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Abstract. For the invariant decision problem of estimating a continuous dis-
tribution function F with two entropy loss functions, it is proved that the best
invariant estimators d exist and are the same as the best invariant estimator
of a continuous distribution function under the squared error loss function
L(F,d)= [|F(1) — d(1))* dF (). They are minimax for any sample size n > 1.

1. Introduction

The best invariant estimators for a continuous distribution function under
monotone transformations and the weighted Cramér-von Mises loss function
or more general invariant loss functions were introduced by Aggarwal (1955).
Yu (1992a) proved that the best invariant estimator is minimax for n > 1
under the loss

L(F,d) = j|F<z) — d0)|"h(F (1)) dF (), (L1)

where » > 1, & is a nonnegative weight function and d is a nondecreasing
function from R into [0, 1].

Yu and Phadia (1992) proved that the best invariant estimator is minimax
for n > 1 under the Kolmogorov-Smirnov loss function

L(F,d) = sup{|F (1) — d(1)]} (1.2)

In order to evaluate the performance of an estimator of a distribution func-
tion, we consider another measure of the distance between a probability dis-
tribution and its estimator. For this we use the well-known Kullback-Leibler
divergence or entropy loss functions.

First, let Y be a random variable with density fy(-) and consider the problem
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of estimating ¢ under the entropy loss function. If the unknown value 0 of the
parameter is estimated by a number 6, then the loss is given by the formula

L(0,5) = Ey (m Lj’gﬂ) (1.3)

James and Stein (1961) introduced this loss for estimation of the multi-
normal variance-covariance matrix. See Brown (1968), Dey and Srinivasan
(1985), Ghosh and Yang (1988), Wieczorkowski and Zielinski (1992), Yang
(1992) and Kearns et al. (1994).

In some problems, (1.3) reduces to

0 0

L(6,0) 5 lné 1, (1.4)
or a multiple of this loss (for example when Y has a gamma distribution with
scale parameter 6).

When developing decision theoretic nonparametric results, one often con-
verts the nonparametric problems to parametric problems with binomial or
multinomial distributions. Yu (1992b) and Yu and Kuo (1995) investigated
the connection between the nonparametric problem of estimating an unknown
continuous (or discrete) distribution function and the parametric problem of
estimating the probability of a success of a binomial distribution.

Let Z be a random variable such that

Py(Z=z)= (’7)92(1 0", z=0,....n,

where 0 € [0,1] is the unknown parameter (Z ~ B(n,0)). In the problem of
estimating ¢ by a number ¢ € [0, 1], the entropy loss function is given by the
formula

L(0,6) = Xn:m})@(z—:?n}(z =)

0 1-6

where ¢In0 is defined to be 0 and +oo for ¢ = 0 and ¢ < 0, respectively. See
e.g., Kullback (1959), Renyi (1962), Sakamoto et al. (1986) and Zielinski
(1990).

A general form of the entropy loss functions, in the nonparametric prob-
lem (which we call the binomial-entropy loss), is as follows

L(F,d) = nJ{F(z) In (%) + (1 - F(1)) 1n(11 _5((3) } aw(n),  (1.6)

where W is a finite measure (cf. (1.5)).

In this paper, we consider the nonparametric problem of estimating an
absolutely continuous distribution function F under two invariant entropy loss
functions, which are modified versions of the losses (1.4) and (1.5), to wit
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L(F,d) = J(% — ln<%> - 1) dF (1) (1.7)
and
L(F,d) = nJ{F(z) In (%) + (1 = F(2) ln(lli—f;((;))) } dF(1). (1.8)

Note that the loss (1.8) is the binomial-entropy loss function (1.6) with
W = F. It is symmetric (i.e., L(F,d) = L(1 — F,1 — d)) whereas the loss (1.7)
is asymmetric. Note also that these loss functions are of the form

L(F,d) = Jl(F(t), d(1)) dF (1), (1.9)

where /(x, y) is a nonnegative, continuous function that is differentiable as a
function of y and has a unique minimum at y, € (0, 1).

