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ABSTRACT

For a sequence of stochastic matrices we consider conditions for weak ergodicity
of infinite products taken in an arbitrary order. The main tools of the investigations
are ergodicity coefficients corresponding to a norm. Comparisons between different
ergodicity coefficients show the important role played by the Dobrushin ergodicity
coefficient. In particular, the application of the Dobrushin ergodicity coefficient yields
generalizations of Leizarowitz’s ergodicity conditions. © Elsevier Science Inc., 1997

1. INTRODUCTION

Let (Q)i—o be a sequence of n X n stochastic matrices Q,. For each
permutation 7 of the set N = {0,1,2,...} we define inductively sequences

(H,) of products H,, by either H,,, = H,Q,., ot H ,, =0, ., H,
(m € N), Hy = Q,, where Q, = Q,«, (k € N). Such products are, e.g., the
forward products

Pm = Q~0Q~l e Q-m—lQ-m
and the backward products
Mm = émQ—m—l Q-1Q~O>

LINEAR ALGEBRA AND ITS APPLICATIONS 253:141-154 (1997)

© Elsevier Science Inc., 1997 0024-3795 /97 /$17.00
655 Avenue of the Americas, New York, NY 10010 SSDI 0024-3795(95)00706-7



142 ADOLF RHODIUS

whose asymptotic behavior has been investigated in many works (see e.g.
[1-10, 15-17D. For example, it is well known that weak ergodicity obtains for
the backward products M,, if and only if strong ergodicity obtains for M,,
(see [17, p. 154]. An infinite product (H,,) is said to be weakly ergodic
[strongly ergodic] if (H,,),, — (H,,); — 0 forall i, j, k = ,nlif (H,,)
is weakly ergodic and (H,,),; tends to a limit as m — o for every i and j].
We say the weak [strong] ergod1c1ty obtains for the infinite products of
(Qi)i-o if all products (H,,) constructed in the above-described way are
weakly [strongly] ergodic (see [7].

One aim of this paper is to prove sufficient conditions for the weak
ergodicity of the infinite products of (Q;);_, on the basis of the set W of all
accumulation points of (Q;);_,, using ergodicity coefficients; a second pur-
pose concerns relations between different ergodicity coefficients; and a third
relates to subsets V of S, for which every finite product formed by members
of V is ergodic. S, denotes the set of all n X n stochastic matrices.

We call a stochastic matrix P € S, ergodic if and only if P™ tends to a
stable matrix Q as m — o. Q is said to be stable if Q has rank one. Ergodic
matrices are often called regular [17] or SIA (stochastic, indecomposable,
aperiodic); see [8]. P is ergodic if and only if P™ is scrambling for some
m € N.

Letn > 2,||-lIbe anormon R", H = {(x,, x,,...,x,) € R":L"_ x, =
0}, and S, be the set of all n X n stochastic matrices. Then

7 (P) = max{llzPll: x € H, Il =1} (P €S5,)

is the ergodicity coefficient corresponding to the norm |} || (see [16]). An
important ergodicity coefficient is the Dobrushin ergodicity coefficient 8(P);
it corresponds to the /,-norm |lx|[, = £}_,[x,| (x € R") and is often prefer-
able to other ergodicity coefficients because of its simple explicit form

8(P) = %n;w;x Y Ips — puls

k=1
where P = (p,;); ;_1 ... .- Moreover, the Dobrushin coefficient & is the
only ergodicity coefficient correspondmg to a norm || - || with

ax{r,(P):P€S,} =

in all other cases one has max{r ,(P): P € S,} > 1 (see [6, 8]). A stochastic
matrix P € S, with 8(P) < 1 is called scrambling. P is scrambling if and
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only if no two rows of P are orthogonal. Probably Leizarowitz [7] was the first
to use the set W of accumulation points of a sequence (Q,) for the
investigation of the corresponding Markov chains; the case of singleton sets
W was treated by Mott [9]. The basic Theorem A in [7] gives two sufficient
conditions for the weak ergodicity of all infinite products (H,,);, _:

I. There exists at least one matrix Q € W which satisfies

IL 7,.,(Q) <1 forevery Q € W.

