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Abstract In this paper we study ergodic properties of hidden Markov models with
a generalized observation structure. In particular sufficient conditions for the exis-
tence of a unique invariant measure for the pair filter-observation are given. Fur-
thermore, necessary and sufficient conditions for the existence of a unique invariant
measure of the triple state-observation-filter are provided in terms of asymptotic
stability in probability of incorrectly initialized filters. We also study the asymp-
totic properties of the filter and of the state estimator based on the observations as
well as on the knowledge of the initial state. Their connection with minimal and
maximal invariant measures is also studied.
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1 Introduction

Let (xn), (yn) be discrete time processes on a given probability space (�,F, P )
assuming values in the Polish spaces E0 and E, respectively. The process (xn),
called the state process or hidden Markov process is characterized by the tran-
sition kernel P(x, dx ′), while the process (yn), frequently called the observation
process has a transition kernel P x

′
1 (y, dy ′) parametrized by the current value of
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the hidden Markov process. Namely, letting Xn = σ {x0, x1, . . . , xn} and Yn =
σ {y0, y1, . . . , yn}, n = 1, 2, . . . , we have P a.s.

P
{
xn+1 ∈ A | Xn, Y n} = P (xn,A) , (1)

P
{
yn+1 ∈ B | Xn+1, Y n

} = P
xn+1
1 (yn, B) . (2)

We explicitly mention that for fixed x, x ′, y, P(x, ·) and P x′1 (y, ·) are probability
measures on E0 and E, respectively and for fixed Borel subsets A of E0 and B of
E the mappings x �→ P(x,A) and (x ′, y) �→ P x

′
1 (y, B) are B(E0) and B(E0 ×E)

measurable, where B denotes the suitable Borel σ -fields.
In what follows we shall assume the following particular form of the kernel P1,

P x
′

1 (y, B) =
∫

B

r
(
x ′, y, y ′) η(dy ′) , (3)

where η ∈ P(E) with P denoting the suitable space of probability measures.
Notice that the above form of observation kernel covers models of the form

yn+1 = h (yn, xn+1, wn+1) , (4)

(in particular yn+1 = h(yn, xn+1) + g(yn, xn+1)wn+1) with h(yn, xn+1, ·) a C1

diffeomorphism of Rd (in particular matrix g(yn, xn+1) being invertible) andwn+1
independent of Xn+1, Yn and identically distributed with law η(dy). Furthermore,
the case of denumerable observation space E is also covered for h(y, x ′, ·) being
one to one.

It can be easily shown that we have

Lemma 1 The pair

(
xn
yn

)
forms a Markov process with transition operator

Tf (x, y) =
∫

E0

∫

E

f
(
x ′, y ′)P x

′
1 (y, dy ′)P (x, dx ′) , (5)

for f ∈ bB(E0 ×E), namely the space of bounded Borel measurable functions on
E0 × E.

The process (xn) being observable only by means of the observation process (yn) is
estimated by its conditional law. To describe its evolution we shall need the follow-
ing family of indexed probability measures (y, y ′ ∈ E, ν ∈ P(E0), A ∈ B(E0))

M
(
y, y ′, ν

)
(A) =

∫
A
r
(
x ′, y, y ′) ∫

E0
P

(
x, dx ′) ν(dx)

∫
E0
r (x ′, y, y ′)

∫
E0
P (x, dx ′) ν(dx)

. (6)

In what follows we shall use the notation

P
(
ν, dx ′) =

∫

E0

P
(
x, dx ′) ν(dx) .

Moreover we shall assume that

M
(
y, y ′, ν

)
(A) = 0 whenever

∫

E0

r
(
x ′, y, y ′)P

(
ν, dx ′) = 0 .
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Given the initial measure ρ ∈ P(E0 ×E) and using the regular conditional proba-
bility decomposition ρ(dx, dy) = pρ(y, dx)ρ(E0, dy) (see [IW], Thm. I.3.1) we
define recursively the measure valued process

π
ρ
0 (A) = pρ (y0, A)

πρn (A) = M
(
yn−1, yn, π

ρ
n−1

)
(A) , (7)

for A ∈ B(E0), n = 1, 2, . . . .
In analogy to Lemma 1.1 in [RS] we have

Lemma 2 For A ∈ B(E0) we have

πρn (A) = P
{
xn ∈ A | Yn} P a.s.

As a consequence we have

Corollary 1 For n = 1, 2, . . . , we have P a.s.

∫

E0

r
(
x ′, yn−1, yn

)
P

(
π
ρ
n−1, dx ′) > 0 .

Proof Let N = {ω :
∫
E0
r(x ′, yn−1, yn)P (π

ρ
n−1, dx ′) = 0}. By Lemma 2 we have

1 = P {xn ∈ E0} = Eπn (E0) = E
[
1Nπn (E0)

+1Ncπn (E0)
] = P

(
Nc

)
.

��

It can be easily seen that we have

Lemma 3 The pair

(
π
ρ
n

yn

)
forms a Markov process on P(E0)×E with transition

operator

∏
F(ν, y) =

∫

E0

∫

E

F
(
M

(
y, y ′, ν

)
, y ′)P x1

(
y, dy ′)P(ν, dx) (8)

for F ∈ bB(P(E0)× E).

In this paper we are interested in the ergodicity of the pair

(
π
ρ
n

yn

)
and, in particular,

in the uniqueness of invariant measures for the operator�. Such problem has been
extensively studied for partially observed Markov processes when the function r
in (3) does not depend on y (see [K1] in the continuous-time setting, [S] and [K2]
in both continuous and discrete-time settings). In the recent paper [BCL] a gap has
been pointed out in [K1] and a counterexample was formulated; a discrete-time
version of it will be presented below (this counterexample in fact appeared first in
[K]).
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Example Let E0 = {1, 2, 3, 4}, E = {0, 1} and the transition matrix of (xn) is
given by






1
2

1
2 0 0

0 1
2

1
2 0

0 0 1
2

1
2

1
2 0 0 1

2





.

Let E01 = {1, 3}, E02 = {2, 4} and assume that r(x ′, y, y ′) does not depend on y
and

r(x, 1) =
{

2 for x ∈ E01

0 for x ∈ E02
r(x, 0) =

{
2 for x ∈ E02

0 for x ∈ E01

with η(0) = η(1) = 1
2 .

In other words the observation process can be described by

yn = 1E01 (xn) .

Notice that ∀x∈E0 P(x,E01) = 1
2 and (yn) is a sequence of i.i.d. random variables

with P {yn = 0} = P {yn = 1} = 1
2 .

Then, for α ∈ (0, 1) let

eα1 =






α
0

1 − α
0




 , eα2 =






0
α
0

1 − α




 , eα3 =






1 − α
0
α
0




 , eα4 =






0
1 − α

0
α






and notice that starting from π0 = eα1 the process (πn)will cyclically move through
the points eα2 , e

α
3 , e

α
4 , e

α
1 , . . . , changing its state at each time with probability 1/2

(and remaining in the same state also with probability 1/2). Consequently, the set
{eα1 , eα2 , eα3 , eα4 } is invariant and the uniformly distributed measure on it is invariant
for (πn). Replacing α with β such that α �= β and α �= 1 − β we obtain different
invariant set and measure, respectively. Therefore, in front of nice ergodic prop-
erties of the process (xn) the filter (πn) admits a continuum of invariant measures
with disjoint supports. This behavior is possibly due to the singular structure of
the observation process. We conjecture that if the kernels P x1 (y, ·), x ∈ E0, y ∈ E
are equivalent, then uniqueness of invariant measure for the transition operator �
holds.

The study of the ergodic properties of the pair filter-observation was motivated
by the desire of computing, for large time-horizon, functionals corresponding to
processes whose dynamics depended on other unobservable (hidden) dynamics.

The model considered above can be classified as switching Markov process
with Markov regime (see example IVB3 as well as an interesting review on hidden
Markov processes in [EM]).

The authors were also motivated by the models considered in mathematics of
finance, where often the dynamics of asset prices depends on a number of unob-
served economic factors (see e.g. [BP], [BHP]).
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The model adopted here is a generalization of the usual nonlinear state obser-
vation corrupted by white noise. Some of the results presented are extensions of
previous results in the more general setting just mentioned.

