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Abstract
We show that an analog of the Johnson-Lindestrauss (JL) lemma for dimension reduction in l1 can
be established using linear projections and nonlinear estimators. Previous studies have proved that
no JL lemma exists for l1 using linear estimators. We develop two nonlinear estimators including a
strictly unbiased estimator and an improved estimator based on the maximum likelihood. While the
maximum likelihood estimator (MLE) does not have a closed-form density function, we propose
highly accurate closed-form approximations.

Sampling is also effective for dimension reduction in l1. We apply a sketch-based sampling
technique for l1 dimension reduction, which is a combination of sketching and sampling and is
particularly advantageous when the data are sparse.

Our results will be useful for applications concerning pairwise l1 distances, including clus-
tering, nearest neighbor searching, as well as approximating l1 kernels for (e.g.) support vector
machines (SVM).

Keywords: Dimension reduction, l1 norm, Random projections, Sampling, JL bound

1. Introduction

This paper focuses on dimension reduction in l1. Many known results for l1 dimension reduction
are negative, mainly because they were restricted to linear estimators. Indyk (2000, 2001) proposed
Cauchy random projections, utilizing the “1-stable” property of the Cauchy distribution (Zolotarev,
1986). Unlike normal random projections for approximating l2 distances (Vempala, 2004; Achliop-
tas, 2003), there are no “simple linear estimators” for recovering the original l1 distances, as the
Cauchy distribution does not even have a finite first moment. More recently, (Charikar and Sahai,
2002; Brinkman and Charikar, 2003; Lee and Naor, 2004; Brinkman and Charikar, 2005) proved
that there is no analog of Johnson-Lindestrauss (JL) embedding lemma for l1, if we are restricted
to linear estimators. As a consequence, the distortions for l1 dimension reduction based on linear
projections and linear estimators are large.
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In this study, we show that l1 dimension reduction is not as pessimistic if the goal is to recover
the original l1 distances from projections or sampling. For Cauchy random projections, we propose
two nonlinear estimators based on statistical estimation theory, an unbiased estimator and a maxi-
mum likelihood estimator (MLE). The unbiased estimator enables us to prove an analog of the JL
lemma for l1. The maximum likelihood estimator further improves the unbiased estimator.

Sampling is another option for dimension reduction in l1. In fact, we can estimate distances in
any norm (e.g., l1 or l2) from random samples by a simple scaling. The key behind the JL bound is
that the data have exponential tails. Therefore, if the data are generated from some common thin-
tailed distributions such as normal or gamma, the JL bound does exist using sampling. In severely
heavy-tailed data, however, sampling may cause quite large errors.

For sparse boolean data, Li and Church (Li and Church, 2005a,b) developed a sketch-based
sampling algorithm for dimension reduction. This general technique can be considered a combi-
nation of sampling and sketching (hashing), as it generates random samples online from sketches
of the data. We show that it is straightforward to extend the algorithm to estimating l1 distances in
general real-valued data. This technique is advantageous when the data are highly sparse, often the
case in large-scale data mining applications.

1.1 Motivations for Dimension Reduction

In modern learning and data mining applications, very large datasets are often encountered. We
denote a data matrix by A ∈ R

n×D, i.e., n data points in D dimensions. Both n and D can
be very large, for example, A can be the term-by-document matrix at Web scale, or the market
basket data for Amazon or Wal-Mart. Many operations on the data matrix are based solely on the
pairwise distances, such as multidimensional scaling, clustering, or nearest neighbor searching, as
well as SVM kernels. Computing all pairwise distances for A costs O(n2D), often infeasible;
hence dimension reductions would be desirable. In addition, after reducing the dimensions, the data
may be small enough to reside in the main memory hence many tasks (e.g., information retrieval,
database query optimizations) can be efficiently conducted in the memory.

A popular technique called random projections multiplies the original data matrix A by a ran-
dom matrix R ∈ R

D×k to generate a small projected data matrix B = AR ∈ R
n×k, with k �

min(n,D). For dimension reduction in l2, we often let R consist of i.i.d. standard normal N(0, 1)
entries; and hence we name it normal random projections. The well-known Johnson-Lindestrauss
(JL) lemma (Johnson and Lindenstrauss, 1984) says that we need only k = O

(

log(n)/ε2
)

so that
the l2 distance between any pair of data points can be estimated within (1±ε) fraction of the original
l2 distance, with a high probability.

Dimension reduction techniques are often crucial in machine learning, for example, the various
projection pursuit and spectral projection algorithms (Friedman, 1987; Vempala and Wang, 2002;
Kannan et al., 2005; Achlioptas and McSherry, 2005). Dasgupta (1999) applied random projections
for learning mixtures of Gaussians. For training on large datasets using kernel machines (e.g.,
SVM), computing the Gram matrix (e.g., AA

T) and kernels could be very time-consuming and
various projections or sampling methods have been suggested for speeding up the computations,
e.g., (Smola and Schölkopf, 2000; Williams and Seeger, 2000; Achlioptas et al., 2001; Fine and
Scheinberg, 2002; Drineas and Mahoney, 2005a,b; Keerthi et al., 2006).
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1.2 Motivations for l1 Dimension Reduction

It is well-known that the l1 distance is far more robust than the l2 distance against “outliers,” i.e.,
exceptionally large-valued data points. There are numerous success stories on using the l1 distance,
for example, Lasso (Tibshirani, 1996), 1-norm SVM (Zhu et al., 2003).

There are also l1 norm SVM kernels such as the Laplacian radial basis kernel.1 As reported
in (Chapelle et al., 1999; Ferecatu et al., 2004), in some applications (e.g., histogram-based image
classification), the l1 norm kernels perform better. Hein et al. (2004); Hein and Bousquet (2005)
proposed various kernels on probability measures including the total variation kernel. In a discrete
form, the total variation distance is the l1 distance between two probability measures. The technique
for dimension reduction in l1, therefore, will also be applicable for efficiently computing the SVM
kernels involving the l1 norm.

1.3 Paper Organization

The rest of the paper is presented as follows. Section 2 briefly reviews the Cauchy random projec-
tions, for which simple linear estimators are provably bad. Section 3 presents our recommended
procedure for Cauchy random projections before giving any detailed proofs. Section 4 presents
some nonlinear estimators. In particular, we show that an analog of the JL lemma exits for l1 using
a strictly unbiased estimator. Section 5 is devoted to developing a bias-corrected maximum likeli-
hood estimator, whose first four moments are derived. The distribution of the estimator, however,
can not be exactly characterized. Hence in Section 6, we propose some approximations. The in-
verse Gaussian approximation is remarkably accurate. In Section 7, we introduce a sketch-based
sampling approach for dimension reduction in l1. Section 8 concludes the paper.

2. Introduction to Cauchy Random Projections

We give a brief introduction to Cauchy random projections for l1 dimension reduction. The idea
was originated from Indyk (2000, 2001).

We denote the original data matrix by A ∈ R
n×D, i.e., n data points in D dimensions. Let

{uT
i }n

i=1 ∈ R
D be the ith row of A. Let R ∈ R

D×k be a random matrix whose entries are i.i.d.
standard Cauchy random variables. Denote the entries of R by {rji}D

j=1
k
i=1, i.e., rji ∼ C(0, 1).

Let B = AR ∈ R
n×k and {vT

i }n
i=1 ∈ R

k be the ith row of B, i.e., vi = R
Tui, vi,j = R

T
j ui, i.i.d.

j = 1 to k, where Rj is the jth column of R.
For simplicity, we focus on the leading two rows, u1 u2 and v1 v2. Because

v1,i − v2,i =

D
∑

j=1

rji (u1,j − u2,j) , i = 1, 2, ..., k (1)

by the 1-stability of Cauchy (Zolotarev, 1986), we know that

v1,i − v2,i ∼ C



0,

D
∑

j=1

|u1,j − u2,j |



 . (2)

1. The Laplacian radial basis kernel is of the form exp (−|ui − uj |), where |ui − uj | is the l1 distance between two
vectors ui and uj .
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That is, the projected data v1,i − v2,i are also Cauchy random variables with the scale parameter
being the l1 distance, |u1 − u2| =

∑D
j=1 |u1,j − u2,j|, in the original space.

Recall that a Cauchy random variable z ∼ C(0, γ) has the density

f(z) =
γ

π

1

z2 + γ2
, γ > 0, −∞ < z < ∞ (3)

The easiest way to see the 1-stability is via the characteristic function,

E
(

exp(
√
−1z1t)

)

= exp (−γ|t|) , (4)

E



exp





√
−1t

D
∑

j=1

cjzj







 = exp



−γ

D
∑

j=1

|cj |t



 , (5)

for z1, z2, ..., zD, i.i.d. C(0, γ), and any constants c1, c2, ..., cD .
For simplicity, we denote

d = |u1 − u2| =

D
∑

j=1

|u1,j − u2,j |, (6)

xi = v1,i − v2,i, i = 1, 2, ..., k (7)

x1, x2, ..., xk are i.i.d. C(0, d).
The task is to estimate d from xi’s. The simple linear estimator in terms of

∑k
i=1 |xi| is provably

bad (Charikar and Sahai, 2002; Brinkman and Charikar, 2003; Lee and Naor, 2004; Brinkman and
Charikar, 2005). Our work resorts to nonlinear estimators,2 including a strictly unbiased nonlinear
estimator in Section 4 and a maximum likelihood estimator in Section 5. But first, we present
our recommended procedure for Cauchy random projections so that the casual readers may obtain
enough information without the need of knowing the detailed proofs.

