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Abstract In this paper we study ergodic properties of hidden Markov models with
a generalized observation structure. In particular sufficient conditions for the exis-
tence of a unique invariant measure for the pair filter-observation are given. Fur-
thermore, necessary and sufficient conditions for the existence of a unique invariant
measure of the triple state-observation-filter are provided in terms of asymptotic
stability in probability of incorrectly initialized filters. We also study the asymp-
totic properties of the filter and of the state estimator based on the observations as
well as on the knowledge of the initial state. Their connection with minimal and
maximal invariant measures is also studied.
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1 Introduction

Let (x,), (v,) be discrete time processes on a given probability space (2, F, P)
assuming values in the Polish spaces E, and E, respectively. The process (x,),
called the state process or hidden Markov process is characterized by the tran-
sition kernel P (x, dx’), while the process (y,), frequently called the observation
process has a transition kernel Plx/(y, dy’) parametrized by the current value of
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the hidden Markov process. Namely, letting X" = o{xo, x1,...,x,} and Y" =
a{yo, Y1, --- >V}, n=1,2,..., wehave P a.s.
Plxup1 € Al X", Y"} =P (x,, A), (D
P{yus1 € B X" Y"} = P"™" (yu, B). (2)

We explicitly mention that for fixed x, x’, y, P(x, -) and P;"'(y, -) are probability
measures on Eq and E, respectively and for fixed Borel subsets A of Ej and B of
E the mappings x — P(x, A) and (x', y) — P]X/(y, B) are B(Ey) and B(Ey X E)
measurable, where 1B denotes the suitable Borel o -fields.

In what follows we shall assume the following particular form of the kernel P;,

P (y,B) = /Br (x', y, ¥ ) n(dy), 3)

where 1 € P(E) with P denoting the suitable space of probability measures.
Notice that the above form of observation kernel covers models of the form

Y1 = B (Yn, Xnp1s Wn1) 4)

(in particular y,+1 = A(Yn, Xnt+1) + &Yy Xnt1) Wat1) With A(y,, Xu41, ) @ C!
diffeomorphism of R (in particular matrix g(y,, x,+1) being invertible) and w,, ;|
independent of X n+l yn and identically distributed with law n(dy). Furthermore,
the case of denumerable observation space E is also covered for i (y, x’, -) being
one to one.

It can be easily shown that we have

S . o
Lemma 1 The pair (y” ) forms a Markov process with transition operator
n

rrwn = [ [ e p o pe. . )
Ey JE
for f € bB(Ey x E), namely the space of bounded Borel measurable functions on
E() x E.

The process (x,) being observable only by means of the observation process (y,) is
estimated by its conditional law. To describe its evolution we shall need the follow-
ing family of indexed probability measures (y, y' € E, v € P(Ey), A € B(Ey))

[ur (x’, y.y') on P (x, dx") v(dx)
on rx,y,y) on P (x,dx") v(dx)"

In what follows we shall use the notation

M(y,y,v)(A) = (6)

P (v dy') = / P (x. dx') v(dx) .

Ey

Moreover we shall assume that

M (y,y',v)(A) =0 whenever / r(x,y,y)P(v,dx') =0.
Ey
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Given the initial measure p € P(E( x E) and using the regular conditional proba-
bility decomposition p(dx, dy) = p,(y, dx)p(Eo, dy) (see [IW], Thm. 1.3.1) we
define recursively the measure valued process

7§ (A) = p, (o, A)
TE(A) = M (Yuet, ya, 70)) (A), (7)

for A € B(Ep),n=1,2,....
In analogy to Lemma 1.1 in [RS] we have

Lemma 2 For A € B(Ey) we have
nf(A)=P{x, € A|Y"} Pas.
As a consequence we have

Corollary 1 Forn =1,2,..., we have P a.s.

/ r(x/, Yn—1, yn)P(n,f,l, dx/) > 0.
Ep

Proof Let N = {w : on r(x', yu—1, yo)P(m?_,, dx") = 0}. By Lemma 2 we have

1= P{x, € Eo} = En, (Eo) = E[1y7, (Eo)
+1yem, (Eg)] = P (N°).

It can be easily seen that we have

P
Lemma 3 The pair <];" > forms a Markov process on P(Ey) x E with transition

n
operator

[]Fe. y)=/E /EF(M(y,y’, v),y') P (v,dy’) P(v,dx) (8)

for F € bB(P(Ey) x E).

P

In this paper we are interested in the ergodicity of the pair y” and, in particular,
n

in the uniqueness of invariant measures for the operator I1. Such problem has been
extensively studied for partially observed Markov processes when the function r
in (3) does not depend on y (see [K1] in the continuous-time setting, [S] and [K2]
in both continuous and discrete-time settings). In the recent paper [BCL] a gap has
been pointed out in [K1] and a counterexample was formulated; a discrete-time
version of it will be presented below (this counterexample in fact appeared first in

[KD.
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Example Let £y = {1, 2,3,4}, E = {0, 1} and the transition matrix of (x,) is
given by

11
11oo
11
0ilo
0011
1 1
3003

Let Eo; = {1, 3}, Eox = {2, 4} and assume that r(x’, y, y") does not depend on y
and

}"()C 1)_ 2 fOI'.XEE()l r(x 0)_ 2 forer02
710 forx € Epp 7710 forx € Ey

with 7(0) = n(1) = 1.
In other words the observation process can be described by

)’n = lE()] ('xl‘l) .

Notice that YV cg, P(x, Eg1) = % and (y,) is a sequence of i.i.d. random variables
with P{y, =0} = P{y, =1} = %
Then, for o € (0, 1) let

o 0 1l -« 0
o 0 o o o O o 1—0(
ATl 1—al> 2T 0 |0 8T a |© 47| o0

0 1l—«a 0 o

and notice that starting from g = e{ the process (77,) will cyclically move through
the points €5, 5, e5, Y, ..., changing its state at each time with probability 1/2
(and remaining in the same state also with probability 1/2). Consequently, the set
{e], €5, €5, e} is invariant and the uniformly distributed measure on it is invariant
for (m,). Replacing o with 8 such that @ # 8 and o # 1 — 8 we obtain different
invariant set and measure, respectively. Therefore, in front of nice ergodic prop-
erties of the process (x,) the filter (;r,,) admits a continuum of invariant measures
with disjoint supports. This behavior is possibly due to the singular structure of
the observation process. We conjecture that if the kernels Pj'(y, -), x € Eg, y € E
are equivalent, then uniqueness of invariant measure for the transition operator I'T
holds.

