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Abstract

Learning the parameters of an undirected graphi-
cal model is particularly difficult due to the pres-
ence of a global normalization constant. For large
unstructured models computing the gradient of the
log-likelihood is intractable and approximations be-
come necessary. Several approximate learning al-
gorithms have been proposed in the literature but
a thorough comparative study seems to be absent.
In this paper we report on the results of a series
of experiments which compare a number of learning
algorithms on several models. In our experimental
design we use perfect sampling techniques in order to
be able to assess quantities such as (asymptotic) nor-
mality, bias and variance of the estimates. We envi-
sion this effort as a first step towards a more compre-
hensive open source testing environment where re-
searchers can submit learning algorithms and bench-
mark problems.

Keywords: Markov Random Fields, Learning,
Maximum Likelihood

1. Introduction

In this paper we report on experimental evaluation
of learning algorithms for Markov random field mod-
els. We propose to evaluate these algorithms by
comparing bias and variance of the obtained esti-
mates. Importantly, we insist that the data was
generated by a model in the parameterized family
of models under consideration. This to make sure
that unbiased learning algorithms, will return unbi-
ased estimates, at least asymptotically. As a result,
we are restricted to models for which we can gener-
ate perfect samples. In light of modern techniques to
generate these perfect samples this condition is less
restrictive than might be thought at first. In partic-
ular, we look at MRFs with arbitrary connectivity
but with attractive interactions and at rectangular
grid models with arbitrary interactions. The main
reason we have chosen not to evaluate on indirect
performance measures such as classification perfor-
mance is that there are a number of confounding
factors that are hard to disentangle from the real

question that we want to answer: how well can a
learning algorithm identify the true value of param-
eters from data?

Our software is publicly online1 and we hope that
by soliciting other researchers to submit their code,
data-sets and learning algorithms this may represent
the first step towards a more centralized and objec-
tive manner to evaluate learning algorithms in MRF
models.

2. Experimental Design

In this section we describe the experimental setup
for the experiments we report on in section 3..

Given a probabilistic model M that depends on
a number of parameters θ we provide M data-sets
of N data cases each. We have restricted ourselves
to models for which we can produce perfect sam-
ples, i.e. samples that are guaranteed to come from
the distribution under consideration. The reason we
insist on this property is that it is notoriously diffi-
cult to assess convergence of a Markov chain. In the
absence of such guarantees it becomes impossible to
disentangle bias produced by the approximate learn-
ing algorithm and from the fact that the samples are
not from the distribution we are trying to infer.

Given an algorithm A, we estimate the parameters
of the model under consideration on each of the M
data-sets of size N producing {θ̂1, θ̂2, ..., θ̂M}. Next,
we determine the bias and the variance of these es-
timates according to,

bias(θ̂) = |θ − E(θ̂)| , E(θ̂) =
1

M

M
∑

m=1

θ̂m (1)

var(θ̂) =
1

M

M
∑

m=1

(

θ̂m − E(θ̂)
)2

(2)

Estimation can often be interpreted as a trade-off
between bias and variance. The total mean square
error is an easy function of bias and variance MSE =
bias(θ̂)2 + var(θ̂). To assess whether the bias is sta-
tistically significant we first subject the estimates

1URL:http://www.ics.uci.edu/∼sparise/software
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{θ̂m} to a hypothesis test to determine if they fol-
low a normal distribution. We have used the fol-
lowing univariate normality tests: Bera-Jarque and
Lilliefors tests at significance levels α = 0.05 (both
in MATLAB).

Once we have established normality, we test if the
bias for each parameter is statistically significant us-
ing a standard univariate one-sample t-test at a sig-
nificance level of α = 0.05. In our experiments we
report bias, variance (both averaged over all param-
eters) and the fraction of bias estimates that were
tested significant.

2.1 Models

In all our experiments we work with binary valued
({0, 1}, pairwise MRF models also known as Boltz-
mann machines. Due to the constraints imposed by
the requirement to obtain perfect samples we looked
at two architectures in particular: K×L square grids
which are either fully observed or have unobserved
nodes interspersed with observed nodes in such a
way that the neighbors of observed nodes are all un-
observed nodes and vice versa. We also looked at
models with only non-negative weights but arbitrary
biases2. With this constraint we allow arbitrary ar-
chitectures if all variables are observed while in the
presence of unobserved nodes we restrict to bipar-
tite architectures, i.e. the neighbors of unobserved
nodes must be observed and vice versa.

