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1 Introduction and Examples

1. General introduction. These notes are concerned with statistical
inference about the input of a system, when noisy observations on the output
are given. This justifies the word “ inverse ” in the title. Typically, the out-
put is a transform of the input. To recover information regarding the input
from the output of the system, this transformation, which is supposed to be
known,

unknown known observed
— ' —
input transformation output

must be inverted. Such an inversion is usually an unstable procedure that
requires regularization. This is the reason that these inverse problems are in
general ill-posed. The term “ ill-posed ” was originally coined by Hadamard
in the context of partial differential equations. Since in all cases considered
here both the input and output can be represented as functions, we may also
refer to the current topic as inference for indirectly observed curves. Formally
this contains the area of inference regarding ordinary, directly observed curves
as a special case, if the transformation is the identity. Since usually the
transformation above will be an integral transformation we may also refer to
this area as the theory of noisy integral equations.

2. Warning.  Statistical inference of the type sketched above is of
modern type, because it involves an infinite dimensional parameter rather
than a finite dimensional as in classical statistics. Because it also involves an
inverse problem, an interesting blend of analytical and up-to-date statistical
techniques is required. We will not dwell too much on assumptions and
regularity conditions. In particular we will satisfy ourselves with heuristic
sketches rather than with rigorous proofs. For the most part, moreover, we
will restrict ourselves to the indirect regression model. Let us now consider
some examples. In each example “local ” notation will be used.

3. Ridge regression: a f.d. paradigm. Consider the linear model
Y =X0+e,

where Y and € are n x 1 random vectors, X is an n x m design matrix of full
rank, and § the unknown m x 1 vector-parameter. Since we observe Y we



may say that [ is observed indirectly and with random error. The classical
least squares estimator is

B=(X"X)'X"Y.

4. There exists an orthonormal transformation O such that

M O 0
N ... 0

X*X =000, A= R
0 0 ... A,

with A; > 0 because X*X is strictly positive symmetric. Note that B is
unbiased. For the risk we find

E[5-8|° =ENOT'ATOX (X8 +€) — B
=E| A TOX " |]?
=E¢XO 'A 20X %
=o?tr O'A'O

= UQil/Aj.
j=1

If some columns of X are close (collinearity) there may be small eigenvalues
and the risk will be large.

5. This is why modified estimators, the so-called ridge estimators
Bo = (oI + X*X)7'X*Y, a >0,

are proposed in the literature. We will see that they may have smaller risk
in some cases but they are no longer unbiased. Note that

Oé—l-)\l 0 0

0 Oé+)\2 0

al + X*X =0"'A0, Ay =al +A = . . . .
0 0 .o+ Ay



We have

Ba = Ega
= (o + X*X) 'X*X}3
0~'1,08,
)\1/(& + )\1) 0 e 0
0 0 s Am/(a M)

and for the risk we now find

E ||fa = BI° = E[|fa — Ball” + 1I8a — BII°
=E|[[A7'OX"|” + || B — BII”
=0 tr O'AAO + ||(I, — DOB))?

ZJQZ)\j/(awL)\ +a Zﬁj /(o + )
7=1

= Tl(a) + T2(a)7 a > 07

where § = Of. Because 1 () | 0, as a 1 oo, with 1(0) = E |3 — 3|2, and

ra(@) 1 1B]2 = [IB]I%, as a 1 oo, with r5(0) =0,

I1BII

ridge ENB-BIP

o' (B) n

Figure 1:

it is clear from the picture that for each /3 there exists o*(3) such that
E||fo — BII° <E|S - B?, forall 0<a<a*(f).
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Although in this finite dimensional situation the operator X*X still has a
continuous inverse, so that the regularization of the inverse in §1.5 is not ab-
solutely necessary, the situation becomes different in the infinite dimensional
case where regularization will be indispensible.

6. Computer tomography. Consider a fixed plane through a physical
body, and let p(x,y) denote its density at the point (z,y) of the plane. Let
L be any line in the plane. Supposed that a thin beam of X-rays is directed

Figure 2:

into the body along this line L and that the attenuation of the intensity by
going through the body is measured for several lines. How can the density p
be recovered from these data?

7. Parametrize L by (s,d). Using complex numbers the points on the
ray L = L, s can be written

)

se? +iue®, u e R

Note that € L 4e®. The attenuation of the intensity I is approximately
described by AT = —v-p(u)-1-Au, for some constant v. The total attenuation
along the ray then satisfies

(0]

logI = —fy/ p(se + iue) du.
—00

In principle, from these attenuation factors we can compute all the line inte-

grals
o

(Rp)(s,0) = / p(se® +iue®)du, s € R, § €[0,7).

— 00



The Lh.s. is called the Radon transform of p.

8. The problem can be significantly simplified when we may assume
that p is radially symmetric. This entails that it suffices to take rays in
one direction only, let us say perpendicular to the z-axis. Then we have

p=p(r), r =+/2%+ y?, and the ray L = L, passing through (z,0) can be
parametrized by (z,u), u € R. But then we have

logl =V(z) = —27/ p(Va? + u?) du,
0

the factor 2 being due to symmetry. If p has compact support in the disc

Figure 3:
{(z,y) : /22 + y? < D} this integral equals
VDT=2?
V() = —27/ p(V? + u?) du.
0

Making the change of variables u = v/r2 — 22 we obtain 2% + u? = r?, du =

(r/Vr2 —a2)dr, u=0iff r =, u = V/D? — 22iff r = D, and we arrive at

V(z) =— (r)dr.

b r
27/$ Wi
2

Making a further change of variable set z = D? — 72, and write y = D? — 22.
Then we have dr = (—1/2r)dz,r = z iff 2 = D* — 2% r = D iff 2 =
0, r? — 22 = y — 2, and the equation reduces to

Yy 2
p(VD? —z)
1 D2—y:—/7dz,0§y§D.
( ) i T
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If we write p(z) = p(v/D? — 2) and V(y) = V (/D% — y) we finally arrive at

‘N/(y):—fy/oy\/%dz, 0<y<D.

This is an example of Abel’s integral equation.
9. Typically the data are random variables
G=(X, ), Yi=V(X)) +e, i=1,...,n,

where the X; are given fixed design points or i.i.d. random variables and
the ¢ are i.i.d. random measurement errors, independent of the X;. The
problem is to recover p from these data.

10. Spectroscopic binary orbits. Suppose that only the projections
of vectors onto a plane perpendicular to the line of sight can be measured.
Let the random variable L denote the actual length of the vector with den-
sity f, and the random variable X the length of the projection with density
g. Let the random variable © be the angle between the actual vector and
the line of sight. We will assume that © and L are indepedent and that ©

actual vector

| projection
|

line of sight

Figure 4:

has the Uniform (0, §) distribution. The data consist of independent copies
Xiq,..., X, of X and the problem is to recover f from the sample.



11. Because X = Lsin © it follows that

o(r) = TPX <)

2 d /2

mdzr J,

/2
22% 0 F(siiﬁ) d0

2 (" oxoy 1
=— de.
7r/0 f(sinﬁ) sin 6
Replacing = with 1/1/z leads to

1 2 [™/? 1 1
g<ﬁ>:;/0 f<ﬁsin9>sin9d9'

With the new variables \/y = /zsinf, v/t = \/zcosf, we have z = y +
t, d =dy/2\/yt, § =0iff y = 0,0 = 7 iff y = z,and we obtain

P{Lsin® < z|© =0} do

(A= L Gs) =

which is equivalent with

R

This is again an equation of Abel type.

12. Abel’s equation also occurs in Wicksell’s unfolding problem in stere-
ology, where the frequency distribution of the actual unobservable diameter
of spherical particles is to be recovered from a sample of planar cuts. The
equation was originally derived by Abel in order to solve the tautochrone
problem. Geological prospecting, the problem of determining the location,
shape, etc. of geological anomalies in the earth’s interior from measurements
on its surface, leads to another type of integral equation involving a bounded
kernel on a compact interval.

13. Error-in-variables. We are interested in the density f of a random
variable U, but we can only observe this random variable with independent
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additive random error €. This error is unobservable but has known density
1. Our data are n independent copies Xi,..., X, of X = U + ¢. Note that

p(r) = PX <)

d
:%P{U—i-ﬁgx}

:%/ZP{UnLeSﬂU:u}f(u)du

_d h U(r —u)f(u) du

dx
=/¢u—uvwwm
= (4 + ) @).

