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I. INTRODUCTION

The correlation functions (og 0o, n) of the two dimensional Ising model with horizontal (vertical) interaction
energies F (F3) can be written in many different ways which appear to be different but which in fact are equal. They
were first expressed as determinants by Kaufman and Onsager [1]. Later Montroll, Potts and Ward @] demonstrated
that if an arbitrary path is drawn on the lattice connecting the point (0,0) with the point (M, N) then the correlation
can be expressed as a determinant whose size in general is twice the length of the path. The correlations {o¢ 000,n)
and (0p 00N n) can both be expressed as N x N Toeplitz determinants [1]-[3], and expressions of (c0 oo n) as
determinants of size M and M +1 for M > N were given by Yamada [4], [5]. Furthermore the correlations (00,00 s, v)
for all finite M, N were expressed as determinants of Fredholm operators by Cheng and Wu [6].

The representations of the correlations as finite size determinants gives an efficient evaluation when the separation
is small but to investigate the large separation behavior alternative representations are needed. The first such result
is the limiting behavior for T' < T,

Soo

lim <UOQUON> = lim <UOQUNN>
N —o0 N—o0
= {1 - (sinh2F, /kT sinh 2B, /kT)2}'/* (1)

which is most easily computed [2] by the use of Szegd’s theorem [§],[9].

The first large separation expansion for both T' < T, and T > T, beyond the limiting value (II) was given in 1966 by
Wu ﬂ] for (ogpoon) by applying a Wiener-Hopf procedure to the N x N Toeplitz determinant representation. Shortly
thereafter Cheng and Wu [6] obtained the leading term of the large separation behavior of (ogooasn) by applying a
Wiener-Hopf procedure to the Fredholm determinant representation. This derivation is formally valid only for M # 0,
and even though it is expected that the result of ﬂa] with M formally set equal to zero should agree with the result
of ﬂ], there is no analytic derivation in the literature that for T' < T, the two results are in fact equal (even though
the equality has been verified to large orders in the low temperature expansion.)

The expansions of [7] and [6] may be considered as the first terms in a systematic expansion of the correlations. The
expansion technique of ﬂa] which starts from the Fredholm determinant representation was carried out to all orders
by Wu, McCoy, Tracy and Barouch HE] in 1976 where it is found that the correlations can be written in the following
exponential representation

<UOOUMN>T<TC =S4 epoFJg?\f) for T < T, (2)
n=1
and as
G000 MN)TST, = Soo G oxp ST FEPY for TS T, 3
. MN MN
m=0 n=1
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where
Ss = {1 — (sinh2E, /KT sinh 2, /kT)2} /|

In [10] the expressions for F 1813\/7 F ]ﬁ/ﬁ\f and G%)N are given as 2j fold multiple dimensional integrals.
The exponentials in (2)) and @) may be expanded to give what is called a form factor expansion

(0000 MNYT<T, = Sco Z f](\%,) for T < T, (5)
n=0
and
(0000 MN)T>T. = Seo Z f](jx,ﬂ) for T > T.. (6)
n=0

The first few terms in this expansion were given in [10]. In the scaling limit N — oo, T — T, with N|T — T¢| fixed
the full expansion was given by Nappi [11]. For fixed N and T < T the full expansion (Bl was given by Palmer and
Tracy [12]. Both of the cases T < T, and T > T, were treated by Nickel |14] [15]. An independent expansion was
given by Yamada [13], and this is shown in [15] to agree with the results from the expansion of the exponential forms
of [10].

The results for the exponential representation of the correlations [L0] were obtained by extending to all orders
the interative expansion of the Fredholm determinant representation [6]. However, as noted above, the result of |6]
for F Jg)N when specialized to M = 0 “looks different” from the corresponding result for (o 0oo n) obtained in [7].
Moreover the leading order large N behavior of (0ggon n) is obtained |16] from the results for of 7] for (og 000,n)
and this result looks very different from the result of [10]. Therefore it must be the case that if the Wiener-Hopf
procedure of Wu [7], which starts from the N x N Toeplitz determinant representation of (o oo, n) and (0¢,00N,N),
is iterated to all orders we will obtain a representation of (09000, n) and (o oon,n) which is different from that of
[10]. The purpose of this paper is to derive these exponential expansions for both T' < T, and T > T, and the form
factor expansions which follow from them. The results for the case of the diagonal correlation have been previously
presented by one of us (BM) in [17] with Boukraa, Hassani, Maillard, Orrick and Zenine. This paper is the proof,
derivation and generalization of those results.

