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722 G. Pistone and M.P Rogantin

have been sketched but, as far as we know, no detailed formal construction has been
published before that of Pistone and Sempi (1995).

Starting with unpublished seminars held in Lecce University by Pistone and Sempi in
1989, the following idea has been developed. The statistical object that induces the
geometry is the exponential model with its particular form of the Fisher information (Efron
1975); so the starting point has to be a nonparametric definition of the exponential model.
This definition in turn is related to the class of exponentially integrable random variables
whose natural topology is given by the notion of Orlicz space for the exponential function.
The present paper is dedicated to further developments of these ideas. Some of the results
developed here in full detail were announced by Pistone and Rogantin (1994).

The content of the paper is as follows.

Sections 2 and 3 are mainly devoted to a new presentation of the previous results of
Pistone and Rogantin (1990), Pistone and Rogantin (1994) and Pistone and Sempi (1995),
where the proofs of the basic propositions have been given in detail. Some of those proofs
rely on quite straightforward arguments from functional analysis, but nevertheless the
programme sketched above is systematically developed in these references. A few new results
are added here and also the presentation has been improved; we give a definition of tangent
space, show the relevance of the Kullback information and recall the notion of submanifold.

The main results of the present paper are given in Sections 6 and 7, where we give a
nonparametric version of the concept of mixed parametrization in exponential models, and
finally the effect of space transformation on the exponential manifold. A paper by Rogantin
(1996) has given further developments in the case of finite sample spaces, discussing the
derivation of parameters’ orthogonality for various classes of finite-state-space stochastic
processes.

2. The exponential manifold

The definition of statistical manifold can be given in the framework of the theory of
manifolds modelled on Banach spaces, as introduced for example by Lang (1995).

We consider a measure space (X, %, u), where u is a reference measure, and the set
(X, 2, u) of the u-almost surely strictly positive probability densities. We shall define
on the set .Z(X,.#", u) a topology such that .Z(X, #", u) is an Hausdorff space (i.e.
points can be separated by open sets). Then we shall construct a covering of . Z(X, %", u)
with open sets %2,, p € %,, p € . /H(X, #, u), and a corresponding: family of Banach
spaces B,, with norms |||,, p € .#(X, %, u), such that each density g€ %, is
represented with respect to p by a coordinate s,(q) € B,.

We shall use the notation

Sp: J//)p — %ﬁp C Bps (1)
ey 7, — U, C MX, T, W), 2)

to denote respectively the charts, i.e. the mappings from points to coordinates, and the
patches, i.e. the mappings from coordinates to points (Figure 1).

>

ey

<>

>

£>

W

The exponential statisti

Figure 1. The charts and

The idea of a chart
family of probability d
of being a chart is
parametrization. Our r
values in a finite-dime
atoms.

As in differential ge
the space is covered b

is a diffeomorphism of
the atlas, possibly augr
chart is said to be co
(Lang 1995).

In our case we st
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We shall denote by
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724 G. Pistone and M.P. Rogantin

2.1. Functional framework

First we define the topology on .Z(X, .4, u) as follows. For simplicity we give only the
definition of convergence of sequences.

Definition 1 (Exponential convergence). The sequence (pn)nen in (X, %, u) is e
convergent (exponentially convergent) to p if (pu)nen tends to p in u probability as
n — oo and moreover the sequences (Pn/P)nen and (p/ pn)nen arve eventually bounded in

each L*(p), a>1, ie.
p
pn\* AN
Va>1 limsupE,|(**) | <+occ, limsupE,|(—
p n—oc Dn

n—oe

< +00.

Some properties of the topology associated with this notion of convergence have been
given by Pistone and Sempi (1995).

Now we shall introduce the Banach spaces on which the statistical manifold is modelled.
We give a definition that shows how they are connected with well-known statistical objects
(Barndorff-Nielsen 1978a; Letac 1992).

Definition 2 (Cramér class). For each density p € /#(X, . 2", u), the Cramér class at p is the
set of all random variables u on (X, .#", u) such that the moment generating function of u
with respect to the probability measure p-u given by

i,(t) = Je”‘ pdu =E,[e"], teR,

is finite in a neighbourhood of the origin 0.
If moreoever the expectation of u is zero (the previous condition implies the existence of
a finite expectation), then we shall call the set the centred Cramér class at p.

Note that, if p € Z(X, %", u) and p(6) is a one-dimensional exponential model,
p(0) =" ¥® p 0 c I openreal interval, 0¢ I,
then the sufficient statistic u belongs to the Cramér class at each density p(6) in the model.
In fact, for ¢ € I,
E [el+0] B eV(1+0)

N o ty w Gu—yp(O)yy _
up(e)(t) - EP((’)[e ] - Ep[e € ] - ew(g) - ew(g)

and E g [e™] is finite for ¢ in a neighbourhood of 0.
The following construction was presented by Pistone and Sempi (1995); we repeat it here
for ease of presentation.

Proposition 3 (A norm on the Cramér class). The Cramér class at p of Definition 2 is a
vector space and a Banach space with the norm defined by

||u||p:inf{r>0: E,,[cosh(%) —1] sl}_ 3)

o

O

]

@

@ 0 ¢ O O O

The exponential statist

The centred Cramér cl
1

is a closed subspace.

Proof. 1t is clear that ]
and E,,[e”‘/’] < 400,
Consequently the Cran

The Banach space
Ren 1991; Krasnosel’s

Note that |jul|, <1
E

Note also that, if u, 1
Ve>0, E ,[cosh{(u, —

Example 4. Figure 2 il
the counting measure.
the convex set 77, of

7p:{(

Figure 2. Construction o
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726 G. Pistone and M.P. Rogantin

where 8 = p(x;) and 1 — 8 = p(x;) (in Figure 2 we have assumed that 6 = %). For any vector
u € R? this norm is the unique positive value r such that

{cosh(ﬂ> - 1}9+ {cosh(u—:) - 1}(1 -0)=1,
r
that is (u1/r, up/7) lies on the boundary of 7.

This example shows the construction of the norm defined in (3) in a finite sample space,
where actually all norms define the same topology because the vector space of random
variables has finite dimension. The construction that we present is really needed only when
the underlying space of random variables is infinite dimensional.

