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Abstract. For the invariant decision problem of estimating a continuous dis-
tribution function F with two entropy loss functions, it is proved that the best
invariant estimators d0 exist and are the same as the best invariant estimator
of a continuous distribution function under the squared error loss function
LðF ; dÞ ¼

Ð
jFðtÞ � dðtÞj2 dFðtÞ. They are minimax for any sample size nb 1.

1. Introduction

The best invariant estimators for a continuous distribution function under
monotone transformations and the weighted Cramér-von Mises loss function
or more general invariant loss functions were introduced by Aggarwal (1955).
Yu (1992a) proved that the best invariant estimator is minimax for nb 1
under the loss

LðF ; dÞ ¼
ð
jF ðtÞ � dðtÞjrhðFðtÞÞ dF ðtÞ; ð1:1Þ

where rb 1, h is a nonnegative weight function and d is a nondecreasing
function from R into ½0; 1�.

Yu and Phadia (1992) proved that the best invariant estimator is minimax
for nb 1 under the Kolmogorov-Smirnov loss function

LðF ; dÞ ¼ sup
t
fjF ðtÞ � dðtÞjg: ð1:2Þ

In order to evaluate the performance of an estimator of a distribution func-
tion, we consider another measure of the distance between a probability dis-
tribution and its estimator. For this we use the well-known Kullback-Leibler
divergence or entropy loss functions.

First, let Y be a random variable with density fyð
Þ and consider the problem



of estimating y under the entropy loss function. If the unknown value y of the
parameter is estimated by a number d, then the loss is given by the formula

Lðy; dÞ ¼ Ey ln
fyðY Þ
fdðY Þ

� �� �
: ð1:3Þ

James and Stein (1961) introduced this loss for estimation of the multi-
normal variance-covariance matrix. See Brown (1968), Dey and Srinivasan
(1985), Ghosh and Yang (1988), Wieczorkowski and Zieliński (1992), Yang
(1992) and Kearns et al. (1994).

In some problems, (1.3) reduces to

Lðy; dÞ ¼ y

d
� ln

y

d
� 1; ð1:4Þ

or a multiple of this loss (for example when Y has a gamma distribution with
scale parameter y).

When developing decision theoretic nonparametric results, one often con-
verts the nonparametric problems to parametric problems with binomial or
multinomial distributions. Yu (1992b) and Yu and Kuo (1995) investigated
the connection between the nonparametric problem of estimating an unknown
continuous (or discrete) distribution function and the parametric problem of
estimating the probability of a success of a binomial distribution.

Let Z be a random variable such that

PyðZ ¼ zÞ ¼ n

i

� �
yzð1 � yÞn�z; z ¼ 0; . . . ; n;

where y A ½0; 1� is the unknown parameter (Z@Bðn; yÞ). In the problem of
estimating y by a number d A ½0; 1�, the entropy loss function is given by the
formula

Lðy; dÞ ¼
Xn

z¼0

ln
PyðZ ¼ zÞ
PdðZ ¼ zÞPyðZ ¼ zÞ

¼ n y ln
y

d
þ ð1 � yÞ ln

1 � y

1 � d

� 	
; ð1:5Þ

where c ln 0 is defined to be 0 and þy for c ¼ 0 and c < 0, respectively. See
e.g., Kullback (1959), Renyi (1962), Sakamoto et al. (1986) and Zieliński
(1990).

A general form of the entropy loss functions, in the nonparametric prob-
lem (which we call the binomial-entropy loss), is as follows

LðF ; dÞ ¼ n

ð
FðtÞ ln

F ðtÞ
dðtÞ

� �
þ ð1 � F ðtÞÞ ln

1 � FðtÞ
1 � dðtÞ

� �� 	
dWðtÞ; ð1:6Þ

where W is a finite measure (cf. (1.5)).
In this paper, we consider the nonparametric problem of estimating an

absolutely continuous distribution function F under two invariant entropy loss
functions, which are modified versions of the losses (1.4) and (1.5), to wit
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LðF ; dÞ ¼
ð

FðtÞ
dðtÞ � ln

FðtÞ
dðtÞ

� �
� 1

� �
dFðtÞ ð1:7Þ

and

LðF ; dÞ ¼ n

ð
FðtÞ ln

F ðtÞ
dðtÞ

� �
þ ð1 � F ðtÞÞ ln

1 � FðtÞ
1 � dðtÞ

� �� 	
dFðtÞ: ð1:8Þ

Note that the loss (1.8) is the binomial-entropy loss function (1.6) with
W ¼ F . It is symmetric (i.e., LðF ; dÞ ¼ Lð1 � F ; 1 � dÞ) whereas the loss (1.7)
is asymmetric. Note also that these loss functions are of the form

LðF ; dÞ ¼
ð
lðF ðtÞ; dðtÞÞ dF ðtÞ; ð1:9Þ

where lðx; yÞ is a nonnegative, continuous function that is di¤erentiable as a
function of y and has a unique minimum at y0 A ð0; 1Þ.

