Decay of Correlations
Carlangelo Liverani

The Annals of Mathematics, 2nd Ser., Vol. 142, No. 2. (Sep., 1995), pp. 239-301.

Stable URL:
http://links.jstor.org/sici ?sici=0003-486X %28199509%292%3A 142%3A 2%3C239%3A DOC%3E2.0.CO%3B2-1

The Annals of Mathematicsis currently published by Annals of Mathematics.

Y our use of the JSTOR archive indicates your acceptance of JISTOR's Terms and Conditions of Use, available at
http://www.jstor.org/about/terms.html. JSTOR's Terms and Conditions of Use provides, in part, that unless you have obtained
prior permission, you may not download an entire issue of ajournal or multiple copies of articles, and you may use content in
the JSTOR archive only for your personal, non-commercial use.

Please contact the publisher regarding any further use of this work. Publisher contact information may be obtained at
http://www.jstor.org/journal s/annals.html.

Each copy of any part of a JSTOR transmission must contain the same copyright notice that appears on the screen or printed
page of such transmission.

The JSTOR Archiveisatrusted digita repository providing for long-term preservation and access to |eading academic
journals and scholarly literature from around the world. The Archive is supported by libraries, scholarly societies, publishers,
and foundations. It isan initiative of JSTOR, a not-for-profit organization with a mission to help the scholarly community take
advantage of advances in technology. For more information regarding JSTOR, please contact support@jstor.org.

http://www.jstor.org
Fri Dec 28 19:41:53 2007


http://links.jstor.org/sici?sici=0003-486X%28199509%292%3A142%3A2%3C239%3ADOC%3E2.0.CO%3B2-1
http://www.jstor.org/about/terms.html
http://www.jstor.org/journals/annals.html

Annals of Mathematics, 142 (1995), 239-301

Decay of correlations

By CARLANGELO LIVERANI*

Table of Contents

Introduction
1. Operators and invariant cones
2. One-dimensional maps (the uniformly hyperbolic case)
3. Two-dimensions (the smooth uniformly hyperbolic case)

3.1. The map

3.2. Cones of functions

3.3. Contraction of the Hilbert metric
3.4. Diameter of the image

3.5. Decay of correlations
4. Two dimensions (the nonsmooth uniformly hyperbolic case)

4.1. Cones of functions
4.2. Contraction of the Hilbert metric
4.3. Averages on different scales

4.4. Comparison of averages

*Dedicated to Micheline Ishay

I would like to thank P. Boyland, L. Chierchia, V. Donnay, G. De Martino, C. Golg, J. L. Lebowitz,
M. Lyubich, M. Rychlik, I. G. Schwarz, S. Vaienti and especially G. Gallavotti for helpful and
enlightening discussions. Particularly warm thanks go to N. Chernov for carefully reading and finding
a mistake in an early version; the present paper benefits from several improvements due to his sharp
criticism. In addition, I am indebted to P. Collet and, most of all, M. Wojtkowski for introducing me
to the magical world of cones. Finally, I thank J. Milnor, director of the Institute for Mathematical
Sciences at Stony Brook University, where I was visiting during part of this work, and the Italian
C.N.R.-GNFM for providing travel funds.



240 CARLANGELO LIVERANI

4.5. Diameter of the image

4.6. Decay of correlations
Appendix I (the Sinai theorem)
Appendix II (absolute continuity)

References

Introduction

The decay of correlations or, alternatively, the rate of approach of some
initial distribution to an invariant one, is a problem addressed in many fields. In
statistical mechanics such a problem is discussed via the study of the transfer
operator (also called Ruelle-Perron-Frobenius operator) [33]. In the field of
stochastic differential equations it is possible to obtain general results by PDE
techniques [19]. For dynamical systems the widest used approach is by Markov
partitions [5].

The Markov partition is a tool whereby a hyperbolic dynamical system
can be reduced to (or, better, coded into) a statistical mechanical-like sys-
tem: the “symbolic dynamics.” At the moment, the main limitations of this
approach come from the need for uniform hyperbolicity and from the necessity
to use infinite Markov partitions for discontinuous systems. These limitations
obstruct the extension of this technique to more general systems, with some
notable exceptions ([6], [25]).

As already mentioned, in statistical mechanics the desired results are ob-
tained by studying the transfer operator. Given that the Perron-Frobenius
operator is a natural object in the context of dynamical systems, it seems
plausible that some advantages could be gained by investigating directly the
Perron-Frobenius operator, without previously coding the dynamics. More-
over, adopting such a point of view, the investigation of dynamical systems
would be more similar to that of random systems, and the study of random
perturbations of dynamical systems could be facilitated.

Results in the direction of a direct study of the Perron-Frobenius oper-
ator already exist ([29], [3], [34], [35], [20]), but they are virtually limited
to one dimensional systems. Particularly relevant are the investigations of
one-dimensional quadratic families of maps and their random perturbations in
[42], [12]; the study of non-Markov maps, since Markov partitions are not well
suited to study such examples; and [13], [15], where one-dimensional expansive
Markov maps are studied with an approach similar to the one proposed here.

In this paper I describe a technique, originally due to G. Birkhoff ([9], [10]),
that permits a direct study of the Perron-Frobenius operator, and I show that
its field of applicability is wider than that of Markov partitions. In essence, it
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is possible to construct, systematically, metrics (Hilbert metrics) with respect
to which the Perron-Frobenius operator is a contraction. Such a contraction
allows us to obtain the invariant measure (if not already known) by an elemen-
tary, and constructive, fixed point theorem, rather than by some compactness
argument (this may please some idiosyncratic people, myself included), and
automatically implies an exponential rate for the decay of correlations.

I illustrate such an approach by applying it to several examples. For the
sake of brevity and clarity the results are not presented in their full generality.
In particular, all the arguments used for two-dimensional smooth maps can be
extended to the n-dimensional case. Results concerning more general systems
(notably billiards and non-uniformly hyperbolic maps) will be published in
separate papers. I also hope that the present exposition will prompt others to
try to apply this method to the many cases where it could yield new results
(e.g. dissipative systems, flows, etc.).

The structure of the paper is as follows: Section 1 describes the Hilbert
metric and its properties. It is a brief review of the subject, intended to
provide an easy reference for the reader. Section 2 shows how the technique
works in the simplest example: a one-dimensional, uniformly hyperbolic map.
It also mentions other consequences that can be obtained (e.g. central limit
theorem-type results). In Section 3, I show how to extend the approach to
the multi-dimensional case—the smooth case is treated. Section 4 is the most
technical; in it I show that even the presence of singularities can be accom-
modated, provided they are not too wild. I do not claim to have the weakest
possible conditions on the singularities; more work in this direction is needed.
The paper includes two appendices. The first presents a well-known result in
the theory of maps with singularities. I do not refer to the literature because
the form in which the result is needed here is nonstandard and (misleadingly)
appears to be stronger than the usual statement. In the second appendix, I
prove a result concerning the absolute continuity of the stable foliation for dis-
continuous systems. More precisely, I show that the Jacobian of the canonical
isomorphism between two stable manifolds is Holder continuous. This result
is not surprising but, to my knowledge, is not in the literature.

A final word: the reader should be aware that, in order to simplify the
formulas, no attempt has been made to optimize the constants involved. Many
times the value of a constant used in an inequality reflects only my predilection
for the numbers 2 and 3.

1. Operators and invariant cones

This section illustrates some results in lattice theory originally due to
Garrett Birkhoff. For more details see [10], and [31] for a recent overview of
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the field. Consider a topological vector space V with a partial ordering “<,”

that is a vector lattice.! We require the partial order to be “continuous,” i.e.

given {fn} €V, lingo fa = f,if fn = g for each n, then f > g. We call such
n—

vector lattices “integrally closed.”?

We define the closed convex cone® C = {f € V| f # 0, f = 0} (hereafter,
the term “closed cone” C will mean that CU{0} is closed), and the equivalence
relation “~”: f ~ g if and only if there exists A € RT\{0} such that f = Ag.
If we call C the quotient of C with respect to ~, then C is a closed convex
set. Conversely, given a closed convex cone C C V, enjoying the property
CN —C = 0, we can define an order relation by

f2g < g—fecCcu{o}.

Henceforth, each time that we specify a convex cone we will assume the corre-
sponding order relation and vice versa. The reader must therefore be advised
that “<” will mean different things in different contexts.

It is then possible to define a projective metric © (Hilbert metric),* in C,
by the construction: '

a(f, g0 = sup{AeR" | \f <g},
B(f, g) = inf{ueR"|g=puf}
_ B(f, g)

O, 9) = log [a(f, g)] '

where we take o = 0 and @ = oo if the corresponding sets are empty.
The importance of the previous constructions is due, in our context, to
the following theorem.

THEOREM 1.1.  Let Vi, and V3 be two integrally closed vector lattices;
T:Vy1 — V3 a linear map such that T(C1) C Ca, for two closed convex cones C1 C

IWe are assuming the partial order to be well-behaved with respect to the algebraic structure:
foreach f,ge V, f>g<«<= f—g > 0; for each f € V, A € RT\{0}, f = 0 = Af = 0; for each
feV, f>0and f <0 imply f =0 (antisymmetry of the order relation).

2To be precise, in the literature “integrally closed” is used in a weaker sense. First, V does not
need a topology. Second, it suffices that for {an} € R, an — a; f, g € V, if anf = g, then of = g.
Here we will ignore these and other subtleties: our task is limited to a brief account of the results
relevant to the present context.

3Here, by “cone,” we mean any set such that, if f belongs to the set, then Af belongs to it as
well, for each A > 0.

4In fact, we define a semi—metric, since f ~ g = ©(f, g) = 0. The metric we describe corresponds
to the conventional Hilbert metric on C.
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V1 and Co C Vo with C; N —C; = 0. Let ©; be the Hilbert metric corresponding
to the cone C;. Setting A = sup¢ gerc,) O2(f, g) we have

(Tfib)<Umh(A)@ﬂfg) Vg€
(tanh(co) =1).

Proof. The proof is provided for the reader’s convenience.
Let f, g € Cq; on the one hand if @ = 0 or 8 = oo, then the inequality is
obviously satisfied. On the other hand, if a # 0 and 8 # oo, then

01(f, 9) =1n’

where af < g and Bf > g, since V; is integrally closed. Notice that o > 0,
and § > 0 since f=0,g=0.1If A = oo, then the result follows from the facts
that oTf < Tg and BT f = Tg. If A < oo, then, by hypothesis,

02 (T(g - af), T(Bf —9)) < A
which means that there exist A, 4 > 0 such that
M(g—af) = T(Bf-9)
uT(g—af) = T(Bf -9
with In & < A. The previous inequalities imply
B+ a4

N
T o= 1o
ua-!—ﬁ i
< Tg.
1+ TF 2 To
Accordingly,
< = T 1x .
@2(Tf7 Tg) = n(l—{-)\)(ua-i-ﬂ) neel(f,g)—k'u, nl—i—u
01,9 (- A)ek 1-5
_ / d¢ < O1(f, 9)—
eé + \)(ef + g
0 ( )(€8 + ) <1+ \/;—:)
A
< tanh( )91(f 9). H

Remark1.2. If T(Cy) C Ca, then it follows that 0y(Tf, Tg) < ©1(f, g).
However, a uniform rate of contraction depends on the diameter of the image
being finite.

In particular, if an operator maps a convex cone strictly inside itself (in
the sense that the diameter of the image is finite), then it is a contraction in
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the Hilbert metric. This implies the existence of a “positive” eigenfunction
(provided the cone is complete with respect to the Hilbert metric), and, with
some additional work, the existence of a gap in the spectrum of T (see [9] for
details). The relevance of this theorem for the study of invariant measures and
their ergodic properties is obvious.

It is natural to wonder about the strength of the Hilbert metric compared
to other, more usual, metrics. While, in general, the answer depends on the
cone, it is nevertheless possible to state an interesting result.

LEMMA 1.3. Let | -| be a norm on the vector lattice V, and suppose that,
for each f,g €V,

—f2g=2f=Ifll=lgl
Then, given f,g € C CV for which || f| = ||gll,

If = gll < (249 —1) | £].

Proof. We know that ©(f, g) =1n g, where af < g, 8f = g. This implies
that —g < 0 < af <X g, ie. |lg|| > a|f|l, or @ < 1. In the same manner it
follows that 8 > 1. Hence,

g-f = (B-Df2(B-a)f,
g-f = (a-Dfz-(B-a)f
which implies
lo—fI < @-alfl<Z=2isl= (09 1)l o

Many normed vector lattices satisfy the hypothesis of Lemma 1.3 (e.g.
Banach lattices®); nevertheless, we will see that some important examples
treated in this paper do not.

2. One-dimensional maps

In this section we study a simple class of uniformly hyperbolic maps using
the general approach described in the previous section. The results discussed
here are well-known [33], but they are an ideal starting point for the task at
hand.

5A Banach lattice V is a vector lattice equipped with a norm satisfying the property || || || = || f||
for each f € V, where |f| is the least upper bound of f and —f. For this definition to make sense it
is necessary to require that V be “directed,” i.e. any two elements have an upper bound.
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FIGURE 1. The map.

We consider a special one-dimensional map (see Figure 1). Let Iy, I
be two closed intervals such that I; Ul = [0, 1], Iy NIy = 0I; N JIz, and
T, : I; — [0, 1], one-to-one and onto, such that T; € C®)(I;) and DT; > A > 1.
Now we consider the map®

(2.1) T(z) = { Ti(z) ifxel

TQ(.T) if x € I.

We will see how the results in Section 1 can be used in order to show that
the map (2.1) has a unique invariant measure that is absolutely continuous
with respect to the Lebesgue measure. In addition, any absolutely continu-
ous measure (with a sufficiently smooth density), if iterated by the map, will
converge to the invariant one at an exponential rate (implying the exponential
decay of correlations).

Let us see how the map can be lifted to the measures. Let f € L*(([0, 1]),
g € L([0, 1)), and

foT _ [ 2 @) DT de = [ ST
[, feT@stwiz= [ i@ [ggT (@)DaT, @ o= [ 1o

6The present technique applies to a much wider class of maps: for example any expansive Markov
map and a wide class of expansive non-Markov maps [26]. Nevertheless, since this section has a purely
propaedeutic and didactic aim, it would be inappropriate to present the results in their full generality.
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The operator T : L([0, 1]) — L*([0, 1]), which describes how the density of
the measure g(z)dz is transformed under the iteration of the map T, is called
the Perron-Frobenius operator.”

The result will follow from the study of the semigroup generated by the
operator T. Such a semigroup maps a cone of functions strictly inside itself,
and therefore it has a fixed point that corresponds to the density of the unique
absolutely continuous invariant measure.

