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Abstract

In the max algebra system, for an n x n nonnegative matrix A = [a;;] the eigenequation
for max eigenvalue A and corresponding max eigenvector x is A ® x = Ax, where [A ® x]; =
max|¢j<p dijXj and u(A) is the maximum circuit geometric mean. It is shown that the fol-
lowing conditions are mutually equivalent: (i) n).|(4) < 1, for some norm || - || on R"; (ii)
A(A) < 13 (i) 2(A) < 15 (iv) limg o A% = 0, where nj(A) = max|c|=1 >0 A ® x|

~ . 1
and 7)(A) = limsupy_, oo [0 (A&)]E.
© 2005 Elsevier Inc. All rights reserved.
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1. Introduction

Following the notation in [4], the max algebra system consists of a set of non-
negative numbers with sum a @& b = max{a, b} and the standard product ab for
a, b > 0. For a nonnegative matrix A = [;;], we may denote a;; by [A];;. Let R"*"
be the set of all n x n real matrices and let A = [a;;] and B = [b;;] be nonnegative
matrices in R"*". The product A and B is denoted by A ® B, where [A ® B];; =

* Research was supported by NSC 92-2115-M-238-001.
E-mail address: yylur@vnu.edu.tw

0024-3795/$ - see front matter © 2005 Elsevier Inc. All rights reserved.
doi:10.1016/j.1aa.2005.05.017


www.elsevier.com/locate/laa
mailto:yylur@vnu.edu.tw

150 Y.-Y. Lur / Linear Algebra and its Applications 407 (2005) 149-161

maxick<n Aikbi;j- A%@ means A ® A, and Ag denotes the kth power of A. Note
that A < B iff a;; < b;; for all 1 <i, j < n. Let x =[x;] € R" be a nonnegative
vector. The notation Ag ® x means [Ag ®x]i = maX1<j<n[A{<®]inj, and A’é,x
means [AGx]; = Y i_ [Aflijx;. We say that limg_, oo Ay = 0if limg oo [Afy lij =
0,forall 1 <i,j <n.

Let A = [a;;] be an n x n nonnegative matrix. The directed graph correspond-
ing to A, denoted by Z(A), is defined by Z(A) = (V, E) with vertex set V =
{1,2,...,n} and the set of edges E = {(i, j) € V x V]a;; > 0,1 < i, j < n}. The
L(ig, i1, 02, ..., ix) is called a path from vertex i( to vertex iy in Z(A) with length
k (k> 1) if (i;,i;41) € E for each r =0,1,2,...,k — 1. The weight of a path
L(iy,i2, ..., i), as denoted by w(L(iy, i2, ..., ix)) or simply by w(L), is defined
by

w(L(i1, 2, ..., k) = QijirQigiy -+ Aig_yig -
A circuit of the length k is a path L(iy, ..., ix—1, i) with iy = io, where ip, i1, ...,
ir—1 are distinct. Associated with this circuit is the circuit geometric mean known
as W(L) = (aiyi, aiyiy - ~a,~k_1ik)1/k. The maximum circuit geometric mean in Z(A)
is denoted by £ (A). Note that we also consider empty circuits, namely, circuits that
consist of only one vertex and have length 0. For empty circuits, the associated circuit
geometric mean is zero. An n X n nonnegative matrix A is reducible if there is a
permutation matrix P such that

T_|[An O

PAPT= [AZI Azz] '
where A1 and Ay, are square nonnegative submatrices. An n X n nonnegative mat-
rix A is irreducible if it is not reducible (see, e.g.,[10, p. 217]).

Recall that two norms || - ||s, || - || on a vector space are said to be equivalent if
whenever a sequence {xj} converges to a vector x with respect to the first norm, then
it converges to the same vector with respect to the second norm. It is well known that
two norms || - ||s, || - || on a real vector space V are equivalent if and only if there
are positive constants m, M such that