This is an integral equation of conwvolution type. The problem is to recover
f from the data.

14. Convolutions can be formulated and dealt with for functions on
abstract locally compact Abelian groups. In picture restoration one has to
deal with convolutions for functions on Z x Z. Inverse heat conduction may
be described by means of a convolution for functions on R3.

15. Summarizing, in all the examples the output, i.e. the l.h.s. of
the equation, can be estimated from the data. To recover the input one
is inclined to apply the inverse of the operator involved to the estimated
output. We have seen that even in the finite dimensional situation (§1.3 -
§1.5) it is better to regularize this inverse, although it is still continuous.
In infinite dimensional cases the inverse is typically no longer continuous
and regularization of some sort becomes pertinent. Hence the input will be
recovered by applying a regularized inverse to the estimated output. Like in
the case of ridge regression the MISE will display a trade-off between variance
and bias.

2 The General Indirect Regression Model

1. Our first assumption is that input and output can be represented as
elements of possibly different real separable Hilbert spaces H = L*(T, T, 7) =

10



L*(r) and L = L*(X, X, ) = L?(u). Suppose that K : L*(1) — L?(u) is a
bounded, injective, linear operator, and that u(X) = 1. In the general indi-
rect regression model the data consists of n independent copies (Xi,Y7), -+,
(Xn,Yyn) of (X,Y), where all random elements are defined on an underly-
ing probability space (22, W, P). The random variable X will represent the
random design variable and we assume for convenience that

X =4 Uniform (X).

The real valued random variable Y is the response variable and related to X

according to
Y =(Kf)(X)+e feL*r),

where € is a real valued continuous type random error variable with density 1,
finite variance, mean Ee = 0, and stochastically independent of X (X L €).
The problem is to recover f from the data.

2. Because E(K[)*(X) = [; ¢*(z) du(z) = ||g||* < oo, the random
variable Y has finite variance. It is easy to see that

B(Y|X) = (Kf)(X).
For an arbitrary Borel set B in R and A € ¥ we have
P{X €AY € B} =EP{X € A,Y € B|X}
= [ PUKN @) + < € Byduto
— [ Piee B (KD} duto
= [ [ vt @) dyduta).
This entails that

p(r,y) = pry(@,y) =Yy — (Kf)(@)), (x,y) e X xR

is the density of (X,Y’) with respect to u x A (A Lebesgue measure on R).
Throughout the nuisance parameter ) will be kept fixed.

11



3. The case where L?(7) = L*(u) and K = I, the identity operator, is
formally included as a special case. The structure of the data now simplifies
to

Y = f(X)+e feL(n)

which corresponds to the ordinary direct regression model. Although we will
not focus on this special case we don’t want to exclude it either. Therefore
we will not require K to be an integral operator, since [ is not an integral
operator. It should also be observed that we may write

Y=g(X)+e, g=Kf, [eL*n),

so that we have a direct regression model in terms of g. This means that in
general an unbiased, \/n - consistent estimator of g will not exist. Moreover,
the operator K is still quite arbitrary. In the following we will replace the
original operator equation with an integral equation based on an operator in
a restricted class and with a l.h.s. that can be better estimated.

4. Let Q : L?(u) — L*(7) be a bounded, injective, linear, integral
operator. Its real, measurable kernel will be denoted Q(¢, z), (t,z) € T x X,
so that

Qo)1) = / Q(t,7) g(x) du(z), t €T, g € L*(u).

We are free to choose this operator, the only restriction being that its com-
position with K,

R = QK : L*(t) — L*(),is strictly positive Hermitian.
Because all operators are injective we see that
g = K f is equivalent with ¢ = Qg = QK f = Rf.

If K is itself an integral operator as is the case in all the examples we have
considered the choice

Q= K"yields R= K"K,

and satisfies all the requirements. This process of replacing the original
equation with an equivalent one that might be easier to deal with is referred
to as preconditioning. The standard choice that usually gives good results
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is Q = K*. In some cases, however, the operator K*K is still not simple
enough to deal with and a nonstandard choice has to be made.

5. Recall that R : H — H is Hermitian if it is bounded, linear and
satisfies

(Rf,g9) = (f, Rg), forall f,g€H
It is strictly positive if

(Rf, f) >0, forall f e H with f #0.

For a Hermitian R to be injective it is necessary and sufficient that it is
strictly positive or that its range is dense in H. It has a bounded inverse R~!
if and only if the range of R equals H. If K : H — L is bounded and linear,
the adjoint operator K* : . — H is uniquely determined by the requirement

(Kf,g)=(f,K"g), forall fecH, gecL.

Under the present conditions the adjoint is bounded and linear, and K*K
is Hermitian. If, in addition K is injective the operator K*K will also be
injective.

6. We will see now that it is possible to construct an unbiased and /n
- consistent estimator of ¢. This estimator is

ln
1(t) = — Y.O(t, X teT
Q() nkz:; kQ(, k),

This simple form is partly due to the assumption that X is Uniform (X). It
is immediate that

E (1) =EYQ(, X)
= E{(K[)(X)+€}Q(1, X)
=EQ(t, X) g(X)

:/XQ(t,x)g(x) dp(x)
= q(t)

so that ¢ is unbiased indeed.
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7. Let us now assume that E [|[YQ(-, X)||> < co. Then we have
1
P{li—qll > e} < ZE[ld—ql”

—E [ (i)~ a0} it
/ Var ¢(t) dr(t)

-2 /T Var YQ(, X) dr(t)

< / EY2Q2(t, X) dr (1)
T

_1 LX)

= “B[YQ(.X)|

1
=0(—), as n — oo.
n

This entails that the estimators are \/n - consistent.

8. Example. We will consider an example where the standard pre-
conditioning may not be the easiest to work with. Let us consider the Abel
equation (cf. §1.8, §1.9, §1.11, §1.12)

[ d =), v<r <L

It is known that K : L?(0,1) — L?(0,1) is compact and injective, and that
its action is taking “ half ” an antiderivative. Indeed we see that K? has
kernel

[ st
T S S
5=0 ol s—z Vit—s
¢

==t
! 1
| =

=7, O<z<t<l,

K*(z,t) = ds

14



and 0 otherwise. In other words, we have

(K?)(z,t) = mlpg(x), (z,t) €[0,1] x [0,1],
which essentially boils down to taking a “ full 7 antiderivative.

9. This suggests that a suitable preconditioning operator might be
Q = (K?)*K. This leads to the compact, strictly positive Hermitian R =
(K%)*K?. Tt is clear that

(K*))(t, @) = lg(@), (z,t) €[0,1] x [0,1],
so that () has kernel

1
7 —

dx

8

Qs.t) = / 0. (2) Lo (1)

SAL 1
= d
o), =
Lol
= — du
/t SAL \/_
=2Vt =Vt —sAt), (s,t)€[0,1] x [0,1].
Finally, R has the kernel
1
Ris.t) = [ (02)) (60 (K2 (w.1) do
0
1
= 7r2/0 1[075}(1')1[0,,5](1‘) dx

=nm%(sAt), (s,t)€]0,1] x [0,1].

This kernel is well-known from Brownian motion. We’ll see below that all
the relevant properties are known for this kernel.

10. Note that we also have R(s, 1) fo u,t) du. This means
that we must have
1
1
72(3/\15):2#/ (Vu—+vu—sAu)lyq(t) - du
—u

_%/f{u_—m

u

15



It is, indeed, easier to find the kernel of R by the method of §2.9.

11. The estimator of ¢ = Rf is now given by

q(s) = %ZYIC(\/E— VXp—sAXg),s €[0,1].

By following the general pattern of §2.6 it is immediate that ¢ is an un-
biased estimator of q. For the /n - consistency we need to show that
E||YQ(-, X)||? < oo. This follows from

1
EVQL )P =EY? [ Qs X) ds
0

1
:EYQ/ (X +X —sAX —2VXVX —sAX) ds
0

<SBE{(Kf)(X) +¢}?
=5(|Kf|* + E€®) < oo.