In Section 2 we obtain the best invariant estimator of F under the losses
(1.7) and (1.8). These estimators are the same as the best invariant estimator
of F, under the loss (1.1) with r ¼ 2 and h1 1. In Section 3 we prove that the
best invariant estimator is minimax under the losses (1.7) and (1.8) for nb 1.

2. The best invariant estimator

Let X ¼ ðX1; . . . ;XnÞ be a random sample of size n from an unknown abso-
lutely continuous distribution function F. Without loss of generality, we as-
sume F to have support on ð0; 1Þ. Suppose Y ¼ ðY1; . . . ;YnÞ is the vector of
order statistics of X1; . . . ;Xn, Y0 ¼ 0 and Ynþ1 ¼ 1. The action space and pa-
rameter space are given by

A ¼ fdðtÞ : dðtÞ is a nondecreasing function from ð0; 1Þ into ½0; 1�g
and

Yc ¼ fP : P is an absolutely continuous distribution on ð0; 1Þg:
Alternatively, we shall indicate a distribution P A Yc by its distribution func-
tion F and by an abuse of notation write e.g. F A Yc. We shall also restrict
attention to nonrandomized estimators which are functions of the order sta-
tistics Y, since they form an essentially complete class (see for example Yu &
Chow (1991)). For convenience, we write d ¼ dðtÞ ¼ dðX; tÞ ¼ dðY; tÞ. Also,
let G be the group of transformations

G ¼ fgj : gjðy1; . . . ; ynÞ ¼ ðjðy1Þ; . . . ; jðynÞÞg;
where j is a continuous and strictly increasing function from R into R. Then
the losses (1.7) and (1.8) and decision problem are invariant under G (see Fer-
guson (1967)).

Any invariant estimator of F is of the form

dðY; tÞ ¼
Xn

i¼0

ui1ðYi a t < Yiþ1Þ; 0 a u0 a u1 a 
 
 
a un a 1; ð2:1Þ

where 1ðAÞ is the indicator function of the set A and u1; . . . ; un are constants.
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The best invariant estimator of F under the loss (1.7) is obtained as fol-
lows. For any invariant estimator d,

LðF ; dÞ ¼
ð

FðtÞ
dðtÞ � ln

F ðtÞ
dðtÞ

� �
� 1

� �
dF ðtÞ

¼
Xn

i¼0

ðYiþ1

Yi

FðtÞ
dðtÞ � ln

FðtÞ
dðtÞ

� �
� 1

� �
dFðtÞ

¼
Xn

i¼0

ð FðYiþ1Þ

FðYiÞ

t

ui
� ln

t

ui

� �
� 1

� �
dt

¼
Xn

i¼0

LiðF ; dÞ

with Zi ¼ F ðYiÞ and LiðF ; dÞ ¼
Ð Ziþ1

Zi

t
ui
� ln t

ui


 �
� 1


 �
dt. We have

RðF ; dÞ ¼ EðLðF ; dÞÞ ¼
Xn

i¼0

EðLiðF ; dÞÞ ¼
Xn

i¼0

RiðF ; dÞ;