In sec. [Il we summarize the results of our calculations. In section [[IIl we calculate the exponential representation of
the correlation functions {ggooon) and {(oogonn) for T < T.. In section [Vl we calculate the exponential representations
for T > T.. In section [V] we calculate the form factor expansions of (oggogn) and (oggonn) for T < T, and section
[VI we calculate the form factor expansions for 7' > T, We conclude in sec. [VIIl with a brief discussion of our results.

II. SUMMARY OF RESULTS

We let Dy stand for Sy = {ogooon) or Cn = {cgoonn). Then

=)
DY) for T <T,
Dy=1{ 7N e 7
N {ngﬂ for T' > T, )

The representation of these correlations as an N x N Toeplitz determinant is [16]

DN = det AN (8)
where
ao a_1 ... Q1—-N
aq ag ... Q2N
Ay = : S : (9)
aN—-1 aN—2 ... an
and
1 —n—1



where the path of integration is counterclockwise. The function ¢(z) is

p(z) = ((1 —arz)(1 - 0422—1))1/2 |

(1—a1271(1 — ag2)

For the diagonal correlation function Cy
a1 =0 and ap = (sinh 2K, sinh 2K,)™*
where K; = E; /kT. For the row correlation function Sy
a; = e 2 tanh Ky and as = e 252 coth K.
When T < T, then a; < as < 1. In this case we write ¢ in a factored form as
p(z) = P(2) Q=)™
where
P(z) = (1 - a22)/(1 = n2))"?

and

Q(z) = (1 — a12)/(1 — a22))"/* = 1/P(2)

We will prove in Sec. [[IIl that the correlation function Dg\;)

Dg\;) = Seo €Xp Z F](Vzn)

n=1

has an exponential expansion

where

which for both the diagonal (I2)) and row (3] specializes to (), and

(2n) _
FN 27T T (9-\2n e—>0 Hf

|zi|=1—¢

H P(221) P(25,)Q(226-1)Q(23," 1)

dzl
j=1 1 - ZJZ]+1

and z2,11 = 2z1. This agrees with the result given in ref. |17] for the diagonal correlation function Cj(vf)

In Sec. [V] we prove that ng_) has the form factor expansion

_ oto2n)

where f](\?) =1 and

n 1 _
z(\/2 )= ( N2(2m)2n E%H% dz; z H P(z1)P ng Q(ZWC—I)Q(Zlefl)

|zi|=1—¢€

n

H (1 — zo1—122m) 2 H (22p—1 — 22g-1)*(22p — 224)*.

I=1m=1 1<p<g<n

This agrees with the result given in ref. [17] for the diagonal correlation function Cj(vf).
For T > T,, we consider a new function ¢1(z) such that

(1—a12)(1 —ay'2) 1/2
)

(1—aiz (1 —ay'z"!

o1(:) = w(2)z = (

(13)

(14)

(19)



which we write in factored form as

p1(2) = P(2) Q=) (23)

with
P(z) = (1 - a12)(1 —ay'2)) /2 (24)

and
Q(z) = (1 - n2)(1 — a3 '2)/? = 1/P(2). (25)

P(z) and Q(z) are analytic and non-zero for |z| < 1.

We prove in Sec. [[V] that the correlation function Dg\;r) has an exponential expansion
D\ = -5, Z GV exp Z F¢ (26)
where
3 2 —2 —1y271/4
Seo = [(1 = af)(1 —ay”)(1 — a0y )’ (27)

which for both the diagonal ([Z) and row (I3) correlations specializes to (@) and F ](\,2 ") is defined as in (@), but with
P and Q replaced by P and Q. Thus we find from ([J) that ﬁ](f") is

n

5(2n) _ ~ ~ 1
Fy 27T o E*OH]{ZZ L Edzl H = ZJZJH H (zor)P ng Q(@mﬂ@(z%_l) (28)
and Gs\?nﬂ) is given by
G _ 1 2ﬁ1 7{ dos N+ ﬁ 1
(2mi)2n+1 e—»o 2] =1—e YT 2 zong P 1 — 2p2k41
H P(z21-1)P(z3! 1) H Qz2m)Q(23,)- (29)
=1 m=1

