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In (7) Sinkhorn proved that if A
 is a positive square m

atrix, then there
exist tw

o diagonal m
atrices D

i =
 rdjii,..., d~

ilJ and D
2 =

 rdj2l,..., d~
2)J w

ith
positive entries such that D

iA
D

2 is doubly stochastic. T
his problem

 w
as

studied also by M
arcus and N

ew
m

an (3), M
axfield and M

inc (4) and
M

enon (5).
L

ater Sinkhorn and K
nopp (8) considered the sam

e problem
 for A

 non-
n
e
g
a
t
i
v
e
.
 
U
s
i
n
g
 
a
 
l
i
m
i
t
 
p
r
o
c
e
s
s
 
o
f
 
a
l
t
e
r
n
a
t
e
l
y
 
n
o
r
m
a
l
i
z
i
n
g
 
t
h
e
 
r
o
w
s
 
a
n
d

colum
ns sum

s of A
, they obtained a necessary and suffcient condition for the

existence of D
i and D

2 such that D
iA

D
2 is doubly stochastic. B

rualdi, Parter
and S

chneider (1) obtained the sam
e theorem

 by a quite different m
ethod

using spectral properties of som
e nonlinear operators,

In this note w
e give a new

 proof of the sam
e theorem

. W
e introduce an

extrem
al problem

, and from
 the existence of a solution to this problem

 w
e

derive the existence of D
i and D

2. T
his m

ethod yields also a variational
characterization for n:i (diii dI2)), w

hich can be applied to obtain bounds
for this quantity. W

e note that bounds for n~
~

i (dii) dI2l) m
ay be of interest

in connection w
ith inequalities for the perm

anent of doubly stochastic
m

atrices (3).

2
.
 
P
R
E
L
I
M
I
N
A
R
I
E
S

L
et A

 =
 (aij) be an n X

 n nonnegative m
atrix; that is, aij ~ 0 for

i
,
j
 
=
 
1
,
.
.
.
,
 
n
.
 
A
 
i
s
 
c
a
l
l
e
d
 
f
u
l
l
y
 
i
n
d
e
c
o
m
p
o
s
a
b
l
e
 
i
f
 
a
n
d
 
o
n
l
y
 
i
f
 
A
 
d
o
e
s
 
n
o
t

contain an s X
 t zero subm

atrix such that s +
 t =

 n. A
 m

atrix A
 is called

doubly stochastic if it is nonnegative and all its row
 sum

s and colum
n sum

s
are 1. A

 nonnegative m
atrix A

 =
 (aij) is said to have a doubly stochastic

pattern if there exists a doubly stochastic m
atrix B

 =
 (bij) such that aij =

 0
w

henever bij =
 0 and vice versa.

648

O
N
 
M
A
T
R
I
C
E
S
 
W
I
T
H
 
A
 
D
O
U
B
L
Y
 
S
T
O
C
H
A
S
T
I
C
 
P
A
T
T
E
R
N

649

jl,

T
he follow

ing result is contained in (6, T
heorem

 lJ: L
et A

 be a nonnegative
square m

atrix. A
 has a doubly stochastic pattern if and only if after inde-

pendent perm
utations of row

s and colum
ns, A

 is a direct sum
 of fully inde-

com
posable m

atrices,

3
.
 
M
A
I
N
 
T
H
E
O
R
E
M

T
H

E
O

R
E

M
, L

et A
 be an n X

 n nonnegative m
atrix, T

hen there exist diagonal
m

atrices D
i =

 rdlii ,..., d~i)J and D
2 =

 rdj2L
,..., d~2)J w

ith positive entries such
that D

iA
D

2 is doubly stochastic if and only if A
 has a doubly stochastic pattern,

P
r
o
o
f
.
 
I
t
 
i
s
 
o
b
v
i
o
u
s
 
t
h
a
t
 
i
f
 
p
o
s
i
t
i
v
e
 
a
n
d
 
d
i
a
g
o
n
a
l
 
m
a
t
r
i
c
e
s
 
D
i
 
a
n
d
 
D
2
 
e
x
i
s
t

for w
hich D

iA
D

2 is doubly stochastic, then A
 haS a doubly stochastic pattern.

A
ssum

e now
 that A

 has a doubly stochastic pattern. B
y the result stated

above, there exist perm
utation m

atrices P and Q
 such that PA

Q
 is the direct

sum
 of fully indecom

posable m
atrices A

i ,..., A
k. It is obvious that it is

enough to prove that for each A
j ,j =

 1,..., k, there exist positive and diagonal
m

atrices D
jil and D

~il such that D
iilA

p~il is doubly stochastic, H
ence, it is

enough to prove the existence of D
i and D

2 under the assum
ption that A

 is
fully indecom

posable,
L

et thus A
 =

 (aii) be fully indecom
posable, let

F(x) =
 F(xi ,..., xn) =

 U
 (ti aijxi)

lI

and consider the follow
ing extrem

al problem
i: inf F(x), w

here the infim
um

is taken over all x =
 (xi ,..., xn) satisfying X

i? 0, i =
 1,..., n, and

n~~i X
i =

 1. W
e denote the infium

 by m
. O

bviously, 0 :; m
 -c 00.