In the previous proposition the function x +— cosh(x) — 1 is a convex function that plays
in the theory of the spaces B, the same role as the function x — |x|*/a in the theory of
Lebesgue spaces L%, a>1. We cite Krasnosel’skii and Rutickii (1961) and Rao and Ren
(1991) as general references.

We shall use various types of such convex functions:

¢1:x — cosh(|x|) — 1, 4
$2:x — exp(|x]) — |x| - 1, ®)
¢3:x — (1+ [x[)log(1 + |x|) — |x]. (6)

For each of these functions it is possible to define a norm as in (3); we shall denote, for
i=1, 2,3, the following.

(a) 7¢>,~,p the convex set {u € L'(p-u): E [p:(u)] < 1};
(b) | -lp,, the norm associated with ¢;:

lullg, p = inf{r>0: E, [(b,(%)} < 1};

(c) L?(p-u) (or L?(p) if there is no ambiguity) the corresponding Banach spaces of
non-centred random variables:

L?(p) = {u: 3o >0 such that E ,[¢p(au)] <+oo} = {u: [|ully, , <+oo};

(d) Lf‘( p) the corresponding space of centred random variables.

The classes of centred random variables are closed subspaces. The function ¢, is the
most important for us; above, we have denoted |.|ly,., by ||.ll, and L' by B,. We say that
two ¢ functions are equivalent if the corresponding norms are equivalent, i.e. there exist
two real constants a and b such that alully, < |lully, < bllulls,.

As the ¢ functions in (4)—(6) are strictly convex and differentiable, it is possible to
consider the inverse function [¢']!(x) and to define the conjugate function of ¢ as the
function v, such that, for any y = ¢'(x), ¥'(¥) = [@'] '(x). This implies that xy < ¢(x) +
¥(»), x, v € R,, with equality if and only if y = ¢'(x). If ¢ and 3 are conjugate, then
u — sup,{E ,[uv]: E,[¢(v)] < 1} is a norm equivalent to ||.]ls , (Rao and Ren 1991, p. 61).

>

2

=

0

2

%

t'}

(3

(=1

% 4

The exponential statisti

It can be shown that ¢
with the Cramer class

Conjugacy implies t
way the Lebesgue spac
form

is continuous, but in g
The following prop
Sempi (1995). Because

Proposition 5. Let p ar
dimensional exponentia

Proof. Let r € .7Z(X,
dimensional exponentia
with 0 € I. Let p(ty) =
that ¢y << t; because otl
It is enough to show
symmetric.
Let w € L?(p) be g

We have

The previous equation

We study the domair
g(0, 1) = E,[e™] whict

g(t

and is finite for @ in s
chose b> ¢, such that
[#y, b] and the functior
convexity, (6, 1) — g({
and (ty, —7).
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728 G. Pistone and M.P Rogantin

We consider the straight line between the points (¢, ) and (b, 0) and we denote by
the value of 8 at the intersection point of the previous straight line and the straight line
0 = t;, namely 8/y = (b — t1)/(b — ty). It follows that

t — 1 b—1

E,[cosh(Bw)] E,[e"*] < —— E [cosh(yw)] E,[e""] + .—— E [e""],
b—1 b— 1ty

E/[e"] b—1Ee"]
Efen]  b—1ty [e"*]’

t — ¢
E,[cosh(Bw)] < H E ,[cosh(yw)]
— 0

so that E,[cosh(Bw)] < +oc. O

Note that the equality between the spaces L?'(p) and L?'(g) holds true for each pair of
points p, g which are connected by a one-dimensional exponential model. This establishes
an equivalence relation, as we show below.

If p(¢), t€ I, is a one-dimensional exponential model connecting p and ¢, and (1),
t € J, is a one-dimensional exponential model connecting g and » we can assume those
models to be of the form

p( =e" g,
r(y=e"Vg,
with u, v € L?1(g). Then by convexity all the densities in the two-dimensional model
g(t1, 1) = ehirev=taling 4
are connected by a one-dimensional model; in particular p and r are connected.

Definition 6 (xlogx class). We shall denote by * B, the Banach space of centred random
variables in L?(p - w), i.e. the centred random variable of the so-called xlogx class.

Proposition 7. 4 (p - u) integrable random variable u belongs to the x logx class * B, if and
only if it is centred and (1 + |ul) log(1 + {u)) is (p - u) integrable.

Proof. If u € L?(p), there exists a constant a such that E ,[¢3(au)] < +oo. This implies that
E p[¢3(1)] <-+o0; in fact there exists a constant k such that, for any n, ¢3(2" u) < k" ¢3(u)
(Rao and Ren 1991, p. 22). For any a there exists an » such that 1/a < 2" and, because ¢
is even and increasing in the positive real values, ¢i(u) < ¢3(2"au) < k" ¢3(au). So
E, [¢s(au)] <+oo implies that E,[¢3(u)] <+oc. Finally both ue€ L%(p) and the
integrability of (1 4 |u|)log(1 + |u|) imply that u € L!(p), and the conclusion follows from
E, [u] =0. O

Now we give some details about the Banach spaces B, and * B, which will be useful in
the construction of the statistical manifold.
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Proposition 8.

(a) All the elements
B, by the formula: u’
proper subset of B’;. 1

(b) All the elements
*B, by the formula u(*
identified with (* B,)*;

(c) The following cc

Proof. We recall some
Rao and Ren (1991).
Let ¢ and ¥ be co
constant k such that [
If ue L?(p) and
*u € L% (p) the mapp
an element of L?2(p)’
element of L?(p)*.
¢, and ¢, are equiv.
any u € L?(p), (Fu

Moreover, if ¢ is such
to L?(p) (Rao and Rer

Now we have to she

Let *u € *B,. Then *:
for all u € L% (p); if
w*(u) = E [Muul, u €,
restriction is a contract

The same argument

Now let & € (*Bp)*
u(*u) = u(*u — E,[*u.
with *u € L?(p). In |
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730 G. Pistone and M.P. Rogantin

Proposition 8(c) follows from the existence of constants k{, k> and k3 such that
oo = &illlgy = &all-la = ksl llg.-

Such inequalities depend on the different order of growth at oo of the ¢ functions involved
(Rao and Ren 1991, p. 155). O

Proposition 9. The multilinear mappings (ui1, ..., up) — Epluy ... uyl with u; € By, are
continuous; in particular the moments u — E [u"] are continuous.

