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SYNOPSIS o ~

Thls thesis is concerned with the concept, propertiea and

"~ application of generating functions of abstract graphs. Many

- processes, and shift register s

- original.

and its relgtionship‘tq1§;set f s

~can be expressed as a ratiofof‘tﬁafchﬁréct

practical problems like code generation, path enumeration, linear

"~ shift register seqﬁédcéé, sampled data systems, discrete Markov

ﬁfbéesses,’and certain cdnnectivity consideratidns in automata

theary can be handled in a unified manner using these techniques.
This unified treatmgnt of all these procesaas using the ganarating
kfunctions of directed graphe»is:original. This approach is GBV¢1-

oped - . in Chapters l through Se

Chapter 1 gives a brief historical intraductian

quantitative aspects of graph theery. .

Chapter 2 defines the generat
when its branch transmittan‘ 
Chapter 3 deals with me};p“

the loop structure of théxgiéph<s Wéjpré#_

depend only on the loep structures ef the
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Chapter 5 is concerned with the applicatiqp of generating
| functions to certain problems in communication and computer systems. A
a’tandard graph is taken axilcyi‘\interprétedin various systems contexts.
Useful information about the“appropr}ate system representation is
derived. Much of this chapter is original. |

Chaphér 6 treats the connectivity of directed graphs as a
Propgrty of their gene;atigg,fqg?F}pns. Sige new theorems are
given. Tééts ahg/algorithms afe'pfeéented to test the well formation
of graphs, the determination of rgdundant‘nddes, and the detectionfof‘
loops in graphs, There is also a test for strong connectivity, an
algorithm for partitioning the graph into maximal strongly connected
Bubgraphs, and an algorithm for partitioning the éraph into dis-
coﬁnected subgraphs. A new theorem and an algorithmwére given for .
complete factoring of determinants, o
The whole ghapter.is original except E;r the Mari@oht test and

a theorem derived from Mason®s work.
, .

Chapter 7 classifies graéhs as sméll, large well;Ordered, and
large random. .For the first two, we show that the éopological methéd
of deriving the gené;ating function appears best. The method of node
reduction is propos@dkfor large randeﬁ graphs; We provide a test to
find the complexity'éf é given graph in terms of its 1§op;étructure‘
" to determine which method to ﬁse in derivihg the generating fhnctien.
Our noda'reduction procedure mihiﬁiZes %he amount of camputationfatﬁ
every stage using the conn@cﬁivity matrix of the graph.‘ We also disﬁﬁs#
explicit solutions of the gharacteristic difference gquatiqn from
‘which the coefficients of expansion of the generating funetion cen be
found, ,The\classifigation, the tests, and the node reduction pro&édure\\

using the connectivity matrix are original.

N



XV e

Chapter 8'giveé a model of digital waveforms generally used in
discreté recording schemes. We classify the parameters in such

systems .as ‘cyclical or as non-cyclical. Since synchronization and

~other éontfol information is indiéated-by certain transitioﬁs in
these parameters, we ‘devélop techniques of enumeration of waveforms
ad%%rding to the specific tyﬁgé of parameter transitions hhey‘contain.
‘we apply these techniques-.to tran51tlons in multl—level malti-

parameter systems and to certaln preflxed comma-free systems. The

S

~ .

whole chapter is orlgingl

Chapter 9 illustrates the power of tha graph generating function
appfoach to complex combinatorial problems. We define certain
constrained codes, and show that these caﬁ‘be the basis of m;ny)
practical recording and communication schemes./ We develo@ some very
general types of codes, and glve tha;r generating functions explicitly.
We give an application of a constrained code in an. actual recording
scheme. We also develop a. technique for "minimim® radundancy encading
of these codes. The whole chapter is origlnal.

Chapter 10 develops the path ennmeratién viewpoint of Iinear
shift register sequences. The genérating\funCtion meﬁhéd is wmuch,
- simpler than thé existing methods of .finding the outputs ofbany;atéga
of a shift register generator (8RG). We give the analysis Qf 3BGJa!
with specified initial conditioné 8né'ex$end it to the case:ﬁhéraqsaﬁa
inputs are tnjectg& éxterna1ly and are functions of time. We develop
equivalent SRG's by path inversion and develop the ganérgﬁiné functions
of complementary sequences. We propose and design maximal symmetric

i

sequence generétors, The whole chapter is original.
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In Chapter 11, we compare our methods with those developed by

Gilbert for enumerating prefixed‘comma-free codes and show that our

' methods are simpler and more general, We extend our methods to

enumerate prefixed comma-free encodings with distance-2 property.

~ We derive a necessarywbdnditioﬁ for the existance of such multi-

_disﬁﬁnéed‘prefixed.codes. Since the number of sequencés‘with

multi;&istancedrprefixes.a:@¢§mgll, we propese methods of locally
reinfbrciné £he prefix in the vicinity of its occurance. We find
the.generatiﬁg fuﬁétiona and epum@raﬁe some sequences. Except (
for the~compariaanﬁwitﬁ Gilbert!sﬂwork,‘tﬁe,whcle chapter‘ia

original.
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GENERATTNG FUNCTIONS OF ABSTRACT GRAPHS

WITH SYSTEMS APPLICATIONS
ABSTRACT

This thesis is concerned w1ﬂh the concept, propertlas and appllcatlons
of generafing functlons of abstract graphs. Many practical problems like
code generation, path enumeration, shift register sequences, samplas data
‘systems, discrete Markov processes and certain connectlvity considerations
in automata can be handled in a unified manner using these techniques. §;‘

i

The generating function of a graph is a function of the complax variablﬁ

7 Whlch has the prOperty that interestlng attribqtes of tha g ph can be

extracted from it by numer1cal operatians.
)

e

The computatlon of the generatlng function inv“ivef'ef

1nver31ons or application of formulaa 1

characteristlcs of the~graph. When the graph has ce”k

gical;ﬁﬁétufes,\the topologicalAm&thodwg1Ves~th@ngenar

the praph has been chosen at|random, often no-advantage car

| - ; N . -
topological characterization. “The matrix method can then t

computational cmmﬂﬁxity'réstriéts the sizélpf‘grﬁghsfwhiah*an;;

[rESEI——— -




that calculated the gain between two nodes in a flow graph.

o | .
~ L. INTRODUCTION

- The origin of graph theory can be traced back to Euler and Kirchhoff
who utilized it for visualizing and elucidating certain relationships in physical
science as an aid towards their mathematical formulation. -