Equations (28) and (29)) agree with the results given in ref. [17]. Note that for the diagonal correlation function
Cz(v+) = (oooonn) ([I2) implies that

PP =FPm. (30)

In Sec. [VIl we prove that Dg\}k) has the form factor expansion

_ —Soo Z f 2n+1 (31)

where

2n-+1 n+1 n

(2n+1) ~ -~
N (n+1) 2m)2n Tl liny H féz L Edzl H Pleai1)P(et )23t H Q(22m)Q (20,0 72m
n+l n
5= %r
p: :

Equation ([32) agrees with result given in ref. [17] for the diagonal correlation function Cz(v+)

The proofs of these results are not restricted to the Ising case where the generating function is given by (II]) but
with a suitable replacement for the factors S, and §Oo are valid in more general cases, for example the XY model in
a magnetic field [18]-[20]. The results (['0)-(2I) for T' < T, are valid for any generating function ¢(z) where log ¢(z) is
analytic and periodic on |z| = 1 and P(z) = 1/Q(z) The results (26)-29) and 26)-B2) for T > T, are similarly valid

for any generating function for which log z¢(z) is analytic and periodic on the unit circle |z| = 1 and P(z) = 1/Q(z).

H (Z2j—1 - Z2k—1)2 H (Z2r - 225)2. (32)

2
— 2 z
2p—122¢) 1<j<k<n+1 1<r<s<n



III. THE EXPONENTIAL EXPANSION FOR T < T,
In this section, we will use the theory of Wiener-Hopf sum equations to prove that the functions F](\,2 ")
in equation (7)) are given by (I9).
When T < T, then a; < ag < 1 and therefore P(z) and Q(z) are analytic and non-zero for |z| < 1. Furthermore
the index of ¢ is

which appear

Indyp = log p(e*™) —log (1) =0 (33)
It follows from (B3) that we may use Szegd’s theorem to find
Jim Dy = S (34)

with S given ([I8) which reduces to () for both the diagonal and the row correlation functions. Therefore we may
write

D{) =S [[ p57/D5, (35)
n=N

A. Computation of the ratio DE\;)/DE\QI

The ratio D /DNJrl is given by
- - N
Dy /D = af) (36)
where xV) = (zq, x1, ...,z y) satisfies
Ay xN) =g (37)

and dz(-N) = ;0. We indicate that the vector x(™) has N + 1 entries by writing a:gN).

We will calculate a:(()N) by iterating the procedure given by Wu in section 3 of reference [7].

Lemma 1 There are functions qﬁg\z,") such that

M=14 Y el (38)
n=1
where
(2n) n+1 n . . 2n—1 1
"—7 dz; z; 29k Zog P(z01)P( 25, _ 39
o = e HOH [f oo T et el oPered) T rgm @9

Proof Let h(£) be a function defined on the unit circle |£] = 1, and let h(£) have the Laurent expansion

> g™ (40)

n=—oo

From this we define

ROy =Y haf",  [R(O]-= D> ha&",  and  [h(E]} =D hnl" (41)
n=0 n=1

From equations (I it follows that
(A€~ = [n@)l}- (42)



Equations (@Il have the integral representations

I , h(&)
el =gl f g (13)
_ 1 , h(£)
el =g timf S, (44)
and
r 1 h(§)
(MO = [ME]+ — 45— o d§ =
L. , h(&)
= — ¢£1 d .
2mi gel—{%fgq—l.g_g ¢ g —¢) (45)
We define
N-1
Xn(©) =) Ve (46)
n=0
It has been proven by Wu [7] that the ratio (B8] is given by
26" = X (0) (47)

where X (€) is a function determined by equations (2.19a)-(2.20b) of reference [7] (with Y () = 1). These equations
are

Xn(§) = PO{QE M +[QEMUN©N T (219), (48)
V() = =@ ) HIRE - +[QEHUNEEN] -} (2:20a), (49)
Xn(EEN = QO {IPE N + [PEHV©EN ) (219D), (50)
and
Un(EY) = =(P(E)) T H{PEEN- + [PEHVN M-} (2.20D). (51)

