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Limitations
What we need to bound is
an - Pnfn

where f,, is the function chosen by the algorithm based on the data.
For any fixed sample, there exists a function f such that

Pf— P,f =1

Take the function which is f(Z;) = 0 on the data and f(Z) =1
everywhere else.
This does not contradict Hoeffding but shows it is not enough

O. Bousquet — Introduction to Learning Theory 72

Fundamental Inequalities

e The goal is to upper bound L(g,) — L(gg) by quantities that one
can control

e The idea is to introduce the empirical estimate of the loss

e This is done for a specific algorithm

0. Bousquet — Introduction to Learning Theory 74

Limitations

Risk

emp

f for s Function class

Hoeffding's inequality quantifies differences for a fixed function

O. Bousquet — Introduction to Learning Theory 73

ERM in one class

Assume that g, = arg mingcg L,,(g) (empirical risk minimizer)

L(gn) — inf L(g) < 2sup|L(g) — Ln(9)],
g9€g geg

E [L(gn) - ;rel_gL(g)] < 2E [E‘éé’ |L(g9) — La(9)|| -

O. Bousquet — Introduction to Learning Theory 75
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¥pertinence

Binomial tails

e P,f ~ B(p,n) binomial distribution p = P f
o P[Pf —Puf >t =20 ()o@ —p)"
e Can be upper bounded

* Exponential ATLV n(1=p=1) A » v:ci&

1=p—t ptt
* Bennett m\ﬁawﬁ\éHomCL\Ei\E
o2
* Bernstein e 2r(1—p)+2t/3
—ont?

* Hoeffding e

O. Bousquet — Introduction to Learning Theory 84

¥ pertinence

lllustration (1)

Maximum variance (p = 0.5)

1

T T
— BinoCDF
—— Bernstein
— Bennett H
—— Binomial Tail
— Best Gausian

0.9

0.8

0.5

Deviation bound

0.4

0.3

0.2

0.1

0.5 0.55 0.6 0.65 0.7 0.75 0.8 0.85 0.9 0.95 1
x

O. Bousquet — Introduction to Learning Theory 86

¥pertinence

Tail behavior

e For small deviations, Gaussian behavior = exp(—nt*/2p(1 — p))
= Gaussian with variance p(1 — p)

e For large deviations, Poisson behavior ~ exp(—3nt/2)
=> Tails heavier than Gaussian

e Can upper bound with a Gaussian with large (maximum) variance
exp(—2nt?)

O. Bousquet — Introduction to Learning Theory 85

¥ pertinence

lllustration (2)

Small variance (p = 0.1)

— BinoCDF

005

Deviation bound
Deviation bound

002

0. Bousquet — Introduction to Learning Theory 87
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