Define the following cone:®

9(T) _ e
Ca={g€C(0)'Vx,y€[0, 1] g(x) > 0; g(y)<e| y|}

LEMMA 2.1. Given o € (A\71,1], TCa C Cyq provided a > %, where

D31t

D = sup S

z€f0,1] | DT
i€{1,2}

Proof. Let g € Cq, x <y € [0, 1], and

To(x) < Zg y)| DT e @ W
< ZQOT y)|D, T[T @)=T; W)+ 1n(1D2T ) 1n(| Dy 7, )
afleTf1|d£+fy3€2—T£;df
< Yger e R
< Tg(y)ea)\—1|z-y|+D|a:—y|vag(y)eaalz——m' 0

In order to see if we can apply Theorem 1.1, we have to derive the Hilbert
metric associated with our cone.

LEMMA 2.2. Let © be the Hilbert metric associated to C,; when f,g € C,,

(ea|$—y|g(y) — g(x)) <€a|u—’v|f(,v) - f(u))
O(f,9)=In xflel[{:)) y (edl==vl f(y) — f(z)) (ealu—Ig(v) — g(u))

u, vE[O0, 1]

7Oj:her definitions of the Perron-Frobenius operator can be found in the literature, but the
differences with the one adopted here are immaterial.

8This choice is made in order to simplify the exposition. Essentially, we require the logarithm
of the functions in the cone to be Lipschitz, with a Lipschitz constant less than a. We could have
imposed a condition on the Hélder continuity or the variation of the functions in the cone; this would
have produced an estimate for the decay of correlations that is valid for a wider class of functions,
and allowed us to treat maps that are C(®) a > 1, but not C(2),
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Proof. We need to compute a and 8. From the definitions, it follows that
af =< g if and only if
g(z)—af(x)>0  forall z €0, 1]
and
9(x) — af(z) < e (g(y) — af(y)) for all z, y € [0, 1].
Accordingly,

) g@) L et g(y) — g(a)
a=mn {zé%%fu 7@)’ = o = s ()~ ) } '

However, choosing zg € [0, 1] such that

9(zo) _ . . 9()

f(zo)  zelo,1) f(z)’

for each = # xg, we have

ea|zo—z|g(x0) — g(z) _ ealzo—zl%—%f(xo) — ch(z)f(l”) < g(a:)
eol70—21 f(zo) — f(2) ealeo=al f(z9) — f(z) ~ f(2)
This means that ' oyl ‘
_ e €MVg(y) —g(2)
*= ylé;[g 1 ealr =¥l f(y) — f(z)
Analogously,
ea|$"'y|g(y) — g(a;) )
= . D
ST LR ) - @)
LEMMA 2.3.

1+o

A = diam(Cyq) < 21n 1 + 20a.

Proof. For each f, g € Cyq we have

alz—y| _ p—oalz—y| alu—v| _ p—calu—v|
O ) = 1 sup L) (e - e ) g(4)f(0)

2, vel0, 1] (ealz——yl _ eaa]z——y]) (ealu—vl _ eaa]u—v]) f(y)g(v)
u,ve(o, 1]

(1+0)? 954
(1 _0)262 .

< In O

Lemmas 2.1-2.3, together with Theorem 1.1, imply that for all f, g € C,
O(Tf, Tg) < AO(f, g)
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A
A = tanh (Z) .

Remark 2.4. In order to have A as small as possible it is convenient to
choose a = %1—. It is then possible to choose the o = o, that minimizes A.
Hence, the bound on the contraction rate A depends only on A and D.

with

Note that, for each gq, g2 € C(O)([O, 1]), —g1 = g2 < g1 implies —g;1(z) <
g2(z) < g1(x); that is |g2(z)| < g1(x), for each x € [0, 1]. Consequently, for
each L? norm, ||g2|lp < [|g1/|p, and Lemma 1.3 applies.

Let g € CO([o, 1)), folg =1, and g € C,, with a, =

JoTrg=Jyg=1,

”j-'vn—i—mg _T’ngnl < e@(f""”"g,%"g) —1< eA"_lé)(f(fmg),fg) —1< eAA_lAAn_l.

D .
-1 Since

This means that {T"g} is a Cauchy sequence in L'; in addition, {T™g} are
equicontinuous. Let ¢, = hm T"g; clearly Tcp* = Qx, Px € Cs,a,, and @,
is not dependent on g; i.e. go* 1s the density of the unique invariant measure
absolutely continuous With respect to Lebesgue.

Up to now, we have shown the existence of the invariant measure, ob-
tained some of its regularity properties, and been able to estimate the decay of
correlations for all functions f € L*°([0, 1]), g € C,,. The next theorem gives
a slightly stronger result, and an alternative to using Lemma, 1.3.

THEOREM 2.5. There ezist K,r € Rt such that, for each f € L([0,1]),
g € CO([0,1]) with [y g =1,

1 1
[ rormgdn— [ fouds| < KIfla(lglh + rlglc)a”

Proof. Consider g € C,,, normalized so that folg = 1 (i.e., g can be
thought as the density of a measure). Then,

[ 5@~ pda| < 71

™ g
———w [l [l 0o
Px o

LEMMA 2.6. IfCy = {g € CO([0,1]) | g(z) > 0, for all z € [0,1]}, and
O+ s the corresponding Hilbert metric, then, for each g1,g2 € Cq,

©+(91,92) < O(g1,92)-

Proof. Since Cy D C,, the identity is a map from C(© ([0, 1]) to itself that
maps C, into C;. The result follows then from Theorem 1.1. O
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A simple computation yields

T
©1(g1, 92) =In sup 91(2)02(y)
z,y€[0,1] 91 (y)gz(a:)
Using the previous facts, and the trivial equality
(Tg)(x) _ T"g(x)es(y) T"g(y)
o) Trg(y)es(z) exy)’

we have

0. Fg,0n TMow) _ T"g(x) < O+ T"9W)
e«(y) — pe() o+ (y)

for each =,y € [0, 1]. Because fo T"g — ¢,) = 0, and the fact that both
functions are continuous, there exists y, € [0, 1]: T"g(yn) = @«(yn). Using
the previous inequalities, with y = y,,, we obtain, for each x € [0, 1],

e=0+Tg,00) < TM9E) _ o.(Tg,0.)
Pu(T)

and
™ g
P«

~ This estimate shows that for each f € L([0, 1]), g € Ca.,

'/ foT"gdx—/ fgo*da:/ gdx

Let us now consider g € C([0, 1]), g > 0, and piecewise differentiable
with ||g||cc < 0. If we define g, = g + ppx, p € R, then for each z > y we
have

- 1“ < 69+(%n9’“"*) —-1< eAn_l@(fg""*) —1<erAAAL
x

< K|lflllgllhA™,

K = e A AL oy |oo

gp() .g eln[g(z)*'e"*“*(”"_y)fw*(y)]—ln[g(y)ersO*(y)]g (y)

z |9I(§)+Pa*a*eo*a*(g_y)tpx(yﬂd l:”g lloo ,—1 ]
+ % Wx
< efy 9(€6)+peT* 3+ (E=Y) v, (y) ggp(y) _<_ ex(y) P x| (2= y)gp(y)
Choosing
/
_ llg'll
p= sup

z€(0,1] Px(T)ax(l — o)

we have g, € Ca*, hence, the decay of correlations for g, implies the decay of
correlations for g. The result for arbitrary g € C(([0, 1]) follows, since any
smooth function can be written as the difference of two piecewise differentiable
positive functions. : O
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Theorem 2.5 immediately yields:
COROLLARY 1 (mixing).  For each f € L*®([0,1]), g € L([0,1]),

fOlQ:l? 1 1
| gormg= [ se.

Another corollary of Theorem 2.5 is the so-called Central Limit Theorem
[21].

lim
n—oo

COROLLARY 2 (CLT). For each f € C([0,1]), fol feox =0, the distribu-
tion of the random variable

1 & .
%;foT

converges to a Gaussian law.

3. Two dimensions (the smooth uniformly hyperbolic case)

In the rest of the paper we will see how the approach presented in Section 2
can be implemented in more general situations.

Clearly the first possible generalization is the multi-dimensional case. For
simplicity, we will confine ourselves to the two-dimensional area-preserving
case. Hence, this section is dedicated to symplectic smooth uniformly hyper-
bolic two-dimensional maps.

The symplectic nature of the maps implies the existence of a special in-
variant measure (the symplectic volume), which simplifies our approach. The
higher dimensional conservative case can be treated in the same fashion. On
the contrary, in the case of dissipative systems, the present technique should
still yield results, but more care would be needed in its application.

The main idea is that in one direction the P-F (Perron-Frobenius) opera-
tor acts as in the one-dimensional case, i.e. it makes functions smoother, but
in the other direction the P-F operator increases oscillations. To overcome
this phenomenon we integrate the functions on short curves in the latter di-
rection. Under the action of the P-F operator, this is equivalent to averaging
the functions on longer and.longer curves. Hence, also in the second direction,
a regularization is taking place.’

The previous argument will be made precise by Lemma 3.2. The Hilbert
metric used in this section is weaker than any L? norm (in particular Lemma 1.3

9The necessity to take averages comes from the fact that, in the multi-dimensional case, measures
converge to the invariant one only weakly, contrary to what we have seen in the one-dimensional case.
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does not hold); nonetheless, according to Theorem 3.9, it suffices to control
the decay of correlation for Holder continuous functions.

Starting by describing the class of maps under consideration and by recall-
ing some standard constructions, I will then introduce the cones of functions
used in the proof.

3.1. The map. Let M be a compact smooth symplectic manifold and
T : M — M a symplectomorphism. Let there exist a bundle of cones
{C(x)}zem in the tangent bundle (ie., C(z) C T;M) strictly invariant
(D, T~'C(z) C int C(T~'x) U {0}) and continuous: the “edges” of the cones
vary with continuity. Then the map T is uniformly hyperbolic and its stable
and unstable foliations are continuous (conversely, for such maps, it is easy
to construct a family of continuous strictly invariant cones with the required
properties; for more details see [27]).

It follows that there exists a smooth metric on M such that, with v%(z)
and v"(z) the stable and unstable normalized vectors at x,

IDTo*(z)| < 7%,
|D;To%(x)|]| > A

for some A > 1. Furthermore, the Riemannian volume is equal to the symplec-
tic one. We will, from now on, use this metric. In addition, we will suppose
that

inf ||D,T7|| > A>1,
veC(x)

1
sup flv—w| < 5.
v, weC(x) 2
lvll=llwl=1
(This can always be achieved, eventtially by choosing a smaller A > 1 and by
replacing C(z) by Dyn, T~ "C(T"x) for a large enough n.)
Further, we assume that the map enjoys the mixing property.’® In the
present case the Perron-Frobenius operator T : L' (M) — L'(M) is given by

f’g:goT‘l.

3.2. Cones of functions. Due to the presence of both contracting and
expanding directions the approach of the previous section must be slightly
modified. To overcome this difficulty we will, in some sense, quotient away (or,
better yet, “integrate away” ) the unwanted direction through the introduction
of suitable test functions. This is achieved by introducing a set of curves, and

10The previous assumptions imply that the map is locally ergodic [4], [27], [22], and mixing on
each ergodic component [17], [32], but several ergodic components could still be present.
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considering averages of a function taken along these curves with respect to
appropriate measures. Consider the following class of closed, connected and
differentiable curves

s ={yC M| <length(y) <26 Vz € v, 7' (z) C C(x); |ky(z)| < H}

where +/(z) is the unitary tangent vector to v at z, x(z) is the curvature of
v at z, and § € (0, 1).1! On each of these curves, the measure m., induced
by the Riemannian structure (arc-length), is naturally defined. The plan is to
perform integrals on «, with respect to a large class of measures. We proceed
to characterize such classes by specifying the properties of their densities with
respect to m..

Let us define the cones of “density” functions. Given any connected
smooth curve =, let

Da(v) = {f eCOy) | f>0; o) e“d(””’”"}
f(y)
where d means the distance along v, and v € (0, 3]. In other words, we are
considering positive functions whose logarithms have a bounded modulus of
v-Holder continuity.
The reader will certainly notice the similarity to the cones used in the
one-dimensional case. Let us remember that

[0 @) = fi(w)] [ o) = )]
py(f1, f2) =In Lﬁ}% ey [evd@ ) fo(z) — fa(y)] (22" f1(u) — fi(v)]

is the Hilbert metric in Dy(7).
The set of functions we will consider is

Da(7) = {f € ﬁa(’)’) I p’7(17 f) < R}

For later purposes we also define

Di(y) ={f€CO(y) | f >0},

together with its Hilbert metric

fi(@) fo(y)
, =In| sup ——1.
p+(f1, f) L,ygy fi(y) fa()
Of course, by Theorem 1.1, p; < p,, (since the inclusion of D,(7) in D (v) is
a contraction).

1To fix a length scale, let us assume diam(M) = 1.
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It is now possible to introduce the cone of functions that will be used in
the proof (here, as in the following, the integration is done with respect to the
measure m.):

Cre = {9 COWM) ¥y €Ty, Vo e v ¥h, € Duly) [ af >0
= :

f2(33)f»ygf1 Sebp'y{fl’fz); ||D“g||oo§c 1an f»yfg ,
fi(@) [, 9f2 et I f

by D" we mean the derivative in the unstable direction. We require that D"g
be well-defined, apart from, at most, countably many points, on each unstable
manifold (the reader may feel free to think that g is everywhere differentiable:
I will use our weaker assumption only at the very end of Theorem 3.9, and not
in an essential way). The choice of piecewise smooth functions, in the unstable
direction, is done only to simplify the exposition. More general functions can
easily be considered by defining larger cones.!? ;

As anticipated, once we integrate along the “problematic” direction, we
can consider a cone quite similar to the previous ones. In essence the main
idea is to forget about the actual value of a function and consider instead only
averages values. It is then natural to require that averages done with respect to
similar measures (that is, measures whose densities are close in the p., metric)
are almost equal.

For later use it is useful to define two quantities relative to a given function
(the maximal and minimal average): For g € C(O(M),

lolle = mp S22
f€Da(v)
. LS
loll- = me 2%
fg'ga((s'Y) f’yf

3.3. Contraction of the Hilbert metric. The reader may wonder about
how big the cone Cp . is. The next lemma shows that it is far from empty.

121f v and 5 are two curves in I's, obtained one from the other by “translation” along the unstable
direction and ¢ is the canonical isomorphism from 5 to v along the unstable direction, one can replace
the last condition in Cp . by

( [ af <o
Jsafo9

for some o € (0, 1) and where 7 is the distance between v and 5. (Not by chance Dq(7) is chosen so
that if f € Dq(7), then f o ¢ € D,/ (vy) for some a’ > a.)
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LEMMA 3.1. For each b > 1 the cone Cp . is a closed convex cone with
nonempty interior in the CV) topology.