W
e shall show

 that there exists a vector x(O
l =

 (xtl,.." x~)) w
ith positive

com
ponents x10l ? 0, i =

 1,..., n, for w
hich the infim

um
, hence the m

ini-
m

um
, is obtained. If such a positive vector x(O

) does not exist, then there
exists a sequence of positive vectors X

(kl =
 (X

ikl,..., X
~

kl) such that
rC

~
i x1kl =

 1, k =
 1,2,..., lim

k..,,F
(x(kl) =

 m
, lim

k..,, x1kl =
 0 for at least

one i and (because of the condition n~
~

i X
~

kl =
 1) lim

k..,, x1kl =
 O

C
 for at

least one i. A
fter perm

uting the colum
ns of A

, if necessary, w
e thus obtain

l
i
m
 
~
~
)
 
=
 
0
0

k i ,
..'"

lim
 X

~
k) =

 0
k i ,
..'"

i =
 1,..., t, t? 1,

i
 
=
 
t
 
+
 
1
,
.
.
"
 
m
,
 
m
 
?
 
t
,

(1)

I
.
 
(
1
0
)
_

1m
 X

i - O
li ,

k..,,
o -c O

li -c 00, i =
 m

 +
 1,...) n,

1 T
he author w

ishes to thank D
r. H

. Sternin w
ho suggested, in a private com

-
m

unication, the use of this extrem
al problem

 for positive m
atrices.
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A
s A

 is fully indecom
posable, it follow

s from
 the Frobenius-K

onig theorem

(
s
e
e
 
e
.
g
,
 
(
2
)
)
 
t
h
a
t
 
i
t
 
c
o
n
t
a
i
n
s
 

a positive diagonal; that is, there exists a perm
u_

tation a for w
hich aio(ï) ? 0, i =

 1,..., n, B
y perm

uting the row
s of A

, w
e

m
ay assum

e that a is the identity perm
utation. T

hat is,

a
i
i
 
?
 
0
,

i =
 1,..., n.

U
sing again the fact that A

 is fully indecom
posable, it follow

s that there
e
x
i
s
t
s
 
a
n
 
e
l
e
m
e
n
t
 
a
1
J
q
 
s
u
c
h
 
t
h
a
t

aM
 ? 0,

t +
 1 ~

 P
 ~

 n, 1 ~
 q ~

 t.
O

bviously,
n

F
 a1Jq IT

 a. (i') IT
n (

(
X
1
k
)
)
 
_
_
 
.
 
i
i
 
x
q
 
x
.
k
)

ø
 i=

l i
a
 
i
=
1

1J1J xU
,)1J

n
a
1
J
q
 
I
T
 
a
i
i
 
x
(
¡
,
)

i~
1 ~

a
 
X
(
k
)

1
J
P
 
P

F
rom

 (1), (2), (3) and (4) it follow
s that

lim
 F

(xU
')) =

 00.
k-.oo

B
ut

lim
 F

(X
(k)) =

 m
 -- 00.

k-.oo

(5) contradicts (6), and the existence of a positive vector xlO
) for w

hich the
m

inim
um

 is obtained is established,
A

s x(O
) is positive, the m

inim
um

 obtained at xlO
) is a local m

inim
um

,
H

ence, using L
agrange m

ultipliers for

log F =
 ~I log (ti aijxi)

a
n
d
 
t
h
e
 
c
o
n
s
t
r
a
i
n
t
 
L
:
i
I
o
g
 
X
i
 
=
 
0
,
 
w
e
 
o
b
t
a
i
n
:

n (
I aij ,\
i~1 n =

 -- ' . -
"a x(O

)) x. J - 1,..., n
L. ik k J .

k=
1

Set

=
y~O

) .
"
 
a
.
 
(
0
)
'
 
i
 
=
 
1

L
. ikX

k ,..., n,
k=

1

(2)

(3)

(4)

(5)

(6)

(7)

(8)

O
N
 
M
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T
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E
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W
I
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1

-1

and

b
o
O
 
=
 
y
~
O
)
a
.
.
x
~
O
)

i
3
 
i
 
i
3
3
'

i,j =
 1,..., n.

(9)

(7), (8) and (9) im
ply

n
 
n

"
 
b
o
O
 
=
 
y
~
o
)
 
"
 
a
o
O
x
(
o
)
 
=
 
1

l-i:i iL
.i33 ,

i
~
1
 
i
=
1

i =
 1,..., n,

(10)

and

n
 
n

"
 
b
o
O
 
=
 
x
~
o
)
 
"
 
a
.
.
y
~
o
)
 
=
 
,
\

¿i3 Jl-i,.i ,
i
=
1
 
i
~
1

j=
 1,..., n.