Proof. This follows from the inclusion B, T L"(p); see Proposition &(c). O

The Banach space B, is an algebraic subspace of the Hilbert space L3(p), and its

topology is stronger than the induced topology; in particular the scalar product of L%( p) is

defined on it and it is continuous.

Definition 10 (Orthogonality in B,). The covariance induces a continuous scalar product on
B, defined as
(u, v) , = Ep[uv] = covp[u, v] for all u, v € B,,.

We say that u and v in B, are orthogonal if (u, v), = 0.

The scalar product (-, ), extends to the usual scalar product in L%(p). A different
extension is possible, as is shown in the following definition.

Definition 11 (Orthogonality on B: X Bp). We shall denote by (., .)., the bilinear form
between the Banach space B, and its dual Banach space B’;:

* * * *
B, X B,>(u", u)—u () = (U™, u)s p.
We say that u* € B} is orthogonal to u € B, if (u*, u).,, = 0.

As (-, -}, , is not a scalar product, being defined on a product of different space, the previous
definition is not consistent with the usual mathematical terminology. Nevertheless we suggest
using the term “orthogonality” in this case because this notion is exactly what we need to
discuss the notion of “orthogonal parametrization” in our framework; see below in Section 6.2.

We have seen in Proposition 8 that the Banach space *B, can be identified with a
subspace of the dual space B%. Thus, if u* € B} is identified with *u € *B,, one has

(u*, w), , = B [Fuul.

2.2. Analytical prerequisites for the construction of the atlas

The patches of the atlas will be defined on the open ball of radius 1:
7 p={u€ By |lul, <1},

where we have denoted [|ully, , by [|uf .

=
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Proposition 12. If u €

(a) the random var
X, F, u) and
(b) L% (p-p0) = L

Proof.

(a) We remark that 1
that E ,[cosh(au) — 1]
(b) The hypothesis i
model and the conclus

Definition 13 (Momen

is defined by

Proposition 14 (Prope
Sfunctional G,

(a) takes the value
domain dom(Gp) = {u
unit ball of L¥'(p- u),

(b) is bounded and i,

Proof. See Pistone an

The previous abstra
generating function. Ir
the Cramer class unde
combination Y7, f;u;
function Gp(f ... t,)

of order ry, ..., r, of
of order r{, ..., r, of
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where ©°" means u, ..

Definition 15 (Cumu
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732 G. Pistone and M.P. Rogantin

We remark that we restrict the cumulant generating functional to be defined on centred
random variables of the Cramér class at p.

Proposition 16 (Cumulant). The cumulant generating functional K, has proper domain
dom(G,) N By. If 7, denotes the open ball of By, of radius 1 then 77, C dom(G ) N B,,.
Moreover K, satisfies the following properties.

(@) K, is 0 at 0; otherwise is strictly positive, is convex and infinitely Fréchet
differentiable on 7.
b)Yue 7y, q= e~ Ko p is a probability density in /X, %", u). The value of the

nth differential at u in the direction v (€ B,) of K,, that is the n-linear continuous form
n times

——
D"K ,(u) applied to (v, ..., V), is the nth cumulant of v under the probability density q:

d
D"K ,(uyv" = — logEg[e™]| .
der =0

(¢) For v, vy and vy in By, one has

DK ,(v)v = E,[v],
(7)
D*K p(u) (v1, 02) = Eg[0102] — Eg[01]1E [02] = covgloy, 2]
(d) Yue 7', and q = e“ Ko p the random variable q/p — 1 belongs to *B, and

DK ,(u)v =E, [(% - 1)0], vEB,.

In other words the differential of K , at u, DK ;(u), is in B’; but actually is identified with an
element of * B,, denoted by VK ,(u):

VK () =e* Ko 1 =4y,
P

(€) The mapping B, > u — VK ,(u) € *B, is monotonic, and in particular one to one.
(f) The weak derivative of the map B, > u — VK p(u) € *B, at u applied to w € B, is
given by

q
D(VK ,(u)) w = -I;(W — Eqlw)),
and it is one to one at each point.

Proof.

(a) For the first point see Pistone and Sempi (1995, Proposition 2.5(a)).

(b) It is a consequence of the definition of K ,(u) and its properties, see Proposition 14.
(¢) Same proof as (b).

(d) We note that the random variable g/p — 1 is centred: E [q/p] —1=E,[1]-1=0.
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To prove that g/p — 1

We have

So we have to show th

By the inequality
max{log(x), 0}, we ha

q
E,|[=lo
Plp

We know that

and also (see Propositi

Then all terms on th
E [v] = 0, the first equ

By definition the gradi

By comparing the two
with ¢/p—1€ *B,. E
(e) Note that, if u a
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734 G. Pistone and M.P. Rogantin

E[(VK ,(@) — VK ;)@ — )] = (VK y(@) — VK (), (@ — ). p

d

1
= <J0d6@VKp((l — O)u + 0m), (@ — u)>

* P

1 ®

= J dOD*K (1 — Oyu + Ou)(ut — u, T — u)
0

1
= J dé varg(u — u)
0

where vary is the variance with respect to the density pg = e,((1 — O)u + 6u). As the
mapping 6 — D?K,((1 — )u + @) is continuous and positive definite, then 6 —
varg(7 — u) is continuous and non-negative. If VK ,(#) = VK ,(u), then varg(u — u) = 0 for
any . This implies that % — u = constant and % = u, because they are p-centred random

variables.
(f) The map f: B, > u— VK,(v) €* B, is weakly differentiable if, Vv € B,, u+—
E,[f(w)v] is differentiable. We have

E, [f(u)v] = E,[VK (u)v] = DK p(u) v.
Now we consider the increment of VK ,(u) in the direction w € By:
E, [(f(u+w) — f(w))v] = DK p(u + w)v — DK (1) v
= D*K p(u)(w, v) + R,(u, v, w),

where |R,(u, v, w)| = o(|w| ;). We have shown that

DK p(u)(w, 0) = covy[v, w] = E,, E (w— Eq[w])v} , (10)

so that E,[Df(w)wv] = E,[(q/p)w — Eg[w])v]. To check that (q9/p)w—Eg[w]) is an
element of *B, we use (10) and the properties of the norms with respect to two conjugate
functions. We want to prove that

sup E, [%(w — E,[w]) v] < +oo.

