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Chapter �

Introduction

A directed graphical model is a representation of a family of joint probabil�
ity distributions for a collection of random variables via a Directed Acyclic
Graph �DAG�� In particular� each node in the DAG corresponds to a random
variable� and the lack of an edge between two nodes represents a conditional
independence assumption� A speci�c joint probability distribution can be rep�
resented by a given directed graphical model by specifying the values for the
set of associated parameters� The DAG along with such a distribution is called
a Bayesian network� Graphical models and Bayesian networks have been ex�
tensively studied in AI� Statistics� Machine learning� and in many application
areas �	�
��
��
	�

��������

Bayesian networks encode a probability distribution with a manageable num�
ber of parameters �due to the factorization introduced by underlying graph��
thus reducing the complexity of the representation and reducing the complex�
ity of decision making based on this distribution� Bayesian networks are also
useful when constructed directly from expert knowledge because they introduce
cause�e�ect relationships that are intuitive to human experts� These features
made Bayesian networks a premier tool for representing probabilistic knowledge
and reasoning under uncertainty�

In this work we focus on learning � the process of updating both the param�
eters and the structure of a Bayesian network based on data� There are two
aspects of the learning process� model selection � selecting the best structure to
�t the observations and parameter learning � selecting the best parameters to
the chosen structure�

We take the Bayesian approach to model selection� which chooses model M
according to the maximum posteriori probability given the observed data D�

P �M jD� � P �M�D� � P �M �P �DjM � � P �M �

Z
P �DjM� ��P ��jM �d�

where � denotes the model parameters�






To compute goodness�of��t �P �DjM �� of data to a network structure in a
closed form� researchers have made a number of assumptions� Among them�
global and local parameter independence for all network structures� a Dirichlet
prior distribution on network parameters� and some other assumptions �	�� It
was later shown that the assumption of global and local parameter independence
for all nodes in every complete network structure dictates that the only possible
prior parameter distribution for discrete DAGmodels is a Dirichlet prior �
�� 

��
In Chapter �� we continue this work and explore a minimal set of assumptions
needed to dictate a Dirichlet prior�

When parameter prior �P ��jM �� is unknown� or has a functional form that
does not allow closed form computations� one should use the asymptotic meth�
ods for evaluation of P �DjM �� One such method� now termed Bayesian Infor�
mation Criterion �BIC�� was introduced by Schwarz ���� and was proved to be
optimal for choosing the model that comes from linear and curved exponential
families ���� 
��� Chapter � presents the Bayesian Information Criterion for
model selection� and proves its optimality for linear exponential families �after
Schwarz� ������ Such families correspond to the undirected graphical models
����� We intend to extend the result of Schwarz for the class of Strati�ed Ex�
ponential Families �SEF�� which include the class of directed graphical models
with hidden variables and other classes�

This report starts by showing the previous results� Chapter 
 introduces the
concepts of DAG models and exponential families� which form the essential basis
for understanding and development further results in the �eld� and Chapter �
presents the Bayesian Information Criterion for model selection� Our original
results on the functional form of parameter priors for discrete DAG models are
described in Chapter � and future research goals are summarized in Chapter ��






Chapter �

Preliminaries

This chapter introduces the concept of DAG models and exponential families
of distributions� This concepts are closely dependent� since for the graphical
models� various models correspond to a di�erent subfamilies of an exponential
family of distributions ����� 
����

��� DAG Models

A Directed Acyclic Graphical model m � m�s�Fs� for a set of variables X �
fX�� � � � � Xng each associated with a set of possible values Di� is a set of joint
probability distributions with sample space D � D�� � � ��Dn speci�ed via two
components� a structure s and a set of local distribution families Fs�

The structure s for X is a DAG having for every variable Xi in X a node
labeled Xi� We denote the parents of Xi by Pa

s
i � The structure s represents

the set of conditional independence assertions� and only these conditional inde�
pendence assertions� which are implied by a factorization of a joint distribution
for X given by p�x� �

Qn
i�� p�xijpa

s
i �� where x is a value for X �an n�tuple�� xi

is a value for Xi and pasi is a value for Pa
s
i � When xi has no incoming arcs in s

�no parents�� p�xijpasi � stands for p�xi�� A DAG model is complete if it has no
missing arcs� Note that any two complete DAG models for X encode the same
set of conditional independence assertion� namely none�

The local distributions are the n conditional and marginal distributions that
constitute the factorization of p�x�� Each such distribution belongs to the spec�
i�ed family of allowable probability distributions Fs� which depends on a �nite
set of numerical parameters �m � �m � Rk� �a parametric family�� The pa�
rameters �im for a local distribution is a set of real numbers that completely
determine the functional form of p�xijpasi ��

In discrete DAG models� which describe the distributions on discrete vari�
ables fX�� � � � � Xng� local distributions p�xijpasi � are speci�ed by multinomial

�



parameters �im � f�xijpasi jxi � Di�pa
s
i � DPas

i
g� where DPas

i
is the set of pos�

sible values of Pasi � In these models� �m denotes the set of multinomial parame�
ters for each node h��m � �

�
m� � � � � �

n
mi and �X denotes the set of joint multinomial

parameters for X� i�e� �X � f��xj�x �Dg�
In Gaussian DAG models� the parameters �im correspond to the parameters

of the linear regression model �
��

p�xijpa
s
i � �

i
m� � N �xij�i �

X
xj�pasi

bjixj� �i�� �
�
�

The local parameters �im are given by ��i� �i��bi��

��� Exponential Family of Distributions

The family of probability distributions having the form�

f�xj�� � a���b�x�ec����d�x� �
�
�

where � � � and c���� d�x� and � are scalars or vectors is called the expo�
nential family or sometimes the Koopman�Darmois family family� �e�g� �
��
pages ��
���� and �

� page 
�
�� This family can also be parameterized in the
following form�

f�xj�� � e�c����
�d�x���a��� �
���

such that
�c��� � hc����� � � � � ck���� 
i
�d�x� � hd��x�� � � � � dk�x�� ln b�x�i
�a��� � � ln a���

�
���

where ci��� denotes the ith element of vector c���� Note that �c may be con�
sidered as an arbitrary function of � in parameterization 
��� since the inverse
parameterization from Equation 
�� to Equation 
�
 is given by c � �c� b�x� � 


and a��� � e��a���� It follows from �

� �page 
��� that �d�x� is a su�cient
statistics for the given exponential family�

Since
R
f�xj��dx � 
� the value of �a��� is completely determined by the value

of �c���� Thus we can� without loss�of�generality� use Image��c� instead of � as a
parameter space� In this way we get the following representation of exponential
family� which was used by Schwarz �����

f�xj�� � e��y�x��b��� �
���

We adopt the exponential distribution as presented by Equation 
�� and
analyze its properties� The moment generating function ��

�� page 
�� of an
exponential distribution is�

��t� � E�ety� �
R
etye��y�b���dy

�
R
e���tI��y�b���tI�eb���tI��b���dy � eb���tI��b���

�
���

�
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Figure 
�
� Representation of normal distribution family as a subfamily of expo�
nential family of distributions� �a� Graph shows the range of natural parameters
�������� ���� ��� the range of possible statistics of each sample �parabola
y� � y���� the range of averaged statistics for sample from normal distribu�
tion �parabola interior�� and speci�c parameter vector and point of maximum
likelihood for this parameter vector� �b� Graph shows averaged statistics from
sampling 
�� points from distribution de�ned by parameters shown on �a�� This
graph also shows the posterior likelihood isolines and maximum likelihood point
given the sampled data�

where I is a vector of ones of an appropriate dimension� Therefore

�y � E�y� � ����� � rb��� �
���

and

Cov�y� � E
�
�y � �y��y � �y�T

�
� E�yyT � � �y�yT � ���������� �y�yT � Hb���

�
���
where H denotes the Hessian operator� i�e� Hb��� is the matrix of second�order
derivatives of b�	� evaluated at �� Note� that Hb��� is positive de�nite� unless
statistics y are linearly dependent ��

�� page 
���

An analysis of asymptotic properties of parameter estimation for distribu�
tions from exponential families is performed in �
�� �
� �� ��� This analysis is
based on the application of di�erential geometry techniques ��	� ��� �� to the
parametric space of exponential family�

An Example of Exponential Family � Normal Distribution

Consider a one�dimensional normal distribution� �

� page ���

f�xj�� ��� � �
	����
�
� exp

�
��x � ���


�

�
� �
�	�

�



We can rewrite that in the exponential form�

f�xj�� ��� � e�b��������
P

i���� �iyi�x�

y��x� � x� y��x� � x��
�� �

�
��
� �� � � �

���

b���� ��� � � ���
���

� �
� ln

h
� �
��

i �
�
��

In this parameterization� the natural parameter space is �������� ���� ��
and su�cient statistics y� and y� get the values from the parabola y� � y�� � This
concept is illustrated on Figure 
�
� Note that the maximum likelihood value of
x � � corresponds to the point on the parabola where normal is parallel to the
parameter vector�

�



Chapter �

Bayesian Information

Criterion

Schwarz proposed in his paper ���� an asymptotic criterion for model selec�
tion which is now termed the Bayesian Information Criterion �BIC �� Given
X�� � � � � Xn independent and identically distributed �i�i�d�� observations and
given a number of competing models the BIC procedure is to� Choose the model
for which lnMj�X�� � � � � Xn��

�
�kj lnn is largest� where kj is dimension of the

jth model� and Mj maximum of likelihood function for the jth model�
Schwarz proved the asymptotic correctness of this procedure for observations

that come from a linear exponential family �LEF�� Later this result has been
extended by Haughton �
�� for curved exponential families �CEF�� This chapter
derives in great detail the results in ����� It is hoped that this careful derivation
will enable us to extend Schwarz� results to strati�ed exponential models �
���

��� The exact Bayes procedure

The Bayesian model selection procedure chooses the model M of maximum
posterior probability given the data D� which is

P �M jD� � P �M�D� � P �DjM �P �M � � P �M �

Z
P �DjM� ��P ��jM �d� ���
�

The asymptotic expansion of lnP �M jD� is an example of Laplace method
for integrals �e�g �

� �
� �� 

� 
���� This expansion is done under the following
assumptions�

Assumption � �Exponential Distribution� The observations X�� � � � � Xn

are i�i�d� and come from an exponential distribution�

f�xj�� � exp�� 	 y�x� � b����� ���
�

�



where � ranges over the natural parameter space �� which is a convex subset
of RK�

Assumption � �Model linearity� The models fmjg are represented by dis�
tinct a�ne subspaces of RK� i�e� 
� � mj � ��

j � Rkj� s�t� � � Aj�
j � bj� where

Aj is a K � kj matrix and bj is a K�dimensional vector de�ned by a model�

After Schwarz ����� we use the di�erential geometry term linear submanifold
��	� ��� to denote the a�ne subspace of RK�

Assumption � �Bayesian Prior� The prior distribution is of the form�

� �
X


j�j �����

where 
 is the a priori probability of the jth model being the true one� and �j
is the conditional a priori distribution of � given the jth model�

Assumption � �Boundedness� The conditional prior distribution of � given
jth model� �j � has a kj�dimensional density that is bounded and locally bounded
away from zero throughout mj ���

Assumption � means that �j �a normalized measure induced on mj by ��
is di�erentiable �i�e� d�j��j� exists for all �kj � R

j� and �M� 
�j � Rkj� s�t�
� � Aj�

j � bj � � holds d�j��
j� � M �boundedness� and 
�j � Rkj� �U � Rkj�

U open� �j � U and �� 
 �� s�t� 
t � U� d�j�t� 
 � �local boundedness from
zero��

Assumption � ensures that any submanifold of mj which is of lower dimen�
sionality than mj will be of measure zero� since the intersection of two distinct
linear manifolds either is one of them �impossible since that will contradict
boundedness�� or has a lower dimensionality than both�

Note that� unless there is only one model with k � K� the parameter prior
� is not absolutely continuous� since it puts positive probability on some lower�
dimensional submanifolds of �� that correspond to the competing models�

Given Assumptions 
� 
 and �� the Bayes solution for model selection �under
�xed penalty for guessing the wrong model� consists of selecting the model that
is a posteriori most probable� i�e� choose j that maximizes the posterior model
probability� Taking logarithm of Equation ��
� we get�

lnP �M�D� � S�Y� n� j� � ln

Z

j exp��Y 	 � � b����n�d�j���� �����

where the integral extends overmj��� and Y is the averaged su�cient statistics�
�
�n�

Pn
i�� y�Xi��

The asymptotic evaluation of the integral presented by Equation ��� is done
using the Assumptions 
�� and the following assumption�

Assumption 	 �Internal Point� For every mj � the maximum of Y 	 � � b���
for � � mj �� is achieved at some internal point of mj ���

�



��� Asymptotics

We are interested in asymptotic expansion of S�y� n� j� as n
��

Proposition � �Schwarz
 main result� For �xed Y and j� as n tends to ��

S�Y� n� j� � n sup�Y 	 � � b���� �





kj lnn� R �����

where the remainder R � R�Y� n� j� is bounded in n for a �xed Y and j�

Note that in case we have a �nite number of models� R�Y� n� j� is bounded in n
for �xed Y � and bound is independent of j�

The proof requires several lemmas�

Lemma � The proposition holds when Y 	 � � b��� � A � �k� � �	k
� where

� 
 �� �	 is a �xed kj�dimensional vector in mj � and �j is Lebesgue measure
on mj �

Note� that to formally prove this lemma we assume that mj is a kj dimensional
a�ne subspace of RK �Assumption 
��
Proof� Recall that for normal distribution �e�g� �

�� page �
��

�
	��k��j�j�
�
�

Z
Rk

exp

�
�





�x� �x�T����x� �x�

�
dx � 
� �����

so the explicit evaluation of integral ��� yieldsZ

je

�A�	k����k
��nd� � 
j�	�n��

kj��enA� �����

and
sup
�
fA� �k� � �	k

�g � A� �����

Therefore

S�Y� n� j� � ln
j�	�n��
kj��enA � nA�






kj lnn� R ���	�

establishes the proposition in this case� with R � �
�kj ln

�
	 � ln
j� �

Lemma � If two bounded positive random variables U and V agree on the set
where either exceeds � for some � � � � ess supU � then

lnE�Un�� lnE�V n�
 � ���
��

as n
��

	



Proof� We have two bounded positive random variables U and V such that for
some �� � � � � ess supU �

U � V for V 
 � or U 
 � ���

�

Lets �rst prove the lemma for V that vanishes where U � �� i�e� V � � for
U � �� In this case � � Un � V n � �n� and therefore

E�V n� � E�Un� � E�V n� � �n � E�V n�

�

 �

�n

E�V n�

�
���

�

it is now su�cient to show that ln�
 � ��n�E�V n��� 
 � as n 
 �� Now
E��n�V n� 
 ess sup V ��
��� pages ������� and ess sup V � ess supU 
 �
yields that ���E�V n����n a strictly less than 
 �beginning from some n	�� hence
�n�E�V n� tends to zero� and so does ln�
 � ��n�E�V n����

Now� for a general V � de�ne �V as�

�V �

�
V V 
 �
� V � �

���
��

and similarly �U � Since �V � V �and �U � U � we have

�
	
lnE�V n�� lnE� �Un�



� lnE�Un� � lnE�V n� � lnE�Un�� lnE� �V n��

���
��
The right side and the left side of Equation ��
� tend to zero as n 
 � �by
the argument from previous paragraph� and thus ln �E�Un� � lnE�V n��
 � as
n
�� �

Lemma � For some � � � � eA� where A � sup�Y 	 �� b����� a vector �	� and
some positive �� and ��� the following holds wherever e

Y ���b��� 
 ��

A� �k� � �	k
� � Y 	 � � b��� � A� �k� � �	k

�� ���
��

Proof� The matrix of second order derivatives of b��� is the covariance matrix
of y and under the assumption of y being linearly independent� Hb��� is positive
de�nite for all � of interest �see Section 
�
� and �

� page 
���

Therefore Y 	 � � b��� is strictly convex� since H �Y 	 � � b���� � �Hb��� is
negative de�nite and it attains maximum at �	� such that

r �Y 	 � � b���� � Y �rb��� � � ���
��

i�e� at �	 such that rb��	� � Y � �Note� that under the Assumption �� �	 is an
internal point of mj ����

Consider a Taylor expansion of  ��� � Y 	 �� b��� around �	 ��
��� page 
��
and �
��� page ��	��

 ��	 �!�� �  ��	� � �!� 	 r� ��	� �




"
�!� 	 r�� ��	� � R
 ���
��


�



where �u 	 r� is a directional derivative operator� i�e� �u 	 r�f � �rf�Tu� and
R
 � O�k!�k
� is a remainder� which is bounded by R
 � ck!�k
 on some
su�ciently small neighborhood of �	� Taking the actual derivatives we have

