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1101 Rejection thresholds

In general we expect most of the misclassification errors to occur in those regions
of x-space whero the largest of the posterior probabilities is relatively low, since
there is then a strong overlap between different classes. In some applications
it may be better not to make a classification decision in such cases. This is
sometimes called the reject option. For the medical classification problem for
example, it may be better not to rely on an automatic classification system in
doubtful cases, but to have these classified instead by a human expert. We then
axrive at the following procedure
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where @ is a threshold in the range (0,1). The larger the value of 6, the fewer
points will be classified. One way in which the reject option can be used is to
to design a relatively simple but fast classifier system to cover the bulk of the
feature space, while leaving the remaining regions to a more sophisticated system
which might be relatively slow.

‘The reject option can be applied to neural networks by making use of the
result, to be discussed in Chapter 6, that the outputs of a correctly trained
network approximate Bayesian posterior probabilities.

Exercises

1.1(+) The first four exercises explore the failure of common intuition when
dealing with spaces of many dimensions. In Appendix B it is shown that
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Consider the following identity involving the transformation from Cartesian
to polar coordinates
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where 5, is the surface area of the unit sphere in d dimensions. By making
use of (1.41) show that
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where I'(z) is the gamma function defined by
I(z)= f' u (1.44)
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Using the results (1) = 1 and [(3/2) = y/7/2, verify that (1.43) reduces

to the well-known expressions when d = 2 and d = 3.
1.2 (+) Using the result (1.43), show that the volume of a liypersphere of radius
a in d-dimensions is given by
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Hence show that the ratio of the of radius a to
the volume of a hypercube of side 2a (i ‘hypercube) is
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Using Stirling's approximation
Tz +1) > (2m)2e*g>71/2 (147)

which is valid when z is large, show that, as d — oo, the ratio (1.46) goes
to zero. Similarly, show that the ratio of the distance from the centre of the
hypercube to one of the corners, divided by the perpendicular distance to
one of the edges, is v/, and therefore goes to 00 as d — 0. These results
show that, in a high dimensional space, most of the volume of a cube is
concentrated in the large number of corners, which themselves become very
long ‘spikes’.

1.3(+) Consider a sphere of radius a in d dimensions. Use the result (1.45) to
show that the fraction of the volume of the sphere which lies at values of
the radius between a — ¢ and a, where 0 < ¢ < a, s given by
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Hence show that, for any fixed € n0 matter how smal, this fraction tends
to 1 as d — oo. Evaluate the ratio f numerically, with ¢/a = 0.01, for
the cases d = 2, d = 10 and d = 1000. Similarly, evaluate the fraction
of the volume of the sphere which lies inside the radius a/2, again for
d=2,d=10 and d = 1000, We see that, for points which are uniformly
distributed inside a sphere in d dimensions where d is large, almost all of
the points are concentrated in a thin shell close to the surface.

1.4 (x+) Consider a probability density function p(x) in d dimensions which is
a fanction only of radius r = || and which has a Gaussian form
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By changing variables from Cartesian to polar coordinates, show that the
probability mass inside a thin shell of radius r and thickness ¢ is given by
plr)e where
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where S is the surface area of n unit sphere in d dimensions. Show that the
function p{r) has a single maximum which, for large values of d, is located
at 7 =~ Vdo. Finally, by considering p(7 + ¢) where € < 7 show that for
large d

PF+e)=pf)exp

Thus, we see that p(r) decays expanentially away from its maximum at
7 with length scale 7. Since o < 7 at large d, we soe that most of the
probability mass is concentrated in a thin shell at large radius. By contrast,
note that the value of the probability density itself is exp(d/2) times bigger
at the origin than at the radius a, as can be seen by comparing p(x) in
(1.49) for [[x||? = 0 with p(x) for [ix||? = 72 = o?d. Thus, the bulk of the
probability mass is located in a different part of space from the region of
high probability density.

1.5(+) By differentiating of the sum-of-squares error function (1.3), using the
form of the polynomial given in (1.2), show that the values of the polyno-
mial coefficients which minimize the error are given by the solution of the
following set of linear simultaneous equations
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where we have defined
Ay =Y @PH Tp =3 M. (153)

1.6(+) Consider the second-order terms in a higher-order polynomial in d di-

‘mensions, given by L.
PRHITES (158)
et
Show that the matrix w,; can be written as the sum of a symmetric matrix
w; = (wy + wy)/2 and an anti-symmetric matrix w = (wy; — wy)/2.
Verify that these satisfy wf, = w$; and wf} = —w}. Hence show that
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50 that the contribution from the anti-symmetric matrix vanishes. This
demonstrates that the matrix w;; can be chosen to be symmetric without