In Section 2 we obtain the best invariant estimator of F under the losses
(1.7) and (1.8). These estimators are the same as the best invariant estimator
of F, under the loss (1.1) with r = 2 and / = 1. In Section 3 we prove that the
best invariant estimator is minimax under the losses (1.7) and (1.8) for n > 1.

2. The best invariant estimator

Let X = (Xi,...,X,) be a random sample of size n from an unknown abso-
lutely continuous distribution function F. Without loss of generality, we as-
sume F to have support on (0,1). Suppose Y = (17,..., Y,) is the vector of
order statistics of Xi,...,X,, Yo =0 and Y,.; = 1. The action space and pa-
rameter space are given by

o/ = {d(¢) : d(¢) is a nondecreasing function from (0, 1) into [0, 1]}
and
O, = {P: P is an absolutely continuous distribution on (0,1)}.

Alternatively, we shall indicate a distribution P € 6, by its distribution func-
tion F and by an abuse of notation write e.g. F' € ®.. We shall also restrict
attention to nonrandomized estimators which are functions of the order sta-
tistics Y, since they form an essentially complete class (see for example Yu &
Chow (1991)). For convenience, we write d = d(¢) = d(X,t) = d(Y, ). Also,
let 4 be the group of transformations

G =19y 9p(¥15--;0n) = (@(31), -, 0(¥n)},

where ¢ is a continuous and strictly increasing function from R into R. Then
the losses (1.7) and (1.8) and decision problem are invariant under ¥ (see Fer-
guson (1967)).

Any invariant estimator of F'is of the form

n
d(Y,1) :Zuil(Yi <t<Yy), O0<up<u <---<u, <1I, (2.1)
i=0

where 1(A) is the indicator function of the set 4 and u, ..., u, are constants.
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The best invariant estimator of F under the loss (1.7) is obtained as fol-
lows. For any invariant estimator d,

ey (50 (E0) 1 ar

>, GG 1) e

I
&
=
s

with Z; = F(Y;) and L;(F,d) = JZZ,-M (ui - ln(i) - 1) dt. We have

Ui

n

R(F,d) = E(L(F,d)) = S E(L(F.d) = > Ri(F,d),
i=0

i=0

where

Zin t t
Ri(F,d) = E(J <——ln(—) - 1> dt)
Z;i U; U;
1 ¢Ziy1 (Zin t t
= J J (— —1In (—) — 1) dtsz[,zM (ZhZiJrl)
0Jo Z; Ui Ui
Lplptyy P
-1 (__m(—) - 1) A7, 7.0 (2 zin0) di
0J: Jo\ui U '

Note also that

%Ri(F’d) B _QJI (- ’)""dl+QJ1 (1= )" dr.

ul»z() Ui Jo
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If - R;(F,d) = 0, then

a0 a
(1 =) de

i

or

uizﬂ, i=0,1,...,n
n+2

and %R,—(F ,d) > 0. Thus the best invariant estimator of F under the loss (1.7)
1s !

d*dWO*iﬁHMYq<Y) i=0,....n (2.3)
0 — 4ol X, 7i:0n 2 P> i+1) =0,...,n .

Similarly, we can obtain the best invariant estimator of F under the loss (1.8)
which is the same as in (2.3). Let @ be the class of all probability distributions
on R with continuous distribution functions. Then dj defined by (2.3) is also
the best invariant estimator of F under the losses (1.7) and (1.8) and the pa-
rameter space ©. Notice that this estimator is the best invariant estimator of F
under the quadratic loss (1.1) (with r =2 and & = 1) (see Yu (1992c) or Ag-
garwal (1955)).

3. Minimaxity of the best invariant estimator

In this section, it is proved that the best invariant estimator d; is minimax for
all sample sizes » > 1 under the losses (1.7) and (1.8) and P € @.. Here is the
notation that we use hereafter.

Let U be the set of all classical invariant estimators (the estimators of the
form (2.1)) and ¥ be the set of all estimators with finite risks for all P € O,.
Given a one-dimensional measurable set B, let B denote the k-fold product
set B x --- x B. We denote the Lebesgue measure by 1, and let m* denote the
k-fold product measure m x --- x m. By a.e. [m], we mean almost everywhere
with respect to Lebesgue measure.

