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My Primary Goal: By describing some important statistical re-
sults from theoretical and applied statistics using ideas and con-
cepts from dual geometries you will have some understanding of
the important role these geometries play, and perhaps, motivate
some of you to study these geometries further.

Another Goal: Introduce some basic terminology of (dual) dif-
ferential geometry. [Terms|
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I. Relative Information Loss
II. MLE and Sufficiency

ITI. Generalized Linear Models

Summary
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Curved Exponential Family (CEF) I

Consider a regular exponential family of order k (y € Y C
R*) having density

p(y | n) = exp{y'n — ¥ (n) }h(y)

A subset

M=1{p:ply | n(6) |6 €O} CS={ply | n)}

is a (one-parameter) curved exponential family (CEF) if-f the
map 6 — 7(0) having domain © C R' is an imbedding. [Mani-
fold]
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Relative Information Loss I

Limiting Relative Info Loss = lim 1(6) " *[nI () — I*(6)]

Result: Let y = %(yl +...+%y,) €Y C R* have density in
a CEF M and let T = T'(y) be a statistic. Then

1
Rel. Info. Loss (T for M) = 4% + 552

where

72 is the statistical curvature of M

B2 is the curvature for T
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Comments I

Rel. Info. Loss (T for M) = v* + %ﬁQ
Duality of 72 and [3°
Parameter Invariance of 42 and (32
Efficient Notation (especially multivariate generalization)

Geometric Intuition
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Bib. Notes: Relative Information Loss I

Statistical geometry has been called
Fisher-Efron-Amari theory.

Fisher (1922, 1925)

Efron (1975, 1978)

Amari (1990)



http://www.ecu.edu

Log Likelihood Function I

Defn: Let M be a set of densities with common support ) C RF
and let y € Y. The log likelihood is the function £, : M — R!

defined by £,(p) = log(p(y)).
Exp Fam: £,(p) = y'n — ¢ (n) + log(h(y))

Statistical Importance:

e Fundamental inference procedure

e Generates superior inference procedures.
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Maximum Likelihood I

Defn: If p € M such that £,(p) = max,epr £y(p) then p is a
maximum likelihood estimate (mle) of M (based on y).

Note 1: The mle is usually expressed in terms of some pa-
rameterization (co-ordinate system). Eg, 8 = 0(p) or 8 = B(p).
Properties of 6 are expressed by considering 6 as a random
variable. (Bias, variance, and exact or asymptotic distribution.)

Note 2: Many times the parameterization is not arbitrary
(6 could be a mean or a slope).
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Maximum Likelihood (cont) I

Geometry: For CEF M,
arg maxpepm £y(p) = arg minyep D(py, p)
Maximum Likelihood = Minimum Divergence

Likelihood «+— Divergence

Statistical Concepts «— Geometric Quantities
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Divergence I

Defn: Let Z be an open subset of R* and let &,&% € 2. A
divergence on =, denoted by D=(&1,&2), is a smooth function
taking values in [0, oo] such that for any &;, &, € = the following
hold:

1. D=(&,&) > 0 with equality holding if-f & = &.
2. #2:D=(61,8) la-e= 55 D=(é1, &) la=e=0

3. Grs = %«ZQDE(&’@) is positive definite and a function
of & alone.
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Divergence (cont) I

Defn: For a space of points S, D : S x S +— R! is a divergence
on § if there exists a parameterization f : S — = such that
D(f~Y(&), f7Y(&)) is a divergence on =.

Note 1: The parameterization exists when S is globally flat
with respect to a nonmetric connection.

connection « geometry [Connection| [Metric]

metric connection < “straight lines” minimize distance

flat < “nice geometry” (R")
Note 2: § globally flat in another nonmetric connection.
Note 3: Dual connections: 1-connection —1-connection.
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Divergence (Dual) Geometry'

D(py, p2) behaves like a squared distance
D is not symmetric
Two Geometries used to describe D

Pythagorean Relationship:

D(py,p) = D(py,p) + D(p,p)
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Divergence Geometry (cont) I
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Law of Cosines I

Triangle: having sides of length a,b, ¢ and angle C' opposite
side of length c.