The above fully observed (FO) models and bipar-
tite partly observed (PO) models follow the follow-
ing PDFs,

PFO(x) =
e
P

i>j
Wijxixj+

P
i
αixi

Z(W, α)
(3)

PPO(x,h) =
e
P

i,j Jijxihj+
P

i αixi+
P

j βjhj

Z(W, α, β)
(4)

where we note that Wij and Jij are sometimes con-
strained to be non-negative.

2.2 Perfect Sampling Techniques

We used the following procedures to generate perfect
samples for the models discussed in the previous sec-
tion.

For grids we first build a junction tree (JT).
In this case it turns out to be a chain where the
nth ‘super-node’ in the JT chain contains (R + 1)
consecutive nodes starting from node n ( assum-
ing nodes are numbered column-wise and R is the

2Note that the term bias has two meanings in this paper:
the interaction at a single node and the statistical bias in
estimating parameters.

number of rows ). To generate perfect samples we
extended the “forward-filtering-backward-sampling”
algorithm described in Scott (2002) for HMMs to the
JT constructed for the square grid models. To gener-
ate perfect samples for the MRFs with non-negative
interactions we use “coupling-from-the-past” as de-
scribed in Propp and Wilson (1996).

2.3 Learning Algorithms

For all learning algorithms we follow the gradient
or the approximate gradient of the log-likelihood of
the data. The exact gradients of the weights for the
distributions above are given by,

∇Wij
ℓFO = E[xixj ]P̂ (xixj)

− E[xixj ]P (xi,xj) (5)

∇Jij
ℓPO = E[xihj ]P̂ (xi)P (hj |D) − E[xihj ]P (xihj)(6)

where D denotes the data, P̂ (·) is the empirical dis-
tribution of the data and P (·) is the model distribu-
tion. Similar expressions hold for α, β. Learning by
following these derivatives will be denoted by “ML-
exact”. We use JTs to perform exact inference for
the second term.

While computing the first term of these deriva-
tives is straightforward, it is the second term that
often needs to be approximated. One option is to
approximate it by some Markov chain Monte Carlo
procedure. This turned out to be too computation-
ally taxing for the experiments we conducted.

A standard method in the statistics literature, Be-
sag (1977), is the “pseudo-likelihood” estimate (PL).
Here we condition each observed variable on its (ob-
served) neighbors and average the result. This re-
sults in the following approximation for the second
term in Eqns.5,

E[xixj ]P (xi,xj) ≈
1

2
E[xiσ(Wx+α)j+σ(Wx+α)ixj ]P̂ (x)

(7)
where we note that σ(Wx+α)i = σ(

∑

k∈Nj
Wikxk+

αi) with σ(·) a sigmoid function and Nj the neigh-
bors of node i. The PL estimate is known to be a
consistent estimator, but is statistically less efficient
than the ML. We have also tried to maximize the PL
objective function for the partially observed prob-
lems, i.e. we marginalize out the unobserved vari-
ables from the conditional distributions. However,
as illustrated in figures 1 this often led to infinite
values of certain parameters.

Another approach we tested is contrastive diver-
gence (CD) described in Hinton (2002). In this ap-
proach we use N Markov chain Monte Carlo sam-
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Figure 1: Log-pseudo-likelihood surface for bias terms β1,2 for partially observed bipartite model (as in Eqn.4) with
two observed and two unobserved variables. We set α1,2 = β1,2 = 0, sample Jij from a Gaussian with std.=0.5 and
use 1000 data-cases. In most cases (as in the figure) the optimal estimate is located at infinity.

plers initialized at each data-case in the data-set3.
These Markov chains are run for k steps after which
we record the samples {sn}. In the experiments for
the FO case we used Gibbs sampling where one step
updates a total of V variables (where V is the num-
ber of variables in the problem) chosen at random
with replacement. For the PO case we used the
2-phase Gibbs sampler proposed in Hinton (2002).
The negative terms in the gradients are now approxi-
mated by the “empirical” distribution of these k-step
samples

E[xixj ]P (xi,xj) ≈ E[xixj ]P̂ (si,sj)

=
1

N

∑

n

si,nsj,n (8)

E[xihj ]P (xihj) ≈ E[xihj ]P̂ (si)P (hj |S)

=
1

N

∑

n

si,nσ(JT sn + β)j (9)

where S is the set of k-step samples.
A popular approach to approximating marginals

over single nodes and neighboring nodes is loopy be-
lief propagation (see Pearl (1988)). One can use
these marginals to approximate the required expec-
tations in the learning rules (5) and (6). We call this
“BP learning”.