For our purposes we use equations (I6), 2) and the equality [Q(£71)]+ = 1 to rewrite equations (@S], {@J) and

EI) as

Xn(6) =PE) {1+ Q€ HUNEEN T, (52)
V(€ = =P {QE - +[QEHUN(EEN] -}, (53)

and
Un (&) = =QE) {[PEE N + [PEVN(ENEN (54)

We define sz,l)(g ~1) by replacing Uy (£) by 0 in equation (53]). Thus

V(e = —PEeHQE )= (55)



We note from equation (I8]) that Q(0) = 1. Thus because Q(£7!) is analytic for [£] > 1, we have

[QEN]-=QE™)-Q0) =) - 1.

Therefore it follows from equations (I6]) and (5G] that
—PEHQE - =PE -1,
and thus equation (B3] becomes
V) = P -1

We define UM (£) by replacing Vi (¢~1) in @) V" (€71) as given by equation (58). Thus we find
It follows from equation (52) that X}\})(g) is given by
xP©  =PEO{1-[QEHROIPE PO MM, |

= P(¢) {1 i dg¢' &

21 =0 Jign=14e & — ¢

Q(él)Q(ﬁ)[P(ﬁl)P(é)éN];} -

Letting & = 0 in equation (B0), and using P(0) = 1, and writing XM (0) =1 + (bf,) we obtain

V=g f, % QEHREPE PO e

211
1 1

211

— _L im -1 L N - -1 —-N
- pmlmd dn Q@ | deg et P PEE"

Thus, if we set
_ -1
Soky1 = Zoky1,  Sok = 2y

we obtain ¢§3) as given by equation (B9).
We now calculate V]S,2) (€71) by using equation (5J)) in equation (B3)):

v =-peh{eE M- + e ©)
= —PEHIRE™- + PEH[RETQOENPEPEOEVI] .

Next, we calculate U J(VQ )(f) by using equation (63]) in equation (B4):

uP©) =P {IPEE M, + PEOVP € DN

We will now calculate X](\?)(ﬁ) from (52) as

xP) =P +[QEMHUL©EN]
= P(6) - P(O[QEHQE)POPE EN,EN],

-P©)| QR [POPE s Qo e IPOPE ) ]|

(62)

(63)



Letting £ = 0 in equation (G3]), we obtain x )( 0)=1+ (;55\2,) + ¢§§)

R I LG G TG e IO O R G EC R A

211

= — e Im 7{ L de e ]fg e gs 6 PGP

1 N+1 N—1
j%&l_ldég 5% & )Q(és)](£4l_l+€d§4 a5s PE D P(&y). (66)

Using the change of variables (62]) we obtain an equation agreeing with equation ([B9).
In general, we iteratively define (from equation [(3])

Ve = —peh {RE - + e U ©eN] -} (67)
It then follows from equation (4] that
UN(©) ~UN V(O =™ [P@)P(g—l)g—fv QO™ [PEPE N REOQEEN 1T ] . (68)
+

where there are 2n — 1 brackets. It now follows from equations (7)) and and (52)) that ¢ (2k) 4

53’“) = —%j{ dg ENTTQOQET) [P(G)P(ﬁl)ﬁN [Q(é)Q(é’l)ﬁN
T Jlg)=1

PP e Ve e, | (69)
+

where there are 2k — 1 brackets. By use of (62), one obtains equation ([B9). This ends the proof of the lemma.

B. Exponentiation

To complete the proof of the exponential form (7)) we need to use (B3)), (B4) and (B8] to compute F](\,2 ") as given
in (I3). We begin by defining a function

f(2n)
Fyo= m)2n 6_,(Jl_[jél 1 EdZZ

(We define 1:“](\?) =0). Clearly

1 - ZJZ]+1

HQ 22-1) Q25,1 ) P(221) P23 < H ) (70)

