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Chapter 1

Introduction

A directed graphical model is a representation of a family of joint probabil-
ity distributions for a collection of random variables via a Directed Acyclic
Graph (DAG). In particular, each node in the DAG corresponds to a random
variable, and the lack of an edge between two nodes represents a conditional
independence assumption. A specific joint probability distribution can be rep-
resented by a given directed graphical model by specifying the values for the
set of associated parameters. The DAG along with such a distribution is called
a Bayesian network. Graphical models and Bayesian networks have been ex-
tensively studied in Al, Statistics, Machine learning, and in many application
areas [9-10,15-19,21,33,38].

Bayesian networks encode a probability distribution with a manageable num-
ber of parameters (due to the factorization introduced by underlying graph),
thus reducing the complexity of the representation and reducing the complex-
ity of decision making based on this distribution. Bayesian networks are also
useful when constructed directly from expert knowledge because they introduce
cause-effect relationships that are intuitive to human experts. These features
made Bayesian networks a premier tool for representing probabilistic knowledge
and reasoning under uncertainty.

In this work we focus on learning - the process of updating both the param-
eters and the structure of a Bayesian network based on data. There are two
aspects of the learning process: model selection - selecting the best structure to
fit the observations and parameter learning - selecting the best parameters to
the chosen structure.

We take the Bayesian approach to model selection, which chooses model M
according to the maximum posteriori probability given the observed data D:

P(M|D) x P(M, D) = P(M)P(D|M) = P(M)/P(D|M, 0)P(0|M)do

where # denotes the model parameters.



To compute goodness-of-fit (P(D|M)) of data to a network structure in a
closed form, researchers have made a number of assumptions. Among them,
global and local parameter independence for all network structures, a Dirichlet
prior distribution on network parameters, and some other assumptions [9]. Tt
was later shown that the assumption of global and local parameter independence
for all nodes in every complete network structure dictates that the only possible
prior parameter distribution for discrete DAG models is a Dirichlet prior [17, 21].
In Chapter 4, we continue this work and explore a minimal set of assumptions
needed to dictate a Dirichlet prior.

When parameter prior (P(6|M)) is unknown, or has a functional form that
does not allow closed form computations, one should use the asymptotic meth-
ods for evaluation of P(D|M). One such method, now termed Bayesian Infor-
mation Criterion (BIC), was introduced by Schwarz [37] and was proved to be
optimal for choosing the model that comes from linear and curved exponential
families [37, 20]. Chapter 3 presents the Bayesian Information Criterion for
model selection, and proves its optimality for linear exponential families (after
Schwarz, [37]). Such families correspond to the undirected graphical models
[30]. We intend to extend the result of Schwarz for the class of Stratified Ez-
ponential Families (SEF), which include the class of directed graphical models
with hidden variables and other classes.

This report starts by showing the previous results: Chapter 2 introduces the
concepts of DAG models and exponential families, which form the essential basis
for understanding and development further results in the field; and Chapter 3
presents the Bayesian Information Criterion for model selection. QOur original
results on the functional form of parameter priors for discrete DAG models are
described in Chapter 4 and future research goals are summarized in Chapter 5.



Chapter 2

Preliminaries

This chapter introduces the concept of DAG models and exponential families
of distributions. This concepts are closely dependent, since for the graphical
models, various models correspond to a different subfamilies of an exponential

family of distributions ([30, 18]).

2.1 DAG Models

A Directed Acyclic Graphical model m = m(s, Fs) for a set of variables X =
{X4,..., X} each associated with a set of possible values D;, is a set of joint
probability distributions with sample space D = Dy x ... x D, specified via two
components: a structure s and a set of local distribution families F.

The structure s for X is a DAG having for every variable X; in X a node
labeled X;. We denote the parents of X; by Pa]. The structure s represents
the set of conditional independence assertions, and only these conditional inde-
pendence assertions, which are implied by a factorization of a joint distribution
for X given by p(x) = [[;_, p(zi|pa!), where x is a value for X (an n-tuple), z;
is a value for X; and paf is a value for Pa;. When #; has no incoming arcs in s
(no parents), p(x;|paj) stands for p(z;). A DAG model is complete if it has no
missing arcs. Note that any two complete DAG models for X encode the same
set of conditional independence assertion, namely none.

The local distributions are the n conditional and marginal distributions that
constitute the factorization of p(x). Each such distribution belongs to the spec-
ified family of allowable probability distributions F;, which depends on a finite
set of numerical parameters 0, € ©,, C R*. (a parametric family). The pa-
rameters ¢ for a local distribution is a set of real numbers that completely
determine the functional form of p(z;|pa?).

In discrete DAG models, which describe the distributions on discrete vari-
ables {X1,..., X}, local distributions p(x;|paj) are specified by multinomial



parameters 0!, = {Hmpaf z; € Dy, pal € Dpaf}, where Dpa: is the set of pos-
sible values of Pa}. In these models, 8, denotes the set of multinomial parame-
ters for each node (0),,602 ,...,0%) and ©x denotes the set of joint multinomial
parameters for X i.e. Ox = {0z|Z € D}.

In Gaussian DAG models, the parameters 6, correspond to the parameters
of the linear regression model [16]

p(xilpal, 05,) = N(wilwi + Y bjiwj, 04). (2.1)

r;EpPa;

The local parameters 6! are given by (u;, o, EZ)

2.2 Exponential Family of Distributions

The family of probability distributions having the form:
[(216) = a(8)b(z)ec(®) 4@ (2.2)

where f# € © and ¢(#), d(x) and @ are scalars or vectors is called the ezpo-
nential family or sometimes the Koopman-Darmois family family. (e.g. [13]
pages 362,370 and [12] page 161). This family can also be parameterized in the
following form:

F(z]0) = 2O ) =a®) (2.3)
such that
¢(0) = (c1(0).. ... ex(0), 1)
d(z) = (di(2), ..., dy(x), Inb(x)) (2.4)

a(f) = —Ina(0)

where ¢; () denotes the ith element of vector ¢(#). Note that ¢ may be con-
sidered as an arbitrary function of # in parameterization 2.3, since the inverse
parameterization from Equation 2.3 to Equation 2.2 is given by ¢ = ¢, b(z) = 1
and a(f) = e=¥®) . Tt follows from [12] (page 156) that d(z) is a sufficient
statistics for the given exponential family.

Since [ f(z|0)dx = 1, the value of a(f) is completely determined by the value
of ¢(#). Thus we can, without loss-of-generality, use I'mage(é) instead of © as a
parameter space. In this way we get the following representation of exponential
family, which was used by Schwarz [37]:

F(x]f) = vl =@ (2.5)

We adopt the exponential distribution as presented by Equation 2.5 and
analyze its properties. The moment generating function ([12], page 26) of an
exponential distribution 1s:

U(t) = Be) = [etvefv=tay (2.6)
_ fe(€+t1)~y—b(€+t1)eb(€+t1)—b(€)dy — b(B+tI)=b(6) :



Normal Distribution as Exponential Distribution: y,=x, y,=x", 6, =w/c”, 0,=-1/(26°)
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Figure 2.1: Representation of normal distribution family as a subfamily of expo-
nential family of distributions. (a) Graph shows the range of natural parameters
(=00, 400) x (=0, 0); the range of possible statistics of each sample (parabola
Yo = y?); the range of averaged statistics for sample from normal distribu-
tion (parabola interior); and specific parameter vector and point of maximum
likelihood for this parameter vector. (b) Graph shows averaged statistics from
sampling 100 points from distribution defined by parameters shown on (a). This
graph also shows the posterior likelihood isolines and maximum likelihood point
given the sampled data.

where [ is a vector of ones of an appropriate dimension. Therefore

y=E(y) = ¢'(0) = Vb(0) (2.7)
and
Cov(y) =E((y—9)w—97) = Ew") —gy" = )2 (0) —gg" = m((az)) g

where H denotes the Hessian operator, i.e. Hb(f) is the matrix of second-order
derivatives of b(-) evaluated at 6. Note, that Hb(f) is positive definite, unless
statistics y are linearly dependent ([12], page 25).