The study of the ergodic properties of the pair filter-observation was motivated
by the desire of computing, for large time-horizon, functionals corresponding to
processes whose dynamics depended on other unobservable (hidden) dynamics.

The model considered above can be classified as switching Markov process
with Markov regime (see example IVB3 as well as an interesting review on hidden
Markov processes in [EM]).

The authors were also motivated by the models considered in mathematics of
finance, where often the dynamics of asset prices depends on a number of unob-
served economic factors (see e.g. [BP], [BHP]).
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The model adopted here is a generalization of the usual nonlinear state obser-
vation corrupted by white noise. Some of the results presented are extensions of
previous results in the more general setting just mentioned.

Using the Hilbert metric approach (studied in [AZ], [LM]), we formulate here
sufficient conditions for the existence of a unique invariant measure of the pair
filter-observation in the context of a general (Polish) state space (see Sect. 2 and
Corollary 2 as well as Lemmas 11 and 12 and Corollary 3 in Sect. 4). A similar
result can be obtained using the arguments from the paper [DM], where similarly to
[LM] stability of the densities of prediction filters was studied, however it requires
a bit more technicalities (see Remark 3). In Sect. 3, using analogous techniques
as those in [BK] and [B1], we show the existence of a unique invariant measure
for the triple state-observation-approximate filter (see Theorem 2), which through
Theorem 3 and Corollary 2 leads to the existence of a unique invariant measure for
the pair filter-observation.

In Sect. 4, following [K1] and [S] we characterize minimal and maximal invari-
ant measures for the same pair. In Sect. 5 we mimic some arguments in [OP] and
prove sufficient conditions for asymptotic stability in probability of approximate fil-
ters and following arguments of [B2] we simplify the assumptions required in [OP].

2 Asymptotic stability of filters — Hilbert metric approach

Given p’ € P(E( x E), consider the regular conditional probability decomposition
p'(dx, dy) = p,(y, dx)p’(Eo, dy) and define recursively

73" (A) = ppr (3o, A)
T (A) = M (yu, Yus1, ) (A). )

The process (,”") will be called an approximate filtering process.

Definition 1 The approximate filtering processes will be called asymptotically
stable in probability if for p1, p» € P(Ey x E) and f € C(Ey) we have

xf' (f) —nf(f) > 0 in P, probability asn — oo,

Xn

n

where P, is the measure associated to the Markov process ( ) with initial law p.
Remark 1 The above notion of asymptotical stability of approximate filtering pro-

cesses has been introduced in [OP]. It is closed to the global asymptotic stability
(in probability) (see section 1.3.2 of [MT] and section 5.4 of [Kh]).

Since our approach to the study of asymptotic stability will be based on the so-
called Hilbert norm, we recall that the latter is a semimetric on the space M (Ey)
of finite measures on Ej (in fact a metric on the space of probability measures
P(Ey)), defined as in [L]

I v) = su H(A)v(B)
> PA,BeB(Ey),u(B),v(4)>0 wW(B)v(A)

a(u, v)
B(w,v)

=In

(10)
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with

a(un,v)=inf{a:au > v}

B(w,v) =sup{b:bp <v}. (11)
Notice that for any order preserving linear transformation L of M(E,) we have

(Thm. 1.1 of [L])

h(Lu, Lv) < tanh (%) hw,v), (12)

with A = suph(L,u, Lv).

Furthermore following Thm. 2.2 of [B] we have for u, v € P(Ey)

2
e = vil = 3 =hu. v), (13)

where | - || denotes total variation norm.
The following Theorem 1 and Proposition 1 provide sufficient conditions for
the asymptotic stability of approximate filters.

Theorem 1 Assume that for k = 1 assumption (Al) below holds or for k > 1 we
have

(A1) sup h(P*(x,-), P*(x',-)) < o0
x,x/€Ey

(A2) there exist continuous functions r(y, y'), 7(y, y"), 7(y') such that for each
x€Eyy,yekE

0<r(y.y)=<r(x.yy)<r(yy)=<r()

k-1 F (i )
E, {m M} < 00 (14)
- r (Yi-1, ¥i)

i=

and

/E /E/E /Eﬁ(y(k —2), y(k = D) n(dytk — D)7 (y(k = 3), y(k —2))
n(dyk —2))...7(y(0), y(1))n(dy(D)7(y(0))n(dy(0)) < oo
Then for any measures pi, px € P(Eq x E) we have for n — oo
E,[h (7, 7f”)] — 0. (15)

Proof We examine first the case k > 1. For v € P(Ey), y, ¥ € E define the
operator R : P(Ey) — P(Eyp) by

Rv(A) = / r(x,y,y) P, dx)
A
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andletforn =1,2,...,
Ry, (Yo, .- s yp) = RV RO,
Clearly, by (6) and (9), fori = 1,2

Rn ()’0, e yn) ”(l))pi (A)
Rn (yO, ey yn) jT(;)pi (EO)

PP (A) =

and, since by (10) the Hilbert norm does not depend on normalization factors

h(mf, wf”) =h(Ru 3o, - y) 7™ Ru Gos - y) ™) . (16)
Moreover, by (A2)

k—1

R (¥o, - - » y) 71" (dx) = 7 (e, v y) [ [ £ Gt 30) P (™, dx)
i=1
k—1

R (o, -y 71" (dx) < 7 (2, yieo v [ |7 i v PX (™, d)
i=1

and using (11)

k—1
R (3o, -+ 30 7" (dx) = 7 (v v | [ 2 izt )
i=1
[o (P (") P ()] P (g™ )
k—1

r i1, Y1) k(zper Y pk (e )17
ZEF(yi—I,Yi) (o (P* (g™ ) P (g™, )]

Ri (Yo, - -+, yo) 7§ (dx)

and again by (11)

o (Re Yo, -« ) 700", R (5o -+ - yo) 718"?)
k-1
< Pk ppl,' ,Pk ppz,- L(yi—layi). 17
<o (P ) P DTG0 a

In a similar way we obtain

B (Ri 5os - - > y) 7™, R (vou - yi) ")
k—1 —

= B (P (") P (g ) [] s, (8)

i=1—
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Therefore, using (16), (17) and (18)

B (Rk (o, - - YO 718" Ri o, -+, yo) ™)

(Pk( ppP1 ) Pk( ppv’.))ﬁf(yiflvyi)

iy L Qi i)
In
T Giets 1)
,B Pk pp1 | Pk pP2 = =11
(PE ™) P (g ))Hi’()’i—l,)’i)
r()’z 1 yl
=h Pk PP1 PPZ’. +21n
(PEG™ o) P ll_!_(yz 1 i)
< sup h(P*(x.). PE(x'.)) +2In ]_[ " Qi1 1)
x,x1€Ey i— 1£(yl 1,}71
=AY, ..., k-1) <00, P, as,
where, by (A2), A(yo, ... , Yx—1) is continuous and the last inequality holds.

Then by the contractivity property (12), letting

A(yi7 »)’i+k—l)
4

A (i, ..., Yiyk—1) = tanh

E,o [h (ﬂ,flfla 775152)] = Ep [A (y(n—l)ka B ynk—l) s

n—1

Ak yu-) h (7 7)) SEp[l_[A(yik,u- » Yii+1k—1)
i=1

A (yo, - - »yk—l):l- 19)

The proof will be completed if we show that the right-hand side of (19) converges
to 0 as n goes to +o0. In fact, for i < k we have

Ep [h(misis )] < Ep [h (0 )] - 20)

For the evaluation of (18) notice that the conditional laws
Ep[1a (Yiks - s Yarou—1) 1 Y5
< f F(ytk—=2),y(k—=1)ndyk —1))...
A

7 (y(0), y(1)) 1 (dy(1)) T (y(0)) 7 (dy(0)) ,

are by (A2) dominated by a finite measure, so that for any 0 < ¢ < 1 there exists
a compact set K C E¥ such that fori = 1,2, ...

E, [1ge (ikr - 2 Yasn—r) | Y] < e
Lety = max{A(y(0), ..., y(k—1)) : (y(0), ... , y(k—1)) € K}.Clearly y < 1.
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Then

Ep[A (yits -+ Yare—1) | Y]
<E, [11( (y,'k, . ’y(i+1)k—1) v Yik_]]
+E, [IKC (yika ce y(i+1)k71) | Yik—l]
=y (] - E, [1Kf~' (J’ik, e, )’(i+l)k71) | Yikfl])
+E, [1KL» ()’ik, e, )’(i-H)k—l) | Yik—1] vt (—pe—s<l.
Finally from (19)
E, [n(x, 7")] < 6" E, [A Go. ... yi1)]

which, by (A2) vanishes for n — 00, concluding the proof of the theorem for
k > 1.For k = 1, from (17) and (18) it is clear that (A2) is not needed. O

Remark 2 Notice that in fact we proved above more than asymptotical stability in
probability. Using the last part of the proof we easily see that E, [h (ﬂ,fp‘ , n,fpz)] <

Kk", with0 < k < 1 and K > 0, and by Borel Cantelli lemma we immediately

have that ||} — n?%|| — O with probability 1.

Proposition 1 Assume that fork = 1, (B1) and (B2) below hold or that for k > 1
we have

(B1) Fiey such that

sup sup h (Tk(x9 ) ')’ Tk ()C/, y/’ )) < 00,

x,x/€Ey y,y/eE
(B2) there exist continuous functions r(y, y') and ¥ (y, ¥') such that for each x €
Eyp
0<r(y.y)<r(xyy)<r(y)

and for k as in (B1), (14) holds,
(B3) for fi € C(Ey), f» € C(E) the mappings

x+ Pfi(x) and (x,y) v+ P{ fr(y),
are continuous,
then for any measures py, p» € P(Ey x E) we have for n — 0o
E,[h (7, 7f”)] — 0.

Proof Taking into account that (B1) implies (Al) we have as in the proof of
Theorem 1 that (19) holds, namely

n—1

Ep[h (' )] < E, [HA (Viks - s Vi+ni-1)

i=1

A (yo, ... ,yk—l)}- 2D
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Notice that by (B1) there exist positive constants ¢, ¢ such that for fixed (x,y) €
E() x E

cPry {(xk, yi) € A} < Pyy {(xk, yk) € A} < cPey {(xx, yx) € A}.

Furthermore, notice that by (B3) the measure valued mapping
WXy(B) : (-x9 )’) - Exy {IB (J’h LRI ] )’kfl)}

B € B(E*") is continuous in the weak topology and as a consequence for (x, y)
from any compact set the measures are tight.

Then, let C x C; € B(Ep x E) be a compact set such that P 5{(xx, yx) €
C xCy} > Oandfore > 0let C; € B(E*~") be a compact set such that V, y)ecxc,
1p)cy(CZ) = I—e.

It is then clearly that forany x € Ep, y € E

Po (s e s y) € Cy X Ca) = / Ve (C2)
C><C1

Tk (x, y, dx’, dy’) >0

so that the k-tuple (yix, ... , yi+1)k—1) enters with probability 1 the set C; x C;
and, by the arguments in Prop. 9.11 of [MT] it in fact enters C; x C; infinitely
often.

Finally, since A(yik, ... , Yi+1k—1) is strictly less than 1 on compact sets and
by (B2), as in the proof of Theorem 1, E,{A(yo, ... , yt—1)} < 00, from (21) we
obtain the final result. O

Remark 3 One can show analogs of Theorem I and Proposition 1 adapting some
techniques from [DM] and [LM]. In [DM] (which generalizes [LM]) under the
assumptions similar to ours, uniform ergodicity of so-called extended Markov chain
consisting of the state, observation, plus densities of prediction filter and approxi-
mate prediction filter, was shown. In our case the observation has a more general
form and instead of densities we are working with measure valued processes corre-
sponding to filtering processes (not prediction filters which have a different form).
Consequently our proof seems to be simpler and more natural.

3 Ergodic properties of approximate filters

In this section we shall provide, under suitable assumptions, sufficient conditions
for the existence and uniqueness of invariant measures for transition operators
related to approximate filtering processes. These conditions are given in terms of
asymptotic stability in probability of the approximate filters. The corresponding
necessary conditions need for their proof further intermediate results and will be
given in Sect. 5. The results presented in this section are closely related to previous
results in [BK].
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One can easily show the following

Xn
Lemma 4 The triple Vn is a Markov process on Ey x E x P(Ey) with
7l

transition operator S given for F € bB(Ey X E x P(Ey)) by

SF(x,y,v) = f / F (x/, v, M (y, y, v)) P (y, dy’) P (x, dx’) .
E, JE

In what follows, with an abuse of notation we shall denote by w#°™" or 7" the
approximate filter 7" with p = o x 19 and p’ = v x 19 or p = 8, x 8, and
p = x4

Definition 2 The approximate filters ™" are said to be asymptotically stable
in probability at (g, no) if for any vy, vo € P(Ey) and ¢ € bB(Ey)

MKonoV HonoV .
7Tn o'l 1((/)) - 7Tn oo 2((/)) — 0 mn })11«07)0
p’ObabllllV asn — Q.