mlxlls < llxll- < Mlix|ls forallx €V,

also, it is known that for finite-dimensional real vector spaces, all norms are equiva-
lent (see, e.g., [9, pp. 272-279]). A norm on R"*" is called a generalized matrix
norm. A generalized matrix norm || - || on R**" is said to be a matrix norm if
IAB| < ||A|l||B] for all A, B € R"*", where AB is the standard matrix product
(see, e.g., [9, p. 290]). Since R"*" is a finite-dimensional real vector spaces, all
matrix norms on R"*" are equivalent. If x = [x;] € R", we define |x| = [|x;|]. For
eachx = [x;], y = [yi] € R", we say that |x| < |y|if |x;| < |y;| foralli =1,...,n.
A norm | - || on R” is said to be monotone if |x| < |y| implies ||x| < ||y]|l for all
x,y € R*. Anorm || - | on R" is said to be absolute if || x| = |||x||| for all x € R".
It is well known that a norm || - || on R” is monotone if and only if it is absolute (see,
e.g., [9, p. 285]).
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In the literature, the maximum circuit geometric mean p(A) has been studied
extensively, and it is known that w(A) is a max eigenvalue of A. Moreover, if A is
irreducible, then ©(A) is the unique eigenvalue and every eigenvector is positive.
Please refer to [1,3,8] for the spectral study. Elsner and Van den Driessche [4—6]
provided asymptotic formulas for 1 (A) that involve spectral radii and matrix norms
and algorithms of computing ©(A) and max eigenvector x, for an irreducible non-
negative matrix A was established as well. Bounds for (A) can be found in [1,2].
The role of (A) plays in the study of powers of a nonnegative matrix A can be
found in [4].

2. Results

Let A be an n x n nonnegative matrix. A scalar X is called a max eigenvalue of A
if A ® x = Ax for some nonnegative vector x # 0, namely,

max a;jx; =Ax; Vi=12,...,n
I<j<n
The vector x is called a corresponding max eigenvector of A. Let || - || be any norm
on R". Associated with this norm || - | we define 7). (A) as
1A ® x|
(A = sup ———

x#0x>0 x|l

Observe that for each o > 0,

d[AR®Rx]; =« ( max a,-jxj> = 1<ai(na,'j(axj) =[A® (ax)];.

I<j<n

SIS

So that (A ® x) = A ® (ax). Thus

A ® x| A®x
ne(A)= sup ——— =
x#0x>0  llxll x#0x>0 | [1x]]
X
= sup (A® —| = sup [AQx]|.
x2£0,x30 flx 1l Ixl=1,x30
Since ||A ® x|| is a continuous function of x and {x : [|x| = 1, x > 0} is a compact
set in R", we have
n(A) = max [[A®x].
llxll=1,x=0
Let | - ||s and | - ||, be any two norms on R". Since R" is a finite-dimensional real
vector space, || - ||s and || - || are equivalent. Then there exist m, M > 0 such that

mllx|ls < llx|l» < Mllx|ls forall x € R",
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so that for each n x n nonnegative matrix A, we have

IA® x|, M ||A® x|l M

My, (A) = max ———— < max —————— = —n (A).
x#£0.x20  [lx]|, x#0x20  m x|l m

Hence there is a positive integer L such that

1

! k g k1t k1t
7 M (Ag) | < [, (Ag)]F < [Lay, (Ag)]F VE=1.2,....

It follows

. 1 i
lim sup[n., (Alé,)] £ = limsup[n).), (A]é))] “
k—o0 k—o0

so that limsup,_, oo [7)-) (A%)]% does not depend on the particular choice for the
norm on R"”. Now we define 1(A) by

A . 1
7i(A) = lim sup[ny | (Af)]F.
k— o0

From the proof 1 of Theorem 2 and the proof of Lemma 1 [1], we have concluded
the following result. For easy reference, we state this as a theorem.

Theorem 1. Let A be an n X n nonnegative matrix. Then the maximum circuit geo-
metric mean [L(A) is the largest max eigenvalue of A.

The following four lemmas are needed for the proof of the main Theorem 2.
Lemma 1. Let A, B be n x n nonnegative matrices and || - || be a norm on R". Then

@) 7]||.||(A) =0 A=0.
(i) ny. (A ® B) < 0y (A)ny.1(B).
(iii) p(A) < ny.(A).

Proof. (i) Let e; be the vector on R"” whose ith component is 1 and 0 otherwise. If
7). (A) = O then for each i we have

< - (A) = 0.

€j
HA ® -
lleill
This implies thata;; = O forall j =1,2,...,n. Thus A = 0. The converse is clear.