If a Q € W is scrambling, then I holds for the {,-norm. Our Theorem 1 will
show that any Q € S, fulfilling I for some norm is scrambling, Therefore
condition I should be replaced by the condition that at least one Q € W is
scrambling. This new form of condition I is more applicable than the original
one, since—in contrast to an arbitrary norm—one has no problems in
computing 7, (= 8) and C; (=1). Theorem 1 gives the following
relation between an arbitrary ergodicity coefficient and Dobrushin’s coeffi-
cient: m =M =C, are the smallest numbers m, M > 0 such that
m~'8(P) < 7,,(P) < M8(P) holds for all P € S,. Since for every ergodic
matrix P € S of interest there are ergodicity coefficients 7,, 7, such that
7(P) < 1, 7,(P) > 1 (Corollary 3), it is useful to take another ergodicity
coefficient that & in case no P € W is scrambling. On the other hand, our
Theorem 3, generalizing Leizarowitz’s theorem, only needs the Dobrushin
ergodicity coefficient 8. This emphasizes that & is rather prominent in the
class of all ergodicity coefficients corresponding to a norm.

We say V C S, has the finite product ergodicity (FPE) property if all
finite products of members of V are ergodic matrices. It is well known that
every inhomogeneous Markov chain whose transition matrices are chosen
from a FPE property set is weakly ergodic (see [1]). Our results are a
generalization of this fact.

2. THE MAXIMUM OF ERGODICITY COEFFICIENTS AND THE
COMPARISON OF DIFFERENT ERGODICITY COEFFICIENTS

LEMMA 1. Let L(H) be the set of all linear operators B: H — H. Then
A € L(H) if and only if there are a stochastic matrix P € S, and k, > 0
such that Ax = (xP)k, (x € H).
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Proof. For every A € L(H) there exists an n X n matrix Q, = (q,,)
and a real number ¢, with

Ax =xQ, (x€H), Yg;=cy (i=12,....,n).
j=1

Q, and Q, represent the same operator A if and only if Q, — Q, is a stable
matrix. Therefore there exists a matrix Q, representing A with g;; > 0,
cy > 0. Then P = (1/c,)Q, is a stochastic matrix and k, = c,. [ |

LEMMA 2. Let ||-|l be norm on R", and S® ={x € R":L_ x/
Lr x;=1). Then

C,, = max{r,(P): P € S,}
ax{r, (P):P€S,, 8(P) =1}, (a)

max , ¢ gollxll

Cpyz — - (b)
min, ¢ gl x|

Proof (a): Since Thy is a convex functional on the convex subset S, of
R™, it assumes its maximum at an extremal point of S,. If Q, is an extremal
pomt of §, with

714(Qo) = max{r(P): P€5,},

then Q, is nonscrambling, because a stochastic matrix Q is an extremal point
of S, if and only if Q has the number 1 as an element in each of its rows.
Therefore only 8(Q,) =1 is possible; the case 8(Q,) =0 would imply
71-1(Qo) = 0.

(b): Let Extr S, be the set of all extremal points of S,. We have

Cyy = max{r(P): P €,

= max (maxllelI).
x€H,|lxll=1 \PES,
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Since the functionals f,(P) = ||xP|| are convex on S, = conW(ExtrS,), we
obtain

Cpy=  max ( max IIxQII).
x€H, llxll=1 VQEExtr S,

The stochastic matrix Q = (g;;) € S, belongs to Extr S, if and only if there
are n sets A, A,y,..., A, sucl(l that the following conditions hold:

M {1,2,....,n} =A,UA,U-—-UA,.
@ ANA=FG+#j,ij=12...,n)
(iii) For eacilj =1,2,...,n we have g; =1 ifand only if i € Aj.