Proof. The closure and the convexity can easily be checked by direct com-
putation. The third property follows since the open set {g € CO(M) | g >
p > 0; ||Dglle < cp} is contained in Cp, .. In fact,

fa(z) f1(y)
@) ) Y

ep+(f1’f2)f1(33)/gf2
Y

fo() / afi = f) / 9 ()

IA

IA

8

By now, it is clear that we need the cone to be invariant under the action
of the P-F operator. Lemma 3.2 shows that this is the case.

_ Lemma 3.2, Fora, b and H (see the definition of I's) large enough,
TCh,c C Cyp,xc for some x < 1.

Proof. We check the first property first. For v € I's, z € v, f1, fo € Da(7)
and for each g € Gy ¢,

[@on=[oer7 = [ | afioT|aet(D:Tly-s,)].

By DIT|T_17 we mean the restriction of D,T to a map from the direction
(T~'5)' to the direction 7'. Moreover, we use det(-), in spite of the fact that
in our case it is superfluous, to emphasize the multi-dimensional nature of the
argument. l

In order to proceed it is necessary to estimate the latter quantity in terms
of the averages used in the definition of the cone; the next result is the first
step in such a direction.

SUBLEMMA 3.3. For each v € T's, there exists a collections of curves
{vi} € Ts, such that v; N~y; = 0y N Oy; and U; v = T~ 1, provided H has
beern: chosen large enough.

Proof. We start by subdividing 771(y) in connected pieces of length &
plus, at most, one piece longer than § but shorter than 26. Since v/(z) € C(x),
and D,T~'C(z) C C(T~'z), we have (T~14)" (T"'z) € C(T~'z). We are left
with the condition on the curvature.
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Let 7(s) and F;(s1) be the curves v and T~y parametrized by arc-
length. If n is the unit vector in the direction 7, then (n, DT~1v') = 0

and |kp-1,(s1)] = [(n, 7571 (s1))|. Since &1 = | DT~ 15 ||, it follows that
_ d D~(3)T ¥ (s)
kr-1,(s1)] < A L <’I]
et @5 D5 T 5G]
d
-2 - ~/
< 7|(n P70
< A e+ |(n, D5y T-7"(s)))

where ¢y depends only on the second derivative of T'. To conclude the estimate,
let us fix s and choose explicit orthogonal coordinates at (s) and T'7(s).
That is, we take the axes in the directions 7/, 5", and 71, 7/, respectively. In
these coordinates DT ! has the form

-1 _ a b
pr _<Oc)

with @ = || D5 S)T‘17y’ (s)]| > A. In addition, since the Riemannian volume
equals the symplectic one, det(DT~!) = 1, i.e., a = ¢~!. Using such a repre-
sentation yields

1~ a b 0 o _
|<77v D:;(S)T ( )>| < (O 1) ( 0 a! > ( |I€7(S)| ) - |F‘7’7(S)|a 17

or

[kr-1,(s1)] < A7%(c2+ AT'H) < H. O

It is then natural to write
[ @95 =% [ aioTidex(DTL,)1
b i Y
We have obtained a sum of integrals taken over allowed curves; thus the ques-
tion of the densities remains.

To continue we need to analyze the maps T} : C(©(y) — C©(~;) defined
by

(3.1) (Lif)(@) = fo T(x) |det(D,T1,))|  forall z € .

From now on, with a slight abuse of notation, we will drop the subscript
“”, since the range of T is always clear from the context.

SUBLEMMA 3.4. T(Du(v)) C Dya(i) for some o < 1, provided a >
36177 (1 — A7)~1, where c3 depends only on the system and H.
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Proof. For each f € 15a('y), z,y €y €ls,

(T.f)( ) <e ad(Tz, Ty)" +u(co+pH)d(z, y) < e(a)\ Y4e3btv)d(z, y)"

(TH)(y)

where p is the maximal expansion coefficient.

SUBLEMMA 3.5.

and a > c36*7V(1

f1, f2 € Da(7),

for some £ < 1.

O

If R (sce the definition of Da(7)) is sufficiently large
—1 then T(Da(7)) C Da(vi); in addition, for each

—\7Y

pri(Tf1,T f2) < €py(f1, f2)

Proof. The constant function 1 is an element of D,(v;); for each f €

Doa(vi) we have

p’yi(la f) =

IN

<

Accordingly,

In

In

In

sup

ad(z,y) _ 1 ad(u,v)"f(u) _ f(’l))]}

e [ () — F@)] [ 1]

sup

i -[ea(l—o)d(z,y)’-’ _ 1] [eedw)” —1] (1)
-(1 + 0') aaQ"é”]
=0 e <R

Hence, T(Da(y)) C Da()-
Dq(i) is less than R, the second part of the result follows from Theorem 1.1.

/7Tgf=2/7igff20-

Next, let x € 7, and choose points zi € Try;;

z) / (Tg)

IA

A

IN

IN

Z Tf2 Zz)xy. 9T fi

Tf2
by, (T1, Tf2)_S2(2) f2(5”> 2
Ebpn (1, f2) f2(2) 1)
e zszlrlew fl(z)fQ 2/ ng2

e[gbpv(fl,f2)+P+(f1,fz)]fl(m) Z/T 'fgfg
i Vi

e(gb+1)p7(f1,f2)f1(a:)/(Tg)f?

v

-ead(x,y)" _ 1- -ea(l—l—o)d(u,v)" o 1] f(v)}

In addition, since the diameter of T;(D,(v)) in

|
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which yields the wanted result for b large enough. The third of the conditions
is easily checked after we notice that

. (Tg)f L. Tif B
i >y 7 gl = Nllgll-

i

implies [[[T'g[|- > [llgll-- =

By now we know that the cone is mapped inside itself, yet this does not
necessarily means that the diameter of the image is finite. To check this last
property we start with a preliminary result.

LEMMA 3.6. With K = %%8%%%, for each g € Cyp xc,

gl
g 1) < In [Knmn_]

(from now on © designates the Hilbert metric in Cp,c).

Proof. For each A > 0, such that g — A € Cp ., a direct computation shows

A < inf f7gfza0,
T

f€Da(v)
et ) fy [ gfs— fo [, 91 _

A < inf = o
- r bo~ (f1, f2) _ )
flyfwzeéga(w) e zflf’Yfz f2f’yf1
_ —||DY
y o gl — D%l _
C

conversely, if A < min{oy, az, as}, then g — X € Cp .
Accordingly, « = min{ag, a1, as} (see §1 for a definition of « in this
context). In addition,

a = |lgll-

et i) £y g oy
oy > ,ylenrfé [ebp‘y(fl,fZ) — e_p‘f(fl’fz)] fi f'y f2

f1, f2€Da ()

bt _ xbt 1— b
e’ —e X
( ) lglll-,

> llll- ot s = G
and
az > (L= x)llglll--
This shows that o > ub:_’i)b lllg|ll-. Moreover, a similar computation shows that

g < %H@Hh and concludes the proof, since O(g, 1) = In g a
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It is interesting (and helpful) to notice that, if we consider the cone

Cy= {g e CO(M) |g¢o; /ngO Wy € Ty, feDa(w}
¥
and its Hilbert metric ©4, then

6. (0. 1) - 1n el
T gl

In this language, Lemma 3.6 states: for each g € Cyp,yc, ©(9,1) < InK +
e+(g ’ 1)'

Up to now we have let the scale 6 be arbitrary. In the next step it is
instead essential to compare averages on curves having some fixed scale. In
the present context we could simply fix § to be some appropriate value éo.
Nevertheless, it is inspiring to observe that one can relate averages on any

small scale § with averages on some fixed scale 6g.
Let 69 > 0 be fixed, define

L 9f
gl = sup ZL—,
+ 761"50 f f
fEDa()
lole = e 28
‘YEF‘SO f'yf
fEDa(v)

LEMMA 3.7. For each 6 < &g, there exists Ny € N such that, for each
g€ Cb,c, n > N07

IN

llgll%,
g2,

IT"gll+
IT"glll-

I\

provided a > —%=5657".

Proof. For each v € T's, f € Dy(y) and n > ﬂ%‘;——"gﬁ = Ny we have
T~"y| > 260; we can then divide T~™y in curves {;} C I's,. The condition
0

on a insures that T"f € Dy (7;). Now

™ ™ 1 ™ 0 _ 0.
77 [Ter =172 [ o7 < 75 5 [ Tl = sl

that is, |||T7g]ll+ < || glll%. The other inequality is proved in the same way. [

3.4. Diameter of the image. While up to now we did not use the mixing
property, it will be necessary to do so in what follows. The main implication
of mixing, in our context, is of a geometric nature: it asserts that given a
finite number of sets of positive measure, some image of each one of them will
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T W*(2)

FIGURE 2.  Square neighborhood.

intersect all the others. Consequently, given two curves that intersect such
sets, the images of one curve will eventually get close to the other.

To make this argument precise we will construct a covering of M, made up
of sets that are well-behaved with respect to the curves in I's,. The construction
of the covering may seem a bit technical, but its main point is to insure that
each curve in I's, is contained in some element of the covering, and that the
relevant geometric properties of the iterates of any curve can be described
solely in terms of the covering.

Consider z € M. There exists a Cartesian system of coordinates in a
neighborhood of z such that the axes are parallel to W*(z) and W"(z), respec-
tively. By the continuity of the cone family, there exists a smaller neighborhood
of z where each curve parallel to one of the axes is either in C (in the stable
direction) or in its complement (unstable direction). Let Q(z) be a square (in
the Cartesian cqordinates), with center in z, enjoying the above properties.

We can use the Cartesian structure to identify all the tangent spaces at
w € Q(z) with the tangent space at z, and use the Riemannian metric at z to
define a Cartesian metric in Q(z) We then consider some smaller neighborhood
Ql(z) such that, calling d. the Cartesian distance and d the Riemannian one,
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3d < d. < 2d, and such that Uweal(z)C(w) c {|¢| < 3nl} = C; this means

that we can consider a unique cone C in the neighborhood @1(2). We finally
consider the square neighborhood Q(z), centered at z, but with size half the
size of Q1(2) (see [27] for more detail on such a construction). Since M is
compact, there are finitely many z; € M such that |J; Q(z;) = M.

We choose & to be 1 the size of the smallest of the Q(z;).

Given a square G C Ql(zi), for some i, of size 46y, it is easy to see
that every curve in I's, that intersects a concentric square of size %1 will be
completely contained in G. We will call such a concentric square the “core” of
G (see [27] (§1-3) for a more extensive discussion of the concept of a core and
its use). We also define the “central strip” of a square, as a strip, parallel to
WH(z), of size %Q, and containing the core.

In each @1(zi) we construct squares G of size 46p such that the union of
their cores covers @Q(z;); the collection G, made by such squares, is a covering
of M with the following properties :

(1) Ugeg core(G) = M;
(2) for all v € T's,, G € G, if y N core(G) # 0, then v C G;

(3) for all v € T's,, there exists G € G: v N core(G) # 0, and the part of y
that intersects the central strip of G consists of v minus two pieces, each
of length larger than %Q.

We will say that v intersects G “properly” if the last of the latter properties
is satisfied. Such a covering is the main ingredient in the following fundamental
lemma.

LEMMA 3.8. When § < &, then there exist Ny € N and A € RT such
that
diam(T™*Cy, ) < A < 00,

N, < N + Ny, where N depends only on T and G, and Ny is deﬁned as in
Lemma 3.7.

Proof. Since the map under consideration is mixing there exists N € N
such that, for each G, G’ € G,

T~ Ncore(G) N core(G") # 0.

Without loss of generality we can impose N > n; (n; to be chosen later).
Given any function g € Cp ., we choose 7, € I's, and f. € Dg(7«) such that

f*gf*

1
I 0
=2 5l
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Let us call G, an element of G properly intersected by 7. Given any v € f‘go,
there will be an element G of G that is properly intersected by . This implies
that there exists w € core(G)NTY core(G.); by construction, W (w) Ny # 0,
and consists of only one point wy; moreover d(TV (w), TN (w)) < A~N&
Hence, there exists 1 € TN~ such that it is the “translate” ' along the
unstable direction, of . In fact, by construction, W*(T~Nw) N+, # 0, and,
if we cut T~V~ at T~Nwy, each of the two resulting pieces is longer than
AN %Q > /\”‘%Q > 36y (where we have chosen n; such that A" > 24). Hence,
TN 7\ can be divided into pieces belonging to I's,, and

Lf/wTNngTj—f/mngf'

Let ¢ be the canonical isomorphism (see Appendix II) from 7. to 71 and Jy
its Jacobian

1 ~ 1 ~
WATNng m/wgcws[(TNf)ocb] Jor.

From the results rgcalled in Appendix II it follows that, for R, a, N large and
60 small enough, f = (TV f) o ¢ Jy-1 € Dy(7«). Hence, for some z € 74,

= [N 1 7 Sl Dllo [ 7
7 TNar > ff/*f o L7

(2) —2bR rl
> [ e / [ oge™R — sl / * f]
1 (2) 0 _—2bR _ i
> N {%( IlglllSe L e C50|||9|||—/% f}
—2(b+1)R N
> F—;—mmn“ coolllglll - }ff ff‘

—2(b+1)R

On the one hand, if ¢ llgll% < cbolllgll|-, then we have immediately

I oglls

2(+1)R
| TN +Nog]| -

0506

—2(b+1)R

On the other hand, if € llglll% > céolllgll|—, then we choose an arbitrary

13By “translate” we mean that, for each z € vx, We () Nm # @ and consists of a single point;
in addition, for each w € v1, W (w) Ny« # @ and consists of a single point. See Appendix II for

more details.
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point ¢ € TNy, C v, and we have

[Fgg 5 I g on, L,
f f(y)d ) 4
Covasy T y 6—2(b+1)R
> el e gy
v e20+DR
> e TN ——lgllI%

where ||DT||s < p. From the above chain of inequalities follows:

— o e e—2(b+1)R
7 [ TVgf 2 e N T
A

This last inequality yields
~2"aby ,~N g—2(b+1)R

~ (4 O'LL
TN g2 > 1 TN gl
which implies
=N
T gl < 46298 N 2b+DR, 0
|7 +Nogl|| -

Thanks to Lemma 3.8 we can apply Theorem 1.1.
Summarizing, there exists Ag € (0, 1) such that, for each g1, g2 € Cs, .

O(T"g1, T"g2) < A([MNO} ©(g1, g2)-
Let A:A([)N+N0+1]—1

3.5. Decay of correlations. We have thus obtained a contraction with
respect to the Hilbert metric; it remains to verify if this suffices to estimate
the decay of correlations. As already remarked, Lemma 1.3 does not apply to
this case, yet it is still possible to prove the wanted result.