(i1) It follows that

N (A® B)=” max 0I|A<X>B ® x||

x|l=1,x>

< max  (n)(A)|IB & x||)

llxlI=1,x>0

='7||-|(A)( max IIB®XII>
llxll=1,x>0

=101 (A0 (B).
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(iii) By Theorem 1, there is a nonnegative vector X # 0 € R” such that A ® x =
uw(A)x. Hence

A A®x A)x
m A® x| > [ G?XII _ IIM(A)XII — u(A). 0
Ixl#0.x>0  [lx|l llx1l llx1l

. (A) =

Lemma 2. Let A be an n X n nonnegative matrix and || - || be a norm on R". Then
~ 1
A(A) < I (AQIF k=1,2,....

Proof. By Lemma 1(ii), we have
M (AG ™) = m (A ® Ag) < nj (A (A).
Fix k and let! > k. Write [ = mk + j with O < j <k — 1. Then
N (Al =ny (A )
<y (AZ 1 (A)
< (AT Iny i (A) Y.

So that

(g A <Dy (AE gy (41
= 0y (AB)TE [ (AT [y (A1
<D (S [0 (AT [y (Ae)]
=y (A'f@)]%-
Taking [ — o0, one easily obtains

~ 1
A(A) < [nj(AGIE.
This completes the proof. [
By Lemma 2, we have 7/(A) = limy_ ool (A)1.
Lemma 3. Let A be an n x n nonnegative matrix with w(A) < 1. Then there is a
constant M > 1 such that for each | > n,
[AGlij < M" [n(A)) "
forall1 <i,j <n.
Proof. Let =max{a;; : 1 <i,j <n}.PuuM=aifa>1,and M =1ifa < 1.
Let i, j be fixed and let L be an [ path from vertex i to vertex j in the digraph Z(A)

with w(L) = [Al®]i j. Since I > n, path L contains a circuit, moreover, at least/ — n
its vertices are on a circuit. Let these circuits be Cy, ..., Cy with length [y, ..., Ik,
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hence /1 + - -- 4+ I > | — n. The remaining vertices, so at most n vertices, form a
path L’ with weight less than or equal to M". Then

[AL)j=w(L)
=w(Cy) - w(CHw(L)
=[] [D(CHT*w(L)
<" - (A M"
<A "M" (by u(A) < D).

This completes the proof. [

Lemma 4. Let A be an n X n nonnegative matrix and | - | be a monotone norm
on R". Then for each positive integer k, and positive numbers ag, ai, ..., ai, the
Sfunction

Ixlls =aoll x|l + a1l A ® x|l + a2ll AS ® |x[]|
+odallAL @ xll, x e R

is a monotone norm on R".
Proof. It is clear that ||x||y = 0 <= x = 0. Let @ € R be given. Then

lex |s =aoll x| + a1 A ® lax||| + a2 ]| AG ® lax||| + - - - + ax[ A @ x| |
=lalagllx|ll + lalai A ® x| + |e|az]| AZ, @ |x]]
+o+ lalar A ® [x]|
= o[l xlls-

Observe that for each n x n nonnegative matrix B and x, y € R", we have

[B ® |x + y|li= max b;j|x; + yj
I<j<n

/

< lglj?lén(biﬂxﬂ + bijly;l)
< fél]?gnbiﬂxﬂ + lrél]agnbijb)ﬂ
=[B® x|l + [B & |ylli-
This implies that
BRlx+y|<B®|x|+B®]|yl.

Since || - || is a monotone norm, we have

IBRIx+yll <IB® x|+ BRIyl <IB® x|l +I1B& Iyll.
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Now we claim that [lx + y[ls < [lx[ls + [[¥]ls-

Ix + ylls = aolllx + ylll + a1lA ® |x + ¥l + a2l AL ® |x + vl
oot ag| A @ x4 |
L ao(llx I+ Y1) +ar(1A @ [l + 1A & [yl
+ax(|Ag ® |x|| + 1A% ® [yl
+ -+ ar(|AS @ x| + 1A% @ IyID
= lxlly + Iy lls-

Itis clear that ||x||s = |||x]|||s. Thus || - ||s is an absolute norm, and hence a monotone
norm. [

Theorem 2. Let A be an n x n nonnegative matrix. Then the following statements
are mutually equivalent.

