components of the approximation mode
per mode, which leads to a sequence of linear least-squares problems. However, in
the rank-1 case these least-squares problems have a trivial solution, which allows for
a faster approach, as explained in section 3.3. More background material on the
decomposition of a tensor in a sum of rank-1 terms can be found in [5].

3.1. Best rank-1 approximation. The problem we want to solve can be de-
scribed mathematically as follows.
Given a real Nth-order tensor A € RIV}12xIN  fing a scalar A and unit-norm

vectors UMD, U .. UM such that the rank-1 tensor A = AXUD o U@ o...o (V)
minimizes the least—squares cost function

(3.1) FA) =l A- A

over the manifold of rank-1 tensors.

This constrained optimization problem can be analyzed using the technique of
Lagrange multipliers. Therefore, we consider the following combination of f with the
constraint terms:

32) f& Z (@iyigin — )\ugll)ug) S T Z)\(" (Z n)) 1) ;

G142 IN in
in which A("™) (1 < n < N) are the Lagrange multipliers. Setting the derivative with

(n )

respect to u,; ° equal to zero yields

A Z Qg u(l) o ’U/(-nil)’u,(.nle) . ’LL(N)

AN Wiy inq In+t1 iN
11 ip—18n41° "IN

(3.3) :)\(n)ugz)_‘_)@ul(_:l) Z (u (1)) - (u (n— 1))2(u(n+1))2 - (u (N)) _

21 7‘n1 Tn+1 ZN
i1 ip—18n41° N

Derivation with respect to A(™ and ), respectively, yields

(3.4) S =1,

in

1 2 N 1 2 N
(3.5) Z“ i@ ™) = AZ WD P2 ()2,

1192 1N G192+

Combining (3.4) with (3.5) and with the right-hand side of (3.3) yields

(3.6) Z iyl Ul ulN) =,
’Ll’LQ
(37) A Z izt “) DD T = (2 A

i1l — lzn+1



BEST RANK-1 AND RANK-(R1, Ra, ..., Ry) APPROXIMATION 1329

Combining (3.4) with the right-hand side of (3.7), and comparing this to (3.6), yields

(3.8) Z ailigmmugll) Dy (N /\ugg).

ing int1 iN
Qi ving 1N

Summarizing, the Lagrange equations correspond to (1 < n < N):

)T

(3.9) A X, U(l)T o X U(nfl)T X1 Uyt . X N U(N)T - )\U("),

(3.10) Ax; UDT s, Uu@T oy u™T Z )
(3.11) JUM™| =1.

The best rank-1 approximation problem can also be formulated as follows.

THEOREM 3.1. Assume a real Nth-order tensor A € RI1*12XIN then the min-
imization of the cost function of (3.1) is equivalent to the maximization, over the
unit-norm vectors UV U@ .. UM of the function

3.12)  g(UW U, ™) = | Ax, uOT @7 T

If the scalar X\, corresponding to the Frobenius norm of A in (3.1), is chosen in
accordance with (3.10), then the functions of (3.1) and (3.12) are related by

(3.13) f=1IIAIP - g-
Proof. We have the following:
FOA) = A= AJ? = AI? = 2(A, 4) + | A]I%.

According to the definition of A, the value taken by (A, A) equals \2. Since UM,
U@, ..., UM have unit-norm, ||A|? = A? as well. Combination with the definition
of g proves the theorem. O

Remark 1. We defined the best rank-1 approximation problem as the minimiza-
tion of the distance between a given tensor and its approximation on the rank-1
manifold. Theorem 3.1 shows that this is equivalent to the maximization of the norm
of the projection of the original tensor onto the rank-1 manifold.

Remark 2. Theorem 3.1 is the higher-order generalization of the fact that the
computation of the best rank-1 approximation of a matrix A is equivalent to the
determination of unit-vectors U and V such that [UT AV|? is maximal.