where

RiðF ; dÞ ¼ E

ðZiþ1

Zi

t

ui
� ln

t

ui

� �
� 1

� �
dt

� �

¼
ð1

0

ðZiþ1

0

ðZiþ1

Zi

t

ui
� ln

t

ui

� �
� 1

� �
dt dFZi ;Ziþ1

ðzi; ziþ1Þ

¼
ð1

0

ð1

t

ð t

0

t

ui
� ln

t

ui

� �
� 1

� �
dFZi ;Ziþ1

ðzi; ziþ1Þ dt

¼
ð1

0

t

ui
� ln

t

ui

� �
� 1

� � ð1

t

ð t

0

dFZi ;Ziþ1
ðzi; ziþ1Þ dt

¼
ð1

0

t

ui
� ln

t

ui

� �
� 1

� �
n

i

� �
tið1 � tÞn�i

dt

¼
n
i

� 

ui

ð1

0

tiþ1ð1 � tÞn�i
dt� n

i

� � ð1

0

ðln tÞtið1 � tÞn�i
dt

þ ½ðln uiÞ � 1� n

i

� � ð1

0

tið1 � tÞn�i
dt: ð2:2Þ

Note also that

q

qui
RiðF ; dÞ ¼ �

n
i

� 

u2
i

ð1

0

tiþ1ð1 � tÞn�i
dtþ

n
i

� 

ui

ð1

0

tið1 � tÞn�i
dt:
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If q
qui

RiðF ; dÞ ¼ 0, then

ui ¼
Ð 1

0 tiþ1ð1 � tÞn�i
dtÐ 1

0 tið1 � tÞn�i
dt

or

ui ¼
i þ 1

nþ 2
; i ¼ 0; 1; . . . ; n;

and q2

qu2
i

RiðF ; dÞ > 0. Thus the best invariant estimator of F under the loss (1.7)
is

d0 ¼ d0ðY; tÞ ¼
Xn

i¼0

i þ 1

nþ 2
1ðYi a t < Yiþ1Þ; i ¼ 0; . . . ; n: ð2:3Þ

Similarly, we can obtain the best invariant estimator of F under the loss (1.8)
which is the same as in (2.3). Let Y be the class of all probability distributions
on R with continuous distribution functions. Then d0 defined by (2.3) is also
the best invariant estimator of F under the losses (1.7) and (1.8) and the pa-
rameter space Y. Notice that this estimator is the best invariant estimator of F
under the quadratic loss (1.1) (with r ¼ 2 and h1 1) (see Yu (1992c) or Ag-
garwal (1955)).

3. Minimaxity of the best invariant estimator

In this section, it is proved that the best invariant estimator d0 is minimax for
all sample sizes nb 1 under the losses (1.7) and (1.8) and P A Yc. Here is the
notation that we use hereafter.

Let U0 be the set of all classical invariant estimators (the estimators of the
form (2.1)) and V be the set of all estimators with finite risks for all P A Yc.
Given a one-dimensional measurable set B, let Bk denote the k-fold product
set B� 
 
 
 � B. We denote the Lebesgue measure by m, and let mk denote the
k-fold product measure m� 
 
 
 �m. By a.e. ½m�, we mean almost everywhere
with respect to Lebesgue measure.

The proof of our main result depends on the following results. A k-
dimensional hypercube is a set C ¼ fx ¼ ðx1; . . . ; xkÞ : ai a xi a ai þ r; i ¼
1; . . . ; kg with r > 0. The following lemma is an immediate consequence of
Lebesgue’s di¤erentiation theorem (cf. Zaanen (1958), p. 156).

Lemma 3.1. For every Lebesgue measurable set BHRk with mkðBÞ > 0
and every a A ð0; 1Þ, there exists a hypercube CHRk with mkðCXBÞb

ð1 � aÞmkðCÞ > 0.

For a Lebesgue measurable function f : Rk ! R, the Ly-norm or the
essential supremum of j f j is defined by

k f ky ¼ inffM : j f jaM a:e: ½mk�g

¼ inffM : mkfx A Rk : j f ðxÞj > Mg ¼ 0g;
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with the convention that k f ky ¼ y if and only if for every M > 0,
mkfx A Rk : j f ðxÞj > Mg > 0. It is easy to see (see Dudley (1989), p. 118) that
j f ja k f ky a.e. ½mk�. We shall prove

Lemma 3.2. Let f : Rk ! Rþ be a nonnegative Lebesgue measurable function
with k f ky ¼ y. Then there exists an absolutely continuous probability mea-
sure P on R such that for the k-fold product measure Pk ¼ P� 
 
 
 � P on
Rk

Ð
f dPk ¼ y.

Remark 3.1. Note that Lemma 3.2 is trivial if Pk is allowed to be any abso-
lutely continuous probability distribution on Rk rather than a product distri-
bution with identical marginals.