An analysis of asymptotic properties of parameter estimation for distribu-
tions from exponential families is performed in [26, 31, 4, 3]. This analysis is
based on the application of differential geometry techniques [39, 40, 6] to the
parametric space of exponential family.

An Example of Exponential Family - Normal Distribution

Consider a one-dimensional normal distribution, [12] page 37,

Flelp, o) = (2m0?) 7% exp [‘”’27;“)2] : (2.9)



We can rewrite that in the exponential form:

f l‘|/i, 0.2) — 6_6(91’92)+E’=1’2 Biyi(x)

92 [ (2.10)

In this parameterization, the natural parameter space is (—oo, +00) X (—0,0)
and sufficient statistics y; and y» get the values from the parabola y, = y?. This
concept is illustrated on Figure 2.1. Note that the maximum likelihood value of
xz = p corresponds to the point on the parabola where normal is parallel to the
parameter vector.



Chapter 3

Bayesian Information
Criterion

Schwarz proposed in his paper [37] an asymptotic criterion for model selec-
tion which is now termed the Bayesian Information Criterion (BIC). Given
X1,..., X, independent and identically distributed (i.i.d.) observations and
given a number of competing models the BIC procedure is to: Choose the model
for which In M; (Xq,...,X,) — %k’j Inn es largest, where k; is dimension of the
Jth model, and M; maximum of likelihood function for the jth model.
Schwarz proved the asymptotic correctness of this procedure for observations
that come from a linear exponential family (LEF). Later this result has been
extended by Haughton [20] for curved exponential families (CEF). This chapter
derives in great detail the results in [37]. Tt is hoped that this careful derivation
will enable us to extend Schwarz’ results to stratified exponential models [18].

3.1 The exact Bayes procedure

The Bayesian model selection procedure chooses the model M of maximum
posterior probability given the data D, which is

P(M|D) x P(M, D) = P(D|M)P(M) = P(M)/P(D|M, 0)P(0|M)do (3.1)

The asymptotic expansion of In P(M|D) is an example of Laplace method
for integrals (e.g [11, 32, 8, 22, 23]). This expansion is done under the following
assumptions:

Assumption 1 (Exponential Distribution) The observations Xy, ..., X,
are 1.1.d. and come from an exponential distribution:

F(216) = exp(0 - y(a) — b(9)). (3.2)



where 8 ranges over the natural parameter space ©, which is a conver subset
of RK.

Assumption 2 (Model linearity) The models {m;} are represented by dis-
tinct affine subspaces of RE, i.e. V0 € mj, 307 € R*5, 5.t 0 = A]ﬂj +b;, where
Aj s a K x k; matriz and b; 1s a K-dimensional vector defined by a model.

After Schwarz [37], we use the differential geometry term linear submanifold
[39, 40] to denote the affine subspace of R,

Assumption 3 (Bayesian Prior) The prior distribution is of the form:

p= (3.3)

where o 1s the a prior: probability of the jth model being the true one, and y;
1s the conditional a priori distribution of 8 given the jth model.

Assumption 4 (Boundedness) The conditional prior distribution of 6 given
Jth model, p;, has a kj-dimensional density that is bounded and locally bounded
away from zero throughout m; N ©.

Assumption 4 means that p; (a normalized measure induced on m; by p)
is differentiable (i.e. du;(67) exists for all O, € RJ) and IM, V6 € R*i| s.t.
0 = A;j07 +b; € © holds du;(07) < M (boundedness) and V67 € R*i U C R4,
U open, ¢ € U and Je > 0, s.t. V¢ € U, du;(t) > € (local boundedness from
7€T0).

Assumption 4 ensures that any submanifold of m; which is of lower dimen-
sionality than m; will be of measure zero, since the intersection of two distinct
linear manifolds either is one of them (impossible since that will contradict
boundedness), or has a lower dimensionality than both.

Note that, unless there is only one model with & = K, the parameter prior
1 1s not absolutely continuous, since it puts positive probability on some lower-
dimensional submanifolds of ©, that correspond to the competing models.

Given Assumptions 1, 2 and 3, the Bayes solution for model selection (under
fixed penalty for guessing the wrong model) consists of selecting the model that
1s a posteriori most probable, i.e. choose j that maximizes the posterior model
probability. Taking logarithm of Equation 3.1, we get:

In P(M, D) =S(Y,n,j) = ln/ a;exp((Y -8 — b(8))n)dy; (6), (3.4)

where the integral extends over m;N@, and Y is the averaged sufficient statistics,

(1/n) 323 y(Xi).-
The asymptotic evaluation of the integral presented by Equation 3.4 is done
using the Assumptions 1-4 and the following assumption:

Assumption 5 (Internal Point) For every m;, the mazimum of Y -6 — b(6)
for 8 € m; N O 1s achieved at some internal point of m; N O.



3.2 Asymptotics

We are interested in asymptotic expansion of S(y,n,j) as n = co.

Proposition 1 (Schwarz’ main result) For fired Y and j, as n tends to 0o,
1
S(Y,n,j) = nsup(Y -0 —b(8)) — §kj Inn+ R (3.5)

where the remainder R = R(Y,n, j) is bounded in n for a fired Y and j.

Note that in case we have a finite number of models, R(Y, n, j) is bounded in n
for fixed Y, and bound is independent of j.
The proof requires several lemmas:

Lemma 1 The proposition holds when Y -0 — b(0) = A — |0 — 6o]|* where
A >0, 0y 1s a fizred k;-dimensional vector in my, and p; s Lebesgue measure
on my.

Note, that to formally prove this lemma we assume that m; is a k; dimensional
affine subspace of R¥ (Assumption 2).
Proof: Recall that for normal distribution (e.g. [12], page 51):

2kt [

Rkexp [—%(aj—x)TE_l(x—x) de =1, (3.6)

so the explicit evaluation of integral 3.4 yields

/ ;e A==l In gy — o (e /mA)I 24, (3.7)
and
sgp{A—/\Hﬁ—HOHZ} = A (3.8)
Therefore
S(Y,n,§) = Inaj(m/nA)kil2end = nA — %kj Inn+ R (3.9)

establishes the proposition in this case, with R = %kj In{+Ino; A

Lemma 2 If two bounded positive random variables U and V agree on the set
where either exceeds p for some 0 < p < esssup U, then

In E(U™) = In E(V") = 0 (3.10)

as n — oo.



Proof: We have two bounded positive random variables U and V such that for
some p, 0 < p < esssupU:

U=ViorV>porlU>p (3.11)

Lets first prove the lemma for V' that vanishes where U < p, i.e. V =0 for
U < p. In this case 0 < U™ — V" < p”, and therefore

E(V™) < B(U™) < E(V™) + p" = E(V") (1 + -2 ) (3.12)
E(Vn)
it is now sufficient to show that In(1 4+ (p"/E(V™))) — 0 as n = 0. Now
El/”(V”) — esssup V ([14], pages 78,87). and esssupV = esssuplU > p
yields that p/(E(V"™))!/? a strictly less than 1 (beginning from some ng), hence
p"/E(V™) tends to zero, and so does In(1+ (p"/E(V"™))).
Now, for a general V', define V as:

= [V V>p
V_{O V< (3.13)

and similarly U. Since V <V (and U < U) we have

— (B = B0")) <In BU") = In B(V") < I BU") = n B(V"),
(3.14)
The right side and the left side of Equation 3.14 tend to zero as n — oo (by
the argument from previous paragraph) and thus In [F(U") — In E(V")] = 0 as
n—oo. W

Lemma 3 For some 0 < p < e, where A = sup(Y -0 —b(0)), a vector 8y, and
some positive Ay and Xo, the following holds wherever ¥ =) > -

A= N0 —60]> <Y -0—b(0) < A— )0 — 0| (3.15)

Proof: The matrix of second order derivatives of (@) is the covariance matrix
of y and under the assumption of y being linearly independent, Hb(f) is positive
definite for all # of interest (see Section 2.2, and [12] page 25).