Purely algebraic form’ula.tio,ns of phyaical quantities generally ignore the

peculiar and interesting situations ekisting in a particular system. Such is

the case when one-sets up a set of linear equations to describe the current-
voltage relationships in an electrical network and solves the same by matrix

methods. An ideal method would take into consideration the particular Iﬁhysical

‘fsitﬂations associated with the system at each stage of manipulati‘on , Also when

the physical relations in a system are represented by ‘a graph, c&rtaln
topological aspects look evident, therc-by enabhng one to charact&mze the f!
problem also from a topologmal (graph theuretm) v1ew1301nt

Mason [1 Z] developed the slgnal ﬂow graph pnmarxly as a t:ool t:o solve ‘

steady-state hnear network problems He showed that a hnaa,ri C

conveniently represented by a mgnal flow graph whlch can be analyzed mfdataml

lt

for its topological structure.’ The major result of his work was the formul :

| Coates [3] modified the conventions inv@lved in Massbﬁ"\s“;fiow grap
theory, to obtam some mmphflcatmn in fhe final computation of the sx“n&
gain. More mnovanons were’ later added either to accomodéte spemai
or to "unify" the Mason and Coate\s approaches. These attempts;aref v

known as N- graphs, matnx graphs, etc [7 8] We shall o,zily use Masan

conventxons in- thls report. .
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abstract graphs by means of generating fvunctlons:‘and 'cha

R O '

Widrow [9] applied Mason's s'igna.l flow graph theory‘ to linear time
invariant sampled-data sly.s_tems. Howard, Lorens and primarilj{ Sittler [4, 5, 6)

recognized the analogy ‘between the Jlinear sampied data systems and discrete

<

’ Markov processes w1th constant tran51t10n probab111t1es and extended the range

of apphcabxhty of the 51gnal flow" graphs Since discrete AMarkov processes can
be represented,by transition or state diagrams with a set of constant transition

probabilities between various sfate:s,k" one can surmise /t-he.\kapplkig‘:‘abilityf of the

results of ‘signal‘ flow graphs to the study of sequential;ma‘c“h‘i"ne\sf and:aqtbmata

theory. Indeed such an approach [11] was ini‘ét‘edfdnly;kreceﬁ

1.1 Main results of this t.hesis

Upto now, quant1ta.t1ve graph the

d1screte Markov processes with constant pero

opposite v1ewpo1nt in this repeo‘rt.i‘ We will study the quant

We shgli derive ‘these functions withoﬁ.t\ ijgiga‘rdf to any physica

may represent. Next, we shall .interp;r,eti the. phy‘Si’kce;fl*rﬁ:ea

its generating function and its characteristic funct1on1n rm

processes.

g
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- ofnreaching ffém one‘setrof nodes”to anotﬁer set of nodes in exactly n

steps, the output of a delay elem»nt (or an adder) in a shift register
generator, the average executionhtimg,anﬁ,variance of a computer program,

-the degree of QSynchronism of a multiplier unit in a computer, the number

of distlnct waveforms in a multl*lean and multi-parameter discrete recording
(or communlcatlox) system in which eéch parameter is saparataly constrained;

the maximum pamber distinct code words of exactly n bits in whick no more

) tnan k_ but not less than m, "zeroes' can occur consecutlvely and no more than ,
k] but not less than m; "ones" can occur consecutively in‘any sequence of the

| code words; and the characterization of strobgly connectédrautomata by‘thair
generatingtfuhctions, and ihe generation and the enumeraﬁion of prefixed, easily
synchronizable codes with certaln comma~free properties.

Slnce a particular graph can be qiven dlff;;éni interpretations in differant
phy51cal processes, one can apply the body of knowledge in ona‘aystem~(a1g»,
synthesis procedures in sampled data gystems) to problems in another (e,g.,
design of sequential machines). Also, solut:ons to a comblex systams problems

in one area can be obtained by simulating their ea81ly~obtalned analag 1n

another area.,

-

N
. P‘

4
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2. GENERATING FUNCTION AND GRAPH TRVANSMI_SSK'ON

&

) ~€ET
2.1 Definition

An abstract graph is a-set of nodes connected by directed branches and

, such that a complex number called the branch t‘fansmissiqg is a"ttac;hedto

each bra‘nc‘h. ' If the graph has n' nodes, an n xn transmission matrix T
can be constructed which exhibits the relationships betWeen;‘\t}ie nodes. This

matrix is unique to the graph upto a permutation of the ‘ek“nti'iieék ‘d“ue,to’ftﬁhe'

——

renumbering of the nodes.
A branch is represented by a. directed lin Ejo‘ihin two nodes Wyxikth“,an

arrow. The branch transmission generally, sy

and its diy‘rection, specified Sby thefarrdw*c‘bﬁi dhs‘hip

between the two nodes.
In this report, we will call tlj ‘as’ the branch “

to node j ——

ExamBIe

3% -~  FIG. 2.1 A DIRECTED)
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transmission which is equal to the product of the origimﬁ;J@,&b;ft‘s\.:i*x‘(5;:}‘1~e5‘}l .
.\"‘;‘ ' 3
STNTL Ty 3
Y ! i Ll ¥ £ ,]L_ : 3
f N s We'r o
L A 2

RPN B ] ‘ . S
Two rules govern the manipulation of transmissions:
Y \ .

1. Addition Rule

The branches in paxiallél between two nodes can be replaced by a

&

_ o
* single branch with a transmission which is the sum of the transmissions of

individual bfanches, if the branches are of the same direction.