3.2. A power algorithm. For the actual computation of the best rank-1 ap-
proximation of A, the Lagrange equations and their derivation can be interpreted
in a constructive way. Imagine that the vectors UM, ... u»—D g+l )
are fixed and that f in (3.1) is merely a quadratic function in the unknown uncon-
strained vector A U™, Equation (3.9) then simply shows how the optimal AU can be
computed for fixed UM, ... Uy yht) gV,

The full set of Lagrange equations (1 < n < N) can be linked to an ALS algorithm
for the (local) minimization of f(A): in each step the estimate of the scalar A and
the estimate of one of the vectors UV U@, ... UW) are optimized, while the other
vector estimates are kept constant. The result is shown in step 2 of Algorithm 3.2.
We remark that the expression
Ulgi)l =AXx Ul&-)lT o Xp—1 U/S-EUT Xn+1 U;EnH)T XN UIEN)T
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ALGORITHM 3.2.
HIGHER-ORDER POWER METHOD.
In: A € RIvxdzxxIn,
Out: A € RIvxI2xxIN: egtimator of best rank-1 approximation of A.
1. Initial values: Ué") is the dominant left singular vector of A(n) 2<n<
N) and/or repeat the algorithm for several initial values.

2. Tterate until convergence:
° U,Sr)l =A x4 U,EZ)T X3 U,E,S)T XN U,EN)T;
Aol = 10
Ulg}i-)l = 0221/)‘;1-31§
o 02, = Ax, UD < U®" - oxy UM
)‘592421 = ||ﬁlgi)1||7
Ul(:i—)l = ~22+)1/A§€211;
o O = Ay UL s U o U
N = 1001
0 =0
Converged values: UM UR) .. UW) A

3. A= 2NUD o U@ o6...0 UM,

can be written in matrix format as follows:
~(n 1 n—1 n+1 N
O™ = Ay - O, - 0UT N eu e .UM,

in which ® represents the Kronecker product.
Clearly this technique is a higher-order extension of the power method for matri-
ces [12]. The termination criterion could be formulated in terms of the accuracy of
T
components (e.g., |U,57fr)1 U,gn)| < efor 1 <n < N)orin terms of the quality of the fit
(e.g., /\,(;J\;)1 — )\,(cN) < €). With respect to the initialization, we refer to section 3.4.
Remark 3. For the best approximation of a supersymmetric tensor 4 by a super-
symmetric rank-1 tensor A = AU o U o --- o U, the derivation is analogous. (Super-
symmetric higher-order tensors are tensors that are invariant under arbitrary permu-

tations of their indices; examples are the basic quantities of HOS.) The equivalent of
(3.9) is

(3.14) Axq Ul oo, U U xy U =AU

This equation can as well be interpreted as an update of the unknown n-mode vec-
tor AU, while the other vectors UM, ... =1 yt) [N are fixed to U.
However, such an update breaks the symmetry of the estimate unless A and U already
corresponded to a supersymmetric solution of the Lagrange equation. A symmetric
version of the algorithm, based on the iteration

(3.15) ﬁk+1:./4><1 Ug X9 U]{"'XN—l Ug,

for which U,gl) = U}gz) =... =0, ,SN) = Uy, is unreliable since it does not necessarily
decrease the cost function f(A) in a monotonous way, as can easily be verified from
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F1G. 3.1. Depiction of Algorithm 1 for a typical example of a supersymmetric tensor in R2X2%2,
Abscis: the angle 9,(62) in U,i2) = (cos 9}(3) sin 9,(62>)T (in radians). Ordinate: the angle 9](63) in U,ES) =

(cos 9,&3) sin 91(93))T (in radians). Both angles are normalized to the interval (—m/2,+m/2]. The
small circle shows the initial guess obtained by HOSVD. The global optimum is (—0.3860, —0.3860).

examples. The fact that a power iteration produces unsymmetric intermediate results
is not observed for symmetric matrices: at the second-order level, each iteration
step involves only the knowledge of one intermediate vector, such that it is simply
impossible to compare the different n-mode vector estimates at a given iteration step.
Ezample 2. Figure 3.1 depicts step 2 of Algorithm 3.2 for a (2 x 2 x 2) example.
For different choices of 8y, determining initial vectors Ué2) = Uég’) = (cos by sinfy)7,

we plotted after each iteration the angle 91(3) inU ,53) = (cos 9,(63) sin 9£3))T versus the
angle 0122) in U, ,iz) = (cos 9,(62) sin 0,22))T. The angles were normalized to the interval
(—=m/2,4+m/2]. (The sign of the vectors does not matter, as can be seen from the
definition of the function g; as far as f is concerned, the sign can be incorporated in

the scalar A.) The tensor A that we consider is supersymmetric and defined by

ajll = 1.5578, a992 = 1.1226,
ailg = —24443, ag21 = —1.0982.

We observe that Algorithm 3.2 leads to unsymmetric intermediate results not
located on the main diagonal of the figure.

