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Maximum likelihood estimates for multinomial probabilities
via geometric programming

By M. MAZUMDAR axp T. R. JEFFERSON
Department of Industrial Engineering, University of Pittsburgh, Pennsylvania, U.S.A.

SUMMARY

This paper illustrates how the duality theory of geometric programming and the
special methods available for solution can be used to obtain maximum likelihood
estimates for multinomial probabilities. Three examples are given.

Some key words: Duality; Nonlinear programming; Posynomial; Signomial program.

1. INTRODUCTION

The purpose of this paper is to illustrate the use of geometric programming to obtain
maximum likelihood estimates for multinomial probabilities. Three examples are given.
The first example (Rao, 1973, p. 370) pertains to estimation of gene frequencies from
observed data on blood groups. The second example refers to a problem of estimating
compounded probabilities that was considered by Fisher (1942). The third example is a
problem of Samamego & Jones (1981) relatmg to estimation for a class of multinomial
distributions arising in reliability.

Geometric programming considers the following classes of optimization problems
involving ‘posynomials’ in ¢ = (¢, ..., ¢,): minimize g,(t) subject to g (t) < 1 (k= 1, ..., p)
and positivity conditions t; >0 (j = 1,...,m), where

o[l (k=0,1,...,p),
te[k] s
[k]=mk,mk+].,...,nk (k=0,].,...,p),
mo=1, my=no+1l,...m,=n,_;+1, n,=n.

Here, the sets [k] are a collection of disjoint index sets which form a sequential partition of
the integers 1 to n, the a;; are arbitrary real numbers and the coefficients c; are positive.
The name posynomial is derived from the fact that the functions have polynomial forms
with positive coefficients. The dual of this program is given by: maximize

v(0) = T (@/69% T Au(d)™®,
i=1 k=1

where

()= 8 (k=1,...,p)

ie[k]

subject to the linear constraints

§]5,= ]., 'Zlaii5i=0 (j= 1,...,m), 5,20 (7;= 1,...,’)’&).
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The solutions to the primal and dual programs, denoted by t* and 6* respecitvely, are
related by g¢,(t*) = v(6*) and

S¥u(6%) i€ [0],

cijljl b= {5?‘//1k(5*) ie[k], M(0*)>0 (k=1,...,p). (1)

The quantity n — (m + 1) is termed the degree of difficulty of a geometric program and is a
measure of the computational complexity of the dual program. The basic theory of
geometric programming was developed by Duffin, Peterson & Zener (1967, Chapter 3).
Ecker (1980) surveys the method, applications and solution algorithms for geometric
programming.

One of the requirements for the application of geometric programming is that the
constraints must be inequalities. The inequality ensures that for the problem a local
minimum is a global minimum. If for example probabilities must sum to 1 (p+¢ =1) it
does not matter if we search over a larger set of values (p+¢ < 1) provided only that the
optimum solution satisfies the equality. Modelling the replacement of equalities by
inequalities requires some insight or failing that trial and error. From a well-known
result in mathematical programming (Luenberger, 1973, p. 232), we know that at
optimality every equality may be relaxed to an inequality of greater than or less than
form according to the sign of Lagrange multiplier. In the geometric programming
formulation, the 4;’s represent these multipliers. A constraint is binding if the multiplier
A is nonzero and if the constraint is inactive, the multiplier is zero.

An extension to geometric programming called signomial programming addresses the
restriction that the coefficients c; be positive. It has been shown by Duffin & Peterson
(1972) that a program with negative coefficients may be transformed into a problem with
posynomials but with constraints reversed from less than to greater than inequalities.
The form is to minimize g, (¢) subject to

)<l (k=1,...,p) g(t)=1 (k=p+1,...,7), t;=0.

The last r —p constraints are called reversed constraints. With this extension, while one
can guarantee to improve any feasible solution, one can no longer guarantee that the
local problem is a global optimum.

Computer codes for solving geometric programs with and without reversed constraints
have been available for a number of years and are generally reliable. The algorithm used
here was developed by Avriel, Dembo & Passy (1975). It relies on a log linear
approximation of the posynomials and linear programming.

2. THE MAXIMUM LIKELTHOOD PROBLEMS
2-1. Hstimation of gene frequencies of blood groups

The first example (Rao, 1973, p. 370) refers to the estimation of gene frequencies of
blood groups for the ABO system. If the gene frequencies of A, B and O are denoted by p,
gand r (p+q+r = 1), then the probabilities of the four blood groups O, A, B and AB are
respectively 72, p(p+2r), ¢(g+2r) and 2pq.

Let the observed relative frequency for the four classes O, A, B and AB be denoted by
f1, f2, f3 and f,. The likelihood function is proportional to

L(p,q,r) = (r*)(p +2pr)"*(¢* + 2qr)(2pg)”*
- 2f4pfz+fa qf3+f4(1 —p—q)“‘(Q—p—2q)f2(2—q—2p)f3.
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The maximization of L with respect to p and ¢ can be shown to be equivalent to the
following geometric programming problem, if wesett; = p, ¢, =qandt; =1—p—qg =1
minimize
tl—(f2+f4)t2—(f3+f4)t3—2[1 t;fz ts‘fs,
subject to
b4+ttt <1, 3+t +5ta <1, ti+3,+3s<1, ;>0 (j=1,....5). (21)

