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A bound on the uncertainty of the Lagrange multiplier due to experimental scatter in the input frequencies is provided.

An inequality relating experimental and inherent uncertainties is derived. The product of the inherent uncertainties of a
constraint and its conjugate variable is shown to have a minimal value of unity.

1. Introduction

The experimental determination of the frequencies
of different outcomes is necessarily subjected to some
scatter. In the maximum entropy formalism [1,2] one
attempts to fit the measured frequencies by a theo-
retical distribution computed by the maximum entro-
py (subject to constraints) procedure. The quality of
the fit can only be improved by including additional
constraints. There may come a point however where
the addition of further constraints serves only to fit
the noise. Given the magnitude of the relative error
in the individual frequencies, it was previously shown
possible to identify that point [2]. Loosely speaking
one can say that constraints need be added until the

average squared fractional deviance between the ex-
perimental frequencies and the theoretical probabili-
ties is below the average squared fractional error in
the frequencies. This latter quantity will play an essen-
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tial role in the present discussion and will be denoted
by s2,

& = 2F6riP- )
Here f; is the frequency of the ith outcome and
8f;/f; =8 In f; is the fractional error.

Even when the number of constraints has been
determined there remains the problem of what range
of mean values of the constraints (or, equivalently,
what range of values for the Lagrange multipliers) is
consistent with the given noise level in the observed
frequencies. In other words, the practical question is
how to assign theoretically well-defined error bars
to the Lagrange parameters; error bars which reflect
the experimental errors in the frequencies.

In addition to the experimental uncertainty in the
mean value of a constraint there is also an inherent
uncertainty, measured by its variance. This inherent
uncertainty reflects the inevitable fluctuations that
can occur in any finite number of observations. We
shall show that the experimental and inherent uncer-
tainties are related via the inequalities (19). Moreover
we shall show that the inherent uncertainty in a con-
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straint and in its conjugate variable satisfies an uncer-
tainty relation. The minimal value of the uncertainty
product occurs when the distribution is of maximal
entropy subject to that constraint.

The mathematical development in sections 3 and 4
will assume, for simplicity, that a single constraint
(in addition to normalization) was found sufficient
to account for the observed frequencies to within
their error bars. All the results can however be extend-
ed to the case of several constraints.

Applications of the practical bound for the uncer-
tainty of the Lagrange parameter, eq. (19b), are report.
ed in two papers in press [3,4].

2. The fundamental inequality

The fundamental inequality relates the inherent un-
certainty (the variance) and the uncertainty due to
the variation of the frequencies (which is due to experi-
mental scatter or for any other reason).

Let {f;} be the experimental distribution and 4 an
observable whose value in the state 7 is A(7). The
variance of 4, A2(A ), is defined as usual, by

82(4) =25 f;[4@) — 12, @
1
where (4) is the average value
“y= 2240)f;. 3)
1
Let &f; be the uncertainty in f;, such that normaliza-
tion is conserved, Z8f; = 0. Changing the f; by 8f;
changes (4) by 6¢A4),
8(4)= 20 AG)SF;. )
1

Since typically we only know the absolute magni-

tude but not the sign of §f;, (4) does not, in general,

offer a practical way to estimate 5{4).
Using the Cauchy—Schwarz inequality:

1/2 12
1 i
with equality if and only if 4; is proportional to b;, it

i
follows that
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[6<4 =

22AG)5,;

= ’Z)[A(i)—m)]af,.

= ’E [A(G) — ()] f3 In;
112 172
< [Ef,- (4@ — )] 2} [E 16 mf,.)z]

= A(A)s, ©)

with equality if and only if 8 In f; = §f;/f; is propor-
tional to A(F) — (4),

—5f,/f; = SA[A() — ()], Q)

=5 In (f;/£2) = SX[A() — (4)]. ®)

In (7) and (8), A is used to denote the coefficient of
proportionality and fl-0 is any constant distribution.