We also remark that there are two stable ((—0.3860, —0.3860), (0.7413,0.7413))
and two unstable ((—1.4052, —1.4052), (0.3347,0.3347)) symmetric stationary points
of the higher-order power algorithm. The first three correspond to the three solutions
of the Lagrange equation

(3.16) AxoUT x3UT = \U

on the unit circle ||U|| = 1. The solution (0.3347, 0.3347) is special: even after
convergence the three substeps of each iteration produce unsymmetric results, but
these effects compensate such that the overall power iteration is symmetric. The
global optimum is (—0.3860, —0.3860).



1332 LIEVEN DE LATHAUWER, BART DE MOOR, AND JOOS VANDEWALLE

3.3. Joint updates in the higher-order power algorithm. In the iteration
scheme developed in section 3.2, the estimates of the vectors UM, U@ ... UM are
updated one at a time. However, it is possible to update the estimates of two of the
vectors in a single iteration step.

Let us assume, for example, that the values of UV, ... U1, U,E"H), N A
are fixed and that U™ and U+ have to be updated. Theorem 3.1 then implies
that the optimal U and U™+ can be found as the dominant left and right singular
vectors of the matrix A x; UV ... x,_, yr=D7T X2 Uy U(N)T, since
g= \U<n>T (A x; U U L um T U<N>T) U2 the
corresponding value of g is the squared dominant singular value.

The efficiency of Algorithm 3.2 can be increased by resorting to modern techniques
for the estimation of the dominant singular triplet [12]. (Computation of the dominant
singular triplet by a matrix power algorithm would correspond to an iteration between
substeps n and n + 1 of step 2 in Algorithm 3.2.) Note that, in the terminology of
Algorithm 3.2, U,gn) and U,EnH) can be used as first approximations of U,grfr)l and

(n+1)
Uk+1 :

3.4. Starting value. Example 2 illustrates a major difference between the second-
order and the higher-order problem of best rank-1 approximation: for tensors, the
Lagrange equations can have several stable solutions. A descent algorithm, like the
higher-order power method, will reveal only the global optimum if the starting point
is in the attraction region of this global optimum.

Considering the fact that the best rank-1 approximation of a matrix is obtained by
truncating its SVD after the first singular value, it is clear that estimation of U™ as
the dominant left singular vector of the matrix unfolding A,y (1 <n < N) may yield
a good rank-1 approximation. As a matter of fact, this corresponds to truncation of
the HOSVD after the first term [9]. Another important difference between matrices
and higher-order tensors is that this approximation is not necessarily the globally
optimal one. (For example, in Figure 3.1 the estimate obtained by truncation of the
HOSVD is indicated by means of a small circle.)

However, in our simulations we have observed that the HOSVD estimate usually
belongs to the attraction region of the best rank-1 approximation. Hence we propose
to use the HOSVD estimate as the starting value for the power iteration derived
above; we assume that this iteration will not cause “jumps” to other attraction regions.
However, there is no absolute guarantee: we have been able to generate special cases in
which monotonous descent techniques eventually lead to a local optimum with a close-
to-optimal fit, but nevertheless different from the global optimum. In this respect,
repeating the optimization procedure for several initial values could be envisaged.

Ezxample 3. Consider a tensor B € R2*2%X2X2_ of which the nonzero entries are
given by

b1111 = 251, b1212 = 256,
ba121 = 24.8, bagos = 23.

Due to the symmetries b;jx; = brjs and bsjr; = by, the best rank-1 approximation
of B has the form A\UM o UR) o UM o U®); we write UM = (cosa sina)” and

U® = (cos 3 sin3)T. The function §; &t X1 U(l)T X9 U(z)T X3 U(l)T X4 U(2)T
corresponds to a weighted arithmetic mean of the nonzero entries of B:
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g1(a, B) = 25.1cos? acos® B + 25.6 cos® asin® 3
+ 24.8sin? acos? § 4 23 sin? asin? .

The global maximum of this function is 25.6, reached for « = 0 and 8 = 7/2; there
are no essentially different local maxima. According to Theorem 3.1, setting A = 25.6,
UM = (10)T, and U® = (0 1)T gives the best rank-1 approximation of B. On the
other hand, B is such that B(;) and B(y) each consist of mutually orthogonal rows,
arranged in order of decreasing Frobenius norm; hence truncation of the HOSVD
yields the vectors UM = (1 0)”7 and U® = (1 0)T, which belong to the correct
attraction region in a trivial way.
Now consider a tensor A € R2%2%2%2 equal to B, except for the entries

aiig1 = 03, as111 = 0.3.