Let gbs\?n) be given by equation (39) when n > 1 and let gbs\(;) = 1. We define the functions
=3 o an (72)
n=0

and

=" EGVa (73)
n=0



Clearly ¢(0) =1 and F(0) = 0. We would like to show that

p(A) = '™ (74)
It follows as a special case of ([[4) with A = 1 that
XN(O):epoﬁ'](\?k), (75)
k=1

and hence it follows from equations (B3] and (7I) that
Cy =1—-t)" exp Z Z FISQ") = )/ e Z Z (2n) _ —t)Y* exp Z FJ(V%) (76)
k=N n=1 n=1 k= n=1

This proves equation (I9). It remains to show that equation (T4 holds. Since ¢(0) = 1 and F(0) = 0, equation (74)
is equivalent to the equation

PO =D (77)
It follows from equations ([[2)), ([73)) and (T7) that equation (74 is equivalent to the following equation:
Lemma 2

2n) Z lF(2l)¢ (2n—21) (78)

=1
Proof It follows from (39) that the left hand side of (78] is

2n—1

(2") n+1 o N+1 1 - ) —1 ] -1 1
noN n(=1) m)2n EH0H?{1| 1— edzz % Zon 21 HP(Z2J)P(22j JQ(z2j-1)Qz1) kl;[l 1—zpzksr) (79)
and the right hand side is
20) (2 20) 2y = 1 1
lF " =(— dz; 7J P
Z ( 27T o \2n €‘>0 H il=1—c Zi 1 — ZjZjt1 g 22‘1) ('22(] )Q(Z2q 1)Q(Z2q 1)

n—1 1 21 2n—1 2n
{Z - <1 — H zk> (1 — zo29141) (1 — 22n.21) H Zm — <1 — H zp> } , (80)

=1 k=1 m=2142 p=1

where the product Hm 2142 #m 18 such that it equals 1 when [ = n — 1. Note that the product H?Zl is symmetric

both in even and in odd variables separately. Hence 1 — Hiil 2 can be rewritten (under integration) as

2n n—12g+1
1= J] zr= (1= 21220) <1+Z HzT> (81)
k=1

qg=1 r=2

20—-1

Next, note that the factor (1 — 2z9129141)(1 — 221,21) Hf::}llﬁ Zm does not involve any of the variables {z;}:*5".

lzz

Hence the product 1 — szl 2k can be rewritten as

21 1—1 2q+1
1= ][] 2= 1= z22) <1+Z Hz) (82)

k=1 qg=1 r=2

Then the relevant factor of the integrand of the right hand side of equation ([B0) becomes

n—1 1—1 2q+1 2n—1 n—12qg+1
(1 — zanz1) {Z(l — 22122141) <1 + Z H Zr) H Zm — (1 + Z H zr> }

=1 q=1 r=2 m=21+2 q=1 r=2
n—1 1—1 2q+1 2n—1 2n—1 n—12g+1
_(1_22"Z1){Z<1+ZHZT>< H Zm_HZm>_<1+ZHZT>}' (83)
=1 qg=1 r=2 m=2[+2 m=2l qg=1 r=2
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After expansion of the first summand the right hand side of (83) becomes
n—1 2n-—1 n—12n—1 n—12q+1
NI o IES (FO o 1 S ) o)
=1 m=2l+2 =1 r=2 q=1 r=2

under integration. After summation (84]) becomes

2n—1

—n(l — z2p21) H Zr, (85)

which completes the proof. The proof of lemma 2 concludes the proof of equation (I9).

IV. THE EXPONENTIAL EXPANSION FOR T > T.

In this section, we will prove that the functions ﬁ](vz "™ and Gg\?nﬂ) in (26) are given by ([28) and (29). We will follow
the procedure of section 2 of Wu [7]. When T > T, then oy < 1 < a2 and ¢1(z) has index 0. We define

1

= —— 01(2)z27" M dz = a,_4 (86)
27 |z|=1
We further define
bo b1 ... b_n
b1 by ... bi_n
By = . ) . (87)
by by_1 ... bo
and
D1 :=det By (88)

We note that if we remove the first row and the last column from ﬁN-’,—l and use (86) we obtain Dy as defined by
[®). Therefore we may write

w _ DY 5 (M7
Dy’ = f)N Dyy1=(-1)Vay ' Dy, (89)
N+1
where the ratio DN/ﬁNH is given as
D(+) ¢
D0 _ gy (90)
Dn+a(t)
and xV) = (zg, x1, ..., zx) satisfies
By xN) =d®) (91)

and dz(-N) = 8,0. We indicate that the vector x() has N +1 entries by writing :v%v). Since 1 (z) has index 0, it follows

from Szegd’s theorem that

lim (—1)V Dy =S4 (92)