Using the Hilbert metric approach (studied in [AZ], [LM]), we formulate here
sufficient conditions for the existence of a unique invariant measure of the pair
filter-observation in the context of a general (Polish) state space (see Sect. 2 and
Corollary 2 as well as Lemmas 11 and 12 and Corollary 3 in Sect. 4). A similar
result can be obtained using the arguments from the paper [DM], where similarly to
[LM] stability of the densities of prediction filters was studied, however it requires
a bit more technicalities (see Remark 3). In Sect. 3, using analogous techniques
as those in [BK] and [B1], we show the existence of a unique invariant measure
for the triple state-observation-approximate filter (see Theorem 2), which through
Theorem 3 and Corollary 2 leads to the existence of a unique invariant measure for
the pair filter-observation.

In Sect. 4, following [K1] and [S] we characterize minimal and maximal invari-
ant measures for the same pair. In Sect. 5 we mimic some arguments in [OP] and
prove sufficient conditions for asymptotic stability in probability of approximate fil-
ters and following arguments of [B2] we simplify the assumptions required in [OP].

2 Asymptotic stability of filters – Hilbert metric approach

Given ρ ′ ∈ P(E0 ×E), consider the regular conditional probability decomposition
ρ ′(dx, dy) = pρ′(y, dx)ρ ′(E0, dy) and define recursively

π
ρρ′
0 (A) = pρ′ (y0, A)

π
ρρ′
n+1(A) = M

(
yn, yn+1, π

ρρ′
n

)
(A). (9)

The process (πρρ′
n ) will be called an approximate filtering process.

Definition 1 The approximate filtering processes will be called asymptotically
stable in probability if for ρ1, ρ2 ∈ P(E0 × E) and f ∈ C(E0) we have

πρρ1
n (f )− πρρ2

n (f ) → 0 in Pρ probability as n → ∞,

wherePρ is the measure associated to the Markov process

(
xn
yn

)
with initial law ρ.

Remark 1 The above notion of asymptotical stability of approximate filtering pro-
cesses has been introduced in [OP]. It is closed to the global asymptotic stability
(in probability) (see section 1.3.2 of [MT] and section 5.4 of [Kh]).

Since our approach to the study of asymptotic stability will be based on the so-
called Hilbert norm, we recall that the latter is a semimetric on the space M(E0)
of finite measures on E0 (in fact a metric on the space of probability measures
P(E0)), defined as in [L]

h(µ, ν) = supA,B∈B(E0),µ(B),ν(A)>0
µ(A)ν(B)

µ(B)ν(A)

= ln
α(µ, ν)

β(µ, ν)
(10)
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with

α(µ, ν) = inf {a : aµ ≥ ν}
β(µ, ν) = sup {b : bµ ≤ ν} . (11)

Notice that for any order preserving linear transformation L of M(E0) we have
(Thm. 1.1 of [L])

h (Lµ,Lν) ≤ tanh

(
�

4

)
h(µ, ν) , (12)

with � = sup
µ,ν

h(Lµ,Lν).

Furthermore, following Thm. 2.2 of [B] we have for µ, ν ∈ P(E0)

‖µ− ν‖ ≤ 2

ln 2
h(µ, ν) , (13)

where ‖ · ‖ denotes total variation norm.
The following Theorem 1 and Proposition 1 provide sufficient conditions for

the asymptotic stability of approximate filters.

Theorem 1 Assume that for k = 1 assumption (A1) below holds or for k > 1 we
have

(A1) sup
x,x′∈E0

h
(
P k(x, ·), P k (x ′, ·)) < ∞

(A2) there exist continuous functions r(y, y ′), r(y, y ′), r(y ′) such that for each
x ∈ E0, y, y ′ ∈ E

0 < r
(
y, y ′) ≤ r

(
x, y, y ′) ≤ r

(
y, y ′) ≤ r

(
y ′)

k−1∑

i=1

Eρ

{
ln
r (yi−1, yi)

r (yi−1, yi)

}
< ∞ (14)

and
∫

E

∫

E

. . .

∫

E

∫

E

r (y(k − 2), y(k − 1)) η
(
dy(k − 1)

)
r
(
y(k − 3), y(k − 2)

)

η
(
dy(k − 2)

)
. . . r

(
y(0), y(1)

)
η
(
dy(1)

)
r
(
y(0)

)
η
(
dy(0)

)
< ∞ .

Then for any measures ρ1, ρ2 ∈ P(E0 × E) we have for n → ∞
Eρ

[
h
(
πρρ1
n , πρρ2

n

)] → 0. (15)

Proof We examine first the case k > 1. For ν ∈ P(E0), y, y ′ ∈ E define the
operator Ryy′ : P(E0) → P(E0) by

Ryy′ν(A) =
∫

A

r
(
x, y, y ′)P(ν, dx)
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and let for n = 1, 2, . . . ,

Rn (y0, . . . , yn) = Ryn−1yn . . . Ry0y1 .

Clearly, by (6) and (9), for i = 1, 2

πρρi (A) = Rn (y0, . . . , yn) π
ρρi
0 (A)

Rn (y0, . . . , yn) π
ρρi
0 (E0)

and, since by (10) the Hilbert norm does not depend on normalization factors

h
(
πρρ1
n , πρρ2

n

) = h
(
Rn (y0, . . . , yn) π

ρρ1
0 , Rn (y0, . . . , yn) π

ρρ2
0

)
. (16)

Moreover, by (A2)

Rk (y0, . . . , yk) π
ρρi
0 (dx) ≥ r (x, yk−1, yk)

k−1∏

i=1

r (yi−1, yi) P
k
(
π
ρρi
0 , dx

)

Rk (y0, . . . , yk) π
ρρi
0 (dx) ≤ r (x, yk−1, yk)

k−1∏

i=1

r (yi−1, yi) P
k
(
π
ρρi
0 , dx

)

and using (11)

Rk (y0, . . . , yk) π
ρρ1
0 (dx) ≥ r (x, yk−1, yk)

k−1∏

i=1

r (yi−1, yi)

[
α
(
P k

(
π
ρρ1
0 , ·) , P k (πρρ2

0 , ·))]−1
P k

(
π
ρρ2
0 , dx

)

≥
k−1∏

i=1

r (yi−1, yi)

r (yi−1, yi)

[
α
(
P k

(
π
ρρ1
0 , ·) , P k (πρρ2

0 , ·))]−1

Rk (y0, . . . , yk) π
ρρ2
0 (dx)

and again by (11)

α
(
Rk (y0, . . . , yk) π

ρρ1
0 , Rk (y0, . . . , yk) π

ρρ2
0

)

≤ α
(
P k

(
π
ρρ1
0 , ·) , P k (πρρ2

0 , ·))
k−1∏

i=1

r (yi−1, yi)

r (yi−1, yi)
. (17)

In a similar way we obtain

β
(
Rk (y0, . . . , yk) π

ρρ1
0 , Rk (y0, . . . , yk) π

ρρ2
0

)

≥ β
(
P k

(
π
ρρ1
0 , ·) , P k (πρρ2

0 , ·))
k−1∏

i=1

r (yi−1, yi)

r (yi−1, yi)
. (18)
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Therefore, using (16), (17) and (18)

h
(
Rk (y0, . . . , yk) π

ρρ1
0 , Rk (y0, . . . , yk) π

ρρ2
0

)

ln

α
(
P k

(
π
ρρ1
0 , ·) , P k (πρρ2

0 , ·))
k−1∏

i=1

r (yi−1, yi)

r (yi−1, yi)

β
(
P k

(
π
ρρ1
0 , ·) , P k (πρρ2

0 , ·))
k−1∏

i=1

r (yi−1, yi)

r (yi−1, yi)

= h
(
P k

(
π
ρρ1
0 , ·) , P k (πρρ2

0 , ·)) + 2 ln
k−1∏

i=1

r (yi−1, yi)

r (yi−1, yi)

≤ sup
x,x′∈E0

h
(
P k (x, ·) , P k (x ′, ·)) + 2 ln

k−1∏

i=1

r (yi−1, yi)

r (yi−1, yi)

:= �(y0, . . . , yk−1) < ∞, Pρ a.s.,

where, by (A2), �(y0, . . . , yk−1) is continuous and the last inequality holds.
Then by the contractivity property (12), letting

�(yi, . . . , yi+k−1) = tanh
�(yi, . . . , yi+k−1)

4

we have

Eρ
[
h
(
π
ρρ1
nk , π

ρρ2
nk

)] ≤ Eρ
[
�

(
y(n−1)k, . . . , ynk−1

)
. . .