A has similar symmetries as B. The function g e A x, v’ X9 v’ X3 uvm’ X 4
U(Q)T7 given by

(3.17) G2(a, 3) = g1 (e, B) + 0.6 cos® Beos asina,

is shown in Figure 3.2 by means of a mesh and a contour plot. The extra term in (3.17)
is small enough such that g; and g5 are similar—in particular, the global maximum is
the same—but it induces a local maximum (namely, (0.5536,0)) on the axis 5 = 0. On
the contour plot, the zero-gradient points of g, are indicated by means of “+” marks;
the global maximum is indicated by means of a small circle. A(;) and A () still have
nearly orthogonal rows, arranged in order of decreasing Frobenius norm. Truncation
of the HOSVD leads to vectors that are still close to (1 0)7; this corresponds to
the “x” mark on the contour plot. Because of the symmetry of go around the axis
B = 0, a gradient ascent starting from the truncated HOSVD will converge not to
the global maximum but to the local optimum (0.5536,0). The same holds for the
higher-order power algorithm: after each iteration the intermediate result was plotted
as a dot in the contour plot of Figure 3.2. Altering the ordering of the substeps
in Algorithm 3.2 yields comparable results. (Starting from the HOSVD guess, the
global maximum could be found, however, by alternating, as indicated in section 3.3,
between simultaneous updates of the mode-1 and mode-3 vector on one hand, and
on the other hand the mode-2 and mode-4 vector, beginning with the former.) It is
clear that this example is not an isolated case: the conditions that ensure that the
HOSVD truncate is in the wrong attraction region are still satisfied for sufficiently
small perturbations of A.

3.5. Best rank-1 approximation of supersymmetric binary tensors. The
best rank-1 approximation of supersymmetric (2 X 2 x - - - x 2)-tensors deserves special
attention, as it appears that the determination of the symmetric stationary points
of the higher-order power algorithm can be reformulated as a polynomial rooting
problem in this case. Despite its elementary character, the problem is very relevant:
e.g., in [11] we proved that it is intimately connected with the blind separation of a
linear mixture of two independent sources; separation of mixtures of a larger size can
be achieved by a Jacobi iteration over such elementary cases [4].

We first prove that there can be at most three distinct symmetric solutions to
the Lagrange equations for a supersymmetric (2 x 2 x 2)-tensor; the generalization
to arbitrary tensor orders is straightforward. For convenience we use the notation
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Fic. 3.2. The quality of the best rank-1 approzimation of the partially symmetric tensor A
i Example 3, for different values of a and 3. The “X” mark shows the initial guess obtained by
HOSVD. The global optimum is indicated by means of a small circle. The “+” marks correspond to
the zero-gradient points of the function g2, defined in the example. The intermediate results after
each iteration cycle of Algorithm 3.2, initialized with the first HOSVD components, are plotted as a
sequence of dots.

U = (¢ 5)T. Equation (3.16) corresponds to the following set of equations:

2 2
a111¢° 4 2a112¢8 + a1928° = Ac,

a21102 + 2a919cs + a22232 = As.
Eliminating A and claiming that ||U]|? = 1 yields

3 2 2 3
as11¢” + (2a212 — a111)c”s + (@222 — 2a112)cs” — a1228° =0,
A+s2=1.

On the unit circle a solution is entirely defined by ¢ = s/¢, each time corresponding
to the vectors (¢ 5)T and (—c — )T, which are not essentially different. The solutions
can be found by rooting the polynomial

az11 + (2a212 — a111)t + (ag2e — 2a112)t* — ajoet® =0,
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which has at most three distinct real roots. The same expression shows where the
derivative of § = A x1 UT x5 UT x3UT is equal to zero. Similarly, for an Nth-order
supersymmetric (2 X 2 x - -+ X 2)-tensor, there can be at most N distinct symmetric
solutions to the Lagrange equations; these solutions can be found as the roots of an
Nth-order polynomial.