N —o0

where S, is given by @7). Thus, exactly as for T' < T,

~ . = D,
(DN Dyp =50 [ == (93)
n:N+1D"+1
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Furthermore the ratio ﬁn / ﬁn+1 and the product

[e%e} ﬁn
— (94)
Dn+1

n=N+1

may be treated exactly as in the case T' < T, if we replace P and @ by P and @ Thus we find

(~1)N*' D1 = Seexp Z FJ(vzﬂa (95)
and hence we have
DP(t) = —Soa exp D FVT, (96)
n=1

where we note that when oy = 0, equation (30) holds.

It remains to calculate xg\],v). We will find x%\r) by iterating the procedure of section 2 of Wu |7]. We define

N
Xn(§) =) aMer, (97)
n=0
and thus
oy = lim X (€N (98)

where Xy () is again defined by @) to (BI) with P(¢) and Q(&) replaced by P(€) and Q(¢). For convenience we
rewrite ([@9), replacing & with ¢! as

V() =-P© {01, +Q©UNE N, |

=P(€) - 1-POQE)UN(E)ENT,. (99)

To obtain the first approximation ;CS\J,V)(U we replace U(€) by 0 in ([@9), and write

Vi€ =P - 1. (100)
We use this in (B0) to give
X (EEY = QOIPEPEE (101)
Thus letting ¢ approach 0 and using (I0T]) we obtain the first approximation xEVN , 1), which we denote as Gg\l,)
w_ . mw_ 1 5(e—1) BN -1
Gy = = o f PP e (102)
We now compute the second approximation by using (I00) in (BIJ) to obtain
U () = —QE HIPE HPEEN]-. (103)
We use ([I03) in ([@9) to find
Vi (©) = P(§) — 1+ PO[Q©QEHE NP HPEN-]'- (104)

Using this in (B0) we obtain

X = QO {IPE PO + [P PO QA PEIPOSNLT] | o9
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Letting £ = 0 in ([I0H), we see that

x%\f)@) _ Gg&) + Gg\?), (106)
where
(3 ND D1 Zévﬂ A A
Gy = li d P(z1)P(z] d
NOT @mip |21]=1 A Pla) P )j{zz—l—e 21 lezQ(ZQ)Q(ZQ )
z 5 B, —1
dzs —=——P(23)P(25 ). 107
b TP P (107)
Continuing in the same way we may find
2 =57 G, (108)
k=0
and thus
D (t) = —(1— 1)1/ Z G exp Z Fgm (109)

where ﬁ@" is defined in (28) and G @141 ig defined in 29).
If we note that the G(2n+l) is the negative of the G (2n+1)
G(%H) given by (34) of [11].

of [17] and set a; = 0 we have proven (6) of |17] with

V. THE FORM FACTOR EXPANSION FOR T < T.

We have showed in section [[TI] that the correlation function DEV_) can be written in an exponential form given by

(@@ and ([I9). In this section we will show that Dg\f) can be written as a form factor expansion given by equations

@0) and (21)).

We wish to rewrite (7)) as a form factor expansion and use an argument similar to that made by Nappi [11] to find

the functions fj(v%). To do this, we denote by a partition 7 of the number n a set of pairs 7 = {(nl,mz)};f;) such
that n; # n; if ¢ # j and

Z nym; = n. (110)
i=1
We define P(n) to be the set of all such partitions. For instance, the partitions of the number 3 are

1-3, v=1
3={{3-1,v=1 (111)
1-142-1, v=2 .