3. Our Recommended Procedures for Cauchy Random Projections

We outline the steps we recommend for Cauchy random projections. Recall that we assume a data
matrix A ∈ R

n×D and we would like to store a small projected data matrix B ∈ R
n×k, with

k � min(n,D). The basic steps for Cauchy random projections are:

1. Determine k.

2. Generate a random matrix R ∈ R
D×k consisting of i.i.d. standard Cauchy random variables.

3. Let B = AR be the projected data matrix.

4. Estimate the original l1 distances from B whenever needed.

Next, we present our method for estimating the l1 distances from Cauchy random projections,
followed by our recommended approach for determining k in a principled way.

2. For certain applications, nonlinear estimators are not applicable. We thank Moses Charikar and Assaf Naor for
pointing this out in private communications. Also, we thank Assaf Naor for pointing out that the nonlinear estimators
we provide can not be norms, unlike linear estimators. Of course, these restrictions do not affect many applications in
learning and data mining, which only concern the pairwise distances, regardless whether the distances are computed
by linear estimators or nonlinear estimators.
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3.1 Estimating the Original l1 Distances

We illustrate the estimation method using the leading two rows of the data. Recall that the leading
two rows in the projected data matrix B ∈ R

n×k are denoted by v1 and v2; while the corresponding
two rows in the original data matrix A ∈ R

n×D are denoted by u1 and u2.
The original l1 distance d = |u1 − u2| is estimated by

d̂1 = d̂

(

1 − 1

k

)

, (8)

where d̂ solves the nonlinear MLE equation

−k

d
+

k
∑

i=1

2d

(v1,i − v2,i)2 + d2
= 0, (9)

by iterative methods, starting with the following initial guess

d̂gm = cosk
( π

2k

)

exp

(

1

k

k
∑

i=1

log(|v1,i − v2,i|)
)

. (10)

For numerical stability, we suggest normalizing v1,i − v2,i by d̂gm before iteratively solving the
nonlinear equation.

3.2 Determining k

The users should provide three parameters: ε, ξ, and ν such that
With a probability at least 1 − ξ, except 1/ν fraction, any distance will be approximated within

(1 ± ε) fraction of the truth.

• 0 < ε < 1 is the accuracy, i.e., within (1 ± ε) fraction of the truth.

• ξ is the confidence, or the level of significance. In most fields, ξ is routinely chosen to be 0.01
or 0.05, but sometimes ξ = 1

4 or 1
3 is also used.

• ν is the correction factor, taking into account the multiple comparison effect. This factor
is a bit controversial. The standard JL-type of argument adopts the most stringent criterion
by letting ν = n2

2 , known as the Bonferroni correction. Alternatively, if we allow at most

1/ν fraction (among all n2

2 pairs) to be arbitrarily distorted, one can take (e.g.,) ν = 106

(one out of a million) or ν = 100 (one out of a hundred). This approach is accepted in
multiple hypothesis testing (Lehmann and Romano, 2005) and is probably reasonable in many
applications (Abraham et al., 2005).3

3. In l2 norm embedding with normal random projections, k computed from the JL bound can easily exceed 1000 (in
fact sometimes may exceed n), while in applied publications, k is often quite small. For example, (Bingham and
Mannila, 2001) reported that in their experiments k ≈ 50 seemed enough while the JL bound gave k = 1600. As
surveyed in (Indyk, 2000), (Kaski, 1998) considered k = 90 was good enough in their application.
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If 10−4 > ξ/ν ≥ 10−10, we suggest

k =
4.4 (log 2p − log ξ)

ε2/(1 + ε)
, (11)

which is unnecessarily conservative when ξ/ν ≥ 10−4.
If ξ/ν ≥ 10−4, we suggest (iteratively) solving for k such that

Φ

(

−ε

√

α

1 − ε

)

+ Φ

(

−ε

√

α

1 + ε

)

− e2αΦ

(

−(2 + ε)

√

α

1 + ε

)

+ e2αΦ

(

−(2 − ε)

√

α

1 − ε

)

= ξ/ν, (12)

where α = 1
2/k+3/k2 . Φ(.) is the standard normal cumulative density function (CDF).

We expect that the bound (11) should still hold at least for ξ/ν ≥ 10−12, although we could not
verify this. Alternatively, if the users would like some bounds that hold for arbitrarily small ξ/ν,
they may consider those rather crude (but true for any ξ/ν) tail bounds presented in Section 4.

4. Simple Nonlinear Estimators

We present some nonlinear estimators of the Cauchy scale parameter. Since the more accurate
maximum likelihood estimator (MLE) to be discussed in Section 5 requires some iterative procedure
for solving a nonlinear equation, these simpler estimators may give excellent initial values as well
as the normalizing constant for numerical stability. Also, we show that an analog of the JL lemma
for l1 can be established using simple nonlinear estimators.

Lemma 1 derives two biased nonlinear estimators based on the fractional moment, i.e., E(|x|λ)
(|λ| < 1) and the logarithmic moment, i.e, E (log(|x|)), respectively, where x ∼ C(0, d) is a Cauchy
random variable with the scale parameter d. These two estimators are useful for deriving a better
estimator and proving tail bounds.

Lemma 1 Assume x ∼ C(0, d). Then4

E
(

|x|λ
)

=
dλ

cos(λπ/2)
, |λ| < 1 (13)

E (log(|x|)) = log(d), (14)

Var (log(|x|)) =
π2

4
, (15)

4. One can also infer E(|x|λ) from the monograph on stable distributions (Zolotarev, 1986), e.g., equations (2.1.8)-
(2.1.12). Note that those formulas were derived for λ > 0, while we need to study the case λ < 0 for proving
tail bounds later. Also note that there are a couple of obvious typos in those formulas. In (2.1.9), the term “t s−1”
inside the integral should be “t −s−1”. In (2.1.9)-(2.1.12), there should be a multiplicative term 1

π
. With these typos

in mind, we can infer from (2.1.12) that E(|x|λ) = 2
π
dλΓ(1 − λ)Γ(λ) sin(λπ/2), which agrees with our results,

because Γ(1 − λ)Γ(λ) = π
sin(πλ)

by the property of the gamma function Γ(.).
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from which we can derive two biased estimators of the Cauchy scale parameter d:

d̂λ =

(

1

k

k
∑

i=1

|xi|λ cos(λπ/2)

)1/λ

, |λ| < 1, (16)

d̂log = exp

(

1

k

k
∑

i=1

log(|xi|)
)

, (17)

with variances

Var
(

d̂λ

)

=
d2

k

sin2(λπ/2)

λ2 cos(λπ)
+ O

(

1

k2

)

, |λ| < 1/2 (18)

Var
(

d̂log

)

=
π2d2

4k
+ O

(

1

k2

)

. (19)

The term sin2(λπ/2)
λ2 cos(λπ)

decreases monotonically with decreasing |λ|, reaching a limit

lim
λ→0

sin2(λπ/2)

λ2 cos(λπ)
=

π2

4
. (20)

In other words, the variance of d̂λ converges to that of d̂log as |λ| approaches zero.

Therefore, d̂log is preferred as it has smaller variance than d̂λ. Note that d̂log can be written as
the geometric mean:

d̂log =

k
∏

i=1

|xi|1/k. (21)

We can evaluate the moment E
(

d̂log

)t
for |t| < k. Although d̂log , strictly speaking, does not

have exponential tails, it does have high-order polynomial tails. Given k and ε, we can in principle

always find an exponential upper bound for Pr

(

|d̂log − d| ≥ εd
)

because polynomial tails can be

bounded by exponential tails in a finite range (in particular, 0 ≤ ε < 1).
In fact, the bias of d̂log can be removed. The properties of the bias-removed estimator, denoted

by d̂gm, are addressed in the next lemma.

Lemma 2 Denoted by d̂gm, the estimator

d̂gm = cosk
( π

2k

)

k
∏

i=1

|xi|1/k, k > 1 (22)

is unbiased, with the variance (valid when k > 2)

Var
(

d̂gm

)

= d2

(

cos2k
(

π
2k

)

cosk
(

π
k

) − 1

)

(23)

=
d2

k

π2

4
+

π4

32

d2

k2
+ O

(

1

k3

)

= 2.5
d2

k
+ 3.0

d2

k2
+ O

(

1

k3

)

. (24)
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The third and fourth central moments are (for k > 3 and k > 4, respectively)

E
(

d̂gm − E
(

d̂gm

))3
=

3π4

16

d3

k2
+ O

(

1

k3

)

= 18.3
d3

k2
+ O

(

1

k3

)

(25)

E
(

d̂gm − E
(

d̂gm

))4
=

3π4

16

d4

k2
+ O

(

1

k3

)

= 18.3
d4

k2
+ O

(

1

k3

)

(26)

We can also study the tail properties of d̂gm, which is crucial for proving the JL lemma.