Finally, we have

pe) = (v- [ L i), ) 0.1} <R

for the density of (X,Y).

3 Recovering the Input

1. Recovering the input will require inversion of the operator R in
§2.4. In most situations R~! will be unbounded and therefore, although
R~'q = f, the expression “ R~'¢ ” may not be defined. If it is, it might
not be a good estimator of f, even though ¢ is a good estimator of ¢. A
kind of regularization of the inverse will be needed. Here we will focus on
spectral methods. 1t is possible to formulate a more general inversion pattern,
of which the spectral method is a special case and that is in particular useful
if the inverse of the operator R or K is known in the time domain, but we
will not pursue this here. For a few remarks, however, see Chapter 8, §6 -§10.
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2. Let H be a separable Hilbert space, and let i : H — H be strictly pos-
itive Hermitian. Then R is unitarily equivalent to a multiplication operator:

there exists a o-finite measure space (S, &, ), a real valued p € L (S, 6, )
satisfying p > 0, and unitary U : H — L?(X) = L*(S, &, X), such that

R=U"M,U.

The following diagram summarizes the actions of these operators.

H — H
U TU‘I
L2(x) —2y L2(x)
Recall that U unitary means that U preserves inner products

(f,g9) =(Uf,Ug), forall f,g €H,

and hence preserves norms. The action of the multiplication operator is
defined as

Myp =p- ¢, p € L*(2).
We have M, : L*(X) — L*(X) for bounded p. The theorem in this § is a
version of the spectral theorem due to Halmos. It generalizes the well-known
theorem on the diagonalizatoin of symmetric matrices of finite dimension.
Below we will formulate two important special cases.

3. Let ¥:(0,00) — R be measurable. Then we define
\II(R) = U_qu;(p)U.

This operator may be unbounded and its domain of definition is determined
by the domain of the multiplication operator, i.e. by {p € L*(X) : ¥(p). ¢ €
L?(X)}. In particular we have

U(t)=t,t>0:V(R)=R*=U"M,U,
U(t) =V, t>0:¥(R) =VR=U"M,U,

and the one of particular importance here,

U(t)=1/t,t >0:V(R)=R ' =U""M,,,U.

17



These operators satisfy the usual properties which justifies the shorter ex-
pressions on the left. The first two are bounded, but the last one will be in
general unbounded because 1/p will usually be an unbounded function. We
will now discuss a regularization method for this operator.

4. We will consider a family of functions {¥,, a > 0} such that ¥, (¢) ~
1/t for a small. We will almost exclusively deal here with the family

1
\Ifa(t) = % 1[a,oo) (t), t>0,a>0.

This yields the family of reqularized inverses of spectral-cut-off type

R;l =V, (R) = UﬁlM(l/p) U, a>0.

Lip<a}

It should be noted that
R;': H — H is bounded for each o > 0,
and that, writing R,2' R = I,
|R'Rf — fll = [ 1o f — f]| = 0, as a | 0, for each f € H,

by the dominated convergence theorem. A second choice is based on

1

Vo(t)=——, t>0,a>0,
al?) a-+t

and leads to the Moore - Penrose or penalized least squares type of regularized

inverses

R'=U"MyaipU=(al+R)™", a>0.

The relation with penalized least squares will be discussed in §13.

5. Special case : compact operators. Let us now assume that H =
L?(7) and that R is compact in addition to being strictly positive Hermitian,
meaning that the image of the closed unit ball {Rf : f € H, ||f]| < 1}, is
contained in a compact subset of H. It can be shown that in this case R
has a pure point spectrum with all eigenvalues strictly positive and that the
eigenvalues can be arranged in a sequence decreasing to 0 :

pr=>p2>---10.

18



All multiplicities are finite and the corresponding sequence of normalized
eigenfunctions
€1,€2," ",

forms an orthonormal basis of H. Here we may choose S = N, & = the
family of all subsets of N, and ¥ = counting measure. This means that
L*(X) = [®. The unitary operator U is the operator that assigns to each
f € H the sequence of its Fourier coefficients in the basis of eigenfunctions.
The multiplication operator is coordinatewise multiplication in [? with the
bounded vector of eigenvalues. We see that we have

R=U"'MU=Y pmen®en,
m2>1
by combining the above facts. Clearly
1
R;l = Z —em ey, a>0,

m: pm>o m

is the spectral-cut-off family of inverses.

6. Special case: convolution operators. Let r € L'(R) be symmet-
ric about 0 with

Ft) = / et () da

o0

= / r(z)costr dx > 0, for all t € R.

o0

Under these conditions

e = [ T (e )f(t) di = (rx f)(a), TR

o0

defines a strictly positive Hermitian operator mapping L?(R) into itself. De-
fine the Fourier transform as

(Ff)(s) ¢ f(z) dw, s € R, f € L}YR) N L*(R),

7 L

and by continuous extension to all of L?(R). Then F is a unitary operator
mapping L?(R) onto L*(R). It is not hard to show that

F(rxf)=7-Ff, in other words K = F ' M; F.

19



Hence here we have another instance of the spectral theorem in §3.2.

7. Now let K : H — L be bounded and injective and hence R = K*K
strictly positive Hermitian (§2.5). We define

|K| = (K*K)"?, Ry = range of K, x| = range of |K]|,

with closures Ry and Rk respectively. A bounded linear operator V' : H —
L is called a partial isometry from R C H to Ryx C L if

{Vf:feRk} =%k
(V,Vg)=(fg) forall f,g € R
Vf=0if f1L R,

Then V* : L. — H is a partial isometry from Rx to Rik|. According to the
polar decomposition there exists a partial isometry such that

K =VI|K|.

It can be shown that V*V is the orthogornal projection onto R x| and VV*
the orthogonal projection onto Ry-.

8.  We have assumed that @) is an integral operator (§2.4) and will
assume that U is an integral operator (on a dense subset of H). This implies
that U~! = U* has kernel

U*(t,S) = U(S,t), t e T, s €S.
Hence we have
U(Q(- ) :/ U(s, 1) Q(t, ) dr(t)
T
= (UQ)(s,z), se€S,zeX
We will assume that

SUPses,zex | (UQ)(S,QT) | < Q.

If K is an integral operator we may use the standard preconditioning () = K*.
In this case we have by §3.7

(UK*)(s,z) = +/p(s) (UV*)(s,2), s€S,zeX

20



where the kernel UV* must be bounded.

9. In order to recover f we will now use the estimator

fo=R;'q

for suitable a > 0, where ¢ is defined in §2.6, and R is the spectral-cut-off
inverse in §3.4. Note that we have

. 1 —
fa==_ Ve R'Q(e, X)
k=1

1 & 1
= 2 NUT e ) (UQ) (0 X,

k=1

If we precondilion Wl‘h Q = K* we have
o k o ) k)

If we further specialize to the case where K is itself Hermitian and hence
K = K*, we have V = I and hence

R 1 & 1
fo== ViU™' = 1m0y Ule, Xy).
n; \/ﬁ {P,}

10. Example. Let us continue the example of §2.7. The operator R in
§2.8 is compact and strictly Hermitian with eigenvalues

1

pm: (m_%)27

m=1,2,---,
and eigenfunctions

1
em(s):ﬂsin(m—i)ws, 0<s<1lm=12---.

21



Hence we have from §3.5

fa :R_IA

:—ZYk L2r(VXy — VXi — e A Xy))
1
:%ZYk Z p—m<\/Xk—\/Xk—./\Xk,€m> Em

m:pPm >

=27 Z —{ Z\/Yk—\/Xk—o/\Xk,em}em

m:pm>a

where p,, and e,, are as above.