� (yk, . . . , y2k−1) h
(
π
ρρ1
k , π

ρρ2
k

)] ≤ Eρ

[n−1∏

i=1

�
(
yik, . . . , y(i+1)k−1

)

�(y0, . . . , yk−1)

]
. (19)

The proof will be completed if we show that the right-hand side of (19) converges
to 0 as n goes to +∞. In fact, for i < k we have

Eρ
[
h
(
π
ρρ1
nk+i , π

ρρ2
nk+i

)] ≤ Eρ
[
h
(
π
ρρ1
nk , π

ρρ2
nk

)]
. (20)

For the evaluation of (18) notice that the conditional laws

Eρ
[
1A

(
yik, . . . , y(i+1)k−1

) | Y ik−1
]

≤
∫

A

r (y(k − 2), y(k − 1)) η (dy(k − 1)) . . .

r (y(0), y(1)) η (dy(1)) r (y(0)) η (dy(0)) ,

are by (A2) dominated by a finite measure, so that for any 0 < ε < 1 there exists
a compact set K ⊂ Ek such that for i = 1, 2, . . .

Eρ
[
1Kc

(
yik, . . . , y(i+1)k−1

) | Y ik−1
] ≤ ε.

Let γ = max{�(y(0), . . . , y(k−1)) : (y(0), . . . , y(k−1)) ∈ K}. Clearly γ < 1.
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Then

Eρ
[
�

(
yik, . . . , y(i+1)k−1

) | Y ik−1
]

≤ Eρ
[
1K

(
yik, . . . , y(i+1)k−1

)
γ | Y ik−1

]

+Eρ
[
1Kc

(
yik, . . . , y(i+1)k−1

) | Y ik−1
]

= γ
(
1 − Eρ

[
1Kc

(
yik, . . . , y(i+1)k−1

) | Y ik−1
])

+Eρ
[
1Kc

(
yik, . . . , y(i+1)k−1

) | Y ik−1
] ≤ γ + (1 − γ )ε = δ < 1.

Finally from (19)

Eρ
[
h
(
π
ρρ1
nk , π

ρρ2
nk

)] ≤ δn−1Eρ
[
�(y0, . . . , yk−1)

]

which, by (A2) vanishes for n → ∞, concluding the proof of the theorem for
k > 1. For k = 1, from (17) and (18) it is clear that (A2) is not needed. ��
Remark 2 Notice that in fact we proved above more than asymptotical stability in
probability. Using the last part of the proof we easily see thatEρ

[
h
(
π
ρρ1
n , π

ρρ2
n

)] ≤
Kκn, with 0 < κ < 1 and K > 0, and by Borel Cantelli lemma we immediately
have that ‖πρρ1

n − π
ρρ2
n ‖ → 0 with probability 1.

Proposition 1 Assume that for k = 1, (B1) and (B2) below hold or that for k > 1
we have

(B1) ∃k∈N such that

sup
x,x′∈E0

sup
y,y′∈E

h
(
T k(x, y, ·), T k (x ′, y ′, ·)) < ∞,

(B2) there exist continuous functions r(y, y ′) and r(y, y ′) such that for each x ∈
E0

0 < r
(
y, y ′) ≤ r

(
x, y, y ′) ≤ r

(
y, y ′)

and for k as in (B1), (14) holds,
(B3) for f1 ∈ C(E0), f2 ∈ C(E) the mappings

x �→ Pf1(x) and (x, y) �→ P x1 f2(y) ,

are continuous,

then for any measures ρ1, ρ2 ∈ P(E0 × E) we have for n → ∞
Eρ

[
h
(
πρρ1
n , πρρ2

n

)] → 0.

Proof Taking into account that (B1) implies (A1) we have as in the proof of
Theorem 1 that (19) holds, namely

Eρ
[
h
(
π
ρρ1
nk , π

ρρ2
nk

)] ≤ Eρ

[n−1∏

i=1

�
(
yik, . . . , y(i+1)k−1

)

�(y0, . . . , yk−1)

]
. (21)
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Notice that by (B1) there exist positive constants c, c such that for fixed (x, y) ∈
E0 × E

cPx,y {(xk, yk) ∈ A} ≤ Pxy {(xk, yk) ∈ A} ≤ cPx,y {(xk, yk) ∈ A} .

Furthermore, notice that by (B3) the measure valued mapping

ψxy(B) : (x, y) → Exy {1B (y1, . . . , yk−1)}

B ∈ B(Ek−1) is continuous in the weak topology and as a consequence for (x, y)
from any compact set the measures are tight.

Then, let C × C1 ∈ B(E0 × E) be a compact set such that Px,y{(xk, yk) ∈
C×C1} > 0 and for ε > 0 letC2 ∈ B(Ek−1) be a compact set such that ∀(x,y)∈C×C1

ψxy(C2) ≥ 1 − ε.
It is then clearly that for any x ∈ E0, y ∈ E

Pxy {(yk, . . . , y2k−1) ∈ C1 × C2} ≥
∫

C×C1

ψx′y′ (C2)

T k
(
x, y, dx ′, dy ′) > 0

so that the k-tuple (yik, . . . , y(i+1)k−1) enters with probability 1 the set C1 × C2
and, by the arguments in Prop. 9.11 of [MT] it in fact enters C1 × C2 infinitely
often.

Finally, since �(yik, . . . , y(i+1)k−1) is strictly less than 1 on compact sets and
by (B2), as in the proof of Theorem 1, Eρ{�(y0, . . . , yk−1)} < ∞, from (21) we
obtain the final result. ��

Remark 3 One can show analogs of Theorem 1 and Proposition 1 adapting some
techniques from [DM] and [LM]. In [DM] (which generalizes [LM]) under the
assumptions similar to ours, uniform ergodicity of so-called extended Markov chain
consisting of the state, observation, plus densities of prediction filter and approxi-
mate prediction filter, was shown. In our case the observation has a more general
form and instead of densities we are working with measure valued processes corre-
sponding to filtering processes (not prediction filters which have a different form).
Consequently our proof seems to be simpler and more natural.

3 Ergodic properties of approximate filters

In this section we shall provide, under suitable assumptions, sufficient conditions
for the existence and uniqueness of invariant measures for transition operators
related to approximate filtering processes. These conditions are given in terms of
asymptotic stability in probability of the approximate filters. The corresponding
necessary conditions need for their proof further intermediate results and will be
given in Sect. 5. The results presented in this section are closely related to previous
results in [BK].
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One can easily show the following

Lemma 4 The triple




xn
yn
π
ρρ′
n



 is a Markov process on E0 × E × P(E0) with

transition operator S given for F ∈ bB(E0 × E × P(E0)) by

SF(x, y, ν) =
∫

E0

∫

E

F
(
x ′, y ′,M

(
y, y ′, ν

))
P x′1

(
y, dy ′)P

(
x, dx ′) .

In what follows, with an abuse of notation we shall denote by πµ0η0ν or πxyν the
approximate filter πρρ′ with ρ = µ0 × η0 and ρ ′ = ν × η0 or ρ = δx × δy and
ρ ′ = ν × δy .

Definition 2 The approximate filters πµ0η0ν are said to be asymptotically stable
in probability at (µ0, η0) if for any ν1, ν2 ∈ P(E0) and ϕ ∈ bB(E0)

πµ0η0ν1
n (ϕ)− πµ0η0ν2

n (ϕ) → 0 in Pµ0η0

probability as n → ∞.

The following theorem provides sufficient conditions for the uniqueness of the
invariant measure for S.

Theorem 2 Assume that there exists a unique invariant measure ζ(dx, dy) for the
transition operator T and that the approximate filters (πxyνn ) are asymptotically
stable in probability at (x, y) for ζ almost all (x, y). Then there is at most one
invariant measure for the transition operator S.