llol] p <1

Now cov,[v, w] = D*K ,(u)(v, w) < k||v|ly,,p||Wllp,,, because K, is twice differentiable at u.
Finally supj, <1 vll, <-+oo because the norms Il 4,.» and |||, are equivalent. The weak
derivative is one to one; in fact, if there exists v; such that

q q
—(v — E4[v]) = = (v1 — Eq[on]),
p p
then v — v, = constant and v = v; because they are centred random variables. |

Using the previous definitions and properties, it is possible to give a definition of the
nonparametric exponential model as follows.
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Definition 17 (Maxin
exponential model at |

The function
B
is the likelihood funch

parameter”.
Any parametric e

exponential model as
exponential model, wi

O -

Then the parametric e

with y(0) = K (3 6;
Note that the pars
subspace spanned by

0

where *ug = pg/p —
last but one holds bec
We denote

by 7;. The parameters
(1994) or the mixture

2.3. The atlas

We now have all the ¢
the following map def

where K ,(u) =1ogE,
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736 G. Pistone and M.P. Rogantin

This mapping is one to one because u is centred; in fact, if u, w € 7, and
e —Kpw) = gn=Kp) then uy — K p(u1) = up — Kp(u), and uy — u is constant and this
constant has to be 0.

According to (1) and (2) we shall denote by 74, the image of 7, by the mapping e, and
by s, the inverse of e, on #/,. Such an inverse, s,: 7/, — 7, is easily computed as

Sp: Wp D g log(%> —E, [log@)} € 7p- (14)

The functions s,, p € .Z(X, %", u), will be the coordinate mappings of our manifold in the
sense that, locally around each p € (X, .2, u), each g € 7%, will be “parametrized” by
its centred log-likelihood.

Let us now compute the change-in-coordinates formula; if p; and p, are two points in
(X, 4, w) such that %, N7, # &, then for all g in that intersection

J4 P q
log{ — ) =log{—] + log (—
() ~ox(5) (i
belongs to L?'(p) = L?(q) = L?(p;). The composite transition mapping
Spy 0 €p: Sp(Upy NV py) — S (U p, N p,)

simplifies to

spzoep,(u):uqtlog(%) —Epz[u—klog(?)}, (15)

2

where the algebraic computations are done in the space of u classes of measurable functions
and the expectation is well defined as long as %, N %,, # .

Theorem 18. The collection of pairs {(7,, sp). p € #HX, %", W)} is an affine C* atlas on
X, Z, w). The induced topology on sequences is equivalent to e convergence and the
transition mappings are those defined in (15).

Proof. This is the main result of Pistone and Sempi (1995, Theorem 3.6). O
Note that the derivative of the transition mapping defined in (15) is
B, >u— u—E,fu] € By,

and this is an isomorphism between B, and B,, as topological linear spaces (Lang 1995).
This extends Proposition 12 (b).

Definition 19 (Manifold). The exponential (statistical) manifold is the manifold defined by the
property in Theorem 18 on the set (X, %, p).

The maximal exponential model defined in Definition 17 has a precise place in the
general framework, as the following theorem shows.

A 74

W

W

1%

)

¥ v A

L

The exponential statisi

Theorem 20. The max
of the exponential mai

Proof. See Pistone anc

The manifold struct
been suggested in the
of Barndorff-Nielsen
Amari (1982). In the
equivalent to the expc
induce the same mai
statistical manifolds) {

3. Tangent spac

A basic object of the t
statistical manifold it ]
a very natural identific
models around a poin
dimensional statistical
exponential form e~/
of one-dimensional ex

Let pi(?) and py(1)
u»(t) be the corresy
ur(1) = s4(pa(1)). The
denote by T, # the
coordinates determine
represented by the ta
sq(p(1)). This definiti

Proposition 21 (Tar
p(to) =p, and let
{t: u(r) € dom(K,)°}.

(a) The relation be
with respect to the d

If q = p, ie. if the c}

we have
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738 G. Pistone and M.P. Rogantin

d
u(ty) = T log (Egl)

=0
Then the space of the score function is a representation of the tangent space T , 7.
(b) The curve
140)
—_
p

is in *B, and its weak derivative at ty is u(to).
(c) The score function of any one-dimensional exponential model through p, i.e.

t 1

ot K p(tw) »,

at t=ty, is u and vice versa any u € B, has such a corresponding one-dimensional
exponential model. Then the space of the one-dimensional exponential models is another
representation of the tangent space T ,.75.

Proof.

(a) We have
d
= a{u(t) — u(to) — K (u(t)) + Ky(u(to))} .

d (D)
a8 (7)
= i(to) — Eplu(t0)].

If p=gq, then E[i(ty)] = E,fu(to)] = 0.
(b) From Proposition 16 (c) we have

Py VK ,(u(t)).
J2

Its weak derivative (see Proposition 16 (f)) calculated at ¢ = #o, is

@ =DVK, (u()u(t)| = ?(it(t) —E,lu(t)])| = ito)

=4
and it is in *B,.
(c) It follows by direct computation that

d
a{tu — K (tu)} 1=y = u. 0

The tangent space inherits the structure of vector space and the topology from B,.

As a scalar product is defined on B, (see Definition 10), a scalar product is defined on
T ,.# together with the definition of orthogonality.

Let v € Tp.# and let p(f) a regular curve whose tangent vector is v, i.e. a curve tangent
at p to p(r) = e K p_ Let ¢: H#(X, #, u) — R. The differential of ¢ at p, denoted
by d,¢, is a linear form on the tangent space: '

'Y} W

W

N4

N %!

LI ¥4

wr

The exponential statist

If p(t) = e (u(2)), ther

3.1. Regular para

Now we give a defi
parametrization that is

Definition 22. Let A b
let B be a Banach s
k=1,2,...,00, if F
tangent mapping d,F

Note that the condi
being a chart (essentic
manifold is finite dim
by the conditions in I

As an example, w
likelihood: g +— ¢q/p
VK,w=q/p—1.T
class (see Proposition
chart.