11. Example. Let us now consider an example of a convolution tailored
to the specifics of the current regression model. Let

p(t) = (1 1yl ) -cost, tER,
and restrict the input f to the class

11
6'6

11
F =1{all f € L*(R) with support in [_6’ G 1}
It is then obvious that
Kf=e¢xf, feF,
has support in [—2 > 2] Suppose we observe independent copies of
Y =(p* [)(X) +e

where X has the Uniform(—%,1) distribution. Note that ¢ € L'(R) and

that, with A = 1;_1 1% 1;_
[—5:8] " I

3(s) = / et A1) cost di

o0

— %/ eist A( )( —it 4 ezt)

= 1{/ eils—t ) dt +/ D gt}

= —{A(s — 1) +A(s+1)}
1

o1 o1
= 18{smc 6(5— 1) + sinc 6(S+ 1)} >0, seR,

22



where sinc x = (sinz)/x. Hence the operator K is strictly positive Hermitian.
We'll precondition with K itself so that

1 n
i = =S Vot — X;). teR
a(t) n}; vt — Xp), t€

Note that the unbiasedness is due to the fact that the support of ¢ x f is

contained in [_%, %]

12. In order to calculate the input estimator let us write the empirical
characteristic function of the X as

~ 1 - 1s X
X(s)—EZe , seR
k=1
Next note that

(Pofe = X)) = = [ ol —x)a
= \/% "X 3(s), s R
Now we obtain (§3.6)

. 1 <&
fo== D ViR Q(e. Xp)
k=1
1 « !
== Vi F' 5 Lpsay Fo(e — Xp)
n k=1 ¥
R 1
= — Vi F7' = 1izsay X
\/% kz:; o {p?>a}
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There is another way to compute fa by realizing that

Fl(g-h) = %Q_W (Flg)  (F~'h),

for g,h € L*(R). This yields

- 1 1 R
fo= \/—2_71— (F ! ? 1{452204}) * (.

Because ¢ is not monotonically decreasing the spectral-cut-off inverse may
be hard to deal with and even fail to give optimal results.

13. Least squares penalization.  Although we will for the most
part employ spectral-cut-off regularization, it might be interesting to see the
relation between Moore-Penrose regularization and least squares penalization
hinted at in §4. In the case of standard preconditioning we have R = K*K,
and

(o + K*K)™'K*g = argminger{||Kf — glIf + ollfllii}, g € R

for all & > 0. We’ll sketch a proof. Applying the polar decomposition and
writing £ = /p we have K = VU 'M.U, where V*V = I on Rjg| and
IV*h|| = ||h|| for h € Rk. Since K f — g € R this entails

1K f =gl + all fllz = IUf = UV*glE + || UFf5 -

For brevity let us write Uf = f, UV* = §, and take an arbitrary ¢ € L2(2).
For convenience let us assume that all functions are real. If the minimum
exists and were attained at ¢ we must have

0:% {/{H(]Mrw)_§}2d2+a/(f+t¢)2dz]t0

:/2ﬁ2f~g0d2—/2/£g0§d§]+a/2f<pd§],

and consequently

/go(ﬁ;Qf— kj+af)de =0, for all o € L*(D).
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But this can only hold true when
Kf—kij+af=0,3%-ae.,
so that

K
o + K2

f=
On the other hand it follows that

g .

Ulal + K*K) 'K*g
=UU "My j(a1p)UU 'M,UV*g
K
o+ pg
K

:a—|—/<529’

which establishes the desired connection.

4 Rate-Optimality for MISE

1. Throughout this chapter it will be assumed that the operator K is
strictly positive Hermitian, so that in particular K* = K, and that we will
apply standard preconditioning, i.e.

Q=K"=K.

Recall from §3.9 that in this case

I 1
fo== ViU P —1,5mU(e, X3).
n}; U5 beza) (o, Xk)

2. Unless the model is very restricted nonparametirc curve estimators
cannot be unbiased. This is true for the present estimator for which

fa = Efa
= R,'q

1
= U‘IE 1p>ayUU T pU f
- Uﬁll{pza}Uf'
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It follows that

Hfﬁ _'fH2 ::H[]fﬁ _'[]fHZ
= 11>y U S

- / UfP a5,
{p<a}

exploiting that U is unitary. It is clear that (cf.§3.4)
Hf@ —-fH2¢,O,zw a*Loa

by the dominated convergence theorem.

3. Let us now compute the mean integrated squared error (MISE). One
often considers the worst MISE over a certain submodel of input functions.
Let us introduce

F={f € L(r) : [(UA()| < Ms),s €S}, A € L(2).

Usually such a submodel is a smoothness class. For instance this would be
the case if F' were the Fourier transform and if A\(s) would decay at a certain
rate when |s| — oo. Exploiting the well-known fact that mean squared error
= variance + (bias)? we arrive at

MISE = E [|f, — fI

::IE“j; _'f@“2'+ Hf& _'fH2
=E|Ufo = Ufal® + [Ufo = Uf|?

= /S Var(Uf,)(s) d2(s) + |U fo — Uf|)?

AL (ﬁl“za}@w Wf)) 4S(s) + U fo — US|

C 1
b B} Uf, — UFf|?
< | o e s U

for some generic constant C', since the kernel U is bounded. This entails

s C 1
supserE| fo — fII” < g/{ } ;dE —i—/{ } A2 dxe
p>a p<a

26



by the definition of the class F and the results in §4.2.

4. In many situations it can be shown that

2 1.1
suprerE||fo — fII? < C{E(a)“ + o},

for some @ > 0, b > 0. Choosing o = a(n) = n~'/(¢**) makes the two terms
on the right of the same order and we then have

sup ;e rE| fo — fII? = O as n — 0.

5. In order to derive a lower bound to the MISE let ey, ey, -+ € L*(7)
be any orthonormal system, not necessarily a basis. Let us define a subclass

f:{fzztmem:|tm|§)\}7 Z)‘zn<oo7

of input functions. Furthermore we will consider the class

T={T: XxR)" — L*7):
E||T(X,Y1, -, X, Y,)|? <oo, forall feF},

of all input estimators having finite expected squared norm under the sub-
model. We are interested in a lower bound for the “ minimax risk ”
infrersuprer E|T — f||%. It turns out that a Baysian version of the infor-
mation inequality is extremly useful in this context.

6. Suppose that pg, # € © C R is a family of probability densities on
some measurable space with respect to some dominating measure, where ©
is a compact interval. Let 6 — py be continuously differentiable, a.e., and
let m be a continuously differentiable density on the real line with support in
the interior of ©. This entails that m equals 0 at the endpoints of ©. Assume
finite Fisher informations

d\/Pa
90

and let # — J,(0) be continuous for # € ©. Observe that this implies that
[(9pg/00) = 0. Finally, let 7 : © — R be continuously differentiable. Then

O\/m(e—1)
APy NAICUTER

Jp(0) =4

2
|” < oo,
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for any real estimator T of 7, based on an i.i.d. sample of size n from py, we
have

suppce Bo(T — 7(6))* > /@ Eo(T = 7(6))*m(6) dof

o {7 (0)}Y27(0) do
e 41 o 3,0)m(0)do

v

The second inequality is called the van Trees inequality.

7. Let us write I,,, = [\, A |, identify F with I =) x [y x -+, f €
F C L*(7) with t = (t1,t2,--+) € I C [?, and the underlying density p; in
§2.2 with p;, t € I. Let m be a prior on [—1,1] as described in §4.6. Then
Tm(®) = (1/\n)7(e/\y,) is a prior on I, with Fisher information

() = <$>2’J(7r).

Let {pt(m)yg, § € © = I, } be the one-parameter family of densities with ¢(,,,) =

(t1, S tmets byt - -)'ﬁxed ‘and tm = 6. Let us write Pry 0 = 8. /ptw,g/aﬁ,
and assume that the Fisher information in the m-th direction is uniformly
bounded:

2 < pk < o0,

[ ]
4 supy,, 0 ||pt(m),0

Furthermore, let us write dt = dt,dty - -+, dtn) = dty -+ - dt,,_1dlpqq -+, and
Iy =11 X o+ X Ly X Ippyq X -+ - . We will occasionally write Ey, etc. rather
than E to display the dependence on parameters.

8. Note that for f € F we have (f, e,,) = t,,; let us write T,,, = (T, e,,)
for T' € T. By applying respectively the Bessel and the van Trees inequality
with 7(0) = 6 we obtain

supser BT — f|*
> SUPter Z Ey(Tp — tm)?

m

>3 /I{Et(Tm—tm)2H7rj(tj)} dt
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It is immediate that

)\2

infrersupper BT — f? > C ) 1+ nAZpr
m mm

because the lower bound derived above does not depend on 7.