Proof Assume thatm1,m2 ∈ P(E0×E×P(E0)) are invariant measures for S and
notice that their projections onE0×E are invariant for T so thatm1(dz, dy,P(E0))
= m2(dx, dy,P(E0)) = ζ(dx, dy). Using regular conditional probability decom-
position we then have for i = 1, 2

mi(dx, dy, dν) = pmi (x, y, dν)ζ(dx, dy) . (22)

To prove that m1 and m2 coincide it is enough to show that m1(F ) = m2(F )
for each F of the form F(x, y, ν) = ϕ(x, y)H(ν(ϕ1), . . . , ν(ϕl)), where ϕ ∈
C(E0 × E), ϕ1, . . . , ϕl ∈ C(E0), H is bounded and Lipschitz continuous with
Lipschitz constant LH and l = 1, 2, . . . , (see, e.g. [B2]).

Notice that by invariance, for i = 1, 2

mi(F ) =
∫

E0×E×P(E0)

1

n

n−1∑

j=0

SjF (x, y, ν)mi(dx, dy, dν) ,

so that

|m1(F )−m2(F )| ≤
∫

E0×E

∫

P(E0)

∫

P(E0)

1

n

n−1∑

j=0

∣∣SjF (x, y, ν1)− SjF (x, y, ν2)
∣∣pm1 (x, y, ν1)

pm2 (x, y, ν2) ζ (dx, dy) ≤ LH‖ϕ‖
∫

E0×E

∫

P(E0)

∫

P(E0)

1

n

n−1∑

j=0

Exy

[ l∑

i=0
∣∣∣πxyν1
j (ϕi)− π

xyν2
j (ϕi)

∣∣∣
]
pm1 (x, y, ν1) pm2 (x, y, ν2) ζ(dx, dy). (23)
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By the asymptotic stability in probability of the approximate filters and using
dominated convergence theorem, the right-hand side in (23) converges to zero as
n → ∞. This completes the proof of theorem. ��
The following proposition provides sufficient conditions for the existence of an
invariant measure for S.

Proposition 2 If the operator S is Feller and there is an invariant measure ζ of
the operator T , then there exists an invariant measure for S.

Proof Assume that the law of (x0, y0) is ζ , consider the (exact) filter (πζn ) and
define the measure valued process given forA ∈ B(E0),B ∈ B(E),� ∈ B(P(E0))
by

mn(A× B × �) = 1

n

n−1∑

i=0

Pζ

[(
xi, yi, π

ζ

i

)
∈ A× B × �

]
. (24)

We shall first show that the measures (mn) are tight. Since ζ is T invariant we have
that for ε > 0 there exists a compact set K ∈ B(E0 × E) such that

mn (K × P(E0)) = ζ(K) ≥ 1 − ε, n = 1, 2, . . . (25)

Moreover, it is possible to find an increasing sequence of compact sets (Ln) in
B(E0) with ζ(Ln × E) ≥ 1 − 2−2nε.

Let

� = {
ν ∈ P (E0) : ν (Ln) ≥ 1 − 2−n, n = 1, 2, . . .

}
, (26)

which is clearly a compact set in P(E0). Then we have

Pζ

[
π
ζ

i

(
Lcn

)
> 2−n

]
≤ 2nEζ

[
π
ζ

i

(
Lcn

)]

= 2nζ
(
Lcn × E

) ≤ 2−nε

and therefore

Pζ

(
π
ζ

i ∈ �
)

= Pζ

[ ∞⋂

n=1

{
π
ζ

i (Ln) ≥ 1 − 2−n
}]

= Pζ

[ ∞⋂

n=1

{
π
ζ

i

(
Lcn

) ≤ 2−n
}]

= Pζ

[

�\
∞⋃

n=1

{
π
ζ

i

(
Lcn

)
> 2−n

}]

= 1 − Pζ

[ ∞⋃

n=1

{
π
ζ

i

(
Lcn

)
> 2−n

}]

≥ 1 −
∞∑

n=1

Pζ

(
π
ζ

i

(
Lcn

)
> 2−n

)

≥ 1 − ε

∞∑

n=1

2−n = 1 − ε

so that

mn (E0 × E × �) ≥ 1 − ε, n = 1, 2, . . . (27)
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Finally, from (25) and (27)

mn(K × �) = 1 −mn (E0 × E × P (E0) \K × �)

≥ 1 −mn
(
Kc × P (E0)

) −mn
(
E0 × E × �c

) ≥ 1 − 2ε.

Consequently, there is a measure m and a subsequence (nk) such that mnk ⇒ m
and due to the Feller property of S, m is invariant for the operator S. ��
Using analogous arguments as in the proof of Proposition 2, it is possible to show
that the following Corollary holds.

Corollary 2 If the operator� is Feller and there is an invariant measure ζ of the
operator T , then there exists an invariant measure for �.

We consider the following generalization of the notion of barycenter of a mea-
sure (see, e.g. [K1]). Given � ∈ P(P(E0) × E) we define its barycenter b�, for
A ∈ B(E0) and B ∈ B(E), as

b�(A× B) =
∫

P(E0)

ν(A)�(dν, B),

so that b� ∈ P(E0 × E).
We easily have

Lemma 5 If � is invariant for �, then b� is invariant for T .

We have the following:

Theorem 3 If S is Feller and does not admit more than one invariant measure,
then the operator � has at most one invariant measure.

Proof Assume that �1, �2 ∈ P(P(E0) × E) are different invariant measures
for �. Then there is an f ∈ C(P(E0) × E) such that �1(f ) �= �2(f ). Let for
F ∈ bB(E0 × E × P(E0))

qj (F ) :=
∫

P(E0)×E

∫

E0

F(x, y, ν)ν(dx)�j (dν, dy)

and consider the process




x
j
n

y
j
n

π
j
n



 with initial law qj , j = 1, 2. Notice that since

the barycenter of �j is invariant for T (see Lemma 5) the measures P {xjn ∈ ·} are
tight. Moreover P {πjn ∈ ·, yjn ∈ ·} = �j so that P {xjn ∈ ·, yjn ∈ ·, πjn ∈ ·} are
tight.

Then, by Feller property of S the Cesaro averages

1

nk

nk−1∑

i=1

P
{
xjn ∈ ·, yjn ∈ ·, πjn ∈ ·} .

converge weakly to an invariant measure Qj for S as k → ∞, j = 1, 2.
For F(x, y, ν) = f (ν, y) we have Q1(F ) = �1(F ) �= �2(F ) = Q2(F ),

which contradicts the fact that S does not admit more than one invariant measure.
��
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Summarizing Theorem 2, Proposition 2, Corollary 2 and Theorem 3 and taking
into account that Feller property of S implies Feller property of � we have

Corollary 3 If S is Feller, there exists a unique invariant measure ζ for T and
for ζ almost an (x, y) the approximate filters (πxyρ′

n ) are asymptotically stable in
probability at (x, y), then there exist unique invariant measures for the operators
S and �.

4 Minimal and maximal invariant measures for Π

Let Cc(P(E0) × E) be the family of functions P(E0) × E � (ν, y) �→ F(ν, y)
which are continuous and bounded and convex with respect to ν for fixed y ∈ E.
We consider the following ordering on P(P(E0)× E)

q1 ≺ q2 if ∀f∈Cc(P(E0)×E) q1(f ) ≤ q2(f ).

Also, we have the following generalization of Jensen inequality (compare with
Lemma 3.1 of [K1])

Lemma 6 If F ∈ Cc(P(E0)× E), π is a P(E0) valued random variable and �
is an E-valued and G measurable random variable, then

F(E(π | G),�) ≤ E(F(π,�) | G).
The following lemma follow from the previous one (see Lemma 3.2 of [K1])

Lemma 7 If F ∈ Cc(P(E0)× E), then also

�F(ν, y) ∈ Cc(P(E0)× E).

Let πρn be as in (7) and define recursively

π̃
ρ
0 = δx0

π̃
ρ
n+1 = M

(
yn, yn+1, π̃

ρ
n

)
. (28)

One can show

Lemma 8 We have

π̃ρn (A) = Pρ
{
xn ∈ A | x0 ∨ Yn} , Pρ a.s.

Moreover (π̃ρn , yn) is a Markov process with the same operator � given in (8).