(r
24
} .
t,. = Z ¢ (8)
ij ij
s=1
nf “
FIG. 2.2 ADDITION RULE | e
2. Multiplication Rule

~

Branches in series can be represented by a sing‘l‘e‘fﬁranchgw 1

i
N p v “

Ay bt ot

FIG. 2.3 MULTIPLICATION RULE = |
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2.2 Interpretation of graph transmission

The use of the name ."t';’_ans:miss;ion" to express the ’relation between

two nodes should not convey th;/i}npress{on' that we are restricting our discussion
. v : ‘

to electrical n'etworks and signals. It has a purely abstract, non-dynamic

1nterpretatxon | B

For exa.mple»xn Fig. 2.2, let" tJ(s) fora.ny s be equal to 1 then

r v ‘ ‘
5- tij(S)z r is a positive integer, If each tij(s) represented a mutually
exclusive way of reaching node j from i ,k”'th‘ein ‘tij ‘ia__tlle total number of -
different ways of reaching j from i Simi'l‘\é_‘i'fly if the number of:;"rn’utually
exclusive ways of reaching node 1 from node’ i, node 2 from node 1 ;

node 3 from node 2; ..., and, node j frd}fx node s az:é t1l’

v e

i by passing through nodes 1, 2, ... s in s‘equence@s

node

product &f the transmissions namely ¢t - le e tsJ\ Thus them A

\I

and the mu1t1p11cat10n rules indeed apply to the path;sih a graph*. Thls

>
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Markov process, the probability of a compound event can be built-up in th_f’z"f -e
same way, viz., if the component everks are statistically independent thed
component probabilities are multiplied; and if the compornent events are

mutually exclusive, the component probabilities are added.

2.3 Tﬁe conceLof generating functmn

Dlscrete probab111ty theory [10] makes use of the generat1ng function

concepf to solve a number of problems This function is ,s1m11ar to the ones

=N
-

used in generatmg Bessel Legendre or hypergeometnc funct1ons Its use

in solving combinatorial problems is well known [22]

Given an abstract graph, whether representing sequen‘tiavlrpro/cesses

signal flows or connectiviti‘es there ar1ses a need to know the total transmlssmn

of‘ibran‘ches;g 5

from&one set of nodes to another set as a function of numbe

traversed. . Or, from the path enumemtmn vxewpomt

the number of d1fferent ways of reachmg from one set ofnno
set as a function of number of branches traversed in 8¢ ’~r1es:. ““sfs‘:i‘on;
(e.g., path enurn.er'atmn) funetmnsz c‘a,lled the. gg:peratxng\gf
given’:‘set of nodes (te.nninal nodes):kand is of cons‘iderafsi"e~~ 1nt
of comr;nunication and t(ra'l'nsport netW'orhe‘ i«ntorrnation retri“

[14, 15, 16 and 17] Indeed, the fundamental study of abstra



the graph by certain opera

[ Y\
tions.
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— about the given graph and one can get from it many interestixig properties of
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3. PROPERTIES OF THE GENERATING FUNCTION

3.1 Definition of the generating function

Let (El) be a row vector of n elements such that its jth element is
e . — & -

(e'), = 1 if i=j
R . , (3.1)
. = 0 otherwise ;.

% Let ( gk) be a column vector of . n elements such that
0 ' otherwise - : s '

We define the real numbers gjlk as follows:

. goilp.: (el) [T]° (e, ) Er
- gl?k = (EI)EI']I (E-k;)é &
At ) s

in which [I]o is the identity mal'tfr’i‘x,l , and, [I]n:x T

~.

*In the case of a sampled data system.. ‘gjlk can.’Be@}m;‘t

transmission from node i to node k {the sum of alldxff
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engmeratic;n gjlk is the total number of ways of reaching node k from node 1

by traversing in exactly j steps in series.

The generating function from node i to node k is defined by

- . .
Gik (2) :,Z gjlk &
<20
0 . PR
=) (") [T} ZJ(ek)

1]
leo
-
18
H
N
=
[¢]
~
J
/

in. which. z is. a complex valued indeﬁpkendg.p‘t‘v/arﬁi‘abli"

shall next show. that Gik (z) is well‘-dtefkineud‘:;

* Let M be the largest row sum of I That is

. max >— ]tl | Wi
1 (2 1] ‘ W
| B ! ’ i
Then, by the definition of M, 0% |t‘ij’ﬁlﬁ < M and,

max < M%
i,§ i =

(K)

(K) |

in which ;5 is the ijth element of [*"_1“}K

v .
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Therefore, if Izl < -1 then

N [T z]J converges to a limiting

18

G

11

. ok
n x n matrix which implies that ., () is well-defined! ~

il

14 . . . A VW,,,.m :
3.2 Repres entatig}i of the generating lunction o -

&

If T is'n n x n identity matrix then

[1-Tz] [Z [Tz}
Lj=0

(0.0 ] (0.0 ]
” - z _T_Jz‘]— Z ,—I,J+1 jt+l =1
j=0 - j=0 ;
co
Thus Z [Tz} = [1-Tz]"!
j=0 g

- . i . —l
therefore\Gik(Z) = e [1-Tz] 3k

Let [I- Tz]= A then ﬁ'l is the matrix as shown below ' -
A‘;i . g

ﬁfjﬁm N ) —
~'B T : !
catb oL A P Anl
= AT AT A
A2 A22 | An2
. X 22 i Ex.
< |
S s
Al A, A
e - ’ m@.-i
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Whe“re Aij is the co-factor of the ijth element of A and Iél is the

determinant of A .

Thus | SN
& (2) = W_Aki o (3.11)
lk ’ = o . .

\,

'We have proved. then the fobifl(rnyw-il-a-"g&"hr'e‘s ult..

The ’genkerating fﬁhctiop of an abstract gr#ph ‘frorxi node 1 to nodret k
is given'by the ik th element of thé 'rhatrix [I-T z]—l where T is the
tr;nsmission,,métrix of the graph; 1 is an idenfi‘ty\matri)\c: andz is a complex

valued variable restricted to values [z, <1l.
: ‘ ]

Later we find it useful to define the generating function f2

subset of nodes to another subset of nodes. The termina

am

will be evident from ‘the context.

~

3.3 Relationship between the generating function of an

a set of linear equations

We shall next show that finding the ik th elemen

[I- Tz ]-l = A is equivalent to solving)f&i“a particular v

set of linear algebraic equations in n unknowns.

| S ‘ g Ay
ik the element of [I - Tz ] = =

L3 & B .
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- And we then have the following relationships among the co-factors:

P

T
Ay T A T By - - (B39

Let Xi [e i] be a column vector whose 'ith cdmponent is Xi and all others
: o . .
zZero, Define another column matrix X with n elements.

' Conmder now the set of linear s1mu1taneous equations given by
’fB] xl = X [e] - T (3. 16)

Solving for a particular variable x, and using. (3. 15) we get

k
x B, A . ‘ \‘ ' s :
xk ik ki . ,; (3.17)

X T TRM T OTAT T Cal®)
Th{& G. (z) corresponds to the explicit solution’ for the "~ kt‘h‘ \,,;mlknow;x in ,

a set of simultaneous equatlons in n unknowna which are mhemogeneous in

the ith equation only. It should be noted tha.t the coefﬁcmn“ jmatmx and i S
heﬁce X1 also, aré functlons of z .