& =a®>+b* - 2abcos C
Squared Distances in R*: pq,ps, ps € RF, so

2 || P1 — D3 ||2
@’ = | p1 — P2 ||2
¥ = |lp2—psl?

C = angle between ps — ps and p; — po
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Ipr—ps > = Ipr—p2 P+ 1 p2—ps |?
=2 pr—p2 |l - || p2—ps | cost
= || pr—p2 ||2 + || p2 — 3 ||2 —2(p1 — pa2, P2 — P3)

Setting || p — ¢ ||>= 2D(p,q) and p — ¢ = v(q, p), we have

2D(p1,p3) = 2D(p1,p2) + 2D(p2, p3) — 2(v(p2, 1), v(P2, P3))
ift D(p1,p3s) = D(p1,p2) + D(p2,p3) — (v(p2, p1), v(p2, p3))

Divergences: For points pi, ps,p3 € S,

D(p1,p3) = D(p1, p2) + D(p2,p3) — (v(p2, p1), V" (P2, P3)) ps
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Divergence in Statistics I

e Log Likelihood Function
(properties of estimators)

e Quasi-likelihood Function
(weaken distributional assumptions)

e Kullback-Leibler Information (Distance) (Divergence for
Exp Fam, approximating Exp Fam)



http://www.ecu.edu

Sufficiency I

Defn: Let M be a family densities and let Y be an observa-
tion from p € M. A statistic T(Y") is sufficient for M if the
conditional distribution of Y given T = t is the same for all
p e M.

Factorization Theorem: 7' is sufficient for M if-f there exists
functions u; and wue such that

log(p(y)) = ui(y) + u2(p, T(y))

Note 1: For CEF M, log(p(y)) = C(y) — D(py, p).
Note 2: When the Pythagorean Relationship holds

log(p(y)) = C(y) — D(py,0) — D(D, p).
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Sufficiency (cont) I

C(U) — D(pyap) - D(ﬁ’p)
ui(y) +ua(p, T(y)), T(y) = p

log(p(y))
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Sufficiency (cont) I

Pythagorean Relationship requires 3 conditions

— 1-geodesic connecting p to p
— —1-geodesic connecting p, to p

— Right angle between these geodesics
Geometry of Maximum Likelihood Estimation
Geometry of Exponential Families

Information Loss and Recovery
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Bib. Notes: MLE and Sufficiency I

e Ideas related to MLE (divergence): contrast functions
(Eguchi, 1983), Csiszar’s (1967) f-divergence; minimum
divergence estimation (Vos, 1997; Kass and Vos, 1997).

e Ideas Related to sufficiency: information recovery (Efron
and Hinkley, 1978; Amari, 1990; Skovgaard, 1985) and
higher order efficiency (Eguchi, 1983, 1985; Amari, 1990).

e Global Information Recovery: Marriott and Vos, 2004.
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Global Information Recovery I

Helix Model: X ~ N(u, I3x3) where u = (rcos,rsinf,0d),
r and d are fixed.

Information in a statistic 7: Ability to approximate the
likelihood function using a function that depends on X only
through 7'. Information Recovery: T = (6, A), find A.