The proof of our main result depends on the following results. A k-
dimensional hypercube is a set C={x= (x1,..., %) :a; <x; < @a;+r, i =
l,...,k} with r > 0. The following lemma is an immediate consequence of
Lebesgue’s differentiation theorem (cf. Zaanen (1958), p. 156).

Lemma 3.1. For every Lebesque measurable set B < R* with m*(B) >0
and every a e (0,1), there exists a hypercube C < R* with m*(C n B) >
(1 —a)ym*(C) > 0.

For a Lebesgue measurable function f:R* — R, the L*-norm or the
essential supremum of | f| is defined by

11l = inf{M :|f]| < M a.e. [m*]}

=inf{M : m"{x eR" : | f(x)| > M} =0},
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with the convention that ||f||,, = co if and only if for every M >0,
mk{x € Rk | (x)] > M} > 0. It is easy to see (see Dudley (1989), p. 118) that
e. [mX]. We shall prove

Lemma 3.2. Let f : R¥ — R* be a nonnegative Lebesgue measurable function
with || f1|,, = . Then there exists an absolutely continuous probabzllty mea-
sure P on R such that for the k-fold product measure P* = P x --- x P on
R* [fdPk =

Remark 3.1. Note that Lemma 3.2 is trivial if P¥ is allowed to be any abso-
lutely continuous probability distribution on R¥ rather than a product distri-
bution with identical marginals.

Proof of Lemma 3.2: Choose a positive integer ¢ and define the Lebesgue
measurable set

B={xeRF: f(x) > 2q(k2%)"}.

As f is nonnegative and | f||.,, = oo, B has positive Lebesgue measure.
According to Lemma 3.1, there exists a hypercube C={x=(x1,...,x¢):
g <xi<a+ri=1,.. k} with r > 0, such that m*(C n B) > (1/2)m*(C)
>0. Let 4 = Uk [a;,a; + 1] denote the union of the 1-dimensional inter-
vals [a;, a; + 1] and let u be the absolutely continuous measure on R defined
for any Lebesgue measurable set D < R by u(D) = (2‘1m(A)) m(D n A).
Thus u distributes a total measure 279 uniformly over the union of the in-
tervals [a;,a; +r] and because these 1ntervals have equal lengths, each is
assigned measure u([a;,a; +r]) > (k2‘1) ,i=1,... k. It follows that the k-
dlmensmnal product measure u* assigns measure ,u ( ) =11 u([ai,a; +1]) =
(k21 ) to the k-dimensional hypercube C and distributes this measure uni-
formly over C. In other words,

©H(CT) = (k27) K m*(C") fm(C)]
for any Lebesgue measurable set C' = C. Hence
1E(B) = 1(C A B) = (k29) M m*(C  B) fm(O)] = (1/2)(k29) ™

and

de//‘ > inf{f(x) : x € B} - u*(B) > ¢.

If we now introduce the dependence on the positive integer ¢ in our nota-
tion, we have constructed an absolutely continuous measure x, on R with
#,(R) =279 and such that [f d,u > ¢. Carrying out this construction for
g=1,2,..., and defining P = Z ;> we see that P is an absolutely continu-

ous probablhty measure with [ f de > [f d,u >qgforanyg=1,2,. ]

Remark 3.2. Of course Lemma 3.2 continues to hold for / : [0,1]* — R* and
in that case P is an absolutely continuous probability measure on [0, 1].
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Lemma 3.3. Let n > 1 and d be a nonrandomized estimator of F € O.. If d e V'
under the loss (1.7), then H%Hw< oo. Hence there exists a number I; € (0,1)

such that d(X,t) >l a.e. [m"*].

Proof: Let HﬁHOL: +00. According to Lemma 3.2, there exists an absolutely
continuous distribution function F on (0,1) such that Er (fm dF (t)) =
+o0. Let G(¢) = \/F(t). Then G € O, and dF (t) = 2G(t) dG(t). Now,

) = [ )

= +00.