Let us write down (3 16) expllcﬂ;ljr

— — e -

*; (-tyyz -ty 2 “ni1® X
| 7 g2 -ty ton x,
|
jwummmﬁ—ﬁ—k ) = .
z —tliZ -tzlz _tniz x,
Ttge? by .
E N 15 : “ton” (htnn z) X
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One can rewrite the above as follows

X, = [t“ Xty X, Lt % ] 2 -
*a - [tlz X b by, X, t o X, ]z
¥y [1:1 X;oh oty x, LS t X ]z + X
* X, = [tik X oF oty Xy t 1 *p ]z
x_ = [tln Xt bty X, Ll ton %o ] =

(3 19)

We note that x. is the sum of all different products of h,ra “ h transmzssmns

1
that arrive at node 1 mult1p11ed by 7 aud by approp

originating nodes Thus, one can V”li&‘ dnwr: 1

equatlons (3 19) E’y inspegtion of the g

graph theory. —

(z) - |
' Thus —x—kx—v—— is the signal appearing at noda

\V‘; .

&ngnal X, injected at node i whxch can alao be mterpret:ed

’




A source node

MODIFIED GRAPH -

FIG. 3.2
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Applying Cramer s rule in (3. 18) we get .
, e
T (2) = G (z) = ok = -
ik'?% ik' *f TUE
:‘ ~e ’ ‘ .
4(1-t11' -tZI,z_ etk_l’ 12 Q/ -t 1%
“ti (1-t5,2) o1, 27 0 “tho?
-ftl’ -tz, iZ k-l; z 1 -‘tniz
“Yin “ton? k-1,n
(1-t; -trzylﬁz
. 7
T “t24”
'-tln =t Z

3 4 Relatlonshlp between looE-structure and the generatx

>

We shall next show that the value of _X_ from the
can be obtained from considering only the loops in V:t '
equivalent numerator graph.

A source node

sink node has only ifncpm-1~ng branches.

We sha.ll next defme !

is a node Wthh has only outgomg‘br n
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A loop is a sequence of nodes 1, 2, 3, ...n,;1 such that the transmission

from node 1 to itself viz. tlZ,' t_,23 ce ’tn,1 is not zero. ‘.Conventlonally

all nodes 1 through n in a loop are dié}inct. In a later chapter we shall also

consider loops with repeated nodes. Unless it is explicitly states that latter

is the case, a loop will always refer to’the conventional case.

A
S

A path is a sequence of distinct directed branches connected in series

between two nodes. A loop is thus a patﬁ which begins and ends at the same

node.
EN :
A self-loop is a loop with exactly one node.

A nori-touching (non intersecting) loop set is aA set 6£ 100ps not’
having any node or br;nch in common.

A graph is strongly connected if any node can be reached from any
other. N | i &
| The determinant of the denominator in (3. 20) is known-ag the = ' }

characteristic function of the graph. It is given by " -

ID(z) | =,1—>: p;l +>: PQZ-ZPG; | ‘(3.21)“

where Pa is the product of transmittances of the a-th set of m non-
touching loops, the summation is taken over.all possible non-touching loops

when taken m at a time,
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Determination’ of cxféﬂor‘n/inartor determinant:
Expanding the determinant in the denominator of (3. 20), we find

that is is equal to 1 + Z P _(z) where each P (z) is the product of
| . a T a ~
a ]

certain branch transmissions. ..Concerning ourselves with a particular
product P_(z )V, we can make a few observations regarding the subgraphs

(z) .

&

G, whose branch transmissions are involved in P

B B

(1) Since any product term of the determinant can contain only one term -
from a row and only one element from a column, its subgraph C};3 “cannot have
more than one branch emanating or terminating at any of its nodes Thus

G, will not have the situations i]lustrkat‘edkin Fig. 3.3.

p

"’;',»
§
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(2) P (z') is a product of loop transmissions of non-touching loops. To

p

prove this, we argue as follows.

a) If G, is made up of lodps,' they must be non-touching since

Letag p

by the previous argument, no two loops can have a node or
branch in common. "~

b) Let G, contain a connected part that is not a loop. We shall

B \
show that this is impossible.

Let G‘3 consist of a path‘between‘ two nodes and sor{ie non~touqbing ‘

loopé. For simplicity let this path have a‘transmissio‘n tlZ . t23 zz

Since this is a path which starts at node 1 and ends at nodé,\ 3, node- 1

cannot have any other branch coming into it. Similarly node 3 can have

no branches leaving it. Then the product Pﬁ“; of -the branch _tra.nsmiss!ibns

of the branches in G‘[3 cannot loolk -as kfmllo;svs :
o

‘n {Kgu )ty
m&ce tll and t3£~ will contlnue the path t12 - t23 for any"v§.~;ues of . ~_.—
£=13 2, ... n contrary to our initial"assumption. .

Let us look at the determinant, which is reproduced in.part below

(1—t11z) -ty % ~ty) 2
"tlzz ‘(l“tzzz‘) -t322
~ty32 -t .z (l-~t33 z)
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Since P[3 (z) is a term of the above &eterminant, P (z) must contain an

p

element from row 1 (which cannot be tll z ) and an element from column - 3

(which cannot be ty 2 ). Only opt1ons are the 1l's in locations (1, 1) and

~G

(3,3). This is impossible because the "1" in (1, 1) belongs to the same :

column as tlzz and _t.:he' "1 in (.3,'3)'A5'é‘1’6'ng3 to the same row as t

23 2

for a value: of 1 # 3 and .

B

similarly ts 2 must be present for values of 1 £1 , and so on.