Proof of Lemma 3.2: Choose a positive integer q and define the Lebesgue
measurable set

B ¼ fx A Rk : f ðxÞb 2qðk2qÞkg:

As f is nonnegative and k f ky ¼ y, B has positive Lebesgue measure.
According to Lemma 3.1, there exists a hypercube C ¼ fx ¼ ðx1; . . . ; xkÞ :
ai a xi a ai þ r; i ¼ 1; . . . ; kg with r > 0, such that mkðCXBÞb ð1=2ÞmkðCÞ
> 0. Let A ¼ 6k

i¼1
½ai; ai þ r� denote the union of the 1-dimensional inter-

vals ½ai; ai þ r� and let m be the absolutely continuous measure on R defined
for any Lebesgue measurable set DHR by mðDÞ ¼ ð2qmðAÞÞ�1

mðDXAÞ.
Thus m distributes a total measure 2�q uniformly over the union of the in-
tervals ½ai; ai þ r� and because these intervals have equal lengths, each is
assigned measure mð½ai; ai þ r�Þb ðk2qÞ�1, i ¼ 1; . . . ; k. It follows that the k-
dimensional product measure mk assigns measure mkðCÞ ¼

Q
i mð½ai; ai þ r�Þb

ðk2qÞ�k to the k-dimensional hypercube C and distributes this measure uni-
formly over C. In other words,

mkðC 0Þb ðk2qÞ�k½mkðC 0Þ=mkðCÞ�

for any Lebesgue measurable set C 0 HC. Hence

mkðBÞb mkðCXBÞb ðk2qÞ�k½mkðCXBÞ=mkðCÞ�b ð1=2Þðk2qÞ�k

and

ð
f dmk

b inff f ðxÞ : x A Bg 
 mkðBÞb q:

If we now introduce the dependence on the positive integer q in our nota-
tion, we have constructed an absolutely continuous measure mq on R with
mqðRÞ ¼ 2�q and such that

Ð
f dmk

q b q. Carrying out this construction for
q ¼ 1; 2; . . . ; and defining P ¼

P
q mq, we see that P is an absolutely continu-

ous probability measure with
Ð
f dPk b

Ð
f dmk

q b q for any q ¼ 1; 2; . . . : r

Remark 3.2. Of course Lemma 3.2 continues to hold for f : ½0; 1�k ! Rþ and
in that case P is an absolutely continuous probability measure on ½0; 1�.
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Lemma 3.3. Let nb 1 and d be a nonrandomized estimator of F A Yc. If d A V
under the loss (1.7), then 1

d

�� ��
y
< y. Hence there exists a number ld A ð0; 1Þ

such that dðX; tÞb ld a.e. ½mnþ1�.

Proof: Let 1
d

�� ��
y
¼ þy. According to Lemma 3.2, there exists an absolutely

continuous distribution function F on ð0; 1Þ such that EF

Ð
1

dðX;tÞ dF ðtÞ

 �

¼
þy. Let GðtÞ ¼

ffiffiffiffiffiffiffiffiffi
F ðtÞ

p
. Then G A Yc and dFðtÞ ¼ 2GðtÞ dGðtÞ. Now,

EG

ð
GðtÞ
dðX; tÞ dGðtÞ

� �
bEG

ð
GðtÞGðX1Þ . . .GðXnÞ

dðX; tÞ dGðtÞ
� �

¼ EF

ð
1

2nþ1 dðX; tÞ dF ðtÞ
� �

¼ þy:

Note that the function 1 � ln x
x

is minimized when x ¼ e, hence

RðG; dÞ ¼ EG

ð1

0

GðtÞ
dðtÞ � ln

GðtÞ
dðtÞ � 1

� �
dGðtÞ

� 	

¼ EG

ð1

0

GðtÞ
dðtÞ 1 �

ln
GðtÞ
dðtÞ

GðtÞ
dðtÞ

0
BB@

1
CCA dGðtÞ

8>><
>>:

9>>=
>>;

� 1

b 1 � 1

e

� �
EG

ð1

0

GðtÞ
dðtÞ dGðtÞ

� 	
� 1

¼ þy:

This is a contradiction with d A V . Consequently 1
d

�� ��
y
< y. r

Remark 3.3. Lemma 3.3 implies that under the loss (1.7),

V ¼ V1 ¼ fdðtÞ : bld A ð0; 1Þ; ld a dðX; tÞ a:e: ½mnþ1�g:

Lemma 3.4. For any two estimators d and d � in V1 and F A Yc,

jlðFðtÞ; dðtÞÞ � lðF ðtÞ; d �ðtÞÞja 2jdðtÞ � d �ðtÞj
ðminfld ; ld �gÞ2

; a:e: ½mnþ1�; ð3:1Þ

with lðx; yÞ ¼ x
y
� ln x

y
� 1.