Following [K1] and [S] define the family of measures

m
ρ
n(F ) := Eρ

{
F

(
π
ρ
n , yn

)}
(29)

M
ρ
n (F ) := Eρ

{
F

(
π̃
ρ
n , yn

)}
(30)

for F ∈ bB(P(E0)×E). We have the following lemma (see Lemma 3.3 of [K1])
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Lemma 9 If ζ is T invariant then

mζn ≺ m
ζ
n+1 ≺ M

ζ
n+1 ≺ Mζ

n . (31)

Consequently, for F ∈ Cc(P(E0)× E) one can define

mζ (F ) = lim
n→∞m

ζ
n(F ) and Mζ(F ) = lim

n→∞M
ζ
n (F ). (32)

Notice that

m
ζ
n+1(F ) = mζn (�F) and Mζ

n+1(F ) = Mζ
n (�F)

so that, if the operator� is Feller, using Lemma 5, we have forF ∈ Cc(P(E0)×E)

mζ (F ) = mζ (�F) and Mζ(F ) = Mζ (�F) . (33)

Similarly as in Proposition 3 of [S] we have

Lemma 10 If ζ is T invariant, the families of measures {mζn, n = 1, 2, . . . } and
{Mζ

n , n = 1, 2, . . . } are tight.

Proof It is sufficient to show that the projectionsmζn(P(E0)×A),Mζ
n (P(E0)×A),

m
ζ
n(� × E) and Mζ

n (� × E) for A ∈ B(E) and � ∈ B(P(E0)) are tight.
Since ζ is T invariant, for ε > 0 there is a compact set K ∈ B(E) such that

mζn (P (E0)×K) = ζ (E0 ×K) ≥ 1 − ε ,

and

Mζ
n (P (E0)×K) = ζ (E0 ×K) ≥ 1 − ε.

To show the tightness of mζn(� × E) and Mζ
n (� × E) we construct a compact set

� ∈ B(P(E0)) similarity as in the proof of Proposition 2 (see (26) and (27)). ��
A consequence of Lemma 10 is thatmζ (F ) andMζ(F ) defined in (32) are integrals
of the function F with respect to suitable probability measuresmζ andMζ , namely
we have the following:

Proposition 3 If ζ is T invariant then there exist measuresmζ ,Mζ ∈ P(P(E0)×
E) such that

mζn ⇒ mζ and Mζ
n ⇒ Mζ as n → ∞ ,

where ⇒ denotes weak convergence of probability measures. If additionally � is
Feller thenmζ andMζ are invariant for� with barycenter ζ and for any invariant
measure � for � with barycenter ζ we have

mζ ≺ � ≺ Mζ . (34)
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Proof Recalling that Cc(P(E0) × E) is a measure determining class and using
tightness of mζn and Mζ

n as well as Lemma 9 we have that any subsequences
m
ζ
nk and Mζ

nk converge to the same limit mζ and Mζ , respectively, and for any
F ∈ C(P(E0)× E)

mζ (F ) =
∫

P(E0)×E
F(ν, y)mζ (dν, dy)

Mζ (F ) =
∫

P(E0)×E
F(ν, y)Mζ (dν, dy).

If � is Feller, then by (33) mζ and Mζ are � invariant.
Furthermore, since ζ is T invariant we have for f ∈ bB(E0 × E)

bmζn(f ) =
∫

P(E0)×E

∫

E0

f (x, y)ν(dx)mζ (dν, dy)

= Eζ

{∫

E0

f (x, yn) π
ζ
n (dx)

}
= Eζ [f (xn, yn)] = ζ(f )

and analogously for Mζ so that bmζn = ζ = bM
ζ
n , and consequently

bmζ = ζ = bMζ . (35)

Let now � be a � invariant measure with barycenter ζ and consider the regular
conditional probability decompositions

�(dν, dy) = p�(y, dν)� (P (E0) , dy)

ζ(dx, dy) = pζ (y, dx)ζ (E0, dy) .

By the definition of barycenter we have that �(P(E0), dy) = ζ(E0, dy) and for
ζ(E0, ·) almost all y the barycenter bp� given by

bp�(y,A) =
∫

P(E)
ν(A)p�(y, dν) ,

coincides with pζ .
Using now Lemma 6 we have for ζ(E0, ·) almost all y andF ∈ Cc(P(E0)×E)

F (bp�(y, ·), y) ≤
∫

P(E0)

F (ν, y)p�(y, dν) , (36)

and similarity, for any y ∈ E

F(ν, y) ≤
∫

E0

F(δx, y)ν(dx) . (37)
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Consequently, integrating (36) and using (37) we have
∫

E

F
(
pζ (y, ·), y

)
ζ (E0, dy) ≤

∫

E

∫

P(E0)

F (ν, y)p�(y, dν)

� (P (E0) , dy) =
∫

P(E0)×E
F(ν, y)�(dν, dy) ≤

∫

P(E0)×E

∫

E0

F (δx, y) ν(dx)�(dν, dy) =
∫

E0×E
F (δx, y) ζ(dx, dy) . (38)

Since

mζn(F ) =
∫

E

�nF
(
pζ (y, ·), y

)
ζ (E0, dy) (39)

and

Mζ
n (F ) =

∫

E

∫

E0

�nF (δx, y) pζ (y, dx)ζ (E0, dy) , (40)

substituting F by �nF in (38) we have

mζn(F )≤
∫

P(E0)×E
�nF(ν, y)�(dν, dy)=

∫

P(E0)×E
F(ν, y)�(dν, dy) ≤ Mζ

n (F )

and letting n → ∞ we obtain (34). ��
It is worth noticing that the filter (π̃ρn ) is in fact an exact filter starting from a suitable
random initial law for (x0, y0), namely given by δx0(dx)qρ(x0, dy), whereqρ(x, dy)
corresponds to the regular conditional probability decomposition ρ(dx, dy) =
qρ(x, dy)ρ(dx,E) and the initial law of x0 is ρ(dx,E). In other words one could
write π̃ρn = πδx0qρ(x0) with x0 with law ρ(dx,E). For ζ an invariant measure for
T , the processes (πζn ) and (π̃ ζn ) because of their connections with the minimal and
maximal measures mζ and Mζ defined in Proposition 3, will be called minimal
and maximal filters, respectively (see also (29), (30) and (32)).

Filters (πζn ) and (π̃ ζn ) are said to be asymptotically stable in probability if for
any f ∈ C(E0) we have

(
πζn

)
(f )− (

π̃ ζn
)
(f ) → 0 in Pζ probability (41)

as n → ∞.
We have the following:

Theorem 4 Assume that ζ is a T -invariant measure and � is Feller. Then there
is a unique invariant measure for � with barycenter ζ if and only if the minimal
and maximal filters (πζn ) and (π̃ ζn ) are asymptotically stable in probability.

Proof For any f ∈ C(E0) we have

Eζ

[(
πζn (f )− π̃ ζn (f )

)2
]

= Eζ

[(
πζn (f )

)2 − 2πζn (f )π̃
ζ
n (f )

+ (
π̃ ζn (f )

)2
]

= Eζ

[(
πζn (f )

)2 − (
π̃ ζn (f )

)2
]

= Mζ
n (F )−mζn(F ) (42)

with F(ν) = (ν(f ))2.
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Now, if there is a unique invariant measure for � with barycenter ζ , then
mζ (F ) = Mζ(F ) so that the right-hand side in (42) tends to 0 and (41) follows.

Consider now the functions of the form F(ν, y) = ϕ(y)H(ν(y1), . . . , ν(yl)),
where ϕ ∈ C(E), ϕi ∈ C(E0), i = 1, 2, . . . , l andH is Lipschitz continuous with
constant LH , l = 1, 2, . . . . One can show that this class of functions is measure
determining on P(E0)× E. We have

∣∣Mζ
n (F )−mζm(F )

∣∣ ≤ Eζ
[∣∣F

(
π̃ ζn , yn

) − F
(
πζn , yn

)∣∣]

≤ ‖ϕ‖Eζ
[∣∣H

(
π̃ ζn (ϕ1) , . . . , π̃

ζ
n (ϕl)

) −H
(
πζn (ϕ1) , . . . , π

ζ
n (ϕl)

)∣∣]

≤ ‖ϕ‖LHEζ
[

l∑

i=1

∣∣π̃ ζn (ϕi)− πζn (ϕi)
∣∣
]

. (43)

Therefore, if (41) holds the right hand side in (43) vanishes for n → ∞ and as a
consequence

∣∣Mζ(F )−mζ (F )
∣∣ = lim

n→∞
∣∣Mζ

n (F )−mζn(F )
∣∣ = 0

so that the measures Mζ and mζ coincide and by (34) there is a unique invariant
measure for � with barycenter ζ . ��

We shall now give two results providing sufficient conditions for the asymptotic
stability in probability of the minimal and maximal filters (πζn ) and (π̃ ζn ) and based
on Hilbert projective techniques as given in Sect. 2.