 ��	�!�� � Y T �	�b��	���Y �rb��	��
T!��






�!��THb��	��!���R
 ���
��

Since �	 is a maximum point� we have Y �rb��	� � � and

 ��	 �!�� � A �





�!��THb��	��!�� �R
 ���
	�

where A � sup�Y 	 �� b����� Let ���� � � � � �
�
k be the eigenvalues of Hb��	� and let

�min and �max be the minimal and maximal eigenvalue respectively� We have
�e�g� ��
� ����






�mink!�k

� �





!�THb��	�!� �






�maxk!�k

� ���
��

Let ��� �� be a little bit larger and a little bit smaller than
�
��max and

�
��min

respectively� By strict convexity it is now easy to determine � � eA so that it
will bound eY ���b��� outside the neighborhood N ��	� where R is dominated by

�� � �max and by �min � 
��� I�e� for every � � �	 �!� from N ��	�

��
� �!��

THb��	��!�� �R
 � ��
��mink!�k� � cr


� ���
��min � cr�r� � ���k!�k�

���

�

where r � max��N����!� and �� is such that !�� �
�
��min � �� is larger

than cr� Obtaining the lower bound similarly for �� a little larger than
�
��max�

we have We have

A � ��k!�k
� � �Y 	 � � b���� � A� ��k!�k

� ���

�

where � � �	 �!� and 
��� 
�� are a little bit larger and a little bit smaller
than all the eigenvalues of Hb��	�� �

Note� that in order to prove correctness of Proposition 
� the neighborhood
de�ned by � should be entirely inside mj ���
Proof of the Proposition �� For some speci�c mj � Let

U ��� � eA�	�k����k
�

V ��� � eY ���b���

W ��� � eA�	�k����k
�

���
��

Let N ��	� denote the neighborhood of �	 where Lemma 
 holds� i�e� where
V ��� is greater than some � � �V � Let �V ��� equal to V ��� in N ��	� and zero







otherwise� De�ne �U and �W similarly� We can bound U � V and W outside that
neighborhood� N ��	�� by �U � �V and �W and applying Lemma 
 we get

S�Y� n� j� � lnE� �V n�
 �

lnE�Un� � lnE� �Un�
 �

lnE�Wn� � lnE� �Wn�
 �

���
��

From Lemma � the following holds on N ��	�

eA�	�k����k
�

� eY ���b��� � eA�	�k����k
�

���
��

where A � sup�Y 	 � � b����� Thus for every �� �U��� � �V ��� � �W ��� and

E� �Un���� � E� �V n���� � E� �Wn���� ���
��

We now evaluate E� �Un���� and E� �Un����� i�e� ln
R
N����

eA�	k����k
�
�j���d�

for � � ��� ��� Let c� � minN���� �j��� and c� � maxN���� �j���� By application
of Lemma 


E� �Wn���� � ln
R
N�����

eA�	�k����k
�

�j���d�

� ln c� � ln
R
eA�	�k����k

�

d� � nA� �
�kj lnn�R�

���
��

where R� �
�
�kj ln

�
	�
� ln c�� Similarly from Lemma 
 and Lemma 
 we have

E� �Un���� � ln
R
N�����

eA�	�k����k
�

�j���d�

� ln c� � ln
R
N�����

eA�	�k����k
�

d�
���
��

and

ln

Z
N�����

eA�	�k����k
�

d� 
 ln

Z
eA�	�k����k

�

d� � nA �





kj lnn �






kj ln

	

��
���
	�

so

E� �Un����
 nA�





kj lnn�R� ������

where R� �
�
�kj ln

�
	�
� ln c�� Combining Equations ��
����
����
� and ���� the

proposition is established with R bounded by �
�
kj ln

�
	�
� ln c� � ln
j� �

Note� that as n
�� �
 A �smaller N ��	��s� and �� 
 �max� �� 
 �min�
the remainder R in approximation of S�Y� n� j� is bounded by�






kj ln

	

�max
� ln���	� � ln
j � R �






kj ln

	

�min
� ln���	� � ln
j ����
�

so the minimal error of approximation of S�Y� n� j� dependents on the maximal
eigenvalue of Hb��	� �e�g� how sharp is the peak at �	� and the freedom in R







depends on the condition number of Hb��	� �i�e� ratio between maximal and
minimal eigenvalues��

In practical settings� we usually do not have a �xed Y � instead we have a
sequence of Y�� Y�� � � � that is �hopefully� converging to Y � Haughton� �
��� deals
with that and other questions in her extension of the above result for curved
exponential families�


�



Chapter �

Parameter Priors for

Discrete DAG Models

To compute goodness�of��t of data to a network structure in a closed form�
researchers have made a number of assumptions� Among them� global and
local parameter independence for all network structures� Dirichlet distribution
on network parameters� and some other assumptions �	�� It was later shown
that the assumption of global and local parameter independence for all nodes in
every complete network structure dictates that the only possible prior parameter
distribution for discrete DAG models is a Dirichlet prior �
�� 

��

In contrast� in a subsequent work� it was shown that for Gaussian DAG
models� which consist of a recursive set of linear regression models� global inde�
pendence alone dictates that the only feasible parameter prior is the Normal�
Wishart distribution� assuming models with at least three nodes �
��� It was
thus natural to hypothesize that the proofs for discrete and continuous case can
be uni�ed and� as a result� the assumption of local independence will turn out
to be redundant also in the characterization of the Dirichlet distribution�

Our work �published as ���� ���� gives a negative answer to the question of
similarity between the discrete and continuous cases� In other words� it shows
that� while global independence dictates a Normal�Wishart prior for Gaussian
DAGmodels with more than � nodes� global independence alone does not dictate
a Dirichlet prior for discrete DAG models with more than � nodes� We provide a
minimal set of assumptions needed to dictate a Dirichlet prior and� in addition�
we specify the class of discrete probability distributions� which is larger than
the Dirichlet family� that arise under global independence assumption alone via
a solution of a new set of functional equations�


�



��� Discrete DAG Models

We restrict our discussion to discrete DAG models� that describe a multinomial
distribution on the discrete variables X�� � � � � Xn� In these models local distri�
butions p�xijpa

s
i � are speci�ed by multinomial parameters �

i
m � f�xijpasi jxi �

Di�pa
s
i �DPasi g� where DPasi is the set of possible values of Pa

s
i � Let �m denote

h��m� �
�
m� � � � � �

n
mi and let �X denote the set of joint multinomial parameters for

X� i�e� �X � f��xj�x �Dg�
According to the Bayesian framework� we suppose there exists a prior dis�

tribution p��X�� This prior induces the distributions of network parameters
for each complete model p��mjm� via a change of parameters formula� because
two complete models with multinomial parameters represent the same set of
distributions� We assume the regularity of parameter distributions�

Assumption � �Regularity� The probability distribution functions �p�d�f�	
on joint parameters and corresponding p�d�f�
s on network parameters for all
complete models are everywhere positive and twice di�erentiable�

This chapter investigates the functional from of the prior distributions p��X�
that satisfy the properties of global and#or local parameter independence� Global
parameter independence for one network was introduced by Spiegelhalter and
Lauritzen ���� to allow a decomposable prior�to�posterior analysis and global
parameter independence for all the networks was introduced by Cooper and
Herskovits �	� in order to search among candidate models�

De�nition Parameters �m of a DAG model m are said to be globally indepen�
dent if f�img

n
i�� are mutually independent� i�e� p��mjm� �

Qn
i�� p��

i
mjm��

De�nition Parameters �im of a node Xi of a DAG model m�s�Fs� are said to

be locally independent if the subsets �Xijpasi
� f�xijpasi jxi � fd

�
i � � � � � d

jDij��
i gg

of �im are mutually independent� i�e� p��imjm� �
Q
pas

i
�DPa

s
i

p��Xijpasi
jm� for


 � i � n�
We say that p��X� satis�es the global �or local	 parameter independence

assumption if the parameters �m are globally �or locally� independent under
this distribution for all complete network structures� In this case we also say
that parameters �X are globally �or locally� independent�

��� Two Node Networks

We commence by deriving a functional form of globally independent distribution
for parameter priors of complete two�node network assuming global parameter
independence� The results and techniques developed in this section are the basis
for the general result�

Consider a complete two�node network� as shown on Figure ��
� with vari�
ables X�Y having n and k states respectively� Since this network is complete it


�



YX

Figure ��
� A complete two node network for random variables X and Y �

is capable of describing any multinomial distribution of two random variables�
Any multinomial distribution� described by a set of parameters f�X�i�Y �jg
�in short denoted by f�ijg�� can be described by this network by specifying