On the other hand, it is also possible that a higher-order power iteration yields a
stationary solution that is characterized by a symmetric state U =U®) = ... = U,
but nevertheless produces an intermediate vector U that is different from U; e.g.,
see the solution (0.3347, 0.3347) in Example 2. Therefore, let us consider solutions to
the Lagrange equations of the type

(3.18) Ax UT xgUT = AU,
(3.19) AxoUDT s, U = AU

for a supersymmetric (2 x 2 x 2)-tensor A, where U (1) is not necessarily equal to U.
Equations (3.18) and (3.19) can be combined as

(3.20) BxyUT x3UT x4 UT = MU,

in which the tensor B is defined by b;;x; = Zp aijparip for all entries. Although B itself
is not supersymmetric, the solutions to (3.20) can be determined as above; at most
four distinct real solutions are possible. Similarly, for an Nth order supersymmetric
(2 X 2 X -+ x 2)-tensor, the solutions to the Lagrange equations

(3.21) AxoUT xgUT . xy UT = XU,
(3.22) Ao UDT 5 UT - iy UT = U

can be found by rooting a polynomial of degree 2N — 2.

The determination of arbitrary unsymmetric stationary points of a higher-order
power iteration is much harder than the analysis of the two specific cases above; it
generally leads to sets of polynomial equations and will therefore not be considered.

4. Higher-order orthogonal iteration. In this section we generalize the best
rank-1 approximation problem of the previous section in the sense that the approxi-
mation should now have prespecified mode-1 rank, mode-2 rank, etc. The derivation
of the computational procedure follows a similar scheme. In section 4.1, we give two
related formal definitions of the approximation problem. Section 4.2 is devoted to the
actual computation of the solution.

The derivation follows roughly the same lines as in the work by Kroonenberg [13,
14], Kroonenberg and de Leeuw [15], and ten Berghe, de Leeuw, and Kroonenberg
[19], but with some modifications in the practical implementation. On the other hand,
the overall presentation is intended to clarify the general linear/multilinear framework
underlying the best rank-R/rank-(R1, Ra,..., Ry) approximation problem. The al-
gorithm that we present is a square-root version of the Kroonenberg algorithm, which
increases the accuracy, as is well known [12]. Next, the computation scheme can be
based on the calculation of dominant subspaces, rather than individual singular vec-
tors, resulting in a higher efficiency. The algorithm will be interpreted as a multilinear
generalization of the technique of orthogonal iterations [12]. An important remark
concerns the initialization of the algorithm. Kroonenberg, de Leeuw, and ten Berghe
initialized their algorithm with a truncated HOSVD, but it was indicated that only



1336 LIEVEN DE LATHAUWER, BART DE MOOR, AND JOOS VANDEWALLE

local optimization was guaranteed. In section 3.4 we have demonstrated that initializ-
ing optimization routines with a truncated HOSVD does not always lead to the global
optimum, though it is our experience that defective cases are rarely met.

4.1. Best rank-(R;, R2,...,RyN) approximation. In this section we gen-
eralize the best rank-1 approximation problem of the previous section to the best
approximation by a tensor with prespecified mode-1 rank, mode-2 rank, etc. For-
mally, the problem we want to solve can be formulated as follows.

Given a real Nth-order tensor A € RI1*12XIN find a tensor A € RItxT2xIn
having rank;(A) = Rj, ranky(A) = Rs,...,rankx(A) = Ry, that minimizes the
least-squares cost function

(4.1) FOA) = |4 - A%
The n-rank conditions imply that A can be decomposed as
(4.2) A=Bx; UD x, U ... xy UWN),

in which UMW € RLixfr U@ ¢ RExF2 W) ¢ RIVXAN each have orthonormal
columns and B € RFaxR2x- xRy

Actually it is sufficient to determine the matrices UM, U® . UW) for the
optimization of f. For any estimate of these matrices, the optimal tensor B is given
by the following theorem.

THEOREM 4.1. Assume a tensor A € RIVXIN and consider a tensor A €
RO XIN g5 i (4.2). For given matrices UM, U . UWN) | the tensor B that
optimizes f(A) = || A — A||? is given by

(4.3) B=Ax, UM 5, U@’ xyu™?,
Proof. The optimization of
f=|A-B x; UMD x, U@ ... XNU(N)H2

for the unknown elements of B is merely a classical linear least-squares problem. It
corresponds to the least-squares estimation of the solution of the following set of linear
equations, which is possibly overdetermined:

BX]U(l) ><2U(2).. XNU(N) :_A

Taking into account that UM, U®) . UW) have orthonormal columns, these ma-
trices can be brought to the other side of the equation by (n-mode) multiplication
with the transposed matrices. O

Remark 4. Theorem 4.1 is the multidimensional equivalent of the optimal choice
of A in (3.10).

Analogous with Theorem 3.1 we state that the best rank-(Ri, Ra,...,Ry) ap-
proximation problem can also be formulated as follows.

