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Abstract�We describe an algorithm to e�ciently compute
maximum entropy densities� i�e� densities maximizing the

Shannon entropy �
R
p�x� log p�x�dx under a set of constraints

E�gi�x�� � ci� i � �� � � � � n� Our method is based on an algo�

rithm by Zellner and High�eld� which has been found not to
converge under a variety of circumstances� To demonstrate
that our method overcomes these di�culties� we conduct
numerous experiments for the special case gi�x� � xi� n � ��
An extensive table of results for this case is available on the

World Wide Web�

Keywords�Density Estimation� Maximum Entropy Prin�

ciple� Shannon Entropy

I� Introduction

Maximum entropy densities have long been of interest as
convenient and �exible tools for approximating probability
distributions known only to satisfy certain moment proper�
ties� Typically� the task is to �nd a density p�x� which max�
imizes the Shannon entropy W 	 �

R
p�x� log p�x�dx under

a set of moment constraints E
gi�x�� 	 ci� i 	 �� � � � � n��

Such constraints may result� for example� if the density
p�x� is to share the moments of a given sample� An exam�
ple from the �nancial area is the estimation of maximum
entropy risk�neutral densities for derivative assets where
the restrictions are implied by the observed option prices
at varying strike prices and maturities �e�g� 

�� 
��� 
���

���� It is easily shown that the maximum entropy problem
is solved by densities of the form

f�x� �� � e�
Pn

i��
�igi�x�� ���

for some unknown values ��� � � � � �n� Depending on the mo�
ment functions gi�x�� the maximumentropy density f�x� ��
can take the form of several well�known members of the
exponential familily� which include multimodal generaliza�
tions of the normal� gamma� inverse gamma� and beta dis�
tributions� as discussed by Cobb et al� in 
���

To �nd a suitable parametrization for ��� we need to
compute values �� 	 ����� � � � � �

�
n� such that f�x� ��� ful�lls
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impose the density constraint� Note� that for speci�c choices of n
and gi�x� such a density might not exist� as for example in the case
n � �� gi�x� � xi �see �����

the constraints

Gi��� �

Z
gi�x�f�x� ��dx 	 ci� �
�

The solution to this problem can be shown to be equivalent
to that of the unconstrained optimization problem

max
���������

��� 	 log

Z
e�
Pn

i��
�i�gi�x��ci�dx� ���

as can be seen immediately from inspection of the �rst
order conditions for ���� Note that choosing �� 	 ��� �Pn

i�� �ici automatically ensures that the resulting maxi�
mum entropy density integrates to unity�

The problem of how to compute the �correct� �� has to
our knowledge �rst been considered by Agmon et al� �
����
Zellner and High�eld suggested an iterative algorithm for
the special case where gi�x� 	 xi� n 	 � �
���� However�
as was found by Maasoumi �
��� as well as in our own ex�
periments� this algorithm only converges to the solution for
a small set of given moments ci and even then requires the
initial values for � to be close to the �nal solution� The pur�
pose of this paper is to describe a number of modi�cations
and re�nements to the algorithm of Zellner and High�eld
that deliver a procedure which proved to compute the de�
sired ��values reliably and e�ciently in our experiments�

II� A Maximum Entropy Density Estimation

Algorithm

Zellner and High�eld apply Newton�s method for non�
linear equations to solve �
��y The �rst step in the deriva�
tion of their procedure �called the ZH procedure in the
following� is thus to take a Taylor expansion of the den�
sity moments and to drop the second and higher order
terms� This leads to a linear equation system which is
solved by the update step �� 	 � � G��b � where Gij �R
gi�x�gj�x�e�

Pn

i��
�igi�x�dx and bi 	 ci � Gi���� As may

be shown� the Jacobian matrix G of this Newton step is
positive de�nite� so that a unique solution exists� Unfortu�
nately it turns out that the actual computation of �� with
the ZH algorithm is infeasible in most cases for various rea�
sons� First� the update step involves several numerical inte�
grals� which imposes a major restriction on the precision of
the updated approximation� Also� G has near�singularities
in large regions of the ��space� As a result� the algorithm
is relatively unstable in the sense that it only converges
for speci�c c�values and only leads to satisfactory results if
started near the solution�

yFor a detailed review of numerical methods for optimization and
nonlinear equations� see �����



To derive a robust and e�cient algorithm for the com�
putation of �� we follow the procedure suggested by Gill
�
���� for the minimization of numerical integrals of formR b
a
h�x� ��dx with respect to �� One makes use of the fact

that if a standard quadrature method is used to compute
the numerical integrals involved in the computation of ���
one obtains an approximation which may be written asR b
a
h�x� ��dx �

PN��
k�� �kh�xk� ��� Taking account of this

approximation� the constraints �
� to be satis�ed by ��

become

GN
i ��� �

N��X
k��

�kgi�xk�f�xk� �� 	 ci� ���

Let �N
�

denote a ��value satisfying ���� To compute �N
�
�

we proceed entirely in analogy to Zellner and High�eld�
i�e�� �rst� we Taylor�expand GN

i ��� and drop the second
and higher order terms� yielding

GN
i ���� � GN

i ��� �
nX

j��

�GN
i ���

��j
���j � �j�� ���

Then we substitute ��� into ���� yielding the linear equation
system

GN ��� � ��� � �� 	 bN ���� ���

where GN
ij ��� � �

�GN
i ���
��j

	
PN��

k�� �kgi�xk�gj�xk�f�xk� ��

and bNi ��� � ci � GN
i ���� Solving ��� for �� yields the

update equation

�� 	 � � GN ���
��
bN ���� ���

The advantages of this apparently simple strategy are
several� First� the derivatives involved in the optimiza�
tion may be computed precisely� i�e� without errors due
to numerical integration� A high precision of these deriva�
tives is typically required to guarantee convergence in most
Newton�like algorithms� Second� and even more impor�
tantly� we can set up an algorithm in which �N

�
is �rst

computed for a relatively simple problem� i�e� for a small
N � and then use this solution as an initial value for suc�
cessive optimizations with larger N � This procedure splits
up an apparently complex estimation problem into several
simpler substeps and also saves computation time because
a signi�cant part of the estimation may be completed while
N is still relatively small�

Further� we can modify the update step ��� in such a
way that convergence is guaranteed� This is possible be�
cause the Jacobian GN ��� in the Newton step ��� is pos�
itive de�nite�z We combine Newton�s method for nonlin�

zThis is easily veri�ed by noting that

��GN ���� �

nX
i��

nX
j��

�i�j

N��X
k��

gi�xk�gj�xk�e
�
P

n

i��
�igi�xk�

�

N��X
k��

�
nX
i��

�igi�xk�

��

e
�
Pn

i��
�igi�xk� � ��

Positivity is ensured as soon as
Pn

i��
�igi�xk� �� � for some k�

ear equations with a backtracking line search� which guar�
antees convergence if the backtracking algorithm is cho�
sen appropriately� � is updated according to �r 	 � �

�rG
N ���

��
bN ��� for a sequence of values �r 	 
�r��� r 	

�� 
� � � �� until the condition jjbN��r�jj � ������r��jjbN ���jj
is satis�ed� where jj � jj is the Euclidean norm� For a more
detailed discussion of Newton�s algorithm in combination
with backtracking� see 
����

III� Implementation and Experiments

We implemented and extensively tested the above algo�
rithm both on an HP ���� as well as a SUN Sparc 
� C��
programming environment� The task is to �nd appropriate
��values for the special case gi�x� 	 xi� n 	 �� which was a
primary focus of the Zellner and High�eld paper� To sim�
plify the numerical integration� we �rst transform a given
set of non�central moments �� � E
X�� � � � � �� � E
X�� into
the standardized central moments 	� 	 �� 	� 	 �� 		 	
���	�������

�

�

������
�
����

� 	� 	 ���������
���
�

�
�	��

�

������
�
��

� As initial guesses

for ��� � � � � �� we used the corresponding values of the stan�
dard normal distribution� A �rst source of numerical dif�
�culties is the evaluation of the exponential function in
GN
i ���� An e�cient way to compute GN

i ��� is described
in the Appendix� As a quadrature method� we employed
the extended midpoint integration rule �for a discussion�
see Chapter ��� in 
�
�� after mapping the function do�
main � ����
 to the open interval � � �� �
� As a trans�
formation function we used z�x� 
� 	 �x

��j�xj
� such that

xk 	 zk
����jzkj�

� zk 	 �� � �k��
N

� and �k 	 �
N

���j�xkj�
�

�

in equation ���� In our experiments� we spent considerable
e�ort on determining a suitable combination of the trans�
formation function z�x� 
� and the sequence of N �values for
which problem ��� is satisfactorily solved� The initial value
for N should be su�ciently large that GN ��� is guaranteed
to possess positive eigenvalues� and that a ��nite� solution
to ��� exists� Simultaneously� N should not be too big� so
as to keep the initial estimation problem simple� A related
tradeo� arises for the choice of the transformation function
z�x� 
� and the rate at which we allow N to grow� These
should be chosen such that the integration boundaries do
not diverge to in�nity too fast� because this will lead to nu�
merical instabilities near the boundary condition �� � ��
For very fat�tailed distributions� on the other hand� large
integration boundaries are a requirement to yield a valid
approximation � a considerable computational e�ort may
be required if the boundaries are growing at too small a
rate� After numerous experiments we found 
 	 � and the
sequence N 	 �
�� �
�� � � � � ��
 to be a suitable choice�x

If one deviates from these particular values the algorithm
does not deliver satisfactory results�

To guarantee that our algorithm converges for a mini�
mum set of 	�values� as well as to yield a better under�
standing of the mapping of interest� we computed � for

xThe value N � ��� corresponds to integration boundaries of
������ �times the unit standard deviation�� If the kurtosis is large�
the solution might still change if the algorithm is continued beyond
this value�



each 	 in the range 		 � 
�� ��� 	� � 
	�	 � ���� ��� �for
	� 	 � and 	� 	 �� increment ������

We have summarized the results in a table� which may
be downloaded from the World Wide Web�k Note that
the reported ��values depend sensitively on the quadrature
method used� In order to compute integrals over f�x� ��
using values from this table� one should take care to imple�
ment the quadrature method precisely as above� Incorrect
values can easily result otherwise� In addition to the 	�
and ��values we provide time stamps for the completion of
each computation on a SUN Sparc 
�� As may be seen from
the table on the Web� the computation time for particular
	�values varies from a few seconds to about four minutes�
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Fig� �� Upper left to lower left� ��� � � � � �� in the range �� �

������ �� � ���� � ������� ��� � �� �� � ��� Lower right� en	
tropy�

The dependence of the ��values as well as the entropy

�For �� � �� we encountered some cases where the algorithm
did not converge in its current implementation� The condition
�� � ��� � � is a prerequisite for the well	posedness of the maxi	
mum entropy density estimation problem� It follows from the condi	
tions for the existence of a solution to the reduced moment problem�
which is extensively discussed in ����� We require that the matrix

M �

�
� � ��
� �� ��
�� �� ��

�
be positive de�nite� Setting the zeros of the

characteristic polynomial of M greater than zero delivers the stated
condition�
khttp���wwwbrauer�informatik�tu�muenchen�de��ormoneit�

lambda table�txt

of f on 		 and 	� is graphically illustrated in Figure ��
Note that the ��surfaces are very �at in almost the entire
region and diverge quickly near the boundary 	� � 	�	 � ��
This is consistent with our observation that during the op�
timization GN ��� is near�singular in a large portion of the
��space and its elements diverge quickly when approaching
the limiting conditions�

IV� Conclusion

We propose an algorithm to compute maximum entropy
densities based on modifying the procedure of Zellner and
High�eld� The central idea is to take explicit account of
the numerical integration in this procedure� which enables
us to split up the apparently complex estimation problem
into a sequence of simpler tasks� We used this algorithm
to compute a table and graphical representations of the
necessary ��values for a leading case� The algorithm proved
to be reliable as well as computationally e�cient for these
tasks�
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APPENDIX� A useful trick to compute GN
i ���

One central issue in our algorithm is the computation of

GN
i ��� �

N��X
k��

�kx
i
ke

�
Pn

i��
�ix

i
k � ���

This is a non�trivial task because the exponential func�
tions provided by most programming environments only
deliver meaningful results for a relatively small domain�
say from ���� to ����� The exponent in ��� typically
takes on values far outside this range� The idea is to

write GN
i ��� 	 e��q �

PN��
k�� �kx

i
ke

�
Pn

i��
�ix

i
k���q� where

� 	 maxk
�
�
Pn

i�� �ix
i
k

�
and q is some constant� Obvi�

ously� this ensures that maxk
�
�
Pn

i�� �ix
i
k � � � q

�
	 q

and thus prevents the exponent from becoming too large�
It is advisable to choose q as some large number to ex�
ploit the full range of numerical precision of the exponential
function� � could in principle be determined prior to the
actual function evaluation �which would involve computing
the zeros of a third order polynomial�� but it is easily up�
dated dynamically after computing the exponent for each
k� Of course� a dynamic change in � has to be compensated
for by an adequate normalization of the previously aggre�
gated values� To clarify this� we display a slightly modi�ed
version of the C�� function we used to compute GN

i ��� 

void compute�moments�long int N	DVec
 lambda	DVec
 mu	
DVec
 g	double
 cf� � ��


 �DVec� are vectors

int k	 j�
const double q 
 �����
double sum	 x	 x�j	 w	 z�

double zeta	 h�

zeta 
 ����
g�set������



for�k
��k�
N���k��� �
��


 compute z�k and x�k
z 
 lb � �double� ���k��� � �double� N�
x 
 z��BETA������ABS�z����

��


 sum 
 � �lambda�� x � lambda�� x�� � ����
�� �ignore lambda�� for the moment�
x�j 
 x�
sum 
 ����
for�j
��j�
��j��� �

sum �
 lambda�j� � x�j�
x�j �
 x�

��
sum �
 �����

��


 this is the mentioned normalization
if�k

�� zeta
sum�
else if�sum�zeta� �

h 
 �double� exp�zeta�sum��
g�mul�h��

zeta 
 sum�
��

��


 multiply with Delta�k
w 
 �����double� N � SQUARE�����ABS�BETA�x���BETA

� exp�sum�zeta�q��

��


 multiply with x�k�i
x�j 
 ����
for�j
��j�
��j��� �

g�j� �
 x�j � w�

x�j �
 x�
��

��
cf 
 �lambda��� � zeta � q�

��

After the execution of this function� GN
i ��� equals

g�i��exp�cf�� It is advisable� however� to check the size
of cf �rst� and to treat the special case where cf is very
large separately�
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