Therefore, ty 2 must be there in P

-

Therefore, ‘Gp cannot contain a connected part which is not a loop. 3 %

Thus Gp can be either a single loop or a number of nonatouchin'g;l‘oopfsi.‘:

(3) The product of the transmissionér ina:Pu.(2z) has‘ané‘ga‘tfiyeﬂs‘iigh{ff ‘

B

Gf} consists of an odd nufnber oflOopé and a pofsi\tive:‘sigh;‘ir~£~ he num
loops is even. To prove this, we first note that any even num ;
column interchanges does not changc the value of ‘the determ na

two identical graphs G and G', whokr ne ndes are 1dent1ca11y numb

excépt for the ,nodiés 1 and j of G are J.d :)eincl j. and 1
\‘. ’

The tx;ansmm sion ma.trlx of graph G' can be o,.btain‘}ed fiom kitha of

/

interchanging rows i and _] as well as columns i and: j'

determinants are identical. Thus relabelmg of the node names

Let the nodes of eaéhf¢100p~~ be numbered 1, 2, ... 1

respectively., Thekg’éin'pkrodukcts aiésoc iated:with't~he51foﬁ6§§;
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This product will be assigned a sign according to the parity of the permutation P:

(2,3, 4, ... 4y, 1 0 oy £ gy ooy ey, 4 )

Since llth element, 1, can be brought to the position 1 by 11-1’ inter-
changes of-aadjacent symbols and since the (f.i + L) elem‘ent, 11+1 can be
. 4
brought to the. (1“_1) position by !2 ! interchanges of consecutive symbols c .
the 51gn of the perxng‘{.atmn is -
L ) £
sgn P = (-1) "7F (-1

bl s

Since each tij'a have a minus sign in (3. 20}, the sign of the product P is -

(DY 1)? sgn P=(-1)°

If GB had consisted of = ioops,

Therefore, any term of the expansion of D-is either
S

Pa( z) of loop gains of non-tduching loops times (-1) @

number of loops correSponding to the product Pa (i) .

Coriversely, any product of loop transmission of non-tox

of ,D(z)[ This follows directly from conslderatlons almost id

those ouyilined above. This completes the proof of our assertio
;o % . . e

’D(z)l= I-ZP (z) + >-P, (z)

*j a; (o,

Determination of the numerator determinant.

Every determinant can be considered as the characteri

of sorgs graph. Thus given an arbitrary nth orderd&t@rmzm
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an n-node graph whose characteristic function is the given determinant. We
shall call this the equivalent graph of the given determinant.

To derive the transmis sion matrix T' of the equivalent graph of a

e

‘given determinant Ié zl , we proceed as follows,

By definition of the equivalent graph

al= |1-170 |
Thus
T = 1-]a|T «
so that ' 7 \
ty s 0y - ey - | @32
where | | )
| = 1 iz

. 0 otherwise.
Where 4 and tij are corresponding elements of A and '}'_" respectively.
Thus there is a 1-1 mapping between the elements of A 'and the elements of T'.

Consider the numerator determinant in (3. 20). This determinant

can be mapped to an equivalent graph whose transmission matrix T' is given .

by
t' Z = t = if k
Pq P9 ' P 51
= 0 if p = k and q ¥ i, k
= -l if p =k ,and q = i o {3 &4}
= 1 4f p =k andq = k b b
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where t' = and tpq are corresponding elements of the nurnerator\ and
denominator graph transmission matrices. Thus the numerator determinant

is the characteristic function of the' graph whose transmission matrix is T' .
.Thus we have the following result:
The generating function - Gi‘k"(-z) of a graph whose transmission matrix

is T is the ratio of the characteristic functions of the graph whose transmission

matrices are T' and T respéctivély defined by the relation:

t' =t if k

pa  pq p 7 ,;
= 0 if p = k and q i{ i, k
= =] if p = k and q =i
=] if p =k and q.= k

This result is equivalent to Mason's gain rule [Reference 1] but not the
same and its usefulness lies in the uniform. treatment of both the numgréator

and denominator of the generating function.

Since only characteristic fun:ctAions are involved, no pathé ne-ed b‘é
considered. | :

Given a dirécted graph, the path enumerating g"’erierati‘ng ffmﬁom;
an arbitrary node i to another node k is given by the gain or the transmisman :

function corresponding to those nodes when the given graph is treatedﬁaa a

signal flow graph after each branch transmission of the original graph
is multiplied by a = # which is a'seperator variable.

ing

'The generating function of a directed graph from a set of starti

nodes ‘5 to a set of end nodes E is given by GS E(:z;); = Z Z G,
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o .

since this is a linear process where the principle of superposition
applies.
This can be seen by using the representation of the generating

function of Section 3.3. More specifically a set of starting nodes can be

» N hd

considered by allowing more than ene non-zero element on the right-hand
side of (3.18) and more than one end node can be considered by solving (3. 18)

for more than one unknown. Ti}{is,' GS E(z) , the generating function from
’ 3

a subset of nodes .S to anwther subset of nodes ‘E is the sum of solutions

for the unknown corresponding to the end nodeé“of‘ E in (3. 18) when their

right hand side is vector X having non-zero components in positions.

corresponding to the starting nodes.

Let .5 = (Sl ’ SZ <o sp) be a vector of starting nodes receivir{g}

exkterna.l signals represented by the vector _)_{_ = (Xfl y XA2 i XP ). Let.

= 12 *2

E = (E,, E . Eq)‘ be a set of end ‘noaes.‘N The directed graph is. ngen :

in Fig. 3.4 Pe bt
e ' h)
)
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feio

REST OF
GRAPH .

 FIG. 3.4 GIVEN GRAPH

Let us introduce a source node § as shown in Fig. 3.4 such t

- generates a unit of signal and its branch transmissions to no
N ":5\\ ¢ B . PR : o

e ) . : ‘
given by X . Let & be a sink node connected from no

branches with unit transmissions. It is easy to see Gg

same as G S S(z) from the arguments in#fadima;d; previously.
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3.5 Derivation of the characteristic difference equation

( The characteristic function of the graph is definéd as the determinant

of [I-Tz]. Itis also the denominator of the generating function between. .-~ -

any set of terminal nodes of the graph (before any cancellation of comzcﬁc‘)xizk

factors with the-numerator). From the topological viewpoint, it is a function
of loop transmissions only.

Since GS E(z) is a rational‘function of z, its expansion into an

(o8]

n coe .
by division is cumbersome even for

"infinite series of the form Z g, z
i n=0

simpl"e‘:@graphs. A superior method is to compute the coefficient of z" by.

recursion by using the characteristic difffe‘r"enc,e equation of the graph.f”? "

Let ; } L ‘
Gsel*) = DGy R Lo sy
\ N(z) = n_ + n, z1 + n, z2 'ni zl ;\ g ; g7
7 D(z) = d, + d) z + dyz d_ 0 i (3 26)

where p and t,/a.lre finite positive integers, and the coefficients
n (0<i<H ‘and d (0 < p < m)are all known.