Therefore it follows that

xQ=( Yox, ¥ ox,..., in) (x € R"),

i€, i€A, i€eA,
and we obtain
Cip= ma max ( Y CID DIE TR Yy xi) ,
xe€H, |llxll=1\ (A}, A,, ..., ADEA = i€A, i€A,

where A denotes the set of all decompositions (A, A,,...,A,) of {1,2,
..., n} satisfying the conditions {1,2,...,n} = A, UA, U~ UA A N
Aj =Qfori+ji,j=12,...,n We choose an x, € H with

lxol =1 and llxgly = max  lxll;.
x€H, [lxll=1

Since z = x,/llxyll € SV, we have L 2= L z; = 3. It follows
that

C"" = ”xonl *

( Yz Tz X zi)

i€A; i€A, i€A,

for all decomposition (A}, A,, ..., A,). On the other hand (see [14, 12]) we
have

Extr SO = {%(e,- —e):i#j,i,j= 1,2,...,n},
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where

e, =

(8,1, 65, 8,,), i=1,2,...,n,

s Yin

the set of the extremal points of SV. The equation £}_,z} = L',z implies
the inclusion

Extr $®V c {( Y oz Y z,.):(Al,Az,...,An) EA};

i€A, i€eA,

it therefore follows that

x€H, |ixll=1 xr€H, xe sV
The observation ~ max  ||x|l, = —————— completes the proof. =~ ®
<€H, llxl=1 min, ¢ gl x|
THEOREM 1. Let |- || be a norm on R" and
n 1
SO ="{xeR": Y x}t= Y 7= =}.
i=1 i=1 2
Then:
(a) One has

Cpy = max{T”,"(P) :P e S"}
= max{r (P):P€S,, §(P) = 1}

max, o 5(1)||x”

minx e su)llxll )

(b) The smallest numbers m, M > 0 fulfilling
1
7n‘6(P)<7||-||(P)<M5(P) (Pes,)
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Proof. Let
flxll Il
= max ——, R, = max .
rem~ o) llxlly xea~ (0 [lxll
Obviously
R= maxlel, R - (*)
= max | xll, = — *
xe S ! min, o su)”x"
We denote ||| - |il, Il - Il the operator norms induced by the vector norms
I Il Il - Il, respectively, that is,
Al = max{ll Ax|l, : x € P},
ANl = max{ll Ax|l: x € H, lIx]l = 1}
for all A € L(H). The vector norms |||, | -|l; on H and the corresponding
operator norms | A|ll, Il Alll, are related like the vector norms and the

induced matrix norms considered in Theorem 5.6.18 of [5]. Thus this theorem
may be applied so that we obtain

Al Al

max = —_— =
aer(n), a=o0 |l Alll !

max =
aer(m), a=o Il Allly

Lemma 1 yields

max ————S(P) = max ———————-—T”."(P) =R R
pes» 1 (P)  pes, 8(P) v

Thus, we have
1
7—n-8(P)<1'".”(P)<M-8(P) (PESs,) (**)

for m = M = R, R, where R,R is the smallest number for m and M such
that the inequality holds.
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It remains to verify R,R = C,,;. Lemma 2 and (*) imply C, > R,R.
The inequality (* *) and the property 8(P) < 1(P € 8,) yield

m.(P) <R R&6(P) < R,R
and therefore C|,, < R, R. [ |

COROLLARY 1.  For all norms ||-|| on R™ one has:

(1) If Q €S, is scrambling, then 7.,(Q) < Ciyr
(2) A matrix Q € S, with 7,(Q) < 1/C,, is scrambling.

Proof. The corollary follows directly from Theorem 1(b). The right

inequality of (b) implies (1); the left inequality yields (2). [ ]
CoroLLARY 2. If || |l is a norm on R", the following statements are
equivalent:
(@) €y = 1.
b) 7 =5

(c) There is a K > 0 with ||x|| = K||x|l; (x € H).

Proof. The equation C,; = max,¢ollxll/min, cgwlixll yields the
equivalence of (a), (b), and (c). [ ]

REMARK 1. Let 7, o be two different ergodicity coefficients correspond-
ing to the norms || - ||, || |l,, respectively. Then:

(a) There are stochastic matrices P, Q with 7(P) < o(P) and 7(Q) >
a(Q).

b) IfC 1. > Cj» then there exists a stochastic matrix P with 7(P) < 1,
o(P) = 1.