Principles of (Local) Information Recovery
e Minimize Expected Info Loss: minimize I* — I7
e Observed Fisher Information: A = I,

e Ancillarity: Choose A having distn not a function of 8
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Helix Model: r= 5,d= 0.3
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Remarks on Helix Models/Info Recovery I

e Local methods of information recovery can fail.

e Global method (spectral decomposition) does not fail: in-
dicates number of required “information directions”.

e Explains why local methods (asymptotics) work.
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Generalized Linear Models I

e Model the relationship between a response variable Y and
one or more explanatory variables z, ..., .

e Example Y is college freshman GPA and x is SAT score.
e Model Y | z; see graph.
— Mean (Y | z) = p(z) = iz + Bo

= Var (Y| z) = o*(u(z))
— Shape (Y | z): exponential family or not specified
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Response Y (Freshman GPA)

Population View of Linear Regression

Explanatory Variable x (SAT)
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Response Y (Freshman GPA)

Sample View of Linear Regression (n=30)

Explanatory Variable x (SAT)
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Model View of Linear Regression

Rn
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Geometry of GLMs I

e Structure

— Dual Geometries

— § is of dimension n

— M C S has dimension k + 1

— M is often flat in 4+1 connection

— Riemannian metric often diagonal in divergence pa-
rameter

e Role

— Estimation Algorithm
— Model checking
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Summary I

Parameter Invariance
Economical Notation
Intuition

Importance of Pythagorean Relationship
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Geometry Concepts Summary I

Terminology Concept
manifold set endowed with geometric structure
metric orthogonality
angle departures from ortho.

a-connection

straight lines

a-curvature

departures from strght. lines

divergence

“distance” of interest

Pythagorean Relationship
(Law of Cosines)

Relationship among divergence,
strght lines, and ortho. (angle)
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Manifolds I

Consider a two binomial problem with n; and ns fixed. There
is a set of densities:

S = {f(551,$2) L f = (nl)pgfl(l —p)

T
n T no—x
X (xz)p22(1_p2) 2 27 p17p2€ (071)}

In fact, S can be given additional structure: when (p;, p2)
is close to (p},p,) the models (densities) are not too different
— statistically, a family; mathematically a topological mani-
fold.
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NOTE: There are other parameterizations besides p = (p1, p2)’,
but the properties of closeness still hold.

e The hypothesis Hy : p1 — po = .2 defines a subfamily
(imbedded submanifold)

M:{fES:pl—p2:.2}

e The paremeterization p : M — R? defines an image,
p(M), in the real plane. (p(S) is the open unit square.)

e Another parameteriation, say the log odds 6 = log(p/(1—
p)), defines another image, 6(M). (6(S) is R?.)
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Two Visualizations I
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Comments on Visualizations I

e Different parameterizations provide different pictures —
different geometries — different connections.

p(M) is a straight line (geodesic); §(M) is not.
e There is no one correct geometry.

(straight line # curve of shortest length)

e Geometries judged on their utility.

For studying sufficiency, should M be considered a straight
or curved line?
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e A statistical manifold is a topological manifold (param-
eterization into the reals) endowed with the geometric
properties of

— straight lines — departures measured by curvature
— orthogonality — departures measured by angle

— divergence (replaces the notion of length)

RETURN
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Connections I

e Concept: straight lines are ones whose tangent vector
does not change direction (or length).

In order compare tangent vectors along a curve, there
needs to be a specified mapping or connection between
tangent spaces — this is provided by the connection.

e Definition: based on derivatives of the log likelihood or
divergence functions.

e Notation: VY, F§z)i; LY (p), F§2)i(p)
ngak =2 Fﬁ)i@- = Fﬁ)i@ where 0; = 8%2.
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e Concept: Metric defines an inner product which in turn
provides the idea of orthogonal vectors (and curves). Also
gives lengths of vectors.

Metric is actually a (smooth) collection of inner products
— depending on p — that gives lengths of curves.

However, we do not use an « family of metrics.

e Definition: based on derivatives of the log likelihood
(Fisher information) or divergence functions.
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e Notation: (X,,Y,),, (X, Y> 9ii» 9% 9:5(p), 97 (p)
(0;,0;) = g;j where 0; = 2%
(0",07) = g¥ where 0" =

51

ag*
Or, matrix [¢”] is the matrix inverse of [g;;] — there is no

ambiguity because of the properties of the dual parameter
& if it exists.
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