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1. A binary classification problem

Pattern recognition (or classification or discrimination) is about
guessing or predicting the unknown class of an observation, determined by
a discrete quantity. An observation is a collection of numerical measure-
ments, represented by a d-dimensional vector x, called the observation.
The unknown nature of the observation is called a class. It is denoted by
y and takes values in the set {0, 1}. (For simplicity, we restrict our atten-
tion to binary classification.) In pattern recognition, one creates a function
g(x) : RY — {0, 1} which represents one’s guess of y given x. The mapping
g is called a classifier. Our classifier errs on x if g(x) # y.

To model the learning problem, we introduce a probabilistic setting,
and let (X,Y) be an R?¢ x {0, 1}-valued random pair.

The random pair (X, Y) may be described in a variety of ways: for exam-
ple, it is defined by the pair (u,n), where u is the probability measure for
X and n is the regression of Y on X. More precisely, for a Borel-measurable
set A C R¢Y,

n(A) =PX € A},
and for any x € R¢,
n(x) =PY = 1|X = x} = E[Y|X = x}.

Thus, n(x) is the conditional probability that Y is 1 given X = x. The
distribution of (X, Y) is determined by (u,n). The function n is called the
a posterior: probability.

Any function g : R® — {0, 1} defines a classifier. An error occurs if
g(X) #Y, and the probability of error for a classifier g is

Lig) =P{g(X) #Y}.

The Bayes classifier given by

o) :{ 1 ifn(x) > 1/2

0 otherwise.

minimizes the probability of error:



Theorem 1 For any classifier g : R — {0, 1},
Plg*(X) # Y} < P{g(X) # Y}

Proor. Given X = x, the conditional probability of error of any decision g
may be expressed as
P{g(X) # YIX=x]}
= 1-PY =¢g(X)[X=x]
1—(P{Y =1,9(X) =1[X=x}+P[Y =0,g(X) = 0X = x})
= 11— (]I{g(x):]}]P){Y = ]|X = X} + ]I{g(x):o}]P){Y = O‘X = X})
= 1= (I (x) + Igp—o(1—(x))) ,

where 15 denotes the indicator of the set A. Thus, for every x € R¢,

Plg(X) # YIX=x} — P{g"(X) # YX=x}
= () (Iigeo=n — Tigto=n) + (1 =10)) (gm0 — Ligtn=o})

= (200 — 1) (Ligoo-n — Ligini-1)
> 0

by the definition of g*. The statement now follows by integrating both
sides with respect to u(dx). |

L* is called the Bayes probability of error, Bayes error, or Bayes risk.
The proof given above reveals that

L(g) =1 E{Lgx0-1n(X) + Lgx)—o)(1 —n(X)) },
and in particular,

L =1—E{Typ0-1,2n(X) + Ipo<iz(1 —n(X) } .

Note that g* depends upon the distribution of (X,Y). If this distribu-
tion is known, g* may be computed. Mostly, the distribution of (X,Y) is
unknown, so that g* is unknown too.

In our model, we have access to a good database of pairs (X, Y;), 1 <
i < n, observed in the past. We assume that (Xi,Y1y),...,(Xn, Yn), the
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data, is a sequence of independent identically distributed (%.z.d.) random
pairs with the same distribution as that of (X,Y).

A classifier is constructed on the basis of Xj,Yy,...,X,, Y, and is de-
noted by gn; Y is guessed by gn(X;Xj, Y1, ..., Xn, Yn). The process of con-
structing g, is called learning, supervised learning, or learning with a
teacher. The performance of g, is measured by the conditional probability
of error

LTL = L(gn) = ]P){gTL(X;XhY]a v 1XTL1YT1) 7& Y|X11Y1)- . )XTI)YTL)} .

This is a random variable because it depends upon the data. So, L,, averages
over the distribution of (X,Y), but the data is held fixed. Averaging over
the data as well would be unnatural, because in a given application, one
has to live with the data at hand. It would be marginally useful to know
the number EL,, = P{g,,(X) # Y} as this number would indicate the quality
of an average data sequence.



2. Empirical risk minimization

Assume that a class C of classifiers g : R? — {0, 1} is given and our task is
to find one with a small probability of error. In the lack of the knowledge of
the underlying distribution, one has to resort to using the data to estimate
the probabilities of error for the classifiers in C. It is tempting to pick
a classifier from C that minimizes an estimate of the probability of error
over the class. The most natural choice to estimate the probability of error
L(g) =P{g(X) # Y} is the error count

R 13
La(g) = - E] Lg(x;)£v5}-
j=

fl(g) is called the empirical error of the classifier g.

A good method should pick a classifier with a probability of error that
is close to the minimal probability of error in the class. Intuitively, if we
can estimate the error probability for the classifiers in C uniformly well,
then the classification function that minimizes the estimated probability of
error is likely to have a probability of error that is close to the best in the
class.

Denote by g, the classifier that minimizes the estimated probability of
error over the class:

fn(g;) <L.(g) forallgec.
Then for the probability of error
Lign) =P{gn(X) # YDy}
of the selected rule we have:

Lemma 1

L(gy) —inf L(g) < 2sup|L.(g) — L(g)l,
9€C gec

Cal(gr) = Ligh)l < Sup Ca(g) = L(g)l.



Proor.

L(gy) —infL(g) = L(gy) —Lalgh) + Lulgy) — infL(g)

geC gec
< L(gn) —Lalgn) + Slé? ILw(g) — L(g)
g
< 2sup|L.(g) — L(g)l.
gec

The second inequality is trivially true. |

We see that upper bounds for sup,.. T.(g) — L(g)| provide us with upper
bounds for two things simultaneously:

(1) An upper bound for the suboptimality of g¥ within C, that is, a bound
for L(g}) —infgec L(g).

(2) An upper bound for the error \fn(g;)—l_(gj‘l)\ committed when fn(gj‘l)
is used to estimate the probability of error L(g} ) of the selected rule.

It is particularly useful to know that even though L, (g*) is usually
optimistically biased, it is within given bounds of the unknown probability
of error with g}, and that no other test sample is needed to estimate this
probability of error. Whenever our bounds indicate that we are close to
the optimum in C, we must at the same time have a good estimate of the
probability of error, and vice versa.

Clearly, the random variable nfn(g) is binomially distributed with pa-
rameters n and L(g). Thus, to obtain bounds for the success of empirical
error minimization, we need to study uniform deviations of binomial ran-
dom variables from their means. In the next two sections we summarize
the basics of the underlying theory.



3. Concentration inequalities
3.1 Hoeffding’s inequality

The simplest inequality to bound the difference between a random vari-
able and its expected value is Markov’s inequality: for any nonnegative
random variable X, and t > 0,

EX
PX >t} < <
From this, we deduce Chebyshev’s inequality: if X is an arbitrary random
variable and t > 0, then

E{X-EX?} VX

P{X —EX| > t} =P {IX — EX?* > t*} < 5 5

As an example, we derive inequalities for P{S, — ES,, > t} with S, =
> -, Xi, where Xj,...,X, are independent real-valued random variables.
Chebyshev’s inequality and independence immediately gives us

VISs) _ X, VX

]P){|STL o ]ESTL| 2 t} S tz tz

The meaning of this is perhaps better seen if we assume that the X;’s are
i.i.d. Bernoulli(p) random variables (i.e., P{X; = 1} = 1 — P(X; = 0} = p),
p(l—p)

and normalize:
P ] iX >e <
n 4 I ~  ne?

To illustrate the weakness of this bound, let ®(y) = [¥_ e "/2/v/27dt be
the normal distribution function. The central limit theorem states that

[n 1 « 1 ev/2
P{ m(E;XiP>ZU}—”®(U)SE v

from which we would expect something like

1 & 2 _
P{E;Xi_pze} ~ e e/ (2p(1-p))
1=
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Clearly, Chebyshev’s inequality is off mark. An improvement may be ob-
tained by Chernoff’s bounding method. By Markov’s inequality, if s is an
arbitrary positive number, then for any random variable X, and any t > 0,

EesX

P(X >t} =PlesX > e’} < et

In Chernoff’s method, we find an s > 0 that minimizes the upper bound or
makes the upper bound small. In the case of a sum of independent random
variables,

PS, —ES, >t} < eStE{exp (s Z(X-L — IEX-L)) }

i=1

= et H E{esX ™1 (by independence).
i1

Now the problem of finding tight bounds comes down to finding a good
upper bound for the moment generating function of the random variables
X;—EX;. There are many ways of doing this. For bounded random variables
perhaps the most elegant version is due to Hoeffding:

Lemma 2 Let X be a random variable with EX =0, a < X <b. Then
for s >0,

E{esX} < esz(bfa)z/S.

Proor. Note that by convexity of the exponential function

X—a b—x
eSX§b aeSb—l—b aesa for a < x < b.

Exploiting EX = 0, and introducing the notation p = —a/(b — a) we get

b a
EesX < st esb
- b—a b—a
— (1 —p + pes(bfa)> efps(bfa)
def  d(u)



where u = s(b — a), and ¢(u) = —pu+ log(1 — p + pe"). But by straight-
forward calculation it is easy to see that the derivative of ¢ is

P
d)l(u') =—-p+ )
P r T —plew

therefore ¢(0) = ¢'(0) = 0. Moreover,
") = p“ *p)eiu < 1

(p+(1—plew)” ~ 4

Thus, by Taylor series expansion with remainder, for some 0 € [0, ul,

— ! u? " u? o Sz(b * a)z
blu) = d(0) +ud’(0) + —-¢7(0) < o = ——5—.

Now we may directly plug this lemma into the bound obtained by Cher-
noff’s method:

P{S, — ES, > €}

n
S efse H E { eS(Xi,fEXi )}
i=1
s 2 2
< ese H es (bima)™/8  (hy Lemma 2)
i=1
— e seest T (bi-ai)?/8
e 2/ Liibima® by choosing s = 4e/ Y I, (bs — a;)?).
The result we have just derived is generally known as Hoeffding’s in-

equality. For binomial random variables it was proved by Chernoff (1952)
and Okamoto (1952). Summarizing, we have:

Theorem 2 (HOEFFDING’S INEQUALITY).  Let Xy,..., X, be indepen-
dent bounded random wvariables such that X; falls in the interval [a;, b;]
with probability one. Denote their sum by S, =Y ", Xi. Then for any
e > 0 we have

P(S, —ES, > ¢} < e 2¢°/ Lini(bi-ad)?
and

)2

P(S, — ES, < —e} < e 267/ Tl lbiai)?,
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If we specialize this to the binomial distribution, that is, when the X;’s
are i.i.d. Bernoulli(p), we get

P{Sn/n—p > el <e ™,
which is just the kind of inequality we hoped for.
We may combine this inequality with that of Lemma 1 to bound the
performance of empirical risk minimization in the special case when the
class C contains finitely many classifiers:

Theorem 3 Assume that the cardinality of C is bounded by N. Then
we have for all € > 0,

]P’{Sup La(g) —L(g)l > 6} < 2Ne e,
gec

An important feature of the result above is that it is completely distri-
bution free. The actual distribution of the data does not play a role at all
in the upper bound.

To have an idea about the size of the error, one may be interested in
the expected maximal deviation

Esup [L,.(g) — L(g)I.
gec

The inequality above may be used to derive such an upper bound by ob-
serving that for any nonnegative random variable X,

EX = J P{X > t}dt.
0

Sharper bounds result by combining Lemma 2 with the following simple
result:

Lemma 3 Let 0 > 0, n > 2, and let Y;,...,Y, be real-valued random
variables such that for alls >0 and 1 <i<mn, E{e"} < es’o*/2 Then

IE{m<aXYi} <ov2lan.
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If, in addition, E{es-Y0} < 9"/ for every s > 0 and 1 < i< n, then

foranyn > 1,
E{ringLXYil} < 04/21n(2n) .

Proor. By Jensen’s inequality, for all s > 0,

i<n

es]E{maxiSn Yi} S E{es maxi<n Yi} —F {max esYi} S i E{esYi} S neszo-Z/Z .
i=1

Thus,
Inn so

E{max Yi} < +—=,
i<n S 2
and taking s = (/2Ilnn/o? yields the first inequality. Finally, note that
maxi<n |Yi| = max(Yy, —Ys,...,Yn, —Yy) and apply the first inequality to
prove the second. |

Now we obtain

- In(2N)
E L.(g)—L(g) < .
Sglélcﬂ (g) —L{g)l < o™

3.2 Other inequalities for sums

Here we summarize some other useful inequalities for the deviations of
sums of independent random variables from their means.

Theorem 4 BENNETT'S INEQUALITY. Let Xi,..., X, be independent
real-valued random variables with zero mean, and assume that |X;| < c
with probability one. Let o = :—12?21 V{Xi}. Then that for any t >0,

P{S,, >t} <exp <—n—62h (C—t)> ,

c? no?

where the function h is defined by h(u) = (1+u)log(14+u)—u foru > 0.

12



SKETCH OF PROOF. We use Chernoft’s method as in the proof of Hoeftding’s
inequality. Write

2 STE(XT) )
E{ein} —1 + SE{Xi}—i- Z S { iJ 1 + 82V{X1}Fi S eSZV{XiJFi
> r!

with F; = > 2, s" 2E{XI}/ (r!V{X;}). We may use the boundedness of the
Xi’s to show that E{X]} < ¢"?V{X;}, which implies F; < (e%¢ — 1 — sc) /(sc)>.
Choose the s which minimizes the obtained upper bound for the tail prob-
ability. 1

Theorem 5 BERNSTEIN’S INEQUALITY. Under the conditions of the pre-
vious exercise, for any t > 0,

tZ
P{Sn >t} < exp (m) :

Proor. The result follows from Bennett’s inequality and the inequality
h(w) >u?/(2+2u/3),u>0. 1

Theorem 6 Let X;,...,X, be independent random wvariables, taking
their values from [0,1]. If m = ES,, then for any m <t <mn,

20 (2) ()

n—t

Also,
t
PS>t < () e

and for all € >0,
P(S, > m(1+e)} < e ™M),
where h 1s the function defined in the previous theorem. Finally,

P(S, < m(l —e)} < e ™/2,

13



3.3 The bounded difference inequality

In this section we give some powerful extensions of concentration in-
equalities for sums to to general functions of independent random variables.

Let A be some set, and let g : A™ — R be some measurable function of n
variables. We derive inequalities for the difference between g(Xi,...,X,)
and its expected value when X;,...,X, are arbitrary independent ran-
dom variables taking values in A. Sometimes we will write g instead of
g(Xy,...,X,) whenever it does not cause any confusion.

We recall the elementary fact that if X and Y are arbitrary bounded
random variables, then E{XY} = E{E{XY|Y}} = E{YE{X|Y}}.

Theorem 7 EFRON-STEIN INEQUALITY. If Xi,..., X/ form an indepen-
dent copy of Xy,...,X,, then

Vig(Xr, ..., Xa)) < 1

N

> E{(g(X1,... . Xa) —0(X1, ..., X{,o 0, Xa))?)
i=1

PRroOF. Introduce the notation V = g — Eg, and define
Vi:IE{g\Xh... ,Xi}—E{g|X1,... ,Xi,1}, i= 1, , TL.
Clearly, V=) ", Vi. Then
" 2
V(ig) = E (Z vi)

i=1

n

= E) VI+2E) WV,
i=1

i>j
n
2
- By Vi,
i=1
since, for any i > j,

EV;V; = EE{V;V;X1, ..., X;} = E{VE{ViX;,... , X;}} =0 .

14



To bound EV?, note that, by Jensen’s inequality,
VE = (Elg/Xi,..., X ElglXi,...,Xi 1))
— (E[E{g|x1,...,xn}E{gxh...,xi1,xi+1,...,xn}

2
X;. ... ’XiD

x1,...,x-1] ,

< E[(E{mx],...,Xn}—E{g|x1,...,X-Lhxm,...,xn})z

and therefore

Evll S E[(g _]E{g|X]y ,X'L,],Xpr],... aXTL})z:|
1

= EE[(Q(X], ,Xn)*g(X],--- )X{)'-' »Xn})z] »

where at the last step we used (conditionally) the elementary fact that if X
and Y are independent and identically distributed random variables, then
V(X) = (1/2)E{(X - Y)?. 1

Assume that a function g : A™ — R satisfies the bounded difference
assumption
sup ‘g(Xla--- )XTI) - g(X]a”- ,Xi,],XiI,XiJr],... 1X’I"L)| S Ci, 1 S i S n.

X1y Xn,
x!/EA

In other words, we assume that if we change the i-th variable of g while
keeping all the others fixed, then the value of the function does not change
by more than c¢;. Then the Efron-Stein inequality implies that

For such functions is is possible to prove the following exponential tail
inequality, a powerful extension of Hoeffding’s inequality.

Theorem 8 THE BOUNDED DIFFERENCE INEQUALITY. Under the bounded
difference assumption above, for all t > 0,

2

_ 942 noo2
]P’{g(X],._. »Xn)*Eg(X],... Xn) >t <e 2t /lel L

and
n 2

P{EQ(X], , Xn) — g(X1,... JXn) >t < e*ZtZ/Zi:]ci .
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McDiarmid (1989) proved this inequality using martingale techniques,
which we reproduce here. The proof of Theorem 8 uses the following
straightforward extension of Lemma 2:

Lemma 4 Let V and Z be random variables such that E{V|Z} =0 with
probability one, and for some function h and constant ¢ > 0

h(Z) <V <h(Z)+ec.

Then for all s > 0
E{CSV|Z} < eszcz/B.

Proor or THEOREM 8. Just like in the proof of Theorem 7, introduce the
notation V = g — Eg, and define

Vi =E{gXy,..., Xi —E{glXy,..., Xi 1}, i=1,...,n
Then V =) I, Vi Also introduce the random variables
Hi(Xq,..., X)) =E{g(Xq,... , Xu)Xq, ... Xi].
Then, denoting the distribution of X; by F; fori=1,... /n,
Vi=Hi(X,..., X{) —JHi(Xh ooy Ximt, x)Fi(dx).
Define the random variables

W = sup (Hi(xh oo X, u) _JHi(X1) e aXihX)Fi(dx)> :

and

v

Zi = inf (Hi(X], e ,Xi,],\)) JHi(X] . ,Xi],X)Fi(dX)> .

Clearly, Z; < V; < W, with probability one, and also

Wi — Z; =supsup (Hi(Xy,..., Xig,u) — Hi(Xy, ..., Xio1,v)) <y,

16



by the bounded difference assumption. Therefore, we may apply the lemma
above to obtain, foralli=1,... ,n,

E{esvi‘X] y oo ,Xi,1} S eszciz/s.