THEOREM 4.2. Assume a real Nth-order tensor A € RIW<X12X--IN. then the
minimization of the cost function of (4.1) is equivalent to the maximization, over the

matrices UD U UWN) having orthonormal columns, of the function
(44)  g(UW U, . W)= HA UL s, U@y U<N>TH2 .
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If the tensor B, the Frobenius norm of which equals the Frobenius norm offl in (4.2),
is chosen in accordance with (4.3), then the functions of (4.1) and (4.4) are related by

(4.5) f=1AFP - g

Proof. We look for the relations between the definition of g and the terms in the
following expression for f:

FOA) = |A = AJP* = [lA* = 2(A, A) + | A)*.
First, the definition of the inner product allows us to write

(A, A) = (A, B x; UM 5, U@ ooy U

= (A x, uvw? Xg v’ ... X N U(N)T’B>
= |IB||*.

Next, since UM, U®R) .. UM have orthonormal columns, they do not affect the
Frobenius norm

IAI* = [IB]J*.
Substitution of the preceding expressions in the equation for f yields
FOA) = [lA]I2 - |1B]1%.

Combination with the definition of g proves the theorem. 0

Remark 5. Basically, the best rank-(R1, Rs, ..., Rx) approximation problem con-
sists of the determination of a reduced n-rank tensor A that explains as much of the
“energy” (sum of the squared entries) of a given tensor A as possible under the given
n-rank constraints. Theorem 4.2 implies that this problem is equivalent to the explicit
maximization of the energy of the approximation.

In other words, we are looking for a basis of rank-1 tensors {Ur(l1 ) OUT(ZQ o ~0Ur(1]y)},

in which Ul("), UQ(”), cee UI({:) are mutually orthonormal (1 < n < N), such that the
norm of the projection of A onto this basis is maximal.

4.2. An orthogonal iteration. For the actual computation of the best rank-
(R1, Ra, ..., Ry) approximation of A, let us interpret the function g in the following
way. Imagine that the matrices UM ... U= ult+ UM are fixed and
that g in (4.4) is merely a quadratic expression in the components of the unknown
matrix U™ consisting of orthonormal columns. We have

(4.6) g = [d™ x, uMT|2,
in which
47 U™ A, U0, ue DT gt T

Hence the columns of U™ can be found as an orthonormal basis for the dominant
subspace of the n-mode space of Y.

Repeating this procedure for different mode numbers leads to an ALS algorithm
for the (local) minimization of f(A): in each step the estimate of one of the matrices
UM, U@, . UWN is optimized, while the other matrix estimates are kept constant.
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ALCORITHM 4.2.
HIGHER-ORDER ORTHOGONAL ITERATION.
In: A € RIvxXIzxxIn,
Out: A € RIxI2xXIn: estimator of best rank-(Ry, Ra, ..., Ry) approximation
of A.
1. Initial values: U(()n) € RInXEn  of which the columns form an orthonormal
basis for the dominant R,-dimensional left singular subspace of A, (2 <
n < N) and/or repeat the algorithm for several initial values.
2. Tterate until convergence:
N T T T
o U = Ax, UP 3 UP oy UM
Maximize over UM e RIlXRlTWith U U —1.
~(1
R(OW) = U, < OO
max(h(UM)) = (UL = A1 ;
O _ @ .
Uk+1 - Umax,
T

~ T T
o UP = Ax; UY 3 UP oy UM

Maximize over U) € R X2 with U UC) = 1.
h(U®) = U <2 U
2 2
max(h(U®)) = h(UEh) = A2,;
e ...
~ T T T
o U = Axa U s UR) v U

Maximize over UW) ¢ RINXEN with UMy — 1.
RU™) = |G <y UM
max(h(UM)) = h(URN)) = AN,
Ul - vl
Converged values: UM, U®R) UWN) B = UN) x N U(N)T.
3. A=Bx; UL x, UR) ... x y UW),

The result is shown in step 2 of Algorithm 4.2. Note that (4.7) can be written in a
matrix format as follows:
fjgzg = A(n) . (U("""l) R -Q uw ® um R -® U("—l))_

Clearly this technique is a higher-order extension of the orthogonal iteration for
matrices [12]. A major difference, in some sense also with the higher-order power
method, is that each iteration step involves not only the computation of a multilinear
transformation but also the estimation of a dominant subspace.

As far as supersymmetric higher-order tensors are concerned, higher-order orthog-
onal iterations—Ilike higher-order power iterations—yield unsymmetric intermediate
results.