�i� � �X�i�� �
Pk

j�� �ij and �jji � �Y�jjX�i � �ij��X�i�� for 
 � i � n and

 � j � k�

We are interested in �nding a functional form of a prior distributions p�f�ijg�
that satisfy a global parameter independence assumption for all complete net�
work for fX�Y g� namely X 
 Y �Figure ��
� and X � Y � Thus� according to
the global independence assumption� such distributions should satisfy the fol�
lowing two functional equations� which encode global parameter independence�

p�f�ijg� � J��
� f��f�i�g�g��f�jjig�

p�f�ijg� � J��
� f��f��jg�g��f�ijjg�

���
�

where J��J� are appropriate Jacobians and ��j � �ijj are de�ned similarly to �i�
and �jji�

We formulate the following theorem that extends the result stated in �
�� for
two�node DAG models with binary variables�

Theorem � Any probability distribution on f�ijg that satis�es the regularity
assumption ��	 and global parameter independence assumption �Equation 
��	�
is of the form

p�f�ijg� � C
hQn

i��

Qk
j�� �


ij��
ij

i
	

H
	n

�ij�i���j��

�i���j�i�j��
j
 � i � n � 
� 
 � j � k � 


o
 ���
�

where 
ij are arbitrary positive constants� H�� is an arbitrary Lebesgue inte�
grable� everywhere positive and twice�di�erentiable function of �n � 
��k � 
�
variables and C is a normalization constant�

Theorem � implies that for two�node discrete DAG models global parameter
independence assumption alone does not guarantee the Dirichlet distribution of
priors� In Section ��� we will prove the similar result for all discrete DAGmodels�
Note� that when H is a constant� as happens if local parameter independence
is assumed� then p�f�ijg� is a Dirichlet distribution �
���

The proof of this theorem is based on the direct solution of a system of func�
tional equations ��
� The general approach is given in the following subsection�


�



����� The Functional Equation

In this subsection we present the functional equation that follows from Equa�
tion ��
 and is the basis for the proof of Theorem ��

Consider two sets of variables fyij
 � i � n�
g and fzjij
 � i � n� 
 � j �
k�
g� The domain of each of these variables is ��� 
�� These sets correspond to
the sets f�i�g and f�jjig of multinomial parameters discussed above� We de�ne

yn � 
�
Pn��

i�� yi
zki � 
�

Pk��
j�� zji� 
 � i � n

xj �
Pn

i�� zjiyi� 
 � j � k
wji �

zjiyi
xj


 � j � k� 
 � i � n�

�����

Note that xk � 
 �
Pk��

j�� xj and wjn � 
 �
Pn��

i�� wji �for 
 � j � k�� Here�
fxjg corresponds to f��jg and fwjig corresponds to f�ijjg� Finally� we let

Y � �y�� � � � � yn���� Zi � �z��i� � � � � zk���i��
X � �x�� � � � � xk���� Wj � �wj��� � � � � wj�n���
Z � �Z�� � � � � Zn�� W � �W�� � � � �Wk�

�����

The functional equation we solve ���
� can now be expressed as follows

F �Y �g�Z� � G�X�f�W � �����

by absorbing Jacobians appearing in Equation ��
 inside the functions F� g�G
and f that correspond to f�� g�� f� and g� respectively� Note that the free
variables in Equation ��� are y�� � � � � yn�� and zji� 
 � j � k� 
� 
 � i � n� All
other variables appearing in Equation ��� are de�ned by Equations ��� and ����

The solution of Equation ��� is based on the technique of reducing functional
equations to partial di�erential equations ��
�� page �
�� and is presented in
Appendix A�
� Similar technique was used in �
���

��� Multiple Node Networks� Globally Indepen�

dent Parameters

Consider a complete DAG model on n discrete variables� X � X�� � � � � Xn�
each having jD�j� � � � � jDnj values respectively� In this section we are interested
in determining the functional form of distributions on �X that satisfy global
parameter independence assumption� i�e� p��X� satis�es the following n" func�
tional equations�

p��X� � J��
I

nY
j��

fI�j�f�xij jxi� �����xij��
g�� �����


�



for all I � hi�� � � � � ini permutations on h
� � � � � ni where fI�j�� are Lebesgue inte�
grable functions that correspond to local parameter distributions� The network
parameters f�xij jxi� �����xij��

g are expressed in terms of �X and JI denotes the

Jacobian of transformation from the joint parameters to the parameters of the
complete Bayesian network with topological order of nodes speci�ed by I� Note�
that JI can be absorbed into fI�j � since JI is a function of f�xij jxi� �����xij��

g �see

�

�� Theorem 
���

����� Useful Lemmas

We present now a set of lemmas that allow the computation of the exact from
of globally independent distribution for any set of discrete random variables X�

In order to solve Equation ��� we use Theorem �� Consider two discrete
random variables Yi � fYi� Y g� where Yi � Xi and Y � X� � � � �� Xi�� �
Xi�� � � � ��Xn� We claim the following lemma�

Lemma 	 Given that p��X� satis�es the regularity assumption ��	� �X are
globally independent if and only if �Yi

are globally independent for all i �

� � � � � n�

Proof� The �only if� part of the proof is immediate after noting the correspon�
dence between �X and �Yi

� The �if� part of the proof is done by analyzing the
functional form of globally independent distributions for �Yi

� that are obtained
using Theorem �� �

Now� we apply Theorem � for Yi and conclude that any p��X� that satis�es
Equation ��� satis�es the following n equations �for i � 
� � � � � n��

p��X� � Ci
Y
r�D

�
r�i��
r Hi

��
�ri�r���i
�r�

i
�r��

i


�
�����

where ri� r�i� r
��
i � r

���
i �D are subsequent indexes with respect to Xi and X nXi

�analogous to the arguments in Equation ��
�� I�e�� when restricted to Xi�
�ri��Xi

� �r��i ��Xi
� a� �r�i��Xi

� �r���i ��Xi
� b and b � a�
� and when restricted

toXnXi� �ri��XnXi
� �r�i��XnXi

� c� �r��i ��XnXi
� �r���i ��XnXi

� d and d � c�
�
Here �r��X denote the vector of values of r for nodes X � X� �We assume here
the alphabetical order for the convenience� but the sets of parameters of H are
equivalent under all orders���

Lemma � speci�es that the set of solutions of Equation ��� is equivalent to
the solutions of Equation ���� which are obtained using the following lemma�


�



Lemma 
 Consider the following system of m functional equations�

f�x�� � � � � xn� �
Pn

i�� 
�ixi � h���b���x� � � � ��b�k��x�

f�x�� � � � � xn� �
Pn

i�� 
�ixi � h���b���x� � � � ��b�k��x�
���
f�x�� � � � � xn� �

Pn
i�� 
mixi
�hm��bm��x��bm��x� � � � ��bmkm�x�

�����

where f� h�� � � � � hm are unknown functions� 
ji are unknown constants and �bji
are arbitrary �given	 n�dimensional vectors� For applications in this paper� �bji �
f�
� �� 
gn and k� � k� � � � � � km�

The general solution for f in Equation 
�� is�

f�x�� � � � � xn� �
nX
i��


ixi � h��b��x� � � � ��bl�x� ���	�

where h is an arbitrary function� f
ig are arbitrary constants and �b�� � � � ��bl is
the basis of the linear space

Tm
i��Bi� where Bi is a linear space spanned by

�bi�� � � � ��biki�

Since Equations ��� can be transformed to the form of Equation ��� by
taking a logarithm of both sides of each equation and changing the variables to
ln �r � Lemma � provides a powerful tool for solving Equation ���� The proof
of this lemma is quite straightforward by changing the variables inside the h�
functions in such way that they include �b��x� � � � ��bl�x� This proof is presented in
Appendix A�
�

Application of Lemmas � and � provides the functional form of globally
independent distribution for any speci�c set of random variables X� However�
the exact functional form of a globally independent distribution for a general X
is too cumbersome� so we present the result for binary�values networks only�

����� Binary�Valued Networks

The following theorem gives the exact functional form of globally independent
prior distributions for binary valued network� This result extends the result
stated in �
�� for DAG models with two binary variables and demonstrates
that global parameter independence assumption alone is not enough to ensure
Dirichlet prior for networks of any size �contrary to the Gaussian DAG models�
�
����

Theorem � Any distribution on �X� where X � X�� � � � � Xn are binary ran�
dom variables� that satis�es regularity assumption ��	 and global parameter in�


	



dependence assumption is of the form

p��X� � C

�
� Y
�x�f	��gn

�
�x��
�x

�
�h

�Q
�x�A�

��xQ
�x�A�

��x

�
���
��

where h is an arbitrary Lebesgue integrable� twice�di�erentiable and everywhere
positive function� f
�xg are arbitrary positive constants and C is a normalization
constant� The set A	 is the set of all binary vectors of length n with even number
of �ones� and the set A� is the set of all binary vectors of length n with an odd
number of �ones��

The proof� based on Lemmas � and �� is explicated in the Appendix A���

��� Dirichlet Priors� The Minimal Set of As�

sumptions

We have shown in the previous sections that global parameter independence
alone is not enough to ensure a Dirichlet prior on the network parameters� The
natural question is� $What is a minimal set of independence requirements that
ensure Dirichlet prior%&� In this section we give an answer to this question�
We start by providing an additional result that links between global parameter
independence in various networks�

We say that the parameters of node Xi� �im� are globally independent if
p��mjm� � p��imjm�p��m n �imjm��

Lemma � Let m� be an arbitrary complete n�node network with topological
order of nodes Xi� � � � � � Xin � fi�� � � � � ing � f
� � � � � ng and let m� be another
complete network� with order Xj� � � � � � Xjn �fj�� � � � � jng � f
� � � � � ng	� Then
given ik � jk and fi�� � � � � ik��g � fj�� � � � � jk��g� �ikm�

are globally independent
if and only if �jkm�

globally independent�

Proof� The proof if straightforward using the correspondence between pa�
rameters �m� and �m� � �

We can now present the second key result of this work�

Theorem � Let X � X�� � � � � Xn be random variables over D�� � � � � Dn� Let
m��s��Fs�� be an arbitrary� complete DAG model for X with topological order
of nodes Xi� � � � � � Xin � fi�� � � � � ing � f
� � � � � ng� and let m��s��Fs�� be another
complete DAG model for X� with order Xj� � � � � � Xjn �fj�� � � � � jng � f
� � � � � ng	�
s�t� jn � i�� If the parameters of Xi� in m� are globally independent� i�e�

p��m� jm�� � p��i�m�
jm��p��m� n �

i�
m�
jm�� ���

�


�



and the parameters of Xjn in m� are globally and locally independent� i�e�

p��m� jm�� �
p��m� n �

jn
m�
jm��

Q
pa

s�
jn
�D

Pa
s�
jn

p��Xjn jpa
s�
jn

jm�� ���

�

where �Xijpasi
� f�xijpasi jxi � Dig� and p��X� satis�es Assumption �� then

p��X� is Dirichlet and this set of conditions is minimal in the sense that the
elimination of any one of these two conditions extends the class of admissible
priors beyond a Dirichlet distribution�

The theorem states that among the n" sets of global and local parameter
independence assumptions used by previous authors� one actually need only
two assumptions� global parameter independence for the network parameters
for the �rst node in some complete network� and global and local parameter
independence for the same node in other complete network where this node is
the last node�

Proof� The minimality of these two assumptions is straightforward� since
eliminating any one of them will allow any distribution of the form given by
Equation ��

 or Equation ��

� Since Lemma � holds� we can assume that two
DAGmodels under consideration are models with node orders Xn� X�� � � � � Xn��

and X�� � � � � Xn respectively� By treating nodes X�� � � � � Xn�� as a one super
node for a random variable Y � X� � X� � � � � � Xn�� the problem reduces
to determining prior distributions for two�node network with global parameter
independence for all con�gurations and local parameter independence for one
last node in one network�

For a two�node network with n and k node�states� Equations ��

 and ��


transform to�

p�f�ijg� � f��f�i�g
n��
i�� �g��f�jjig

j�������k��
i�������n �

p�f�ijg� � f��f��jg
k��
j���

Qk
j�� hj�f�ijjg

n��
i�� �

���
��

Any solution p that satis�es Equation ��
� satis�es also Equation ��
 and
thus can be written in form given by Theorem � �Equation ��
�� We have

C
hQn

i��

Qk
j�� �


ij
ij

i
H
	n

�ij�i���j��

�i���i�i�j��
j��j�k��
��i�n��

o

� f��f��jgj�������k���

Qk
j�� hj�f�ijjgi�������n���

���
��

Expressing �ij in terms of ��j and �ijj and solving for f� we get that f� is of
Dirichlet form� Absorbing free variables inside H and hj� denoting �ijj by wji�
and taking the logarithm� yields �for any ��j��

�H

��
wjiwj���i��
wj���iwj�i��

j��j�k��
��i�n��

��
�

kX
j��

�hj�fwjig
n��
i�� � ���
��







the solution of which is

hj�wj�� � � � � wj�n��� � �j

nY
i��

w
�ji
ji � 
 � j � k ���
��

where �j � �j�� � � � � �j�n are constants� Combining the results of solution of Equa�
tion ��
� for f� and Equation ��
� we conclude the proof� �

��� Discussion

This work shows that local parameter independence is essential in the character�
ization of a Dirichlet prior via discrete DAG models �Section ���� Theorem 	��
In addition� the functional form of prior distributions that arise from global pa�
rameter independence assumption alone are investigated �Sections ��
 and ����
Theorem ���

Methods for solving functional equations that are developed in this work
allow us to compute prior distributions that arise under global parameter inde�
pendence assumption for any DAG model �and not only for binary variables��
However� the explicit general formula for such priors is not compact due to a
large number of variables involved� Instead� we have developed a procedure
�based on Lemmas � and �� to specify such distribution �in symbolic form� for
any speci�c DAG model �see ������

All the results presented in this paper were achieved under the assumption of
local parameter distributions being twice di�erentiable and everywhere positive�
One may hope to derive the properties of twice di�erentiability and being every�
where positive for probability density functions of Theorem 	 �Equation ��
��
using the techniques presented in �
��� as done in �
�� 
���

Another open question is the question of functional form of the prior dis�
tribution that arises from local parameter independence assumption alone� In
particular� it is unknown �even for two binary variables� if global parameter
independence in the second condition in Theorem 	 is essential� or either it is
enough to assume local independence alone� The integral functional equation
that arises from this reduced set of assumptions is of the form �for two binary
variables��

g	�z	�g��z�� �
R �
	 G �z	y � z��
� y��

f
	

z�y
z�y�z����y�

� ���z��y
��z�y�z����y�



dy

���
��

where g	� g�� G and f are unknown functions and z	� z�� y are variables from
��� 
�� The general solution for this equation is unknown and the question $Is
there any Lebesgue integrable solution that is not of the Dirichlet form%& is
open�







Chapter �

Future Work

A number of theoretical and practical issues in model selection for Bayesian
networks will be explored� Among them problems in the �eld of model selection
for DAG models with hidden variables �Chapters 
 and ���

� Classi�cation of singularities that arise in the parametric representation
of DAG models with hidden variables as a subfamily of the exponential
family of distributions �
���

� Analytic computation of the e�ective dimensionality of parameters for
Bayesian network with hidden nodes �
	��

� Development of Bayesian Information Criterion for model selection for
Bayesian networks with hidden nodes �
���

Additional problems that need further attention arise in research of func�
tional form of prior distributions under various independence assumptions �Sec�
tion �����

� Remove the regularity assumption in the derivations of functional forms
of prior distributions for discrete DAG models�

� Investigate the functional form of prior distribution that arise under local
independence assumption alone�

In the applications area we will pick up the following task�

� To apply and evaluate methods for model selection for Bayesian networks
in the �eld of genetic linkage analysis �
	��
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Appendix A

Proofs and Derivations

A�� Useful Lemmas

Here� we prove two lemmas that are useful for solving functional equations
presented in this work�

We �rst prove Lemma � from Section ����
�
Lemma 
 Consider the following system of m functional equations�

f�x�� � � � � xn� �
Pn

i�� 
�ixi � h���b���x� � � � ��b�k��x�

f�x�� � � � � xn� �
Pn

i�� 
�ixi � h���b���x� � � � ��b�k��x�
���
f�x�� � � � � xn� �

Pn
i�� 
mixi
�hm��bm��x��bm��x� � � � ��bmkm�x�

�A�
�

where f� h�� � � � � hm are unknown functions� 
ji are unknown constants and �bji
are arbitrary �given	 n�dimensional vectors� For applications in this paper� �bji �
f�
� �� 
gn and k� � k� � � � � � km�

The general solution for f in Equation A�� is�

f�x�� � � � � xn� �
nX
i��


ixi � h��b��x� � � � ��bl�x� �A�
�

where h is an arbitrary function� f
ig are arbitrary constants and �b�� � � � ��bl is
the basis of the linear space