The following theorem provides sufficient conditions for the uniqueness of the
invariant measure for S.

Theorem 2 Assume that there exists a unique invariant measure ¢ (dx, dy) for the
transition operator T and that the approximate filters (m;’") are asymptotically
stable in probability at (x, y) for ¢ almost all (x,y). Then there is at most one
invariant measure for the transition operator S.

Proof Assumethatm, m, € P(Eyx E xP(E))) are invariant measures for S and
notice that their projections on E( x E are invariant for 7" so that m; (dz, dy, P(Ey))
= my(dx, dy, P(Ep)) = ¢(dx, dy). Using regular conditional probability decom-
position we then have fori = 1,2

m;(dx, dy, dv) = py, (x, y,dv)¢(dx, dy). (22)

To prove that m; and m, coincide it is enough to show that m(F) = m,(F)
for each F of the form F(x,y,v) = ¢(x, yY)HW(p1),...,v(¢)), where ¢ €
C(Ey X E),¢1,...,9 € C(Ep), H is bounded and Lipschitz continuous with
Lipschitz constant Ly and [ = 1,2, ..., (see, e.g. [B2]).
Notice that by invariance, fori =1, 2
1 n—1
m,-(F):/ —ZS’F(x,y,v)m,-(dx,dy,dv),

EgxExP(Ey) 1 =0

so that

Im(F) —ma(F)| <

1 n—1 ‘ ‘
/ / / —Z|S’F(x,y,v1)—S’F(x,y,uz)|pm] (x,y,v1)
EoxE JP(Ey) JPE) 55

1

n—1

1
Pmy (X, y,v2) & (dx,dy) < Lulle| / / -2 E |:
" EoxE JP(Eo) P(Eo)n; gp2

i=0

\ﬁ“wo—ﬁmwwkwuywowxnmwnmey (23)
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By the asymptotic stability in probability of the approximate filters and using
dominated convergence theorem, the right-hand side in (23) converges to zero as
n — o0o. This completes the proof of theorem. O

The following proposition provides sufficient conditions for the existence of an
invariant measure for S.

Proposition 2 If the operator S is Feller and there is an invariant measure ¢ of
the operator T, then there exists an invariant measure for S.

Proof Assume that the law of (xg, yo) is ¢, consider the (exact) filter (71,,) and
define the measure valued process given for A € B(Ey), B € B(E),T" € B(P(Ey))
by

nl

my(Ax B xT) = ZP;[(x,,y,, i)eAxBxF]. (24)

We shall first show that the measures (m,,) are tight. Since ¢ is T invariant we have
that for & > 0 there exists a compact set K € B(E( x E) such that

m, (K xP(Ep) =¢(K)>1—¢, n=1,2,... (25)

Moreover, it is possible to find an increasing sequence of compact sets (L) in
B(Ey) with ¢(L, x E) > 1 —2"¢,
Let

F={veP(E):v(Ly)=1-2", n=12..}, (26)
which is clearly a compact set in P(Ey). Then we have
Pe [ (Lg) > 27 < 2B ] (L)
=2"¢ (L x E) <27"¢
and therefore

P;(nfel“>_P¢|:ﬁ[n (L) >1-2" }}

n

—_

oo

[m{ (L) }} =P [Q\Q {nf (LS) > z—n}}

n=1

=1—P{|:D L) >2—"}}>1_sz< L) >2-n>

n=

o0
>l-e) 2"=1-¢

n=1

—

so that

m,(Egx ExI')>1—¢, n=1,2,... (27)
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Finally, from (25) and (27)
muy(K xT)=1—m, (Eg x E x P (E))\K xT)
>1—m, (K°xP(E))—m,(Eox ExT°) >1-2e.

Consequently, there is a measure m and a subsequence (ny) such that m,, = m
and due to the Feller property of S, m is invariant for the operator S. O

Using analogous arguments as in the proof of Proposition 2, it is possible to show
that the following Corollary holds.

Corollary 2 Ifthe operator I is Feller and there is an invariant measure ¢ of the
operator T, then there exists an invariant measure for I1.

We consider the following generalization of the notion of barycenter of a mea-
sure (see, e.g. [K1]). Given ® € P(P(Ep) x E) we define its barycenter b®, for
A € B(Ep) and B € B(E), as

b®(A x B) = / v(A)D(dv, B),
P(Eo)
so that b® € P(Ey x E).
We easily have
Lemma 5 [f ® is invariant for T1, then b® is invariant for T.

We have the following:

Theorem 3 If S is Feller and does not admit more than one invariant measure,
then the operator 1 has at most one invariant measure.

Proof Assume that V|, W, € P(P(Ej) x E) are different invariant measures
for I1. Then there is an f € C(P(Ey) x E) such that ¥ (f) # W,(f). Let for
F e bB(EO x E x P(Eo))

q;(F):= / / F(x,y,v)v(dx)¥;(dv, dy)
P(Eg)xE JEgy

X

and consider the process y,{ with initial law g;, j = 1, 2. Notice that since

7Tn
the barycenter of W; is 1nvarlant for T (see Lemma 5) the measures P{x,, € -} are
tight. Moreover P{nn yn € -} = Y, so that P{x,, yn n,{ € -} are
tight.

Then, by Feller property of S the Cesaro averages

1 — . : .
n_Z {xl ey e.n]e}.

converge weakly to an invariant measure Q; for Sask — oo, j =1, 2.
For F(x,y,v) = f(v,y) we have 0(F) = W,(F) # W,(F) = Qx(F),
which contradicts the fact that S does not admit more than one invariant measure.
[m}
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Summarizing Theorem 2, Proposition 2, Corollary 2 and Theorem 3 and taking
into account that Feller property of S implies Feller property of IT we have

Corollary 3 If S is Feller, there exists a unique invariant measure ¢ for T and
for ¢ almost an (x, y) the approximate filters (;,""") are asymptotically stable in
probability at (x, y), then there exist unique invariant measures for the operators
S and T1.

