CS294-2 Markov Chain Monte Carlo: Foundations & Applications Fall 2002
Lecture 12: October 10

Lecturer: Alistair Sinclair Scribes: Itzik Parnafes and Alice Zheng

Disclaimer: These notes have not been subjected to the usual scrutiny reserved for formal publications.
They may be distributed outside this class only with the permission of the Instructor.

Reminder from the last lecture: We're working in a setup with an ergodic and reversible Markov Chain. On
the induced graph we define the following quantities:

Capacity For every edge e = (z,y) define C(e) = C(z,y) = n(z) - P(x,y). Reversibility of the M C' ensures
that C(z,y) = C(y, x).
Demand For each pair of (not necessarily adjacent) states z,y we define the demand D(z,y) = w(z) - m(y).

Let P,y denote the set of all simple paths between nodes z and y, and P = U,y Py y. A flow on the graph
is a function f: P — RT assigning a non-negative weight to all simple paths in the network such that

> f(p) = D(x,y),

PEPaz,y
i.e., the flow needs to satisfy the demand between any two states.

Each flow is associated with a cost and a length.

Cost of a flow is

_ f(e)
p(f) - meax C(e)
where we define the flow through the edge e as
fle)=)_f®)
poe

Length of a flow f is simply the longest path that carries non-zero flow:

{ = max
()= max

12.1 The main theorem

In this lecture, we will upper bound the mixing time of a Markov Chain by properties of any flow on the
induced graph.

Theorem 12.1 If a Markov Chain MC is ergodic, reversible and lazy, then for any flow f on the induced
graph, we have

7a(€) < (log((2y/7(@) ™) +log(e™)) - p(F) - 1(f).
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As an immediate corollary we get

Tmiz S const - log(ﬂ-;ﬁn) . p(f) . l(f)7
where 7, = min, 7(z).

The game plan: we will prove the theorem using two lemmas. First we will give a general upper bound on
the variation distance in terms of the “spectral gap” of the Markov chain (which does not involve flows).
Then we will bound the spectral gap using the flow.

Recall that, for an ergodic, reversible transition matrix P, the eigenvalues are real and satisfy
1=X1>X>X3>...2 Ay > 1.

If in addition P is lazy, we have that Ay > 0. Lemma 12.2 below will show that
1

2¢/m(x)

A(t) < PV

which implies that )
2(0) < (loa(2v/7(@)) 1) +log(e ) - =

where the factor 1 — Ay is usually called the spectral gap.

In Lemma 12.3 we will show that for any flow f in the network,

L=z oy

12.2 The First Lemma

We will now prove the first part:

Lemma 12.2 For an ergodic, reversible, lazy MC, the variation distance can be upper bounded by

AL(t) < 1

- AL,
~ 2y/7(x) 2

Proof: Throughout the proof we will assume that P is symmetric. If it is asymmetric (but still reversible)
we can apply the same argument to the matrix DPD~!, where D = diag(/7(x)), which is symmetric. (See
Problem Set 3, Q4.) We also assume that the state space 2 is numbered 1,..., N.

Since P is symmetric, we can diagonalize it using an orthonormal basis composed of its eigenvectors
€1,...,EN:

P = EAET

A = diag(\)
€1

ET = °

EN
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where e; is the eigenvector corresponding to A;. The e; are normalized to have length 1, and are orthogonal
to each other, so that EET = ETE = I. Note also that e; = /7, and 7 is uniform since P is symmetric.

We now expand P? in terms of the eigenvalues: Pt = EA*ET, and thus

Pi(z,y ZEmz/\tEsz ZExz/\E(y,)

Separating the case z = 1, and using the facts that \y =1 and E(z,1) = E(y,1) = /w(x) = /7 (y), we get

P(x, +2sz 2)AL.

222

Specializing to the case x = y we get

Pi(z,z) = m(2) + ZE(:c,z)z)\i.
22>2

The second term can be bounded by A} times the norm of the vector e,, which is 1, so we finally get

Pi(z,z) < () + 5. (12.1)

To relate the values of P!(z,y) to the diagonal values P!(z,z) we observe that

ZPt z,y)> =Y Pi(z,y) - P'(y,x) = P*(z,x), (12.2)
Yy

SO we can write

2- Aac (t)

> [Pz, y) — 7 ()]

by Cauchy-Schwarz < \j Z (Pi(z,y) = (y))° _Zw(y)
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Yy Y Y
2t
by Eqn (12.2) = \/m—2+1
m(z)
)\2t )\t
by Eqn (12.1) < 2 A
y Eqn (12.1) < @) e

[Here we’ve made use of the Cauchy-Schwartz inequality, which states that 3, a;b; = (3°;a2Y;02)'/2] m

12.3 The Second Lemma

We now want to bound the spectral gap in terms of a flow on the network. The proof of Lemma 12.3, due
to [DS91,S192], will use the variational characterization of eigenvalues, which will be briefly reviewed.
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Lemma 12.3 Let P be the transition matriz of an ergodic, reversible, and lazy Markov chain, and f any
flow on the induced graph. Then

L=z oy

Proof: Again assume for simplicity that P is symmetric (see Problem Set 3, Q4 for a generalization to
reversible P). Let us define the Laplacian L = I — P with eigenvaues pu; = 1 — A,

O=p1 <p2<ps...<punv <1

With the usual inner product of real vectors < ¢,¢ >=>"_ ¢(x)y(x), we can write the smallest eigenvalue

M1 as
< ¢,Lo >

in
970 < ¢, ¢ >
where ¢ is any non-zero real N-dimensional vector.