Therefore Y - 6 — b(f) is strictly convex, since H[Y -0 — b(8)] = —Hb(0) is

negative definite and it attains maximum at 6y, such that
VIV -6-0)]=Y —Vb(l)=0 (3.16)

i.e. at @y such that Vb(6y) =Y. (Note, that under the Assumption 5, 8y is an
internal point of m; N ©.)

Consider a Taylor expansion of ®(f) =Y -0 — b(#) around 0y ([27], page 173
and [28], page 349):

B0y + AG) = B(0y) + (A0 - V)D(0o) + %(AG V)20(00) + Ry (3.17)

10



where (u - V) is a directional derivative operator, i.e. (u-V)f = (Vf)Tu, and
Rs = O(||A0]]?) is a remainder, which is bounded by Rz < c||Af]|*> on some
sufficiently small neighborhood of 8. Taking the actual derivatives we have

1
B0 +A0) = YTHO—b(Go)—i—(Y—Vb(Ho))TAH—§(A9)T7{b(90)(A9)+R3 (3.18)
Since fg is a maximum point, we have Y — Vb(fy) = 0 and
1
Sy + Ab) = A — §(A9)T7{b(90)(A9) + Rs (3.19)

where A = sup(Y -0 —56(0)). Let A, ..., A, be the eigenvalues of #b(6y) and let
Amin and Apax be the minimal and maximal eigenvalue respectively. We have

(e.g. [41, 34])

1 1
5 Amin]|A8]]? < §A9T7{b(90)A9§ Amax|| A8 (3.20)

N | —

Let A1, Ag be a little bit larger and a little bit smaller than %/\m(w and %Amin
respectively, By strict convexity it is now easy to determine p < e4 so that it
will bound ¥ ?=%(®) outside the neighborhood N(6p) where R is dominated by
2A1 — Amax and by Amin — 2As. Le, for every 6 = 0y + A6 from N (fp)

—%(AH)T"HI)(HO)(AH) + R < —% min||AG)|* + cr® (3.21)
S( % m1n+cr)r < /\ZHAGHZ .
where r = = maxgen(s )AH and A, 1s such that AXy = /\mm — Ay 18 larger

than c¢r. Obtaining the lower bound similarly for A\; a httle larger than 2/\max,
we have We have

A= XA < (v -0 - b(0) < A= Ao] A0 (3.22)

where 8 = 6y + A8 and 2X;, 2), are a little bit larger and a little bit smaller
than all the eigenvalues of #b(6,). W

Note, that in order to prove correctness of Proposition 1, the neighborhood
defined by p should be entirely inside m; N ©.
Proof of the Proposition 1: For some specific m;. Let

(0) = eA™M l16—60ll*

() = ¥ 00 (3.23)
W) =e A=X5|0—0q||?

<Q

Let N(6g) denote the neighborhood of qo where Lemma 2 holds, i.e. where
V() is greater than some p = py. Let V(0) equal to V() in N(fp) and zero

11



otherwise. Define U and W similarly. We can bound U, V and W outside that
neighborhood, N (6y), by pu, pv and pw and applying Lemma 2 we get

S(Y,n,j) —InE(V") =0
In E(U™) —In E(U™) =0 (3.24)
In E(W") —In E(W") =0

From Lemma 3 the following holds on N (fg)
cA=Aallo=t0l)? < Vo-be) < e (3.25)
where A = sup(Y -6 — b(0)). Thus for every 6, ﬁ(ﬁ) < ‘N/(H) < W(H) and
E[0™(0)] < E[V"(0)] < EIV"(6)] (3.26)
We now evaluate E[U"(6)] and E[U"(6)], i.e. lan(eu) eA_A”‘Q_GDWuj(H)dH

for A = Ay, Az, Let ¢ = minyg,) 1;(0) and co = maxy s, £1;(¢). By application
of Lemma 1

E[V(0)] <lnfy eA=allo=all” ), (9)do

5 3.27
<lInes+ lnfeA_h”‘g_eD” df = nA — %kj Inn+ Rs ( )

where Ry = %k’j In )\% + Inc¢y. Similarly from Lemma 1 and Lemma 2 we have

E[0M0)] >1nfy 4, eA=Mlle=tall® . (9)do

Z Incy +1n fN (80) eA—A1||9—€D||2d9

(3.28)

and

. . 1 1
m/ eA=MllE=boll* gg m/ eA=MNE=b0l® g = n A — Zk;Inn + =k In —

N, (60) 2 2 Al
(3.29)

SO

- 1
E[U™(0)] = nA— §kj Inn+ Ry (3.30)

where R = 1]{7 In ;\T 4+ In¢;. Combining Equations 3.24,3.26,3.27 and 3 30 the

proposition is established with R bounded by 1k In = +1Inecs + Inaj.
Note, that as n — oo, p = A (smaller (90) ) and Al = Amax, Az — /\min,
the remainder Rin approximation of S(Y,n,j) is bounded by:

—k In — +Inp(fy) +lne; <R k In — /\ +Inpu(bo) +1na;  (3.31)

Amax min

so the minimal error of approximation of S(Y, n, j) dependents on the maximal
eigenvalue of Hb(fy) (e.g. how sharp is the peak at 6y) and the freedom in R

12



depends on the condition number of Hb(fy) (i.e. ratio between maximal and
minimal eigenvalues).

In practical settings, we usually do not have a fixed Y, instead we have a
sequence of Y1, Y5, ... that is (hopefully) converging to Y. Haughton, [20], deals
with that and other questions in her extension of the above result for curved
exponential families.

13



Chapter 4

Parameter Priors for

Discrete DAG Models

To compute goodness-of-fit of data to a network structure in a closed form,
researchers have made a number of assumptions. Among them, global and
local parameter independence for all network structures, Dirichlet distribution
on network parameters, and some other assumptions [9]. It was later shown
that the assumption of global and local parameter independence for all nodes in
every complete network structure dictates that the only possible prior parameter
distribution for discrete DAG models is a Dirichlet prior [17, 21].

In contrast, in a subsequent work, it was shown that for Gaussian DAG
models, which consist of a recursive set of linear regression models, global inde-
pendence alone dictates that the only feasible parameter prior is the Normal-
Wishart distribution, assuming models with at least three nodes [16]. Tt was
thus natural to hypothesize that the proofs for discrete and continuous case can
be unified and, as a result, the assumption of local independence will turn out
to be redundant also in the characterization of the Dirichlet distribution.

Our work (published as [35, 36]) gives a negative answer to the question of
similarity between the discrete and continuous cases. In other words, it shows
that, while global independence dictates a Normal-Wishart prior for Gaussian
DAG models with more than 3 nodes, global independence alone does not dictate
a Dirichlet prior for discrete DAG models with more than 3 nodes. We provide a
minimal set of assumptions needed to dictate a Dirichlet prior and, in addition,
we specify the class of discrete probability distributions, which is larger than
the Dirichlet family, that arise under global independence assumption alone via
a solution of a new set of functional equations.

14



4.1 Discrete DAG Models

We restrict our discussion to discrete DAG models, that describe a multinomial
distribution on the discrete variables Xy, ..., X,,. In these models local distri-
butions p(z;|paj) are specified by multinomial parameters 6, = {0z, |pas|7i €
D, paj € Dpaf}, where Dpa: is the set of possible values of Pa}. Let 6, denote
(6 62 ....,0") and let ©x denote the set of joint multinomial parameters for
X, ie. Ox = {0z|Z € D}.

According to the Bayesian framework, we suppose there exists a prior dis-
tribution p(©x). This prior induces the distributions of network parameters
for each complete model p(6,,|m) via a change of parameters formula, because
two complete models with multinomial parameters represent the same set of

distributions. We assume the regularity of parameter distributions.

Assumption 1 (Regularity) The probability distribution functions (p.d.f.)
on joint parameters and corresponding p.d.f.’s on network parameters for all
complete models are everywhere positive and twice differentiable.