Finally, by Chernoff’s bound, for any s > 0,

Plg —Eg > t}
E{esZ?:]Vi} E{esZ?;]] ViE{eSV“|X1,... ,an]}}
< =
— est est
E { e’ Z?;] Vi}
< eSZC%,L/g

eSt
< e stes I ci/B (by repeating the same argument n times).

i=1%*i

Choosing s = 4t / S ., c? proves the first inequality. The proof of the
second inequality is similar. |

An important application of the bounded difference inequality shows
that if C is any class of classifiers of form g : RY — {0, 1}, then

g

Indeed, if we view sup,.. IL.(g) — L(g)| as a function of the n indepen-
dent random pairs (X;,Y;),i=1,...,n, then we immediately see that the
bounded difference assumption is satisfied with ¢; = 1/n, and Theorem 8
immediately implies the statement.

The interesting fact is that regardless of the size of its expected value,
the random variable sup.. T.(g) — L(g)| is sharply concentrated around
its mean with very large probability. In the next section we study the
expected value.

sup|L.(g) — L(g)| — Esup|l.(g) — ]_(g)|‘ > e} < 2e e,

geC gec
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4. Vapnik-Chervonenkis theory
4.1 The Vapnik-Chervonenkis inequality

Recall from Section 3.1 that for any finite class C of classifiers, and for
all e >0,

P{suptn(g) _Lg)l > e} < INe 2,

gec
and
—~ In(2N
Esup [T (g) — L(g)| < 1/ 22N).
gec 21’1_

These simple bounds may be useless if the cardinality N of the class is very
large, or infinite. The purpose of this section is to introduce a theory to
handle such cases.
Let Xj,...,X, beii.d. random variables taking values in R¢ with com-
mon distribution
wA) =PX; € Al (A CRY).

Define the empirical distribution
] n
Hn(A) = — ;EM,\] (A CRY).

Consider a class A of subsets of R®. Our main concern here is the behavior
of supac4 [in(A) —(A)|l. We saw in the previous chapter that a simple
consequence of the bounded difference inequality is that

g

for any n and t > 0. This shows that for any class A, the maximal devi-
ation is sharply concentrated around its mean. In the rest of this chapter
we derive inequalities for the expected value, in terms of certain combina-
torial quantities related to A. The first such quantity is the vc shatter
coefficient, defined by

AcA AcA

sup |un(A) — 1(A)| — Esup [un(A) — u(/\)l‘ > t} < 22

San) = maxR H{x1,...,xaNA;A € A}.
c d



Thus, S 4(n) is the maximal number of different subsets of a set of n points
which can be obtained by intersecting it with elements of A. The main
theorem is the following version of a classical result of Vapnik and Chervo-
nenkis:

Theorem 9 VAPNIK-CHERVONENKIS INEQUALITY.

AcEA
since sup E(-) < Esup(+))

log 2S 4(n)
B{sup hun(A) - () | < 2 PEZA,
AcA
Proor. Introduce Xj,...,X/, an independent copy of X;,...,X,. Also,
define n i.i.d. sign variables oy,...,0, such that Plo; = —1} = P{o; =
1} = 1/2, independent of X;,Xj,...,Xy,X]. Then, denoting p/(A) =
(1/m) Y ]I[x eA]» We may write
B{ sup hun(A) - u(/\)l}
AcA
= {Sup |]E{p’rl TIL(A)|X11 1XTL}|}
AcA
S E{SUPE{ ) HTIL(A” X]a---)Xn}}
AcA
(by Jensen’s inequality)
< E{suplun un(/\)}
(

= EE{E\%B Z 0i (HDQGA H[x{ea])‘}

(because Xl,Xh.. , Xn, X;, are i.i.d.)

1 ! !
frd n { {i‘léa ZO‘l( Xi€A] — [X’eA]) X],X],... )Xn)Xn}} .

Now because of the independence of the o;’s of the rest of the variables,
we may fix the values of X; = x4, X7 = x{,...,Xn = xn, X}, = x/, and

investigate
{i‘éﬁ TGN GA])‘} -
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Denote by A C A a collection of sets such that any two sets in A have
different intersections with the set {x;,xi,...,xn,x.}, and every possible
intersection is represented once. Thus, |A] < S 4(2n), and

su Oi [ Iniear — 11, > .
{AGB Z ( xi€A] [xiEA] ‘}

3 o (1on = ten) | = {5

Observing that each o; (]IX €Al — ]I[ c A]) has zero mean and takes values

X

in [—1,1], we obtain from Lemma 2 that for any s > 0,

1 1 ]I !
Ee521 1 0% ( rieal ~H[ys €A> HEesa ( [xi€A] ["16/\]> < ensz/z

Since the distribution of o; (]I[xie;\] — ]I[ e A]> is symmetric, Lemma 3 im-

Xi

mediately implies that

{Igg} > o (Tnenr -~ Tge ])‘} < \/Inlog254(2n) .

Conclude by observing that S4(2n) < Sa(n)2. 1
Remark. The original form of the Vapnik-Chervonenkis inequality is

P{sup 1 (A) — w(A)] > t} < 4 4(2n)e .
AEA

A combination of Theorem 9 with the concentration inequality for the
supremum quickly yields an inequality of a similar form.

The main virtue of the Vapnik-Chervonenkis inequality is that it con-
verts the problem of uniform deviations of empirical averages into a combi-
natorial problem. Investigating the behavior of S4(n) is the key to the
understanding of the behavior of the maximal deviations. Classes for
which S 4(n) grows at a subexponential rate with n are managable in the
sense that E{supac 4 [un(A) — (A} converges to zero. More importantly,
explicit upper bounds for S 4(n) provide nonasymptotic distribution-free
bounds for the expected maximal deviation (and also for the tail probabil-
ities). Section 4.3 is devoted to some key combinatorial results related to
shatter coefficients.
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We close this section by a refinement of Theorem 9 due to Massart.
The bound below substantially improves the bound of Theorem 9 whenever
supaca LA (1T —u(A)) is very small.

Theorem 10 Let £ =supyy \/u(A)U —u(A)). Then

161og 2S 4(2n 32X21og 2S 4(2n
E{supmﬂ(A) — p(A)} < g2Sa(2n) _|__|_¢ g 2S5 A( ).
ACA n n

PRrooF. From the proof of Theorem 9, we have

E{sup (A) — u(A)}
AEA
§ 03 (HDQGA] - H[x{eA])

1
= —K {E { sup
n A€A 1T

By Hoeffding’s inequality, for each set A,

x],xg,...,xn,x;l}} .

2
sy {0 <H[xi Al Ty ) S I (H[Xi Al Ty ) /2
E{ e N X X XL < e el

so by Lemma 3 we obtain

1 s 2
E{sup il A) — u(A)} < L Esup J Y (Txeni—Ten) ) V2108254020
i=1

AEA TN AcAa
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To bound the right-hand side, note that

n 2
E sup \I Z (H[XiEA] - ]I[x;eA])

Aea\ 5

2
< |Esup Z (H[XieA] - H[X{e/\])

\ ACA T
n 2
< \E}S\IEIB Z1 ((]IDQGA] - H(A)> + (H(A) - ]I[X{GA]))
< 4E}s\1€1§ ; (]I[XleA] - M(A))z

= ZJE/?‘;B 3 [(Ixen — 1(A)) (1= u(A) + 1(A) (W(A) = Ixear) + 1(A) (1= w(A))]
i=1

< 2VnI? 4 ZJ E sup i (Ixenr — 1(A))

A€A

< 2VnI2 42 Esup |u.(A) — n(A)] .
AcA

Summarizing, if we denote Esup ¢ 4 [un(A) — 1L(A)| = M, we have obtained
log 2S 4(2
M < OBBA (5 )
n

This is a quadratic inequality for +/M, whose solution is just the statement
of the theorem. |

4.2 Inequalities for relative deviations

In this section we summarize some important improvements of the basic
Vapnik-Chervonenkis inequality. The basic result is the following pair of
inequalities, due to Vapnik and Chervonenkis (1974). The proof sketched
here is due to Anthony and Shawe-Taylor (1993).
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Theorem 11 For every € > 0,

P {sup HA) — k(A > e} < 4SA(2n)e’“€2/4
AEA w(A)

and

P {sup Hn(A) — 1A) > e} < 4SA(2n)e’“€2/4 .
AEA Hn(A)

SKETCH OF PROOF. The main steps of the proof are as follows:
1. Symmetrization.

P{Sup 1(A) — tn(A) >€} Szp{sup W (A) = tn(A) >€}.
Aed  Ju(A) Aca[(1/2) (1 (A) + n(A))

2. Randomization, conditioning.
! J—
b {Sup HA(A) — (A >e}
ACAL(1/2) (uh(A) + un(A))

_ E{]P’{sup (1/m) 31, oullxiea — Ixiea)
Aca 1 /(1/2) (L (A) + m(A))

> €

x],x;,...,xn,x;}}.

3. Tail bound. Use the union bound and Hoeffding’s inequality to bound
the conditional probability inside. |

Using the bounds above, we may derive other interesting inequalities.
The first inequalities are due to Pollard (1995) and Haussler (1992).