Thus the exponential of (I7) may be expanded, and we find

v(m) )
(n) FEm) (112)
we;(n Zl_Il m;! ( )

where the sum is over the set of partitions P(n) of the number n. Thus f N2 ") is the sum of all 2n dimensional integrals
in (7). Explicitly

2n
](V )= )2n Eﬁon%zll - Ed’zl HQ (z2j-1) Zz; 1)P(Z2j)P(szl)

v(m) mEe Nk 1

Z H(_ mk'nmk H H 1—z -1 (113)

n€P(n) k=1 Sy 2men,+2(p— l)nk+2q Skl omen, +2(p—1)ng+(2¢Px k1)

1

1 — 205 129
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where

2+ 1 if g <mny

2 g 1= {1 o=y (114)

We see that a partition 7 divides the integrand into ZZS&) my, loops, and that there are my loops of length nyg. As
an illustration,

1 6 3 6
W= —gimllf el @G0t )PP ]
i=1 j=1 =1

zi|=1—¢€
1 1 1
1-— Z122 1-— Z324 1— Z5%6
1 1 1 1 1 1 1 1
<_§1—22z11—24231—ZGZ5 _51—22231—2“42“51—262'1
—I—l ! ! ! > (115)
21— Z921 1-— Z4Z5 1— Z623

The first term in the bracket of the right hand side of (ITH) comes from 7 = {(1,3)}, the second from 73 = {(3,1)}
and the third from 73 = {(1,1), (2,1)}. We would like to show that

n

2n
(2n) _ 1 . N _ 1 . oy 1
W= eIl f N TG 0@ PP i,
i—1 Y lzi|=1—€ i=1 y i
& 1
sign(o - 16
2o =i 10

where S, is the group of permutations of the n elements {2i — 1}?_;. For instance,

Sz ={(D3)(5), (13)(5), (15)(3), (35)(1), (135), (153)} (117)

where the loop (abc) means the permutation a — b — ¢ — a. We say that two permutations o1 and o9 in S,, are
equivalent if for every loop in o7 there is one and only one loop of equal length in o2. Then o1 and o2 will also have
the same signature. We write the equivalence class of an element o as [0]. We denote by F,, the set of equivalence
classes of S,,. As an example, we have

Bz ={[{(MGB)G); [(13)(3)], [(135)]} (118)

We will show that there is a bijection between P(n) and E,. It is clear that |P(3)| = |Es| = 3. We will now prove
the general case.

We will now calculate |[o]], the number of elements of the equivalence class of a permutation 0. We consider some
o € Sy, and construct [o] as follows. We choose freely from n elements, and divide them into Z;j:l m; loops such
that there are m; loops with n; elements, without distinguishing between loops with the same number of elements.
There are

n!

_ 119
ways of doing this. There are (n; — 1)! ways of ordering a loop of n; elements. Hence, the there are
I i — L)) !

|[o]| = : = :
H;’Zl(nj!)mJ m;! [T, ni*im;!

ways of choosing the elements. The signature of any element of the equivalence class [o] corresponding to 7 is

v(m)
sign(o) = (—=1)" [ (-=1)™. (121)

k=1
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If we identify every equivalence class with one of its representatives, then it follows from (I13) that

1

1 — 295 1295

Z sign(c ﬁ (122)

—Z 2o
o= 2k 2o (2k— 1)

](V2n) 27r nl(2m)2n E%H?{ f|=1— dz; 2 HQZ?y 1 Q(ZQJ 1)P(22j)P(Z;jl)

Now (II6)) follows. By symmetry of the odd variables, (I16]) can be rewritten as

2n —
](V '= ( 271' 2n EE%H?{Z| . edzz HQ (225-1) ZQJ 1)P(22j)P(2’2j1)

<Z sign(c H ;y. (123)

1— 2912 _
c€S,, 2k<o(2k—1)

Finally we note that the factor of the integrand of (I23)

Z sign(o) H _ (124)

1— 2912 _
c€S,, b1 2k<o(2k—1)

is zero if for any ¢ # j, z9; = 29 or 22;—1 = 22j—1. Therefore

Z 51gn H ; = An H H ; H (221)*1 — qufl)(ZQP - ZQq). (125)

ot 1 — 2or24(26—1) (1 — zop—1221) <ple<n
By letting 29, = 2z9,—1 = 0 we find that
Ay =An_1. (126)
Since Ay =1, it follows that A,, = 1 for all n. Hence we obtain the desired result (21]).
VI. THE FORM FACTOR EXPANSION FOR T > T.