3. The practical inequalities

The inequality (6) offers a practical bound for the
error, 6{4 ), in the mean value of 4. The input is the
inherent uncertainty, A(4), of 4 [cf. (2)] and s which
can be computed [cf. (1)] using only the squared frac-
tional error, (§ fl-/f,-)z, in the frequencies. The bound is
tightest when f; is a distribution of maximal entropy
subject to {4) as a constraint [cf. (12) below].

The inequality (6) is valid for any observable 4 and
any set of frequencies {f;}. Say however that it proves
possible to fit f; to within the error bars by a theoreti-
cal distribution p; which is of maximal entropy subject
to A4 as the constraint,

p;=pY exp[-M() — ). ©)

Here A is that function of A which ensures that
{p;} is normalized

exp(Ng) = P;p? exp[~M()], (10)

and we proceed to write down three known identities
which follow from (10):

U, = 23 AG)p; = —gJON, an

d1n p;fon = —[A(F) ~ (4], (12)
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and, denoting the variance of 4 for the distribution
{p;} by A2(4),

8, /00 = 23A()p; dlnpylon = A2(4), (13)

where we used (12).

A rough and ready derivation of the second practi-
cal inequality can now be given as follows. Let {p;}
be the theoretical fit for { fi}. Then, from (13), the

error bar, §X, on the Lagrange parameter is estimated
from

SN~ (ON/A),)8¢4), = 5(4),/A2(4).
Now, by construction, (4} ={A)rand, when fis

(14)

changed to f'=f +68fit can still be fltted by a distribu-

tion of maximal entropy, p' = p + §p such that *
(4)y ={A)s. Hence, 5¢A4),, is just 6(4) as defined in
(4) Usmg the first 1nequahty, (6), in (14)

A< SAHA)/AZ(4)~ s/ A, (A). (15)

'In section 4 we shall argue that a variance can be
defined for A and that an alternative form of the in-
equality (15)is

S sAQY,
where [using (22) in (15)]
A2\ = A2(31np/a(4)) = 2ap3 In py AN, (17)

(16)

In (17), the set of values {d In p;/9¢(4}} is regarded as
an observable whose variance can then be computed.

Noting that Z9p;/dX = 0 it also follows from (12) and
(13) that

A2(4)= ;pi(a Inp;/ON)? = A2@Inp/ar).  (18)

When the distribution of maximal entropy fits the
frequency data to within the error bars we infer [21,
that but for the inevitable scatter, the “true” distribu-
tion is one of maximal entropy. Hence, both bounds
are saturated and their final practical form is

5(AY< sA(4), (192)

< s/A@A), (19b)
* It is important to note that it is here that we are using the

assumption that the distribution of maximal entropy subject
to A fits f to within its error bars.
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or in a symmetric fashion

SA8(AY <52 (19¢)

Egs. (19) are the practical working expressions.
A(A4) is computed by (2), s by (1) and 8\ and §(4) are
to be interpreted as absolute values.

The central practical point is that the bounds (19)
can be computed in terms of the squared fractional
error in the frequencies and are valid irrespective of
magnitude of the error. To stress this point consider |
the possibility that while {f;}i 1s not the prior distribu.
tion, the prior distribution, {p } daes lie within the
error range f; + 8 f;. We show explicitly in the appendix
that one would then conclude that [5A] > |\, or in
words that A = 0 (which is the prior distribution) does |

lie within the acceptable range for A.

4. The uncertainty relation

But for the direction of the inequality, (19¢) looks
like an uncertainty relation between two conjugate
variables. In this section we indeed show that the in-
herent uncertainties do satisfy an uncertainty relation.

In order to avoid any potential misunderstanding
it should be stressed however that there is nothing
quantum mechanical about our result. While our proof
uses an observable 4 with a discrete set of values it can
easily be modified for a continuous distribution. All
that we do, is offer one more reason why, in the maxi-

‘mal entropy formalism one can speak of “conjugate”
variables [5].