H1 =

To see why this is true, expand ¢ as a linear combination of the orthonormal eigenvectors e;, ¢ = Y. a;e;,
and get
of SOLE> L dodp of iHi
920 < b, > ¢>¢0 Ya?

This expression is clearly minimized when ¢ is parallel to the principal eigenvector eq, i.e., a1 > 0,as =
az=...=ay =0.

To get u2, we have to minimize the same quotient but over all ¢ that are orthogonal to e;. Equivalently, we
can take the minimum over all ¢ that have a component orthogonal to e;, and subtract off the projection of
¢ oneg:

<HLe>_ . . <bLp>

in .
oles <d > oler < d b > — < per >

p2 = (12.3)

[In the asymmetric reversible case, we need to go through the same calculation, with a modified inner product
weighted by 7:

<61 >e= 3 $(@)p(@)m(a).

We then get
< ¢, Lo >x

inf
¢ not constant <> — < 1>2

M2 =

For the details, see Problem Set 3.]

We now rewrite the numerator and denominator in Eqn 12.3 in a more symmetrical form:

<$Lp> = Z $(x)(Lo)(x) = Z ¢()L(z,y)b(y)

- Z¢ I — Pl(z y)qﬁ(y)

_ Z¢ )’ = > ¢(x)P(z,y)¢(y)
S e Pl - LR
- zz;w(x) — $(1)*P(z,y).
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Similarly, the denominator can be written as

2
<pp>—<per> = ) o)’ - (Z ¢(z) - \/w(w)>

x

= Z #(z)*n(y) — Z o(z)d(y)m(z)
= 23 0@ - o) ale).
z,y

Thus we have

20,00 — 6P
o not constant, 33, , (¢(z) — 6(4))’ n()n(y)

where we have multiplied all terms on top and bottom by the uniform vector m(z). Exactly the same
expression holds for reversible but non-symmetric P (see Problem Set 3).

1—)\25/12:

Recall that P(z,y)w(x) = C(z,y) is the capacity of the edge between x and y, and w(x)n(y) = D(x,y) is

the demand. Thus
_ >y (6(2) — 6(y))*Clz,y)

= in

¢ not constant 3°  (¢(z) — é(y))? D(z,y)
We can view the numerator as the “local variation” of ¢ and the denominator as the “global varation”
of ¢. A bound on the ratio of local and global variations is often called a Poincaré inequality. A Poincaré
inequality in terms of flow will be our final ingredient.

M2

Our task now is to show that the above quotient is bounded below by —+i—. First we rewrite the denomi-

nator using the definition of a flow f: ()
> (¢(@) = ¢)* D(w,y) =Y (d(=) — ¢))* D f(p)-
z,y z,y PEPa.y

Any path p between x and y can be broken into a sequence of edges, and we will write ¢(z) — ¢(y) as a
telescoping sum along the path:

D (@) —¢y)* Y f)

Y f)- [Zd)(eﬂ—qs(e—)r

T,y PEPa,y T,Y pEPa,y ecp
by Cauchy-Schwartz] < > 3 f(0)- 3 [p(et) —de)]*- 12
T,y PEPa,y eEp e€Ep
= S 3 o -1nl- Y [eet) - ge )]’
T,Y pEPz,y e€p
= S35 1ol [det) — o))’
e pde

by definition of p(f)] < U(f)- p(£)- Y. Cle) [p(e?) — d(e7)]?
= U -p(f)- D (6(=) — () C(z,y)-

w’y

The summation here is exactly the numerator in our quotient, so we’re left with

1
L= =i 2 gy
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12.4 Concluding Remarks

This result means that we can try to find a good (i.e., low cost) flow for a Markov Chain and use it to bound
the mixing time of that chain. In the next few lectures we will consider some chains where it is hard to
determine the mixing time using simpler arguments such as coupling. We will bound the mixing times for
these chains by finding suitable flows.

We conclude this lecture by mentioning some related bounds. One can show the following alternative bound
to Lemma 12.3:

Lemma 12.4 1 — )y > W

This result will be proved in a later lecture. It is clean in that it does not involve the quantity I(f). On the
other hand, it is usually weaker in applications since typically p(f) is larger than I(f).

One can also prove the following converse bounds (see [Si92]):

Theorem 12.5 There exists a flow f with p(f) < const X Ty, Also, there exists o flow f with 1 — Ao <

In N
const X VR

Since we know from the previous lecture that Lemma 12.2 is tight up to a factor O(log 7r;n}n), we see that

there is always a flow that is optimal up to this factor and a square. (Of course, this flow may be very hard
to find.)
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