Tm
i��Bi� where Bi is a linear space spanned by

�bi�� � � � ��biki�
Proof� The proof is given for m � 
� but can be easily extended for a

general case by induction� Suppose that we have a following system of functional
equations�

f�x�� � � � � xn� �
Pn

i�� 
ixi � h��aT� �x� � � � ��a
T
k�x�

f�x�� � � � � xn� �
Pn

i�� �ixi � g��bT� �x� � � � ��b
T
k��x�

�A���


�



By comparing the two equations we have�

h��aT� �x� � � � ��a
T
k �x� �

nX
i��

��i � 
i�xi � g��bT� �x� � � � �
�bTk��x� �A���

It is easy to see that V � f�aT�xj�a � Rn� �x � �x�� � � � � xn�
Tg is a vector space

and that Vh � span��aT� �x� � � � ��a
T
k �x� and Vg � span��bT� �x� � � � �

�bTk��x� are subspaces
of V � We can now change the variables x�� � � � � xn to n�independent variables
y�� � � � � yn where yi � ��Ti �x such that�

Vh
T
Vg � span�y�� � � � � yk��

Vh � span�y�� � � � � yk� � yk���� � � � � yk�
Vg � span�y�� � � � � yk� � yk��� � � � � yk�k��k��
V � span�y�� � � � � yn�

�A���

where k� � dim�Vh
T
Vg�� Let +h be the n� k matrix with columns ���� � � � � ��k�

let +g be the n�k� matrix with columns ���� � � � � ��k� � ��k��� � � � � ��k�k��k� and let +
denote the n�n matrix with columns ���� � � � � ��n� Equation A�� now transforms
to�

�h�y�� � � � � yk� � yk���� � � � � yk� �
nX
i��

�iyi � �g�y�� � � � � yk� � yk��� � � � � yk�k��k��

�A���
where

�h�t�� � � � � tk� � h��+�h�a��
T�t� � � � � �+�h�ak�

T�t�

�g�t�� � � � � tk�� � g��+�g �b��
T�t� � � � � �+�g �bk��

T�t�
�� � +����� � �
�

�A���

and +�h�ai �or +
�
g
�bi� are coordinates of �aTi �x �or

�bTi �x� in the corresponding basis of

y�s� For any matrix B� B� denotes pseudo�inverse� B� � �BTB���BT � which
is well de�ned since +h� +g are of full rank and n 
 k� k� �since rank�BTB� �
rank�B�� see ��� page 
���

Equation A�� can be further transformed to�

�h�y�� � � � � yk� � yk���� � � � � yk�
�
Pn

i�k�k��k��� �iyi � �g�y�� � � � � yk� � yk��� � � � � yk�k��k��
�A���

where
�h�t�� � � � � tk� � �h�t�� � � � � tk��

Pk
i�� �iti

�g�t�� � � � � tk�� � �g�t�� � � � � tk�� �
Pk��k�

i�� �k�itk��i
�A�	�

Now it is clear from Equation A�� that �i � � for i � k� k�� k�� 
� � � � � n and
functions �h and �g depend only on variables y�� � � � � yk� � Going back to original
variables x�� � � � � xn we can obtain the solution to the original system A��� which
is�

f�x�� � � � � xn� �
nX
i��

�ix� � �h���
T
� �x� � � � � ��

T
k��x� �A�
��


	



where f�igni�� are arbitrary constants�
�h is an arbitrary function of k� variables

and ��T� �x� � � � � ��
T
k��x is the basis for Vh

T
Vg� �

Lemma �� Let t � ht�� � � � � tni be n dimensional vector of variables �or values	
and let �t denote the �rst n � 
 elements of t� i�e� �t � ht�� � � � � tn��i� Let
!m � fh
�� � � � � 
mij
i 
 ��

Pm
i�� 
i � 
g denote the m dimensional unit

simplex�
Consider the following general type of system of functional equations�

f�t�� � � � � tn� � hi�t� fi�gi�t��� i � 
� � � � � k �A�

�

where f� f�� � � � � fk are unknown functions and t � ht�� � � � � tni � D � Rn are
independent variables� Suppose D is such that ftjt 
 ��

Pn
j�� tj � 
g � D�

Consider the same equation� with t�� � � � � tn being dependent� with tn � 
�Pn��
j�� tj �

�f ��t� � hi�q��t�� fi�gi�q��t����� i � 
� � � � � k �A�

�

where q��t� � ht�� � � � � tn��� 
�
Pn��

j�� tji and �t � !n���
The relationship between the solutions of Equations A��� and A��� is�

�� For any solution f of Equation A���� �f��t� � f�q��t�� is a solution for
Equation A����

�� If hi and gi are scale�independent on D� i�e� hi�at� b� � hi�t� b� and
gi�at� � gi�t� for all i � 
� � � � � k� a� b � R �a �� �	 and t� at � D� Then
any solution �f of Equation A��� is of the form �f ��t� � f�q��t��� where f is
a solution for Equation A����

Proof� The �rst part� Since f is a solution for Equation A�

 there exist
functions f�� � � � � fk such that Equation A�

 holds for all t � D� We have �for

 � i � k��

�f ��t� � f�q��t�� � hi�q��t�� fi�gi�q��t���� �A�
��

for all �t � !n��� Thus �f is a solution of Equation A�

�
The second part� We �rst show that for any �f a solution for Equation A�



f�t� � �f ��t��� is a solution for Equation A�

� where � �
Pn

j�� tj � Indeed�

since �f is a solution for Equation A�

 there exist functions f�� � � � � fk such that
Equation A�

 holds for all �t � !n�� �and for all t � D� �t�� � !n��� We have
�for 
 � i � k��

f�t� � �f ��t��� � hi�q��t���� fi�gi�q��t������
� hi�t��� fi�gi�t����� � hi�t� fi�gi�t���

�A�
��

for all t � D�
Now it is easy to check that �f ��t� � f�q��t��� We have�

f�q��t�� � �f ��t�
� � �f ��t�� �A�
��

Thus any solution for Equation A�

 can be found by using a solution of Equa�
tion A�

� �

��



A�� The Solution of Functional Equation for Two

Node Networks

We now solve Equation ��� for any n� k� We use the following notations� Let
�h�x� denote lnh�x� for any positive function h� Also let

�Fi�Y � �

 �F �Y �

yi


 � i � n� 


�Fi�i��Y � �

� �F �Y �

yi�
yi�


 � i�� i� � n� 


�gji�Z� �

�g�Z�

zji


 � i � n� 
 � j � k � 


�g�j�i���j�i���Z� �

��g�Z�


zj�i�
zj�i�

 � i�� i� � n� 
 � j�� j� � k � 


�A�
��

and similarly for G and f �
Taking partial derivatives of X and W gives


xj

yi

� zji � zjn

 � j � k�

 � i � n� 



xm

zji

�

�
yi j � m
� j �� m

� 
xk

zji

� �yi

 � m� j � k � 
�

 � i � n


wji


yl
�



zjiyi

xj


yl
�

��
�

� zjiyi�zjl�zjn�
x�
j

i �� l

� zjiyi�zjl�zjn�
x�
j

� zji
xj

i � l


 � j � k�

 � i� l � n � 



wji


zml
�



zjiyi
xj


zml
�

���
��

� zjiyiyl
x�j

i �� l�m � j

� zjiyiyl
x�j

� yi
xj

i � l�m � j

� m �� j


 � j�m � k � 
�

 � i� l � n� i �� n


wki


zml
�



zkiyi
xk


zml
�

�
zkiyiyl
x�
k

i �� l
zkiyiyl
x�
k

� yi
xk

i � l

 � m � k � 
�

 � i� l � n� i �� n

�A�
��

�Note� that there is no error in line ��


zkiyi
xk


yl
indeed can be written in the given

form�� Additional calculations give�


 �G

yi

�
Pk��

j��

h
�zji � zjn� �Gj

i

 � i � n� 



 �G

zji

� yi �Gj

 � i � n�

 � j � k � 



 �f

yi

�
Pk

j��

	Pn��
l��

h
�
zjlyl�zji�zjn�

x�j
�fjl

i
�

zji
xj
�fji




 � i � n� 



 �f

zji

�
Pn��

l��

h
�
zjlylyi
x�
j

�fjl �
zklylyi
x�
k

�fkl
i
� yi

xj
�fji �

yi
xk
�fki


 � i � n� 
�

 � j � k � 



 �f

zjn

�
Pn��

l��

h
�
zjlylyn
x�
j

�fjl �
zklylyn
x�
k

�fkl
i


 � j � k � 


�A�
��

Let �Cj �
Pn��

l��

h
�
zjlyl
x�j

�fjl
i
� By taking the logarithm and then a derivative wrt

�




yi �
 � i � n � 
� of Equation ���� we get�

�Fi�Y � �
k��X
j��

h
�zji � zjn� �Gj�X�

i
�

kX
j��

�
�zji � zjn� �Cj�xj�W � �

zji
xj
�fji�W �

�
�A�
	�

By taking the logarithm and then a derivative wrt zji �
 � i � n � 
� 
 � j �
k � 
� of Equation ���� we get�

�gji�Z� � yi �Gj�X��yi �Cj�xj�W ��yi �Ck�xk�W ��
yi
xj
�fji�W ��

yi
xk
�fki�W � �A�
��

and by the same operation wrt zjn �
 � j � k � 
��

�gjn�Z� � yn �Gj�X� � yn �Cj�xj�W �� yn �Ck�xk�W � �A�

�

From Equations A�
� and A�

 we get� �
 � i � n� 
� 
 � j � k � 
�




yi
�gji�Z� �




yn
�gjn�Z� �




xj
�fji�W ��




xk
�fki�W � �A�

�

Solving Equation A�

 for �
xj
�fji�W � and substitution into Equation A�

 gives�

nX
l��

zjl
xj
�gjl�Z� � �Gj�X� �

n��X
l��

�wjl � wkl�



xk
�fkl�W � �A�
��

Simplifying Equation A�
	 by using Equations A�

�A�

 and recalling zki �

�

Pk��
j�� zji we get �for 
 � i � n� 
��

�Fi�Y � �
k��X
j��

�
zji
yi
�gji�Z� �

zjn
yn
�gjn�Z�

�
�



xk
�fki�W � �A�
��

Multiplying Equations A�
� by �wji�wki�� taking the sum of the resulting equa�

tions and substitution
Pn��

l�� �wjl � wkl�
�
xk
�fkl�W � from Equation A�
� gives

�for 
 � j � k � 
��Pn��
l�� �wjl �wkl� �Fl�Y � �Pn��

l�� �wjl �wkl�
hPk��

m��

	
zml

yl
�gml�Z� �

zmn

yn
�gmn�Z�


i
� �Gj�X� �

Pn
l��

zjl
xj
�gjl�Z�

�A�
��

After some simpli�cations �recall that wji �
zjiyi
xj
� we get�

Pn��
l�� �wjl � wkl� �Fl�Y � �

Pn
l��

h	
zjl
xj
� zkl

xk


Pk��
m�� zml�gml�Z�

i
� �Gj�X� �

Pn
l��

zjl
xj
�gjl�Z�

�A�
��

�




Taking a derivative by zji we get�

n��X
l��

�
�
zjlylyi
x�j

�
zklylyi
x�k

�
�Fl�Y � �

yi
xj
�Fi�Y � �

yi
xk
�Fi�Y � � �A�
��

nX
l��

��
zjl
xj

�
zkl
xk

� k��X
m��

zml�g�ml��ji��Z�

�
�

�
zji
xj

�
zki
xk

�
�gji�Z�

�
nX
l��

��
�
zjlyi
x�j

�
zklyi
x�k

�
k��X
m��

zml�gml�Z�

�
�

�



xj
�



xk

� k��X
m��

zmi�gmi�Z�

�yi �Gjj�X� �
nX
l��

zjl
xj
�g�jl��ji��Z� �

nX
l��

zjlyi
x�j

�gjl�Z� �



xj
�gji�Z�

Substituting zji �
�
k
�and thus xj �

�
k
� wji � yi� for 
 � i � n� 
 � j � k we

get �
 � i � n� 
��

�
n��X
l��

yl �Fl�Y � � �Fi�Y � �



yi
Ci � A �A�
��

where

Ci �



k

k��X
m��

�gmi�



k
��





k

nX
l��

�g�jl��ji��



k
��






�gji�




k
� �A�
	�

A � �
nX
l��

k��X
m��

�gml�



k
� �





k
�Gjj�




k
� �







nX
l��

�gjl�



k
�

where Ci�s and A are computed for some value of j�
In case n � 
� �Y � fyg� �F��Y � � �F ��y�� we have only one equation

�y �F ��y� � �F ��y� �



y
C� � A �A����

Thus F �y� � CyC��
� y���A�C�� �i�e� F is of Dirichlet form��
In case n � �� by subtracting two Equations A�
� for 
 � i�� i� � n � 
�

i� �� i�� we get�

�Fi��Y � � �Fi��Y � �
Ci�
yi�

�
Ci�
yi�

�A��
�

The general solution for Equations A��
 is�

�F �Y � � h�
n��X
i��

yi� �
n��X
i��

Ci ln yi �A��
�

��



Substituting the solution into Equation A�
�� and solving for h� we get�

F �Y � � C

nY
i��

yCi

i �A����

where C is an arbitrary constant� yn � 
�
Pn��

i�� yi and Cn � �A �
Pn��

i�� Ci�

Similarly� G�X� � B
Qk

j�� x
Bj

j � and by substitution yi �
�
n
�xj �

�
n
zj��

wji �
zji
zj�
where zj� �

Pn
i�� zji� Equation A�
� transforms to�

Pn��
l��

	
zjl
zj�
� zkl

zk�



�Cl � Cn� �

	
Bj

zj�
� Bk

zk�



�Pn

l��

h	
zjl
zj�
� zkl

zk�


Pk��
m�� zml�gml�Z�

i
�
Pn

l��
zjl
zj�
�gjl�Z�

�A����

By substitution we can see that �gp�Z� �
Pn

i��

Pk
j�� 
ji ln zji is a particular so�

lution of Equation A���� From Equations A�
	 and A���� the coe�cients f
jig�

fCig and fBjg satisfy� Ci �
Pk

m�� 
mi� Bj �
Pn

l�� 
jl� Bk �
�
k

Pk
m�� Bm

and� by symmetry� Cn �
�
n

Pn
l�� Cl �see Section A�
�
 for derivations�

We must now solve the homogeneous �rst�order partial di�erential equation�

nX
l��

��
zjl
zj�

�
zkl
zk�

� k��X
m��

zml�gml�Z�

�
�

nX
l��

zjl
zj�
�gjl�Z� � � �A����

Multiplying each equation by zj�� taking the sum by j� 
 � j � k � 
 and
simplifying we get�

nX
l��

zkl

k��X
m��

zml�gml�Z� � � �A����

so Equations A��� transforms to �for 
 � j � k � 
��

nX
l��

zjl

k��X
m��

zml�gml�Z� �
nX
l��

zjl�gjl�Z� �A����

Substitution �g�Z� � �g� �Z�� where �zji �
zji

zj���i
for 
 � j � k� 
� 
 � i � n gives�

zji�gji�Z� �

�
�zji�gji� �Z� �

zji
zki
�zk���i�gk���i� �Z� j � 


��zj���i�gj���i� �Z� � �zji�gji� �Z� �
zji
zki
�zk���i�gk���i� �Z� 
 � j � k � 


�A����
and

k��X
m��

zml�gml�Z� �



zkl
�zk���l�gk���l� �Z� �A��	�

Plugging Equations A��� and A��	 into Equations A��� givesPn
l�� �z�l�g�l�

�Z� � � j � 
Pn
l�� �zjl�gjl�

�Z��
Pn

l�� �zj���l�gj���l� �Z� � � 
 � j � k � 

�A����

��



Thus for all j� �
 � j � k � 
��

nX
l��

�zjl�gjl� �Z� � � �A��
�

Additional substitution �g� �Z� � �g� �Z�� where

�zji �
�zji

�zj�i��

 � i � n� 
� 
 � j � k � 


�zjn � �zjn 
 � j � k � 

�A��
�

gives �for 
 � j � k � 
��
�zjn�gjn� �Z� � � �A����

The general solution to Equations A��� is

�g� �Z� � h�f�zjij
 � i � n� 
� 
 � j � k � 
g� �Ch �A����

where h is an arbitrary di�erentiable function of �n� 
�� �k� 
� variables and
Ch is an arbitrary constant�

Thus the general solution for g of the functional equation ��� is�

g�Z� � C

�
� nY
i��

kY
j��

z

ji
ji

�
�H ��

zjizj���i��
zj���izj�i��

j
 � i � n� 
� 
 � j � k � 


��

�A����
where H is an arbitrary di�erentiable function of �n�
�� �k�
� variables and
C is an arbitrary constant�

Using zji � �jji �
�ij
�i�
� yi � �i� �for 
 � i � n� 
 � j � k�� as well as

properties of the particular solution of Equation A��� �Ci �
Pk

m�� 
mi� we get
from Equations A����A����

p�f�ijg� � C

�
� nY
i��

kY
j��

�

ij
ij

�
�H ��

�ij�i���j��
�i���i�i�j��

j
 � i � n� 
� 
 � j � k � 


��

�A����
This solves Equation ��
 and completes the proof of Theorem �� �

A���� Some technical details

In this appendix we want to show that �gp�Z� �
Pn

i��

Pk
j��
ji ln zji is a par�

ticular solution of Eq A���� where the coe�cients f
jig should satisfy some

constrains imposed by Eq A��� and Eq A�
	� Note that 
�gp

zji

�Z� �

ji
zji

� 
ki
zki
�

��



Substituting �gp�Z� into right hand side of Eq A���� we get�Pn
l��

h	
zjl
zj�
� zkl

zk�


Pk��
m�� zml

	

ml

zml
� 
kl

zkl


i
�
Pn

l��
zjl
zj�

	

jl
zjl

� 
kl
zkl



�
Pn

l��

h	
zjl
zj�
� zkl

zk�


	Pk��
m�� 
ml � �
� zkl�


kl
zkl


i
�
Pn

l��

	

jl
zj�

� zjl
kl
zj�zkl



�
Pn

l��

h	
zjl
zj�
� zkl

zk�


Pk
m�� 
ml

i
�
Pn

l��
zjl
kl
zj�zkl

�
Pn

l��

kl
zk�

�
Pn

l��

jl
zj�
�
Pn

l��
zjl
kl
zj�zkl

�
Pn��

l��

h	
zjl
zj�
� zkl

zk�


Pk
m�� 
ml

i
�
	
�
�

zjn
zj�
�� �
� zkn

zk�
�

Pk

m�� 
mn

�
	P

n
l�� 
jl
zj�

�
P

n
l�� 
kl
zk�



�
Pn��

l��

h	
zjl
zj�
� zkl

zk�


Pk
m�� 
ml

i
�
	Pn��

l�� zjl
zj�

�
Pn��

l�� zkl
zk�


Pk
m�� 
mn

�
	Pn

l�� 
jl
zj�

�
Pn

l�� 
kl
zk�



�
Pn��

l��

h	
zjl
zj�
� zkl

zk�



�
Pk

m�� 
ml �
Pk

m�� 
mn�
i
�
	Pn

l�� 
jl
zj�

�
Pn

l�� 
kl
zk�



�A����

Thus� from Eq A��� and Eq A���� we get�

Ci � Cn �
Pk

m�� 
mi �
Pk

m�� 
mn 
 � i � n� 

Bj �

Pn
l�� 
jl 
 � j � k

�A����

If �gp�Z� is indeed a particular solution to Eq A��� then f
jig and fCig
should satisfy Eq A�
	� Substituting �gp�Z� into Eq A�
	 and using Eq A���� we
get �
 � i � n� 
��

Ci �
Pk��

m���
mi � 
ki� �
k
� �
ji � 
ki��

k
� �
ji � 
ki� �

Pk
m�� 
mi

A � �k
Pn

l��

Pk��
m���
ml � 
kl��

k
� �Bj � Bk� �

k
�

Pn
l���
jl � 
kl�

� �k
Pk

m���Bm � Bk�� kBk

�A��	�

Thus� Cn �
Pk

m�� 
mn �from Eqs A����A��	� and using the fact that A �
�
Pn

l��Cl �from the de�nition of Cn� after Eq A����� we get�

k
Pk

m���Bm � Bk� � kBk �
Pn

l�� Cl �A����

Thus Bk �
�
k

Pk
m��Bm and� by symmetry� Cn �

�
n

Pn
l�� Cl�

A�� The Proof of Theorem 	

Lemma � states that in order to �nd all distributions that are dictated by global
independence assumption it is enough to �nd a general solution for Equation ����
Equation ��� satis�es the scale�independence conditions of Lemma 
�� thus its
general solution can be found by treating f��xg as independent variables�

Equations ��� for the binary X can be written as �normalization constant is
inside Hi��

p�f��xg�x�f	��gn � �
Q

�x�f	��gn �

�x�i
�x Hi

	n
���xnxi ���y�xi�����xnxi ���y���xi��

���xnxi ���y�xi�����xnxi ���y���xi��

o

�A��
�

��



Applying logarithm to both sides of Equations ��� and to arguments of Hi and
changing the variables to fln ��xg�x�f	��gn we get Equations ��� with�

�bij�m� �

��
�

 ��x n xi� � �y� xi � � or ��x n xi� � �y � 
� xi � 

�
 ��x n xi� � �y� xi � 
 or ��x n xi� � �y � 
� xi � �
� otherwise

�A��
�

where 
 � i � n� � � j � 
n�� � 
� � � m � 
n � 
 and �y� �x denote the binary
representations of j and m respectively� The application of Lemma � and the
following lemma �for k � n� concludes the proof� �

Lemma �� Given �bij as speci�ed by Equation A����

k�
i��

Bi � Ak� for k � 
� � � � � n �A����

where Bi � span��bi�	� � � � ��bi��n����� and Ak � span��ak�	� � � � ��ak��n�i���� s�t�

�ak��y��x� �

��
�

 �x��k�������n
 � �y� �x���������k
,
 � �

�
 �x��k�������n
 � �y� �x���������k
,
 � 


� otherwise�

�A����

We use �y and �x to denote binary representation of indexes� � � �y � 
n�k � 

and � � �x � 
n � 
�

Proof� By induction on k�

Induction Basis� Consider M��M� matrices with rows f�b��jg
�n����
j�	 and

f�b��jg
�n����
j�	 respectively�

M� �

�
����

 �
 �
 
 � � � � � � � � �
� � 
 �
 �
 
 � � � � � � �
� � � � 
 �
 �
 
 � � � � �
���

�
���� �A����

and

M� �

�
����

 �
 �
 
 � � � � � � � � �
� 
 � �
 �
 � 
 � � � � � �
� � � � 
 �
 �
 
 � � � � �
���

�
���� � �A����

Note that the same pattern as in the �rst two rows� repeats itself with ��column
shift for all 
n���
 rows ofM� andM� except the very last row� Considering
the matrixM � �MT

� jM
T
� �
T � with row space equal to B��B�� we can see that it

��



is exactly of rank �	
n���
� since rows f�b��jg
�n����
j�	 and f�b��jgj���
������n���
 are

linearly independent and �b��j � �b��j for j � �� 
� � � � � 

n�� � 
� Thus� dim�B� �

B�� � dim�B�� � dim�B�� � dim�B� � B�� � �
n�� � 
� � �
n�� � 
� � �� 	


n�� � 
� � 
n�� and the basis for B� � B� is speci�ed by �a��i � �b���i� for
i � �� � � � � 
n��� 
�

Induction Step� We will demonstrate the correctness of the induction step
for k � �� The proof is easily extended for arbitrary k�

Consider matricesMA�M
 with rows f�a��jg
�n����
j�	 and f�b
�jg

�n����
j�	 respec�

tively� i�e�

MA �

�
����

 �
 �
 
 � � � � � � � � � � � � �
� � � � 
 �
 �
 
 � � � � � � � � �
� � � � � � � � 
 �
 �
 
 � � � � �
���

�
����

�A����
andM
 is�
��������


 �
 � � �
 
 � � � � � � � � � � � � �
� 
 �
 � � �
 
 � � � � � � � � � � � �
� � 
 �
 � � �
 
 � � � � � � � � � � �
� � � 
 �
 � � �
 
 � � � � � � � � � �
� � � � � � � � 
 �
 � � �
 
 � � � � �
���

�
��������
�

�A����
The �rst ��row pattern ofM
 repeats itself with � column shift for all 


n��� 

rows ofM
 �the last pattern is truncated to � rows�� For a generalMk matrix
� the pattern of the �rst 
k�� rows will repeat itself with shift of 
k columns�
which is twice the length of non�zero segment in f�ak���ig�

It is clear now� that for the matrixM � �MT
AjM

T

 �
T the rows f�b
�jg

�n����
j�	

and f�a��jgj���
������n���� are linearly independent and �a��j � �b
��j ��b
��j�� �
�a��j��� for j � �� 
� � � � � 
n�� � 
� Thus� dim�A� � B
� is equal to number of
dependent rows inM� i�e� 
n�
� and the basis for A
 is �a
�j � �a���j��a���j�� �
�b
��j ��b
��j��� for j � �� � � � � 
n�
 � 
�

For the general k � �� � � � � n� the rows f�bk�jg
�n����
j�	 and f�ak�jg

�n��k��	��
j���
���� are

linearly independent and �ak�j � �ak����j��ak����j�� �
P�k����

l�	 ��
�l�bk��j��l for
j � �� � � � � 
n�k � 
� �

��


