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A new approach to clustering based on statistical physics is presented. The problem is formulated as
fuzzy clustering and the association probability distribution is obtained by maximizing the entropy at a
given average variance. The corresponding Lagrange multiplier is related to the “‘temperature™ and
motivates a deterministic annealing process where the free energy is minimized at each temperature.
Critical temperatures are derived for phase transitions when existing clusters split. It is a hierarchical
clustering estimating the most probable cluster parameters at various average variances.

PACS numbers: 05.70.Fh, 02.50.+s, 89.70.+c

Many natural phenomena are in fact optimization pro-
cesses, and the drive to understand and analyze them
yielded powerful mathematical methods over the years.
Thus, when wishing to solve a hard optimization prob-
lem, it is advantageous to apply these methods through a
physical analogy. In this work we apply methods of sta-
tistical physics to the problem of clustering, which is an
important optimization problem in a large variety of
fields, such as astrophysics, pattern recognition, and
learning and data compression, to name but a few. Clus-
tering methods are major tools for the analysis of data
without knowledge of a priori distributions. In its most
basic form, the problem of clustering is that of partition-
ing a given set of data points into subgroups, each of
which should be as homogeneous as possible. This is
usually made mathematically precise by defining a cost
function or criterion to be minimized. All useful cost
functions to our knowledge are not convex and have
several local minima. Traditional clustering techniques
are ““descent” algorithms in the sense that at each itera-
tion the cost is reduced. For this reason they tend to get
trapped in a local minimum.

The interest in the application of statistical mechanics
to nonconvex optimization problems has been growing
recently. A known technique for nonconvex optimization
is stochastic relaxation or simulated annealing,' based on
the Metropolis algorithm.? However, one must be very
careful with the annealing schedule, the rate at which
the temperature is lowered. In their work on image res-
toration, Geman and Geman® have shown that, in
theory, the global minimum can be achieved if the
schedule obeys T o« 1/Inn, where n is the number of the
current iteration. Such schedules are not realistic in
many applications. Unlike stochastic relaxation where
random moves are made on the given cost surface, deter-
ministic annealing can be viewed as incorporating the
“randomness” into the cost function. This cost function
is deterministically optimized at each temperature
sequentially, starting at high temperature and going
down. Differing methods based on this concept have
been applied to the traveling-salesman and other prob-
lems. 4%

The essential approach in this study is that no assump-
tion is made on the data distribution. The only measur-
able quantity, for a given clustering configuration, is the
energy (cost) function.” This meets the basic philosophy
of information theory® and statistical mechanics® and
leads to applying the maximum-entropy principle.

(1) Maximum-entropy clustering.— The formulation
of clustering within a probabilistic framework is advan-
tageous, as can be seen from the growing interest in
fuzzy clustering'®!'" in the past two decades. The main
principle is that each point is associated in probability
with each cluster. The state of the system is given by the
set of probability distributions for associating points with
clusters. In the fuzzy-clustering literature these associa-
tion probabilities are called “fuzzy membership in clus-
ters.” Hard clustering is a marginal special case, where
each point is deterministically associated with a single
cluster, and is therefore a more restrictive approach.
The objective within our probabilistic framework will
thus be to find an optimal probability distribution of as-
sociations.

Let E;(x) denote the energy (cost) associated with as-
signing a data point x to the cluster C;. The average to-
tal cost for a given configuration of clusters is

(EY=X 2 P(x € C)E;(x), (1)
x

where the summation is over all the given data points
and all clusters. This quantity is our clustering measure.
Since we do not make any assumption about the data
distribution, we apply the principle of maximum entropy.
In particular, of all possible probability distributions
which yield a given average total cost, we choose the one
which maximizes the entropy. As is well known, the as-
sociation probabilities which maximize the entropy under
the constraint (1) are Gibbs distributions, i.e.,

—'ﬂfj(.\’)/zx , (2)

P(x € C;)=e
where Z, is the partition function
Z, =Y e PR 3)
k

The parameter f is the Lagrange multiplier determined

© 1990 The American Physical Society 945



VOLUME 65, NUMBER 8

PHYSICAL REVIEW LETTERS

20 AUGUST 1990

by the given value of (E) in (1). In our physical analo-
gy, B is inversely proportional to the temperature. As S
gets larger, the associations become less fuzzy. In fact,
for B=0 each point is equally associated with all clus-
ters, while for f— o each point belongs to exactly one
cluster with probability 1.