To see this, we den
Ifur— *u=q/p—1
base of the neighbou
satisfies the condition
JCu+ DlogC*u + 1),
theory the mean para

Another example 1
discussed in more det

4. Information

We now describe bri
notion of the exponen

Definition 23 (Kullb
X, ) be give

relative information o
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740 G. Pistone and M P Rogantin
q q q q q
K(q, ):J—lo =) pdu=E {—log(—)] =E [log(—)].
@pn=]5 g(P) le CA\p “1T\p

Proposition 24. Let p € .Z(X, %', n), let g € 76, and let u be the s, coordinate of g, i.e.
qg=¢e""XWp Let *uc *B, defined as *u=q/p— 1 and let

H,(*u) = E,[(1 + *w)log(1 + *u)].

Then
(a) Kp(u) = K(p, 9),
(b) H,(*u) = K(q, p),
(c) E [u]l = K(p, @) + K(q, p) = K p(u) + H ,(*u).

Proof. We have

@) K(p.q)= —E, [Iog (%)] = E,[ul + K () = K ,(u),
(b) faxﬁo:=EpK1+-*uﬂogu-+*un:=Ep[%log<%)}::qu,px
© K(q p) = Eylu — K ()] = Eqlu] — K () = E,[u] - K(p, @) 0

Note that the value s,(q) of the mapping s,(-) defined in (14) is the log-likelihood of ¢
with respect to p plus the Kullback—Leibler relative information K(p, g) whose value is

E [log(p/9)]
5,(g) = log (%) + K(p, 9).

The mapping s, is connected to the maximum-likelihood estimator as follows.

Proposition 25 (Maximum expected log-likelihood). Let p € . Z(X, 2", u), u € 27, and
ep(u) = et~ Kp) p. Let ue€ 77, and q = eit—K p(ir) p.
The maximum expected (at q) log-likelihood, i.e. the maximum of the function,

7 2 u— E, [log(#)]

is obtained at the point &t and

max {Eq {log (@_1()142)] } = k(q, p)

Y

#

[7]

L

V)

Y4

A H

Xr

The exponential statist,

Proof. We have

The function u — E,[u
E,[v] - DK (w)v =E,
q = ep(u); then the ma

max
u

Proposition 26. Let u
The functions Kp(i
conjugacy are

Proof. The first relatio

The last relation folloy
1974).

The results of this se
Leibler 1951; Donsker

5. Submanifold

Definition 27 (Subma
(X, A, u) and, for
that there exist

(a) a homeomorphis
and the direct product
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742 G. Pistone and M.P. Rogantin
(b) a chart on a neighbourhood 7", of p:
Op: Wy — By VX V2,

where O ? maps %, onto the product of two open sets 9/ Tx 7/ 2 (with 7/ C V1 and
7/2 C Vp) and maps A NY ", onto ,7/1 X {0}.

We shall say that ..V is a submodel or a submanifold of the exponential statistical manifold
X, 2, p).

A submanifold ./ is a manifold whose charts are the restriction of the charts g, to .J~

(Figure 3).

Frequently below we shall use this particular splitting; V1 and V2 are closed subspaces
of B, such that V) N V% = {0} and B, =V, + V3, Then any element u € B, can be
written umquely as u = u1 + uz, with u; € Vp, i= l 2.

In this case .7 = {g=e“"%"“) pruy e Vi N 7/'p} is a submanifold, which we call
“exponential submodel” of the maximal exponential model.

5.1. Some examples of submanifolds

We discuss two relevant examples of submanifolds.

5.1.1.(m, d)-curved exponential models

We consider the parametnc exponential model defined above in (12). Let U, s Ug € B,

.....

(as a subspace of L2 (p)) onto the ﬁmte dimensional Hilbert space V1 For each

u€B, u="~P, ,u+{U—-P, «)u. The orthogonal projector P is characterized by
A V2
*p M
T >
............ AR
72 1 LT
S S RV

Figure 3. Submanifold: in this example the parallelepiped is 7/ X7, 2 and the emphasized rectangle
is 7/1 (subset of horizontal plane).

>
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\/

A+ W LA

L7

W

w w A&

't

B o

The exponential statisti

(u, up) p = 3 20ius, uy)
in B, because it is fi
in B,; then V7 = ker(
splitting.

Then the d-dimensic

N =

is a submanifold of the
set of R? and 6 — u
submanifold of © the ¢
of ./ and thus of _Z(
Nielsen and Cox (1994

5.1.2. Conditional expe

Let .4 a sub-c-algel
expectation

This mapping is wel
ViD: Ep[@1(aE y[ul 4])
surjective (any element
is closed. We consider
kernel of a linear and

1 2 o
”Vp and V » split in
sition. Then

is a submanifold. In
transformation of the s

6. Splitting and

What follows is a nonj
the statistical exponeni
models (Barndorff-Niel

6.1. Splitting

Let VL and Vi, be t
VI + V2, ie. any eler
p p> 1.C. any

i =1, 2. We consider tt
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744 G. Pistone and M.P Rogantin

with i =1, 2. The projectors are both continuous because of the Banach closed-graph
theorem (Lang 1995, p. 4).

The mixed parametrization in exponential models is based on analytical computations
that involve partial derivatives. Our next step is to describe how to compute the partial
derivatives when the two components are not Cartesian components, but the two projections
induced by a splitting. Such an extension is straightforward; nevertheless it is useful to have
precise notation for the nonparametric case.

We consider the annihilating subspaces (V',)° and (V%)° of B}, and 0(¥) and °(V?) of
*B, defined by

(V)" = {u* € By: (", ujs,p =0, Vu; € Vi, Jj# i}

vty = {Fu € *By: Ep[Fuu;] = 0, Vu; € V7, j # i},

with 7, j € {1, 2}. Such spaces can be considered the “orthogonal” spaces to the spaces of
the splitting. This means, for example, that, if *u € %(V2) N L3(p), then *u belongs to V)
in the Hilbert sense. Note that the numbering is such that sup-1 is “orthogonal” to sup-2 and
vice versa for consistency with the natural L? notation.

The following poposition shows that the annihilating subspaces split the dual space and
gives a characterization of the dual projections.

Proposition 28. (le)0 and (V%)0 split in Bt and any element of B;k, can be written as

u* =uf +uf, with uf € (V;) ,i=1,2. IfvEB, V=040 U; € Vi,,, then u}(v)=
u* o Py(v); so u;" =u*oP, fori=1,2

Proof. This follows from the following properties of the subspaces.