Proof: Let x A ð0; 1Þ and y; z A ½r; 1Þ with r A ð0; 1Þ. Then
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jlðx; yÞ � lðx; zÞj ¼ x

y
� ln

x

y
� x

z
þ ln

x

z

    
    

a x
jz� yj
r2

þ jln y� ln zj

a
jz� yj
r2

þ jz� yj
r

a
2jz� yj

r2
:

Taking r ¼ minfld ; ld �g, (3.1) follows. r

Lemma 3.5. Let nb 1 and d be a nonrandomized estimator of F A Yc. If
d A V under the loss (1.8), then k�ln dky < y and k�lnð1 � dÞky < y.
Hence there exists a number ld A ð0; 1=2Þ such that ld a dðX; tÞa 1 � ld a.e.
½mnþ1�.

Proof: Let k�ln dky ¼ y. According to Lemma 3.2, there exists an
absolutely continuous distribution function F on ð0; 1Þ such that
EF ð

Ð
ln dðX; tÞ dFðtÞÞ ¼ �y. Let GðtÞ ¼

ffiffiffiffiffiffiffiffiffi
FðtÞ

p
. Then G A Yc and dFðtÞ ¼

2GðtÞ dGðtÞ. Now,

�EG

ð
ln dðX; tÞGðtÞ dGðtÞ

� �

b�EG

ð
ln dðX; tÞGðtÞGðX1Þ . . .GðXnÞ dGðtÞ

� �

¼ � 1

2nþ1
EF

ð
ln dðX; tÞ dFðtÞ

� �

¼ þy:

For this G, under the loss (1.8),

RðG; dÞ ¼ EG

ð1

0

GðtÞ ln
GðtÞ
dðtÞ

� �
þ ð1 � GðtÞÞ ln

1 � GðtÞ
1 � dðtÞ

� �� �
dGðtÞ

� 	

¼ �EG

ð1

0

GðtÞ ln dðtÞ dGðtÞ
� 	

� EG

ð1

0

ð1 � GðtÞÞ lnð1 � dðtÞÞ dGðtÞ
� 	

þ
ð 1

0

ðGðtÞ lnGðtÞ þ ð1 � GðtÞÞ lnð1 � GðtÞÞÞ dGðtÞ:
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Note that

�EG

ð1

0

ð1 � GðtÞÞ lnð1 � dðtÞÞ dGðtÞ
� 	

b 0

and

ð1

0

ðGðtÞ lnGðtÞ þ ð1 � GðtÞÞ lnð1 � GðtÞÞÞ dGðtÞ
    

    < y:

Since �EGð
Ð

ln dðX; tÞGðtÞ dGðtÞÞ ¼ þy, it follows that RðG; dÞ ¼ þy. This
is a contradiction with d A V . Consequently k�ln dky < y. By the symmetry
of the loss (1.8), k�lnð1 � dÞky < y. r

Remark 3.4. Lemma 3.5 implies that under the loss (1.8),

V ¼ V2 ¼ fdðtÞ : bld A ð0; 1=2Þ; ld a dðX; tÞa 1 � ld a:e: ½mnþ1�g:

Lemma 3.6. For any two estimators d and d � in V2, (3.1) holds with lðx; yÞ ¼
x lnðx=yÞ þ ð1 � xÞ lnfð1 � xÞ=ð1 � yÞg.

Proof: Let x A ð0; 1Þ and y; z A ½r; 1 � r� with 0 < r < 1=2. Then

jlðx; yÞ � lðx; zÞj ¼ x ln
x

y
þ ð1 � xÞ ln

1 � x

1 � y
� x ln

x

z
� ð1 � xÞ ln

1 � x

1 � z

    
    

a xjln z� ln yj þ ð1 � xÞjlnð1 � yÞ � lnð1 � zÞj

a 2
jz� yj

r

a 2
jz� yj
r2

Taking r ¼ minfld ; ld �g, (3.1) follows. r

Theorem 3.1 (Yu and Chow 1991, Theorem 4). Suppose that d ¼ dðY; tÞ A V is
a nonrandomized estimator and that it is a (measurable) function of the order
statistics Y ¼ ðY1; . . . ;YnÞ. For any e; d > 0, there exists a uniform distribution
P on a Lebesgue-measurable subset JHR and an invariant estimator d1 such
that

Pnþ1fðY; tÞ : jdðY; tÞ � d1ðY; tÞjb ega d: ð3:2Þ

Remark 3.5. Consider the loss (1.7). In Theorem 3.1, we may assume that
d1 A V1 and satisfies d1 b ld , where ld is the a.e. lower bound for d in Lemma
3.3. To see this, suppose d1ðtÞ ¼