Lemma 3 The tail probability of d̂gm can be bounded by

Pr

(

d̂gm ≥ (1 + ε)d
)

≤ coskt∗1
(

π
2k

)

cosk
(

πt∗1
2k

)

(1 + ε)t∗1

, ε > 0 (27)

where

t∗1 =
2k

π
tan−1

(

(

log(1 + ε) − k log cos
( π

2k

)) 2

π

)

. (28)

And

Pr

(

d̂gm ≤ (1 − ε)d
)

≤ (1 − ε)t∗2

cosk
(

πt∗2
2k

)

coskt∗2
(

π
2k

)

, 0 ≤ ε < 1, k >
π2

8ε
(29)

where

t∗2 =
2k

π
tan−1

(

(

− log(1 − ε) + k log cos
( π

2k

)) 2

π

)

. (30)

Furthermore, for 0 ≤ ε < 1, the following exponential tail bounds hold:

Pr

(

d̂gm ≥ (1 + ε)d
)

≤ exp

(

−k
ε2

8(1 + ε)

)

(31)

Pr

(

d̂gm ≤ (1 − ε)d
)

≤ exp

(

−k
ε2

20

)

, k >
π2

4ε
(32)

The above three Lemmas are proved in Appendix A, B, C, respectively.
A JL bound for l1 follows immediately from the exponential tail bounds (31) and (32), by letting

(31) + (32) ≤ ξ/ν with ν = n2

2 and ξ being the specified confidence level (e.g., 0.05).
The “restriction” of 0 ≤ ε < 1 is usually not an issue because we are mostly interested in small

ε, e.g., ε ≤ 0.5. The additional restriction of k > π2

4ε in (32) is not problem either. (Recall in the l2

JL lemma, k = O
(

log(n)
ε2

)

.)

We shall mention that the exponential tail bounds (31) and (32) are by no means “tight.” We do
not seek better exponential bounds because we believe they are only for theoretical demonstrations,
since we actually recommend a maximum likelihood estimator (MLE) as opposed to d̂gm. Of
course, d̂gm would be an excellent starting point when iteratively solving for the MLE.

Figure 1 presents the histograms of d̂gm for d = 1, with k = 5 and k = 50, obtained from
simulations. The histograms reveal some characteristics shared by the MLE we will soon discuss:
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Figure 1: Histograms of d̂gm, obtained from 106 simulations. At least in the range not too far from
the mean, the distribution of d̂gm resembles a gamma; and also resembles a normal when
k is large enough.

• Supported on [0,∞), d̂gm is positively skewed.

• The distribution of d̂gm is still “heavy-tailed.” However, in the region not too far from the
mean, the distribution of d̂gm may be well captured by a gamma (or a generalized gamma)
distribution. For large k, even a normal approximation may suffice.

There are other nonlinear estimators for the Cauchy scale parameter. See (Zolotarev, 1986,
Chapter 4) and the references therein. One particularly simple and popular estimator is based on the
order statistics (sample quantiles) (Fama and Roll, 1968, 1971). We present an improved version of
the quantile estimator given by (McCulloch, 1986):

d̂or =
x̂.75 − x̂.25

2.0
, (33)

where x̂.75 and x̂.25 are the .75 and .25 sample quantiles, respectively.

Figure 2 plots of the ratio of the mean square errors (MSE)
Mse(d̂or)
Mse(d̂gm)

, indicating that the

quantile-based estimator d̂or has considerably larger errors than the unbiased estimator d̂gm we

derive, especially when k < 50. For example, when k = 9, 21, 49, 101, 197, the ratio
Mse(d̂or)
Mse(d̂gm)

=

2.24, 1.33, 1.13, 1.07, 1.04, respectively.

5. A Maximum Likelihood Estimator

This section presents a maximum likelihood estimator (MLE) for estimating l1 distances from
Cauchy random projections and recommends some practical criteria for choosing the sample size.
Our main contribution includes the higher-order analysis for the bias and moments and accurate
closed-from approximations to the distribution of the MLE.

The method of maximum likelihood has been widely used and its theoretical properties had been
thoroughly studied. For example, the authors’ recent work (Li et al., 2006a) applied the maximum

9
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Figure 2: The ratios of the mean square errors (MSE):
Mse(d̂or)
Mse(d̂gm)

, from 105 simulations (for each

k). The quantile-based estimator d̂or always has larger errors than the unbiased estimator
d̂gm we derive. To help d̂or achieve its best performance, the sample size k is chosen to be
5, 9, 13, ..., 197, spaced at 4. For example, when k = 5, x̂.25 is the 2nd smallest sample
while x̂.75 is the 4th smallest sample. If k − 1 were not divisible by 4, we would have
to either discard up to 3 samples or do some kind of smoothing; otherwise the estimation
errors of d̂or would be very large.

likelihood method to normal random projections and provided an improved estimator of the l2
distance (hence in a sense, improved the l2 JL bound).

The Cauchy distribution is frequently mentioned as a “challenging” example because of the
“multiple roots” problem when estimating the location parameter (Barnett, 1966; Haas et al., 1970).
In our case, since the location parameter is always zero, much of difficulty is avoided.

Recall that after applying Cauchy random projections k times on two data vectors u1, u2 ∈ R
D,

we generate random variables x1, x2, ..., xk, i.i.d. Cauchy C(0, d), where d = |u1 − u2| is the l1
distance in the original space. The log joint likelihood of xi is

L(x1, x2, ...xk; d) = k log(d) − k log(π) −
k
∑

i=1

log(x2
i + d2), (34)

whose first and second derivatives (w.r.t. d) are

L′(d) =
k

d
−

k
∑

i=1

2d

x2
i + d2

(35)

L′′(d) = − k

d2
−

k
∑

i=1

2x2
i − 2d2

(x2
i + d2)2

= −L′(d)

d
− 4

k
∑

i=1

x2
i

(x2
i + d2)2

(36)

The maximum likelihood estimator of d, denoted by d̂, is the solution to L′(d) = 0, i.e.,

−k

d
+

k
∑

i=1

2d

x2
i + d2

= 0. (37)

10
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Because L′′(d̂) ≤ 0, we know that d̂ indeed maximizes the joint likelihood and d̂ is the only solution
to the MLE equation (37). Solving (37) numerically is not difficult (e.g., a few iterations using the
Newton’s method). For even better accuracy, we recommend the following bias-corrected estimator:

d̂1 = d̂

(

1 − 1

k

)

, (38)

where d̂ is the MLE solution to (37).
The following lemma concerns the asymptotic moments of d̂ and d̂1, proved in Appendix D.

Lemma 4 Both d̂ and d̂1 are asymptotically unbiased and normal. The first four moments of d̂ are:

E
(

d̂ − d
)

=
d

k
+ O

(

1

k2

)

(39)

Var
(

d̂
)

=
2d2

k
+

7d2

k2
+ O

(

1

k3

)

(40)

E
(

d̂ − E(d̂)
)3

=
12d3

k2
+ O

(

1

k3

)

(41)

E
(

d̂ − E(d̂)
)4

=
12d4

k2
+

222d4

k3
+ O

(

1

k4

)

(42)

The first four moments of d̂1 are:

E
(

d̂1 − d
)

= E

(

d̂

(

1 − 1

k

)

− d

)

= O

(

1

k2

)

(43)

Var
(

d̂1

)

=
2d2

k
+

3d2

k2
+ O

(

1

k3

)

(44)

E
(

d̂1 − E(d̂1)
)3

=
12d3

k2
+ O

(

1

k3

)

(45)

E
(

d̂1 − E(d̂1)
)4

=
12d4

k2
+

186d4

k3
+ O

(

1

k4

)

(46)

The order O
(

1
k

)

term of the variance, i.e., 2d2

k , is known, e.g., (Haas et al., 1970). We derive

the bias-corrected estimator, d̂1, and the higher order moments using stochastic Taylor expansions
(Bartlett, 1953; Shenton and Bowman, 1963; Ferrari et al., 1996; Cysneiros et al., 2001). The
reason we need to correct the bias is because 1

k is obvious enough when k < 20. Even with the

bias-correction, the O
(

1
k2

)

term of Var
(

d̂1

)

is still 3
2k of the O

(

1
k

)

term.