This chapter investigates the functional from of the prior distributions p(©x)
that satisfy the properties of global and/or local parameter independence. Global
parameter independence for one network was introduced by Spiegelhalter and
Lauritzen [38] to allow a decomposable prior-to-posterior analysis and global
parameter independence for all the networks was introduced by Cooper and
Herskovits [9] in order to search among candidate models.

Definition Parameters 0,, of a DAG model m are said to be globally indepen-
dent if {02,}7_, are mutually independent, i.e. p(6,|m) = [y p(65,|m).

Definition Parameters 0% of a node X; of a DAG model m(s, Fy) are said to
v € {dh,.. APy

m) for

be locally independent if the subsets 9X1|paf = {Hmpaf

of 6¢, are mutually independent, i.c. p(6% |m) = Hpaferas P(0x;|pa:
1<i<n. '

We say that p(Ox) satisfies the global (or local) parameter independence
assumption if the parameters 6, are globally (or locally) independent under
this distribution for all complete network structures. In this case we also say
that parameters Ox are globally (or locally) independent.

4.2 Two Node Networks

We commence by deriving a functional form of globally independent distribution
for parameter priors of complete two-node network assuming global parameter
independence. The results and techniques developed in this section are the basis
for the general result.

Consider a complete two-node network, as shown on Figure 4.1, with vari-
ables XY having n and k states respectively. Since this network i1s complete it

15



Figure 4.1: A complete two node network for random variables X and Y.

is capable of describing any multinomial distribution of two random variables.
Any multinomial distribution, described by a set of parameters {fx—; y—;}
(in short denoted by {6;;}), can be described by this network by specifying
0i. £ O0x—i = 35—y 0;j and 0;; £ Oy —jjx=; = 0;;/0x=;. for 1 <i < n and
1<j<k

We are interested in finding a functional form of a prior distributions p({6;; })
that satisfy a global parameter independence assumption for all complete net-
work for {X, Y}, namely X — Y (Figure 4.1) and X « Y. Thus, according to
the global independence assumption, such distributions should satisfy the fol-
lowing two functional equations, which encode global parameter independence:

p{0:}) = Ji A ({6 )91 ({051:}) (4.1)
p({0:;}) = J5 ' f2({0, ) g2({04)}) '

where Ji,J3 are appropriate Jacobians and .;, 6;; are defined similarly to 6;.
and 9]|z

We formulate the following theorem that extends the result stated in [17] for
two-node DAG models with binary variables.

Theorem 4 Any probability distribution on {0;;} that satisfies the regularity
assumption (1) and global parameter independence assumption (Equation 4.1),
1s of the form

P01 = C [T Tz, 0577
H ({7 <i<n-11<j<k-1})

Oigr,i04541

(4.2)

where o are arbitrary positive constants, H() is an arbitrary Lebesque inte-
grable, everywhere positive and twice-differentiable function of (n — 1)(k — 1)
variables and C' is a normalization constant.

Theorem 4 implies that for two-node discrete DAG models global parameter
independence assumption alone does not guarantee the Dirichlet distribution of
priors. In Section 4.3 we will prove the similar result for all discrete DAG models.
Note, that when H is a constant, as happens if local parameter independence
is assumed, then p({f;;}) is a Dirichlet distribution [17].

The proof of this theorem is based on the direct solution of a system of func-
tional equations 4.1. The general approach is given in the following subsection.
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4.2.1 The Functional Equation

In this subsection we present the functional equation that follows from Equa-
tion 4.1 and is the basis for the proof of Theorem 4.

Consider two sets of variables {y;|l <i<n—1}and {z;;|1<i<n,1<j<
k—1}. The domain of each of these variables is (0, 1). These sets correspond to
the sets {0;. } and {0;};} of multinomial parameters discussed above. We define

-1
Yn = 1 - Z?:l Yi

Zki=1—2§:fzji, I<i<n (4.3)
wy; = Dt <i<k1<i<n
’ <J< <i<

Note that &z = 1 — 25;11 z; and wj, =1 — Z?:_ll wj; (for 1 < j < k). Here,
{x;} corresponds to {0 ;} and {w;;} corresponds to {6;);}. Finally, we let

Y:(yla"'ayn—l)a Zi:(zl,ia"'azk—l,i)a
X = (l‘l, . ..,l‘k_l), Wj = (wjyl, . ..,wjyn_l) (44)
Z=(Zy,... %), W=(Wi,... W

The functional equation we solve (4.1) can now be expressed as follows
F(Y)g(2) = G(X) (W) (4.5)

by absorbing Jacobians appearing in Equation 4.1 inside the functions F, g, G
and f that correspond to fi,¢1, fo and gs respectively. Note that the free
variables in Equation 4.5 are y1,...,yp—1 and 25, 1 <j<k—-1,1<:<n. All
other variables appearing in Equation 4.5 are defined by Equations 4.3 and 4.4.

The solution of Equation 4.5 is based on the technique of reducing functional
equations to partial differential equations ([1], page 324) and is presented in
Appendix A.2. Similar technique was used in [17].

4.3 Multiple Node Networks: Globally Indepen-
dent Parameters

Consider a complete DAG model on n discrete variables: X = Xi,..., X,,
each having |D1], ..., |D,| values respectively. In this section we are interested
in determining the functional form of distributions on ©x that satisfy global
parameter independence assumption, i.e. p(O@x) satisfies the following n! func-
tional equations:

p(Ox) = I T it e 1) (4.6)

j=1
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forall I = (i1, ..., 4,) permutations on (1, ..., n) where fr ;() are Lebesgue inte-
grable functions that correspond to local parameter distributions. The network
parameters {9x1j|x11,~~~,xzj_1} are expressed in terms of Ox and J; denotes the
Jacobian of transformation from the joint parameters to the parameters of the
complete Bayesian network with topological order of nodes specified by /. Note,
that J; can be absorbed into fr ;, since Jr is a function of {9x1j|x11,~~~,xzj_1} (see

[21], Theorem 10).

4.3.1 Useful Lemmas

We present now a set of lemmas that allow the computation of the exact from
of globally independent distribution for any set of discrete random variables X.

In order to solve Equation 4.6 we use Theorem 4. Consider two discrete
random variables Y; = {V;, Y}, where ¥; = X; and Y = Xj x ... x X;_1 X
Xit1 X ... x X,,. We claim the following lemma:

Lemma 5 Given that p(Ox) satisfies the regularity assumption (1), ©x are
globally independent if and only if Oy, are globally independent for all ¢ =

1,...,n.

Proof: The ’only if’ part of the proof is immediate after noting the correspon-
dence between Ox and ©v,. The ’if’ part of the proof is done by analyzing the
functional form of globally independent distributions for Oy, that are obtained
using Theorem 4. B

Now, we apply Theorem 4 for Y; and conclude that any p(©x) that satisfies

Equation 4.6 satisfies the following n equations (for i = 1,...,n):
ari—1 0,01
p(@x) = Cz g)gr ’ Hi 97./97.// (47)

where ry, vl v, r{” € D are subsequent indexes with respect to X; and X \ X;

(analogous to the arguments in Equation 4.2). T.e., when restricted to X;:
[]ix, = [Fix, = a, [Flix, = [r"]Lx, = band b = a+1, and when restricted
to X\XZ [ri]J_X\X, = [rg]J_X\X, é C, [rgl]J_X\X, = [T;ll]Lx\Xl é dand d = C—|—1
Here [r] Lx denote the vector of values of r for nodes X C X. (We assume here
the alphabetical order for the convenience, but the sets of parameters of H are
equivalent under all orders.).