For a given set of clusters, it is assumed that the prob-
abilities relating different x’s to their clusters are in-
dependent. Hence the total partition function is

z=I1z.. 4)

(2) Effective cost or free energy.— The previous sec-
tion was derived for a fixed set of clusters. We shall now
extend the derivation to include optimization over the
cluster parameters. Let y; be the parameter vector
which specifies the cluster C; (e.g., centroid and vari-
ance). An instance of the system is given by a set of
cluster-parameter vectors Y ={y;}, and a set of associa-
tions V' = {ij}, where

1if xe Cj,
U= |0 otherwise.

By the same reasoning as before, in order to avoid as-
sumptions on the distribution of the data, the probability
of this instance is given by the Gibbs distribution

e —BE(Y, V)
P V) =5 e )
where
EY V)=X23v,E;(x). (6)
x J

The most probable instance is the one which maximizes
the probability in (5), i.e., the instance of lowest energy.
This is the result one wishes to obtain for hard cluster-
ing. However, if one is more interested in estimating the
most probable set of cluster parameters, as is the case
when one tries to generalize from a given set of training
samples, then the following marginal probability should
be considered:

P(Y)=X P(Y,V), (7
|4

where the summation is performed over all legal associa-
tions. A legal association V is such that each data point
is assigned to exactly one cluster. By using (6) we ob-
tain the identity

26’ —ﬁE(Y,V)=HZe _ﬂEk(X).
14 x k

The right-hand side allows us to reintroduce into (5) the
partition function Z as defined in (3) and (4), which is a
function of the vector set Y. The marginal probability of
(7) now becomes

P(y)=<Z— 8)

2vZ
946

Based on the partition function we derive the free en-
ergy as

1
F=——InZ, 9)
B
which is also a function of Y. We can now rewrite (8) as
p(y) =2 (10)
Yye P

It is evident from (10) that the most probable set of vec-
tors Y is the one which minimizes the free energy (F).
Therefore, the effective cost to be minimized for estimat-
ing the cluster parameters is indeed the free energy. In
order to proceed and minimize the effective cost, we have
to specify E;(x), the cost for associating a point with a
given cluster.

(3) The squared-distance cost.— As an important ex-
ample we chose the cost for associating x with C; as

Ej(x)=|x—yj|2, (11)

where y; is the centroid of C;. The point association
probability is by (2)

e —Blx—y,1?
P(XEC,)=§—_MTW, (12)
ke *
and the corresponding free energy (9) is
F=—%Zln [Ze—mx—yklz]. (13)
x k

The set of vectors Y which optimizes the effective cost
satisfies

9 peo, v

9y,
It should be noted that y; are vectors and this is short-
hand notation implying differentiation with respect to

each component to yield the O vector. Differentiating
(13) we obtain
— c—u |2
(x—yj)e Plx =] .
; Z‘.ke"ﬂlx-,vkl2 =0, V. (14)

This means that the optimal y; is indeed the center of
mass or the average of the samples in C;. In fact, it
satisfies

_2xP(xeC)

2:PixecC) ’
i.e., we assign to each data point its relative weight in the
cluster. Clearly, (15) is an implicit equation in y;

through (12). This naturally leads us to propose fixed-
point iterations

Y("+"=f(Y(”’), (16)

where fis based on (12) and (15) for all clusters.
One may notice the similarity between the above re-

Yj (15)
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sults and the maximum-likelihood estimate of means in
normal mixtures.'>'* An important distinction to keep
in mind is that here there is no prior knowledge or as-
sumption on the probability densities of the data. The
parametrized probability distribution involved is derived
directly from the cost function to be minimized and is
indeed the corresponding Gibbs distribution. Since we
chose the squared-distance cost, our association probabil-
ity distribution becomes Gaussian.