9. Under additional regularity conditions one might obtain

)\2
inf’ E|T - fl|>?>C — dXY
MITe7SUP fer || f” = /S 1+n)\2p ’

an integral over the spectral set S, just like the upper bound. It may then
also be shown that there exists a sequence o = a(n) — 0, as n — oo such
that the upper bound in §4.3 is of the same order as the lower bound in §4.9.
In other words, under these assumptions the spectral-cut-off type estimators
fa(n) are rate-optimal for the MISE. Rather than proving this in general we
will consider an example.

10. Example. Can you see the weight of a cable? To answer this
question, a paraphrase of the title of Kac’s famous paper, let us first observe
that the shape of a cable suspended at its endpoints with coordinates (0,0)
and (1,0) is given by the differential equation

_d’g(t)

= f(t), 0<t <1, g(0) =g(1) = 0.

Apart from the sign the source term f represents the load per horizontal
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Figure 5:

distance. The problem is to recover the weight distribution or source term
from the data (X;,Y7), -, (X,,Y,) that are independent copies of (X,Y),
where

Y =¢g(X) +e

Let us assume that X has the Uniform (0, 1) distribution.

11. Using the Green’s function we can rewrite the differential equation
in the form

o(z) = /01 Ko ) () dt = (Kf)(t), 0<a <1,

where K turns out to be strictly positive Hermitian with kernel

K(z.1) z(l—1t), 0<x<t
T, t) = :
t(l—x), t<z<1

Preconditioning with K* = K yields
¢=K'g=K'f=Rf feL01).

The operator R is compact and strictly positive Hermitian with eigenvalues

1 4
pm:<—> 7m:]-727"'7
mwm

and corresponding orthonormal basis of eigenfunctions

em(t) = V2sinmat, 0<t<1,m=1,2,---.
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Following the same pattern as in §3.10 we see that

() n

° 1

t) = Z (mm)? {ﬁ Z YksinmﬁXk} sinmmt, 0 <t <1,
m=1 k=1

is the spectral-cut-off estimator for suitable M (a) € N.

12. A natural choice for the submodel seems to be

= 1
P13t £ O

m=1

In the present situation this is a smoothness class. Using 0 < C' < oo again
as a generic constant we see from §4.3 that

M 00
N C o
suprer E || fo — fIIP < o Z m? + Z m
m=1 m=M

M - 00
/ 2t dx —|—/ R
0 M

Trying M = n’ for some § > 0 we see that the terms are balanced for
d =1/(2v 4 4) so that for this choice

o ) _2v—1
suprer E[fo — [ |7 < Cn 2ves,

13. For the bound note that

p(x,y) = Ztm (Kenm)(x))), (z,y) €[0,1] x R.

m=1

Since K = R'? we have Ke,, = \/pmem. If we take v > 1 the series is even
uniformly convergent and

Uy — (Kf) ()
2y — (K f)(2))

pt(m)ﬂ (‘,'U7 y) =

\/ﬂem(a:),
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so that the Fisher information in the k-th direction equals
2
1 00 ! (K
0 Joo [2V0(y — (K[)(2))
1 o0

=1 /OO { ¢;/E?z;)}2 dy -pm/olemQ(x)da:

=Cpm -

°
||pt(m),0

We see that this number is independent of #.,,) and ¢ so that we may take
pt, = Cpp (84.7). The lower bound in §4.8 reduces in this case to

C Z m™% /(1 +nm™*m™*)

m=1
o) ZL‘_2V
>C —d
20 [
C /oo .'L'4
= — dx
n Jo 1+ (z/nt/@v+4)2

4
_ O sievy / TV
n 0 1 + y2u+4

2v—1
= C'n 2,

Since this lower bound is of the same order as the upper bound in §4.12, the
spectral- cut-off estimators are rate-optimal indeed.

5 Estimating Linear Functionals

1. Also throughout this chapter we will assume that K is strictly positive
Hermitian and that standard preconditioning with Q = K* = K is applied.
Just like in ordinary, direct curve estimation we cannot expect the input esti-
mator to converge weakly in the Hilbert space L?(7). However certain finite
dimensional distributions might converge weakly, and in particular certain
linear functionals. Let us introduce the linear submanifold

H={hel’r): % — e L'(E)NI2)}.
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The condition on the functions in H will in specific cases turn out to be
a smoothness condition. Note that UQ) = ,/pU and that this operator
(and hence U) has a bounded kernel by assumption(§3.8). Therefore the
covariance function

If(s,t) =Cov(YU(s,X),YU(t, X))
=EY?U(s, X)U(t, X) — (Ug)(s)(Ug)(t),
which plays a role below, is then well-defined. We will be interested in using

(fa, h) as an estimator of (f, k) and in particular focus on the question of
optimality in the Hajek-LeCam sense.

2. First we will deal with the asymptotic normality and start with cen-
tering the random variable at its expectation (f, h). Then we have (§4.1,84.2)

% . 7{YkU( X)) —UgyUh dX.

For each n the terms in the sum are i.i.d. and centered at 0. It follows easily
that

\/E<fa _fcmh/> =

Var \/ﬁ<f _fcw >
:E[/{m} \/_{YU( ,X)—Ug}Uhdx

x/ —{YU( X)— UglUh d¥]
{p>a}

[CRIO UNW®) 0
/p>a} /p>a} \/p(T) t) \/@ dE( )dE(t)

/>}/>}—5>Ff £ 7(t) d2(s)d (1)
%// $)T (s, ) y(t) dE(s)dE(t) = o4 (h), as a ] 0.

=2

If we assume that E|Y > < oo, for some 6 > 0, due to this convergence the
Lyapunov condition for the central limit theorem is fulfilled and it follows
that

V1 fa(n) = fam)> ) —a Normal (0,0:%(h)), as n — oo,
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for any sequence «(n) | 0, as n — co. But then we also have

Vi famy — f+h) —a Normal (0,0,%(h)), as n — 0o

provided only that a(n) | 0 at such a rate that \/n ( fam) — f,h) =0, as
n — oo.

3. The next question to be answered is whether there exist sequences
of estimators of (f, h) that might have a limiting distribution which is more
concentrated than the normal above in §5.2. If not, the present sequence of
estimators might be called asymptotically efficient. We will see that it is not
in general. To specify a lower bound to the dispersion let us fix an underlying
density by choosing f, € L?(7) and keeping v fixed throughout. We then
have the density

po(w,y) = ¥y — (Kfo)(x)), (z,y) € XxR.
Let us write o2(h) for the variance of the limiting normal under py.

4. The statistical model will be identified with

P ={\/ps(x,y) = VY(y — (Kf)(x)), (z,y) eX xR, f e L*(r)}

C L*(u x \), A Lebesgue measure on R.

To find the tangent space to P at /py choose }0 € L?(7) and consider
the curve ¢t — /pi(z,y) = \/w(y — (K (fo+tfo))(x) in L*(u x ). Under

reasonable conditions this curve has tangent

1.70(56, y) = apéiix,y)‘to - _T/JI(Z; _p(ijiogzgx)) (K}o)(x)

Now let . .
Po = closed linear hull of all p, : f, € L*(7).
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5. Next we need to find the gradient of the functional 7" : P — R at
VDPo- If we set fi = fo +1f, we have

(V) = (fi, h)
KK f,, h)

(

=

= (K fi, (K~)"h)
= (K fi, K" h)
=

/ ypt(’a y) dy7 U717>'
Under reasonable conditions we have on the one hand that

lim © {T(y5) — T(/70))

t—0 t
0

- ot T(\/p_t)‘tzo

_ / / " ol ) 20 V/po(@) (U (x) dy du(o),

and on the other hand

lim ~ {T(y/Br) — T(y/B0)} = (T, o).

t—0 ¢

It follows that

To(z,y) =2y V/po(z,y) (U ') (2)

6. At this point a result due to Hajek and later extended by van der
Vaart should be formulated. Tailored to the present situation it says that
sufficiently regular sequences (T,) of estimators of T satisfy

Vn(T, —T) —4 Normal (0,A¢*(h)) * D, as n — oo,

under pg, where

]_ (] °
Ao*(h) = 1 | projection of Ty onto Py ||?,
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and where D is a distribution on the real line. In this context a sequence
(T7) is called asymptotically efficient if for this sequence the distribution D
is degenerate at 0.