4 Minimal and maximal invariant measures for I1

Let C.(P(Ep) x E) be the family of functions P(Ep) x E > (v,y) — F(v,y)
which are continuous and bounded and convex with respect to v for fixed y € E.
We consider the following ordering on P(P(Ep) x E)

g1 <qx it VyeeopEpxey q1(f) < q(f).

Also, we have the following generalization of Jensen inequality (compare with
Lemma 3.1 of [K1])

Lemma6 IfF € C.(P(Ey) x E), mw is a P(Ey) valued random variable and W
is an E-valued and G measurable random variable, then

F(E(m | 9), V) < E(F(m,¥) | §).
The following lemma follow from the previous one (see Lemma 3.2 of [K1])
Lemma7 IfF € C.(P(Ey) x E), then also
[NF(v,y) € C.(P(Ey) x E).

Let 7z, be as in (7) and define recursively

Ty =08y

Tl =M (yu yui1, 77) - (28)
One can show

Lemma 8 We have

TP(A) =P {xs€AlxoVvY"}, P,as.
Moreover (7T}, y,) is a Markov process with the same operator Tl given in (8).
Following [K1] and [S] define the family of measures

my(F):=E, {F(n,f,yn)} (29)

M} (F) = E, {F (%7, ya)} (30)

for F € bB(P(Ey) x E). We have the following lemma (see Lemma 3.3 of [K1])
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Lemma9 [f¢ is T invariant then
my, <y < My < M (31
Consequently, for F € C.(P(Ey) x E) one can define
m®(F) = lim m$(F) and M*(F) = lim M} (F). (32)
n— 00 n—00
Notice that
mé_(F) = m} (ITF) and M., (F) = M¢ (ITF)
so that, if the operator IT is Feller, using Lemma 5, we have for F € C.(P(Ey) X E)
m®(F) =m® (ITF) and M*(F) = M*¢ (IIF). (33)
Similarly as in Proposition 3 of [S] we have

Lemma 10 [f ¢ is T invariant, the families of measures {mhy,n=1,2,...}and
{M,f, n=1,2,...}are tight.

Proof 1tis sufficient to show that the projections ms(P(Eo) x A), M (P(Eo) x A),
my(I' x E) and My (I' x E) for A € B(E) and I' € B(P(Ey)) are tight.
Since ¢ is T invariant, for ¢ > 0 there is a compact set K € B(FE) such that

mé (P(Ep) x K)=¢(EgxK)>1—¢,
and

M. (P(Eo) x K) = (Eg x K) > 1 —e.

To show the tightness of mﬁ(l" x E) and M} (I' x E) we construct a compact set
I' € B(P(Ey)) similarity as in the proof of Proposition 2 (see (26) and (27)). O

A consequence of Lemma 10 is that m*® (F) and M¢ (F) defined in (32) are integrals
of the function F with respect to suitable probability measures m* and M*, namely
we have the following:

Proposition 3 If{ is T invariant then there exist measures m*, M* € P(P(Eg) x
E) such that

mfl = mt andM,f = M®asn — oo,
where = denotes weak convergence of probability measures. If additionally T1 is
Feller then m* and M* are invariant for T1 with barycenter { and for any invariant

measure O for I1 with barycenter { we have

mé < ® < M°. (34)
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Proof Recalling that C.(P(Ey) x E) is a measure determining class and using
tightness of my and My as well as Lemma 9 we have that any subsequences

mf,k and M,fk converge to the same limit m® and M*, respectively, and for any
FeC(P(Ey)) x E)

m*(F) = / F(v, y)m®(dv, dy)
P(E)XE

MF(F) :/ F(v, y)M*(dv, dy).
P(E)XE

If I is Feller, then by (33) m® and M¢ are I invariant.
Furthermore, since ¢ is T invariant we have for f € bB(Ey x E)

bl (f) = / F . y)v(demd (dv, dy)

PEYXE JE,

= E;{ . f(x,y,,)n,f(dx)} = E¢ [f Gons y)] = C(f)

and analogously for M* so that bmy = ¢ = bM;, and consequently

Let now @ be a IT invariant measure with barycenter ¢ and consider the regular
conditional probability decompositions

®(dv,dy) = po(y, dv)® (P (Ep) , dy)

¢(dx, dy) = p; (v, dx)¢ (Eo, dy) .

By the definition of barycenter we have that ® (P(Ey), dy) = ¢(Ey, dy) and for
¢(Ey, -) almost all y the barycenter bpg given by

bps(y, A) = / V(A)po(y,dv),
P(E)

coincides with p;.
Using now Lemma 6 we have for ¢ (Ey, -) almostall yand F' € C.(P(Eyp) x E)

F (bpo(y. ), y) < / Fv, y)poly, dv). (36)
P(Eop)

and similarity, forany y € E

F,y) < / F (., y)v(dx). (37)
Ey
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Consequently, integrating (36) and using (37) we have

/ F(pe(y. ). y) ¢ (Eo.dy) < f / Fv. y)pa(y. dv)
E E JP(Ey)

® (P (Ey). dy) = / Fv, y)®(dv, dy) < /
P(Ey)XE JEy

P(E))XE
F 8y, y) v(dx)®(dv, dy) = /E ; F (8x, y) £(dx, dy). (38)
0x
Since
m;, (F) = /E "F (pe(y. ). ) ¢ (Eo. dy) (39)
and
M,f(F)=/E/E "F (éx, y) pe(y, dx)¢ (Eo, dy) , (40)
0
substituting F by 1" F in (38) we have
mS (F) < / " F (v, )@ (dv, dy) = F(v, y)®(dv, dy) < M (F)
P(Eo)xE P(Eo)xE
and letting n — oo we obtain (34). |

Itis worth noticing that the filter (7 ) is in fact an exact filter starting from a suitable
random initial law for (x¢, yp), namely given by 6,,(dx)q, (xo, dy), where g, (x, dy)
corresponds to the regular conditional probability decomposition p(dx,dy) =
qo(x,dy)p(dx, E) and the initial law of x is p(dx, E). In other words one could
write 7 = %090 with x, with law p(dx, E). For ¢ an invariant measure for
T, the processes (yr,f ) and (ﬁ,f ) because of their connections with the minimal and
maximal measures m® and M¢ defined in Proposition 3, will be called minimal
and maximal filters, respectively (see also (29), (30) and (32)).