THEOREM 3.9. There exist K > 0, and r > 0 such that, for each g, f €

c(M)
[ e[ 1 6| < Klaldslan

with ||« = [aq [Pl + 7]|W]]oo-

Proof. The basic idea behind this result is to partition M into curves
belonging to I's. Unfortunately, such a simple idea it is not trivially imple-
mentable. Of course, such partitions exist (e.g. Markov partitions) but it is
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not immediately obvious which constraints they force on é. In order to avoid
the problem entirely, we content ourselves with a much coarser partition and
use a dynamical argument to refine it.

We have already constructed a covering {@Q(z;)} of M. From such covering
we can obtain a partition P = {P;} of M, such that Q(z;) O P; and 0P, is
piecewise smooth.

Next, for each §; < 8, we can partition a neighborhood of Q(z;) into
squares of size 61, with sides parallel to the axes. We will collect into ’Pi(él)
all the squares p such that p N P; # 0, and into P (6;) all the squares p such
that p C P;; let P+ (61) = U; PL(61), P+(61) = U; PL(61). Clearly, for each
€ > 0, there exists §; € RT such that (m(-) stands for the invariant measure;

m(M) = 1),

(3.2) > m(p) < 1l+e,
pEP+
Z m(p) > 1l—e¢.
pEP_

These two series of “quasi-partitions” of M will be sufficient to prove:

LEMMA 3.10. If f € COWM), f ¢ 750,1/2(7) for each v € T'(§), and

g €Cpe, g =0, then
[ algll-< [ so< [ fllglls-
M M M

Proof. For each ¢ > 0, choose &; such that (3.2) holds, then, for each

ny > 0,
P

/M fg= /M ™ (fg)> Y /T”I(fg)'

pepP_ P

By construction, each p is naturally partitioned into curves belonging to I's, .
If Ep is the smooth density of the invariant measure expressed in the local
Cartesian coordinate (7, £) of the square Q(z;) and v¢ C {(s, §)}ser, then, by
application of Fubini’s theorem,

/M f9> /dﬁfy€ dnh,T™ (fg) = Py /dng o ™ (h
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We choose n; large enough such that, for each p, ff"lﬁp € Dya(7) C Da(v),
and |[T~™~¢| > é for each &,

[ go = X [aef  To@)lell-= 3 [de [ BTl

pEP_ peEP_

Lt = Loy T el () = el71ee) Nl

P_

v

This yields the first inequality, since ¢ is arbitrary. The second inequality is
proved in the same way. O

The previous lemma implies

|||f"9|||+/ / o 1)/ /
n - <e 9,
JuTo < g Juf s wd I
[ gz ee@an [ g [ g
M M M

The preceding inequalities show that the Theorem holds for functions that
satisfy the hypotheses of Lemma 3.10.

Next, we will consider f, g € CO(M); f >0, g > 0, f, g almost every-
where differentiable with || f'||cc < 00, and ||¢’||cc < o0; in addition, for each
stable curve v we assume f to be piecewise differentiable along v, and g to
be piecewise differentiable along each unstable manifold. Let f, = f + p, and
ge = g+ & (p, £ € RY); then

f(x) < ef: |f’p||oo <e f’plloo d(:lt, y)uél—u.

and

fly) ~

It follows then that, choosing p = 2l /[;(';‘51_", we have f € D%g(fy) for each
v € I's. We can perform a similar computation for g¢; it yields g¢ € Cp,,

— L9l
c

provided £ = . This implies

'/M ffng_/Mf Mg' B '/M prngg—/M fp/M ggl SKAn /M fp/M 9
KA™ [/Mf+51‘”ﬂi%“93] [/Mg+”—gic|—|3’i] .

Again, the proof is concluded since any smooth function can be written as the
difference of positive functions with the above properties. O

IN

Remark 3.11. An interesting feature of the proof presented in this section
is the possibility of computing explicitly the constants K and A by only looking -
at a finite number of iterations of the map. It would be interesting to perform
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such computations (eventually by some numerical method) in specific examples
to verify if the present strategy can produce realistic estimates.

Review. Let us review the strategy of the proof before going to the next
section. The proof consists, essentially, of five steps. The first is the specifica-
tion of an invariant cone of functions in terms of smoothness in the unstable
direction and averages in the stable direction. The second is the reduction
of the estimate of the diameter of the images to the estimate of the ratio of
the maximal and minimal average. The third (not particularly essential in
this context but essential in the following) is the reduction of the estimate of
the averages on the scale 6 to averages on some fixed scale §yg. The fourth
is the estimate of the averages on the scale 6§y by using mixing first and the
absolute continuity second. The fifth (and last) step consists in showing that
the contraction in the Hilbert metric suffices to imply the exponential decay
of correlation.

In the next section we will carry out the same five steps in a more general
context. I advise the reader to refer to this section if some confusion arises in
the next, more technical, one.

4. Two dimensions (the nonsmooth uniformly hyperbolic case)

In this section we will consider a class of maps that is similar to, but more
restrictive than, the one considered in [27] and [23].

More precisely, let M C R? be a connected compact set on which the map
T is defined: T : M — M. For simplicity, we will assume M is a square,
but we could as well require that M consist of a finite number of smooth
lines intersecting transversally. We will call a set with the above more general
property a “symplectic box” (see [27] for a general definition). The symplectic
box M is partitioned in two ways into unions of an equal number of symplectic
boxes

M=MtJ...UMHE=mM7 ...UM
Two boxes of one partition can overlap at most on their boundaries, i.e.,
+ + + + P
Mi mM] CaMZ maM], z,]—l,...,m.
The map T is defined separately on each of the symplectic boxes ./\/l;" , 1=
1,...,m. It is a symplectomorphism (i.e. it preserves the area and it is smooth)

14The case in which the map is defined on finitely many disconnected sets, and each set is a
two-dimensional symplectic manifold with boundary, can be treated in the same way.
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of the interior of each .M+ onto the interior M;", i =1,...,m and a homo-
morphism of M+ onto .M ,i=1,...,m. We will assume that T is C? in
each box up to and 1nclud1ng the boundary

We will say that T is a (discontinuous) symplectic map on M. Formally
T is not well-defined on the set of points which belong to the boundaries of
several plus-boxes: it has several values. We adopt the convention that the
image of a subset of M under T contains all such values.

Let us introduce the singularity sets ST and S~:

+ = {p € M | p belongs to at least two of the boxes Mii,i =1,...,m}.

The plus-singularity set St is a closed subset, and T is continuous on its
complement. Similarly 7! is continuous on the complement of S~.

Now St |JOM is the union of all the boundaries of the plus-boxes and
S~ |JOM is the union of all the boundaries of the minus-boxes, i.e.,

m
SEom = | oM.
i=1
Note that most of the points in the boundary OM of M do not belong to S~
or ST.

Our assumptions imply that the singularity sets ST and the union of
boundaries U7 ; M is the finite union of smooth lines intersecting transver-
sally.

We assume T is uniformly hyperbolic, and that at each point z € 8Mii
the stable and unstable directions are uniformly transversal to OMF.

We assume 7' enjoys the mixing property.'6

In addition, we chose ¢ € [v/3 — 1, 1) such that

(4.1) Autt <1

where A and p are the minimal and maximal expansion coefficients of T', re-
spectively (see §4 for a more precise definition of A and u).

Next, we have a condition specific to the present context, which does not
play any role in the study of weaker statistical properties (like mixing and
ergodicity). We assume that there exists ng € N, such that

4.2 M(ng)A=¢m <« —
(4.2) (no) <33

M (n) being the maximal number of smooth lines belonging to |J}* , T°S™ that
intersect at one point.!7

15This is a serious restriction: in particular, billiards do not satisfy it.

16 The observations in footnote 10 apply here as well.

17The choice of 33 is completely arbitrary. The point is that if M(n)A~¢™ < 1, for some n, then
there exists ng that satisfies (4.2).
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Remark 4.1. Note that condition (4.2) can always be fulfilled if M (n) has
polynomial growth. But it is not necessary to be able to control M (n) for each
n, since (4.2) is a condition concerning some fixed power of 7.

Henceforth, we will let ng = 1 and M(1) = M, since this can always be
achieved, eventually replacing 1" by 1T70.

Finally, we assume that there exists a family of cones in the tangent of
M (not to be confused with the cones of functions used later). First we
have a cone family C_(z) € 7, M, continuous on M and nondegenerate (i.e.,
int(C_(z)) # 0) in int(M). We assume that C_(x) contains the stable, but
not the unstable, direction, and that if z € S, then the tangent to S is not
contained in C_(x), together with the corresponding requirement for S+.18

We define C4(z) to be the complement of C_(z). In addition, we will con-
sider C_(z) = DT'C_(T'x), where l is chosen so that the width of C_ () is less
than some ¢ € R*, and DT~1C_(z) c C_(T~'z) (which implies DT~'1C_(z)
cC_ (T~ 1z); e, C_isa strictly invariant cone family for some fixed power
of T).

If the reader wishes to keep in mind concrete examples of the type of
systems the results of this section apply to, she can consider the following:
M =T2 T(z,y) = F(A(z, y)) where

1 a
A_(a 1—|—a2>

with @ € N (which implies that the linear part is discontinuous on the torus);
T is area-preserving; F : T?> — T? is a C? function sufficiently close to the
identity so that the hyperbolicity is not spoiled (see [27] for a discussion of the
symplectic boxes’ formalism, when applied to this case).

Another possibility are the “piecewise linear standard maps” introduced
in [40], [41]. They are maps T': T2 — T? defined by

T(.’L‘l, :1:2) = (.’L‘l + x9 + Af(.’IJl),:IL'Q + Af(.’IJl))
where (x1, x9) are taken modulo 1, f is a periodic function
1 1 1
—|t| ==, for —=<t<=
fe) =l —5, for —<t<s,

and A is a real parameter. The mapping T preserves the Lebesgue measure.
For A = 1 there is a simple invariant domain D in the torus. It was proved in

18These conditions amount to little more than transversality of ST with respect to the unstable
and stable directions, together with uniform transversality of the stable and unstable directions at
each point at which they are both defined. It would be possible to further weaken our requirement,
but it is not clear how useful such a generalization would be. In fact, in almost all the known examples
the proof of the hyperbolicity of the system starts exactly with such a cone family.
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[40] that the Lyapunov exponents are different from zero almost everywhere
in D, while in [27] it was proved that T is a Bernoulli system in D. From
the results of this section it follows that, for functions supported in D, the
correlations decay exponentially.

4.1. Cones of functions. We will use the same notation of the previous
section.!® The only difference is due to the presence of the discontinuities,
which forces us to choose a more complicated cone other than Cp.:

for all v € I's;

Chre,a,(6) = {gec@) (M\ ['ans—>le<M)

n=0
fo f1, fa€Da(v); x€y; T €Ty, 1| <& f3, fa, f5 € Da(l);

xr
(VRS I hOldS, /gf > 0’ f2( )f'y flg < ebp'y(flva)
Y

fi() [, f29 ~ ’
1 D"g]| 0o |[; 9fs] - gl +
<g¢ < ds* |11 |9l <L
Tall- 75) TPl g
Jr9fs _ & Jr9fs
< ebpr(fa, f5) JI + 2¢eber(fs, fs) . f5)ébd _ } .
) = @) pr(fa, f5)06d||g]|

It was necessary to weaken the regularity requirements on g since, given
g€ C©) goT~1 may be discontinuous; our requirement is the maximal invari-
ant regularity one can ask for. In addition, although g may be discontinuous
on a dense set, it makes sense to talk about the derivative in the unstable direc-
tion. In fact, the local unstable manifold Wi () is well-defined at almost every
point [23], and, by definition, enjoys the property Wi (z) N Unzo TS~ = 0.
Hence, we can define D2g to be the derivative along W2 (z). Finally, we have
conditions concerning integrals on arbitrarily short curves; since such curves
are unavoidable, some conditions of this type seem necessary; the condition on
the rate between the maximal and minimal average turns out to be needed for
technical reasons.

4.2. Contraction of the Hilbert metric. Of course, our aim is to prove the
following:

THEOREM 4.2. There exist b,c,d,L € RT, s € RY, x € (0,1), and a
function m:Rt — N such that, for § < 6,

T™Cyc,a,(6) € Cxb, xe, xd, L ().

191n the definition of I's (see §3.2) we use the cone family C_; the cone family C_ will also be
used in the following. We will call I's the set of curves that have direction in such a narrower cone
family.
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Indeed, we shall see that this is sufficient to obtain a contraction of the
Hilbert metric (Lemma 4.14). Nevertheless, the route to Theorem 4.2 (at least
the one found by the author) is not very direct. Several intermediate steps are
needed.

The next lemma is analogous to Lemma, 3.2. It is however less satisfactory:
it does not provide us with an invariant cone. The condition that fails pertains
to the ratio of the averages. Yet, in the previous section we were able to control
effectively this ratio only at the very end, by an independent argument. It is
then reasonable to content oneself temporarily with the following result, and
to proceed with crossed fingers.

LEMMA 4.3. There exist N(§), lims_,o N(§) = 0o and A € RT, such that,
if L>1,8L <d, a and b are large enough (see Sublemma 3.5 and (4.8)), and
2¥¢%a < In2, then, for each n € {Alnd, ..., N(6)},

TmC@ < d»L((S) C be, X6, xd, T,%L(é)
where x < 1, and 7,1 =1 —3dA\""M™ > 1//2.

Proof. Not surprisingly all the difficulties arise because T~y may contain
many, eventually very short, connected pieces. The main tool to overcome such
problems follows:

SUBLEMMA 4.4. There are &g € RT and N:RT — N, such that, for each
6 < bo, n < N(6), and v € T's, T™" consist, at most, of M"™ pieces.