Above Ty, DE\;F) has a form factor expansion given by (BII), where

2n+1 2k 1 2n—2k
(Gntl) _ ZG( R (127)

and }:](\7271) is given by (II6) but with P and @ replaced by P and Q. GE\Q,HH) is given by (29). Hence it follows from
(II6), (I27) and ([29) that

( ) 2n+1 n+1 n n
2n+1 N+1 ~ —~
1 = i 11 f a0 T PaPlesty) T @ 11—
) ¢ |zi|=1—€ —1 el 22n+1 p:l Z2p—1%2p
n — n
1 1
> (—1)’€( 7 > sign(o H T (128)
n — 29— 1—=2 V4 — 29g%2
k=0 2n—2k+1 €S a=1 2q—1 o'(2q) s=n—k+1 2542s5+1

As an example,

2

5) _ d NJrl B ﬁ 1 1 1
fN 27r 6_)01_[ =1 Zi Z H zzz 1 221 1 H ZQm 22’”)251—21221—2324

m=1

11 1 1 1 1 1 1 1
—— + — . (129)
225 \1— 21201 — 2324 1 2124 1 — 2923 23 1 — 21201 — 2425 211 — 20231 — 2425
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Let (igk), ...,z’%k)) =1,..n—kn—k+2,...,n+1). It follows by symmetry that (I28) can be rewritten as

2n+1 n+1 n
2n+1) N+1LTT p ;
N = (2m)2tt limy H f dz 2 HP(ZQI )P (s H (22m)Q(3,1)
|zi|=1—e€ 1=1 m=1
1 1
1)
n+1 TZ:O( ) Zon—2r+1 1;[ 1—2 26 —1%2i(
1 & 1 -
— | sign(c 130
n! kgo( ) Zon—2k+1 U; ql;[l T R0 0(21(")) o
In particular
3 2
N = _—E OH dzi 2 T [ Plza-1) Payty) ] Qzom)Qz2)
- |zi|=1—¢€ =1 m=1

1 1 1 1 L1 1 1 1
Z5 1—21291 — 2324 231 —2z1201 — 2425 211 — 29231 — 2425

B

1 1 1
1—2122 1—2324 1—2’124 1 — Z29Z3

11

225

11 1 1 1 1
5_ (1—21221—2’425 1—2’12’41—222’5)
1

2

1 1 1 1 1
— . (131)
21 \1 — 20231 — 2425 11— 2324 1 — 2925

Since all permutations of the even elements are present in the sum ZZ:O, symmetry allows the permutation of all
even elements in the sum ) " . But the sum ) ;> .o may be rewritten as the sum ) of permutations
of the odd elements. Therefore

+

0€ESn+1

2n-+1 n+1 n
2n+1 o s P
Z(Vn '= (27)2n+1 €_>o H dzi 2 H P(z)P(z ) Q(zm)Q(2")
|zi|=1—¢€ =1 m=1
2
1 n
TSR] sign(o . (132)
’I’L'(TL + 1)' UGSZn+1 2n+1 IH — Za' 2(1 1)22q
An argument similar to the one given in section [V] shows that
n n+1 n
sign(c =
oesznﬂ Zo(2n+1) 1;[ — Zo(29—1)%2q ]1;[ 2251 1;[ — 295122k
H (221-1 — 22m—1) H (22p — 224)- (133)
1<l<m<n+1 1<p<q<n

Thus fy (2ntl) 4o given by ([B2) as desired.

VII. DISCUSSION

The exponential and the form factor representations derived in this paper for (oo oo n) and (oo0on,N) are con-
siderably simpler that the corresponding representations which may be found in |[10]-|15]. The representations of this
paper must of course be equal to the corresponding results of [10]-[15] but as mentioned in the introduction even
the equality of the form of F' ](\,2 ) found by Wu [7] with the form found by Cheng and Wu [6] has not been directly
demonstrated in the literature. The form factor representations for (oo gon,n) proven here are in close correspondence
with formulas given by Jimbo and Miwa [21] in their proof of the Painleve VI representation of the diagonal Ising
correlations. The connection which the form factor representations of this paper have with the PVI equation of [21]
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have been extensively investigated in |17]. However, the representations of this paper are valid also for (og oo, n) and,
as noted in the introduction, for much more general case which suggests that there are generalizations of [21] which
have not yet been uncovered. In particular the relation of (o¢ oo n) to isomonodromic deformation theory remains
to be investigated.
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