Note that the function 1 — 1“7* is minimized when x = e, hence

RG.d) EG{LI (%m% >dG(t)}

6 n 90
B G(t ~_d@) _
= Eg L a0 1 0 dG(1) » — 1
d(1)
1 LG(1)
= (1) e[ a0 -

This is a contradiction with d € V. Consequently ||} < co. [

Remark 3.3. Lemma 3.3 implies that under the loss (1.7),
V=V ={d(t):3;e(0,1),l; <dX,1) ae. [m"]}.
Lemma 3.4. For any two estimators d and d* in V| and F € O,,

_ 210 —d*(0)

I(F(1),d(1)) = [(F(1),d*(1))] < (min{ly, lg-})*

a.e. [m"], (3.1)

with I(x, y) =5 —In$ — 1.

Proof: Let x € (0,1) and y,z € [r, 1) with r € (0,1). Then
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X X X X
I —1 S A P P
() = e 2)| = [T~ 10T =4 In”

|z -y
;,2

<x +|lny—Inz|

zZ— z —
| 2y|+\ ¥
r r

IA

2|z -y
< .
< T

Taking r = min{ly, /4~ }, (3.1) follows. [

Lemma 3.5. Let n > 1 and d be a nonrandomized estimator of F € .. If
d € V under the loss (1.8), then ||-Ind|_ < oo and |[—In(1 —d)]|, < c0.
Hence there exists a number /; € (0,1/2) such that [, <d(X,7) <1—1I; ae.
[mn-&-]].

Proof: Let ||—Ind||, = oo. According to Lemma 3.2, there exists an
absolutely continuous distribution function F on (0,1) such that
Er([Ind(X,1)dF(1)) = —c0. Let G(t) = \/F(t). Then G € O, and dF(r) =
2G(t) dG(t). Now,

_Eg (J Ind(X, )G(1) a’G(t))

>—Eg <J Ind(X,1)G(H)G(X,) ... G(X,) dG(t)>

_ 2% Er (J Ind(X, ) dF(f))

= 40.

For this G, under the loss (1.8),

R(G,d) = EG{JO] (G(t) In (%) + (1= G() In (11:738)) dG(t)}

_ _EG{JI G(r)Ind(r) dG(t)}

0

- EG{JI(l — G(1)) In(1 — d(1)) dG(t)}

0

+ JI(G(t) In G(r) + (1 — G(2)) In(1 — G(1))) dG(z).
0
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Note that
1
—EG{L(I — G(6) In(1 — d(1)) dG(z)} >0
and

JI(G(I) In G(7) + (1 = G(2)) In(1 — G(¢))) dG(z)
0

Since —Eg([Ind(X,7)G(1) dG(1)) = +o0, it follows that R(G,d) = +oo. This
is a contradiction with d € V. Consequently ||—Ind||, < co. By the symmetry
of the loss (1.8), ||-In(1 — d)||, < 0. O

< 0.

Remark 3.4. Lemma 3.5 implies that under the loss (1.8),
V=Vy={d(t):3,€(0,1/2),l; <d(X,t) <1 — I ae. [m""]}.

Lemma 3.6. For any two estimators d and d* in V3, (3.1) holds with [(x, y) =
xIn(x/y) + (1 = x)In{(1 —x)/(1 — »)}.

Proof: Let x€ (0,1) and y,z € [r,1 — r] with 0 < r < 1/2. Then

1—
x—xlnf—(l—x)ln *
-y z -z

1
[1(x,y) = l(x,2)| = xln%—i— (I =x) ln1
<x/lnz—Iny|+ (1 —x)[In(1 — y) —In(1 — z)|

Szvfﬂ
r

|z = )|
;,.2

Taking r = min{ly, ;- }, (3.1) follows. [

<2

Theorem 3.1 (Yu and Chow 1991, Theorem 4). Suppose thatd = d(Y,t) € V is
a nonrandomized estimator and that it is a (measurable) function of the order
statistics Y = (Y1,..., Y,). For any &0 > 0, there exists a uniform distribution
P on a Lebesgue-measurable subset J = R and an invariant estimator dy such
that