7. We have /py L Py, so that Py C [\/p_g]L. Now choose u €
L*(R), v € L?(u), such that

(u, ) = 0.
It should be noted that
é / Vo) uly — (K fo) (2)) () ol y) dy du(z)
= Z Wy — (K fo) @) (K Fo) @) uly — (K fo) (x)) v(x) dy du(z)
= 5 (w,0) (KFy) =0,

But this entails that there is a strict inclusion

Po C [Vpol

8. Let us now return to o¢?(h) in §5.2. By splitting Ty into its two
components we can decompose

Uoz(h) = 00,12(h) - 00,22(h)7

where

Gox” / / S EY2U(s, X) T, X)v(t) dS(s) dS(?)

// {// y* U(s, 2)U(t, 2)po(y, ) dy dp(x )}v(t) d(s) dX(t)

_ / / v [(U19) (@) pol, y) dy dia(z),
002 // } (Ugo) () Wago) (D1(t) dS(s) dS(t)

_| 77U90>|2
_| U 7> 9o |

I//U (@) ypo(w,y) dydp(z)|*.
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9. Next we observe that
1 L 7 12
1 || projection of Ty onto [\/po ]~ ||

= LTl = 1(Fo, i) P)
1 2 2

= Z(UO,I(h) - ‘70,2(h))

= og(h).

Because Py is a strict subset of the orthogonal complement of the line [,/pq |
this entails

1 . .
AOZ(h) =1 || projection of T onto 730||2
1 .
< 4 || projection of Ty onto [\/ZTO]LH?
= 0o’ (h).

This inequality is strict if we take for ¢ the Student(3) distribution, for
instance.

[p, |
. T
PR S PO 0
// I
’ | *
’ / 0 : | PO
| \\ :
1/ \\\ P
! I I
Figure 6:

10. Under an extra technical condition it can be shown that c¢?(h) =
Ag?(h) if 1 is standard normal . In this case the spectral-cut-off estima-
tor generates an asymptotically efficient estimator for the linear functional.
There are densities, however, for which they are not asymptotically efficient.
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Here we have estimated <fz h) via an estimator fa of f, because we wanted to
investigate how well then f, performs. There is also a simple direct estimator
of the linear functional, viz,

1 n
X here x(s) = — Y:U(s, X;), S.
(X,7), where x(s) n; U(s, Xy), s €

Note that
E(s) = E(Kf)(X)U(s, X)
- [ V)@ @) du)
— (UKf)(s) = VAUS)(s), s €5,
so that

o Y = S

=(Uf,Uh) =(f ).

Hence this estimator is unbiased. It is easy to see, however, that it has the
same limitig normal distribution as (f,,h) and consequently is not asymp-
totically efficient either.

11.  On the other hand, it is possible to improve any /n - consistent
estimator, like for instance the present estimator (fa(n), h), so that it becomes
asymptotically efficient. A general version of this procedure can be found
in the monograph by Bickel et al.; see also Pfanzagl. To formulate this
improvement procedure we need to define local quantities at an arbitrary

point. Let ey, -, e, € L?(u), and write
pe(z,y) = ¢(y — (K fo)(x) — th(Kej)(ﬂﬂ)),
where t = (t1,- -+ ,t,) € R™. Note that
OVmi(wy) W'y — (K fo)(x) = 350, 4(Ke)) () (Kej) (x)
atj 2 pt(xvy) ‘
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Let us briefly write 0;,/p; for this partial derivative. Denote the tangent
space at t to the model by P, C L*(u x A), and let P, be its subspace
spanned by 01/p¢, -+, Opr/Pr-

12. Suppose we are interested in estimating a sufficiently smooth func-
tional T'(\/p;) = ¢(t),t € R™. Letting T, be the gradient at ¢ we see that

0;6(t) = (T4, 0,/D)-

If we denote by II,,, the orthogonal projection from L*(p x A) onto Py, an
important quantity is the projected gradient

Ht,mTt = ﬁ,m-

13. In order to calculate ﬁ,m we minimize the function v — [[{T, —
> i1 73(05y/Pe) ¥ dud). Exploiting that

1
(03/r, O/ 1) = I (D)

where J,,(t) is the Fisher information matrix at ¢, it follows easily that

F=473,'t) v (1),

where 57 = (01, ,0mn)* denotes the gradient as a column. By definition
the efficient influence function (see the monograph by van der Vaart) equals

1
jfl

m,j,k(t) ’ 8,4;5(75)} 2ay'\/llth/\/QU_I:

NE

ﬁ,m ' {

1 k

{

2

S
Il
NE

.
Il
Il
—

Il
NE
NE

T (t) - Ou(t)} - 05 1y,

1

.
Il
=~
Il
—

writing, as usual, 0;p;/p; = 0;l;. In matrix notation we now have for the
resulting random variable

A = %Zﬁ,m(xi, Y)/ {2/ (X, Y}
= (60} T, (BT (X o),
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14. Let us recall that

o1,

Vi = :
Omls

Also, let us introduce the Hessian matrix

0Ol ... 010,
Hi, = :
OmOily ... OmOnly

It is well-known that if (X,Y") has density p, we have

Et(vlt)(Xa Y)(vlt)*(Xv Y) = _Et(Hlt)(Xa Y) = jm(t)

15. Now let ¢ be any \/n - consistent estimator of ¢ so that \/n||t —t|| =
O,(1), as n — oo. Consequently $(#) will be a \/n - consistent estimator of
é(t), but not in general asymptotically efficient. To improve this estimator,
replace it with ¢(f) + A;,,. Indeed, if ¢ is the true parameter we have

Vo) + Mg — B(1)} —a Normal(0, AZ,.(6)), as n — oo,

where )
ALm(@) ={Vo(1)}3,(6) v 6(t) = Z I Tomll”
To sketch a proof, note that we see from §13 and §14 that the standardized
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estimator on the left equals (.J,,, is the m x m identity matrix)

VTS~ 1) + {70}, () (VI Y
FTODF T 0 D (HI X V)~ 0]+ o) =
1 n

= Va{vot)} {Jm + 37 (1) —Z HI) (X5, Vo) H(E — 1)

3

n

f{wﬁ( YT (1) D (V1) (X3, Vi) + 0,(1) =

= w0y i(vm(xi, ¥) + 0y(1).

Apart from implicit smoothness assumptions in the last transition we use
that

1 n
- D (HL) (X3, Y:) =, E(HL)(X,Y) = =3, (1) ;
i=1
see also §14. The asymptotic normality now follows from the central limit
theorem. The variance is indeed the one known from the CraméI:Rao lower

bound, and its equality to one fourth of the squared length of 7},, follows
from straightforward integration.

16. In order to prepare for improving the estimator (f,, k) of (f,h) let
us consider the tangent space P, at the parameter f € L*(p), write p; for
the density (as in §4) Tf for the gradient of T at f, and II; for the projection

of LZ(/L X )\) onto Pf Let us compute Tf = Hfo, and first observe that
Uly=U"'1/\/p)Uh = K~'h, which we have also used in §5. We will now
have to assume that

K he Rk,

so that K=2h = R™"h is well-defined. Since Ty € P; there is a function g*
such that (cf §4)

e = 00,

41



where ¢g* is a function in the range of K, or a limit of such functions. Since
T — Tf L Py we must have

/ (20y/pr(e, (K ) (@) + LY EDE) .

e )
(LI )y ey ay = o
pr(z,y)

for all g in the range of K. Since K is Hermitian and injective this range
is dense and hence the equality holds for all ¢ € L?(u). Straightforward
calculation now shows that

—2(K"h, g) + 3(){g*, g) = 0, for all g € L*(p),

where J(1)) is the Fisher information of the error density . This entails that

2
*= " K 'h € R,
= 1) K

and ff has been determined.