Finally, we tested “pseudo-moment matching”
(PMM) as proposed in Wainwright, Jaakkola, and
Willsky (2003). The idea is to choose the parame-
ters such that if we run loopy belief propagation on
these parameters we obtain the observed frequency

3For computational efficiency one often performs updates
on mini-batches.

counts on edges and nodes. For binary random vari-
ables the equations were derived in Welling and Teh
(2003),

Wij = log

(

ξij(ξij + 1 − pi − pj)

(pi − ξij)(pj − ξij)

)

(10)

αi = log

(

(1 − pi)
|Ni|−1

∏

j∈Ni
(pi − ξij)

p
|Ni|−1
i

∏

j∈Ni
(ξij + 1 − pi − pj)

)

(11)

where pi = P̂ (xi = 1) and ξij = P̂ (xi = 1, xj =
1) are given by empirical estimates (i.e. frequency
tables). Ni denotes the neighbors of node i. As it
stands, this method is only defined for fully observed
models. Note that PMM learning is equivalent to BP
learning for FO case. Hence we tested BP learning
only for the PO case.

3. Experiments and Results

We performed a series of experiments to analyze ab-
solute and relative performance of the various meth-
ods described in section 2.. In each experiment we
evaluated a single method or a subset of methods by
varying some “independent property” such as: (1)
N , the number of samples in each dataset, (2) d, a
measure of the interaction strengths between nodes
or (3) s, a measure of the graph connectivity (or
sparsity).

Given a model family (with specified structure),
we first sample the parameters (see below) and then
given those, we generate the dataset using per-
fect sampling. Unless stated otherwise, we gener-
ate weights W and J from U [−d, d] and biases α

and β from U [−d/2, d/2] for the unconstrained case
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Table 1: Summary of Experiments

Experiment Model Alg. evaluated property
varied

other settings figures

FO-grid-N FO grid ML-
exact,PL,CD,PMM

N grid size:7X10,
d=0.1

figure (2)

FO-grid-d FO grid ML-
exact,PL,CD,PMM

d grid size:7X10 ,
N=20000

figure (3)

FO-FC-s FO with arbitrary
connectivity, +ve
interactions

PL,CD,PMM s #nodes=49, s

starts with 7X7
grid,N=10∗# model
parameters,d=0.1

figure (4)

FO-grid-N-real FO grid using
parameters learnt
from real data

ML-
exact,PL,CD,PMM

N grid size:6X6 figure (5)

FO-FC-s-real FO arbitrary con-
nectivity, +ve in-
teractions

PL,CD,PMM s #nodes=36,s starts
with 6X6 grid,
N=10∗#parameters

figure (6)

PO-FC-d PO,bipartite,all
hidden-visible
edges, +ve inter-
actions

CD d #hidden
nodes=#visible
nodes=10,N=12000

figures (7),(9)

PO-grid-d PO bipartite grid CD d grid size:7X10 ,
N=20000

figures (7),(9)

PO-FC-N PO,bipartite,all
hidden-visible
edges, +ve inter-
actions

CD N #hidden
nodes=#visible
nodes=10, d=0.1

figures (8),(9)

PO-grid-N PO bipartite grid CD N grid size:7X10,
d=0.1

figures (8),(9)

and correspondingly from U [0, d] and U [−d/2, d/2]
for the models with non-negative weight constraint.
Here d > 0 is some constant that acts as a mea-
sure of the interaction strengths. We also performed
experiments where instead of using the uniform dis-
tribution, we use parameters learnt from real-world
data (NIST handwritten digits)

In the experiments where we vary the underlying
graph structure (holding the number of nodes fixed),
we use s to denote the fraction of all possible edges
that are present in the model. Hence, a low s in-
dicates sparse graphs. To vary s we start with a
grid connectivity and randomly add edges until full
connectivity.

Given the various learning algorithms, model
families, parameter distributions and “independent
properties”, there are a plethora of possible experi-
ments that can be done. Here we report only on a
subset of these. In some cases this choice was dic-
tated by factors such as applicability of a method,
practical convergence times, avoiding possible de-
generacies etc.