Lemma b specifies that the set of solutions of Equation 4.6 is equivalent to
the solutions of Equation 4.7, which are obtained using the following lemma:
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Lemma 6 Consider the following system of m functional equations:

- -

Flzr, oo en) =20 aimi + hl(éllf; . ~aé1klf)
flen, o wn) =300 asiwg + ha(bai B, ... bag, T)
(4.8)
f(l‘l,...,l’n) :Z?:l Ofmi_’l;i . .
+hm (bmlfa mel—;a ) bmkmf)
where f, hi, ..., hy are unknown functions, aj; are unknown constants and Eji

-

are arbitrary (given) n-dimensional vectors. For applications in this paper, b;; €
{—1,0, 1}” and k’l = k’z = ... = k’m
The general solution for f in Equation 4.8 is:

n
Flar, . xn) =Y gy + h(bi,. .. b E) (4.9)
i=1
where h is an arbitrary function, {a;} are arbitrary constants and El, ce El 18

the basis of the linear space (\i~, Bi, where B; is a linear space spanned by

bil, .. ~,bik,~

Since Equations 4.7 can be transformed to the form of Equation 4.8 by
taking a logarithm of both sides of each equation and changing the variables to
Inf,, Lemma 6 provides a powerful tool for solving Equation 4.7. The proof
of this lemma is quite straightforward by changing the variables inside the h-
functions in such way that they include Elf, ce Eli". This proof is presented in
Appendix A.1.

Application of Lemmas 5 and 6 provides the functional form of globally
independent distribution for any specific set of random variables X. However,
the exact functional form of a globally independent distribution for a general X
1s too cumbersome, so we present the result for binary-values networks only.

4.3.2 Binary-Valued Networks

The following theorem gives the exact functional form of globally independent
prior distributions for binary valued network. This result extends the result
stated in [17] for DAG models with two binary variables and demonstrates
that global parameter independence assumption alone is not enough to ensure
Dirichlet prior for networks of any size (contrary to the Gaussian DAG models,

[16]).

Theorem 7 Any distribution on Ox, where X = X1,..., X, are binary ran-
dom variables, that satisfies regularity assumption (1) and global parameter in-
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dependence assumption is of the form

a0z
p©x)=C| [ 057" |h Hzea, 0z (4.10)
Fefo,1}" zea, 0z

where h is an arbitrary Lebesque integrable, twice-differentiable and everywhere
posiltive function, {az} are arbitrary positive constants and C' is a normalization
constant. The set Ay s the set of all binary vectors of length n with even number
of "ones” and the set Ay is the set of all binary vectors of length n with an odd
number of "ones”.

The proof, based on Lemmas 5 and 6, 1s explicated in the Appendix A.3.

4.4 Dirichlet Priors: The Minimal Set of As-
sumptions

We have shown in the previous sections that global parameter independence
alone 1s not enough to ensure a Dirichlet prior on the network parameters. The
natural question 1s: “What is a minimal set of independence requirements that
ensure Dirichlet prior?”. In this section we give an answer to this question.
We start by providing an additional result that links between global parameter
independence in various networks.

We say that the parameters of node X;, i  are globally independent if
p(Om|m) = p(0r, |m)p(0m \ 05, |m).

Lemma 8 Let my be an arbitrary complete n-node network with topological
order of nodes X;,,..., X; , {i1,...,in} = {1,...,n} and lel ms be another
complete network, with order X;,,..., X;, ({j1,- -, jn} = {1,...,n}). Then
given iy = ji and {iy, ..., ig_1} = {J1, -, Je—1}: Hf,’;l are globally independent
if and only 1f 0}k globally independent.

Proof: The proof if straightforward using the correspondence between pa-
rameters 6,,, and 6,,,. B
We can now present the second key result of this work.

Theorem 9 Let X = Xy,..., X, be random wvariables over Dy,...,D,. Let
my(s1, Fs,) be an arbitrary, complete DAG model for X with topological order
of nodes X;,,..., X;,, {i1,...,in} ={1,...,n}, and let ma(s2,Fs,) be another
complete DAG model for X, with order X;,, ..., X;, ({j1,.. -, jn} ={1,....,n}),
s.b. jn = t1. If the paramelers of X;, in my are globally independent, 1.e.

PO, Ima) = p(65%, Im1)p(Om, \ O3, ) (4.11)
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and the parameters of X;_ in my are globally and locally independent, i.e.

p(9m2 |m2) =

p(6m2 \ 6‘777:;2 |m2) HpajiEDPagQ p(ngn |paji
in

(4.12)

mz)

where Ox,|pas = {0z,pa:|zi € Di}, and p(Ox) satisfies Assumption 1, then
p(Ox) is Dirichlet and this set of conditions is minimal in the sense that the
elimination of any one of these two conditions extends the class of admissible
priors beyond a Dirichlet distribution.

The theorem states that among the n! sets of global and local parameter
independence assumptions used by previous authors, one actually need only
two assumptions: global parameter independence for the network parameters
for the first node in some complete network, and global and local parameter
independence for the same node in other complete network where this node 1s
the last node.

Proof: The minimality of these two assumptions is straightforward, since
eliminating any one of them will allow any distribution of the form given by
Equation 4.11 or Equation 4.12. Since Lemma 8 holds, we can assume that two
DAG models under consideration are models with node orders X,,, X1,..., X,,_1
and Xi,..., X, respectively. By treating nodes Xi,...,X,_1 as a one super
node for a random variable Y = X; x X9 x ... x X,,_1 the problem reduces
to determining prior distributions for two-node network with global parameter
independence for all configurations and local parameter independence for one
last node in one network.

For a two-node network with n and k node-states, Equations 4.11 and 4.12
transform to:

p({0:;1) = L0372 g (0,120 k)
P8 }) = F({0 Y52 T2y by ({00 1151

Any solution p that satisfies Equation 4.13 satisfies also Equation 4.1 and
thus can be written in form given by Theorem 4 (Equation 4.2). We have

n k o Bij0ig1,i41 (1<j<k-1
C Hi:l Hj:l 62] i| H ({ €z+1,:91,j-:—1 15?3_77,—1}) (4 14)
: .
= f2({0.}j=1, k—1) [[j=1 hi ({05 }i=1,n-1)
Expressing 6;; in terms of 0.; and 6;); and solving for fz we get that f; is of

Dirichlet form. Absorbing free variables inside H and h;, denoting 0;); by w;;,
and taking the logarithm, yields (for any 6.;):

(4.13)

k
o WiiW541 541 i <k— 2 n—
H({i - 1§?§S-i})=2hj<{wﬂ}izb (4.15)
j:l

Wj41,6W5 041
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the solution of which is

n
hj(wyr, .. wino1) = 8 [Jwli, 1<j<k (4.16)
i=1
where 35, 551, . .., Bjn are constants. Combining the results of solution of Equa-

tion 4.13 for f; and Equation 4.16 we conclude the proof. B

4.5 Discussion

This work shows that local parameter independence 1s essential in the character-
ization of a Dirichlet prior via discrete DAG models (Section 4.4, Theorem 9).
In addition, the functional form of prior distributions that arise from global pa-
rameter independence assumption alone are investigated (Sections 4.2 and 4.3,
Theorem 7).

Methods for solving functional equations that are developed in this work
allow us to compute prior distributions that arise under global parameter inde-
pendence assumption for any DAG model (and not only for binary variables).
However, the explicit general formula for such priors is not compact due to a
large number of variables involved. Instead, we have developed a procedure
(based on Lemmas 5 and 6) to specify such distribution (in symbolic form) for
any specific DAG model (see [35]).

All the results presented in this paper were achieved under the assumption of
local parameter distributions being twice differentiable and everywhere positive.
One may hope to derive the properties of twice differentiability and being every-
where positive for probability density functions of Theorem 9 (Equation 4.13)
using the techniques presented in [24], as done in [17, 16].

Another open question is the question of functional form of the prior dis-
tribution that arises from local parameter independence assumption alone. In
particular, it is unknown (even for two binary variables) if global parameter
independence in the second condition in Theorem 9 is essential, or either it is
enough to assume local independence alone. The integral functional equation
that arises from this reduced set of assumptions is of the form (for two binary
variables):

90(20)91(21) = fol G (Zoy + z1(1 - y))
f( 20y (1=z0)y )dy

20y+21(1—y)’ 1—20y—21(1-y)

(4.17)

where gg,91,G and f are unknown functions and zg, z1,y are variables from
(0,1). The general solution for this equation is unknown and the question “Is
there any Lebesgue integrable solution that is not of the Dirichlet form?” is
open.
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Chapter 5

Future Work

A number of theoretical and practical issues in model selection for Bayesian
networks will be explored. Among them problems in the field of model selection

for DAG models with hidden variables (Chapters 2 and 3):

e Classification of singularities that arise in the parametric representation
of DAG models with hidden variables as a subfamily of the exponential
family of distributions [18].

e Analytic computation of the effective dimensionality of parameters for
Bayesian network with hidden nodes [19].

e Development of Bayesian Information Criterion for model selection for
Bayesian networks with hidden nodes [18].

Additional problems that need further attention arise in research of func-
tional form of prior distributions under various independence assumptions (Sec-
tion 4.5):

e Remove the regularity assumption in the derivations of functional forms
of prior distributions for discrete DAG models.

e Investigate the functional form of prior distribution that arise under local
independence assumption alone.

In the applications area we will pick up the following task:

e To apply and evaluate methods for model selection for Bayesian networks
in the field of genetic linkage analysis [29].
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Appendix A

Proofs and Derivations

A.1 Useful Lemmas

Here, we prove two lemmas that are useful for solving functional equations
presented in this work.

We first prove Lemma 6 from Section 4.3.1.
Lemma 6 Consider the following system of m functional equations:

Flzr, oo wn) =30 aimi + h1(§11f, . ~,§1klf)
flen, o wn) =300 asiwg + ha(bai B, ... bag, T)
: (A.1)
Jler, o en) =200 iy
+hm (bmlfa mel—;a ) bmkmf)
where f, hi, ..., hy are unknown functions, aj; are unknown constants and Eji

are arbitrary (given) n-dimensional vectors. For applications in this paper, Eji €
{—1,0, 1}” and k’l = k’z = ... = k’m
The general solution for f in Equation A.1 is:

n
For, . wn) =3 g + (b, biE) (A.2)
i=1
where h is an arbitrary function, {a;} are arbitrary constants and El, ce El 18

the basis of the linear space (\,-, Bi, where B; is a linear space spanned by
Eil, .. ~,Eik,~
Proof: The proof is given for m = 2, but can be easily extended for a
general case by induction. Suppose that we have a following system of functional
equations:
f(a:l,...,xn):Z?:laixi—l—h(_ctif ,...,figi") (A.3)
fxr, .o mn) =30, Bixy + g(bT 7, ... bL.7) ’
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By comparing the two equations we have:
n
s BT =Y (B — ai)a +g(b T, b (A.4)
i=1
It is easy to see that V = {G@'#|d@ € R", ¥ = (x1,...,2,)T} is a vector space
and that V, = span(af z,...,d. ¥) and V, = span(bf &, ..., b, %) are subspaces
of V. We can now change the variables z,, ..., 2, to n-independent variables
Y1, ..., Yn where y; = 1 # such that:

Vi Vg = span(y1, - .., Yx+)

Vi = span(yi, - -, Ys* s Yk 41y -« - Uk) (A5)
Vg = span(yi, ..., Yk*, Yot1s - - > Yhth/—k*) '
V = span(y1, ..., Yn)

where kx = dim(V, (| Vy). Let T'y, be the n x k matrix with columns %, ..., 7,

let T'y be the n x k' matrix with columns 41, ..., Y&+, Ye41, - - -, Toth'—k+ and let T
denote the n x n matrix with columns 74, ..., ,. Equation A.4 now transforms
to:

n
h(yr, - yre s Yrogrs o k) = Z@yi + (Y1, Yk Ykt - Yk k)
i=1
(A.6)

where . .
hty,... te) = h((TFa)"t, ..., (T a@x)"t)
(tl,...,tkl) :g((F;bl)Tt,,(F;‘bk/)Tﬂ (A?)

—

and FZEL} (or F;’ EZ) are coordinates of @; # (or EZTE) in the corresponding basis of
y’s. For any matrix B, Bt denotes pseudo-inverse, B¥ = (BT B)~*BY which
is well defined since Ty, T'y are of full rank and n > k, k' (since rank(BT B) =
rank(B), see [5] page 20).

Equation A.6 can be further transformed to:

h(yla"'ayk*ayk*-l—la"'ayk)
: i (A.8)
= impak—ke 1 0¥ T G(Y1, Ykt Ykt 1, o Ykrhi— k)

where

Bty ... tx) = h(ty,. .. i) — Zf:} diti
Glte, . te) = g(ty, . i) + Zf:_lk Oppithoyi
Now it is clear from Equation A.8 that 6; = Ofori = k+ k" —k*+1,...,n and

(A.9)

functions A and g depend only on variables y1, ..., yg+. Going back to original
variables z1, ..., z, we can obtain the solution to the original system A.3, which
is:
n
Flar, o xn) =Y N+ h(31 4, .. 7L E) (A.10)
i=1
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where {A; }7_, are arbitrary constants, h is an arbitrary function of k* variables
and Y1 Z, ..., ¥L.7 is the basis for V,(V,. W

Lemma 10 Let t = (t1,...,t,) be n dimensional vector of variables (or values)
and let t denote the first n — 1 elements of t, i.e. t = (t1,...,t,_1). Let
Ap = {ag,. . amda; > 0,570 a; < 1} denote the m dimensional unit
simplex.

Consider the following general type of system of functional equations:

Flta,.otn) = hi(t, figi(8)), i=1,.. .k (A.11)

where f, f1,..., fx are unknown functions and t = {t1,...,t,) € D C R” are
independent variables. Suppose D is such that {t|t > 0, Z?:l t; =1} C D.
Consider the same equation, with t1,... t, being dependent, with t, = 1 —

-1
Z?:l t] 2

F(0) = hi(a®), Filasa(®), i= 1,k (A.12)
where q(f) ={y,...,tp_1,1— Z?;ll t;) and teA,_;.

The relationship between the solutions of Equations A.11 and A.12 is:

1. For any solution f of Equation A.11, f(f) £ f(q(t)) is a solution for
Equation A.12.

2. If h; and g; are scale-independent on D, i.e. hi(at,b) = h;(t,b) and
gi(at) = g;(t) foralli=1,.. k, a,b € R (a #0) and t,at € D. Then
any solution f of Equation A.12 is of the form f(f) £ f(q(t)), where f is
a solution for Equation A.11.

Proof: The first part: Since f is a solution for Equation A.11 there exist
functions fi,..., fi such that Equation A.11 holds for all t € D. We have (for
1<i<k): R

f(8) = flq(t)) = hilq(t), fi(9i(q(t)))) (A.13)
for all t € A,,_1. Thus f is a solution of Equation A.12.