(11)

F
rom

 (10) and (11) follow
s that ,\ =

 1, and therefore B
 =

 (bii) is doubly
stochastic, B

ut B
 =

 D
1A

D
2 , w

here

D
1 =

 f.dii),..., d~
llJ

and
D

2 =
 f.di2),..., d~2)J

a
r
e
 
t
h
e
 
d
i
a
g
o
n
a
l
 
m
a
t
r
i
c
e
s
 
g
i
v
e
n
 
b
y
 
d
:
l
)
 
=
 
y
1
°
)
,
 
d
:
2
)
 
=
 
x
l
,

proof of the theorem
 is thus com

pleted.
W

e note that from
 our proof follow

s that

i =
 1,..., n. T

he

IT
 (Ï aijX

i)
1 . i~

1 i~
1

-=
m

in
n
 
(
i
)
 
(
 
x
 
:
:
0
 
n

I
T
 
(
d
i
 
d
/
)
)
 
;
 
I
T
 
X
i

i
=
1
 
i
~
1

(12)

(12) can be applied to obtain low
er bounds for the product n:~i(d?) d?)),

For exam
ple, substituting in (12) x =

 (1,... 1), w
e obtain

1
 
n

-
.
 
~
 
I
T
 
(
d
i
l
l
 
d
~
2
)
)

I
T
 
r
i
 
i
=
1
 
i
'

i=
1

w
here r =

 (ri ,..., rn) is the row
 sum

s vector of A
,

If A
 is fully indecom

posable, and if w
e let x in (12) be the positive character-

istic vector of A
 corresponding to its ( dom

inant) characteristic value (x, w
e

obtain

1
 
n

(X
n ~

 l1 (di(l) di2)),
i~1
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From
 (12) follow

s also the follow
ing result: L

et A
i and A

2 be nonnegative
m

atrices such that A
2 - A

i is nonnegative. D
enote by

D
i(A

i) =
 tdil)(A

i),..., d~i)(A
i)J

and

D
2(A

i) =
 tdi2)(A

i),..., d~2)(A
i)J,

i =
 1,2,

the D
i and D

2 m
atrices corresponding, according to our theorem

, to A
i . T

hen

n
 
n

n (d?)(A
2) di(2)(A

2)) ~
 n (di(i)(A

i) d;2)(A
i)),

i
=
1
 
i
=
1
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If T
 is a bounded linear operator on H

ilbert space, then T
2 can be norm

al
w

ithout T
 being norm

al-for exam
ple, let T

 be any operator other than 0
such that T

2 =
 O

. Putnam
 (8) has given a suffcient condition that a square

root of a norm
al operator be norm

aL. S
tam

pfli (10) has proven a result that
show

s that an nth root of an invertible norm
al operator is sim

ilar to a norm
al

operator. S
tam

pfli's result has been generalized in a num
ber of papers: (7, 1,

2, 3, 4). Stam
pfli im

plicitly found a representation of all roots of invertible
norm

al operators-for an explicit discussion of this representation see (4).
In this paper w

e give a representation of all square roots of norm
al operators

(including non-invertible operators). O
ur representation does not seem

 to be
easily derivable from

 Stam
pfli's. Putnam

's result, as w
e show

 below
, follow

s
im

m
ediately from

 our representation; Stam
pfli's representation does not

seem
 to shed any light on Putnam

's result. O
n the other hand, of course,

S
tam

pfli's representation is valid for nth roots (and even m
ore general

a
l
g
e
b
r
a
i
c
 
f
u
n
c
t
i
o
n
s
 
(
4
)
)
 
r
a
t
h
e
r
 
t
h
a
n
 
j
u
s
t
 
f
o
r
 
s
q
u
a
r
e
 
r
o
o
t
s
.

W
e also use our representation of square roots in order to obtain inform

a-
tion about operators that have real spectrum

 and are nth roots of H
erm

itian
operators.

2
.
 
P
R
E
L
I
M
I
N
A
R
I
E
S

.1

O
ne of our basic tools is the Fuglede-Putnam

 T
heorem

: if A
i and A

2 are
norm

al and A
iB

 =
 B

A
2 then A

i*B
 =

 B
A

2*; (see (5) and the references
given there),

W
e also need som

e other prelim
inary results. If JI is a subspace of yl

a
n
d
 
P
 
i
s
 
t
h
e
 
o
r
t
h
o
g
o
n
a
l
 
p
r
o
j
e
c
t
i
o
n
 
o
n
t
o
 
J
I
,
 
t
h
e
n
 
P
A
P
 
¡
"
I
 
i
s
 
t
h
e
 
c
o
m
p
r
e
s
s
i
o
n

of A
 toJl.
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