From (3.25)

GSE(z)’ D(z) -~ N(z) =‘O



~
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{ .
If GSE(Z)'_ = Z g, 2" for lzl <1l, we get on substitutionkin (3.25)
n=0 ‘ '
- i -
2 | m ¢ o
| | P = | J 3 28
Z gnz} dez : ZLnJZJ ('2)
n=0 | =0 - §=0
— . _ o .

. ,(:",;"' i » 3 .
Since the numerator is a polynomial in z .of degree < £, the coefficients

of z for exponents greater than {.must vanish in (3. 28).

for n > £ in the left iland expression\to

Setting the coefficient of ‘zn
zero, we get

do 8n T vdl Bn-1 t 42 8n-2 IR T
L (3.29)

A
dP gn_p =_0
for n>max [ l,p]
) i
- 1| : v
gn -0 d L'J di gn'if
(s Y i
1oi=l :

for n>max [£,p]

The equation (3. 39) is called the characteristic difference equatiorpr r
N ' ~ ‘ oy
enumerator of the graph. ~This equation is unique for the graph and do
depend on the choice of starting or ending nodes for a particulya:rgg;éhegr

function. However, the particular set of terminal nodes of the gener

. function determines the initial values that starts the recursion of (3.
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In suhsequent work, we will not explicitly draw the nodes generating the

e (di- . R - . . .
external signals when the-system representation contains no such source

nodes. The presence of such nodes is assumed implicitly however, in line
with the general conventions of signal flow graph theory.
NOTE.ON CONNECTIVITY MATRIX:

< The connectivity matrix C can be derived from a giv"éﬂ transmission

matrix . T by simply setting

o= 1 if T,
C; if T, 7 0

.C.: 0 if T,. =0
—-1) -1

angn

ke
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3.6 An Example of Deriv{ng The Geperating Function

Find the generating function of the following graph from node 1 to

nodes 3, 5.

2 c 2"

FIG. 3.5: A GIVEN GRAPH

The transmissions of the three loops are: 'z, zkand*as;;,;<l{~ff~

Using (3.21), we get the denominator determinant

‘\D(z)‘ = 1 - (2z“+ 55) + g2

We pnext form the graph which is used to\evaluaﬁe the numarater‘detsrmin&ﬁ&ki

(see Eq. 3.24)

Consider nbds 3, as the end node.

Equivalent numerator graph for node 3 is in Fig. 3.6

~ - \
&3 " «
~
L e s i
S, - e
'/L~~’ =z
i

FIG, 3.63 NUMERATOR GRAPH (EED HG&E;3)
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The loop transmissions ares: )
1, 3z, -z3, --z5
therefore,@; ‘ o

[Ny(z)]|= 1 - [1 bz awdag5 ] + zo-zh

R

Similarly considering node 5 as the end node, we get the equivalent

numerator graph for node 5 in Fig. 3.7.

FIG. 3.7t NUMERATOR GRAPH (END NODE §)

o

The transmissions of ioops are:

1, 2, = 22, - z5

therfore,

|~5(5)' - lxav[l*'z-zza-zgj v - 30

- 32 - z3 + 55.
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G(z) = hfi(z)\ *- INS(Z)I
[n(z)]

22 ahtad

™
T =

1 -2z + 72 -'zs

We could have simplified the above, had we connected a(new’end node }?

f

to nodes 3 and 5 (Fig. 5.10a) and computed - IN (z)l diredtly.
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6. CONNECTIVITY OF DIRECTED GRAPHS

I

6.1 Some Properties of Generating Functions

Definition: A node J 1s said to be reachable from node i1 if there
is at least one directed path from node i to node j. Equivalently, we
can say that the Glj(z);&o. ; ﬁode p is irredundant with respect to the
vgeneratlng function- Gij(z) Af a) it is reachable from node i and b) it

can reach the terminal node j. Nodes which are not irredendant ar&

redundant.

In Figure 6.1, for Ggp(z), nodes S, 4, E are irredu

FIG. 6.1

Theorem 6.1
The generating functlon GSE(z) from nade 8 tny

tained by consid&ring @nly its irredundant ngd

Proof':

: Though thiﬁ tn@orﬁm can ba greved in mmr |

based on th@ linaar sampledmﬂata intsrpratati_
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Al

e

‘a) Consider the case where the redundant nodes (Rl and Ro in

Pigure 6.2) are reachable from node S, but which cannot reach end

node B.

FIG. 6.2 GRAPH WITH REDUNDANT NODES

_If the branch transmittances represent appropriate delays, removal -
cof redundant nodes does not change the signal magnitude at node E

caused by a unit impulse at S at t = Q.

b) Consider the case where the redundant nodes are not reach-

e

able from 8 but can'Teach end node B (Ry and R in Figure 6.2). We
argue that the un;t impulse at 8 at t = 0 can nevef enter the re-
dundant nodes and hence the contribution of thé latter to the aignal
at node F is zero. \

Thus GSE(z) can be calculated by c0nsida;ing onl& ité‘iifﬁéﬁﬁl
dant nodes. \In Section 6.6 we develop an algorith@ t@krﬁmGVe thé

redundant nodes.
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The denominator ¢(z) of the~geﬁérating function is known. as

the characteristic. functlon of the graph. It depends entirely on

the loop structure of the graph ‘anid" not on the sources and sinks.
When studying onlx the characteristic function of the graph
without any‘feference to‘a*partieulgr_set of'terminal node§; one

must include all nodesm(i.e., redundant nodes withxrespect;to any

set of terminal nodes mﬁSt ﬁot be diécarded); For example, one~can

“lose parts of the characteristic function by cancellation, if
obtained by a prellminary calculation of a generati

which redundant nodes are removed.

a) Og5 (2) = 01f and only if ¢}

to node E;,
. b) The largest exponent n in
integer if and only'if‘theré~are‘hbfibj_,

sum is infinite.

length from‘node;i;to~iﬁ§elfi3;\*
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Let us redefine Gij(z) -jggiAnzn as the generating function, Thus

Gij(z)aéo implies there is at least one path from node i to node J for

RN

iJ. For i=j, this implies a loop through’' i, We shall use without

any loss of geneigiity the revised definition of Gij(z) for the rest

~ of the chapter.