Corollary 1 For all t € (0,1) and s > 0,

H(A) - PLn(A) —nst?/4
¥ {i‘éﬁ A F i A) £ 52 t} < 454(2n)e

and
(A) —p(A)

Wn
v {f\‘éﬁ R(A) + in(A) 1572

> t} < A4S 4(2n)e ST/,
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SKETCH OF PROOF. Take o > 0. Considering the cases u(A) < (ax +
1)2e?ac? and p(A) > (a + 1)?e?a? separately, it is easy to show that
wW(A) — mn(A) < ey/u(A) implies that w(A) < (14 &)pun(A) + €%(1 4+ &) /.
Then choosing o« = 2t/(1 —t) and €? = st?/(1 — t?) we easily prove that
the first inequality in Theorem 11 implies the first inequality. The second
inequality follows similarly from the second inequality of Theorem 11. 1

Finally, we point out another corollary of Theorem 11 which has inter-
esting applications in statistical learning theory:

Corollary 2
P{3A € A: u(A) > € and ua(A) < (1 - t)p(A)) <4S4(2n)e mev/4
In particular, setting t =1,

P{3A € A: u(A) > € and po(A) = 0} < 4S4(2n)e e/ .

4.3 Shatter coefficients

Consider a class A of subsets of RY, and let x4, ... ,x, € R be arbitrary
points. Recall from the previous section that properties of the finite set
A(x}) C {0, 1}™ defined by

A() = {b=(br,...,by) €{0,1}":
by =Iyea, i=1,...,n for some A € A}

play an essential role in bounding uniform deviations of the empirical mea-
sure. In particular, the maximal cardinality of A(xT)

Sam)= max_ |AK})
X1 yeee s Xm0

(i.e., the shatter coefficient) provides simple bounds via the Vapnik-Chervonenkis
inequality. We begin with some elementary properties of the shatter coef-
ficient.

Theorem 12 Let A and B be classes of subsets of RY, and let n,m > 1
be integers. Then
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(1) Sam+m) <SaMm)Sa(m);

(2) If C = AUB, then S¢(n) < Sa(n) +Sa(n);

(3) IfC={C=A°:A € A}, then Sc(n) =Sx(n);

(4) IfC={C=ANB:A¢c Aand B e B}, then S¢(n) < Ss(n)Sz(n);
(5) IfC={C=AUB:A € Aand B € B}, then S¢(n) < Sx(n)Ss(n);

(6) IfC={C=AxB:Ac Aand B € B}, then S¢c(n) < S4(n)Ss(n).

Proor. Parts (1), (2), (3), and (6) are immediate from the definition.
To show (4), fix x1,...,%n, let N = [A(x})| < Sx(n), and denote by
Aq, Ay, ..., AN the different sets of the form {xq,...,x.} N A for some
A € A. Forall 1 < i < N, sets in B pick at most Sg(|A;]) < Sg(n)
different subsets of A;. Thus,

N
A< ) SalIALl) < San)Sp(n).

=1
(5) follows from (4) and (3). |1

The vc dimension V of a class A of sets is defined as the largest integer

n such that
Sam) =2

If S4(n) = 2" for all n, then we say that V = oo. Clearly, if S4(n) < 2" for
some n, then for all m > n, Sy4(m) < 2™, and therefore the vc dimension
is always well-defined. If |A(x}')| = 2™ for some points x;,... ,x,, then we
say that A shatters the set x} = {x1,...,x,}. As the next basic result
shows, the vc dimension provides a useful bound for the shatter coefficient
of a class.

Theorem 13 SAUER’'s LEMMA. Let A be a class of sets with vC dimen-
ston V< oo. Then for all n,

Y/

S < .

<3 ()

1
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PROOF. Fix xi,...,Xn, such that [A(x])| = Sa(n). Denote By = A(x}) €
{0,1}™. We say that a set B C {0, 1} shatters a set S = {s1,...,sm} C
{1,2,...,n} if the restriction of B to the components si, ..., s is the full
m-dimensional binary hypercube, that is,

[((be,.. be. )b =(by,...,bn) € B} = {0, 1)™

Y ¥Sm

It suffices to show that the cardinality of any set By C {0, 1}™ that cannot
shatter any set of size m > V, is at most 3 (Tll) This is done by
transforming B, into a set B, with |B,,| = |Bo| such that any set shattered
by B, is also shattered by By. Moreover, it will be easy to see that |B,| <
S5 (%)

For every vector b = (by,...,b,) € By, if by = 1, then flip the first
component of b to zero unless (0,b,,...,b,) € By. If by = 0, then keep
the vector unchanged. The set of vectors B; obtained this way obviously
has the same cardinality as that of B,. Moreover, if B; shatters a set
S ={s1,82,...,8m) C {1,...,n}, then By also shatters S. This is trivial if
1¢S.If1 €S, then we may assume without loss of generality that s; = 1.
The fact that B; shatters S implies that for any v € {0, 1)™ ! there exists a
b € By such that b; =1 and (bs,,...,bs,,) =Vv. By the construction of B,
this is only possible if for any u € {0, 1}™ there exists a b’ € By such that
(bg,,...,b; ) =u. This means that B, also shatters S.

Now starting from B;, execute the same transformation, but now by
flipping the second component of each vector, if necessary. Again, the car-
dinality of the obtained set B, remains unchanged, and any set shattered
by B, is also shattered by B; (and therefore also by By). Repeat the trans-
formation for all components, arriving at the set B,,. Clearly, B,, cannot
shatter sets of cardinality larger than V, since otherwise By would shatter
sets of the same size. On the other hand, it is easy to see that B,, is such
that for every b € B,,, all vectors of form ¢ = (cy,...,cn) with ¢; € {b;, 0}

for 1 <1< n, are also in B,. Then B,, is a subset of a set of form
T={be{0,1)":b;=0if v; =0},

where v = (vq,...,v,) is a fixed vector containing at most V 1’s. This
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implies that

\4
S.a(n) = Bol = [B.| < [T/ = (?) ,

i=0
concluding the proof. 1|

The following corollary makes the meaning of Sauer’s lemma more trans-
parent:

Corollary 3 Let A be a class of sets with vC dimension V< oco. Then
for all n,
Sam) < (n+1)Y,

and for alln >V,

Proor. By the binomial theorem,

N i) UV i)l = & il ~ 4 i)’

i=0 i=

On the other hand, if V/n <1, then

)@= G )= () ()= (e5) =

where again we used the binomial theorem. |

<

Recalling the Vapnik-Chervonenkis inequality, we see that if A is any
class of sets with vc dimension V, then

Vieg(n+1) +log2
E{supr)u(A)}sz\/ gin+1) +log2
ACA n

that is, whenever A has a finite vc dimension, the expected largest devia-
tion over A converges to zero at a rate O(y/logn/n).
Next we calculate the vc dimension of some simple classes.

Lemma 5 If A is the class of all rectangles in RY, then V = 2d.
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PRroor. To see that there are 2d points that can be shattered by A, just
consider the 2d vectors with d — 1 zero components, and one non-zero
component which is either 1 or —1. On the other hand, for any given set
of 2d + 1 points we can choose a subset of at most 2d points with the
property that it contains a point with largest first coordinate, a point with
smallest first coordinate, a point with largest second coordinate, and so
forth. Clearly, there is no set in A which contains these points, but not the
rest. |

Lemma 6 Let G be an m-dimensional vector space of real-valued func-
tions defined on RY. The class of sets

A={x:9(x) >0}: g€}

has vc dimension V < m.

Proor. It suffices to show that no set of size m + 1 can be shattered by
sets of the form {x : g(x) > 0}. Fix m+1 arbitrary points x1,...,Xm41, and
define the linear mapping L : G — R™*! as

Llg) =(g(x1), ..., g(xms1)) .

Then the image of G, L(G), is a linear subspace of R™' of dimension
not exceeding m. This implies the existence of a nonzero vector vy =
(V1, ..., Yms1) € R™T orthogonal to L(G), that is, for every g € G,

'Y]Q(X]) +---+’Ym+1g(xm+1) =0.

We may assume that at least one of the v;’s is negative. Rearranging this
equality so that all terms with nonnegative y; stay on the left-hand side,

we get
Z Yig(xi) = Z —vig(xi) .

iy >0 iy <0
Now suppose that there exists a g € G such that the set {x : g(x) > 0} picks

exactly the x;’s on the left-hand side. Then all terms on the left-hand side
are nonnegative, while the terms on the right-hand side must be negative,
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which is a contradiction, so x1, ... , X1 cannot be shattered, which implies
the statement. [

Generalizing a result of Schlédffli (1950), Cover (1965) showed that if G is
defined as the linear space of functions spanned by functions V1,... , P :
RY — R, and the vectors W(x;) = (P1(xi),...,Pm(x)),1=1,2,...,n are
linearly independent, then for the class of sets A = {{x: g(x) > 0}:g € G}

we have ]
N '« [n—1
|A(x]):zz< . )

i=0
which often gives a slightly sharper estimate than Sauer’s lemma. The
proof is left as an exercise. Now we may immediately deduce the following:

Corollary 4 (1) If A is the class of all linear halfspaces, that is, sub-
sets of RY of the form {x: a'x > b}, where a € R, b € R take all
possible values, then V < d+ 1.

(2) If A 1is the class of all closed balls in R, that is, sets of the form

d
{x: (x ... ,x(d)):Z\xm—ai\z gb}, ap,...,ag,beER
i

then V < d+ 2.

(8) If A is the class of all ellipsoids in R%, that is, sets of form
[x :xTZ "% < 1}, where L is a positive definite symmetric matriz,
then V<d(d+1)/2+1.