Pn
i¼0 vi1ðYi a t < Yiþ1Þ and d1 B V . Then

obviously v0 ¼ 0 (see (2.2)). Take wi ¼ maxfvi; ldg for i ¼ 0; . . . ; n and define

d2ðY; tÞ ¼
Xn

i¼0

wi1ðYi a t < Yiþ1Þ:
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Then d2 A U0 XV and

jdðY; tÞ � d1ðY; tÞjb jdðY; tÞ � d2ðY; tÞj; a:e: ½mnþ1�:

Hence, for any e; d > 0 and P as in Theorem 3.1,

Pnþ1fðY; tÞ : jdðY; tÞ � d2ðY; tÞjb eg

aPnþ1fðY; tÞ : jdðY; tÞ � d1ðY; tÞjb eg

a d:

Similarly, we can assume that d1 in Theorem 3.1 is in V2 and satisfies
ld a d1 a 1 � ld , under the loss (1.8).

Lemma 3.7. Suppose that the sample size nb 1 and e > 0. Consider the loss
(1.7) or (1.8). Then, given any d A V there exist F � A Yc and d � A U0 XV
such that jRðF �; dÞ � RðF �; d �Þja e.

Proof: We first consider the case when the loss is given by (1.7), so
LðF ; dÞ ¼

Ð
lðF ; dÞ dF with lðx; yÞ ¼ x

y
� ln x

y
� 1. Let d A V . By Theorem 3.1

and Remark 3.5, there exists P� A Yc and d � A U0 XV with d � b ld such that

P� nþ1fðY; tÞ : jdðY; tÞ � d �ðY; tÞjb el2
d =4ga el 2

d =4: ð3:3Þ

Note that d � b ld implies that we may choose ld � ¼ ld in Lemma 3.4, so
that (3.1) holds with minfld ; ld �g replaced by ld . Thus if B ¼ fðY; tÞ :
jdðtÞ � d �ðtÞjb el 2

d =4g and F � denote the distribution function corresponding
to P�, then

jRðF �; dÞ � RðF �; d �Þj ¼ jEfLðF �; dÞg � EfLðF �; d �Þgj

aE

ð
jlðF �; dÞ � lðF �; d �Þj dF �ðtÞ

� 	

a
2

l 2
d

E

ð
jd � d �j dF �ðtÞ

� 	

a
2

l 2
d

ð
B

jd � d �j dF �ðtÞ dF �ðxÞ þ 2

l 2
d

l2
d e

4

a
2

l 2
d

P� nþ1ðBÞ þ e

2

a e:

The proof for the loss (1.8) uses Lemma 3.6 instead of Lemma 3.4. r

Now we can prove the minimaxity of d0.
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Theorem 3.2. For sample size nb 1, under the losses (1.7) and (1.8) and for Yc

and A as in Section 2, the best invariant estimator d0 is minimax.

Proof: Take e > 0 and let dðY; tÞ be an estimator with finite risk for all F A Yc.
By Lemma 3.7, there exists F A Yc and d � A U0 XV such that jRðF ; dÞ�
RðF ; d �Þja e. Because d0; d

� A U0, both have constant risk and as d0 is the
best invariant estimator, it follows that RðF ; d0ÞaRðF ; d �ÞaRðF ; dÞ þ e.
Now, since d and e are arbitrary, it follows that infd supF AY RðF ; dÞ ¼
RðF ; d0Þ. r

Remark 3.7. As d0 also has constant risk for the larger class of probability
distributions on R with continuous distribution functions, Theorem 3.2 im-
plies that d0 is minimax under the losses (1.7) and (1.8) for Y and A. Minimax
results are usually formulated for Y rather than Yc.

Remark 3.8. For the parametric problem of estimating a real valued param-
eter y, several authors use the entropy loss function

Lðy; dÞ ¼ d

y
� ln

d

y
� 1

rather than (1.4). If, in analogy, we consider the loss (1.9) with lðx; yÞ ¼ y

x
�

ln y
x
� 1, and d is an invariant estimator of the form (2.1), then (cf. (2.2))

RðF ; dÞ ¼
Xn

i¼0

n

i

� � ð1

0

ui

t
� ln

ui

t
� 1


 �
tið1 � tÞn�i

dt

b

ð1

0

u0

t
� ln

u0

t
� 1


 �
ð1 � tÞn dt

¼ þy:

Therefore the risk of the best invariant estimator is not finite.
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