5.1 An Experimental Example

The proposed maximum likelihood estimator is tested on real Web crawl data provided by MSN.
The data is a term-by-document matrix with D = 216 Web pages, i.e., each row represents the
numbers of occurrences of one word in document 1 to document D. We conduct Cauchy random

11
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projections on the words and estimate the original l1 distances between words, by the estimators (d̂
and d̂1) we have derived. In this experiment, we compare the empirical and (asymptotic) theoretical
moments. Figure 3 presents the results for one pair of words. It indicates that the bias correction is
effective and these (asymptotic) formulas for the first four moments of d̂1 are accurate, especially
when k ≥ 20.

10 20 30 40 50 100
−0.02

0

0.02

0.04

0.06

0.08

0.1

0.12

k

B
ia

s

d ,  MLE

d
1
 , bias−corrected

Bias

(a) E(d̂ − d)/d v.s. E(d̂1 − d)/d

10 20 30 40 50 100
0

0.2

0.4

0.6

0.8

1

k

V
ar

ia
nc

e

Variance

(b)
“

E(d̂1 − E(d̂1))
2/d2

”1/2

10 20 30 40 50 100
0

0.2

0.4

0.6

0.8

1

k

T
hi

rd
 m

om
en

t

Third
moment

(c)
“

E(d̂1 − E(d̂1))
3/d3

”1/3

10 20 30 40 50 100
0

0.2

0.4

0.6

0.8

1

k

F
ou

rt
h 

m
om

en
t

Fourth
moment

(d)
“

E(d̂1 − E(d̂1))
4/d4

”1/4

Figure 3: One pair of words are selected from an MSN term-by-document matrix with D = 216

Web pages. We conduct Cauchy random projections and estimate the l1 distance using
the maximum likelihood estimator d̂ and the bias-corrected version d̂1, with 5 × 105

simulations (for each k). Panel (a) plots the biases for d̂/d and d̂1/d, indicating that the
bias correction is indeed effective. Panel (b), (c), and (d) plot the variance, third moment,
and fourth moment of d̂1, respectively. The dashed curves are the theoretical asymptotic
moments. The plots are convincing that with k ≥ 20, these formulas for moments are
accurate (especially the variance).

5.2 How to Select k?

How to select k? This is a sample size selection problem. In the special case in which the exact
distributions are known, we can select k by controlling the tail probability. A famous example is the

12
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Johnson-Lindestrauss (JL) bound in normal random projections for l2 (Johnson and Lindenstrauss,
1984; Frankl and Maehara, 1987; Indyk and Motwani, 1998; Arriaga and Vempala, 1999; Dasgupta
and Gupta, 2003; Achlioptas, 2003).

In general, we can determine k from

Pr

(

|d̂1 − d| > εd
)

≤ ξ/ν, (47)

where ξ is the level of significance (e.g, 0.05) and ν is the correction factor taking into account the
effect of simultaneous multiple comparisons. That is, given ξ, ε, and ν, we choose k so that

With a probability at least 1 − ξ, except 1/ν fraction, any distance will be approximated within
(1 ± ε) fraction of the truth.

The standard JL-type argument uses ν = n2

2 ≈ n(n−1)
2 , the total number of distance pairs for

n data points. Alternatively, we may allow at most 1
ν fraction (e.g., ν = 100, or ν = 106) of the

distances (among n2

2 pairs) to be arbitrarily distorted.
We still need the distribution of d̂1 to compute k. It is in general not easy to characterize the

distribution of an MLE exactly;5 and asymptotic analysis is usually the standard approach. Note

that, in our case, the distribution of d̂
d (and d̂1

d ) is only a function of k, as shown in (Antle and Bain,
1969; Haas et al., 1970). Hence, we can, without loss of generality, take d = 1, and simulate the
distribution of d̂1 at an affordable cost (at least for ξ/ν ≥ 10−10). For example, we could tabulate
the probability of d̂1 for the reasonable range of k values (e.g., k ≤ 1000). Then given ε, ξ and ν,

we can find the smallest k that satisfies Pr

(

|d̂1 − d| > ε
)

≤ ξ/ν.

The asymptotic analysis does have the advantage due to its simplicity. In fact, most of the
widely used approaches for selecting sample sizes are based on the asymptotic confidence intervals
(Agresti, 2002; Lehmann and Romano, 2005), e.g., asymptotic normality or asymptotic chi-squared.
In machine learning, the popular Akaike Information Criterion (AIC) for feature selection, is also
based on asymptotic properties (Akaike, 1973).

The standard asymptotic approach for MLE is to assume that d̂1 is “exactly” normal with mean
d and variance 2d2

k + 3d2

k2 . We can use the normal quantiles to determine k, or use the normal upper
bound

Pr

(

|d̂1 − d| > εd
)

≤ 2 exp

(

− ε2

2
(

2
k + 3

k2

)

)

≤ ξ/ν. (48)

The problem with the normal approximation is that it is only accurate for a certain tail probabil-
ity range (e.g., ξ/ν > 10−2 ∼ 10−3). We will have to seek better alternatives when ξ/ν is chosen
to be very small. For example, if we take ν = n2

2 , ξ/ν will be less than 10−10 when n > 105.
In the next section, we use gamma and generalized gamma distributions to better approximate

d̂1. One of the authors’ prior work (Li et al., 2006b) applied these approximations to model the
performance measure distribution in some wireless communication channels and produced accurate
results in evaluating the error probabilities.

5. In fact, conditional on the observations x1, x2, ..., xk, the distribution of d̂ can be exactly characterized (Fisher, 1934).
(Lawless, 1972) studied the conditional confidence interval of the MLE. Later, (Hinkley, 1978) proposed the normal
approximation to the exact conditional confidence interval and showed that it was superior to the unconditional
normality approximation. Unfortunately, we can not take advantage of the conditional analysis because our goal is to
determine the sample size k before seeing any samples. In other words, we have to rely on the unconditional analysis
by considering all possible samples.

13
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6. Distribution Approximations

We propose a couple of approximations to the distribution of d̂1, the bias-corrected MLE for esti-
mating the l1 distance.

Instead of assuming normality, we can basically use any other (asymptotically equivalent) dis-
tributions with the same first two moments. For example, we can approximate d̂1 by a gamma
random variable, which has the same support as d̂1, i.e., [0,∞). Besides, the odd central moments
of a gamma distribution are non-zero, which to an extent, speeds up the rate of convergence because
d̂1 also has non-zero odd moments. In contrast, a normal distribution always has zero odd central
moments and is supported on (−∞,∞).

We can further improve the gamma approximation by considering a generalized gamma dis-
tribution, which allows us to match the first three moments of d̂1. Interestingly, in this case, the
generalized gamma approximation turns out to be an inverse Gaussian distribution, which has a
closed-form probability density. More interestingly, this inverse Gaussian distribution automati-
cally matches (at least) the first four (instead of three) moments, and exhibits remarkable accuracy
even in the very small tail probability area.

6.1 Gamma Approximation

The gamma approximation is an obvious improvement over the normal approximation. Note that
for dimension reduction in l2 using normal random projections, the resultant estimator of the l2
distance has a chi-squared distribution (e.g., (Vempala, 2004, Lemma 1.3)), which is a special of
gamma.

A gamma distribution, G(α, β), has two parameters α and β, which can be determined by
matching the first two moments of d̂1. That is, we assume that d̂1 ∼ G(α, β), with

αβ = d, αβ2 =
2d2

k
+

3d2

k2
, (49)

i.e.,

α =
1

2
k + 3

k2

, β =
2d

k
+

3d

k2
. (50)

We could use the gamma distribution quantiles to determine the k directly. Or we can the
following gamma Chernoff bounds:

Pr

(

d̂1 ≥ (1 + ε)d
)

≤ exp (−α (ε − log(1 + ε))) , ε ≥ 0 (51)

Pr

(

d̂1 ≤ (1 − ε)d
)

≤ exp (−α (−ε − log(1 − ε))) , 0 ≤ ε < 1 (52)

For simplicity, we could replace α by k
2.2 (assuming k > 15). If one prefers a “symmetric”

upper bound, we can let

Pr

(

|d̂1 − d| > εd
)

≤ 2 exp (−α (ε − log(1 + ε))) , 0 ≤ ε < 1, (53)

because ε − log(1 + ε) ≤ −ε − log(1 − ε).

14
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A JL-type of bound follows by restricting that Pr

(

|d̂1 − d| > εd
)

≤ ξ/ν, with ν = n2

2 :

k ≥ 2.2 (2 log n − log ξ)

ε − log(1 + ε)
. (54)

For general ν, we have

k ≥ 2.2 (log 2ν − log ξ)

ε − log(1 + ε)
. (55)

6.1.1 SIMULATIONS

We conduct extensive simulations on the maximum likelihood estimator d̂1, for verifying various
approximate distributions we propose. Here, we first compare simulations with the gamma approx-
imation, as shown in Figure 4.