Proof. Property (4.2) implies that there exists §y such that S~ intersects
at most M times a segment in the stable direction of length 8, and MA~¢ <
1. Given § < 8y and v € T's, T~y will consist, at most, of M pieces. If
p = || DT~ |00, then the length of such pieces will be, at most, 6. The result

follows then by choice of N(6§) = [ln ilen—p‘lné]' o

The first step consists in comparing |||g|[|— and ||T"g]||_, for n < N(6).
Given v € T's, T~ ™y consists, at most, of M™ pieces {7;}. We divide such
pieces into two collections. The first, J_, will contain all the maximal con- "
nected pieces of length less than 6. The second collection, Jy, will con-
sist of connected pieces of T~ ™y belonging to I's. In addition, we require
(U";EJ_ '721U <U§e.7+ 7y> = T7"y. Given ¥ € J_ we choose some T € 5.
Using such notation we can write

1 [ 1 - 1 -
- TTL - - T'n - TTL
f'yf[/ 2 fwf[U?g f+f7f/~U§g f

YET+ YET_

1 ~
7 3 Angf—— > f(Ta5)dA 6 7 lglll-
7Y Jeds

~ET-

v
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T f e |
> {{1- 3 =2 ) —dM"A"e ““}mgm_
{< 7€ i
> {(1-227"M") —2dM"x "} gl
> (1= 34037 flgll- = mllgll--

: 2Ind In 3d
Hence, if n > =50 > oo

/T”QfZO.
;

In addition, for A > 0 sufficiently large, given n € {Alnd, ..., N(6)}, we
get

. n 7_—1 _ _
(4.3) 7 glll- = = llgll \/—Illglll
A similar computation yields
(4.4) T gll+ < malllgll+

We are now ready to verify the remaining conditions. We start by ana-
lyzing integrals over short curves.

Let n < N(6) and consider I € Iy, [I| < 6. The image T7"I can be
divided into many connected pieces that are either in I's or are shorter than 6;
we call J4 the collection of the first and J_ the collection of the second. For

each f € Dy(y) and z € I,
’fIT gf’ n s n s
f(x) JeT- U s J;J /gT

Given J € J_, choose z; € J such that |det(D,,T"|;)| = 1I€1§ |det(D,T"|;)|;
z
then

’fIT"gfl . e
@ S T@ {Jezj_f ") det( D, T")| 1710 lgl]-
+ T flllgll
J;/ 9 +}
Since,
@45) (o)< [ AT < 1)

" |det( Dyp-ny 7| )|
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it follows that

Tgf
’fz ’ Zd T xJ /\(c Dy g8 4L 3 f(y)dm(y)
f( JeJ- jeg. T"Jf(a:)
¢ 1—¢
x llgll= < dew® I ACDrgl=¢ | 5™ g | ST 1
Jeg- JeJ-
¢
+ Ldt | | 1| 6 ¢ llglll-
JeT+

which implies:

4T

f(=)
where K7 can be taken to be 4 max{(A"!M)(1=9" Ld~1}, provided & is suffi-
ciently small.

Choosing ¢ small and A large enough, it is possible to have K; < 1/2,
provided that

(4.6) < dK16" |1 |lgll-

(4.7) L

IA
ool Q.

Collecting 4.3 and 4.6 we get

™ -
'ﬁm)g—f—' < xd8 I T gl
provided n € {AInd, ..., N(6)}.
Moreover,
< ID*T"glloo _

< xe

I T"g]ll-

Finally, when we look at the ratios of different averages, difficulties again
originate from the possible existence of short pieces.

Let v € I's and J be the collection of the connected pieces of T~ ™y. In J_
we put the pieces shorter than ¢, and we collect the others (after sub—d1v1d1ng
them in pieces belonging to I's) in J.

o T fi(e
Tngf < Z—— / T fyelbor(f1, f2)
/7 i < T fy(w3) 2

+3 §T"f1(m;;)%egbp“’(fl’fQ)bdp'y(fl, 2)lllalll-
yeT-
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where we have used the fact that the analogues of Sublemmas 3.4 and 3.5 hold
in this case as well (providing us with £ < 1).

S, T"gfi f(Trz3) o) 1 -,
G LZJ F2(Taz) fi(2) /ng 2
~ fg(l‘)fl(an~) eEva(fl»fz)
-ns m _ v

Let us call 7_ C J_ the set of curves 7 such that f; gT” f2 < 0; then

—————f”f (f)fl < Z/~9T”f2+ > [1—entn ] /~9T”f2
! Feg ™ yed- 7
) N (1+E0)pn (1, £2)
+ NG, (1, RT3 fo(Tmas)| S
~ fo(z)
y€JT-
< | [Ton+ a0, RITgll-dA™ 3 £o(T7a3)
: Y

yed-
o€+ D)oy (f1, f2)

+ 4AT"6bdpy (f1, P)IT gl D fo(T"a5) fa(z)

veT-

ffy Tnng

< 14 16bdp-(f1, fo) MTA="] e(E+Dps (1, f2)
< py(f1, f2) ] fa(z)

< eletbT H16M A d]bpy (f1, £2) LTt
- fa(z)

eXbpy(f1, f2) M
fa(z)

IN

where we have set b and A large enough; more precisely
(4.8) bl e+ 16(MAHd < x < 1.
We are left to check the last condition in our definition of the cone. Let I € T,

with |I] < 6, collect in J; the pieces of T~™I longer than é and in J- the
shorter ones.
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f ngfl _ 1 n n
L = T { Z+L9T RS /gT fl}

JeJg-

1 { Z Z fl(w’y)/gfnbeﬁbpl(fl,h)

IN

" -
n Z Anf(wJ) /ngf2e€bP1(f1»f2)
JGJ— T fQ(CL',]) J

+ 20" fi(wg)Ee I ) sdbpy (f1, fo)lall-]}

Again, we collect in J_ the J € J_ such that L gf" f2 < 0; accordingly

sz gfl e(€b+1)pr(f1, fz)fIT 9/2
filz) = fa(z)
8'5 ebpr (1, 2) n
+ =81 P2 sdbpr (f1, f2)IITl| -
+ Z 2ePEFDPIT2) o (£ f2) fo(a) ™! /gfan
JeJ- !
< eXbpl(flva)%-{—2X26Xbp1(f1’f2)5dbp[(f1, f2)|||]~“”g|||_,
2(T
provided
BATTM™ < xR =

Let us choose n, = [Alnd] + 1, and § so small that N(§) > 2A1Ind.

4.3. Awverages on different scales. Next, we need estimates that allow us
to compare the average of 7™g on the scale § with the average of g on a fixed
scale 8g; for the time being, the only assumption on 6y is

by o
a € (1_()/\_V,2 In 26, )

We define??
qf
llglls = sup 7
7€F50 Y
f€Da(y)

20 As already mentioned, T is defined as in §3.2 by using C_ as a cone family.
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. Jyaf
g2 = inf ]f-
761"50 ¥
f€Da(v)
N(6)68

LEMMA 4.5. There exist p € Rt and N_(8) < Jgze= = N+ () such that,
for each g € f”*Cb,c,d,L(é), 8 sufficiently small, and n € {N_(6), ..., N4(6)},
either _

I7"gll+ _ 3 llgll+
I Tmgl|- ~ 8llgll-’

or

IT"gll+ < 4llgll3

- 1
IT"gll- > 3lllgll-

Proof. We start by noticing that, although Lemma 4.3 did not provide us
with an invariant cone, we can control a huge number of images.

SUBLEMMA 4.6. There exists p € RT such that

N(6)8
16d6°

n e {Alnd, ey } == T"Cy,¢,d, L C Cyb,xc, xd, 4L

provided that 32L < d. In addition, for each g € Cy 41
I1T"gll+ < 2llgll+,

~ 1
I7"glll- = 5llglll--

Proof. For each n € {Alnd, ..., (%)p%}, we write n = %(5) + m,
where we requirem € {Alnd, ..., N(6)}. According to Lemma 4.3 (in egs. 4.3,
4.4), for l € {Alnd, ..., N(6)},

IT'll- > (1 =3dA~"'MY)]lgll- =7 lllglll-,
ITll+ < =llglll+

Moreover, A has been chosen such that T;lln 42 % Setting 7 = T (5)/2, all
we need to check is that
r2(k=1) < 2.

The result follows, since

7_2 < eGd)\_ﬁéﬂMﬂéQ,
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. _ InaM~!
and, with p = n2hw ,
P
6d i)
72 <e (60
which implies the lemma. a

The idea of the proof is to iterate v € I's until the majority of the pieces
produced are longer than éy. To be more precise we will iterate pieces of the
images in order to obtain long connected pieces, but we will stop iterating
them once they become longer than do.

Let o = 7; let n; € N be the first integer for which, given v; C v, T~ ";
contains a connected piece longer than §5.2! We will collect such long pieces
in J;, after subdividing them in pieces belonging to f‘50.22 The sets v; C v are
defined by induction: v;+1 = v\ (Uk 7 T"W). In addition, we will collect all
the connected pieces belonging to ™+, 1 (by construction such pieces are
all shorter than ép) into two groups: J; * will contain the pieces longer than 6,
and J; the shorter pieces; Ji = J; U J .

By construction, m;y1; > n;, and T~ ™+, consists, at most, of M™ con-
nected pieces. For each i, > 0, and m > n;,, provided (6%>_p —]\1%3—) >m,

LTref Z Z JTmmigTm f s LTm g™ f
I, [ R R

= 76‘7 v ’YGJi*

IN

sup || T"gllS + 2T gll > 1]
ne{0,...,m | | 7€J+

+ 2d(AT M) | T g

To conclude the argument, we have to choose i, large enough so that the
unwanted terms in the previous equation are negligible but not beyond the

applicability of Sublemma 4.6 (i.e., n;, < (%)_p %).
Since n;, > N(8), it follows that 2d(A~'M)™+ < &, provided § is suffi-
ciently small. Let i, be the first integer ¢ for which Z’ie 7 |T™5| = |vit1] <

%. This means that |v;,| > —1-5%5; in addition, T—%;, will consist, at most,

of M* pieces, shorter than &, for each k < n;,. Let us call J; the collection
of such pieces Now,

T3] !T 7! —1q,\F
128L— Z R |—7§* < (A1) 6.

211t is easy to convince oneself that, if ; contains an interval, then n; is finite.
22Gince, n; must be larger than N(§), choosing § small enough, we can insure N(§) > I (see the
definition of C_ at the beginning of the section).
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~1
The previous computation shows that, when kg = ﬂ%—), n;, < ko+ 1.

Using our choice of 7, and the previous estimates, we conclude that, for
eachme {ko+1,..., Ny(8)},

), Tmgf - 1, ~
=<  sup T"g i T™gll|—.
7 ep IT"glll3 + 2Tl

In the same manner one can prove:

f ngf 1 . (110 1 m
Lf,y*f_ > (1-22""'M) ne{g’}.f_‘m} IZ"gllI= = 71T gl

To obtain a useful inequality it is necessary to estimate [||7"g||%. This is
done by the following.

SUBLEMMA 4.7. For each g € T"*Cb,c‘d,L(é), and n < N, (68),%
~ 3
ITllS < llgll + 31911+,

- 3
IT"gll2 > gl

Proof. The proof is by induction. Let v € f‘go; if 71 contains the connected
pieces of T~1~ longer than &y, J2 contains the ones shorter than &, but longer
than 8§, J3 contains the shorter pieces, and &7 € 7 is an arbitrary point, then

J,Taf
o< X

yET

J,oTf
L f

»
s %}|||g|||++ 3

vET2 VETs

< Mol + () [2+ 2d§5] gl < g% + 3(A~2M) gl

Tf(x3)
I f

édlflglll-

provided ¢ is sufficiently small. Our induction hypothesis is

n

(4.9) IT"llS < Mgl + 3lllglll+ Y- (A" M)

i=1

We use a construction similar to the one used previously. We collect in J; all
the pieces of T~1v longer than &, in J» all the pieces 5 of T2~ longer than
0o, provided T was not contained in an element of the collection J;, and so
on. The connected pieces 5 of T~ ™+ that are shorter than &y, and such that
T'7,i€ {1, ..., n}, was always contained in maximal connected pieces shorter

23n, is defined at the end of §4.2.
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than &, are collected in two sets: J. contains the pieces longer than 6, and
J- the shorter ones. Assume (4.9) for all j < n, then

f,yj:m+1gf Z Z f Tn 1gTz+1f
f’yf =05eJ; 11 '7
f ng+1f OMTHL s
+ > g gl
Ant16,
’YGJ+
z+1f n ‘
<y Z “ sl + Bllalle (0
=05egia 7 j=1
| n+1

+ 37 M) Mgl < lgllS + 3llgll (A M)
=1

By (4.9) and (4.2),

. 3(A"1M)
IT"gllS < lglls + =gz lell+ < llgll% + 2|Hg|||+~

The second inequality is proved in a similar way. In fact,

[, Tgf [, oTf  2dMé

> Y - lglll-
I f ‘o kS Ao
B M
> (-2 )l — o5 sl
> (1= 227 1)|lgll% = MAY|| Tl

since, for each function § € Cpcq,r, [|7lll- < g/, we have
LTgf 1-23'M
- —1
I f 1+ A1 M
This time, we will use the following induction hypothesis:

Tl > Realllglll®

gl

1—2(\~"'M)nt!
where hl JA—% and hn+1 = —fl(()\—_iw)n.’,i_hn

THA~

Ty f A~LM )]
LI0T - ooy maligll®. - A2 il
5
This concludes the argument, since
DL-20M) s ey s 3
_ —_— > i= > . D

fin El 1+ (M) = °© 1 =1
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From the previous lemma we obtain immediately

514 2\ 3
ST gll= = (1= =) =llgll®
2l = (1= 55) Sl
which implies the last inequality in the statement of the lemma.

To conclude the argument let us consider two cases. First suppose that

-~ 3
79+ < 75 lllglll+

This would immediately imply the first possibility in the statement. Second,
suppose that

- 3
mn > _ .
7" glll+ = 1 lllgll-

The above inequality, together with the inequalities obtained before, yields

- 3
ITglll+ < lglll% + 21T glll+

which conclude the proof. a

4.4. Comparison of averages. The only task left is to compare the value
of the integral on different +’s. Due to the presence of the singularities, this is
much more complicated that in the smooth case. Nonetheless, the basic idea
is the same. The only difference is that we will break up a curve in f‘50 into
pieces belonging to lA“gl, with 6 > 61 > 6, and we will compare such pieces.
The essential feature of this decomposition is that §; can be chosen smaller
than 8y but fixed, depending on the parameters of the cone, while still leaving
the possibility of choosing é as small as needed. To carry out this plan we need
to introduce appropriate neighborhoods of S~.

Definition 4.8.

St = {ze M| dist(z, S*) < ¢},
n
S, 8) = UT™(S5.,,)-
=0

Moreover, we will say that two curves vy, v2 € L., sup iélf d(z,y) < o716,
Y

€Y Y2
are the translates of each other in the unstable direction if each sufficiently long

(but shorter than 0=26;) unstable manifold intersecting one curve intersects
the other as well.

We are now able to state our main comparison lemma.

248ee the proof of Sublemma 4.13 for the definition of o.
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LEMMA 4.9. There ezists m, € N such that, if two curves v1,72 € f‘gl

are the translates of each other in the unstable direction, their distance is less
than 61/2, and y1 N Zm, = 12N Zm, = 0, then

1 G_R —bR
_ 5 / <2 / € llgll_6s.
5[ o-Ggloll-ons [ a<2] o+ S loll-s

Proof. The lemma is a consequence of the results stated in Appendix II.