17. The efficient influence function is now defined as Tf /(2,/Py). From
this we may construct the random variable

(EDCD) ooty vy
Z —anoy

We claim that

Vi((fasB) + Nj = (fo, h)) —a Normal (0, A3(R)), as n — oo
when fy € L?(p) is the true regression function
and A2(h) is the optimal variance in §6

18.  As usual the proof will be sketchy and we will forego regularity
conditions. Let e3, eq,--- be an orthonormal basis of L?(x) and let

Lg,m = linear space spanned by all fy + thej,
j=1
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t=(t1, - ,ty,) € R™, where we choose

2 2
e1=fo, eo=K ¢ = —K *h=—R"'h.
e 3(¢) 3(¢)

Hence L, C L*(y) always contains fo and K~'g*. It is easy to see that

0 ~ ~ .
8_t2‘/pf°+zﬂm=1 tiej li=0 = Tty =10 € Pom,

see §16 , so that

Tg’m = Hg’m ].jg = Tg, for all m Z 2.

Write .
( fo+ theja h) = é(t),
i1

and let fa,m denote the projection of fa onto L%ym. There exists a uniquely
determined  such that

m
fam = fo+ ijej,
i=1

assuming that fo, K='g*,eq,--- , e, are linearly independent. Since fa is a
/1 - consistent estimator of f, ¢(f) will be a \/n - consistent estimator of

(t).

19. This estimator can be improved by the method of §15. It should be
noted that

Ajn as defined in §13 = A; as defined in §17 .

If t = 0 is the true parameter it follows that

V{s() + A, — ¢(0)} =
= Vi fam: h) + N = (fo, b)) =4

—q Normal (0, A%(h)), as n — oo, for each m > 2,
because L[| Tp,.[|> = 1[|To||> = A2(h) by §18 and §6.
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20. The proof can be concluded by a continuity argument. Note that

Sp = V((fa, h) + Ap — (fo, b)) =
= V((fagms h) + Aj = (fo, b))
+ V((fo = fam By + A = Ap )=
= Spm + Snm-

For arbitrary € we can find m(e), n(e) sufficiently large so as to ensure that
P{|S,m| <€} > 1—¢€forall n > n(e). For this m(e) we have that S,
tends in distribution to the limiting normal law of the claim, as n — oo,
according to the result in §19. Since this distribution doesn’t depend on
m(e) and since € is arbitrary, it follows that S, must have the desired limit
law.

6 Testing Hypotheses

1. Let £ C L*(7) be a linear subspace of finite dimension m, and
suppose we want to test the null hypothesis

H0f€£

If we precondition with () this hypothesis is equivalent with ¢ = Rf € RL =
N, where R = QK and N is a linear subspace of L?(u) of the same dimension
m. Note that £ and N are closed. Let II be the orthogonal projection onto
N and II+ the orthogonal projection onto N'*. We have

Hy iff g € N iff D* = [lg = N[> = [[IT*¢|* = 0.
Recall that
. 1
i) == YiQ(t, X;), teT.
gyt
It seems to make sense to employ the statistic
D? = ||g— N|* = [|TT*q|P?,

for testing Hy : ¢ € N, i.e. D? = 0, and to reject for large values of
D?. Although this procedure does not require inversion of the operator, the
problem now is the complexity of the limiting distribution.
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2. Let ey, €9, be an orthonormal basis of L?(7) such that e;, -+ , e,
span N and consequently €,,41, €mi2,- -+ span N1, Let us write

Sp = (Sn1, Snz, - -+ ), with Su = Vn(q — q, ex)-
The central limit theorem entails at once that
Spr —4 Normal (0,04%), as n — oo,
where the variance is given by
02 = Var (YQ(-, X), )
—E(Y [ Q. Xl dr(0f - (BY [ @t X)a) drn)
=EY*(Q"er)*(X) — (g ex)”.

In pretty much the same way it can be shown that the finite dimensional
distributions of S, as a random element in /? converge weakly, and since
tightness can be also established we have the basic convergence

S, =4 G, asn — oo, in [?

where G is a 0 mean Gaussian random variable in /2. This random variable
has covariance matrix (oy;), the variances o;? of which are explicitly given
above. The covariance matrix depends on the unknown parameter f or q.

3. Under Hy we have D? = ||[IT'q|]*> = }°,.,, (¢, ex)> = 0 and hence

TS, )12 = S4e,, (G, ex)? = nD?. Tt follows from the weak convergence in
6.2 that

nD? %dz G2, as n — oo, for ¢ € N
k>d

Unfortunately, the limiting distribution on the right will be hard to deal
with and will depend on the unknown parameter f or ¢, even under Hy. To
circumvent the occurence of such a complicated chi-squared type limiting
distribution a modification of this testing problem will be treated. This type
of modification was first proposed by Dette & Munk.
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4. Let o > 0 be arbitrary but fixed, and let us enlarge the null hypothesis
a little bit and consider

Hs:0< D? =g = N|? < &%

Rather than testing that ¢ is in a linear subspace we test that ¢ is in a “ linear
slice 7. We now propose to base the test procedure on a suitably standard

INENNIINENEN
v LT

Figure 7:

version of D? — §2. The asymptotics become much simpler now.

5. If D? =0 it is obvious from the result in §6.3 that Vn(D? — D?) =
v/nD? has a degenerate or Normal(0,0) limiting distribution. For D? > 0 we
have

vn(D* - D% =/n Z ((q, ex)® — (g, ex)?)

k>m

= Z Sk ((G: ex) + (¢, ex))

k>m

=42 (g,er)Gy

k>m

=4 Normal(0, 4 Var (Z (q,ex)Gy)), as n — o0.

k>m
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This variance can be further specified :

Var () (g, ex)Gr)

k>m

- Z Z (q,er)or{q, er)

k>m [>m

=Y > @ e (ee) EY?(Q er)(X)(Q ) (X) — (g, ex) (g, 1)’}

k>m [>m

_E{Z Q7ek Qek {Z Q7ek

k>m k>m

=EY?(Q'TIq)*(X) — ||TI*q[*.

Note that this expression reduces to 0 if D? = 0. Hence we have shown that

Vn(D? — D?) —,4 Normal(0, 0%(D)), as n — o
o*(D) = 0if D =0

The variance can be consistently estimated by substituting ¢ for ¢ above.
Denote this estimator by 2.

6. suppose that D? = §2. In this case we see that

D2 D2_52
—f +vVn—:

—d Normal(O, 1), as n — oo.

i P

For 0 < D? < §? it follows similarly that

D? — ¢
Vn——— —, —00, as n — o0,
o

and if D? = 0 this last claim remains trivially true. Summarizing we have
found that (® standard normal cdf)

the test that rejects Hs : 0 < D? < §2 for

V(D = 6%)/6 = &1 - a),

0 < a < 1, has asymptotic level «
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g+ (s//n)y

Figure 8:

7. To find the asymptotic power choose fo, ¢ € L?*(7), such that
IRfoll?> = l|qo||* = 6% and v = Ry has {qo, [T*7) > 0. Let us introduce the
local alternatives (including ¢o)

S

=q +—=7,5s > 0.
qs 4o \/ﬁ”)/ =

It can be shown in a similar manner that

N2 £2
D=9 > & 11 —a)}

5 =
. 28(Q07 HJ_/Y>
g

P{Vn

—>1—(I>(<I>_1(1—a) ),asn—>oo,

which settles the asymptotic power of the test.

8. Another advantage of this modification is that it is as easy to test
the null hypothesis
Hj : D* > 6°.
From a practical perspective in many situations this might be the more real-
istic null hypothesis to be tested. It should be noted, however, that the tests
presented here may still have similar drawbacks as the classical goodness of
fit tests.

7 Cross-Validation

1. A practical difficulty with the input estimator fa as defined in §3.9
is that it is not clear how one should choose « for a given sample size n.
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Therefore in this chapter a data-driven selection method will be presented.
Discussion of theoretical properties of the estimator thus obtained is beyond
our present scope. In this chapter we return to the general preconditioning
with an operator () as in §2.4.

2. For such a geneal () the MISE equals

E Hfa - f“2 =E Hfa - fa||2 + Hfa - f||2

1 1
== / — Var Y(UQ)(e, X) d2+/ \Uf|? d%
n Jip>a} P {p<a}
1 1
_1 / LABEYUQ) (o, X)P - |UgP} d= + / UfP ds
n J{p>a} P {p<a}

1 / i2 {E|Y(UQ)(e, X)|* — |Uq|*} d©
{r

nJ{p>a} P
—/ U2 dE+/|Uf|2 is
{p>a} 8

=/{ L ey we)e x)p - 1!

pza} P71V n

Uq|*} dE+/|Uf|2 ds.
S

Our aim is to minimize the MISE, for given n, as a function of a. Because
in this last expression the term f |U f|? d% does not, depend on a, one might
as well minimize the function o — M, (), @ > 0, where

\Uq?} d, a > 0.