Recall that the distribution of d̂1/d is only a function of k. Therefore, we can, without loss of
generality, take d = 1. We directly simulate standard Cauchy random variables and empirically

compute Pr

(

|d̂1 − d| > εd
)

for k = 10, 20, 50, 100, 200, and 400, with 0 < ε < 1.
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Figure 4: We consider k = 10, 20, 50, 100, 200, and 400. For each k, we simulate standard Cauchy
samples, from which we estimate the Cauchy parameter by the MLE d̂1 and compute the
tail probabilities. Panel (a) compares the empirical tail probabilities (thick solid) with
the gamma tail probabilities (thin solid), indicating that the gamma distribution is better
than the normal (dashed) for approximating the distribution of d̂1. Panel (b) compares the
empirical tail probabilities with the gamma upper bound (51)+(52). In the range of the
tail probabilities ≥ 10−5 ∼ 10−6, the gamma upper bounds hold.

Figure 4(a) shows that both the gamma and normal approximations are fairly accurate when the
tail probability ≥ 10−2 ∼ 10−3; and the gamma approximation is obviously better.

Figure 4(b) compares the empirical tail probabilities with the gamma Chernoff upper bound
(51)+(52), indicating that these bounds are reliable, when the tail probability ≥ 10−5 ∼ 10−6.
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6.2 Inverse Gaussian (Generalized Gamma) Approximation

The distribution of d̂1 can be very well approximated by an inverse Gaussian distribution, which
is a special case of the three-parameter generalized gamma distribution (Hougaard, 1986; Gerber,
1991), denoted by GG(α, β, η). Note that the usual gamma distribution is a special case with η = 1.

If z ∼ GG(α, β, η), then the first three moments are

E(z) = αβ, Var(z) = αβ2, E (z − E(z))3 = αβ3(1 + η). (56)

We can approximate the distribution of d̂1 by matching the first three moments, i.e.,

αβ = d, αβ2 =
2d2

k
+

3d2

k2
, αβ3(1 + η) =

12d3

k2
, (57)

from which we obtain

α =
1

2
k + 3

k2

, β =
2d

k
+

3d

k2
, η = 2 + O

(

1

k

)

. (58)

Taking only the leading term for η, the generalized gamma approximation for d̂1 would be

GG

(

1
2
k + 3

k2

,
2d

k
+

3d

k2
, 2

)

. (59)

In general, a generalized gamma distribution does not have a closed-form density function al-
though it always has a closed-from moment generating function. In our case, since η = 2, (59)
is in fact the inverse Gaussian distribution, which has a closed-form density function. That is, if
we assume d̂1 ∼ IG(α, β), i.e., an inverse Gaussian distribution with parameters α and β defined
in (58), then the moment generating function (MGF), the probability density function (PDF), and
cumulative density function (CDF) would be (Seshadri, 1993, Chapter 2) (Tweedie, 1957a,b)6

E
(

exp(d̂1t)
)

= exp
(

α
(

1 − (1 − 2βt)1/2
))

, (60)

Pr(d̂1 = y) =
α
√

β√
2π

y−
3
2 exp

(

−(y/β − α)2

2y/β

)

=

√

αd

2π
y−

3
2 exp

(

−(y − d)2

2yβ

)

, (61)

Pr

(

d̂1 ≤ y
)

= Φ

(
√

α2β

y

(

y

αβ
− 1

)

)

+ e2αΦ

(

−
√

α2β

y

(

y

αβ
+ 1

)

)

= Φ

(
√

αd

y

(y

d
− 1
)

)

+ e2αΦ

(

−
√

αd

y

(y

d
+ 1
)

)

, (62)

where Φ(.) is the standard normal CDF, i.e., Φ(z) =
∫ z
−∞

1√
2π

e−
t2

2 dt.

6. The inverse Gaussian distribution was first noted as the distribution of the first passage time of the Brownian motion
with a positive drift. It has many interesting properties such as infinitely divisible. Two monographs (Chhikara and
Folks, 1989; Seshadri, 1993) are devoted entirely to the inverse Gaussian distributions. For a quick reference, one
can check http://mathworld.wolfram.com/InverseGaussianDistribution.html.
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It is interesting that this inverse Gaussian approximation of d̂1 actually matches the fourth mo-
ment of d̂1, in addition to the first three. Assuming d̂1 ∼ IG(α, β), then the fourth central moment
should be

E
(

d̂1 − E
(

d̂1

))4
= 15αβ4 + 3

(

αβ2
)2

= 15d

(

2d

k
+

3d

k2

)3

+ 3

(

2d2

k
+

3d2

k2

)2

=
12d4

k2
+

156d4

k3
+ O

(

1

k4

)

. (63)

That is, the inverse Gaussian approximation matches not only the leading term, 12d4

k2 , but also

almost the higher order term, i.e., 186d4

k3 , of the true asymptotic fourth moment of d̂1.

Assuming d̂1 ∼ IG(α, β), the tail probability of d̂1 can then be expressed conveniently as

Pr

(

d̂1 ≥ (1 + ε)d
)

= Φ

(

−ε

√

α

1 + ε

)

− e2αΦ

(

−(2 + ε)

√

α

1 + ε

)

, ε ≥ 0 (64)

Pr

(

d̂1 ≤ (1 − ε)d
)

= Φ

(

−ε

√

α

1 − ε

)

+ e2αΦ

(

−(2 − ε)

√

α

1 − ε

)

, 0 ≤ ε < 1. (65)

We can then select the sample size k by controlling the tail probabilities. We also obtain the
Chernoff bounds

Pr

(

d̂1 ≥ (1 + ε)d
)

≤ exp

(

− αε2

2(1 + ε)

)

, ε ≥ 0 (66)

Pr

(

d̂1 ≤ (1 − ε)d
)

≤ exp

(

− αε2

2(1 − ε)

)

, 0 ≤ ε < 1. (67)

Again, we can replace α by k
2.2 assuming k > 15. A symmetric upper bound would be

Pr

(

|d̂1 − d| ≥ εd
)

≤ 2 exp

(

− αε2

2(1 + ε)

)

, 0 ≤ ε < 1 (68)

A JL-type of bound follows by restricting that Pr

(

|d̂1 − d| > εd
)

≤ ξ/ν, with ν = n2

2 :

k ≥ 4.4 (2 log n − log ξ)

ε2/(1 + ε)
, (for k > 15) (69)

For general ν, we have

k ≥ 4.4 (log 2ν − log ξ)

ε2/(1 + ε)
. (70)
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Figure 5: We compare the inverse Gaussian approximation with the same simulations as presented
in Figure 4. Panel (a) compares the empirical tail probabilities with the inverse Gaussian
tail probabilities, indicating that the approximation is highly accurate. Panel (b) com-
pares the empirical tail probabilities with the inverse Gaussian upper bound (67)+(66).
The upper bounds are all above the corresponding empirical curves, indicating that our
proposed bounds are reliable at least in our simulation range.

6.2.1 SIMULATIONS

Figure 5 compares the inverse Gaussian approximation with the same simulations as presented in
Figure 4. The results indicate that the inverse Gaussian approximation is highly accurate. When the
tail probability ≥ 10−4 ∼ 10−6, we can treat the inverse Gaussian as the exact distribution. The
Chernoff upper bounds for the inverse Gaussian are always reliable in our simulation range.

Although we are unable to simulate even smaller tail probabilities, we expect that the Chernoff
upper bounds should at least hold in the ≥ 10−12 tail probability range. Note that the convenient
bound (70) is considerably more conservative than the Chernoff bounds (67)+(66); and we expect
that (70) should hold in even smaller tail probability range.

6.2.2 WHAT IF ε > 1?

In the problem setting of interest in this study, we always restrict 0 ≤ ε < 1, because in most appli-
cations we hope ε to be as small as possible (e.g., ε ≤ 0.2 ∼ 0.5). For theoretical interest, Figure

6 plots Pr

(

d̂1 − d ≥ εd
)

, illustrating that when ε > 1.5 ∼ 2, the inverse Gaussian distribution no

longer accurately approximates the distribution of d̂1.

7. A Sketch-based Sampling Algorithm for l1 Dimension Reduction

We introduce another dimension reduction technique based on sampling. In particular, we extend
Li and Church’s sketching-based sampling algorithm (Li and Church, 2005a,b) for estimating l1
distances in general real-valued data (the original algorithm was for boolean data). Their algorithm
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Figure 6: What if ε > 1? Only the right tail, i.e., Pr

(

d̂1 − d ≥ εd
)

is presented. Panel (a) shows

the inverse Gaussian approximation deviates significantly from the simulations when ε >
1.5. Panel (b) shows that the inverse Gaussian upper bound (67) is no longer reliable
when ε > 2.

is advantageous when the data are highly sparse, which is often the case in large-scale data mining
applications, for example, the term-by-document matrix (Dhillon and Modha, 2001), or the market-
basket data (Aggarwal and Wolf, 1999; Strehl and Ghosh, 2000).

In boolean data, this sketching algorithm improves Broder’s (one permutation version) min-wise
sketches (Broder, 1997; Broder et al., 1998, 2000; Charikar, 2002; Broder et al., 2003) by offering
more flexibility and roughly halving the estimation variance. Note that, in boolean data, the l1
distance coincides with the l2 distance.