(i) -1 (A) < 1 for some norm | - || on R".
(i) n(A) < 1.
>iii) u(A) < 1.
(iv) limy_, o0 A% = 0.

Proof. (i)=(ii). By Lemma 2, we have 7(A) < N (A < 1.
(ii)= (iii). By Lemma 1(iii), for each k
1 (AS) = n(Ab).
Since u(A ) = [n(A)IF (see [4, p. 29]), we have n.(A%) > [n(A)]*. Thus

[y (A®)]k wu(A), and hence 7(A) > (A).
(iii))=(iv). By Lemma 3, there is a constant M such that for each k > n,

[Aglij < M ()"

forall 1 <, j < n.Since u(A) < 1, we have limg_, oo A® =0.
(iv)=(1). Since limy_; oo A® =0, we have llmk%oo[A@)],] = 0 for all 1 < i,j <
n. Then there is a positive integer N such that [AN lij < 1forall 1 < < n.Let

Ixlls = 1xllloo + 1A ® [xllco + |45 ® Ixllloo + -+ + III‘\gf1 ® [x]lco-

By Lemma 4, || - || is a monotone norm on R”. Observe that
[lA®x[]; =] max a;jx;| < max a;j|x;| = [A ® |x]];.
1<j<n ’ 1<j<n

Thus |A ® x| < A ® |x]|, and hence we obtain that

[BIA®X|lloo < I1BQA® |x|lloo
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for all nonnegative matrices B. So that

IA® xlls=11A® x|lloo + 1A ® A ® x|llo + 1AL ® |A ® x|lloo
+o AT ®IA® oo + 1IAY T ® 1A ® x]lloo
<NA® xlloo + 1A ® A® Ix]lloo + 142 ® A ® |x] ]l
+oo+ A PR A® Ixllloo + 1AS ' ® A ® Ix|lloo
=[1A ® |x[lloc + 1A% ® Ix]ll
oo+ 1A ® Ixlllos + 1AY @ [x]llos
<A ® xllloo + 142 ® Ix[lloo + - - + IAN ™I ® [x1lloo + N1x1lloo

=llxls-

This implies that ., (A) < 1. O

Example 1. Consider the following 2 x 2 nonnegative matrix

A= [_ ] .
We have u(A) = % and p(A) = 1, where p(A) is the standard spectral radius of A.
Then for any matrix norm || - ||, we have

Al = p(A) =1
(see, e.g., [9, p. 297]). Moreover,

NI— N|—
N[— B|—

Nl (A) = max 0IIA®XIIO<>=

m
[x¥lloo=1,x> Ixlloo=1,x=0

1 1
|:§X1 @ §X21|

1 1

3X1 @ 5x2 00

1
=—=p(A) <1
> u(A) <

and limg_, o A% = 0.
We establish the max algebra version of the Gelfand spectral radius formula as
follows.

Theorem 3. Let A be an n x n nonnegative matrix. Then n(A) = (A).

Proof. Observe that for each y > 0, (%)k = V%A{‘X, forall k =1, 2, ... Therefore
A ANK x
1 <—) = lim |ny <—)
V4 k— 00 Y/
li Lk :
—kg{)lo [UI-I <F ®)}
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. Lk t
= lim < max (—kA®) ®x )
k—oo [ \llx[=1,x>0 || \ ¥
1
1. k £
= — hm [( max ”A@ ®x”>}
Y k—o0 [x]|=1,x=0

1,
=—n(A).
Y

Note that j (3) = L1u(A). Thus

n(A) <y

i(5)

—nl—) <1

14
A

<:>u<—> < 1 (by Theorem 2)
14

= u(A) < y.

Hence 7(A) = u(A).
This paper provides an alternative proof using the notion n.|(A) for an asymp-
totic formula which was proposed by Elsner and Van den Driessche’s lemma [4]. [

Theorem 4. Let A be an n x n nonnegative matrix and || - || be any matrix norm.
. 1
Then ju(A) = limy o | Al I

Proof. Since A® x < Ax <nA®x forall x > 0and | - || iS a monotone norm,
we have
1
: k k .
lim max  [[Ag ® x|lco < max  [|Agxlleo
k=00 \ [lxlloo=1,x20 llxlloo=1,x=0

1
k

xllco=1,

<11m( max n||Ag®x||oo>

Hence

H(A)= lm( max ||Ag®x||oo)