Note that the above-mentioned result implies that the vc dimension of
the class of all linear halfspaces actually equals d+ 1. Dudley (1979) proved
that in the case of the class of all closed balls the above inequality is not
tight, and the vc dimension equals d + 1 (see exercise 5).

4.4 Applications to empirical risk minimization

In this section we apply the main results of the previous sections to
obtain upper bounds for the performance of empirical risk minimization.
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Recall the scenario set up in Chapter 2: C is a class of classifiers
containing decision functions of the form g : R* — {0,1}. The data
(X1,Y1), ..., (Xn, Ys) may be used to calculate the empirical error L, (g)
for any g € C. g* denotes a classifier minimizing L,,(g) over the class, that
is,

La(gy) <T.(g) forallgec.

Denote the probability of error of the optimal classifier in the class by Lc,
that is,

gec
(Here we implicitely assume that the infimum is achieved. This assumption

is motivated by convenience in the notation, it is not essential.)
The basic Lemma 1 shows that

L(gy) — Le < 2sup|La(g) — L(g)].
gec
Thus, the quantity of interest is the maximal deviation between empirical
probabilities of error and their expectation over the class. Such quantities
are estimated by the Vapnik-Chervonenkis inequality. Indeed, sup,c. ‘fn(g) — L(g)‘
is exactly of the form of supc 4 [Hn(A) — L(A)|, where the role of the class
of sets A is now played by the class of error sets

{(x,y) eR* x{0,1}: g(x) #y}; ge€C.

Denote the class of these error sets by A. Thus, the Vapnik-Chervonenkis
inequality immediately bounds the expected maximal deviation in terms
of the xshatter coefficients (or vc dimension) of the class of error sets.

Instead of error sets, it is more convenient to work with classes of sets
of the form

{xeR:g(x)=1}; geC.

We denote the class of sets above by A. The next simple fact shows that
the classes A and A are equivalent from a combinatorial point of view:
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Lemma 7 For every n we have S j(n) = S(n), and therefore the cor-
responding VC dimensions are also equal: V=V 4.

Proor. Let N be a positive integer. We show that for any n pairs from
R x {0,1}, if N sets from A pick N different subsets of the n pairs, then
there are N corresponding sets in A that pick N different subsets of n points
in R4, and vice versa. Fix n pairs (x1,0),..., (Xm,0), (Xms1, 1), ..., (xn, 1).
Note that since ordering does not matter, we may arrange any n pairs in this
manner. Assume that for a certain set A € A, the corresponding set A=
A x {0}UAS x {1} € A picks out the pairs (x1,0),..., (xc,0), (Xms1,1), ...,
(Xma1, 1), that is, the set of these pairs is the intersection of A and the n
pairs. Again, we can assume without loss of generality that the pairs are
ordered in this way. This means that A picks from the set {x;,...,x.} the
subset {x1,..., XK, Xms141,...,Xn}, and the two subsets uniquely determine
each other. This proves S j(n) < Sx(n). To prove the other direction,
notice that if A picks a subset of k points x1, ... , Xk, then the corresponding
set A € A picks the pairs with the same indices from {(x1,0),..., (xx, 0)}.
Equality of the vc dimensions follows from the equality of the shatter
coefficients. |I

From this point on, we will denote the common value of S ;(n) and
Sa(n) by Se(n), and refer to is as the n-th shatter coefficient of the class
C. It is simply the maximum number of different ways n points can be
classified by classifiers in the class C. Similarly, V7 = V 4 will be referred
to as the vc dimension of the class C, and will be denoted by V.

Now we are prepared to summarize our main performance bound for
empirical risk minimization:

Corollary 5

EL(g}) —Lc <4 @ < 4\/Vclog(n4;1) + log 2

Bounds for P{L(g}) —L¢ > €} may now be easily obtained by combining
the corollary above with the bounded difference inequality.

The inequality above may be improved in various different ways. In
the appendix of this chapter we show that the factor of logn in the upper
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bound is unnecessary, it may be replaced by a suitable constant. In practice,
however, often the sample size is so small that the inequality above provides
smaller numerical values.

On the other hand, the main performance may be improved in another
direction. To understand the reason, consider first an extreme situation
when L. = 0, that is, there exists a classifier in C which classifies without
error. (This also means that for som g’ € C, Y = ¢g'(X) with probability
one, a very restrictive assumption. Nevertheless, the assumption that [, =
0 is common in computational learning theory, see Blumer, Ehrenfeucht,
Haussler, and Warmuth (1989). In such a case, clearly fn(g*) =0, and the
second statement of Corollary 2 implies that

P{L(g}) — Lc > e} =P{L(g}) > €} < 4S¢(2n)e /%

and therefore

EL(g3) — Lo = EL(gy) < “ooe2n)]

(The bound on the expected value may be obtained by the following simple
bounding argument: assume that for some random variable Z, for all € > 0,
P{Z > €} < Ce *¢ for some positive constants. Then EZ = [°P{Z >
elde < u+ [°Ce X for any u > 0. Integrating, and choosing u to
minimize the upper bound, we obtain EZ < In C/K.)

The main point here is that the upper bound obtained in this special
case is of smaller order of magnitude than in the general case (O(V¢1lnn/n)
as opposed to O (\ /Veln n/n) .) Intuition suggests that if L. is nonzero but
very small, the general bound of Corollary 5 should be improvable. In fact,
the argument below shows that it is possible interpolate between the special
case L = 0 and the fully distribution-free bound of Corollary 5:

Theorem 14

n n )

EL(gy) —Lc < \/
Also, for every € >0,

P{L(g*) — L¢ > €} < 5S¢(2n)e e /160ete),
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Proor. For any € > 0, if

) €
<
- \/Lc—|-2€’

sup £(9) ~Lalg
o 4/L(g)
then for each g € C

L(g)
I_c + 26.

La(g) > L(g) —e

If, in addition, g is such that L(g) > L¢ + 2€, then by the monotonicity of
the function x — cy/x (for ¢ > 0 and x > c?/4),

Lc—|—2€
Lc—|—2€

La(g) > Le+2e—¢ =1L¢+ €.

Therefore,

. - L(g) — La(g) €
P inf L, <Lc+ep, <P<{su > .
{g:L(g)>Lc+Ze (g) ¢ } - { ge? /L(g) 4/ Lc + 2e

But if L(g}) — Lc > 2e, then, denoting by g’ a classifier in C such that
L(g') = Lc, there exists an g € C such that L(g) > L¢ + 2¢e and L,.(g) <
L.(g'). Thus,

P{L(gy) — Lc > 2¢€}
< P inf L. L.(g’
- {g:L(g%ELchZe (g) < (g )}

< ]P’{ inf L.(g) <Le+ e} +P{L.(g") > Le+ €}
g:L(g)>Lec+2e
(9)

€ -
> P{L.(g') — L¢c > €.

b {Sup Llg) — L.
B c¢ 4/L(g)
Bounding the last two probabilities by Theorem 11 and Bernstein’s
inequality, respectively, we obtain the probability bound of the statement.
The upper bound for the expected value may now be derived by some
straightforward calculations which we sketch here: let u < L. be a positive
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number. Then, using the tail inequality obtained above,
EL(gy) — Lc

= JOO P(L(gy) —Lc > €e}de
0

< u+ J 5Sc¢(2n) max (efnez/ch, e*n€/8> de

u

< <u/2 + J SSC(Zn)e’“EZ/8Lc de)

u

u

+ <u/2 + JOO SSC(Zn)e“E/gde> .

The second term may be bounded as in the argument given fot the case
Le = 0, while the first term may be calculated similarly, using the additional
observation that

* 7T1€2 ] OO ] *1162
Le de < EL (24-@)6 de

1 1e7n€200
2 |ne W

4.5 Appendix: sharper bounds via chaining

The details are omitted. |

In this section we present an improvement of the Vapnik-Chervonenkis
inequality stating that for any class A of sets of vc dimension V,

v
E sup [un(A) — n(A)] < ¢y —,
AcA n

where c is a universal constant. This in turn implies for empirical risk

minimization that
V
EL(g}) — Le < 2¢¢/—=.

The new bound involves some geometric and combinatorial quantities re-
lated to the class A. Consider a pair of bit vectors b = (by,...,b,) and
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c=(cq,...,cn) from {0, 1}, and define their distance by

Thus, p(b,c) is just the square root of the normalized Hamming distance
between b and c. Observe that p may also be considered as the normalized
euclidean distance between the corners of the hypercube [0, 1]™ C R", and
therefore it is indeed a distance.

Now let B C {0, 1}™ be any set of bit vectors, and define a cover of radius
r > 0 as aset B, C {0,1}" such that for any b € B there exists a ¢ € B,
such that p(b,c) < r. The covering number N(r, B) is the cardinality of
the smallest cover of radius r.

A class A of subsets of R and a set of n points x" = {x1,... ,%,} C R4
define a set of bit vectors by

AxP)={b=(b1,...,bn) €{0,1}": by =Iyca;, i=1,...,n for some A € A}.