- 6.3 Equivalent Graphs

When only the transmission from a node S to a node E is of interest

- -

in a directed graph, the later can be represented by a directed graph

with oniy two nodes (Fig. 6.3) such that the transmittance Betﬁéen thé;:f

two nodes is same as the transmittance from $ to E in:the“Q#igin§f*

i

graph.

FIG. 6,3 EQUIVALENT GRAPH

TSE(Z)

‘GSE(Z) - e
R Y

+ 15(8) Lg(a).

. .‘ 4

Here TSE(s) can be interpreted the gémargﬁing}faﬂékianufraggiigé‘rf

when ether transmittances shown in the grﬁph‘are‘ﬁérab; One

interprets other transmittances,
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We shall call this two node-graph as the equivalent graph for the.
given generating functlon = GSE(z) Equivalent graphs are very-use-

,fU1l in studying the characterlstics of generating functions.

g

Characteristics of Equivalent Graphs and Their Generating Functions
Case 1. Fig. 6.1
Ggg(z)#0 implies there is at least a path from node 8 to E.

Case 2,
Tsg(%)

-[?SE(Z) (z) - LE(E) - LS(““‘“ -
+ Ly (z) Lg (z) k

Let GSE(zj =

as in Flg. 6 h ; f7k§i7'

GSE(z).-;& 0.& Gpg(2)#0 implies Tﬁs(z)* Q;‘;TSE{( e

If GSE(z) and GES(Z) are not equal to zero, thanfnin

lie on the same loop poasibly w1th repaated n@da&. i‘fw

Proof:

Construct the equivalent grﬁph far the twn nai_

respect to the genaratimg futhians Gﬁg(s) &nd Q"

 Ogg(2)340 and Qg (z)#0 imas that Tpg(z)#0 ¢
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Thus E is reachable from itself throughféj\/They therefore lie on

the same loop which may contain repeated nodeé;

Theorem 6.3 - .

If GSE(z) and GES(z) exist G#O) then any node irredundant (re-

dundant) for Ggp(z) is also irredundant (redundant) for GES( Z)e

Proofs A
v Let i be an irredundant node for’GSE(z){
reachablc from S and it can reach E, Since GEéfi);£>
least one path from B to 8, If i is on this path
dant. If not, let Ppq be a path frcn: ;
from E Bécausa oce can go from E‘to S?(

reach 3, by the route i to B and B to S.

reduridant node of GES(z)

6.1y Connectedness in Directed Graphs

We shall now examine~certa? ‘ksic noticns:inwadg
and interpret them in the light of 281

A strongly connected mach

is reachable from any other EB9]. Thus ¢

A necessary condition that a state dia

ed is that for all i, Gii(z)#
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g OSSN

This only states that every node in a strongly connected state

diagram is a member of same 1oop‘and reachable from itself in more

than one step.

T
Theorem 6,5 .- _
A=graph_is,sﬁrong1y conpgcted if and only’if Gijﬁ7ka~far all i and J.

Proof:
G, (2)#0 for all i and j, if and only if i can reach J, and

vice~versa. ~

Theorem 6.6

A graph is'strongly connected. if aﬁaxo,
such that G (zlqﬁo and all nodes are irrednnda
Gii(z)o
Proof:

1) Assume G (z);ko and all nodes are ixredundant wit

to Gii(z)‘ Starting at any node k any other node m is raae

k via node 1.

2) Assume graph is strongly donnscted. ‘Tﬁérefafﬁ;ﬁéi&ﬁh\‘

node i from node i in one or more steps; Tharefcre G, (%), 5.

addition all nodes can reach node i and ean be r@ached rom
all nodes are irredundant with raap@ct to Gii(z). ‘
We note that a stwangly cann&ct@d gr&ph is a laopf

repetitions of nodes., The laah theera@ is im§artan?“1
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- well-formation test of Section 6.,61. Detection of irrednndant~ncdes

~pect to‘Gii(z).

Theorem 6.7

node 1, G (z ;&O .and all the other ncdes are irredundant e

G

a test for strong connectivity. - “In ‘addition, it can be used to find

the largest subgraph that is strongly connected and which includes a

glven node. (Section 6 63) The size of the graph is measured here by

&

the number of nodes.
In the above discussion we:stressed thé\fact that G (2) not be-
ing equal to zero. To test if G (a);ﬁo, one only has to find 1f node

j is reachable from node i,~which is a simple~matter in view of the

again is provided by the algorithm in Section 6. 61; Thus, the
tion of the largest strongly connected subgraph that in ‘

ticular node is quite simple.- Theorem;6.7~belowsimmsé

Theorﬁm 6.60

Definitions

nodes in a graph, N and M are said to beéunconnected (di ~@nnect

joint) if no node from N can reach a node in M and viccnverﬁa. -

Theorem 6,8
The subgraphs M and N are unconnected if and only if @

nxm(z’) = 0 for all mEM and DEN.
;e i )



Proofs

Gij(z) = G (z) =0 if and only if node i cannot be reached

. _.Arom node j and vice versa. The result follows 1mmediately.

In Sebtion 6. 65 we shall give an algorithm to partition a

graph into its. unconnected subgraphs. : : L“ .

6.5 Reverse Graphs

f;! : ) :
Definition. - The reversal of a directed graph (state di

gram ) is obtained by transp051ng its. transmission

ematically, the process of reversalﬂimplies‘the
-'of the directed branches of the grap
The process of reversal change

leaves the loops intact.  The chare

inal graph is invariant‘uﬁderjreier

"Theorem 6.9

S~
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67 Factoring of Determinants

N

(An application of graphs to to pumerical analysis.)

In Theorem 6,10, we'pfoved that the characteristic function of
. & graph iiithe products of characteristic fﬁnctions'ofvits maximal
strongly cdﬁnected.subgrapha., Hb also note that the characteristic
function is a special type of determinant. |

We can consider that every determinant is the characteristic
function of some graph. However, the matrix of the determinant is
not the transmission matrix., Our purpose wiil be to deriva~the’equiva-:
lent graph of a given determinant and from it, its connectivity matrix,

We can next partition its loops into mnximal strongly;connected sub-

graphs rather simply by our tests, The partitionad subgrapha: i? then

:represent the component determinants into which the deterninant can be

-~

factored,

A; is a component matrix of a matrix Air Ay is obtainedafrog‘i

by non=trivial deletions of certain rows and the correSPOnding~coiuRhs.