Ma(a) =/{ L ey we) e xp- !

Sap P71 n

Note, however, that this function still contains the unknown parameter.
Therefore it is our purpose to minimize a function M,,, say, that only depends
on the data and that should be close to M,,.

3. Let us introduce

. . 1 .
Gk = YiQ(®, Xk),  quy = 1 > d,
j#k
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and note that

E Udy Udy = _1ZE Ud;) (Udr)
" J#k
1

= 13 (BU) (BTG
J#k
= |Uq|?,

because the ¢; are unbiased and independent. These observations together
with the law of large numbers entail that

1 R 1 . —
- > UG, - > (Udwy) (U,

are unbiased and consistent estimators of
E|Y(UQ)(e, X)*, |Uqf,

respectively. This suggests to use the empirical analogue

n

MMF—ZAmw{M@F

k

n—+1

(Udw YUG)} dX, >0

This function is an unbiased and consistent estimator of the original function:

EM,(a) = My(a), My(a) =.s My(a), asn — oo, for each a > 0.

~

4. Minimizing of M,, on (0,00) yields an estimator & = &(n) of & and
subsequently

an entirely data-driven input estimator f&

A simulation study turned out to give quite satisfactory results.

5. In the special case where K = K* is strictly positive Hermitian and
we precondition with () = K* we have

qu =\p Yk 8 Xk s ES,
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and the expression for M,, simplifies accordingly. If, in addition, K is com-
pact so that K = VR = > /Pm €m ® €, the integral with respect to ¥
reduces to summation over m with

<ka€m> = VPm Yk em(Xk), meS=N.

6. Example. Let us consider the situation of the example in §2.7-
§2.10 and §3.10, where R is strictly positive Hermitian but after nonstandard
preconditioning with @ = (K?)*K. Let p,, and e, be as in §3.10. Then in
this case we have

1
1
(Gr, em) = 2\/§7rYk/ (VXe — VX — s A Xg)sin(m — 5)7r ds.
0

Hence the expression for M,, becomes

where M (c) is the largest integer such that (m — )2 > .

7. Because we don’t apply the standard preconditioning here, there is no
visible compensation of the factor 1/p?. In fact, however, this compensation
does exist because the inner products (i, €,) contain the highly oscillating
sine functions (when m is large). As a refinement of the Riemann-Lebesgue
lemma we have, more precisely,

227 /1(\/_ VX —sAX) Sln(m——)ﬁs ds

\/_ / cosm——ﬂsd
— s
\/ -5

B 2X cosmsX
- 3/2 0

\/n:

— AR / ¢ _cosmsX
0

1
m B S
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Since this last integral can be written as a finite alternating series with terms
decreasing in absolute value it follows that

for some generic 0 < C' < co. Consequently we see that

(i, em)| < Cpiyt

m

and this entails that the factor (m — %)4 in the expression for M, is reduced
to (m—1) = pm~'/2. These resulting orders seem to be in line with those
that might be expected if standard preconditioning would have been applied.

8 Concluding Remarks

1. Ordinary, direct regression estimation. For developing the
theory, we have not required that K be an integral operator (§2.3). As has
been observed this enables us to formally include ordinary direct regression
estimation as a special case. Now we have the simpler model K = I with
the data being independent copies of

Y =f(X)+e, feL¥)

We will now precondition with a strictly positive Hermitian integral operator
Q=R:L*71)— L*(1).

2. The estimator of ¢ = Rf € L*(7) is now given by

R N

For general ¥, as decribed in §3.4 let us write t¥,(t) = 1,(¢), a function
which is &= 1 for ¢ > 0. The estimator of f can then be written as

"
Il
=

Q|

—

L=}
I
|

e

U_l(la(p) : U(.v Xk))v



with expectation (cf.§3.4)

fa - Uﬁlla(p) Uf - [ocf-

For the spectral-cut-off and Moore-Penrose regularization we have respec-
tively

a+t

3. For the MISE we now find

E Hfa - f“2 =E ”fa - fa||2 + Hfa - f||2

_ % /S La(p(s)) Var YU(s, X) dS(s)
+/S(1a(/)(8)) —1?|(UF)(s)? dE(s).

Usually, the lower bound over a subclass like in §4.5 will be
2

A
infrer supper BT — fI[* > C )  ——",
zk: 1+ nA}

and rate optimality can be established in a similar way.

4. If for R we take a compact operator so that it can be written as
R=3"" | pmtm ® €y, if we assume as usual that p,, | 0, as m — oo, and if
we apply spectral-cut-off regularization the estimator is of the form

M(«) n
falt) = Z{%ZYkem(Xk)}em(t), teT.

This means that it is a truncated series type estimator.

5. If we abandon the condition that the design variable is uniform
we may take L?(7) = L*(R) and for R convolution with a symmetric r €
LY(R) N L*(R), with 7 > 0 on R and 7(t) strictly decreasing as |t| 1 co. This
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means that {7 > a} = [—A, A] for some A = A(a). Using spectral-cut-off
regularization we will now arrive at a kernel type estimator with kernel

1
Ko(t) = ——=F "1jisa)
V2 -
1 o
— % .
1 A

e P 150y (s) ds

- efzts dS
27T _A

A
= —sincAt, teR,
7r
where sinc © = (sinz)/x. This means that we obtain the sinc kernel, no
matter what reasonable convolution operator we choose.

6. Generalization of inversion pattern.  First of all we will no
longer require that R be strictly positive Hermitian, just bounded. This
means that we may precondition with any bounded operator @, provided
that R = QK : L*(7) — L*(7) is a bounded, linear, integral operator. For
F C L*(1), let {es, s € S} be a family of measurable functions on T, indexed
by S, such that [ |fes|dr < oo for all s € S and f € F. Suppose that it is
possible to recover each f € F from the numbers

[f,es]:/Tfes dr, s€S.

If K is an integral operator we might for instance precondition with the
identity operator I.

7. In many cases an operator D (not necessarily an integral operator)
will exist that is like the adjoint of R~!, such that

[f,es] =[R 'q,es] = [q,Dey], s€ES.

If we assume D to be known we can usually estimate the unknown parameters
fs = [f,es] thanks to this identity by means of random variables fs, s €S,
say. This would finally enable us to recover f approximately. In this last
step a kind of regularization will again be needed.
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8. Let us first sketch how the procedure we have followed thus far fits
into this general framework. In this case we know that R = U~'M,U and
we should choose

1
es =U(s,o), Dey=—=U(s,e)

Indeed, we have

fred = / F(t) Uls. 1) dr(t)
— UF)(s)

= (UR™'q)(s)

_ b /T U(s,)q(t) dr ()

p(s)
= [q, Dey].

9. In principle we now have the freedom to choose a determining system
{es, s € S} that is suitable to express certain properties, like smoothness, of
the input signal; this means that we don’t need any longer to describe f
in terms of a system that naturally emerges from the “ diagonalization ” of
the operator. Let K be the operator from the Abel equation in §2.8. Let
us precondition with the identity operator I, i.e., let us not precondition
at all. We don’t know the eigenfunctions of K, but an orthonormal basis
of trigonometric functions is suitable to describe the input functions in a
smoothness class F. So let {e,,, m € N} be such a real valued trigonometric
system. It is known that for

L fy) _ . .
g(x)—ﬁfo L iy = (K@), 0<a<,

we have f = —K*Dg, where D is differentiation and

(K*g)(x)z%%/x jy(yT)xdy, 0<z<1.

Now we have ¢ = ¢, and we choose

es=¢é€m, s=meN, De,=-—K"e,
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It follows that, indeed,

10. In the situation of §8.9 we may have to recover irregular inputs,

for instance input functions with discontinuous of the first kind. In order
to capture the local irregularities one may replace the trigonometric system
with an orthonormal basis of localized wavelets.

The topic of noisy integral equations has its roots in the theory of inte-

gral equations with ramifications in functional analysis, numerical analysis,
approximation theory, and last but not least, statistics. Only a very few
selected references will be given.
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