We first briefly describe our sampling procedure. We start with constructing random samples
from a data matrix as shown in Figure 7. Then we show how to generate equivalent random samples
using sketches in Figure 8.

In Figure 7, assuming that the column IDs are uniform at random (we will soon discuss how
to achieve this), we can simply take the first Ds columns from the data matrix of D columns to
construct a random sample.

 

1   2   3   4   5   6   7   8   9   10  11  12  13  14  15
0   1   0   2   0   1   0   0   1    2    1    0    1    0    2    

1   3   0   0   1   2   0   1   0    0    3    0    0    2    1     

1

2

u

u

Figure 7: A data matrix with D = 15. If the column IDs are random, the first Ds = 10 columns
constitute a random sample. ui denotes the ith row.

For sparse data, we only need to store the non-zero elements in the form of tuples “ID (Value).”
This structure is often called “postings” (or inverted index) in information retrieval. We denote the
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postings by Pi for each row ui. Figure 8(a) shows the postings for the same data matrix in Figure 7.
The tuples are sorted ascending by the IDs.

1
P  :   1 (1)   2 (3)   5 (1)   6 (2)     8 (1)   11 (3)   14 (2)   15 (1)  2

P  :   2 (1)   4 (2)   6 (1)   9 (1)   10 (2)   11 (1)   13 (1)   15 (2)

(a)

1
2

K  :   2 (1)   4 (2)   6 (1)   9 (1)   10 (2)   
K  :   1 (1)   2 (3)   5 (1)   6 (2)     8 (1)   11 (3)   

(b)

Figure 8: (a) Postings consist of tuples in the form “ID (Value),” where “ID” is the column ID of
the entry in the original data matrix and “Value” is the value of that entry. (b) Sketches
are simply the first few entries of postings. In this example, K1 and K2, are the first
k1 = 5 and k2 = 6 elements of P1 and P2, respectively. Let Ds = min(10, 11) = 10.
After excluding 11(3) in K2, we obtain exactly the same samples as if we sampled the
first Ds = 10 columns in the original data matrix.

We sample directly from beginning of the postings as shown in Figure 8(b). We call the samples
“sketches.” A sketch, Ki, of postings Pi, is the first ki entries (i.e., the smallest ki IDs) of Pi. If we
exclude all elements in sketches whose IDs are larger than

Ds = min (max(ID(K1)),max(ID(K2)))) ,

we obtain exactly the same samples as if we directly sampled the first Ds columns from the data
matrix in Figure 7, as far as the two data points u1 and u2 are concerned. This way, we can convert
sketches into random samples by conditioning on Ds, which we do not know beforehand. When
estimating pairwise l1 distances for all n data points, we will have n(n−1)

2 different values of Ds.
In order for our algorithm to work, we have to make sure that the columns are random. This can

be achieved in various ways, e.g., hashing (Rabin, 1981; Broder, 1997). For simplicity, we apply a
random permutation, denoted by Π, on the column IDs, i.e.,

Π : Ω → Ω, Ω = {1, 2, 3, ..., D}. (71)

Let Π(Pi) denote the postings Pi after permutation. We have to scan Π(Pi) to find the ki smallest
to construct sketch Ki.

For estimating l1 distances, our algorithm consists of the following steps:

• Construct sketches for all data points.

• Construct equivalent random samples from sketches online, after computing Ds for each pair
of points (i.e., Ds is different pairwise). Compute the sample l1 distances.

• Estimate the original l1 distances by multiplying the sample l1 distances with D
Ds

.

The sampling procedure is highly flexible because we can adjust the sketch size (i.e., ki) accord-
ing to the sparsity of each data vector. For extremely sparse data points, we can probably afford to
take the whole posting list as sketch. Note that the sketches can be reused for estimating distances in
any other norms. This is is advantage when applications require estimating both l1 and l2 distances.
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We can study some theoretical properties of sketches. Denote the estimated l1 distance between
u1 and u2 using sketches by d̂sk. It is easy to show that it is unbiased,

E
(

d̂sk

)

= E
(

E
(

d̂sk|Ds

))

= d, (72)

with the variance

Var
(

d̂sk

)

= E
(

Var
(

d̂sk|Ds

))

+ Var
(

E(d̂sk|Ds)
)

= E





D2

D2
s

Ds





∑D
j=1 |u1,j − u2,j |2

D
−
(

∑D
j=1 |u1,j − u2,j |

D

)2






+ 0

= E

(

D

Ds

)(

d(2) − d2

D

)

,

where d(2) =
∑D

j=1 |u1,j − u2,j |2 is the (squared) l2 distance between u1 and u2.

Apparently, Var
(

d̂sk

)

is data-dependent. Note that Var
(

d̂sk

)

contains the l2 distance d(2),

which is related to the second moment of the data. Therefore, in severely heavy-tailed data, Var
(

d̂sk

)

can be large. On the other hand, E
(

D
Ds

)

is closely related to the sparsity of the data and may com-

pensate the errors due to heavy-tailedness.
Denote f1 and f2 the numbers of non-zero elements in u1 and u2, respectively, and k1 and k2 the

sketch sizes for u1 and u2, respectively. The intuitive approximation E
(

D
Ds

)

≈ max
(

f1

k1
, f2

k2

)

is

quite accurate (especially when k1, k2 ≥ 20) and is asymptotically exact.7 Although it is apparently
advantageous to take k1 and k2 to be proportional to f1 and f2, respectively, we assume that k1 =

k2 = k, i.e., E
(

D
Ds

)

≈ max(f1,f2)
k , to simplify the discussion.

We can compare d̂sk with the maximum likelihood estimator d̂1 we have discussed in terms of
their variances. Here, we only consider the leading term of Var(d̂1), i.e.,

Var
(

d̂sk

)

=
max(f1, f2)

k

(

d(2) − d2

D

)

=
max(f1, f2)

D

1

k

(

Dd(2) − d2
)

, (73)

Var
(

d̂1

)

=
2d2

k
. (74)

max(f1,f2)
D ≤ 1 is the sparsity factor, which can be very low in some applications. For example,

in a term-by-document matrix, the sparsity can often be lower than 1% (Dhillon and Modha, 2001;
Lin and Gunopulos, 2003). Therefore, this sketch-based sampling algorithm tends to have smaller
variance in highly sparse data. On the other hand, the Cauchy-Schwartz inequality says d2 ≤ Dd(2).
Particularly, in heavy-tailed data, d2 can be much smaller than Dd(2), i.e., d2 � Dd(2); hence the
variance of d̂sk tends to be larger.

7. It is easy to show that E
“

max(ID(K1))
D

”

= k1

f1+1
, Var

“

max(ID(K1))
D

”

= O
“

1
k1

”

E2
“

max(ID(K1))
D

”

, hence the approx-

imation E
`

Ds

D

´

≈ min
“

k1

f1

, k2

f2

”

is very accurate and asymptotically exact (as k1, k2 become large). The reciprocal

E
“

D
Ds

”

≈ max
“

f1

k1

, f2

k2

”

is also asymptotically exact and is still quite accurate.
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Figure 9: In the shaded area, the variance of sketches is smaller than the variance of Cauchy random
projections. The horizontal axis is the sparsity factor max(f1,fx)

D ; and the vertical axis is
Dd(2)

d2 . When Dd(2)

d2 < 3, the variance of sketches is always smaller.

Therefore, the data tail-heaviness and the data sparsity are two competing factors controlling
which method may have smaller variance. If the data are located in the shaded area in Figure 9, then
the variance of sketches is smaller. In particular, the variance of sketches is smaller when

Dd(2)

d2
< 3, or (75)

Dd(2)

d2
< 21 and

max(f1, f2)

D
< 0.1 (76)

7.1 Analysis Based on Moments

In this subsection, we show that, roughly speaking, as long as the original data have reasonably
bounded second moments, sampling methods could be competitive in estimating l1 distances.

We have shown that that sketches will have smaller variance than Cauchy random projections if

max(f1, f2)

D

(

Dd(2) − d2
)

< 2d2. (77)

Because the data dimension D is large, by the law of large numbers, we know that

d

D
=

1

D

D
∑

j=1

|u1,j − u2,j | → E (|u1,j − u2,j |) = E(z) (78)

d(2)

D
=

1

D

D
∑

j=1

|u1,j − u2,j|2 → E
(

|u1,j − u2,j|2
)

= E(z2), (79)

Dd(2)

d2
=

d(2)/D

d2/D2
→ E(z2)

E2(z)
(80)

22



DIMENSION REDUCTION IN l1

where z = |u1,j − u2,j| denotes a random sample. Therefore, for convenience, we can analyze the
relative variances of d̂sk and d̂1 using the moments of z.