@ (V)" and (V%)" are closed in BY; in fact, if u; is fixed in V7, then the space
{u* € BY: (u*, uj)., =0} is closed because it is the kernel of a continuous map, and
(V;)O, i # j, is the intersection of such closed subsets.

(b) (V1Y N (¥2)° = {0}; in fact, if u* € (V,)°N(¥3)°, then, for any v =10 + 02 € By,
(u*, v1)., =0 and (u*, v3)., = 0; so u* =0 because the bilinear form of the duality is
separating.

(c) B’; = (V}y)0 + (Vi)o; in fact, if u* € B;k,, then u* =u* o P + u* o P,; then, if
v € B, v=uv +0;, we have u*(v) =u* o Pi(v) + u* o P)(v) = u*(v1) + u¥(vy) and uf
(with u} = u™(P)) € (V*)°. The last assertion follows from the definition of (V)% in fact,
if v; € V4, and i # j, then

(uF, v}, =t} (V) = u* o Pi(v;) = u*(0) = 0. O

Note that properties (a) and (b) hold also for °(V'}) and °(V2).

6.1.1. Partial derivatives of K,

Given a splitting of B*, we now look for a characterization of «} and u; for those elements
P g P 1 2

W | %]
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746 G. Pistone and M.P. Rogantin
Ky, ) V},, X Vi, 3 (w1, w2) = Kp(wi, wp) = K (w1 + wy).

We can take partial derivatives that we shall denote by 0y, 05, J11, 012, 021, O22 by
composing with the relevant projections; see (17).

Definition 29 (Fisher information operator). The value at q = ey(u) of the Hessian linear
operator from B, to B’; of K, at u will be denoted by 1(p, q):

(I(p, @)W, V) p = D*K p(u)(w, v) with w, v € B,

and it is called the Fisher information operator.
Given a splitting of B,, if v=v+ v, and w = w| + w,, we consider the partitioned
operators 1, with i,j e {1, 2}, restricted from Vi, to (VI;J)O’ k # i, and such that

(Li(p, QW) Vi)ep = (I(p, @W), Vi) p-

In matrix form,

Iiip, 9 1op, 9 :

Ip, )= In(p, 9) In(p, 9

2 1y0 2 \0
By =V, X V2 — (VL) X (V3)° ~ B},

From (18) we get, for w = w — E [w], v = v — E,[v],
COVq[W, 'U] = <ﬂ)7 6)4 = <I(p3 q)W, v>*,P'

We now consider the problem of finding an orthogonal projection of B, onto v

The space B, is a pre-Hilbert space for the scalar product (., .), as in Definition 10, i.e.
the space is in general not complete under the norm induced by the scalar product. The
existence of the orthogonal projection of w € B, onto V}] is not ensured but, if the
projection wj; exists, then it is unique; moreover, given a splitting such that w = w; + w»,
then wy); defined as

Woir = W) — wi

is the orthogonal projection of w; onto V.

The following proposition shows how to characterize w,; with the partitioned Fisher
information operator.

Proposition 30. If w = w| +wy and w; = w; — Eg[w)], for i=1, 2, then w =W, +w;. If
there exists wy); € le such that the normal equation

Liu(p, Pwy = Ip(p, @)w2 (19)

is satisfied, then wy; = wa; — E,[wy)1] is the orthogonal projection of W, € V; onto thr

Proof. If (19) holds true, then for any w; € Vi, we have, from (18) and using the Fisher
information operator,

L U » \7] ) 2

I",

LZ] O ¥»

v

A T W r A

o
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(i) — W

This ends the proof.

Definition 31. Let B,
open subset of (X,

We consider the pair

such that 0 € Ja, b[ a

7:1(0) = ¢:
We shall say that the 1
curves is orthogonal ¢

we shall say that the

Theorem 32 (Mixed

with g = e* KW p 4

is an orthogonal C*
Note that, from (1’
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748 G. Pistone and M.P. Rogantin
1
J df var (i — u) = {DK ,(#) — DK ,(w) (@ — uy)
0

= {01 K () — 01 K p() H(ut — u)

= (1 — 1M, U~ U p

If 0,K ,(#) = 01K p(u) and %, = u,, then % — u = constant and %, = u,, because 7% and u
are centred random variables.

Let Y, i = 1, 2, be the representation in the chart s, of the regular curves through ¢ in
Definition 31, corresponding to the mixed parameter (17;, u):

qi(t) = eu(i)(t)—Kp(u(i)(t)) P, i= 1, 2.

Because of the second condition of (20) the first curve leaves the second parameter constant,
u(zl)(t) = u>, and the second curve leaves the first parameter constant, i.e., for any w € B,
01K ,(u®(1))w = constant. If we take the derivative of the last equation with respect to ¢ we

get
D*K ,(uP())(Pi(w), ©® (1)) = 0. e2))

The condition on the first curve can be written as Py(u1(£)) = u, and derivation gives
P (iD(1) = 0. Consequently, #V(f) = Py(iV(¢)) and substituting w in (21) with (D(¢) we
get

D?K (@ ()i, #® (1)) = 0.
We denote by #(9(¢) the coordinate of g;(f) with respect to the chart s,:
#0(8) = u®(t) — u?(0) — E,[u(1) — uP(0)];
then #?(r) = i(t) — E,[i(#)]. If t =0, it follows from (17) and Definition 29 that
@), #?(0)) g = (I(p, @u(0), #(0))..,
= D?K ,(u®(0)(#"(0), #®(0))
=0.