The experiments performed are summarized in ta-
ble 1 and results are shown in figures (2) to (9). In all
experiments, M = 100 datasets were used to com-
pute performance measures. For experiments FO-

grid-N-real and FO-FC-s-real, parameters were first
learnt using PL on a real-world dataset and then M
datasets were generated in the usual manner using
these parameters. For both FC nets and grids the

weights ended up between [0, 3] while the biases were
all negative between [−6, 0]. The data used were
6X6 cropped binary images of handwritten digits
(NIST dataset).

In the fully observed cases, datasets were checked
to ensure that there are no empty cells, that is, all
possible node and edge combinations occur at least
once in the data. This avoids potential degeneracies
in the likelihood surface and also ensures that the
PMM equations (10) and (11) are well defined.

The log-likelihood for fully observed problems is
convex and all parameters are identifiable, hence we
initialized all parameters at small random values.
On the other hand, the log-likelihood in the PO case
has many local minima and the parameters are only
identifiable up to a permutation of the unobserved
variables. This led us to initialize the parameters at
their true value.

4. Discussion

The experimental results lead us to the following
conclusions.

– On the FO problems both PL and CD perform
at the same level as ML-exact and very few param-
eters seem significantly biased. In general we would
therefore recommend PL for FO problems because
PL is faster than CD.

– For FO problems PMM was only accurate when
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Figure 2: FO-grid-N Experiment (◦,∗ , �, C indicate ML-exact, PL, CD (K=5), PMM respectively)
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Figure 3: FO-grid-d Experiment (◦,∗ , �, C indicate ML-exact, PL, CD (K=5), PMM respectively)
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Figure 4: FO-FC-s Experiment (∗ , �, C indicate PL, CD (K=5), PMM respectively)

0 2000 4000 6000 8000 10000
−6

−5

−4

−3

−2

−1

N (number of samples)

lo
g(

av
er

ag
e 

ab
so

lu
te

 b
ia

s)

Bias

0 2000 4000 6000 8000 10000
−7

−6

−5

−4

−3

−2

−1

N (number of samples)

lo
g(

av
er

ag
e 

va
ria

nc
e)

Variance

0 2000 4000 6000 8000 10000
0

0.2

0.4

0.6

0.8

1

N (number of samples)

fr
ac

tio
n 

w
ith

 s
ig

ni
fic

an
t b

ia
s

Statistical Significance of Bias

Figure 5: FO-grid-N-real Experiment (◦,∗ , �, C indicate ML-exact, PL, CD (K=5), PMM respectively)
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Figure 6: FO-FC-s-real Experiment (∗ , �, C indicate PL, CD (K=5), PMM respectively)
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Figure 7: PO-FC-d and PO-grid-d Experiments (� indicates CD (K=5). The solid line is for PO-FC-d and the
dotted line is for PO-grid-d)

the interactions are weak and the graph is not
densely connected. It is very fast, but we would
only recommend it as an initialization procedure to
obtain a rough first guess.

– For PO problems we found that PL could not be
made to work satisfactorily because often parame-
ters would run off to infinity. This phenomenon was
graphically checked for a simple 2×2 bipartite graph
(see figure 1). Initial experiments with BP on PO
cases had similar problems with parameter conver-
gence. Also, PMM is not defined for unobserved
variables which left us with no real competition for
CD. Note that running Gibbs sampling to conver-
gence was not feasible because it was too computa-
tionally taxing on the problems we looked at.

– CD seems to work well for PO bipartite problems.
It is interesting to note that unlike the FO case, per-
formance improved when the interaction strengths
increased. This is probably due to the fact that
the biases on the unobserved variables are easier to
identify with strong interactions. Also observe that
for the PO-grid-d experiment the variance decreased
more than the bias resulting in more parameters
being statistically significantly biased. Our results
on CD are consistent with those obtained on much
smaller problems in Carreira-Perpinan and Hinton
(2005).

– For FO problems, 80% or more of the parameters

passed both normality tests in all experiments. For
PO models however the numbers are significantly
lower as can be seen from figure 9.

– For all problems we considered, estimation accu-
racy improves when we increase N and decrease d
or s. This is consistent with common wisdom in the
field.

In future experiments we plan to look more closely
into the problems with learning in PO models. More
challenging is a comparative study to train MRF
models with large connected subgraphs of unob-
served variables. In this case, even CD needs to run
a Markov chain to convergence and becomes pro-
hibitively slow. Using mean field dynamics on the
unobserved variables was proposed as a possible so-
lution in Welling and Hinton (2001).
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Figure 8: PO-FC-N and PO-grid-N Experiments (� indicates CD (K=5). The solid line is for PO-FC-N and dotted
line is for PO-grid-N)
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