The dual program is to maximize

10 /1\% 3 Y
;l=—[1<5_,> e

where
11=52+53+54, 12=55+56+57’ A3=58+59+510
subject to
5,20 (i=1,..,10), &, =1,
—(fo+ fa)01+0,4+05+05 =0, —(f3+fa)01+03+056+69=0, (22)
—2f10,4+8,=0, —f06,+0;=0, —f30,+06;0=0. (2:3)

The positivity of 8%, 6% and 6%, shows that 4,(6*) > 0 (k = 1,2, 3). Thus the constraints
(21) are active. This geometric programming has degree of difficulty 4. From (1:1) with
(2-1), (2:2) and (2:3), the optimum &¥ should satisfy
0% _ 0% _ o8
SE+0%+2f, O +0 +f, O5+05+[s
S5 +o5+2f, Ot+ot+f, OSE+S5+fs U
0540+ =f,+fs, 03+0E+05 = fa+ fa
These are six equations in six unknows 8%, 6%, 6%, 6%, 0% and 05, which can now be solved

in an iterative manner (Rijckaert & Martens, 1976), requiring only solutions of sets of
simultaneous linear equations.

— %
_tl’

2:2. Estimates in the case of compounded probabilities

Fisher (1942) considered maximum likelihood estimation of p and p’, where the
likelihood function is

Lp,p) = p*(1—p)* " p" (1= p)*~*(pp)) (1 —pp')"™",
This is equivalent to the following geometric programming problem. Minimize
tl—(a+c) tz—(b+c)t3—(A—a) t4—(B—b) ts_(C—C)’
subject to
bi4ts <1, b4ty <1, tit,+ts<1, >0 (j=1,...,5).

The dual problem is to maximize
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where
Ay =10,+03, Ay =0,+05, Ay =20g+96,,
subject to
6, =1, —(a+¢c)d;4+0,+06=0, —(b+¢)d;+d,+5=0,
—(A=-a)d,;+53=0, —(B=b)3;+5=0, —(C—¢)6;+,=0, 6,20 (=2,...,7).

From (1-1) we now obtain

% 08 \__% _p
ot+oy)\ox+ot) "oz res 1

Thus, with 6§ =c— 1,
(@+A) (b+A)(C—A) = (A+ 1) (B+A)(c—4), (2:4)
a quadratic equation in 4. Also, because §; = 0, since
A=c—0f =0%—a= 05—,

the root of (2:4), which lies between max (—a, —b) and ¢, should be chosen to compute
the maximum likelihood estimates of p and p’, which will be equal to t¥ and ¢,
respectively.

Equation (2-4) was derived by Fisher by differentiation and algebraic manipulation of
the resulting equations. We have shown here how this equation follows directly from a
routine application of the geometric programming procedure.

2:3. Success probabilities based on observations on sums of k Bernoulli random variables

This example has been recently considered by Samaniego & Jones (1981). Let
X; (¢ =1,...,k) be independent Bernoulli random variables with potentially different
probabilities of success, p; (¢ =1,..., k). Let Y = X, + ... + X}, and assume that it is not
possible to observe the individual X;’s, but that a random sample Y, ..., ¥, is available.
This model arises in a reliability context.

Let n; denote the observed frequency of the event Y =4 for 1 =0,1,...,k in the
random sample of size n. Maximization of the likelihood function with respect to p turns
out to be computationally difficult when conventional optimization algorithms are used.
Samaniego & Jones, therefore, pursue an approach which cannot be guaranteed to
produce the maximum likelihood estimate for a fixed sample size, but which can be
shown to produce this estimate with limiting probability one when the components of p
are distinct. The solution is obtained by first finding the k roots g(i, of the kth degree
polynomial equation

k
p(x)= Y (=1)fma*"t =0 (2:5)
i=0
ordered from the smallest to the largest modulus, and setting g, = 67(,~,/ (1 +67(i)), where
Py --+» Py TePresent the ordered parameter vector, p; < P+ 1)

We now show that a geometric program with reversed constraints can be used to
obtain numerical values of maximum likelihood estimates in this case even when (2-5)
does not have positive real roots. The problem can be solved for any k£ and n, but our
discussion is illustrated by the case k = 3. The likelihood function is then, with
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¢ =1-pp
L(n,p) = (¢19295)" (419293 + 4243 P1 + 43 41 P2)"

X(¢1P2P3+ 422301+ 43 P102)" (01 P2P3)".
This has the following formulation using reversed constraints, a signomial program.
Minimize
tl—notz_nots_not;nii ts_nfl t6_n3 t;nl t8—n2
subject to
b+t <1, ty+is <1, b+t <1,
17 b bttt Mt ta bt Mgt ts =1, tg it tste g Myt ttg ttytats > 1,
t;i>0 (j=1,...,8).

Since the above program is not convex, it is not possible to guarantee that a unique
minimum exists. However, if it possesses a unique minimizing solution, it can be found
by applying any one of the available geometric programming codes.

A solution to the optimization problem is now illustrated with reference to the
hypothetical set of observations ny =7, ny =4, n, = 3, ny = 6. Here, (2:5) reduces to
72® —4x% 4+ 32— 6 = 0. This has roots

—-3+./(—159 —-3—/(—159
=10, z,= \{4(1 ), Ty = \{i ).

Thus, the maximum likelihood estimates cannot be obtained here by using the procedure
of Samaniego & Jones. The numerical solution is found by applying the algorithm of
Avriel, Dembo & Passy (1975), which yields

f)(l) = ZA)(Z) = f’(:;) = 04167.

This was verified to be a global maximum for the maximum likelihood problem.
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