P, 1) |d(Y, 1) — di(Y,1)] > &} <. (3.2)

Remark 3.5. Consider the loss (1.7). In Theorem 3.1, we may assume that
di € V1 and satisfies dy > l;, where /; is the a.e. lower bound for d in Lemma
3.3. To see this, suppose d; (1) => " v;1(Y; <t< Yiy1) and dy ¢ V. Then
obviously vy = 0 (see (2.2)). Take w; = max{v;,l;} for i =0, ..., n and define

d (Y, 1) =Y wil(Yi <1< Yi).
i=0
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Then d> € Uy n V and
ld(Y, 1) —di(Y, )] > |d(Y,t) — d>(Y, )|, ae. [m"].
Hence, for any ¢,0 > 0 and P as in Theorem 3.1,
P™U(Y, 1) |d(Y, 1) — dr(Y, 1)| = &}
< P"™U(Y 1) |d(Y, 1) — dy(Y,1)| > &}
<J.

Similarly, we can assume that d; in Theorem 3.1 is in }, and satisfies
ls <dy <1—1;, under the loss (1.8).

Lemma 3.7. Suppose that the sample size n > 1 and ¢ > 0. Consider the loss
(1.7) or (1.8). Then, given any d € V there exist F* € @, and d* € Uyn'V
such that |R(F*,d) — R(F*,d*)| <e.
Proof: We first consider the case when the loss is given by (1.7), so
L(F,d) = [I(F,d)dF with I(x,y) =3 —In{— 1. Let d € V. By Theorem 3.1
and Remark 3.5, there exists P* € @, and d* € Uy n V with d* > I; such that
PUY,0) (Y, 1) — dF (Y, 0)| > el /4) < el /4. (3.3)
Note that d* > I; implies that we may choose /;+ =I; in Lemma 3.4, so
that (3.1) holds with min{l;,/;-} replaced by /;. Thus if B={(Y,?):

|d(t) — d*(t)| = €l3/4} and F* denote the distribution function corresponding
to P*, then

[R(F",d) = R(F*,d")| = |[E{L(F",d)} — E{L(F",d")}|

< E{J I(F*,d) — I(F*,d")| dF*(t)}

< %E{J \d — d”| dF*(t)}

2 2 12
< = | |d—d*|dF*(t)dF* e
< o], e war

2 ] &
< EP (B)+5
<e.

The proof for the loss (1.8) uses Lemma 3.6 instead of Lemma 3.4. [

Now we can prove the minimaxity of dj.
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Theorem 3.2. For sample size n > 1, under the losses (1.7) and (1.8) and for O,
and </ as in Section 2, the best invariant estimator dy is minimax.

Proof: Take ¢ > 0 and let d(Y, ¢) be an estimator with finite risk for all F € 6.
By Lemma 3.7, there exists F € @, and d* € Uy n V such that |R(F,d)—
R(F,d*)| < e. Because dy,d* € Up, both have constant risk and as dj is the
best invariant estimator, it follows that R(F,dy) < R(F,d*) < R(F,d) + e.
Now, since d and ¢ are arbitrary, it follows that inf,supgp_o R(F,d) =
R(F,dy). O

Remark 3.7. As d, also has constant risk for the larger class of probability
distributions on R with continuous distribution functions, Theorem 3.2 im-
plies that dj is minimax under the losses (1.7) and (1.8) for ® and 7. Minimax
results are usually formulated for @ rather than ©..

Remark 3.8. For the parametric problem of estimating a real valued param-
eter 0, several authors use the entropy loss function

L(0,5) :g—lng—l
Y _

rather than (1.4). If, in analogy, we consider the loss (1.9) with /(x, y) =
In2 — 1, and d is an invariant estimator of the form (2.1), then (cf. (2.2))

R(F,d) = Z(’Z) E (”7 - ln% - 1)1"(1 — 0" dr

i=0

Jl(uo_lnuto_ 1)(1 —0)"dt
0

t

\Y

+00.

Therefore the risk of the best invariant estimator is not finite.
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