Proof. (a): See [13, Theorem 5.2]. (b): The condition Cy, > Cp,

implies the existence of a stochastic matrix P with Ci, = o(P)> 1 and
0<7(P)< o-(P) We put o(P) = a™!. For any stable matrix ( Qy € S, we
have P = aP + (1 — a)Q, € S, and 'T(P) = ar(P) < ac(P) = (r(P) =
1. ]

THEOREM 2. Let P € S, be nonstable and ergodic, n > 3. The following
alternative holds:

(A) either 7(P) < 1 for dll ergodicity coefficients T, or
(B) for each real number K > 1 there exists an ergodicity coefficient T
with (P) > K
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Each of the following properties is equivalent to (A):

(A)) zP € Lin({z}) (z € H).

(A,) There is a real number A (0 < |A| < 1) such that zP = Az (z € H).

(A;) There is a real number A (0 < |A| < 1) such that (P) = |Al for all
ergodicity coefficients 7.

(A,) There exists a A € R such that

P=0Q+Al,

where Q is a nonnegative row-constant matrix.
The following property is equivalent to (B):
(B,) There exists a z, € H with z, P & Lin({z,)}).

Proof. Clearly either (A,) or (B,) is true.

I Let (B)) be true. For any K > 1 there is a norm || - || on H fulfilling
llzoll = 1, 1z Pll = K such that

71 (P) = max{|[xPll: lxll = 1, x € H} > K.

II. Assuming (A,), we have for each z € H a real number A, with
zP = A z. Let 0 # z € H, and let z € H be linearly independent of zo
Then 2P = Az, zgP = A, 79, and (2 + 2))P = A, (2 + 2,) yield A, =
Az, . The ergodl(nty of P 1mplles [A, | < 1. Thus, we have (A,),(A).

" The implication (A;) — (A)) holds because otherwise (B) would be true.
Obviously (A,) = (A,). Let (A ) be true; then we have z(P — AI) =0
(z € H), and since the vectors (8;; — 8;)_, ., belong to H (i #j,
i,.j=12,.. ., n), the matrix P — Al is row—constant P — Al is nonnegative
because P € S n

COROLLARY 3. Letn > 3. If P € S, is a nonstable ergodic matrix with
property (B,), then there are ergodicity coefficients T,, 7, with 7(P) < 1
and 7,(P) > 1.

3. THE WEAK ERGODICITY OF THE INFINITE PRODUCTS
CORRESPONDING TO (Q,)7,

The following theorem is a generalization of Theorem A in [7] and needs
only the Dobrushin ergodicity coefficient; part I is known and simple, but
necessary to obtain a complete generalization of Theorem A.
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THEOREM 3.

L. If there exists at least one P € W with 8(P) < 1, then weak ergodic-
ity obtains for the infinite products of (Q;)-o-
II. If there are a natural number 1 > 1 and a K < 1 such that

8(P,P, - P) <K

for all l-tuples (P, P,,..., P) € W', then weak ergodicity obtains for all
infinite products of (Qy)i-o-

Proof. I. Let 7(P) <B<1and P=1lim,,, Qy, for the subsequence
(ij) of (Qy). Then there exists a j, with

B(ij) <pB forall j>j,.

For any product sequences (H,,) built by (Q,) there is an m, such that the
matrices Q... Qk,,, are factors of the product H,, . Therefore

6(H,)) <pB” forall m = m,,

which implies lim, ,,, 8(H,,) = 0.
II: The functional f on S. defined by

f(P,,P,,...,P) = 8(P,Py -+ P) for (P, P,,...,P,) €S}

is equicontinuous on the compact set S.. Let £ > 0 and K + & < 1. Then
there exists a A > 0 such that for all (P, P,,..., P,) € W' the following

assertion holds: For any (Ry, R,, ..., R,)) € S! fulfilling
R, e U(P), i=12...1,

where U(P,) = {Q € S, : d(Q, P,) < A} (d is the euclidean metric on R™),
we have

5(R,R, - R)) <K + &.