In order to continue the analysis, we make some assumptions on the data (i.e., z) distribution.
This can at least give us some insightful information. We consider a Pareto distribution, which is
popular for analyzing heavy-tailed data.8

Assume z ∼ Pareto(θ). Then E(zm) = θ
θ−m , which exists if θ > m. It is easy to show that

sketches have smaller variances if

θ > 1 +

√

1 +
max(f1, f2)

2D
. (81)

Even in the extreme case where max(f1, f2) = D, we only need θ > 1 +
√

1.5 = 2.2247. Note
that while often heavy-tailed data are modeled to have θ < 2, there are also many heavy-tailed data
that exhibit θ > 2, e.g., see (Newman, 2005).

This kind of analysis is, of course, very idealistic. For example, when the sparsity is as small as
10−3, we are almost certain that sketches will have smaller errors, regardless whether the data are
modeled to have bounded second moment or not.

7.2 An Example

We take two rows out of a chunk of the MSN Web crawl data and compute the sparsity, d, d(2),
Dd(2)

d2 , as well as the sample kurtosis in Table 1. For comparison, as the original data are clearly
heavy-tailed (as indicated by the sample kurtosis value), we also quantize the data to be binary, since
the binary quantization is an important term-weighting approach in practice.

Table 1: Two words (rows) are taken from a MSN term-by-document matrix with D = 216 =

65536. The values for sparsity, d, d(2), Dd(2)

d2 , and sample kurtosis are given in the table.
For comparison, we also quantized the data to be binary and compute the same statistics.

max(f1,f2)
D d d(2) Dd(2)

d2 Kurtosis
Original 0.4226 104, 752 1, 227, 692 7.3324 216.81
Binary 0.4226 18,077 18,077 3.6254 0.4335

We estimate the l1 distance using both sketches and Cauchy random projections. We present
the empirical variances along with the theoretical variances in Figure 10. In this example, sketches
have larger variances than Cauchy random projections in the original (heavy-tailed) data. After the
binary quantization, sketches have (considerably) smaller variances. The figure also indicates that
the theoretical variances of sketches are quite close to the empirical values. The errors are mainly

due to the approximation E
(

D
Ds

)

≈ max(f1,f2)
k .

Note that in this case the sparsity factor, 0.4226, happens to be not small; hence the advantage
of our sketch-based sampling algorithm is not fully represented.

8. For a quick reference to the Pareto distribution, see http://en.wikipedia.org/wiki/Pareto distribution.
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Figure 10: A pair of words are selected from a chunk of MSN Web crawl term-by-document matrix.
We conduct both Cauchy random projections and sketches for estimating the original l1
distance at the same sample size k. Panels (a) presents the comparisons using the orig-
inal (heavy-tailed) data, indicating that sketches have larger variances than the Cauchy
random projections. Panel (b) presents the results using the (binary) quantized data, in-
dicating that sketches have considerably smaller variances in this case. The vertical axis
is the square root of variance normalized by the original l1 distance.

8. Conclusion

Dimension reduction in l1 norm had been considered a hard problem. We show that if we do not
restrict ourselves to linear estimators, we can estimate the original l1 distances accurately using
linear projections and various nonlinear estimators. For many applications in information retrieval,
machine learning, and data mining, since we only need the pairwise distances, these nonlinear
estimators should be useful.

For Cauchy random projections, we prove an analog of the JL lemma for l1 using a strictly
unbiased nonlinear estimator. For better accuracy, we recommend a maximum likelihood estimator
(MLE) and provide convenient and reliable closed-form approximations to the tail probabilities and
tail bounds. The extra computational cost is to solve a univariate nonlinear MLE equation, which
does not seem to be a computational burden. In our experiments, we solve the MLE equation by the
Newton’s method. Usually after about five iterations, the results are accurate enough.

Sampling is effective for dimension reduction in l1. The heavy-tailedness of the data does
not affect the performance of sampling very strongly in l1. The sketch-based sampling algorithm
is particularly advantageous when the data are highly sparse, often the case in many important
applications. The “disadvantage” of the sampling approach is that the performance is not guaranteed
unless we make assumptions on the data. In this sense, sampling methods are not as “theoretically
appealing” as random projections; although this is probably not much a practical concern.
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Appendix A. Proof of Lemma 1

Assume x ∼ C(0, d), a Cauchy random variable with the scale parameter d. Then the probability
density function (PDF) of |x| is

Pr(|x| = y) =
2d

π

1

d2 + y2
, y > 0 (82)

The first moment of log(|x|) would be

E (log(|x|)) =
2d

π

∫ ∞

0

log(y)

y2 + d2
dy

=
1

π

∫ ∞

0

log(d)y−1/2

y + 1
+

1/2 log(y)y−1/2

y + 1
dy

= log(d), (83)

with the help of the integral tables(Gradshteyn and Ryzhik, 1994, 3.221.1, 4.251.1).
Therefore, given i.i.d. samples x1, x2, ..., xk of C(0, d), a simple nonlinear estimator of d would

be

d̂log = exp

(

1

k

k
∑

i=1

log(|xi|)
)

. (84)

We can derive another nonlinear estimator by evaluating E
(

|x|λ
)

for some |λ| < 1. Again,
using the integral tables(Gradshteyn and Ryzhik, 1994, 3.221.1), we obtain

E
(

|x|λ
)

=
2d

π

∫ ∞

0

yλ

y2 + d2
dy

=
dλ

π

∫ ∞

0

y
λ−1

2

y + 1
dy

=
dλ

cos(λπ/2)
, (85)

from which a nonlinear estimator follows immediately

d̂λ =

(

1

k

k
∑

i=1

|xi|λ cos(λπ/2)

)1/λ

, |λ| < 1 (86)
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Both nonlinear estimators d̂log and d̂λ are biased. The leading terms of their variances can be
obtained by the Delta method, i.e., the second order stochastic Taylor expansion.

With the help of (Gradshteyn and Ryzhik, 1994, 4.261.10), we obtain

E
(

log2(|x|)
)

= log2(d) +
π2

4
, i.e., Var

(

log2(|x|)
)

=
π2

4
. (87)

By the Delta Method, the asymptotic variance of d̂log would be

Var
(

d̂log

)

=
π2

4
exp2 (log(d)) + O

(

1

k2

)

=
π2d2

4k
+ O

(

1

k2

)

. (88)

Similarly, the asymptotic variance of d̂λ is

Var
(

d̂λ

)

=
d2

k

sin2(λπ/2)

λ2 cos(λπ)
+ O

(

1

k2

)

, |λ| < 1/2 (89)

Note that Var
(

d̂λ

)

→ ∞ as |λ| → 1
2 ; and Var

(

d̂λ

)

converges to Var
(

d̂log

)

as λ → 0, because

lim
λ→0

sin2(λπ/2)

λ2 cos(λπ)
=

π2

4
. (90)

This completes the proof of Lemma 1.

Appendix B. Proof of Lemma 2

Assume that x1, x2, ..., xk, are i.i.d. C(0, d). The estimator, d̂gm, expressed as

d̂gm = cosk
( π

2k

)

k
∏

i=1

|xi|1/k, (91)

is unbiased, because

E
(

d̂gm

)

= cosk
( π

2k

)

k
∏

i=1

E
(

|xi|1/k
)

= cosk
( π

2k

)

k
∏

i=1

(

d1/k

cos
(

π
2k

)

)

= d, (92)

using the results in Lemma 1.
The variance is

Var
(

d̂gm

)

= cos2k
( π

2k

)

k
∏

i=1

E
(

|xi|2/k
)

− d2

= d2

(

cos2k
(

π
2k

)

cosk
(

π
k

) − 1

)

(93)

=
d2

k

π2

4
+

d2

k2

π4

32
+ O

(

1

k3

)

, (94)
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because

cos2k
(

π
2k

)

cosk
(

π
k

) =

(

1

2
+

1

2

(

1

cos(π/k)

))k

=

(

1 +
1

4

π2

k2
+

5

48

π4

k4
+ O

(

1

k6

))k

= 1 + k

(

1

4

π2

k2
+

5

48

π4

k4

)

+
k(k − 1)

2

(

1

4

π2

k2
+

5

48

π4

k4

)2

+ ...

= 1 +
π2

4

1

k
+

π4

32

1

k2
+ O

(

1

k3

)

(95)

We can similarly show the third and fourth central moments:

E
(

d̂gm − E
(

d̂gm

))3
=

3π4

16

d3

k2
+ O

(

1

k3

)

(96)

E
(

d̂gm − E
(

d̂gm

))4
=

3π4

16

d4

k2
+ O

(

1

k3

)

, (97)

but we skip the messy algebra.
Therefore, we have completed the proof of Lemma 2.