[o = [ a+[ g<| gosis+Da0ut=m gl
7 D(¢) 71\D(¢) R(¢)

61 —¢ 1—
9Js+ | D% —/ Ty + D8 (A=) gl
Joy 96 107l [ o DB gl

IA

Here we have used Lemma II.3. To use effectively the properties of g it is
necessary for the domain of integration to be connected, while R(¢) is not.
But, from Lemma II.5 and I1.7 it follows that both ¢ and Jy4 can be extended
to continuous functions defined on all v,,2® and the extensions satisfy the same
bounds (i.e., the extension of ¢ is Lipschitz and the extension of J, is Holder
continuous). Let us use a tilde to identify such extensions:

| 9= [ aTo+cllgll-83 +2D8 (A= a1 =)™ gl
T Y2
Lemma II.7 shows that for a large and 6; small enough, f¢ € Dy(72); therefore

g < el [ g (2Dt =)™ + c81) g6
st 2
The result follows by choosing 6, sufficiently small, and m, sufficiently large,
with respect to b and c. a

To conclude this part of the argument, as we did in Section 3, we need
to construct an appropriate covering of M. We will use such a covering to
control the images of a given curve.

We start with the same collection of squares Q(z;) constructed in Subsec-
tion 3.4.26 We choose & smaller than }1 the minimal size of the Q(z;), and such
that the hypothesis of Sublemma 4.4 is satisfied. As in the previous section,
given any square we have a notion of “core,” although a more stringent one.
In the previous section, a square of size 46y was called a “core of a square” a
concentric square of size %‘1; here we will call a “weak-core” a concentric square

25For example, one can take the extension to be linear with respect to arc-length where the
functions are not defined.

26The presence of singularities restricts the possible points that can be chosen as the center of a
square: only points with well defined stable and unstable directions are allowed. Nevertheless, almost
all points are available, and the squares can still be chosen of uniform size.
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with size ﬁ the size of the containing square (¢ > 1 will be chosen during the
proof of Sublemma 4.13), while by “core” of a square of size te (for some £ > 0),
we mean the set of points in the weak-core that have a stable and unstable
manifold longer than 4¢t.2” In addition, we will call a square “a—connecting”
(for some « < 1) if the measure of its core is at least « times the measure of
the square.?®

The key ingredient in the construction of our covering is a result very sim-
ilar to the “Sinai Theorem,” which is the cornerstone of the proof of ergodicity
for the systems under consideration. In fact, the proof of the following theorem
is almost indistinguishable from the proof of the Sinai Theorem in the simple
uniformly hyperbolic case (I refer to the version in [27, §3]). However, since
the statement looks stronger, a sketch of a proof is provided in Appendix I.

SINAI THEOREM 4.10. For each square Q) of size 6g,and t > 2, there erist
ag < 1, ég < 6o, and mg € N such that, for each o < g, and 61 < 6¢g a
covering G(Q,61), of Q, may be constructed, made of squares of size t6; with
the following properties:

(1) Uces, ) weak-core(G) D Q;

(ii) the number of squares G for which |J T"S N weak-core(G) = 0, and
[n|<mq

G is not a-connecting, is less than 2;—6K51%‘11 (Kqg being the mazimal
number of overlaps in the covering);

(iii) for each ~ € fgl, v C Q, there ezists G € G(Q, 61, m) such that vy C G
and v intersects properly (see §3.4) G.

In other words, a square () can be covered by the weak—core of sufficiently
small squares whose overwhelming majority contains an abundance of stable
fibers.

According to Theorem 4.10, for every square ) € {Q(z)} we can con-
struct coverings G(@Q, 61). Let us choose mo = max{{mqg}gecg, m«}, and é; <
min {{6g}geg, B 2u"™8} (where 8 > 1 will be chosen in Sublemma 4.12,
and depends only on mg), and a = min{ag}; then G = Ugeo 9(Q, 61) is the
covering of M that will be used in the following.

We are now positioned to make the last step: estimate the ratio of the
averages; as in Subsection 3.4, a new element, the mixing property, allows us
to close the argument.

2"To be more precise, we will mean a slightly smaller set: the set of points constructed in
Appendix I; cf. Sublemma 4.13 as well.

28The definition of core differs from the one given in [27, Def. 11.1]: there the requirement on the
size of the manifolds is absent. Nevertheless, the definition of a-connecting is essentially the same.
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LEMMA 4.11.  There exists N € N such that, for m € {N_(5), ...,
N4 (8)}, and for each g € Cpcq.1(5),

m 3L m
7™ gl < max { 153067, 22 LTl

Proof. We have assumed the map to be mixing. Hence, there exists N € N
such that, given any two a-connecting G, G' € G,

TN (core(@)) N core(G') # 0.

The strategy of the proof is as follows: first we will show that it is possible
to control the average on any curve of size ¢y via the average on a shorter curve
contained in a connecting square (Sublemma 4.12). Then we will see that the
mixing property implies that a connected piece belonging to some image of such
a shorter curve is §;-close to any given curve. We will then be in a position to
compare any two curves.

SUBLEMMA 4.12.  For each § < &§1d~! small enough, g € Cpcaar(9),
v €Ts,, f € Duly), there exist v+, v~ € Ts, (v7,7~ C ), such that
1f-fg [, fg fwfe 1,
o ¥ yt
In addition, both v and v~ intersect properly an a—connecting square belong-
ing to G, and are disjoint from Uy <m, 8.

Proof. Consider the set V\(Ujnj<m, IT"S). Since 61 < B~26pu~™0 (for
some 3 to be chosen later), one can divide 7 into 696y 13-2 pieces, each of
length 6;/3%. When we iterate each one of these pieces, for at most mg times,
they remain shorter than éy; hence, they can be cut by S at most M™° times
in each direction. This argument shows that v\ (Un<|me I"S) consists, at
most, of 2?—2&‘2M ™o pieces. We collect in J; the ones that are longer than
B361; in Jo we collect the curves shorter than 361, but longer than ¢; finally in
J3 we collect the shorter ones.

L9 _ < g 5f f(@3)
T = + ) Tllglll+ + dé|[lglll--
f'yf ;;71 ffyf :;;72 f,yfmg” + :;273 ffy.f Ig

Next, we sub-divide the curves belonging to J; into curves belonging to f‘51
and we split the resulting collection of curves into three parts: the curves
intersecting properly a connecting square, collected in Jo; the curves adjacent
to a segment in U|n|§m0 T"S, collected in Jy; and the rest, collected in Js.
We have assumed the uniform transversality between ST and the stable and
unstable directions; this implies the uniform transversality for T"S, |n| < mq.
Since the direction of v/, for v € f‘(s, may differ from the stable direction by,
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at most, some fixed arbitrary €, we can assume, without loss of generality,
that the curves in I's are uniformly transversal to T"S%, |n| < mg. We can
therefore choose (3 so large that, if z € ¥ € T's and the distance of z from TS ,
[n| < mg, along v, is larger than 361, it follows d(z, ST) > té; (¢ will be chosen
at the end of Sublemma 4.13). Hence, by construction, the curves in J5 belong
to squares that do not intersect Uj,,j<m, I"S. The Sinai Theorem implies that
the total length of the curves in J5 must be less than 2% ong- Among the curves
in Jo there exists one on which the average is larger; let us call it 4*; then

Ly fe _ L+ fg 1
2 467t M™o 4dM™ 3~ _.
7 < w2 (g 4l + 44075 ol
Similarly, we have
f fg oy \f;gf’
f NET3 f’yf
Let v~ be the curve in Jy on which the average is smaller; then
3
I, fg_ I fg_4de0B_ ||| I _3f fg_4de06_26f f9.
L —4l-f 4 [-f o J, f
The lemma follows when £ is sufficiently large. O

Given g € Cpc,441(6), choose v* € fgo, and fi« € Do(7*), such that

f'y* gf«
A

Then, there exist v} € r 5., and an a-connecting square G, € G containing it,
such that

llgll <2

f'y:_ gf*

1
0 L= .
gl < T, T- 35 11911+

Furthermore, for each g € Cpcqar(0), ¥ € fgo, and f € Dy(v), there exists
- € I's;, and an a-connecting square G € G such that v_ C G, and

e 1) fg

Lf~ “3
To compare the averages we need to know that, for each -, a preimage of v_
contains a translate of v}. The next lemma states that this is indeed the case.

SUBLEMMA 4.13. T~ N~_ contains a translate of vy

Proof. Let w € core(G,) N T core(G,); then, by definition, there exists
a stable manifold W* and an unstable manifold W*" of size ad;¢ (consequently




DECAY OF CORRELATIONS 283

intersecting G-, completely), and W*NW" = {w}. This implies W" N~_ # 0.
Let y = W"N~_, and let 7, be the smooth connected component of T~"~_
containing T~ "y. To prove the lemma we have to estimate the size of 7p,;
this depends on the distance of T~ ™y from the singularities, which will be
estimated in (4.11) and (4.12). Without loss of generality, we can assume that
there exists m € N such that G, intersects at most one smooth segment (call
it I) belonging to UnwqT"S™ and w & X3 (t, 61) \ £, (¢, 61) (cf. Appendix I);
since a smooth segment can end only by intersecting another segment, the
segment I cannot have its end points inside G.,; moreover, we can assume the
same properties for G, (with respect to Uo7~ "S™ and 7).

Since T~"W" NS~ = (, and since S~ is uniformly transversal to W,
there exists o € (0, 1) such that, for each z € T7"W?",

(4.10) d(z, 87) > omin{d(z, T""w1), d(z, T "wa)}

where {wi, we} = O(W" N G4). Let w; be the point of O(W" N G,) closest
to y, and w; the point of A(W3(T~Nw) N G,) closest to T~Vy. Then, setting
W5 = WS(T~Nw) N G., we have

(4.11) d(T™ "y, 87) > od(T™ "y, T""w;) foralne{0,...,N}

In fact, if n < m, then (4.11) is a consequence of (4.10) and the fact that

GyNUnLo T"S™ contains at most a segment that intersects G, completely. If
n > m, since d(T "y, T "w) < %l/\_” and w & (¢, 61) \ 2;,(¢, 61)

t
d(T™"y,87) > 551/\_" > od(T™ "y, T "wn).

Analogously, one can take advantage of T~Nw € core(Gy). Given two curves

v1 and 72, £(y1, 72) is defined as sup inf d(z, y),
z€Y1 YET2

d(T~Ny, 87) > od(TNtw, T@y) — o UFAN—n, T"WF) ifn < m;

here we have used (4.10) and the uniform transversality between stable and

unstable curves that allows us to choose o such that d(T-N+ny, T-N+my) <

o' inf d(y, 2). In addition,
2€TmWS

t
d(TNtny, §7) > 5A "o - d(T~N+ny, T=N+ny)
> od(T N T"w, T"w1) — 0 YEAN_n, T"WF) if n > m.
Consequently, by choosing 7 € {0, ..., N} such that, for the first time,
d(T™w, TN %)) > 40~ (Fg, TN "WF)
and collecting the last three inequalities we have

(4.12) d(T "y, S7) > %d(T‘"w, TN-"g@,) for all n > 7.
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Then, for each n < 7,
5l = od(T"y, T="wy).

In fact, the latter relation is true for n = 0 because of (4.10). Now suppose
that it is true for n — 1 and let %, be the connected component of 7,1 \ S~
containing T~"*1y: then

Anl 2 od(T™" "y, T7" )

and
Fnl = [T7'30] > XNod(T™y, T~ "wr).

Next, since 7 intersects the weak-core of G, d(y, wi) > td(y, w) and (see
Sublemma IL.2-c) (T "y, T lw;) > d(Tly, T~ w); hence

|%_| > O,d(T—TH—ly, T—Tl—l—lwl) > 025(%5_1, TN—ﬁ-i-lWls)

4 -_— p—
> O.Z_d(T—n-{—lw, TN—n-{-—lwl)

and

4 - f— —
|’~}/ﬁ| Z O.Z_e—a;/\‘"&ltd(T—nw’ TN—nwl),

where we have used the distortion estimates of Lemma I1.2 and ¢4 is some fixed
constant. For n > 7, by (4.12), it is possible to show, by induction, that

4 _ _
~ (o2 _ -n N—7 44 _ o~
|'7n| > Ze AT Y0 61td(1 "w, T N "wy).

That is
~ U4 §
il 2 et > 66,

where we have chosen ¢ sufficiently large (t > 480~%) and 6, sufficiently small
(eme4®1t > 1) Moreover, from the argument it is clear that after dividing Fy
at T~Ny each of the two pieces is long, at least, 36,. From this follows that
4N must contain a translate of v} . O

We conclude the argument.

Consider an arbitrary g € T™Cp 41(6). Let v C T~N~_ be a translate
of v;; the curve v_ \ TV~ consists, at most, of two connected pieces vL, 72;
hence

. ~ ~ ~ =N
LT 1 LTS 1), 9TV 1 G T79]
f'y -f T2 f'y— -f 2 f'y— f 2 =1 f'y— f
We would like to eliminate the integrals on the two curves 4%, i.e., to show
that their sum is a positive quantity. To do so, it suffices to notice that one of
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the two curves, let us say 4L, must be longer than &; if also the other curve is
longer than 6, then both integrals are positive. Otherwise

S [ TN = [, STVl S )dblIT V-

v

5 -
flz2) [—1 - da] IFNgll- 2 0

provided 6 < 2%1' The above estimate allows us to write

[, fTNg e PR
v > L N/ g
Y0

L f 1
—bR ~2bR,,—N
e _N e 1%
> Y
> T o g el
e~2R fﬁ 9fx @R, =N
> p - llglll+
32 Lo fo 20485
o . o—2bR
> — _).
> o (sl = el ) 2 S (Il — F5llal-)
Up to now we have shown that, for each g € T”*Cb,c’d’L(é),
_ e~2R~N ’ I
4 T 0>__( o L _>.
(413) ITYgll2 = g — (sl ~ Fgllol

The next, and final, step is to consider any g € Cp¢,q,r(6); the lemma will then
follow from the estimate (4.13) and Lemma 4.5.

In fact, Lemma 4.5 implies that, for each m € {N_(6), ..., N4(6)}, calling
g= T™+ g, we have either

Tm~+N ~
IZ" gl _ 3llall _ 3L

[Tm+Ngl~ ~ 8lliglll- — 4

which would conclude the proof, or

I+ 2 SR = St (il - - )
= - 128 16

Now, we consider again two possibilities: if ||| g|H9r < ?gg llglll=, then

T+l < 4llglls < 8 Lligll- < IIIT"’+N§III—;

otherwise (again by the second alternative of Lemma 4.5)

. N ¢~2R ) ~N P~ _
Il gll- = mm 3lll+-
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4.5. Diameter of the image. Lemma 4.11 was the last piece in the proof
of Theorem 4.2: it suffices to choose

L > 1536x 1N e?F,

and
m(6) = Alnd + N_(6) + N,

in order to close the argument.?®

We announced at the beginning of the section that Theorem 4.2 was suf-
ficient for our purposes; this is shown by the next lemma.