The second part: We first show that for any f a solution for Equation A.12
f(t) = f(f/a) is a solution for Equation A.11, where o = Z;zl t;. Indeed,
since f is a solution for Equation A.12 there exist functions fi, ..., fx such that
Equation A.12 holds for all t € A,,_; (and for all t € D, t/o € A,_1) We have
(for 1 < i < k):

Ft) = F(t/0) = hi(a(t/o), Filgi (/7)) (A.14)
= hi(t/c, fi(gi(6/0))) = hi(t, fi(g:(t)))
for all t € D.
Now it is easy to check that f(f) = f(q(f)) We have:
Fla(8)) = F(£/1) = f(#). (A.15)

Thus any solution for Equation A.12 can be found by using a solution of Equa-
tion A.11. W
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A.2 The Solution of Functional Equation for Two
Node Networks

We now solve Equation 4.5 for any n, k. We use the following notations. Let

h(z) denote In h(z) for any positive function h. Also let

(YY) =75, 1<i<n-—1
~ 2 £
Fris(Y) = s PSmmgn-l (A.16)
95:(2) = 42 1<i<n 1<j<k—1 '
s 8%4(Z .o .
i) Gain)(Z) = B8 — 1 <inin<n, 1< i ja <k — 1
and similarly for G and f.
Taking partial derivatives of X and W gives
ozy _ . . 1 S .7 S ka
dy, R T Ain 1<i<n-1
0T Yi ]:m . . 1§m,j§k’—1,
9250 — | 0 j#m O~ 94miT Yi 1<i<n
Z..Y; Z'zyz(’Z' _Z'n) ; .
3wj,_ajﬂ~“jy _ - xjfl : Z7él 1§j§ka
Y1 Yl _ijyz(zxjé—zj'n) + % i=1 1<4l<n—1
_ Ry . | _
25i¥i z2 t ;é =7 .
owy 9 _zjlylyz]_i_y_, i lom— i 1<jm<k-1,
Ozmi — Ozm @] w; ’ J 1<il<n, i#n
0 m#j
Sw _ az;;,kyl _ Zkzxyizyl Z;ﬁ l 1 S m S k’ B 1’
Ozmi Ozmi el Y =] 1<il<n,i#n
ol Tk >~ P

(A.17)
Zki¥Yq

(Note, that there is no error in line 3: a’;’; indeed can be written in the given
form). Additional calculations give:

. b ) .
Gr=vin {(Zji - Zjn)Gj} I1<i<n—1
A A 1<:<n
oG _ .. . >~ 6> i
oz, = 4iCj 1<j<k-—1
£ k _ . i—zZin) P P .
3;: =i ( 7:11 [—72]””(% E )fjl} + %fji) 1<i<n-1
of _ -1 [_zivi ¢ P f P f i I<i<n—1,
azj;, =35 {— ]lxé Jit+ Z“fgy fkl} + i a2 i<k-1
(’gi _ ln:—ll {_ zjzi/éyn fjl + zkzxyizyn fkl} 1<j<k-—1
(A.18)
Let C'j = l”:—ll {_Z;z_zyzfjl} . By taking the logarithm and then a derivative wrt
7
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y; (1 <i<n—1) of Equation 4.5, we get,

k-1 k

E(Y)=) {(ij' - Zjn)éj(X)} + Z_: [(ij' — 2jn)Cj (7, W) + %sz’(W)

J

j=1

(A.19)
By taking the logarithm and then a derivative wrt z;; (1 <i<n-1,1<j<
k — 1) of Equation 4.5, we get,

9ji(2) = yiG3(X)+ui Cj(w;, W) — i Cr (i, W)+%sz’(W)— i—;fm(W) (A.20)
J
and by the same operation wrt z;, (1 <j <k —1):
Gin(Z) = ynGi(X) + ynCj (25, W) = yn Cr (i, W) (A.21)

From Equations A.20 and A2l we get: (1 <i<n—1,1<j<k—1)

iﬁﬂw) — Liinz) = 1], FulW) = —— (W) (A.22)

Yn T

Solving Equation A.22 for %f]Z(W) and substitution into Equation A.21 gives:

Z %ﬁjl(z) = G](X) - Z_: (wjr — wyr) éfkl(w) (A.23)

Simplifying Equation A.19 by using Equations A.21,A.22 and recalling zp; =
1- Zf;llzﬂ we get (for 1 <i<n—1):

B =3 (L2 - Z2000(2) ) + Lhu9) (a21)

Multiplying Equations A.24 by (w;; —wy;), taking the sum of the resulting equa-
tions and substitution 27:_11 (wjr — wr) ifkl(W) from Equation A.23 gives
(for 1 <j<k—1):

I (wjn = wi) B (Y) =
1w — ) [ (Bt (2) - 22 (2))] (2.25)
+G5(X) = 20 Froa(2)

After some simplifications (recall that w;; = %) we get:

I e B () = S (2 - 2) SR s (2)]

= { Tx) (A.26)
+G5(X) = 2= 595(2)



Taking a derivative by z;; we get:

Z_ z]lylyz  PRIYYi
n k—

Zil 2kl N

- - m m i A
E:K% m) > il (7)

=1

(A.27)

SN——
=
+
kS
el
=
+
:
=
I

k-1 k—1
Z]lyz 2k1Yi . 1 1 .
miYm Z - - miYma Z
-+§EI ( . ) g;;z mi(Z)| + (ab xk) 2222 imi(2)
"~z S 1Y 1.
+uiG g0 2) + Y 5 an(Z) = —gji(7)
l_lé% — ﬁj ﬁj

Substituting zj; = ¢+ (and thus @; = §, wj; = y;) for 1 <i<n, 1 <j <k we
get (1 <i<n—1):

a S 1
=D uhi(Y)+ F(Y) = it A (A.28)
where
k-1 n
1 1 . 1. .1
=3 2 imi T 2%k Z%l)(m(g) = 595i(%) (A.29)
m=1 =1
n k-1 n
(R N |
Z 9m jj(z) + 52%1(%)
=1 m=1 =1

where C;’s and A are computed for some value of j.
In case n =2, (Y = {y}, F1(Y) = F'(y)) we have only one equation

-wﬁ@HJWw:§a+A (A.30)

Thus F(y) = Cy“1 (1 — y)~(A+€) (ie. Fis of Dirichlet form).
In case n > 3, by subtracting two Equations A.28 for 1 < 41,42 < n — 1,

i1 # i2, we get:
. . e

Fi (Y)=F,(Y)=—"2-—2 A3l
®) ®) Yiy Yi, ( )
The general solution for Equations A.31 is:
n—1 n—1
=h(d> u)+ Y Cilny, (A.32)
i=1 i=1
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Substituting the solution into Equation A.28, and solving for &, we get:

n

F(yy=c]Ju" (A.33)
i=1

where (' is an arbitrary constant, y, = 1 — Z?:_ll y; and C,, = —A — Z?:_ll C

Similarly, G(X) = BH‘/?:1 xfj, and by substitution y; = % (z; = %zj.,
wj; = 2 where z;. = )", zj;) Equation A.26 transforms to:
ln:_11 (% - Zkl) (Cr—Ch) — (ZBTJ - %) =
23 2 k—1 ~ n 240 4

Sy [(2 - 2) Sh 2 sign (2)] = S0, 242

By substitution we can see that g,(%) = > i, Z?:l a;;In z;; is a particular so-
lution of Equation A.34. From Equations A.29 and A.34, the coefficients {a;;},
. k k
{Ci} and {B;} satisfy: C; = 3, ) i, By = Y=y aju, By = $3,, B
and, by symmetry, C,, = % >y Ci (see Section A.2.1 for derivations)
We must now solve the homogeneous first-order partial differential equation:

3 [(2-2) E it

=1 m=1

(A.34)

-3 %@,(2) =0 (A.35)

Multiplying each equation by z;., taking the sum by j, 1 < j < k —1 and
simplifying we get:

Z 2kl Z Zmlgml 0 (A36)

so Equations A.35 transforms to (for 1<j<k—1):

n

n k-1
Sz > aigmi(2) =Y zugi(2) (A.37)
=1 m=1

=1

Substitution §(Z) = g(Z), where zj; = ZZJ:; for 1 <j<k—1,1<4i<n gives:

Zg(z):{ Ejigﬂ(z)"i' i(2) B Jj=1
S —Zj—1,i05- 1,Z(Z) + Z]Zg]Z(Z) + Eaho1igk-1,i(2) 2<j<k—1
(A.38)
and
k-1 1 )
Z Zpudmi(Z) = Z—klfk—uﬁk—u(z) (A.39)
m=1
Plugging Equations A.38 and A.39 into Equations A.37 gives
2ot Fugu(Z) =0 j= (A 40)

Zl_1zﬂgyl( ) Zl 1%5-1,195— 1l(Z):0 2<j<k-1
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Thus for all j, (1<j<k—1):

> zugn(Z (AA1)