Appendix C. Proof of Lemma 3

This section proves the tail bounds for d̂gm. Note that d̂gm does not have a moment generating

function because E
(

d̂gm

)t
does not exist if t ≥ k. However, we can still use the Markov moment

bound for the tail probability.
For any ε > 0 and 0 < t < k, the Markov inequality says

Pr

(

d̂gm ≥ (1 + ε)d
)

≤
E
(

d̂gm

)t

(1 + ε)tdt
=

coskt
(

π
2k

)

cosk
(

πt
2k

)

(1 + ε)t
, (98)

which can be minimized by choosing the optimum t = t∗1, where

t∗1 =
2k

π
tan−1

(

(

log(1 + ε) − k log cos
( π

2k

)) 2

π

)

. (99)

We need to make sure that 0 < t∗1 < k. t∗1 > 0 because log cos(.) ≤ 0; and t∗1 < k because
tan−1(.) ≤ π

2 , with equality held only when k → ∞.

For 0 ≤ ε < 1, we can prove an exponential bound for Pr

(

d̂gm ≥ (1 + ε)d
)

. First of all, note

that we do not have to choose the optimum t = t∗1. Using Taylor expansion, for small ε, t∗1 can be
well approximated by

t∗1 ≈ 4kε

π2
+

1

2
≈ 4kε

π2
= t∗∗1 . (100)
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Therefore, taking t = t∗∗1 = 4kε
π2 , the tail bound becomes

Pr

(

d̂gm ≥ (1 + ε)d
)

≤ coskt∗∗1
(

π
2k

)

cosk
(

πt∗∗1
2k

)

(1 + ε)t∗∗1

=

(

cost∗∗1
(

π
2k

)

cos
(

2ε
π

)

(1 + ε)4ε/π2

)k

≤
(

1

cos
(

2ε
π

)

(1 + ε)4ε/π2

)k

= exp

(

−k log

(

cos

(

2ε

π

)

(1 + ε)4ε/π2

))

≤ exp

(

−k
ε2

8(1 + ε)

)

, 0 ≤ ε < 1 (101)

where the last step can be proved by the trick that, if f ′(x) ≥ 0, for x ≥ 0, then f(x) ≥ f(0). We
need to use this trick recursively for a couple of times.

Now we can show that other tail bound Pr

(

d̂gm ≤ (1 − ε)d
)

, which appears simpler (because

we know the probability is 0, if ε ≥ 1) but is in fact more troublesome as we can no longer apply
the Markov inequality directly.

Pr

(

d̂gm ≤ (1 − ε)d
)

= Pr

(

cos
( π

2k

)k
k
∏

i=1

|xi|1/k ≤ (1 − ε)d

)

=Pr

(

k
∑

i=1

log
(

|xi|1/k
)

≤ log

(

(1 − ε)d

cosk
(

π
2k

)

))

=Pr

(

exp

(

k
∑

i=1

log
(

|xi|−t/k
)

)

≥ exp

(

−t log

(

(1 − ε)d

cosk
(

π
2k

)

)))

, 0 < t < k

≤
(

(1 − ε)

cosk
(

π
2k

)

)t
1

cosk
(

πt
2k

) , (Chernoff bound) (102)

which is minimized at t = t∗2

t∗2 =
2k

π
tan−1

(

(

− log(1 − ε) + k log cos
( π

2k

)) 2

π

)

, (103)

provided k > π2

8ε , otherwise t∗2 may be less than 0.
Again, t∗2 can be replaced by its approximation

t∗2 ≈ t∗∗2 =
4kε

π2
, (104)

provided k > π2

4ε , otherwise the probability upper bound may exceed one.
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After some more manipulations, we obtain an exponential upper bound for 0 < ε < 1:

Pr

(

d̂gm ≤ (1 − ε)d
)

≤ exp

(

−k
ε2

20

)

, k >
π2

4ε
(105)

This completes the proof of Lemma 3.

Appendix D. Proof of Lemma 4

Recall we have x1, x2, ..., xk, i.i.d. C(0, d), whose log likelihood function, denoted by l(x; d), and
the first three derivatives are

l(x; d) = log(d) − log(π) − log(x2 + d2), (106)

l′(d) =
1

d
− 2d

x2 + d2
(107)

l′′(d) = − 1

d2
− 2x2 − 2d2

(x2 + d2)2
(108)

l′′′(d) =
2

d3
+

4d

(x2 + d2)2
+

8d(x2 − d2)

(x2 + d2)3
(109)

The MLE d̂ is asymptotically normal with mean d and variance 1
kI(d) , where I(d), the expected

Fisher Information, is

I = I(d) = E
(

−l′′(d)
)

=
1

d2
+ 2E

(

x2 − d2

(x2 + d2)2

)

=
1

2d2
, (110)

because

E

(

x2 − d2

(x2 + d2)2

)

=
d

π

∫ ∞

−∞

x2 − d2

(x2 + d2)3
dx

=
d

π

∫ π/2

−π/2

d2(tan2(t) − 1)

d6/ cos6(t)

d

cos2(t)
dt

=
1

d2π

∫ π/2

−π/2
cos2(t) − 2 cos4(t)dt

=
1

d2π

(

π

2
− 2

3

8
π

)

= − 1

4d2
(111)

Therefore, we obtain

Var
(

d̂
)

=
2d2

k
+ O

(

1

k2

)

. (112)

General formulas for the bias and higher moments of the MLE were derived about half century
ago (Bartlett, 1953; Shenton and Bowman, 1963). We need to evaluate the expressions in (Shenton
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and Bowman, 1963, 16a-16d), involving quite tedious algebra:

E
(

d̂
)

= d − [12]

2kI2
+ O

(

1

k2

)

(113)

Var
(

d̂
)

=
1

kI
+

1

k2

(

−1

I
+

[14] − [122] − [13]

I3
+

3.5[12]2 − [13]2

I4

)

+ O

(

1

k3

)

(114)

E
(

d̂ − E
(

d̂
))3

=
[13] − 3[12]

k2I2
+ O

(

1

k3

)

(115)

E
(

d̂ − E
(

d̂
))4

=
3

k2I2
+

1

k3

(

− 9

I2
+

7[14] − 6[122] − 10[13]

I4

)

+
1

k3

(−6[13]2 − 12[13][12] + 45[12]2

I5

)

+ O

(

1

k4

)

, (116)

where, after reformatting

[12] = E(l′)3 + E(l′l′′), [14] = E(l′)4, [122] = E(l′′(l′)2) + E(l′)4,

[13] = E(l′)4 + 3E(l′′(l′)2) + E(l′l′′′), [13] = E(l′)3 (117)

We will neglect most of the algebra. To help readers verifying the results, the following formula
we derive may be useful:

E

(

1

x2 + d2

)m

=
1 × 3 × 5 × ... × (2m − 1)

2 × 4 × 6 × ... × (2m)

1

d2m
, m = 1, 2, 3, ... (118)

Without giving the details, we report

E
(

l′
)3

= 0, E
(

l′l′′
)

= −1

2

1

d3
, E

(

l′
)4

=
3

8

1

d4
,

E(l′′(l′)2) = −1

8

1

d4
, E

(

l′l′′′
)

=
3

4

1

d4
(119)

Hence

[12] = −1

2

1

d3
, [14] =

3

8

1

d4
, [122] =

1

4

1

d4
, [13] =

3

4

1

d4
, [13] = 0 (120)

Thus, we obtain

E
(

d̂
)

= d +
d

k
+ O

(

1

k2

)

(121)

Var
(

d̂
)

=
2d2

k
+

7d2

k2
+ O

(

1

k3

)

(122)

E
(

d̂ − E
(

d̂
))3

=
12d3

k2
+ O

(

1

k3

)

(123)

E
(

d̂ − E
(

d̂
))4

=
12d4

k2
+

222d4

k3
+ O

(

1

k4

)

. (124)
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Because the raw MLE d̂ has O
(

1
k

)

bias, we recommend the the bias-corrected estimator

d̂1 = d

(

1 − 1

k

)

, (125)

known as the “Bartlett correction.” We obtain the moments of d̂1 as

E
(

d̂1

)

= d + O

(

1

k2

)

(126)

Var
(

d̂1

)

=
2d2

k
+

3d2

k2
+ O

(

1

k3

)

(127)

E
(

d̂1 − E
(

d̂1

))3
=

12d3

k2
+ O

(

1

k3

)

(128)

E
(

d̂1 − E
(

d̂1

))4
=

12d4

k2
+

186d4

k3
+ O

(

1

k4

)

, (129)

by straightforward algebra. First, it is obvious that

E
(

d̂ − d
)2

=
2d2

k
+

8d2

k2
+ O

(

1

k3

)

. (130)

Then

Var
(

d̂1

)

= E
(

d̂1 − E(d̂1)
)2

= E

(

d̂

(

1 − 1

k

)

− d + O

(

1

k2

))2

= E

(

(

d̂ − d
)

(

1 − 1

k

)

− d

k
+ O

(

1

k2

))2

= E
(

d̂ − d
)2
(

1 − 2

k

)

+
d2

k2
− 2

d

k

(

1 − 1

k

)

+ O

(

1

k3

)

=
2d2

k
+

3d2

k2
+ O

(

1

k3

)

. (131)

We can evaluate the higher central moments of d̂1 similarly, but we skip the messy algebra.
Therefore, we have completed the proof for Lemma 4.
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