Filters (77} ) and (%+) are said to be asymptotically stable in probability if for
any f € C(Ep) we have

() (f) — (F) (f) = 0 in P, probability 41)

asn — oo.
We have the following:

Theorem 4 Assume that ¢ is a T-invariant measure and I1 is Feller. Then there
is a unique invariant measure for Il with barycenter ¢ if and only if the minimal
and maximal filters (m5) and () are asymptotically stable in probability.

Proof Forany f € C(E,) we have
Ec (5 () =7 ()] = Ec [( ()" = 22§ (D7)
+(F )] = e [(7EH) = F) ]| = MEE) = mi(F)  @2)
with F(v) = (0(/))*
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Now, if there is a unique invariant measure for IT with barycenter ¢, then
m®(F) = M*(F) so that the right-hand side in (42) tends to 0 and (41) follows.

Consider now the functions of the form F (v, y) = ¢(¥)HV(y1), ..., v(¥)),
where ¢ € C(E), ¢; € C(Ey),i =1,2,...,1and H is Lipschitz continuous with
constant Ly, [ = 1,2, .... One can show that this class of functions is measure
determining on P(Ey) x E. We have

| My (F) —my, (F)| < E[|F (%7 ya) = F (. )]
<@l E; [|H (7 (@), ... .7 (@) — H (7 (@1) ... .75 ()]

l
< oLy E {Z 175 (@) — <¢i>|]. (43)

i=1

Therefore, if (41) holds the right hand side in (43) vanishes for n — oo and as a
consequence

|ME(F) —m*(F)| = lim |MS(F) —mé(F)| =0

so that the measures M* and m¢ coincide and by (34) there is a unique invariant
measure for [T with barycenter ¢. O

We shall now give two results providing sufficient conditions for the asymptotic
stability in probability of the minimal and maximal filters (n,f ) and (ﬁf ) and based
on Hilbert projective techniques as given in Sect. 2.

Recalling the interpretation of the maximal filter (7)) given above and sum-
marized by s = %09 ) with initial law p(dx, E) of xo and using analogous
techniques as those used in Theorem 1 and Proposition 1, one can prove the fol-
lowing:

Lemma 11 Assume that there exists an invariant measure { for T and that for
k = 1 assumption (A1) of Theorem 1 holds or for k > 1 assumption (A1) holds as
well as assumption (A2) with p replaced by ¢. Then

Ech (), 7)) — 0 as n— oo.

Lemma 12 Let the assumptions of Proposition 1 be satisfied and let { be the
unique invariant measure (whose existence is guaranteed by (B1)), then E;h

(s, 75) = Oasn — oc.
Summarizing Lemmas 11 and 12 and Theorem 4 we have

Corollary 4 Under the assumptions of Lemma 11 or Lemma 12, we have asymp-
totic stability of minimal and maximal filters (3 and (%) and consequently,
assuming additionally Feller property of 1, there is a unique invariant measure
for T1 with barycenter ¢.
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5 Sufficient conditions for asymptotic stability of approximate filters

The starting point of the results presented in this section will be the existence of
a unique invariant measure for the operator IT. Our purpose will be to provide
sufficient conditions for the asymptotic stability of approximate filters.

Following partially Proposition 6 and Theorem 3 of [S] we have:

Proposition 4 Assume that there exists { € P(Eg X E) such that for any {' €
P(Ey x E) we have {'T" = ¢. Let m be a unique invariant measure for I1 and
assume that I1 is Feller. Then for any ' € P(Ey x E)

mé =>m as n — Q. 44)

n

Proof We first show that the measures {mfl’, n=12,...} and {M,f,, n =
1,2, ...} are tight. For this purpose we follow ideas from Lemma 10 and Propo-
sition 2. Namely, since ¢'T" = ¢ there is a compact set K € B(E) such that for
n=1,2,...,

m (P (Ep) x K) > 1—gand M{ (P (Ep) x K) > 1 —e.

Moreover for I' = {v € P(Ep) : v(L{) < 27" forn = 1,2, ...} with L, being
compact sets in B(Ey) such that {'T" (LS x E) < 2721¢, we have

m' CxE)y>1—sand M T x E)>1—¢

so that tightness of (mf,/) and (M,f/) follows. For F € C.(P(Ey) x E) using
arguments as in Lemma 3.3 of [K1] (see also Lemma 9) we have

mS T (Fy <ml,, (F) < M5 (F) < M{™T" (F). (45)

By Feller property of I1
MET (F) = / " F (8, y) ¢'T*(dx, dy)
E()XE

- M"F (8x, y) ¢ (dx, dy) (46)

EoxE

as k — o0.
Let now for G € C(P(Ep) x E)

@, (G) =/EG(p;/Tk(y, ), ¥) ¢'T* (Eo, dy) |

where we recall that p.7«(y, -) comes from the regular conditional probability
decomposition of the measure ¢'T*. Clearly ®; € P(P(Ey) x E). We shall show
below that {®;, k = 1,2, ...} is tight. In fact, since {'T* = ¢ we have that for
& > 0 there are compact sets K{ € B(Ey) and K, € B(E) such that

{TH(K) x E) > 1—2""eand ¢'T* (Eg x K») > 1 —&.
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Since @ (P(Egy) x K;) = ¢'TX(Ey x K») > 1 — &, the projections of ®; on E
are tight. Now for

I'={veP(Ey:v(E\K)<2", n=1.2,..}
we have

qu (F/ X E) = P{"Tk {ﬂg,Tk (S] F/}

_Pw{ﬂn (Eo\K}) <2~ }

n=1

=1— Pupe {Un (Eo\K}) > 2"}
- Z Eere | " (Eo\K})] 2"
n=1

v

o0
=1-Y Por{xo¢Ki} 2" >1—¢

n=1

so that the projections of &, on P(Ey) are tight and consequently the measures
(Py) are also tight. Therefore there exists a subsequence (®y,) and a measure P
such that ®;, = &.

Notice that we have the following properties of barycenters: b®;, = ¢'T* and
b® = ¢. Since by Lemma 6, for F € C.(P(Ey))

F (bpo(y,-),y) < f F,y)ps(y,dv)
P(Eo)
we have
/ F (bpa(y. ), y) @ (P (Ey) . dy) < f F(v, y)®(dv, dy).
E P(Ey)XE

Since bpe(y, ) = p¢(y,-) for ¢(Eo, dy) almost all y and ®(P(Ep),dy) =
¢(Eyp, dy) we have

/ F (pc(y, ), ) & (Eo,dy) < / F(v, y)®(dv, dy)

E P(Eo)xE

and consequently

lim mgT (F) = hm @y, (I1"F)

— o (II"F) = /E 'F (pe(y. ). y) € (Eo dy) = mE(F)  (47)

and since from any sequence one can choose a subsequence for which (45) holds
we finally have

lim inf m&T (F) = mé(F). (48)
—00
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Letting in (45) k — oo and then n — oo we have using also (46) that
mé (F) = lim mé(F) < liminf m$ (F)
n—oo n—00

< limsup M¢ (F) < lim M (F) = M*(F).
n—0oo

n—o0

Since by assumption m¢ = M and by tightness of (m§) and (M) the conclusion
follows. =

Remark 4 The proof of (48) could be simplified if we know that the mapping
y = perr(y, ) is continuous. In the next lemmas we show an explicit form pyr
and sufficient conditions for suitable continuity.

One easily obtains
Lemma 13 [f the law of (xo, yo) is ', then

Eo[f () | il =M (y1.¢) (f)
for any f € bB(Ey), where
Jeoxe Je, £ () r (.3, ¥) P (x, dx’) ¢'(dx, dy)

M =y P ancandy) )
and consequently
¢'T(dx, dy) = M (y,¢') (dx)¢'T (Eo, dy).
So that
Per(y. dx) = M (y,¢') (dx). (50)

Following Proposition 1.4 in [RS] we have

Lemma 14 Under the assumptions:

(C1) the mapping (x,y,y’) — r(x, y,y') is continuous and for each compact set
K CE

sup sup supr (x, y,y’) < oo,
x€eEy yeE yekK

(C2) the operator P is Feller,
the mappings
Ex ExP(Ep) > (y,y.,v) > M(y,y,v) € P(Ep)
ExP(EgxE)3 (y,¢) > M(y,¢) € P(Ep) ,
are continuous. Moreover the operators T, T1 and S are Feller.

In the following we shall denote by R"™ the law of the process (y, ) on the canonical
space EN assuming that the initial laws of (x,) and (y,) are v and 5, respectively.
Furthermore we shall denote by 77,°™" the approximate filter 77" with p = 19 x 1o
and p’ = v x n,.

We have the following analog of the Ocone-Pardoux theorem (see [OP])
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Theorem 5 Assume that there is a unique invariant measure m for the operator
IT and that assumptions (C1) and (C2) hold. Moreover assume

(C3) for any v € P(Ey) the measure R*™ is absolutely continuous with respect
to measures R,

(C4) forany ¢’ € P(Eyg x E) we have {'T" = ¢, where { is the unique invariant
measure for T.

Then for any vy, v, € P(Ey) we have for ¢ € bB(Ey)

TN () — I (9) > 0 in Py, probability (51

070

as n — oo, namely the approximate filters (}°*™") are asymptotically stable at
(K05 M0)-

Proof Let &y = o X no and consider the exact filter (7%). Furthermore, define
recursively

”f°k+ M (v, yes1s M (e, 5T57))

ﬂ]fon:M Yn—1, yn,ﬂ,ff),,_l), n>k+1. (52)
One can show that
”kn(f/)) Eyle ) 1 Y] Py as. (53)
where Y}' = o {yx, ... , yn}. Similarly we define recursively the approximate filters
”1501:#1 =M ()’k, Vik+15 M (yk, (v; X 19) T"“))
77150:' =M (ynfls Vs ﬂ,ff),,v"_l) , n>k+1 (54)

wherei = 1,2 and vy, v, € P(Ep).
Fori =1, 2 we have

%o Sovi 2
Ey, (ﬂn+k(<ﬂ) - ﬂn+;é(<p))
& & 2 2 Zovi 2
=3 [Eco (7 @) = @)+ Egy (781 (0) = 7))
Sovi Sovi 2
+Eq (7o) — mli@)) |- (55)
Notice that for the first term in the r.h.s. we have
ECO (nr?jrk(go) - n n+k((p))
= o | () = 21 @m0+ () |

2 2
= E{o (nrfg-k((p)) - E{U (nrf?n+k(§0)>
=EUWWQMW%MLEMWNMM@WﬂJM
m, (F) —mP" (F) (56)
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with F (v, y) = (v(¢))*.
By Proposition 4, for ¢ > 0 there is N (¢) such that for k > N(¢)

o &
mi2 (F) = m(F)| < 5
and
;‘ 8
)mk(F) —m(F)) <3
Furthermore,

mp" (F) = /E M“F (M (v, 60T" ") . ¥) T" (Eo. dy)

and taking into account that by (C4) and Lemma 10, M(y, ST = 1\7[(y, ) uni-
formly in y from compact subsets and that the operator ITis Fellerand ¢y 7" (Ey, dy)
= {(Ey, dy), we have
GoT" ¢

my (F)—>mp(F) as n— o0 57

that is, for n > n(e, k)
‘mioT"(F) —m,f(F)‘ < g

Therefore, for k > N(¢) and n > n(e, k)

Eq (n840) 78 0)) <. (58)

For the third term in the r.h.s. of (55), denoting by y the generic trajectory of (y,),
we have

Sovi Sovi 2
E{O ( n n+k((p) - ”n+k(¢’))

) 2 d R™omo (—y) .
Sovi Sovi — v, —
= — 7T —dR i70
/EN( nart(©) "*k(¢)> W) TR ) )

2
= / (mivii@) = 7)) G) KdR"™ ()

+4||§0||/ dR”O”O(y) dR"™ (3)
i dR"™ (3) }

Vi V; 2
- KEV:'/O ( n Z?Fk((p) - nn,g?}—k((p)) + C(K) ’

with C(K) — 0 as K — oo. For ¢ > 0, fix K such that C(K) < % By the
arguments used for deriving (58) we have that for k > N(e)and n > n(e, k)

Ev;n() ( :lz?i-k((p) - n:fl(c)((p)) — 2K
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and consequently for k > N(e)and n > n(e, k)
Govi Govi 2
E, (wia@) — i) <e. (59)

In what follows we shall fix k > max{N (¢), N(¢)} and proceed to the derivation

of an upper bound for the second term in the r.h.s. of (55). Notice that nf‘):jrk isa
measure valued function of y,, ... , a4t and (v; x 19)T" ! so that we can write