LEMMA 4.14. There exists A € RT:
diam(Cys, xe, xd, x2(6)) < A
where the diameter is computed with respect to the Hilbert metric © of

Ch,c,d, L(0).

Proof. This lemma is similar to Lemma 3.6, only more computations are
needed since we are now dealing with a more complex geometry.

Let g € Cyb, xc,xd,xL: if A = g < p, then, in analogy with Lemma 3.6, we
have

A < lélrf f}gfzao,
fgva?v) v

eIl fy [ gfy — fo [ gfs

A < inf = o,

- v€ls ebpy(f1, f2) f; f7 fo=fo [, f

f1, f2€Dal(7)

clllglll- = 1D"gllo
c
In addition, in the present context, we have three extra conditions defining
the cone that produces the following constraints: from the condition on the
size of the integral over short pieces, it follows that

- | J; 9]
a6 =<1 gl — x&d
S 1 f 7 = (3.
dsr—<|1|¢ + 7{;)
The bound on the ratio of the averages implies

5 < Llllglll- = llglll+
= L1

A <

= oy,

29 At this point the reader may wonder if such a choice is possible. In fact, N depends on 61,
but not on §. In turn, the choice of §; depends on c and b, but not on d and L. It is therefore
possible to choose all the parameters involved but L, d and §. The above relations force a choice of
L (and, consequently, of d); nonetheless we are still free to choose § sufficiently small to satisfy all
the necessary requirements.
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and the last condition forces?

ebor(f1, ) Jp9fz _ Jien + 2eb1Fn ) o (f1, f2)bdé]| gl -

\ < inf f2(y) f1(y) = as.
ebor(f1, f2) f({f % + 2eber(fi ) pr(fy, f2)bd6

Again @ = min{«;} (i.e., if A < @, then A < g). According to Lemma 3.6,
min{ag, a1, ag} > (1b +’i)b|||g|||_; moreover, a direct computation, using explic-

itly the condition g € Cyp, yc,yd,xL(6), shows that
(1= x)dé" 4|1 d(1—x)
Ll L L ST
ds T [I1< = 2[1] d+2
(1-xL

ag 2 ﬁlllglll-,

v

ag

[1 - etemnt ) S92 4 o041, )1 — x)bslgl -

as > inf
[1 - e-G+Dpr(hn )] 422 ff + 2p1(f1, f2)bdd
- prfi, f2)b [2(1 = x*)délglll- - (1 = x) ‘{é% }
> inf 2[bd + (b+1)] pr(f1, f2)é
> x(1=x)llgll--

These inequalities, together with the analogous ones for [3;, show that there
exists a constant C, depending only on b, ¢, d, L, and x, such that

B <meldlls er 0

O(g,1) < In
1) lall-

4.6. Decay of correlations.

THEOREM 4.15.  There exist D,r > 0 and A < 1 such that, for each

f,g€C'(M),
‘/M(f °T")9 - /Mf /Mgl < DA™ £+l

where, given h € C, ||hll« = ||hll1 + 7||A]|oo-

Proof. The key idea is to introduce a smooth foliation on the phase space
made of stable curves of uniform size. Once this is done we can decompose

9f2

9f1
30In the following formula the numerator is positive since Ifl—(——)— < er+(f1 f2)l];1(— <

f
ePI(flyf2)lf;2%;, and b > 1.
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the integral according to such a foliation and the result follows from the cor-
responding result on the decomposed integrals. In fact, our previous results
show that the correlations, over stable curves, converge exponentially fast to
the same value.

The required foliation can be accomplished in various ways and, in each
concrete example, there may be a particularly convenient way to perform it;
in the following I propose a general construction, only to convince the reader
that foliations with the wanted properties exist.

We start with the same coarse partition P = {P;} used in the smooth case
(notice that, in the present context, the P; can be chosen to be polygons). It
would be possible to perform the same dynamical argument, only the presence
of the singularities would make it much more complicated. Yet, since in the
present case it has been necessary to introduce a very small scale §, nothing
much is lost by placing some further restrictions on it. We further refine the
partitions until it consists only of convex polygons.

We can assume, without loss of generality, that each element of the new
partition has the boundary naturally divided into, at most, four connected
parts: two made up by stable lines and two made up by unstable lines.
Such polygons can be foliated in many ways. For example, choose two sta-
ble segments I, I> belonging to the “opposite” pieces of stable boundary, with
dist(I, I2) > 0, and consider z; € I;. Let {(s) = (1 — s)x1 + sz2 and associate
to each ((s) a line passing by ((s) such that the line associated to {(0) contains
I, the one associated to (1) contains I and the line bundle is smooth. The
intersection of such a line bundle with the element of the partition constitutes
the wanted “regular” partition.3! By construction, all the stable curves so
generated are longer than some 6, < §g. Using such a partition we see that the
analogue of Lemma 3.10 follows immediately, and the proof of the theorem is
concluded by the same argument used in Theorem 3.9. O

Appendix I. The Sinai Theorem

This appendix is dedicated to the proof of Theorem 4.10. Since the argu-
ment is reasonably standard, I will provide only a sketch, and refer to [27] for
more details.

We start by introducing a coarse partition of @ via Sy, = U?__?O(T"S U
(T~"8T). Clearly Q\Snm,, is partitioned into finitely many open domains {R;}.
Since C_(z) = DT ™eC_(T™?z) and C,(z) = DT™@C,(T~™Rz) are uni-

31By “regular” we mean that when s and ¢ (the distance from ¢(s) along the associated line) are
new coordinates the Jacobian of the change of coordinate, restricted to the element of the partition
7, is in Dq(7y). See the proof of Lemma 3.10 for details.
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formly continuous in each R;, it is useful to further restrict the domains. We
consider coverings {R’} of R; made of elements of uniform size on which the
cone families are almost constant. Next, we choose a point zf in each R{ such
that 2] & Upez T"S, and we introduce in each R; a cartesian system of coor-
dinates with axes parallel to the stable and unstable directions at z;. For each
61 sufficiently small, we can then introduce in R} a family of squares of size
to61 with sides parallel to the axes, such that their weak-core covers R;. The
collection of squares just described is the covering G(Q, 61).

To prove the statement of Theorem 4.10, we need only consider the squares
whose weak-cores do not intersect the boundaries of R!. The set S,, =
Upnj<m IS consists of a finite collection of lines. Let us call R,, the set
of points that belong to more than one line. By hypothesis R,, is a discrete
set containing a finite number of points. At each point of R,, the lines in S,,,
are transversal; let 6,, be the minimal angle among them, and let N,, be the
number of points belonging to R.,.

We choose 6; smaller than % the smallest distance among points in R,,. If
ﬁm is the % neighborhood of R,,, then Sm\’lém consists of a set of disjoint
lines, at least 2t§; apart. The total measure of the squares that intersect ﬁm

2
is less than wN,, (%) ; by choosing 6; small enough,

2t61\ 2 < 26160
O ) — 512
Notice that the remaining squares can contain, at most, one line belonging
to Sm\qu. Moreover, choosing m large and o small enough, it is possible
to insure that a line belonging to S, \Sm,, is not sufficient to make a square
not 2a-connecting (meaning that it can cut only fibers belonging to, at most,
1 — 2a part of the weak-core). Consequently, if a square is not a-connecting
(i.e., more than 1 —«a part of its weak-core is covered by “short” fibers) it must
contain at least a set of measure 267 belonging to the tail 5 (¢, 61)\Z% (¢, &1).
It is easy to see that the total measure of the tail is less than CtA™™é; (for
some fixed constant C' > 0), so the maximal number of squares that contain
such a proportion of the tail cannot be more than KoCta 18\"™6; 1 where
K¢ is the maximal number of overlaps of the covering (clearly K¢ depends on
t). One can then choose m so large that the total number of the the squares
under discussion is less than _9?511_2@_;{ 6_21.

The above estimates are all that are needed to prove Theorem 4.10-(ii).

7N, ( Kgf.

< Appendix II. Absolute continuity

This section provides some result that are either not readily available in
the literature or new.
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The main focus is the map induced by the unstable foliation between two
nearby stable curves. It is well known that such a map is absolutely continuous,
with Jacobian close to the identity, if the two curves are sufficiently close and
“parallel” [23]; I will show that the map is Holder continuous together with its
Jacobian. This last property is well-known in the case of smooth maps [32],
[30] but, to my knowledge, it is a new result when the maps are discontinuous
(although some partial results along these lines exist in the case of billiards [6]).

We will restrict ourselves to the two-dimensional case; this will allow easier
and more transparent proofs with respect to [23]. An extension to the multi-
dimensional situation should not be out of the reach of the technique used here,
but the author feels that it would be out of the scope of his present effort.

We deal with the class of maps described at the beginning of Section 4.

Consider curves 71, v2 € f52, such that d(~v1, 72) < c162 for some ¢; < 1;
from now on, we will take d2 smaller than some appropriate §y (cf. §4). Note
that, by the continuity of the cone field and the uniform transversality of
the stable and the unstable directions, there exists a ¢cg < 1 such that every
unstable curve starting from v, in the direction 72 and longer than cy Le16o
intersects all curves y3 € f‘3 62 such that v2 C 3, and 73 \ 2 consists of two
pieces of the same length. Let us define D(¢) = {z € v1 | W*(2) N y2 # 0},
where WU(z) is the local unstable manifold of z with size®? less than or equal
to clc5162,33 and the map ¢ : D(¢) C y1 — 72 by

¢(z) = W (z) N 2.

If R(#) is the range of the map (and the domain of ¢~1) and m(-) is the
measure induced by arc-length, then we define a measure pu on R(¢) by the
relation

/ fdu = / f o pdm for all f € CO(yp).
R(¢) D(¢)

From the general theory developed in [23], it follows3? that:

THEOREM II.1. The map ¢ is absolutely continuous. In addition, there
exists Dy € RY such that, with Jy the Jacobian of ¢, for each density point z
of R(¢) the following holds:

o) DT—j¢—1(z)T
) = Ty () = ] |

dm j=1

T_j'YI < DO
DT_jZTlT_jfyz -

32By “size” we mean the distance, along the manifold, between z and the furthest end-point.
33Wu(z) = {z} if 2 does not have an unstable manifold.
34The following formula was presented in [1] (see formula (5.3), page 151).
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In order to use effectively the map ¢ in our context, we need more infor-
mation: an estimate of the measures of v\ D(¢) and 2\ R(¢); an estimate on
the smoothness of ¢; and an estimate on the smoothness of Jy.

Let 3, (c, 62) = Uino T*S_, - 52.35 From the construction of the unstable
manifold (see [23]) it follows that, for ¢ > cicy?, 11\Z%(c, d2) € D(¢). The
main tool used in the following discussion is a rather detailed distortion lemma.

LEMMA I1.2. For 8y small enough there exists D € Rt such that given
any z,y € M, n € N, anyv € TM, w € TyM such that v € DTIC_(T%),

- . — D,T—!
w € DT7IC_(Ty), and ||v|| = ||w|| = 1, with v; = ”%z%:’)—”, w; = W,:Z—”,

2z =Tz and w; = T™'w for i € {0,... n}, the following hold:36

2,y € £5(2¢,62);  d(zi,y:) < Alby Vi<n

D,. T, _ .
= ||||D:1T1::;|||| < eD max{||[v—w||, cb2} Vi € {1’ L ,TL}.

(a)

[2,9] € v € Tsp; v = (2), w =+ (y); T~"[2,y] connected;
(b) D2, T

Dmax{”vn_wn"’d(z”’ Yn ,
d(zn, yn) < cb2 = Dy Twill <e N vi <n.

RS Wu(z)vd(zvy) < 662

C i)
( = 1D Tl oD max{v—wl,d(zv)} v < p.
Dy, Trwi]l = =

Proof. We will prove only (a), the other cases being proved in the same
way.

Due to the continuity of the cone field, it is possible to cover M with a
finite number of symplectic charts {A} satisfying3” '

(i) any chart is contained in a ball of radius ép;

(ii) given any chart A, there exists a point z(A) € A, such that C(A) =
C_(z(A)) = {(a, B) | @B > 0} (in the chart coordinates);

35By S we mean the e-peighbor of the singularity set of 71, S~.

361n the following formulas ||v—w|| appears and, since v and w belong to different tangent spaces,
it is not yet defined. In fact, one can make sense of such an expression (i.e., introduce a connection
on M) in many different ways. But, different choices simply affect the constant D, so we will not
expand on the subject. Of course, in the proof of the lemma a special choice is made, but I do not
claim that it is a particularly “natural” or “smart” choice.

37We use the cartesian structure of the charts to compare tangent vectors at different points.
One could consider the Riemannian connection a more “natural” choice, but this would sacrifice the
symplectic structure that, in my judgment, is worth using in the present context (see [27] for an
exposition and an extensive application of such a point of view). The reader is advised that, in the
following, we often identify points and vectors on the manifold with their counterparts on the charts.
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(iii) given any chart A, s € A,

D, T7'C_(Ts) C C(A);

(iv) when || - || 4 is the norm induced by the cartesian structure of A, there
exists a fixed A; > 0 such that

AT <1 la < Ag]l - || for all A

In the following we will assume A; = 1; the general case is dealt with in
exactly the same manner, the only difference being that the final constant D
depends trivially on A; (we will, consequently, suppress the subscript A in the
norm).

Our first step will be to estimate |jv; — w;||.

First of all, if w is the symplectic form (which, by our assumptions, be-
comes the standard symplectic structure of R? in each chart A), then, given
u1, ug € C(A), ||lui|l = 1, w(ug, ug) > 0,3

w(ur, ug) < |lup — ug|| < 2w(uy, ug).

From the definitions in the statement of the lemma it follows immediately
that

Dzi_lT_l'Ui_l d Dyi_lT_l'wi_l
v; = and w; = .
YD T i | " 1Dy, T wia ||
I claim that there exists A > 1 such that
(IL.1) |w(w;, v;)] < hA™  max{||v — wl|, c82}.