Recalling the interpretation of the maximal filter (π̃ ζn ) given above and sum-
marized by π̃ ζn = πδx0qρ(x0) with initial law ρ(dx,E) of x0 and using analogous
techniques as those used in Theorem 1 and Proposition 1, one can prove the fol-
lowing:

Lemma 11 Assume that there exists an invariant measure ζ for T and that for
k = 1 assumption (A1) of Theorem 1 holds or for k > 1 assumption (A1) holds as
well as assumption (A2) with ρ replaced by ζ . Then

Eζh
(
πζn , π̃

ζ
n

) → 0 as n → ∞.

Lemma 12 Let the assumptions of Proposition 1 be satisfied and let ζ be the
unique invariant measure (whose existence is guaranteed by (B1)), then Eζh
(π

ζ
n , π̃

ζ
n )→ 0 as n → ∞.

Summarizing Lemmas 11 and 12 and Theorem 4 we have

Corollary 4 Under the assumptions of Lemma 11 or Lemma 12, we have asymp-
totic stability of minimal and maximal filters (πζn ) and (π̃ ζn ) and consequently,
assuming additionally Feller property of �, there is a unique invariant measure
for � with barycenter ζ .
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5 Sufficient conditions for asymptotic stability of approximate filters

The starting point of the results presented in this section will be the existence of
a unique invariant measure for the operator �. Our purpose will be to provide
sufficient conditions for the asymptotic stability of approximate filters.

Following partially Proposition 6 and Theorem 3 of [S] we have:

Proposition 4 Assume that there exists ζ ∈ P(E0 × E) such that for any ζ ′ ∈
P(E0 × E) we have ζ ′T n ⇒ ζ . Let m be a unique invariant measure for � and
assume that � is Feller. Then for any ζ ′ ∈ P(E0 × E)

mζ
′
n ⇒ m as n → ∞. (44)

Proof We first show that the measures {mζ ′
n , n = 1, 2, . . . } and {Mζ ′

n , n =
1, 2, . . . } are tight. For this purpose we follow ideas from Lemma 10 and Propo-
sition 2. Namely, since ζ ′T n ⇒ ζ there is a compact set K ∈ B(E) such that for
n = 1, 2, . . . ,

mζ
′
n (P (E0)×K) ≥ 1 − ε and Mζ ′

n (P (E0)×K) ≥ 1 − ε.

Moreover for � = {ν ∈ P(E0) : ν(Lcn) ≤ 2−n for n = 1, 2, . . . } with Ln being
compact sets in B(E0) such that ζ ′T n(Lcn × E) ≤ 2−2nε, we have

mζ
′
n (� × E) ≥ 1 − ε and Mζ ′

n (� × E) ≥ 1 − ε

so that tightness of (mζ
′
n ) and (Mζ ′

n ) follows. For F ∈ Cc(P (E0) × E) using
arguments as in Lemma 3.3 of [K1] (see also Lemma 9) we have

mζ
′T k
n (F ) ≤ m

ζ ′
n+k (F ) ≤ M

ζ ′
n+k(F ) ≤ Mζ ′T k

n (F ) . (45)

By Feller property of �

Mζ ′T k
n (F ) =

∫

E0×E
�nF (δx, y) ζ

′T k(dx, dy)

→
∫

E0×E
�nF (δx, y) ζ(dx, dy) (46)

as k → ∞.
Let now for G ∈ C(P(E0)× E)

�k(G) =
∫

E

G
(
pζ ′T k (y, ·), y

)
ζ ′T k (E0, dy) ,

where we recall that pζ ′T k (y, ·) comes from the regular conditional probability
decomposition of the measure ζ ′T k . Clearly �k ∈ P(P(E0)×E). We shall show
below that {�k, k = 1, 2, . . . } is tight. In fact, since ζ ′T k ⇒ ζ we have that for
ε > 0 there are compact sets Kn

1 ∈ B(E0) and K2 ∈ B(E) such that

ζ ′T k
(
Kn

1 × E
) ≥ 1 − 2−2nε and ζ ′T k (E0 ×K2) ≥ 1 − ε.
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Since �k(P(E0) × K2) = ζ ′T k(E0 × K2) ≥ 1 − ε, the projections of �k on E
are tight. Now for

�′ = {
ν ∈ P (E0) : ν

(
E0\Kn

1

) ≤ 2−n, n = 1, 2, . . .
}

we have

�k

(
�′ × E

) = Pζ ′T k
{
π
ζ ′T k
0 ∈ �′

}

= Pζ ′T k

{ ∞⋂

n=1

π
ζ ′T k
0

(
E0\Kn

1

) ≤ 2−n
}

= 1 − Pζ ′T k

{ ∞⋃

n=1

π
ζ ′T k
0

(
E0\Kn

1

)
> 2−n

}

≥ 1 −
∞∑

n=1

Eζ ′T k
[
π
ζ ′T k
0

(
E0\Kn

1

)] · 2n

= 1 −
∞∑

n=1

Pζ ′T k
{
x0 �∈ Kn

1

} · 2n ≥ 1 − ε,

so that the projections of �k on P(E0) are tight and consequently the measures
(�k) are also tight. Therefore there exists a subsequence (�ki ) and a measure �
such that �ki ⇒ �.

Notice that we have the following properties of barycenters: b�ki = ζ ′T ki and
b� = ζ . Since by Lemma 6, for F ∈ Cc(P(E0))

F (bp�(y, ·), y) ≤
∫

P(E0)

F (ν, y)p�(y, dν)

we have
∫

E

F (bp�(y, ·), y)� (P (E0) , dy) ≤
∫

P(E0)×E
F(ν, y)�(dν, dy) .

Since bp�(y, ·) = pζ (y, ·) for ζ(E0, dy) almost all y and �(P(E0), dy) =
ζ(E0, dy) we have

∫

E

F
(
pζ (y, ·), y

)
ζ (E0, dy) ≤

∫

P(E0)×E
F(ν, y)�(dν, dy)

and consequently

lim
i→∞

mζ
′T ki
n (F ) = lim

i→∞
�ki

(
�nF

)

= �
(
�nF

) ≥
∫

E

�nF
(
pζ (y, ·), y

)
ζ (E0, dy) = mζn(F ) (47)

and since from any sequence one can choose a subsequence for which (45) holds
we finally have

lim inf
k→∞

mζ
′T k
n (F ) ≥ mζn(F ). (48)
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Letting in (45) k → ∞ and then n → ∞ we have using also (46) that

mζ (F ) = lim
n→∞m

ζ
n(F ) ≤ lim inf

n→∞ mζ
′
n (F )

≤ lim sup
n→∞

Mζ ′
n (F ) ≤ lim

n→∞M
ζ
n (F ) = Mζ(F ).

Since by assumption mζ = Mζ and by tightness of (mζn) and (Mζ
n ) the conclusion

follows. ��
Remark 4 The proof of (48) could be simplified if we know that the mapping
y → pζ ′T k (y, ·) is continuous. In the next lemmas we show an explicit form pζ ′T
and sufficient conditions for suitable continuity.

One easily obtains

Lemma 13 If the law of (x0, y0) is ζ ′, then

Eζ ′ [f (x1) | y1] = M̃
(
y1, ζ

′) (f )

for any f ∈ bB(E0), where

M̃
(
y ′, ζ ′) (f ) =

∫
E0×E

∫
E0
f
(
x ′) r

(
x ′, y, y ′)P

(
x, dx ′) ζ ′(dx, dy)

∫
E0×E

∫
E0
r (x ′, y, y ′) P (x, dx ′) ζ ′(dx, dy)

(49)

and consequently

ζ ′T (dx, dy) = M̃
(
y, ζ ′) (dx)ζ ′T (E0, dy) .