”rforerk =G (Yns - s Yuths (i X 0) T" )

and similarly

nr?,)n+k =G (y"’ <o Yotk §0Tn71)
where, by (C1) and (C2) the mapping

ESU s P(Egx E)3 (Vis e k015 8) = G (31 -+, 3is1, &)

is continuous. .
Since ¢oT"~' = ¢ there exist compact sets K € B(Ey) and K, € B(E) such
that forn =1,2,...,

&

Pey { (X, yn) € Ko x Ko} > 1 — . (60)
2 } 12]p|?
Furthermore, by Feller property of T there exist compact sets K1, ... , K; such
that
sup P {vi€Ki...opek)zl-— — (61)
x.yeRox Ko 12]|¢]|
and finally, by the continuity of G there is n such that for n > ny
sup G (Yo, ooy e (0 X m0) T ()
yoEK(),...,ykEKk
£\12
G (0 T @) = (5) (62)
Therefore, from (60), (61), (62) we have
‘ 2
Eq (78000 (@) = 700 (0))
& Sovi 2
< E, [1K0X,< G ) (701 0) = 70 () }
+4[1@l* Py {(xa. yu) & Ko x Ko}
=< E;“O [IF()XK (Xn, yn) 11(1><...><1(k (yn-&-l’ ey yn+k)
o _ _%ovi 2
nn,n-‘rk ((P) nn,n-'rk ((P)
+E{o [4||(p||21f0><1( (-xnv yn) Px,,y,, {()’1, sy yk) ¢ Kl X Kk}]
+E <P+ S (63)
33 T e T3 T
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Finally, substituting (58), (59) and (63) in (55) we have forn > max{n(e, k), n(e, k),
notandi =1,2

£, (75,0~ 7% (@)) <9

and consequently for n large enough
2
Eq (7 (9) = 723 0) )

2 2
<2 [E;o (mii@) =72k @)) + Exy (10 0) = 123 (0)) ]
< 36¢
from which the conclusion follows. O

In the remaining part of this section we shall show that assumption (C3) holds under
rather mild conditions. The main results are given in Proposition 5 and Corollary 4
below. The following assumption will also be used

(D1) the set {y" : r(x,y,y") > 0} does not depend on x and will be denoted by
A(y).
Consider for y, y' € E and v € P(Ej) the measure on Eg

N (y.y.v)(A) = f r(x',y, y/)/ P (x,dx") v(dx) (64)
A Ey
and define recursively the random measures on Ey (4o X g is the law of (xq, yp))

05" (A) = po(A)
P:fﬂo (A) = (yna Yn+1, ;050770) (A) (65)
for A € B(Ey),n=0,1,2,....
We have by (6) and (7) for A € B(E)y)

Moo
n (A
rmay = A p (66)
Pn (EO)
and by Corollary 1, p#o™ (Ey), > 0, P a.s.
Define on the o-field Y = o {y, y1, ... } a new probability measure P° such
that, denoting by Pj, and Pl(r)z the restrictions to Y of P and P°, respectively, we
have

Py(dw) = pl™ (E) PO (dw). 67)
We have, using Bayes formula,

Lemma 15 Assume that (D1) holds. Then, under P° the observation process (y,)
is Markov with transition operator

n(A(y) N A)
P A= 7 77 68
1(y, A) (A (68)

and initial law ny.
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With reference to (64) and (65) in what follows we shall use the notations

N1 (Yo, y1,v) = N (3o, y1, V)

Nn (y07 AR | yn7 V) = N (yn—17 yna Nn—l (y()a A yn—la V))
for n > 1 and furthermore for n > 1, N, (¥, ... , yu, X) corresponds to the case
v(dx") = §,(dx").

Following the arguments in [B1] we have

Proposition 5 If there exists k > 0 such that the random measure n,f o s abso-
lutely continuous with respect to 7", then R*™ is absolutely continuous with
respect to R'™.

Proof For A € B(E"") we have
RMMP(AXEXE X ...)= P00, ..., y) € A}

= E° {p}" (E) 1a (o, -+ » y)}
= E%{ Nk (ks -+ > Yo PL) (E0) 1a (Yo - - > y))

dm Hono
—E° {N,,_k (yk,... s "WO ”"”) (Eo) ™ (Eo) 14 (yo, - - - ,yn)}

< KE°{Nu—k (. - .. ,yn,nk”‘)) (Eo) " (Eo)1a (¥os - - » Yn)}

+E / Nock Ot 3 X) (B 1o /™ (dx)
Ey { (x) }

X X)>
dﬂ,]‘(’UO

o™ (Eo) 1a (Yo, - - - ,)’n)}

< KLE{Nuck (Vs -2 yue ™) (E0) 0" (E0) 14 (Yos - - -+ )}

+KE° {Nn_k (ks ooy Y ™) (Eo)l{ £ ) _ } pr™ (Eo )}

o0 (Eo)

+EO / N,_k (ylc, R ) x) (Ep) 1 4070 ,O;:Um)(dx)
£ { ( )>K}

X .,,0 X

=KLE {Nut (Vi» -~ 2 Yu ") (E0) 14 (o -+, ya) }

+KE° { 1o (Eo) 1{ /0U0(50)>L}}

"0 (£o)

+E° / fom oLo™ (dx)
Ey { "10 ]

= KLR"(A) + KC(L) + C2(K)

where C{(L) - 0as L — ocoand C>(K) — 0 as K — oo.
Consequently, for any A € B(EN) we have

R"“™(A) < KLR"™(A) + KC,(L) + C2(K) (69)
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so that for R"™(A) = 0 letting L — oo and then K — oo we have that also
RH*oM(A) = 0, thus concluding the proof. O

Corollary 5 Assume (D1) holds and there exits k > 0 such that the probabil-

ity measure o P* is absolutely continuous with respect to v P¥, then the random

probability measure 7t{*"™ is absolutely continuous with respect to 7", Py a.s.

Proof Since by Lemma 15 (y,) is a P° Markov process we have
r(x,yi_1,y) >0 forall xeE, P°as. (70)

If 7, (A) = 0 we have p,""(A) = 0 or equivalently

// / r(z, i1, y0) P (x(k — 1),d2) r (x(k — 1), yx—2, k1)
A JE, Eo
P (x(k—2),dx(k —1))...r (x(1), yo, y1) P (v, dx(1)) =0

and as a consequence of (70) we have v P¥(A) = 0. Then uP*(A) = 0 and using
(70) again we have p;"(A) = 0. |
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