As with higher-order power iterations, it makes sense to initialize the higher-
order orthogonal iteration with column-wise orthogonal matrices of which the columns
span the space of the dominant left singular vectors of the matrix unfoldings A,
(1 < n < N); this corresponds to truncation of the HOSVD [9]. We refer to section 3.4.

The complete higher-order orthogonal iteration algorithm, for a tensor A €
RIvxIzxxIn ig presented in Algorithm 4.2.
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With respect to Algorithm 4.2, we remark as follows:

(1) It is not required that the columns of U,(Cn) (k>0and 1 <n< N) coincide
with the left singular vectors of the matrix from which they are derived. It is sufficient
to compute an arbitrary orthonormal basis for the R,-dimensional dominant subspace.

(2) The projection of U;") on the n-mode space of Z;{,ii)l gives a first estimate of

the dominant R,-dimensional subspace in the calculation of U,(;Ql. For a discussion
of fast subspace computation methods, we refer to [12, 6].

(3) The stop criterion used in the algorithm for the computation of a dominant
subspace, can be based on the value of h(U(”))7 which corresponds to the square root

of the function g that has to be optimized (see (4.6)). In terms of the accuracy of the

components, the termination criterion can take the form of, e.g., ||U§€n+)1T : U,(Cn)”2 >
(I1-€eR, (1<n<N).

(4) In comparison with the situation in section 3.3, jointly updating the estimates
of two of the matrices UM, U@ ... UW) can be quite involved. Let us assume, for
example, that the values of U(l),...,U("_l),U,(an),...,U(N) are fixed and that
U™ and UM™Y have to be updated. Theorem 4.2 then implies that the optimal
matrices U™ and U™*Y can be found as the column-wise orthonormal maximizers of
[(Ax, UMD, U0 s oues2 T ooy U« ot T2,
This involves the estimation of some kind of “simultaneous” dominant subspaces of
R1R2 s Rn_an+2 s RN matrix slices Of.AXlU(l)T e Xp—1 U(n_l)T Xn+2 U(n+2)T
Ce XN U(N)T, which is a nontrivial problem if R1Rs--- Ryp_1Rnpt2--- Ry > 1.

Example 4. Consider a tensor A € R3*2%2 defined by the following matrix
unfolding:

0 —1]1 4
Ap=|2 —2/3 -5
4 3|5 6

The left singular matrices of A1y, A(2y, and A3y are given by

—0.2465 —0.4993  0.8306
UM = 05217 06539 05479 |, U(2)2<8'égég gfiig)
0.8167 —0.5684 —0.0994 ' '

U® — < 0.5105 0.8599 )
—0.8599 0.5105
The singular values equal (a) 11.0753, 3.5498, and 3.2768, (b) 10.6975 and 5.6181,
and (c) 10.5162, 5.9506, and 0, respectively.

Truncation of the HOSVD after the first term in each mode gives a rank-1 ap-
proximation of A of which the Frobenius norm equals 10.0470. This value is increased
to A = 10.1693 by a higher-order power iteration (Algorithm 3.2). The evolution of
the norm during the iteration is given by the solid line in Figure 4.1. The best rank-1
approximation AV o V2 o V) ig given by

—0.2515
@ _ (2 _ ( 01344 @ [ 0.5765
vor= | osss ) ve = (Gane ) ve=( i)
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Fi1G. 4.1. Evolution of the norm of the approximation A of the tensor A in Example 4, during

the higher-order power iteration or higher-order orthogonal iteration, as a function of the iteration

step k. Solid line: computation of the best rank-1 approximation. Dashed line: computation of the
best rank-(2,2,1) approzimation.

The best rank-(2, 2, 1) approximation of A, decomposed as Bx1 W) x, W) x 3 W)
as in (4.2), is given by

wlh = 0.5984 —0.7806 |,

0.7511 0.4681

—0.2789  —0.4141
B<1>:( 0.0000 | 2.7607

10.1473 | 0.0000 )

(2 _ [ 0.0982 —0.9952 @ _ ( 0.5105
w _(0.9952 0.0982 ) W =1 —o.s599 )-

The Frobenius norm of this approximation equals 10.5162. The evolution of the norm
during the higher-order orthogonal iteration (Algorithm 4.2) is given by the dashed
line in Figure 4.1.

Example 5. As an alternative for section 4.2, one could think of a generalized
deflation approach for the computation of the best rank-(R;, Ra,..., Ry) approxi-
mation, i.e., one could wonder whether the result could not easily be obtained by
means of successive rank-1 approximations. In this example we will show that such a
procedure is not straightforward.