So that

pζ ′T (y, dx) = M̃
(
y, ζ ′) (dx). (50)

Following Proposition 1.4 in [RS] we have

Lemma 14 Under the assumptions:

(C1) the mapping (x, y, y ′) → r(x, y, y ′) is continuous and for each compact set
K ⊂ E

sup
x∈E0

sup
y∈E

sup
y∈K

r
(
x, y, y ′) < ∞,

(C2) the operator P is Feller,

the mappings

E × E × P (E0) � (
y, y ′, ν

) �→ M
(
y, y ′, ν

) ∈ P (E0)

E × P (E0 × E) � (
y, ζ ′) �→ M̃

(
y, ζ ′) ∈ P (E0) ,

are continuous. Moreover the operators T , � and S are Feller.

In the following we shall denote byRνη0 the law of the process (yn) on the canonical
space EN assuming that the initial laws of (xn) and (yn) are ν and η0 respectively.
Furthermore we shall denote byπµ0η0ν

n the approximate filterπρρ
′
with ρ = µ0×η0

and ρ ′ = ν × ηo.
We have the following analog of the Ocone-Pardoux theorem (see [OP])
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Theorem 5 Assume that there is a unique invariant measure m for the operator
� and that assumptions (C1) and (C2) hold. Moreover assume

(C3) for any ν ∈ P(E0) the measure Rµ0η0 is absolutely continuous with respect
to measures Rνη0 ,

(C4) for any ζ ′ ∈ P(E0 ×E) we have ζ ′T n ⇒ ζ , where ζ is the unique invariant
measure for T .

Then for any ν1, ν2 ∈ P(E0) we have for ϕ ∈ bB(E0)

πµ0η0ν1
n (ϕ)− πµ0η0ν2

n (ϕ) → 0 in Pµ0η0 probability (51)

as n → ∞, namely the approximate filters (πµ0η0ν
n ) are asymptotically stable at

(µ0, η0).

Proof Let ζ0 = µ0 × η0 and consider the exact filter (πζ0
n ). Furthermore, define

recursively

π
ζ0
k,k+1 = M

(
yk, yk+1, M̃

(
yk, ζ0T

k−1
))

π
ζ0
k,n = M

(
yn−1, yn, π

ζ0
k,n−1

)
, n > k + 1. (52)

One can show that

π
ζ0
k,n(ϕ) = Eζ0

[
ϕ (xn) | Ynk

]
Pζ0 a.s. (53)

where Ynk = σ {yk, . . . , yn}. Similarly we define recursively the approximate filters

π
ζ0νi
k,k+1 = M

(
yk, yk+1, M̃

(
yk, (νi × η0) T

k−1
))

π
ζ0νi
k,n = M

(
yn−1, yn, π

ζ0νi
k,n−1

)
, n > k + 1 (54)

where i = 1, 2 and ν1, ν2 ∈ P(E0).
For i = 1, 2 we have

Eζ0

(
π
ζ0
n+k(ϕ)− π

ζ0νi
n+k(ϕ)

)2

≤ 3

[
Eζ0

(
π
ζ0
n+k(ϕ)− π

ζ0
n,n+k(ϕ)

)2
+ Eζ0

(
π
ζ0
n,n+k(ϕ)− π

ζ0νi
n,n+k(ϕ)

)2

+Eζ0

(
π
ζ0νi
m,n+k(ϕ)− π

ζ0νi
n+k(ϕ)

)2
]
. (55)

Notice that for the first term in the r.h.s. we have

Eζ0

(
π
ζ0
n+k(ϕ)− π

ζ0
n,n+k(ϕ)

)2

= Eζ0

[(
π
ζ0
n+k(ϕ)

)2
− 2πζ0

n+k(ϕ)π
ζ0
n,n+k(ϕ)+

(
π
ζ0
n,n+k(ϕ)

)2
]

= Eζ0

(
π
ζ0
n+k(ϕ)

)2
− Eζ0

(
π
ζ0
n,n+k(ϕ)

)2

= Eζ0

[
�n+kF

(
pζ0 (y0, ·) , y0

)] − Eζ0

[
�kF

(
M̃

(
yn, ζ0T

n−1
)
, yn

)]

= m
ζ0
n+k(F )−m

ζ0T
n

k (F ) (56)
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with F(ν, y) = (ν(ϕ))2.
By Proposition 4, for ε > 0 there is N(ε) such that for k ≥ N(ε)

∣∣∣mζ0
k (F )−m(F)

∣∣∣ <
ε

3

and
∣∣∣mζk(F )−m(F)

∣∣∣ <
ε

3
.

Furthermore,

m
ζ0T

n

k (F ) =
∫

E

�kF
(
M̃

(
y, ζ0T

n−1
)
, y

)
ζ0T

n (E0, dy)

and taking into account that by (C4) and Lemma 10, M̃(y, ζ0T
n−1) ⇒ M̃(y, ζ )uni-

formly iny from compact subsets and that the operator� is Feller and ζ0T
n(E0, dy)

⇒ ζ(E0, dy), we have

m
ζ0T

n

k (F ) → m
ζ

k(F ) as n → ∞ (57)

that is, for n ≥ n(ε, k)

∣∣∣mζ0T
n

k (F )−m
ζ

k(F )

∣∣∣ <
ε

3
.

Therefore, for k ≥ N(ε) and n ≥ n(ε, k)

Eζ0

(
π
ζ0
n+k(ϕ)− π

ζ0
n,n+k(ϕ)

)2
< ε. (58)

For the third term in the r.h.s. of (55), denoting by y the generic trajectory of (yn),
we have

Eζ0

(
π
ζ0νi
n,n+k(ϕ)− π

ζ0νi
n+k(ϕ)

)2

=
∫

EN

(
π
ζ0νi
n,n+k(ϕ)− π

ζ0νi
n+k(ϕ)

)2
(y)

dRµ0η0 (y)

dRνiη0 (y)
dRνiη0 (y)

≤
∫

EN

(
π
ζ0νi
n,n+k(ϕ)− π

ζ0νi
n+k(ϕ)

)2
(y)KdRνiη0 (y)

+4‖ϕ‖2
∫

EN
1




dRµ0η0 (y)

dRνiη0 (y)
>K






dRνiη0 (y)

= KEνiη0

(
π
νiη0
n,n+k(ϕ)− π

νiη0
n,n+k(ϕ)

)2 + C(K) ,

with C(K) → 0 as K → ∞. For ε > 0, fix K such that C(K) < ε
2 . By the

arguments used for deriving (58) we have that for k ≥ N(ε) and n ≥ n(ε, k)

Eνiη0

(
π
νiη0
n,n+k(ϕ)− π

νiη0
n+k (ϕ)

)2 ≤ ε

2K
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and consequently for k ≥ N(ε) and n ≥ n(ε, k)

Eζ0

(
π
ζ0νi
n,n+k(ϕ)− π

ζ0νi
n+k(ϕ)

)2
≤ ε. (59)

In what follows we shall fix k ≥ max{N(ε),N(ε)} and proceed to the derivation
of an upper bound for the second term in the r.h.s. of (55). Notice that πζ0νi

n,n+k is a
measure valued function of yn, . . . , yn+k and (νi × η0)T

n−1 so that we can write

π
ζ0νi
n,n+k = G

(
yn, . . . , yn+k, (νi × η0) T

n−1
)

and similarly

π
ζ0
n,n+k = G

(
yn, . . . , yn+k, ζ0T

n−1
)

where, by (C1) and (C2) the mapping

Ek+1 × P (E0 × E) � (
y1, . . . , yk+1, ζ

′) → G
(
y1, . . . , yk+1, ζ

′)

is continuous.
Since ζ0T

n−1 ⇒ ζ there exist compact sets K0 ∈ B(E0) and K0 ∈ B(E) such
that for n = 1, 2, . . . ,

Pζ0

{
(xn, yn) ∈ K0 ×K0

} ≥ 1 − ε

12‖ϕ‖2
. (60)