Since W is a compact subset of S,,, there exists a finite set {T, T,, ..., T},} C
W with

we Uum.

i=1
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Now, let us consider the sequence (Q; )., There exists a k, with
h
€ YU(T) for k>k,,
i=1

because otherwise a convergent subsequence (Qk]) of (Q)), lim; _,, @, = O%,
would exist such that Q; & U™ U(T) for all j and therefore Q* & W.

Finally, let (H,,) be an arbltrary sequence of products constructed from
(Qi)i-1- There exists an m, such that the matrices Qo, Q),..., Qs are
factors of the products H,, . Then

8(Hmo+rl+s) < S(Hmo) : (K + 8)r-1
forallr > 2,5s=0,1,2,...,1 — 1, which implies lim,, ,,, 8(H,) =0. &

REMARK 2. Part I of Leizarowitz’s Theorem A follows directly from our
Theorem 3 (part I) and Corollary 1. Much more, there exists a norm || - || on
R" with r,(Q) < 1/C,, if and only if Q is scrambling.

REMARK 3. Part II of Leizarowitz’s Theorem A follows from our Theo-
rem 3, part IL. If we have T“,"(P) < 1forall P €W, then T“,"(P) <B<1
for all P € W with some B. Theorem 1 yields

6(P1P2 b Pk) < C""Bk
for every k-tuple (P, P,, ..., P,) € W¥, and
6(P1P2 A Pl) < C””Bl < 1

in the case [ > —(log C,,)/log B.

A set V.C S, is said to have the left convergence property (LCP) if all
backward products built by members of V converge (see [2, p. 230]). We say
that set V € S, has the finite product ergodicity (FPE) property if all finite
products of members of V are ergodic matrices.

Special classes of sets V C S, having the FPE property are the Sarym-
sakow class [16] and a class described by Anthonisse and Tijms [1]. In both
cases all products of at least n — 1 members of V are scrambling matrices.
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REMARK 4 (Compare [2]). If V C 8, is a finite set, then the following
properties are equivalent:

(1) V has the FPE property.

(2) There are a natural number | and a K < 1 such that 8(P,P, -
P) < Kfordl (P, P,,...,P) e V.

(3) The products P, P, -+ P, of arbitrary matrices of V are scrambling for
I> 3@ -2t —1).

(4) V has the LCP property, and 1 is a simple eigenvalue of each P € V.

Proof. The equivalence of the first three assertions is well known (see
e.g. [1D. (2) yields the weak ergodicity of all infinite products built by V,
which implies the strong ergodicity of the backward products. We obtain
therefore the LCP property of V and (4), because each P € V is ergodic. On
the other hand, (4) implies that each sequence (P, P,_, --- P;)™ tends to a
stable matrix as m — ®, so that (1) follows. |

COROLLARY 4. Let the set W of all accumulation points of Q, have the
FPE property and

ij

where min® means the minimum over all positive elements. Then weak
ergodicity obtains for all infinite products of (Q;).

Proof. The question whether or not a P € S, is ergodic only depends of
the distribution of the zero in P. The set of different patterns corresponding
to ergodic matrices is therefore finite. By Remark 4 and the FPE property of
W there exists a natural number [ such that the products P, P, --- P; are
scrambling for all (P, P,,..., P) € w!. This property, the second assump-
tion, and the explicit form of 8(P) yield easy that

8(P,Py-P)<1—AN  [(P,P,,...,P) e W]
Theorem 3 implies the assertion. [ |

REMARK 5. Corollary 4 is a slight generalization of the well-known
theorem (see [17, p. 142]) which shows that the FPE property of {Q; : k =
1,...}and min:j(Qk),.j > A > 0(k = 1,...) imply the weak ergodicity of all
infinite products of (Q}).
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QZh—2 = 1 — 1

For the simple sequence (Q,) defined by

1
s Qahos =

h

> = o
> = O
[am—

Pyl
I
»
»

we have

w={(3 806 1)

and minzj(P),.j =1>0(Pe€ W), but iank mian (Qk)ij = (.

The author is grateful to the referee, whose comments led to an improve-

ment of the first version of this paper.
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