Let {g;} be some distribution such that the values

q; may depend on the mean value (4 >q of A. Now,

1= 3040, [3(4), = 20 A()dq;/3(A),. (20)
l

Using again the Cauchy —Schwarz inequality, and re-
peating the steps that led to (6), we obtain **

Ay (4)A, (3 In q/34))> 1. @1

Equality obtains in (21) when {g;} is that distribution

which is of maximal entropy subject to (A) as the
constraint, or

** When the inequality (21) is written as AZ(A) 1/Aq i
X (0Ing/a(4)) it is seen to be a special case of the “Cramer

—Rao” inequality [6], which is used in statistics to estimate
the variance of 4.
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Au(A)Ap(a In p/a{d))=1. (22a)

Using (18) we can also write

13,2 1n pION) 8 (2 Tn pDCAN) = 1. (22b)

Finally, although we shall not prove it here, one can
define A2(), the variance or inherent uncertainty of

A such that AQA) = 4, (3 In p/a<A)) or
AA)A) = 1. (22¢)
Multiplying both sides of (22c) by 52 we recover

the practical result (19¢). Indeed, the derivation of
the practical inequality can also be rephrased as
follows: If {f;} and its uncertainty can be well fitted
by {p;}and its variation we infer that the experi-
mental scatter is due primarily to the uncertainty in
the value of {(4). Hence

5= A3 In'p/d(A)5(A). 23)

On multiplying both sides of (22a) by §(4 ) and using
(23), the inherent uncertainty relation (22a) implies
the practical bound (19a).

In the same sense that the Lagrange parameter is
conjugate to the value, (4), of the constraint, the un-
certainty relation shows that the observable o In p/
oA is conjugate to the observable A. This very much
conforms to the role of the observable 9 In p/3{4)in
the maximum entropy formalism [7,8].

5. Summary

The effect of inevitable experimental scatter in the
measured frequencies on the values of the constraint
and of the Lagrange parameter was discussed. The re-
sulting uncertainty in either of these values could be
bounded by a product of s, which is a measure of the
experimental noise, times the inherent uncertainty,
e.g. eq. (6). The bound is saturated when the distribu-
tion is one of maximal entropy. It was also shown that
irrespective of the extent of noise in the experimental
data, the product of the inherent uncertainties in the
values of a constraint and of its conjugate variable ex-
ceeds or equals unity and is equal to unity if and only
if the distribution is of maximal entropy subject to
that constraint.
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Appendix. An exact expression for the experimental
uncertainty product

Let {p;}and {p;} be two distributions of maximal
entropy subject to A as a constraint. The value of the
constraint is (4 )p and (4 )p,, respectively and, in this
appendix, 6{A4)={4 Y — (4 )p- It follows immediately
from (9) that

8N = 25 (pi — p)In (p}fp;), (A1)

where 8 =\ —\'. Note also that (A1) is non-negative
and vanishes if and only if p; = p;.

Using the in¢quality In(1 + x) <ux (valid for x > —1,
x # 0), it follows

2}~ p)In (i)

< f@(p,’- — I} - ;] = 52, (A2)

where s is defined as in (1). This offers an alternative
proof of (19¢).

Say now p; is the prior distribution. Then A’ = 0
and from (A1) and (A2) A8¢4) < s% but &) is com-
puted as §\ = s2/5¢(4). Hence 5 = A, Q.E.D.

If, due to over enthusiasm, we disregard the per-
formance criterion in ref, [2] and do impose a con-
straint even when it is not warranted (due to the large
error bars on the frequencies), we shall find that un-
certainty in the Lagrange parameter exceeds its ab-
solute value. See refs. [3,4] for explicit examples.

The inequality (A2) also implies that s2 > §(4)6)
where equality obtains only when both sides tend to
zero. It follows that the product of the inherent un-
certainties retains its value even when the experiment
is made precise to any desired degree (i.e. as s > 0). In
other words, writing (19a) and (19b) as

AA)AQN) = 5(4)5)/s2, (A3)

the left-hand side has a finite limit (unity) as s > 0.
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