That is, every bit vector b € A(x]) describes the intersection of {x1,... , x.}
with a set A in .A. We have the following:

Theorem 15

1
B{sup hun(A) ~ WA} < 22 max | /log 2N AGT)

The theorem implies that E{supac 4 [tn(A) — n(A)[} = O(1/4/n) when-
ever the integral in the bound is uniformly bounded over all xq,...,x,
and all n. Note that the bound of Theorem 9 is always of larger order of
magnitude, trivial cases excepted. The main additional idea is Dudley’s
chaining trick.
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PRrROOF. As in the proof of Theorem 9, we see that

E{mpMﬂA%—MAﬂ}

AcA
-I n
< q {i‘;ﬁ Yo (bxen [w])‘}
< 1IE, su io]l —|—1E su iO']I
S 4 AGE - X €Al n AGE L itxsea]
= ZE su io]l
n AEE — el
= ZEIE su ZO']I X X
— n Agg iLlXieA] Tyeero sy /M .
Just as in the proof of theorem 1, we fix the values X; = x1,..., Xy = Xn
and study
E<s ol a oiby .
{A‘éa ; i €A] } {bg}“X Z }
Now let By = L [b®) be the singleton set containing the all-zero vector

b® =(0,...,0), and let By, B,..., By be subsets of {0, 1} such that each
By is a minimal cover of A(x}) of radius 2%, and M = |log, /1| + 1. Note
that B, is also a cover of radius 2°, and that Byy = A(x}). Now denote

the (random) vector reaching the maximum by b* = (bj,...,b}) € A(xT]),
that is,
n
; oibi| = béxiax Z o;b;| ,
1=

and, for each k < M, let b'®) € By be a nearest neighbor of b* in the k-th
cover, that is,
p(b™ b*) < p(b,b*) for all b € By.

Note that p(b™, b*) < 27, and therefore
p(b™, b 1) < p(b™,b%) + p(b™ 1, b7) < 3-27F.
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Now clearly,

n n M n
Y oobl = Y ob”+> Y o (b —b"")
i=1 i i=1

i=1 k=1
M n

DD RICRUN
k=1 i=1

S0

Z O'ibi

E{ max
beA(xT) —

}:E

k=1 i=1
M n
k k—1

< Y EY o b

k=1 |i=1I

M n
< E max o; (b —cyi)l .
- ; bEBy ,cEB_1:p(b,c)<3-2—% Z i(bi—ci)

Now it follows from Lemma 2 that for each pair b € By,c € By ; with

p(b,c) <3-27% and for all s > 0,
es Ziy oilbi—ei) eszn(3~2*k)2/2.

On the other hand, the number of such pairs is bounded by |By| - [Byx 1| <
By = N(27%, A(x}))?. Then Lemma 3 implies that for each 1 < k < M,

DR

Summarizing, we obtain

3o,

i=1

E max
beEBy ,cEBk_1:p(b,c)<3-2—

)| < 3v/M27%/210g2N (2K, A(x]))?

M
} < 3Vn ) 27%/210g2N(27K, A(x}))2
k=1

maX
beA(x})

< 12vn Y 275 log 2N(27K, A(x}))
k=1

1
< m/ﬁj \/Iog 2N(r, A(x})) dr
0
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where at the last step we used the fact that N(r, A(x}')) is a monotonically
decreasing function of r. The proof is finished. |

To complete our argument, we need to relate the vc dimension of a
class of sets A to the covering numbers N(r, A(x})) appearing in Theorem
15.

Theorem 16 Let A be a class of sets with vc dimension V < oco. For
every xi1,... ,xn ERY and 0 <r <1,

4o\ V/0-1/e)
N(r A(x7)) < <—2> -

T

Theorem 16 is due to Dudley (1978). Haussler (1995) refined Dudley’s
probabilistic argument and showed that the stronger bound

N(r, Al)) < eV + 1) (if)
also holds.

Proor. Fix x1,...,xn, and consider the set By = A(x}) € {0,1}". Fix
r e (0,1), and let B, C {0,1}™ be a minimal cover of By of radius r with
respect to the metric

/(1— ]/e)

We need to show that |B,| < (4e/r )

First note that there exists a “packing set” C, C By such that |B,| < |C,]|
and any two elements b,c € C, are r-separated, that is, p(b,c) > r. To
see this, suppose that C, is such an r-separated set of maximal cardinality.
Then for any b € By, there exists a ¢ € C, with p(b,c) < r, since otherwise
adding b to the set C, would increase its cardinality, and it would still be
r-separated. Thus, C, is a cover of radius r, which implies that |B,| < |C,|.
Denote the elements of C, by cV,... c™) where M = |C,|. For any
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i,j < M, define A;; as the set of indices where the binary vectors ¢! and
cl) disagree:

Aij={1<m<n:cl)#cl)} .
Note that any two elements of C, differ in at least nr?> components. Next
define K independent random variables Yy,..., Yk, distributed uniformly
over the set {1,2,...,n}, where K will be specified later. Then for any
1,7 <M, 1#j, and k <K,

P(Yr € Ayl > 17,

and therefore the probability that no one of Yi, ..., Yk falls in the set A;;

K
is less than (1 — r2> . Observing that there are less than M? sets A, ;, and
applying the union bound, we obtain that

P{for all i #j,1,j < M, at least one Y falls in A;;}
>1-M(1 -1 >1- M2 ¥ |

If we choose K = [21og M/12]+1, then the above probability is strictly posi-
tive. This implies that there exist K = [2log M /r?] +1 indices yi, ... ,yk €
{1,2,... ,m} such that at least one yy falls in each set A;;. Therefore, re-
stricted to the K components y;, ... ,yk, the elements of C, are all different,
and since C, C By, C, does not shatter any set of size larger than V. There-
fore, by Sauer’s lemma we obtain

\%
eK

Cl=M< |—

G _<V>

for K < V. Thus, if logM >V, then

e ([21ogM/r?] +1)

\'%

4 1
V <logr—;a + log ogM>

logM < Vlog

[\

4 1
< Vlogr—ze+glogM (since logx < x/e for x > 0) .

Therefore,
4e

2’

logM < log

%
T—1/e

39



If logM < V, then the above inequality holds trivially. This concludes the
proof. 1

Combining this result with Theorem 15 we obtain that for any class A
with vc dimension V,

E{supmA) - u(A)} <el¥,
ACA n

where c is a universal constant.
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5. Minimax lower bounds

The purpose of this chapter is to investigate how good the bounds ob-
tained in the previous chapter for empirical risk minimization are. We have
seen that for any class C of classifiers with vc dimension V, a classifier g,
minimizing the empirical risk satisfies

EL(gh) —Lc <O ( LchTiogn N Vclr(zgn> |

FL(g}) —Le <O ( &) .

and also

n

In this chapter we seek answers for the following questions: Are these upper
bounds (at least up to the order of magnitude) tight? Is there a much better
way of selecting a classifier than minimizing the empirical error?

Let us formulate exactly what we are interested in. Let C be a class of de-
cision functions g : R* — {0, 1}. The training sequence D,, = ((Xy,Y1),...,
(X1, Yn)) is used to select the classifier g,(X) = gn(X,Dy) from C, where
the selection is based on the data D,,. We emphasize here that g,, can be an
arbitrary function of the data, we do not restrict our attention to empirical
error minimization, where g, is a classifier in C that minimizes the number
errors committed on the data D,,.

As before, we measure the performance of the selected classifier by the
difference between the error probability L(g.) = P{g.(X) # Y|D,.} of the
selected classifier and that of the best in the class, .. In particular, we
seek lower bounds for

supEL(gn) — L¢,

where the supremum is taken over all possible distributions of the pair
(X,Y). A lower bound for this quantities means that no matter what our
method of picking a rule from C is, we may face a distribution such that
our method performs worse than the bound.

Actually, we investigate a stronger problem, in that the supremum is
taken over all distributions with L. kept at a fixed value between zero and
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1/2. We will see that the bounds depend on n, V¢, and L. jointly. As it
turns out, the situations for L, > 0 and L. = 0 are quite different. Because
of its simplicity, we first treat the case L = 0. All the proofs are based on
a technique called “the probabilistic method.” The basic idea here is that
the existence of a “bad” distribution is proved by considering a large class
of distributions, and bounding the average behavior over the class.

5.1 The zero-error case

In this section we obtain lower bounds under the assumption that the
best classifier in the class has zero error probability. Recall that by Corol-
lary 2 the expected probability of error of an empirical risk minimizer is
bounded by O(Vclogn/n). Next we obtain minimax lower bounds close
to the upper bounds.

Theorem 17 Let C be a class of discrimination functions with vc
dimension V. Let X be the set of all random wvariables (X,Y) for
which Lo = 0. Then, for every discrimination rule g, based upon
X5, Y,..., X, Yo, andn >V —1,

sup I[*],I_nzv—_1 (1—l> .
(X.Y)eX 2en n

PrROOF. The idea is to construct a family F of 2V~ ! distributions within
the distributions with L, = 0 as follows: first find points x;,...,xy that
are shattered by C. Each distribution in F is concentrated on the set of
these points. A member in F is described by V — 1 bits, by,...,by_;. For
convenience, this is represented as a bit vector b. Assume V — 1 < mn. For
a particular bit vector, we let X = x; (i < V) with probability 1/n each,
while X = xy with probability T — (V — 1)/n. Then set Y = f,(X), where
fy, is defined as follows:

f(X)_ by ifx=x,i<V
PYTY 00 ifx = xy.

Note that since Y is a function of X, we must have [* = 0. Also, L =0,
as the set {xq,...,xv} is shattered by C, i.e., there is a g € C with g(x;) =

42



fy(x;) for 1 <1< V. Clearly,

sup E{Ln - I—C}

(X,Y):Le=0

2 sup E{I—n * LC}

(X,Y)eF
= 8sup E{Ln - I—C}

b

2 E{I—n * LC}

(where b is replaced by B, uniformly distributed over {0,1}V")
= E{I—n} )

= P{gn(XaXhY]a v 1XTL1YT1) 7& fB(X)} .