So ¢i(#) and g¢,(¢) are orthogonal at g. O

7. Transformation of the sample space

The problem that we consider in this section is the action of a transformation of the sample
space on the manifold structure. Let us first introduce some notation. Let a measurable
mapping on the sample space be given:

v

N/ X7

X/

i

' v

X»

At w A\ 4

At
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750 G. Pistone and M.P. Rogantin

Proposition 33 (Sample space transformation). Let us consider a space transformation ¢ as
in (22) and let

¢ (X, 2, W)3 pr— @p)=pe. Y, V)
denote the action of ¢ on the exponential statistical manifolds. Then we have the following.
(8) @ is onto and it is injective if and only if the mapping ¢ is p-almost surely injective,

i.e. it generates the O-algebra £ up to u-null sets.
(b) The coordinate form

¢p=spopoe, p=qo(p)
of the mapping { around the point p is given by
?p(u) = Kp(ulp) — E[Kp(ul@)], (24)
where
Kp(ulp) = logEple“|o] (25)

in a neighbourhood of 0. Such a mapping is continuous from an open neighbourhood of 0
of By, to By, so the mapping @ is of class C° from the manifold /74X, %", ) to the
manifold (Y, ¥, v). Moreover for all a = | the mapping ¢ , is continuously differentiable
as a mapping in L*(Y, %, p-v) and its derivative at u € 7", in the direction v € B, is
given by

D¢ p(u)w = Eglvle] — Ep[Eqllvl@ll, g = ep(w). (26)

(¢) The derivative mapping in (26) is a linear continuous operator from B, to Bj. If
moreover u € By, is such that, for all a = 1,

Ejple* Erluelp] € LY, %, b+ v), (27)

then the mapping ( , is Gateaux differentiable from B, to B} in the direction u.
(d) u — D@ ,(u) is surjective and its kernel splits.

Proof.

(a) The surjectivity follows from the condition formula (23); in fact for each density
p .Y, ¢/, v), the density po ¢ in .#(X, %', u) and it is such that ¢(pog)=p. If
¢~ (%) =.#" wu-almost surely, then using (23)

poo =Eulple” (] =0p.

If p(p1) = @(p2) = p, then p; = pr = p o @. On the other hand, if ¢ (%) C . is a proper
sub-o-algebra, then there exists a density p which is not ¢~'(%/) measurable, so that p and
P o @ are different and have the same image p.

(b) Let us compute the coordinate form of the mapping @. Consider a density p, the
chart domain #7,, and let g be a density representable in such a chart, g =e* X/ p,
where |luf , <1. Then @(q) = g is given by

e

L ¢

L

X

¥

L4

xe
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Now we compute the

The previous formula

and we can write

We have to find the ¢
u=spq)=
Using the notation in

We shall show th
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is defined and norm ¢
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and, taking the expec

Ej



(0€) 1= [1 — (10)ysod)?q = [1 — ([9],2]?5 Bor p)ysoo] g
“|ln| <4 =0/1 <1 se ‘sonfea paadxs oy Furye) ‘pue
[6]1 — (no)ysoo}dq =
1= (,_[0],219F + ,[#],21¢D} = 1 — ([#],2]¢T Bo )ys00
“J0BJ U] '9A0QR papuNog 9q Ued
[0l ,21¢a oy = ?||(dlm) ¢y ||
ULIOU 3y} 1By} SMO[[0J N ‘Ajfenboul uosudf oy) pue ‘| < 0 10J
(X + N = ()

uonoury 9y} Jo ANXIAUOD Y WOl ‘[ <4/ =D pue [ > ?|n|o 1em
yons 0 aye} am (g) Ul ULIOU JO UOBIULAP oy} Suisn “oe] uf ‘SuISedIddp WLIOU pUEB PIULP Si

(62) (4-d)y1 3 @)y —ned g

Swiddewr oy jey) Suimoys Aq eIS 9p\ "0I19Z JO pooyInoqyusiou
siqeyns e 01 suofaq n ji 992 01 s3uofeq Afenioe (87) UL n JBYY MOYS [[BYS SM
($2) 108 am ‘(g7) ur uonesou oyl Jursn

d d
(82  ll9],e1%a8011¢d — [@],2]99 801 = [(g) 301} ‘9 - (g)ﬁol =(b)is=n

uayy ‘Y92 3 b 31 *Y9% wo 1eYd Y 0) 10adSAI YU £ JO SOJBUIPIOOD JY) PUY O} IARY M
d[0],0199 iy 2= (M) 0d=(b)d =1

QUM UBd Iam pue

‘[d)lns]d'a (n)‘i)l_a =

| Ry

0} soyrdwis enuuoj snoiaaxd oy
.[(%[—oﬂng]da (n)")[—9 =
[(él)lgd)](n)dy—na]da =

(i
[(@))hd)'d (n)")]—na]”a

dod d
d)olg:d"’(Z)

:d 01 1odsar yum pooyray1] oy anduiod om MON
.[(%))[Ad”d (n)dyfnS]'/E[ =dob

ISL pIoftuvwi [pousuvis puusuodxa ayJ

LY B X & B At Ao

L@ &

ri)

&

b

£3

‘d (nyiy_nd=b ‘Uey
oy ‘d Ausuop ® JapIs

pue d jey) os ‘opqeinse
rdoxd e st 7 D (#4),.

J1 d=(dod)d yeyy
A)Isuap yoeo 10J }0¥]

‘N UONI2IP

(L)

J1 4g o1 g wouf 40
90 (
st 9 > a uonoaqp ay,
ajqunuaaffip Ajsnonu
ayr o1 (M "Xy I
0 f0 pooyunoqy3iau ua

(s2)

o)

‘danoaluy Ajaans jsouljp
Buimopjof ayy aavy am

(a
D O uoypwAOfSUDAy 201

ugun3oy J'W puv auc



752 G. Pistone and M.P. Rogantin

As |lull , <1 and from (30), it follows that
1Kl @)l < llull -

As the expectation is a contraction operator on the space of L?(p-v), then & in (28) belongs
to the domain 7/ of the chart at p for u in a suitable neighbourhood of p.

To prove the continuity of ¢,, consider the difference of the values of the function
K(-|g) defined in (25) at two points u and v of the domain of ¢:

K (0|@) — K p(u|p) = logE[e”|o] — log E3[e”|¢]

B E;[e’]o]
= log <_—E@[e“|w]>

= log Eg[e" o],

where g = e,(u). The norm-decreasing property shown above, together with the equivalence
of B, and Bj., (see Proposition 5), now implies the continuity of X »(-|¢) and in turn the
continuity of @ ,. Finally ¢ is continuous because its chart representation is continuous.
For the differentiability the same argument as above shows that it is enough to show the
differentiability of the mapping u — Kj(u|p) defined in (25).
Let us check first the directional derivative. For u, v € B,, u€ 7, q=e*K:¥ y,
g = ¢(q), and t — 0, we want R(u, v, ¢) to go to 0, where

R(u, v, 1) = 17/ (Kp(u + 10]@) — K p(u|@)) — E4[v]o]
= 17 K4(tulg) — Eqlvlo]
= 171 Ky(#(v — Eqlvlo))|9)-
From the concavity of the log function we get
R(u, v, t) = 1~ log E;[e"@Fal"loD| ]

> 171E,[log e E 110D ]
= E;[v — Eg[v]e]|¢]
= 0.