=1

Additional substitution g(Z) = 5(2), where

Gi=le 1<i<n—1, 1<j<k-1

- Zj.it1 ] (A.42)
Zin = Zjn 1<ij<k-1
gives (for 1 < j <k—1): R
Zingin(Z) =10 (A.43)
The general solution to Equations A.43 is
J2)=h({zi1<i<n—1,1<j<k—1})+Cy (A.44)

where h is an arbitrary differentiable function of (n — 1) x (k — 1) variables and
C}, 1s an arbitrary constant.
Thus the general solution for ¢ of the functional equation 4.5 is:

i=1j=1 Zj41,0%5,i41
(A.45)
where H is an arbitrary differentiable function of (n —1) x (k — 1) variables and
C' is an arbitrary constant.
Using z;; = 0;; = %, yp = 0 (for 1 < i < n, 1 < j < k), as well as
properties of the particular solution of Equation A.34 (C; = Zi@:l i) We get
from Equations A.33,A.45:

o ijlit1 . .
p({6;;}) = HHG” H({%ugzgn—l,lgggk—l})

6 6
i=15=1 i+1,eY 5+1

(A.46)
This solves Equation 4.1 and completes the proof of Theorem 4. B

A.2.1 Some technical details

In this appendix we want to show that g,(Z) = >, Z?:l aj;ilnzj; is a par-
ticular solution of Eq A.34, where the coefficients {a;;} should satisfy some
constrains imposed by Eq A.34 and Eq A.29. Note that %(Z) =i

ji

24 Zki
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Substituting §,(Z) into right hand side of Eq A.34, we get:
n 25 z k—1 A a ZJ o] o]
S [0 - )5 o (- )] (5
s [(2 L ) (S - (1 ) )] S, (e

n 235 2 k ZaQ o n ay
= Zl:l |: Z - z:l) Zm:l Ofml1| - Zl 1 zjlz:ll +Zl 1 z:l Zl:l z]l +Zl 1
n—1|{z; 2 k Zjn Zkn k
= O (2 - ) S| - (- 22) = (1= 22)) TE L
_ Doimn Yt _ 2ies O‘kl)
Zj. 2k
= Z;l:_ll {(% - %) an:l amli| - (Eljjl o Elji,zw) an:l Omn
_ (Elnzl Uil e O‘kl)
Zj. 2k
= St (2 - ) (S o — Sy )] - (B Eimaew)
(A7)
Thus, from Eq A.47 and Eq A.34, we get:
C C”_Zm 1am2_2fn:1am” 1§Z§n_1 (A48)

By =712 aji 1<j<k

If g,(Z) is indeed a particular solution to Eq A.34 then {«;;} and {C;}
should satisfy Eq A.29. Substituting §,(Z) into Eq A.29 and using Eq A.48, we
get (1 <i<n—1):

Ci =T (i — i) + 5(aji+ a,ﬂ») — Eaji = ani) = Tpomy i
A =—k Ez L Comi (vt — ) = 5 (Bj + By) + 5 300, (a0 — aw)
= —k Y1 (Bm — Bi) — kBy
(A.49)
Thus, C,, = Zi@:l @mn (from Eqs A48 A.49) and using the fact that A =
—> =1 Ci (from the definition of Cy,, after Eq A.33), we get:

kY (B — By) + kBy = Y0, C (A.50)

Thus B, = %Z;Zl m and, by symmetry, C Zl 1 G

A.3 The Proof of Theorem 7

Lemma 5 states that in order to find all distributions that are dictated by global
independence assumption it is enough to find a general solution for Equation 4.7.
Equation 4.7 satisfies the scale-independence conditions of Lemma 10, thus its
general solution can be found by treating {fz} as independent variables.
Equations 4.7 for the binary X can be written as (normalization constant is
inside H;):
PO} eeionyr) = Treqoy 05" Hi ({fnsiinzyinsinas ) (A51)

OleNe;1=9,2;=10[2\e;1=9+1,2,=0
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Applying logarithm to both sides of Equations 4.7 and to arguments of H; and
changing the variables to {Infz}zeq0,13» we get Equations 4.8 with:

1 [F\w]=¢z,i=00r [F\x] =g+ 1,2, =1
bijiml=< -1 [E\z]=¢zi=1lor [F\z]=y+1,2,=0 (A.52)

0 otherwise

where 1<i<n, 0<j<2" 1 -2 0<m<2"—1 and g7 denote the binary
representations of j and m respectively. The application of Lemma 6 and the
following lemma (for & = n) concludes the proof. B

Lemma 11 Given Eij as specified by Equation A.52,

k
(Bi=Ax fork=2..n (A.53)
i=1
where B; = span(l_)’iyo, e I_)’Z'yzn—l_z) and Ay = span(dk,o, . .., Gy on-i_1), s.L.
L &g, = 6,70 9 %2=0
@ glZl = —1 Zipgr, n =680 q%h2=1 (A.54)
0 otherwise.

We use if and ¥ to denote binary representation of indeves: 0 < § < 27~k — 1
and 0 < &< 2" — 1.

Proof: By induction on k.

Induction Basis: Consider Mj,Ms matrices with rows {[_,'Lj}?:)l_z and
{527]'}5;;1_2 respectively:
0 0 1 -1 =1 1 0 0
Mi=1|9g ¢ 0 0 1 -1 =1 1 0 0 (A.55)
and
1 =1 =11 0 0 0 00 .
01 0 -1 -10 1 00 0
M=o 0 0 1 -1 -1 10 0 (A.56)

Note that the same pattern as in the first two rows, repeats itself with 4-column
shift for all 27~! — 1 rows of M1 and M except the very last row. Considering
the matrix M = [MT|MZ]T with row space equal to By + Bs, we can see that it
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is exactly of rank 3-27~2—2, since rows {I‘)’Lj}?;;—z and {I_)’zyj}jzlyg;y.“’zn—l_g are
linearly independent and l_)’lyj = l_)’zyj for j =0,2,...,2"=t — 2. Thus, dim(B; N
Bs) = dim(By) + dim(B2) — dim(By + Bo) = (2" 71— 1)+ (271 — 1) — (3 -
n=2 2) = 27=2 and the basis for By N By is specified by ds; = 1_9’1722', for
i=0,...,2"" 2 1.

Induction Step: We will demonstrate the correctness of the induction step
for £ = 3. The proof is easily extended for arbitrary k.

Consider matrices M 4, M3z with rows {d- ; }?;BQ_l and {I_)’gyj}?igl_z respec-
tively, 1.e.

1 -1 -1 100 0 000 0 00 0
00 0 01 -1 -1 100 0 00 0
Ma=]100 0 000 0 01 -1 -1 10 0
(A57)
and Msj is
1T -1 0 0O —-11 0 0 00 000 00 ...0]
01 -10 0 —-11 0 00 000 00 ...0
00 1 10 0 -1 1 00 000 00 ...0
o0 0 1 —-10 0 —-110 000 00 ...°0
o0 0 0 0O 0 0 0 1 100 -1 120 ...0
] (A.58)

The first 4-row pattern of M3z repeats itself with 8 column shift for all 271 — 1
rows of M3 (the last pattern is truncated to 3 rows). For a general Mj, matrix
- the pattern of the first 2°~! rows will repeat itself with shift of 2¥ columns,
which is twice the length of non-zero segment in {dx_1,}.

It is clear now, that for the matrix M = [ME|MZE]T the rows {I_)’gyj}?;;l_z
and {ds;};j=13, 2n-2_1 are linearly independent and d; = 1_7’374]' - 1_9’374]'4_2 +
s jt1, for j = 0,2,...,2"=2 — 2. Thus, dim(As N Bs) is equal to number of
dependent rows in M, i.e. 273, and the basis for Az is 3 j = do9j — A2 2541 =
1_7’372]' — 1_7’372]'4_2, for 7=0,.. .,2n_3 —1.

- no1_ R n—(k—1) _
For the general k = 3,...,n, the rows {bk,j}izo ? and {akyj}‘?:l 5 *are

k—2 —
linearly independent and @y ; = dx—1 25 — dx—1,2541 = 212:0 _1(—1)lbk72j+21 for
j=0,...,7F_1. m
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