The last probability may be viewed as the error probability of the decision
function g, : R x (R x {0, 1})™ — {0, 1} in predicting the value of the ran-
dom variable fg(X) based on the observation Z, = (X, X, Yy,..., Xy, Yo).
Naturally, this probability is bounded from below by the Bayes probability
of error

L (Zn, f8(X)) = inf Plgn (Z,) # f5(X)}

corresponding to the decision problem (Z,,, fg(X)). By the results of Chap-
ter 1,

L*(Zn, f5(X)) = E{min(n*(Zn), 1 —n*(Zn))},

where n*(Z,) = P{fg(X) = 1/Z.}. Observe that

vz L V2 EXEX XA X X E
M= 0 or 1 otherwise.
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Thus, we see that

sup E{L, —Le} > L*(Zn, (X))
(X,Y):Le=0

— %]P’{X;AX1,... , X # X, X # xv}

v
= 3 Z PIX =x (1 =PX =x})"
i
V-1
= -1/
> \2;3 <1 — %) (since (1—1/m)™1 | 1/e).

This concludes the proof. |

5.2 The general case

In the more general case, when the best decision in the class C has
positive error probability, the upper bounds derived in Chapter 2 for the
expected error probability of the classifier obtained by minimizing the em-
pirical risk are much larger than when [ = 0. Theorem 18 below gives
a lower bound for sup(x y)i, fixea EL(gn) — Lc. As a function of n and Ve,
the bound decreases basically as in the upper bound obtained from Theo-
rem 11. Interestingly, the lower bound becomes smaller as L. decreases, as
should be expected. The bound is largest when L. is close to 1/2.

Theorem 18 Let C be a class of discrimination functions with vC di-
mension V > 2. Let X be the set of all random wvariables (X,Y) for
whaich for fized L € (0,1/2),

L = inf P{g(X) # Y} .
gec

Then, for every discrimination rule g, based upon Xi,Y1,...,Xn, Yn,

sup E(L,—1L1)> M

e ® fn>YTmax(9,1/(1—20)3).
i A fn> (9,1/( )%)

AV
2L
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PrOOF. Again we consider the finite family F from the previous section.
The notation b and B is also as above. X now puts mass p at xi, 1 < V,
and mass 1 — (V — 1)p at xy. This imposes the condition (V — 1)p < 1,
which will be satisfied. Next introduce the constant ¢ € (0,1/2). We no
longer have Y as a function of X. Instead, we have a uniform [0, 1] random
variable U independent of X and define

v 1 fU<]—c+2b, X=x,i<V
"] 0 otherwise.

Thus, when X = x;, 1 < V, Y is 1 with probability 1/2—~cor 1/2+c. A
simple argument shows that the best rule for b is the one which sets

fo(x) = 1T ifx=x,1i<V,b =1
b ] 0 otherwise.

Also, observe that
L=(V-T1)p(1/2—¢).

Noting that [2n(x;) — 1] = ¢ for i < V, for fixed b, we may write

V-1
L.—L> Z 2Pl (x0,X1 Y1000 X Yo ) =1 fp (x2)) -

i=1
It is sometimes convenient to make the dependence of g, upon b explicit
by considering g, (x;) as a function of x;, Xy,... , Xn, Uy,..., U, (an ii.d.
sequence of uniform [0, 1] random variables), and b;. We replace b by a
uniformly distributed random B over {0,1}V~'. After this randomization,
denote Z, = (X, Xy, Yy, ..., Xn, Yn). Thus,

sup E{(L,—L} = supE{L, —L}
b

(X,Y)eF
> FE{L, — L} (with random B)
V-1
> Z 2pCcElLig, (xi X100 Ya)=1—f5 (x)}
i=1
= 2cP{gn(Z,) # fz(X)}
> 2cl*(Z,, fz(X)),
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where, as before, L*(Z,,, fzg(X)) denotes the Bayes probability of error of
predicting the value of fg(X) based on observing Z,. All we have to do is
to find a suitable lower bound for

L*(Zn, f5(X)) = E{min(n*(Zn), 1 —n*(Zn))},

where n*(Z,) = P{fg(X) = 1|Z,.}. Observe that

vz {172 if X #£Xy,..., X # X, and X # xy
M= P = 1)vy, ..., Vi) X=X, = =Xy, =xi, i < V.

Next we compute P(B; = 1Yy, = y1,..., Yy, = Yk for ys,... ,yx € {0, 1}
Denoting the numbers of zeros and ones by ko = [{j < k : y; = 0}| and
ki =[{j <k:y; = 1}|, we see that

P{B; = 1Yy, =v1,..., Yi, = Ui
(1T —2c)* (1 4 2c)*o
(1T —2c)a (1 +2c)* + (14 2¢)%1(1 —2¢)ko”

Therefore, if X =X;, =+ =X;, =%, 1 <V, then

miﬂ(ﬂ*(zn)J *n*(zn))
min ((1— 2¢)% (1 + 2c)*, (14 2¢)% (1 — 2¢)%)
(1—2c)% (T4 2¢c)ko + (14 2¢c)*1 (1 — 2¢)ko

min <1, G%E)k]ko)
T (E)T
1
()
—2c
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In summary, denoting a = (14 2¢)/(1 — 2c¢), we have

1

L*(Zn, f5(X)) = E

1+ a‘Zi:xi:xizvrn‘
> E !
- Za‘zi:xi:X(ZYi*”‘
S 1V7]]P>X— . f‘zj:szxi(zviq)‘
= 21_21 X=xJEqa
> %(v1)paE{\Zi:xix42Yi”\}

(by Jensen’s inequality).

Next we bound E{‘Zizxj:xi(ZYj — 1)‘}. Clearly, if B(k, q) denotes a bino-
mial random variable with parameters k and q,

Y 2v-1

J:X5=x1

n

=> (L‘)pku —p)" ¥E{12B(k, 1/2 —¢) —kI}.

k=0

E

However, by straightforward calculation we see that

E{12B(k,1/2—¢) k) < E{(2B(k,1/2—¢c) k)2
= /k(1 —4c2) + 4K2c2
< 2ke + Vk.

Therefore, applying Jensen’s inequality once again, we get

> (}:)pkm —p)" ME(12B(k, 1/2— ¢) — KI} < 2npe + /ip.
k=0
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Summarizing what we have obtained so far, we have
supE{L, —L} > 2cL*(Zn, (X))
b

1
2e5(V = T)pa e v

c(V 1 )peflnpc(af] )—(a—1),/mp

v

v

(by the inequality 1+ x < €¥)
C(V 1 )peanpcz/(leC)f%\/TTp/(]72(:).

A rough asymptotic analysis shows that the best asymptotic choice for c is

given by ]

= \/TTp .
Then the constraint L = (V — 1)p(1/2 — ¢) leaves us with a quadratic
equation in c. Instead of solving this equation, it is more convenient to
take ¢ = \/(V—1)/(8nL). If 2nL/(V —1) > 9, then ¢ < 1/6. With
this choice for ¢, using L = (V — 1)p(1/2 — ¢), straightforward calculation
provides

— 1)L
sup E(L, —L)> ue’g.
(X,Y)eF 24n

The condition p(V — 1) < 1 implies that we need to ask that n > (V —
1)/(2L(1 — 2L)?). This concludes the proof of Theorem 18. |
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6. Complexity regularization

This chapter deals with the problem of automatic model selection. Our
goal is to develop some data-based methods to find the class C of classi-
fiers in a way that approximately minimizes the probability of error of the
empirical risk minimizer.

6.1 Model selection by penalization

In empirical risk minimization one selects a classifier from a given class
C by minimizing the error estimate L,(g) over all g € C. This provides
an estimate whose loss is close to the optimal loss L* if the class C is (i)
sufficiently large so that the loss of the best function in C is close to L* and
(ii) is sufficiently small so that finding the best candidate in C based on the
data is still possible. These two requirements are clearly in conflict. The
trade-off is best understood by writing

EL(g%)—L* = (EL(g;) ~ infL(g)) + (infL(g) . L*> .
gec gec
The first term is often called estimation error, while the second is the
approrimation error.

It is common to fix in advance a sequence of model classes C;,Cy, ...,
which, typically, become richer for larger indices. Given the data D, one
wishes to select a good model from one of these classes. This is the problem
of model selection.

Denote by Gy a function in Cy having minimal empirical risk. One hopes
to select a model class Cx such that the excess error EL(gx) — L* is close to
minEL(g,) - L = min KEL(gk) . giélcfkug)> + (giélcfkl_(g) . L)} .

The idea of structural risk minimaization, (also known as complezity
reqularization, is to add a complexity penalty to each of the L, (Gx)’s to
compensate for the overfitting effect. This penalty is usually closely related
to a distribution-free upper bound for sup,.c, T.(g) — L(g)| so that the
penalty eliminates the effect of overfitting.

The first general result shows that any approximate upper bound on
error can be used to define a (possibly data-dependent) complexity penalty
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Cn(k) and a model selection algorithm for which the excess error is close
to

min [IECn(k) + (mf Lig) L)} .

g€Ck
Our goal is to select, among the classifiers gy one which has approxi-
mately minimal loss. The key assumption for our analysis is that the true
loss of Gy can be estimated for all k.