Consider the supersymmetric (2 x 2 x 2)-tensor A of which all the entries are
equal to 1 except for aj;; = 2. Obviously, the best rank-(2, 2, 2) approximation is .4
itself. The best rank-1 approximation A\; U; o Uy o U7 can be computed as explained
in section 3.5. Next, we consider the best rank-1 approximation Ay Uy o Us o Us of the
residue, and so on. We obtain

A1 =3.2560, A2 =0.5235, 3= —0.3213, ;= —0.1287, A5 = 0.0597,
Ao = 0.0264, A7 = —0.0118, Ag=0.0053, g = 0.0024,
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and so on, and
U, — 0.7981 - 0.9186 Un — 0.0392
Y7V 06025 )0 72T\ —03952 )0 TP T\ —0.9992 )7
U, — 0.8733 _ 0.8252 Ue — 0.1355
704872 )0 TP —05649 )0 YO\ 0.9908 )7
0.9469 0.7112 0.3107
Ur = < 0.3217 ) » Us= < ~0.7030 ) Uo = ( 0.9505 ) ete.
We observe that, in contrast to the matrix case, A cannot immediately be derived
from these rank-1 approximations. Neither is there a straightforward link between

the series of rank-1 approximations and the decomposition of A in a minimal number
of rank-1 terms; the latter decomposition is given by A = X7 0X;0X; 4+ Xs0X50Xo,

in which
1 1
X1 N < 1 >7 X2 - ( 0 )

5. Conclusion. There are some remarkable relations, but there are also some
striking differences, between the best rank-R approximation of a matrix and the best
rank-(Rq, Ra, ..., Rn) approximation of an Nth-order tensor:

(1) Unlike the matrix case, the least-squares cost function can show several local
optima for higher-order tensors.

(2) For matrices, the best rank- R approximation is obtained by setting the small-
est singular values equal to zero while keeping the R largest ones. Truncation of the
HOSVD may yield a good tensor approximation, but this approximation is generi-
cally suboptimal. However, our simulations suggest that there is still a weak link: it
is observed that for well-conditioned problems the HOSVD estimate usually belongs
to the valley of the least-squares cost function, corresponding to the global optimum.

(3) One way to obtain the dominant R-dimensional subspaces of the row and
column space of a matrix is the power iteration (R = 1) or orthogonal iteration
(R > 1). Higher-order generalizations of these techniques take the form of ALS
algorithms, which can be used to enhance the fit between a tensor and a rank-1 or
rank-(Ry, Ra, ..., Ry) approximation of it.

(4) A higher-order power iteration step basically consists of a multilinear map-
ping instead of merely a linear transformation. In addition, higher-order orthogonal
iterations can involve the estimation of a dominant subspace.

In the literature of psychometrics, the least-squares approximation of a multiway
dataset by a dataset with reduced n-mode rank values is known as multimode factor
analysis. In this paper, we have further contributed to a linear/multilinear algebraic
framework for the best rank-R/rank-(R;, Ra, ..., Ry) approximation problem. We
have presented a square-root algorithm, in which an iteration step is based on a multi-
linear mapping, followed by the estimation of a dominant subspace; this technique was
interpreted as a higher-order generalization of the method of orthogonal iterations.
We have demonstrated that starting the iteration from a truncated HOSVD does not
lead to the global optimum in all possible cases. We have paid special attention to
the case of supersymmetric tensors, in view of applications in, for example, HOS.
We have extensively discussed the fundamental best rank-1 approximation problem.
For supersymmetric (2 X 2 X - -+ x 2)-tensors, the determination of the best rank-1

=

3



1342 LIEVEN DE LATHAUWER, BART DE MOOR, AND JOOS VANDEWALLE

approximation and the other supersymmetric stationary points of the higher-order
power algorithm has been reformulated as polynomial rooting problem.

Finally we remark that, as with matrices, the efficiency of higher-order power and
orthogonal iterations could further be improved by means of a preprocessing consisting
of a finite number of steps in which some tensor entries are set equal to zero. To this
end, a higher-order equivalent of the Hessenberg decomposition is proposed in [10].
However this technique is less interesting for tensors than it is for matrices: the relative
speed-up becomes smaller for larger tensor order N, as the matrices in which zeros
are obtained (e.g., the matrices for which at least one index is equal to one, in the case
of square tensors) form a relatively decreasing part of the tensor as N is increased.
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