Furthermore, by Feller property of T there exist compact sets K1, . . . , Kk such
that

sup
x,y∈K0×K0

Pxy {yi ∈ K1, . . . , yk ∈ Kk} ≥ 1 − ε

12‖ϕ‖2
(61)

and finally, by the continuity of G there is n0 such that for n ≥ n0

sup
y0∈K0,... ,yk∈Kk

∣∣G
(
y0, . . . , yk, (νi × η0) T

n−1
)
(ϕ)

−G (
y0, . . . , yk, ζ0T

n−1
)
(ϕ)

∣∣ ≤
(ε

3

) 1
2
. (62)

Therefore, from (60), (61), (62) we have

Eζ0

(
π
ζ0
n,n+k(ϕ)− π

ζ0νi
n,n+k(ϕ)

)2

≤ Eζ0

[
1K0×K (xn, yn)

(
π
ζ0
n,n+k(ϕ)− π

ζ0νi
n,n+k(ϕ)

)2
]

+4‖ϕ‖2Pζ0

{
(xn, yn) �∈ K0 ×K0

}

≤ Eζ0

[
1K0×K (xn, yn) 1K1×...×Kk (yn+1, . . . , yn+k)

(
π
ζ0
n,n+k(ϕ)− π

ζ0νi
n,n+k(ϕ)

)2
]

+Eζ0

[
4‖ϕ‖21K0×K (xn, yn) Pxnyn {(y1, . . . , yk) �∈ K1 ×Kk}

]

+ε
3

≤ ε

3
+ 4‖ϕ‖2 1

12‖ϕ‖2
+ ε

3
= ε. (63)
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Finally, substituting (58), (59) and (63) in (55) we have forn ≥ max{n(ε, k), n(ε, k),
n0} and i = 1, 2

Eζ0

(
π
ζ0
n+k(ϕ)− π

ζ0νi
n+k(ϕ)

)2
≤ 9ε

and consequently for n large enough

Eζ0

(
π
ζ0ν1
n+k (ϕ)− π

ζ0ν2
n+k (ϕ)

)2

≤ 2

[
Eζ0

(
π
ζ0ν1
n+k (ϕ)− π

ζ0
n+k(ϕ)

)2
+ Eζ0

(
π
ζ0
n+k(ϕ)− π

ζ0ν2
n+k (ϕ)

)2
]

≤ 36ε

from which the conclusion follows. ��
In the remaining part of this section we shall show that assumption (C3) holds under
rather mild conditions. The main results are given in Proposition 5 and Corollary 4
below. The following assumption will also be used

(D1) the set {y ′ : r(x, y, y ′) > 0} does not depend on x and will be denoted by
�(y).

Consider for y, y ′ ∈ E and ν ∈ P(E0) the measure on E0

N
(
y, y ′, ν

)
(A) =

∫

A

r
(
x ′, y, y ′)

∫

E0

P
(
x, dx ′) ν(dx) (64)

and define recursively the random measures on E0 (µ0 × η0 is the law of (x0, y0))

ρ
µ0η0
0 (A) = µ0(A)

ρ
µ0η0
n+1 (A) = N

(
yn, yn+1, ρ

µ0η0
n

)
(A) (65)

for A ∈ B(E0), n = 0, 1, 2, . . . .
We have by (6) and (7) for A ∈ B(E0)

πµ0η0
n (A) = ρ

µ0η0
n (A)

ρ
µ0η0
n (E0)

P a.s. (66)

and by Corollary 1, ρµ0η0 (E0)n > 0, P a.s.
Define on the σ -field Y∞ = σ {y0, y1, . . . } a new probability measure P 0 such

that, denoting by P|n and P 0
|n the restrictions to Yn of P and P 0, respectively, we

have

P|n(dω) = ρµ0η0
n (E0) P

0
|n(dω). (67)

We have, using Bayes formula,

Lemma 15 Assume that (D1) holds. Then, under P 0 the observation process (yn)
is Markov with transition operator

P1(y,A) = η(�(y) ∩ A)
η(�(y))

(68)

and initial law η0.
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With reference to (64) and (65) in what follows we shall use the notations

N1 (y0, y1, ν) = N (y0, y1, ν)

Nn (y0, . . . , yn, ν) = N (yn−1, yn,Nn−1 (y0, . . . , yn−1, ν))

for n > 1 and furthermore for n ≥ 1, Nn(y0, . . . , yn, x) corresponds to the case
ν(dx ′) = δx(dx ′).

Following the arguments in [B1] we have

Proposition 5 If there exists k ≥ 0 such that the random measure πµ0η0
k is abso-

lutely continuous with respect to πνη0
k , then Rµ0η0 is absolutely continuous with

respect to Rνη0 .

Proof For A ∈ B(En+1) we have

Rµ0η0(A× E × E × . . . ) = Pµ0η0 {(y0, . . . , yn) ∈ A}
= E0

{
ρµ0η0
n (E0) 1A (y0, . . . , yn)

}

= E0
{
Nn−k

(
yk, . . . , yn, ρ

µ0η0
k

)
(E0) 1A (y0, . . . , yn)

}

= E0

{
Nn−k

(
yk, . . . , yn,

dπ
µ0η0
k

dπ
νη0
k

π
νη0
k

)
(E0) ρ

µ0η0
k (E0) 1A (y0, . . . , yn)

}

≤ KE0
{
Nn−k

(
yk, . . . , yn, π

νη0
k

)
(E0) ρ

µ0η0
k (E0)1A (y0, . . . , yn)

}

+E0

{∫

E0

Nn−k (yk, . . . , yn, x) (E0) 1{
x:

dπ
µ0η0
k

dπ
νη0
k

(x)>K

}π
µ0η0
k (dx)

ρ
µ0η0
k (E0) 1A (y0, . . . , yn)

}

≤ KLE0
{
Nn−k

(
yk, . . . , yn, π

νη0
k

)
(E0) ρ

νη0
k (E0)1A (y0, . . . , yn)

}

+KE0

{

Nn−k
(
yk, . . . , yn, π

νη0
k

)
(E0) 1{

ρ
µ0η0
k (E0)

ρ
νη0
k (E0)

>L

}ρ
µ0η0
k (E0)

}

+E0

{∫

E0

Nn−k (yk, . . . , yn, x) (E0) 1{
x:

dπ
µ0η0
k

dπ
νη0
k

(x)>K

}ρ
µ0η0
k (dx)

}

= KLE0
{
Nn−k

(
yk, . . . , yn, ρ

νη0
k

)
(E0) 1A (y0, . . . , yn)

}

+KE0

{

ρ
µ0η0
k (E0) 1{

ρ
µ0η0
k (E0)

ρ
νη0
k (E0)

>L

}

}

+E0

{∫

E0

1{
x:

dπ
µ0η0
k

dπ
νη0
k

(x)>K

}ρ
µ0η0
k (dx)

}

= KLRνη0(A)+KC1(L)+ C2(K)

where C1(L) → 0 as L → ∞ and C2(K) → 0 as K → ∞.
Consequently, for any A ∈ B(EN) we have

Rµ0η0(A) ≤ KLRνη0(A)+KC1(L)+ C2(K) (69)
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so that for Rνη0(A) = 0 letting L → ∞ and then K → ∞ we have that also
Rµ0η0(A) = 0, thus concluding the proof. ��
Corollary 5 Assume (D1) holds and there exits k ≥ 0 such that the probabil-
ity measure µ0P

k is absolutely continuous with respect to νP k , then the random
probability measure πµ0η0

k is absolutely continuous with respect to πνη0
k , P0 a.s.

Proof Since by Lemma 15 (yn) is a P 0 Markov process we have

r (x, yi−1, yi) > 0 for all x ∈ E0 P 0 a.s. (70)

If πνη0
k (A) = 0 we have ρνη0

k (A) = 0 or equivalently
∫

A

∫

E0

. . .

∫

E0

r (z, yk−1, yk) P (x(k − 1), dz) r (x(k − 1), yk−2, yk−1)

P (x(k − 2), dx(k − 1)) . . . r (x(1), y0, y1) P (ν, dx(1)) = 0

and as a consequence of (70) we have νP k(A) = 0. Then µP k(A) = 0 and using
(70) again we have ρµ0ν

k (A) = 0. ��
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