Determinant of A = |Al is said to be factorable into k factors if [4|

can be expressed as a product of the determinants of k compcnent
matrices of A.
Thus, 1AL = 1A} . JA[... |Al+ We shall call (A

through ytﬁﬁ componernt determinants of determinant of A.
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If ‘!'é] = Iﬁl d"£2| v.,J . lékl s Where lx}il's are component
determinants of [Al and no [A;1 can be factored further, then we
say that |1_1| is completely factored into k component determinants.

Me also note that if |A|" ~is factored into component determi-
nants, t'hef«,orde_r of ]I_l_l is the sum of the orders of its component
‘determinants, o

Determination of the transmission and comnectivity matrices of

the equivalent graph of a determinant?-

Let A be the matrix of the given determinant. Let us consider

this as the coefficient matrix of a set of linear simultanecus equations.

| (6.3)

I
I

]
In

m-Ax+r - ox | (6l
Equation (6.L) represents the flow Qgraph where x is the‘signal
vector of the nodes and r is the vecter of extérnal signalsi‘njeét@d
into the system. |

The transmission matrix of the equivalent graph is
fI- é]T . (I~ é_T] s that is, the branch transmittance ty, of the
equivglent graph is giveﬁ by

‘/tij - 8 7 513 | (6.5)



where aji is thi/ji th component of the matrix A, and 81j is ons if

/Q;fi;ymE?TfF\i/J J and otherwise zero., ' The connectivity matrix C will
e determined by its components.

ez Cij = .1 if Sij

= 0 otherwise | (6.6)

- We next observe that-the determinant of the A and the determinant
of its transposg,é?, is the same, Since the loop structure is invariant
to transpositiobs of connectivity matrices, one can use the trnpgppsedr
comnectivity matrix f6r~loop determination. Thus éiven aum;trigsi, its

equivalent connectivity matrix for loop determination is“hlao givgn by

S Gyy = 1 4L la.ijl + 84 # 0 i
‘ = 0 otherwise o - f ‘(6;7)if‘

Theorem 6,11:

The determinant of matrix 4 is completely quﬁbrablo:into~k

component detetrminants if and only if its equivalent graph~givenkﬁy‘its,\'

connectivity matrix

Cyy = 1 if Uaij\ + 813]"‘4; 0
= 0 othsfwisa
contains exactly k maximal strongly connected subgraphs. Each conpgséﬁﬁf
determinant corresponds to a maximal strongly connected subgraph and saeh”

n

of it elements correspond to a node of that graph.

)
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We shali' only"sketch the proof.\m_‘;,
Let ‘the equivalent graph .contain exactly k maximal stronglyQ
connected subgraphs. Let T be the transmission matrix of the equi-

valent g@n_’aph. From the construction of the equivalent graph
T = [I-4AT
-1 = ol - #

Thus, I|A{ is the characteristic function of the graph , which
depends' only on the loops. Since there are exactly. k maximal strongly
connected subgraphs, by Theorem 6.10 4 13 factorable into k fac'ti'ors
where each factor is the characteristic runction ofa na.ximl strongly
connected subgraph. ‘ 5

-

We also note that each such charactaristic runction is a detor-
rminant depending on the nodes of that subgraph. Since there is a 1 -1
.correspondenc\e between the nodes and the rows (col,ums)v of the aa’brix

A,and the transmittance tij corresponds to matrix component ‘ji’ it |

k k ‘
follows that @ = 77‘ ,Oi = 77' | . The nodes of the maximl
i= i =

strongly connected subgraph iden'tif‘y the rows (colums) of the conponent,

determinant,.
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Assume that the determinant of A is completely factorable into
k component determinants féll through fékl . Then draw equiva-

lent graphs for the component determinants using the rule

o = _a +

Yiy T2y 13°

Since no two é/'a>;;; cbntain same Tow (columm) of the matrix
A, the non-intersecting property ofvthe sdbgraphalis assured. Since
by construction [A;| is equal to |I -T,) , |A,1 1is the charac-
teristic function of the subgraph Ty» which depends on the loop
| structure of Ty. If T; has a non-intersécting loop within it, then
by Theorem 6.10, it is factorable,which implies '511 is factorable
by the first part of the theorem.” Since this is not true, the theorem

is proven.

An important result of the above theorem is that the factorization
of a determinant into a complete set of component detérginaﬁts{is
unique upto a permutation of rows (columms) within each component

determinant.



Example: ‘ b ~

We shall next use this result to solve for X3 in the following

linear simltaneous equation.

@ 5 6 © §‘ @

r A -0 a OA1 “ X; ‘ | .‘"—Jm1
d D e . | B - Xo i, | | K - (648)
b 0 B 0 X3 " L
c f h C X | ;k M

i 4R . l

Solution: ;
® ® ©
ox v 0w
1 d D -K
_,,b 0 =L
? r
A‘b \k 0 a
d D e
b B
s} f h
N6
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,Whiéﬁrimpiy from Theorem 6.1l%§§ét the connectivity matrices of
numerator and demominator gfaphs
@ ® 6 6

1 0 1 0

11 1 1

1 0 1 0

1 1l 1 1

(6.10)

1 0 1 0

1 1 1 1

1 0 1 0 L

1 e 1 iﬂ 1

@ e ®
Applying ocur strong comnectivity test to both tﬁé numerator and the

denominator connectivity matrices, we partition them into maximal

atrongly comnected subgraphs as follows

(=) {4
(b )

L

3.
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g AN 15 o AZﬁ - AN 15
3
AlB o A‘2Lt A 13
A o=y
b N P
(6411)
A a
b B

A+

FIG. 6.16 DQUIVALENT GRAPH OF THE DENOMINATOR (EQN
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Note:- In“this éxample, we.hé%a'tnsaﬁgd the numerator and,the danomﬁnatcr
of (6;9) in an identical manner, i.e., mapping the numerator and denond -
nator into eqaivalént grabhs*and-finding thair‘charscteristic functions,
Since find;ng the generating functiom is the same as solving a 3et of
simultansous llnear equations for some unknown, this method of mapping
the mumerator and denominator daterﬂnants into equivalant gra.phs and
finding the ratio of their characteristic fhnctions, avoids the problen
pf finding‘paths betweeﬁ terminal,nodés @ta;,;as reqnirad in H&agﬁ:m

formula. This is essentlally what we proposed in Seection 3.h.