Assumption 1 There are positive numbers ¢ and m such that for each
k an estimate R, on L(gx) ts available which satisfies

P[L(gy) > Rny + €] < ce 2™
for all €.

Now define the complexity penalty by

~ log k
Colk) = Rox — Lo (i) + 1/ 225
m

The last term is required because of technical reasons that will become
apparent shortly. It is typically small. The difference R, x — L. (Gy) is
simply an estimate of the ‘right’ amount of penalization L(Gx) — Ln (k).
Finally, define the prediction rule:

g% = argmin [, (gy),
k=1,2,...

{ (& T (& log k
Ln(Gx) = La(Gx) + Ca(k) = Rn,k+1/%.

The following theorem summarizes the main performance bound for g7.

where

Theorem 19 Assume that the error estimates R,  satisfy Assumption
1 for some positive constants ¢ and m. Then

|
N 9€Ck 2m
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Theorem 19 shows that the prediction rule minimizing the penalized
empirical loss achieves an almost optimal trade-off between the approxi-
mation error and the expected complexity, provided that the estimate R, i
on which the complexity is based is an approximate upper bound on the
loss. In particular, if we knew in advance which of the classes Cy contained
the optimal prediction rule, we could use the error estimates R, x to obtain
an upper bound on EL(gy) — L*, and this upper bound would not improve
on the bound of Theorem 19 by more than O («/log k/m).

Proor. For brevity, introduce the notation

L; = inf L(g).
« = nf L(g)

Then for any € > 0,

P[L(g;)  Ln(gp) >¢] < PL_SP?... (L@) — La(@)) > e]

[\

Y P[L(G) — La(5) > €]
j=1
(by the union bound)

= [ _ logj]
= P iL(G;) — Rnj > €44/ —=

Lo
(by definition)

0 o /log j 2
Z ce zm(H " ) (by Assumption 1)
j=1

VAN

VAN

Z Cefzm(EZJrlow%,j)
j=1
< 2ce 2™ (since >Rt <2).
To prove the theorem, for each k, we decompose L(g}) — L; as
Ligh) L = (L(gn) — inf Lu(@)) + (inf Ta(e) — 13)

The first term may be bounded, by standard integration of the tail inequal-
ity shown above, as E [L(g:‘l) — infj fn(ﬁj)] < /log(ce)/(2m). Choosing f;
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such that L(g}) = L}, the second term may be bounded directly by
Einf [,(g) - L < EL.(G) — L
= EL.(gc) — Lf + ECa(K)
(by the definition of L,,(Gy))
EL (i) — L(gi) +ECn (K)
(since §y minimizes the empirical loss on Cy)
= EC.(k),

[\

where the last step follows from the fact that Efn(g,’g) = L(g}). Summing
the obtained bounds for both terms yields that for each k,
EL(g7) < ECn(k) + L + /log(ce)/(2m),

which implies the second statement of the theorem. |

6.2 Selection based on a test sample

In our first application of Theorem 19, we assume that m independent
sample pairs
(X3, Y1),y (X Vi)
are available. This may always be achieved by simply removing m samples
from the training data. Of course, this is not very attractive, but m may
be small relative to n. In this case we can estimate L(Gy) by the hold-out
error estimate

] m
Rnje=— ; o 2vee

We apply Hoeftding’s inequality to show that Assumption 1 is satisfied with
c = 1, notice that E[R, |Dn] = L(Gx), and apply Theorem 19 to give the
following result.

Corollary 6 Assume that the model selection algorithm s performed
with the hold-out error estimate. Then

EL{gy,) — L

< min |E[L@) - T(@0)] + (inf Lle) - 17) +

k g€Cx

logk n 1
m V2m'

52



In other words, the estimate achieves a nearly optimal balance between the
approximation error, and the quantity

E[L(G) — La(@0)],
which may be regarded as the amount of overfitting.
6.3 Penalization by the vc dimension

In the remaining examples we consider error estimates R,  which avoid
splitting the data. First recall that by the Vapnik-Chervonenkis inequal-
ity, 2\/(Vck log(n 4+ 1) +log2)/n is an upper bound for the expected maxi-
mal deviation, within class Cy, between L(g) and its empirical counterpart,
L.(g). This suggests that penalizing the empirical error by this complexity
term should compensate the overfitting within class Cx. Thus, we introduce
the error estimate

Rn,k - tn(gk) + 2\/

Indeed, it is easy to show that this estimate satisfies Assumption 1. Indeed,

Vclog(n+1) 4 log2
n

P [L(gk) > Rn,k + €]

= P [L(ak) — Lo (6x) > ZV

Vcelog(n+ 1) 4 log2 n e]
n

< P [sup ‘L(g) —tn(g)‘ >2\/Vclog(n+ 1)+ log 2 N e]
g€Cx

n

< P [sup L(g) — Talg)| > Esup |L(g) — Tn(g)| + e]

g€Cx g€eCx
(by the Vapnik-Chervonenkis inequality)

< e e’ (by the bounded difference inequality).

Therefore, satisfies Assumption 1 with m = n. Substituting this into The-
orem 19 gives

EL(gy,) — L
| 1 log 2 1 1
< min{2¢vck og(n+1) +log +<infL(g)—L*>—|— Oik]—l— 1
k [ n geCK n J n
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Thus, structural risk minimization finds the best trade-off between the
approximation error and a distribution-free upper bound on the estimation
error.

6.4 Penalization by maximum discrepancy

In this section we propose a data-dependent way of computing the
penalties with improved performance guarantees. Assume, for simplicity,
that n is even, divide the data into two equal halves, and define, for each
predictor f, the empirical loss on the two parts by

2 n/2
LV(g) ==Y Ty,

and

—~ 2 n
Lw(lz)(g)zﬁ Z ]IQ(Xi)9éYi'

i=n/2+1

Define the error estimate R,y by

~

— G T(m 7@
Ru = Ln (@) +max (T(9) - L (9))

Observe that the maximum discrepancy max,cc, (T]”(g) — 1@ (g)) may be

n n

computed using the following simple trick: first flip the labels of the first
half of the data, thus obtaining the modified data set D] = (X}, Y{), ..., (X],Y})

with (X{,Y{) = (X{,1—=Y;) for i <n/2 and (X{,Y{) = (X;,Yi) for i > n/2.
Next find fi € Cy which minimizes the empirical loss based on D/,

1 11X 1 &
o D Tgxpev: = 2. D Tgxopr, + o D Taxorv,
i=1 i=1 i=n/2+1

1-1(g) + L?(g)
: .

Clearly, the function f, maximizes the discrepancy. Therefore, the same
algorithm that is used to compute the empirical loss minimizer gy may be
used to find f, and compute the penalty based on maximum discrepancy.

54



This is appealing: although empirical loss minimization is often computa-
tionally difficult, the same approximate optimization algorithm can be used
for both finding prediction rules and estimating appropriate penalties. In
particular, if the algorithm only approximately minimizes empirical loss
over the class Cy because it minimizes over some proper subset of Cy, the
theorem is still applicable.

Theorem 20 If the penalties are defined using the mazrimum-discrepancy
error estimates, and m =n/21, then

EL(g%) —L* < min [Emax (TV(g) —TP(9))

k g€eCx

logk |  4.70
£ L*) 459 .
(glélck ( ) + n ] + \/T_l

ProoF. Once again, we check Assumption 1 and apply Theorem 19. Intro-
duce the ghost sample (X,Y7),...,(X],Y)), which is independent of the
data and has the same distribution Denote the empirical loss based on
this sample by L/ (g) = + ZL 1 Igx)£v:. The proof is based on the simple
observation that for each k,

1 n
! = — / ;—
Emax (Li(g) -~ Lu(g)) = —Emax ) (Taoxpev; — Laxoev,)

[\

1 n/2

—E I r— Ty

n (gg}f L ( g(X)#Y/ #n)
n

+ max (]I (X );,gyl — ]I 7,g\(l)

geEFk
i=n/2+1

2 n/2

= —FEmax I o — Iy
o max 1_1( aix2v! — Torx2v,)

= Emax (£)'(g) - 7(0)). (1)

gEFk

The bounded difference inequality inequality (Theorem 8) implies

P |max (Li(9) ~ Tu(9)) > Emax (Li(g) ~ Talg) +¢| <™ ()

geCk g€eCy
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P {max (E(l)(g) — f@(g)) < Emax (tg)(g) _ E@(g)) B e} Cone (g)

g€eCx n g€eCx

and so for each k,

PIL(G) > Rux + €]
— P|L(60) — Ta(@) > max ([ () ~ TP(g)) + ]

g€eCy

—

< P[ (@) — La() > max (L' (9) - [P (9)) +§]
2e
- l 8>
~ 7€
< P — La(@x) > max (LEJ)(g)LS)(g)H—]
9€CK 9
+ e’snez/ 81 (by Hoeffding)
~ - ~ 7€
< P|max(L;(g) ~ Lulg)) > max (T (g) — TP(9)) + 7]
:f_eanez/81
< P |max(Li(g) — Lalg) > Emax (Ly(a) — Lalo) + 5]
Lo€Cr 9€Cxk 3

geCk g€Ck

1P [max (L“ (g) — ﬂf)(g)) < Emax (fg)(g) — ﬂf)(g)) - 4—1

+ e ®¢/81 (where we used (1))

< e eI g e/l o8ne?/81 1y (9) and (3))
< 3678n€2/81.

Thus, Assumption 1 is satisfied with m =n/21 and ¢ = 3 and the proof is
finished. 1
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