(4) Annealing and phase transitions.— The procedure
described above determines a set of vectors {y;},=; n
for each fixed B. In principle, changing n, the assumed
number of clusters, will modify the resulting set of vec-
tors. However, there exists some n. such that for all
n>n., one gets only n. distinct vectors while the
remaining n —n, vectors are repetitions from this set.
Thus, at a given 8 we get at most n, clusters. Therefore,
we shall assume here that we have enough vectors to pro-
duce the maximal number of clusters (n.) at a given B,
and we shall only consider them without repetitions (e.g.,
if all vectors are identical then we have one cluster).

The free energy F and the B defined in section (1) are
Legendre transform images of each other. Fixing one of
them determines the other. When we extend the formu-
lation to include the cluster parameters as in section (2),
then for a given 8 we locate the cluster parameters which
minimize F. For =0, each data point is uniformly as-
sociated with all clusters (12), and thus by (15) all the
parameter vectors will be identical, and will point to the
center of mass of the data. Clearly, for =0 we have a
single minimum (which is the global minimum) for F,
and the entire data set is interpreted as one cluster. At
higher S, the free energy may have many local minima,
and the concept of annealing emerges here can be viewed
as tracking the global minimum while gradually increas-
ing B. Moreover, at =0 there is only one cluster
(n. =1), but at some positive 8 we shall have n. > 1. In
other words, this cluster will split into smaller clusters,
and will thus undergo a phase transition. The new clus-
ters will then split at higher B, so that the process may be
viewed as a sequence of phase transitions. Figure 1
shows the phase diagram for a clustering example.

Let us derive the critical value B, at which the first
phase transition occurs. We have one cluster centered at
the data center of mass. Without loss of generality we
shall take this point to be the origin. The phase transi-
tion occurs when we have nonzero vectors which mini-
mize F, i.e., nonzero solutions to (14). It can be shown
that our process is continuous at the first phase transi-
tion. Hence, |yx]| =0, V k on a small neighborhood of
the first phase transition, and by series expansion in y;
we get

2 ;=)0 —Bly; 12 +2Bx"y;1 =0,

where the superscript ¢ denotes transposition. Discard-

(E)
log (E/i

min

iog ’ﬁ-

min
FIG. 1. Phase diagram for the distribution shown in Fig. 2.
The number of actual clusters is shown for each phase.

ing higher powers of |y;| we obtain in matrix notation
(I=2BCyy)y; =0, a7

where C,, is the covariance matrix of the data, and [ is
the identity matrix. The critical value for B is thus

Be =1/2Amax » (18)

where Anmay is the largest eigenvalue of C,,. We conclude
that the critical temperature is determined by the vari-
ance along the largest principal axis of the distribution.
Moreover, y; is an eigenvector of Cyy, which means that
the split will be initiated in the direction of this principal
axis. It is easy to see that as long as we may neglect in-
tercluster influences, this derivation will hold for the fol-
lowing phase transitions, and every cluster will split at
the critical temperature corresponding to its variance. In
Fig. 2 we show the resulting clustering at the phases
given in Fig. 1. The “explosion” in Fig. 2(d) is ex-
plained by the isotropic distribution of the clusters that
are being split. In such a case, all vectors are eigenvec-
tors, and at the critical temperature they all become pos-
sible solutions.

In conclusion, our annealing process with its phase
transitions gives us a natural hierarchical clustering.
What we have is not a single clustering solution, but a
hierarchy of solutions (or a multiscale solution) where
each level corresponds to a different scale, from coarse to
fine detail. This is also equivalent to the basic philoso-
phy of rate-distortion theory, where one derives a set of
optimal rates for representing the data at different levels
of distortion. An open question on which we are current-
ly working is under what circumstances, if at all, do
first-order transitions occur, as these are not predictable
by the derivation of the previous section. In all our ex-
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FIG. 2. Clustering at different phases corresponding to Fig.
1. The data are generated from four Gaussian distributions
centered at the location marked by X. The calculated cluster
centroids are marked by O. (a) Two clusters (3=0.005), (b)
three clusters (8=0.01), (c) four clusters (8=0.05), and (d)
eighteen clusters (8=0.1).

periments we have not come across such a phase transi-
tion.
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