We use now a classical argument from Hardy et al. (1952). When t decreases to 0, the
function

t — E, [et(ZI—E;,[vW]) o] 1/t

is decreasing and the same is true for 1 — R(u, v, ). From the inequality logx < x — 1 we
get

!
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The right-hand side of
The same is true for n
of the expected value :
of ¢, and the form o

Finally we consider

The L% norm of this «

where K ,(ulo~ (%))

“veu-K

However, K ,(.|¢7!(.
2al(u - K (o (¥
is bounded by a cons!

(c) The linear map

is a contraction from
continuous from B, t
Assume now the ¢

cosh(aR(u, v,

As t decreases to 0, tk
t =1 is finite, then t
expected values. This

(d) We have showr
Qpatu€ 7, in the
fact, for each 0 € B},
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D¢ (u)v = D p(u)v

= Ej[0 0 9lo] — E3[Eq.[0 0 ¢|o]]

=0—E,[v]

=7D.

Let us now study the kernel of D@,(x). This linear mapping can be written as
D@ p(u) = C o E(u), where
E =Eg[|p): B, — L (p+v)
and
C: L?(p-v)> W w—Ez[w].

The kernel of C is the set of constant random variables in L?'(p - v). The constant elements
v € By, such that this constant is 0, and we have shown that

ker D@ ,(u) = {v € B,: E [v|p™'(¥)] = 0}.
As we have shown in the previous paragraphs (see the second example of submanifold in
Section 5.1), the kernel of the conditional expectation splits. O

Remark 34. If the mapping ¢ is of class C” from Z(X, .Z", u) to #4(Y, ¥/, v), n = 1, then
the previous splitting property implies that this mapping is a submersion, and, for all
pe Y, ¥, v), & 1(g) is a submanifold of .Z(X, &, u) (Lang 1995, p. 25). This general
result cannot be applied directly, because we have not proved in general the C! regularity.
Nevertheless it can be applied to special submanifolds. If we assume that .#"is a submanifold
of (X, #, u) such that the restriction of @ to .#"is C!, and the splitting property holds on
the submanifold, then the splitting result implies that @~'(§)N.#" is a submanifold of
AUX, 2, p).

The following sections show a different direct approach to the differential structure of
»~'(g), based on the idea of regular parametrization.

7.2. Bivariate densities with one marginal given

Let us assume in the remaining part of this section that the sample space (X, 2", u) is a
product space X =Y X Z, %' = 2/ ® £, u =v Q@ m. Let us denote by ¢;: ¥ X Z — Y and
@2: Y X Z — Z the two marginal mappings.

Proposition 35 (One marginal given).

(a) Let p| = @ (p) be given. For each q € %,, q = e“ Ko plet g1 = p1(q). Then we
have the following.

(i) The mapping 74, > q— q1/pr — 1 € *B,, is C® from (X, %", u) to B’;l.

L

A4

1]

13

A L4

wr

The exponential statisti
(i) The mapping
Wyp>q— |

is an orthogonal paran
(b) The set of all d

has a C* parametriza

Proof.
(a) It is a particular
I

To identify the first ¢
Proposition 32, the par
have

We have characterized
(b) gV, N,

Note that there is .
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marginal and the set of conditional densities, i.e. the Bayes formula. This induces a
parametrization on the set of the corresponding conditional densities {p/pi: p € .47, }.

7.3. Bivariate densities with two givem marginals

Definition 36 (Fréchet class). Using the previous notation, the set of all densities whose
marginals are given, i.e.

A m =P € MX, 2, 0y di(p) = piv i = 1,2} (33)

is called the Fréchet class with marginals py, ps.

The following proposition shows that each Fréchet class has a regular parametrization
and gives some details of its structure.

Proposition 37 (Fréchet manifold). Let two marginal densities p,, p, be given: we consider
the Fréchet class N p, as in (33).

(a) Let p = pi1py be the product density, and let u € B, be given. The formulae

u = Jupz dr,

u = Jupl dv,

Uip = u — Uy — Uy,
define a splitting of B, into the spaces (B, X Bp,) and B;z, where
BLZ - {w € By: przdn = prl dv = 0}.
(b) The mapping
Wy qr ((%— 1, %— 1), u12) € (*B, X *B,,) X B2 (34)

is an orthogonal parametrization of 74, on (B’;1 X B’;Z) X BLZ.
©) A pp N7, has a C* parametrization given by q — uy, € B}DZ.

Proof. 1t is an application of the Proposition 32 based on the following projections:
5,50 ([uc. o ands, [ur powar, - [uc, e
+ Ju(y, -)pl(y)vdy)- O

Note that the term u;, has the character of an interaction term.

The exponential statist

7.4. An example
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log qo —%Zl(
ij

log q10 — %Zl(
i

u=

_ 1] 3loggoo — lo
N 4 —log qoo — log
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4 —(q10 + CI11)}_

1
= E = —
7 ulgle] 2 [ g10 + 911

Now we show Proposition 36; the marginals are given, i.c. (i, j) =i and @y(i, j) = j
and the splitting is u = u; + uy + 4y, where

1 11
up = Eplulg1] o =3 log(m> [ ]

qogn ) | -1 -1

1 00410 [1 —1}

u; = E [u 0@, =- log 22 ;
2 plulpa]o @ 2 g(qmqn) 1 —1

SO u1p is given by
1 qo1q10Y\ | —1 1
=u—u —u =-log| —— .
Ui u U Uy 2 Og(qooq“) 1 1
In terms of transition probabilities,
qo1910 a p )
log| —— 1) =1lo — .
g(%an) g(l—al—ﬂ

Then this parameter is orthogonal to the mean parameters q; — 1 and ¢, — 1, where g is
as above and

9> = Eulgleal = 3[4 — (q01 + q11)  qo1 + qu1l-
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