The proof of (II.1) is by induction. It is clearly true for ¢ = 0. If it is true for
1 — 1, then

IW(Dzi_lT_l'Ui—h Dyi_lT_lwi—l)'
“Dzi—lT_lvi—l ” ”Dyi_lT_lwi—l H

lw(w;, vi)

IN

A_Qlw(Dyi—lTDZi_1T_1vi—la‘w’i—l)l
< AN Hw(wio1, wim1)| + A2Kd(2i-1, Yie1),

where we have used the fact that T is a symplectic map, and K depends only

t

38The following formula is a very primitive example of the possibility of using the symplectic
structure to control the distance between two directions. See [28] for a general construction of a
metric, on the bundle of Lagrangian subspaces contained in a cone, defined only in terms of the
symplectic form.
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on the second and first derivatives of the map. Accordingly, by the hypotheses
of the lemma,

lw(w;, v;)] = AT hmax{|jv — w|, b2} + AT Kby
< AT+ AT E) max{|jv — w)|, eda};
so, choosing h > t2y=r K, we have (IL.1).
We are now p051t10ned to prove the final estimate:

|Ds Tl _ HnDyJT L |
|| Dy, T w| o 1D, T~ v

< eXyolmlDy, T~ wjl|=In || Dy, T~ vj||+{In | Dy, T~ vj | ~In || Dz, T2y ]|

1Dy, T~ HW@ wil| 1 Klly;—z;l

< fo Dy, Jl(sv]+(1 s)wj)||ds+f0 ||D(sy]_+(1_]s)zj])’1‘—le|| s

< ekl Z;;; A~9 max{|lv—w]|, cb2}
for some k; > 0. O

The first estimates are then demonstrated by the following.

LEMMA IL3. There exists D > 0 such that for each v € ﬁgz, and m € N,
if YN, (c,82) =0, with § < 62 < 8o, ¢ < 1, then

m(\D(¢)) < DcbA™™,
1

7@ v’

where the integration is performed with respect to arc-length on~y, g € Ch,c,d,1(9),
and f € Da(y).

< Deba(A =)™ lgll-

Proof. We start by stating a simple consequence of the Distortion Lem-
ma II.1.

SUBLEMMA I1.4. IfI € f‘ao, JCI, andT"I € f|TnI|, then there exists
A>0: I ] I
\J| — 1T J] ]

Proof. Since the curves are in ﬁgo, they have uniformly bounded curvature;
hence, the tangent direction along a curve can change only by an amount
proportional to §y. Accordingly, Lemma IL.2-b implies that there exists cy
such that

T L ADT | e

c260

O

% M
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Consider v € IA‘g*, b« € [62, 6o], ¢ < 1. Suppose YNE; (¢, b2) = 0, for some
k > 0. Then T—*y = ¢ is connected, and |y| > \*6,.

Let So = {J;} be the collection of the, at most, M connected segments con-
stituting vo N S (A *c, 82), and set o = 0\ Use s, J- Consider T~ 15p; it will
consist, at most, of M connected pieces. Collect in 7; the pieces longer than
o, after subdividing them, if necessary, in pieces shorter than 26y. Collect the
remaining pieces in J;". For each piece in J;* repeat the previous construction
(i.e., intersect the piece with Xy ()\‘(k"‘l)c, 82), collect the connected pieces of
the intersection in S7, consider the preimage of the rest, collect the long pieces
in J2 and the remaining ones in J5, and so forth).

By construction, the pieces in J;* can be at most M ! and are all shorter
than 8p. Hence, for each & € [, 1],

Z ITRHF[E < Ml/\_(l_'_k)gég'

VeT)"
In addition, we can estimate the pieces that fall too close to a singularity line
during the first [ iterations:

-1 -1
Z Z |Tl;~);|€ < C{" Z Mi+l—k)\—2i£6§ < BC§A~2k§6§,
i=k5eS;_, i=k

since MA~¢ < 1. Consequently, calling 7 (7, c) the collection of segments that
either get too close to the singularity or never grow larger than 6p, we have

3" A6 < BEATHESS,
€T (Y0, ¢)

We still need to deal with the segments in the collection U2y, 1 T F;—-

Let us consider ¥ € Ji; iterating it we will obtain again segments that are
too close to a singularity, segments that stay short for all times, and segments
that grow to size 6g. We will estimate the first two groups while we will add
the segments belonging to the last category to the above-mentioned collections

of long segments.
[T*H5]¢

k+1z k+1~
> > ITFHFE < Y > WIT 3
YETL FeT(F,A~k-1c) YETL eI (¥, A~k1c)
< A Z Z J—j—'z-|Tk+17|£
eI JeJF,A—k-1c) il
< AéBcf)\—(k-H)ﬁ(ggéO—ﬁ Z |Tk+1-,7|5
JeT1
< A£Bc§)\_(k+1)56§60‘1u(’““)(l—ﬁ) Z Tk 17|
FET1
< QASBcé)\—(kH)&(ggu(kH)(l—E),
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Still, we have not analyzed all the pieces that must be estimated. The
remaining ones are pieces 5 with some preimage 777, j > k, contained in a
connected component of T~/ of size larger than §. The key observation to
conclude the argument is that the last estimate does not depend on the number
of pieces in J;, but only on the fact that all such pieces are longer than &
and that J; C T~%"14. This means that we can apply the above estimate
iteratively and obtain

. 00
Z [I)¢ < ZgAEBcﬁ()\—ﬁu(l—ﬁ))i(gg < D()\—ﬁﬂ(l—&))k(gg.
ICT50(e, 62)0y i=k

The lemma easily follows from the above estimate, and from the fact that
Y\D(¢) is a countable collection of segments, each one of which is contained
in a segment belonging to X2 (c, 61). O

The first of the wanted estimates is completed thanks to the symmetry
between ¢ and ¢'.
Next, we can study the smoothness of ¢.

LEMMA IL5. There exists A € R, such that for all z,y € v1\X5 (4c, 82),
c> clco_lv 6(71772) S 0162739

d(6(x), #(y)) < Ad(z,y).
Proof. Let x, y € Y\X (4c, 62); suppose
1
d(T "z, T™"y) < c2d(z, y)%ég;

then .
62,

=
=

N'd(z, y) < c2d(z, y)

that is,
d(T "z, T""y) < cA\""6s.

The above estimate means that the two points cannot be on opposite sides of
S~ (remember that the distance is taken along « or its images), otherwise one
of the points would belong to ¥ contrary to the hypothesis. Accordingly,
another iteration is possible without disconnecting the part of v lying between
x and y. This shows that T~"[z, y| is connected until

1
‘ d(T™ "z, T "y) > c%d(a:, y)%622.

Keep in mind that the definition of ¢ implies
T7"p(z) =WHT"2)NT ",.

39By £(1,72) we mean sup inf d(z,y).
TEY] YyEY2
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SUBLEMMA I1.6. If z,w € 1\Xx(4c,82), and 2’ = ¢(z), w' = ¢(w),
2m =T ™2, Wy, =T ™w, 2, =T"™2', w), =T ™ then, given m € N such
that d(T =9z, T~ 7w) < cbaA7, for each j < m,20

2p° max{d(z, w),d(2', w') H(m1,72)
max{d(zm, wm)a d(z{'m w;‘n)}

(I1.2) .E(T_m[z, w], T~™[2, w']) <

for some fized p > 1.4

Proof. The proof is by induction over m. The formula (II.2) is certainly
true for m = 0. In addition, when the rectangle Q = [z, w, W', 2], we see that
T-! is smooth on Q. Suppose (I1.2) true for m — 1 and T~™"! smooth on Q.
Since

max{d(T"" "z, T-™ ), d(T~™2, T-™ ')}
> \ml max{d(z, w), d(z', w’)},

it follows that £(T~™%[z, w], T~ '[2/, w']) < 2p2A"™!c;8,. Remember
that the cone field is continuous and the curves T%+; are uniformly transversal
to the unstable direction. This implies that there exists some fixed p € Rt,
such that

AT~ T~ y)y < (T2, T )
+ 2]5@(T‘m+1[z, w]’ T_m+1[zl, 'LUI])
< )\—m+1(1 ~+ 4p2500)662.

We choose p = p, and ¢ so that cg < %3 The above estimates imply that
T~™*1Q lies in a 4cA~™+16-neighborhood of T-™*!'z and therefore cannot
contain a singularity line. Consequently, T~ is smooth on Q.

The area of the rectangle @ is less than pl(7v1, v2) max{d(z, w), d(’, w')},
and ié(T‘m[z, w], T~™[2, w']) max{d(T~™z, T~"w), d(T~™2', T"™w')} is
a lower bound for the area of T~"(@); the result follows by the area-preserving
property of T O

In conclusion, given z, y € 71, d(z,y) < cb2, we choose the first n € N
such that
1
d(T™ "z, T "y) > c%d(m, y)%éf.
Then, due to the continuity of the cone field, the fact that T~" is smooth
on the rectangle Q determined by the points z, y, ¢(z), ¢(y) (see the proof

401n fact, the inequality for j = m — 1 is much stronger than the others, and implies them.
41By [z,w] we mean the piece of v; lying between z and w.
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of Sublemma II.6), and uniform hyperbolicity, we have that T-"[z, y] and
[T~"¢(z), T "¢(y)] are essentially parallel curves. Hence,

d(T¢(z), T "¢(y)) < d(T "z, T "y) + 2p0(T "z, w], T~ "[2', w']).

If d(z, y) > d(é(z), ¢(y)), then the lemma is proved. It follows that there
exists B € R™ such that

d(T™"p(x), T""¢(y))
d(T—x, T—"y)

d(¢(z), ¢<y>>] :
d(z, y) '

In fact, if d(T"¢(z), T "P(y)) < d(T~ "z, T""y) the above inequality is ob-
vious; otherwise Sublemma II.6 implies

dT™"¢(x), T "¢(y))
d(T—nrz, T—"y)

§1+B[

d(¢(z), d(y))d(v1, 72)
(T—m¢(z), T-¢(y))d(T "z, T-"y)
d(¢(z), 3(y)) l d(T "z, T~"y) ]
d(z,y) |d(T"¢(z), T"¢(y)) |’

IN

1+4p3d

IN

1+ 4p3co

which, in turn, yields

AT (), T"(y)) 1 —[d(é(z), d(y))]?
d(T-"zx, T—"y) =g T Voer 3[ d(z, y) ] '

After noticing that, for i < n, if w € T7°Q then d(w, T™'z) < 282\,
by using Lemma II.2-a one can conclude that there exists D € Rt such that

do(e), 6) _ Jr-rs) | DT lr-nms
d(z, y) o DT g,
=d(T"¢(x), T"¢(y))
= D d(T—"zx, T-"y)
5 d(8(x), o)1}
: D(1+B[ d(z, y) ] )
which implies the lemma. d

Finally, we have:

LEMMA IL7. There exists Dy > 0: for allz,y € v2\X(2¢, 62), such that

1 1
~Didts} o J61 W) _ pidyis}

€ - J¢—1(£L')
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Proof. We prove only the first inequality, the proof of the second being
alike. Again, we choose z, ¥y € 12\X5(2¢, 62) such that d(z, y) < cbe, and
n € N such that, for the first time,

' 1
d(T~"z, T™™y) > c2d(z, y)26%.

Setting z1 = ¢~ 1(z), y1 = ¢~ !(y) and using the estimates contained in Lemma
I1.2-(b, c), we have

Jp-1(@) 1 DT‘“IT.T—MI Dr-; yT‘T—J‘n

J¢—1 (y) j—':l DT_jZT

Do, T|
T—j’72 T Jyl T_j’71

n—1 DT‘ij

_ H T Iy

1| Dp—5. T .
7=l e Ty

Dr=s2,T)
T ]wlTT‘j'Yl

DT_j Y1 T‘T_]"yl

Dr_j T| Do T|
] Tz T—iy =7y T—Iv;

X
Dr-sy,T|

j=n DT—ijl

T2 T-im

D n—l' _ m—1
T n+lyT T—n+172 DT "+1.’L‘1T T_n+171

DT—n+1y1 Tn-1

DT“"Ha:Tn_ll

T—n-}—l,.),2 T—n+171

DT‘jwl Tj_n+1 '

DT‘j Tj—n+1'
. T—3 Y T—3i
% lim 7 Y2

. j—n+1
Dy, T3]

i=00 | Dy_j Ti—n1 '

T2
D max{d(T~"+1z, T-"+1y), |(T~"+1y2)’ (2)— (T~ 1v2) (v)II}

Ty

IN

e

 eDmax{d(T =" ey, T~ 1y, (T~ Hm) (21) (T~ ) (o)l

—n+1 - 1
Dmax{d(T—n+1z,T—n+1z1),“ ”Dle "y DM@ “}

Dz T 140 (@) IDeT— "1y @)l

Since the T~"*1y; have uniformly bounded curvature, and since Lemma I1.5
holds the first two exponentials are easily bounded. For the last two, additional
arguments are needed.

More precisely, we need an inequality of type (II.1), but sharper. Namely,
_ Dy T":fyi(xl) DIT"l:'yi (z)
Dz T~y (1) DT =i (@)l

X €

Dy, T~ 15 (y1)  DyT "y ()
D d(T—n+1 —n+1 Y1 1\w1) Y 1
max{ ( »T™" ), Dy, T="F I )l 1Dy T~ F Iy ()l

X €

when v; 0 and w; =

(11.3) |w(vi, wi)| < ha|| DT~ vol| =" 62
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for some fixed h; > 0. Again, the proof is by induction, and we are lead to

Cw d(T~ g, T~ 1(a))
- wi < )1 |w(v; L w;—1)| Ali ) =
|w (v; wz)| hS “DzT_Z-HUi—l” + [[DzT_’+1vi_1||
hl)\_l K)\—l ¢_l(z) .
< 4 . DT~ d
= IDT |l (| DT~ v || IW"(“”) ’

where the second integral is taken along W"(z) (the unstable manifold of z).
Again using Lemma II.2-c, one can write

hiA~16y K\~ 1e2Dé2

- d -1 )
D, T DT ] (z, 671 ()

‘ DxT-”l]

| (w17 vl)[ — ”

wu(z)

Finally, we notice that, because of the symplectic nature of 7', and the uniform
transversality of stable and unstable directions there exists a > 1 such that

-1 < —J ol < a.
o _‘DIT qu(z)‘anT vl < a

Hence,

)\_l(hl + K€2D62a)62
w(w;, v;)| < -
|w( )l DT 0]

which proves (II.3) when h; is sufficiently large.
Formula (IL.3) implies

< 2h|| DT~ y3(x)|| 7" 6.

Do T (@) DT ~"(a)
DaT e~ DT @]

Moreover, again by Lemma II.2-b,
d(z, ) = / ]D T" sy, | d2 > comst. | DT ") | (T "z, T-"y).

In conclusion, there exists Dy > 0:

13 Sod(x, 1
J¢—1 (:L') < eDz{d(l‘,y)?'&;z +max{d(a:,y) 622, %}} < eDd(x,y)%ég .
Jp-1(y) .~ -
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