¥lloo=1,x=0

1

k
<11m< max ||Agx||oo>
k—o00

xllo=1.x>0
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and
1 1
. k k . k k
lim max [Agx|e ) < lim max [[nAg ® x|l
k=00 \ [Ixloo=1,x>0 k=00 \ ||Ixlso=1,x>0
1
. 1
= lim n* max ||A](§9 ® X|loo
k—o0 Ixlloo=1,x=>0
1
= lim max AR @ x
k—00 (||x||oo=1,x>o” ® ® ¥l
=1(A).
So that
1
i(A) = 1i Exlloe ) ()
(A) = lim max Agx .
7 0 (g e o Ao

For each nonnegative matrix B, we have

max  [[Bx[lc € max |[Bx|[eo < max [ B|x|llc
lxlloo=1,x>0 Xloo=1 lxlloco=1
= max  ||Bx|co-
Ixllo=1,x>0
Therefore,
max |[|Bx[lcoc = max |[Blx[[lco = max [[Bx|c- (2
[Ixloc=1 lxlloo=1 llxllco=1,x=0

By Theorem 3 and Egs. (1) and (2), we have
r(A)=1(A)

1

x
= lim max ||Alfg)x||oo
k=00 \|[x]loo=1,2=0
1

X k
= lim ( maxl ||A®x||oo)

k=00 \ [xlloo=
1
= lim || A% |%.

Jim 1AL %
Since any two norms on a finite dimensional space are equivalent, there are m, M >
0 such that

AR < 1A% 100 < M) AX
mllAgll < [Agllc < M|Agl-

Thus

1 1
lim ||AK 15 = lim || A% %
Jim | A ll 5 ]Hooll ol

and hence 11(A) = limy o0 A5 1F. O
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The following theorem is well known (see [1,7]), we give an alternative proof.

Theorem 5. Let A be an n x n nonnegative matrix. Then

n(A) < p(A) < nu(A).

Proof. By Theorem 4,

1

A)= lim ||AX ||X
w(A) kggoll ol
1
< lim [|A¥)& (by A < AF)
k— o0
=p(A).
On the other hand,

npu(A)=ni(A)

1

=n lim < max ||A1f®®x||oo)

k=00 \ [Ixlloo=1,x=0

1

k—00 \||x]lco=

=n lim ( nlllaxlllAg®|x|||oo>
1

. k Ak 4
= lim | max [[n"Ag ® |x|leo
k=00 \ [x[lec=1

1

> lim ( max |n*~!AK |x|||oo> (by nA% ® |x| > A% |x|)
k=00 \ [ loc=1
1
k
( ax A |x|||oo) (by i1 AG > A5
1
k k
= lim ( 1A x”oo) (by (2))
T koo
=p(A).
Thus
n(A) < p(A) < nu(A). U

Theorem 6. Let A be an n x n nonnegative matrix. Then for any € > 0 there is a
norm || - || on R" such that nj.(A) < n(A) + €.

Proof. Let € > 0 be given. Put @« = /(A) + €. Choose N so that
M (AG) < o
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Define || - s by
1 I 5
lxlls=l1xoo + EIIA Q |x]lloo + a—2||A® ® |x[lloc + - -
1 _
+ =7 1487 ® Ixllloo-
By Lemma 4, || - || is a monotone norm. Since |[A ® x| < A ® |x|, we have

1 1
A xls=1A®xlllc + —A® |A ®x|||oo+_||Aé;®|A ® x|llo
o a?

1

+“.+aN—l

IAN ' ® 1A @ x]llo
1 2 1 N
<IA® Ixllloo + — 114G ® lxllloo ++ + ——1Ag ® [xllloo

1 1
—a (—IIA® ¥llloo + —5 1142 @ Ix]lloc + - -
o o

1

_ 1
+yr 48T @l + gAY © |x|||oo)

1 1
<a (anA@ %1l oo + EnAé ® |xllloc + -

+ %uAg‘l ® [xllloo + |||x|||oo)
=ax]s.
Thus
(A Sa=n(A) +e O

Corollary 1. Let A be an n x n nonnegative matrix. Then for any € > 0 there is
anorm || - || on R" such that n(A) < nj(A) < p(A) + €.
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