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Abstract

The lace expansion has been a powerful tool for investigating mean-field behavior for various
stochastic-geometrical models, such as self-avoiding walk and percolation, above their respec-
tive upper-critical dimension. In this paper, we prove the lace expansion for the Ising model
that is valid for any spin-spin coupling. For the ferromagnetic case, we also prove that the
expansion coefficients obey certain diagrammatic bounds that are similar to the diagrammatic
bounds on the lace-expansion coefficients for self-avoiding walk. As a result, we obtain Gaus-
sian asymptotics of the critical two-point function for the nearest-neighbor model with d > 4
and for the spread-out model with d > 4 and L > 1, without assuming reflection positivity.
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1 Introduction and results

1.1 Model and the motivation

The Ising model is a statistical-mechanical model that was first introduced in [22] as a model
for magnets. Consider the d-dimensional integer lattice Z%, and let A be a finite subset of Z¢
containing the origin o € Z¢. For example, A is a d-dimensional hypercube centered at the origin.
At each site x € A, there is a spin variable ¢, that takes values either +1 or —1. The Hamiltonian
represents the energy of the system, and is defined by

H/}{((’D) = - Z oy Prpy — hz Pxs (1.1)
{z,y}CA xEA

where ¢ = {¢.}zen is a spin configuration, {J;,}, eza is a collection of spin-spin couplings,
and h € R represents the strength of an external magnetic field uniformly imposed on A. We
say that the model is ferromagnetic if J,, > 0 for all pairs {z,y}; in this case, the Hamiltonian
becomes lower as more spins align. The partition function Z,.n at the inverse temperature
p > 0 is the expectation of the Boltzmann factor e~PHR(®) with respect to the product measure
HIEA(%H{@C:—H} + %]1{4,01:—1}):

Zp,h;AZQ_‘Al Z e~ PH(#) (1.2)
pe{£1}A

Then, we denote the thermal average of a function f = f(¢) by

2—IA

Flpna =
< >p,h,A Zp,h;A

ST fle)e i), (1.3)

pe{£1}A

Suppose that the spin-spin coupling is translation-invariant, Z%symmetric and finite-range
(i-e., there exists an L < oo such that J, , = 0 if ||z||c > L) and that J,, > 0 for any = € Z? and
h > 0. Then, there exist monotone infinite-volume limits of (¢z),, 5.x and (@zpy), ;.1 Let

My = ii&ld (‘Po>p,h;Aa Gp(z) = ii&ld <(IDO(JOSC>p7h:O;A7 Xp = gz:d Gp(z). (1.4)

When d > 2, there exists a unique critical inverse temperature p. € (0,00) such that the sponta-
neous magnetization le = limy, o M, 5, equals zero, G)p(x) decays exponentially as |z| T oo (we
refer, e.g., to [9] for a sharper Ornstein-Zernike result) and thus the magnetic susceptibility x, is
finite if p < pc, while M" > 0 and x;, = 0o if p > p. (see [2] and references therein). We should
also refer to [7] for recent results on the phase transition for the Ising model.

We are interested in the behavior of these observables around p = p.. The susceptibility x,
is known to diverge as p T pc [1, M]. It is generally expected that lim,,,, M; = limy, o M. p = 0.
We believe that there are so-called critical exponents v = y(d), § = 5(d) and § = §(d), which are
insensitive to the precise definition of J,, > 0 (universality), such that (we use below the limit
notation “~” in some appropriate sense)

p]gc

plpc _ h|0
MFR (p—pe)’, Xp = (pe—p)77, M, =~ h'/. (1.5)



These exponents (if they exist) are known to obey the mean-field bounds: 8 < 1/2, v > 1 and
§ > 3. For example, 3 = 1/8, v = 7/4 and § = 15 for the nearest-neighbor model on Z? [26].
Our ultimate goal is to identify the values of the critical exponents in other dimensions and to
understand the universality for the Ising model.

There is a sufficient condition, the so-called bubble condition, for the above critical exponents
to take on their respective mean-field values. Namely, the finiteness of Y ;4 Gp.(x)? (or the
finiteness of > 7a Gp(x)? uniformly in p < p.) implies that 3 =1/2, v =1 and § = 3 [I} 2, [3, 4.
It is therefore crucial to know how fast G (z) (or Gp(z) near p = p.) decays as |z| T co. We note
that the bubble condition holds for d > 4 if the anomalous dimension 7 takes on its mean-field
value n = 0, where the anomalous dimension is another critical exponent formally defined as

|| Too
s

Gpe(2) = |a| 720, (1.6)

Let Jj, = > wezd oz €77 and Gy(k) = > seza Gp(x) €@ for p < pe. For a class of models that
satisfy the so-called reflection positivity [12], the following infrared bound] holds:
const.

0<Gyk) < — uniformly in p < pe, (1.7)
Jo — Jk

where d is supposed to be large enough to ensure integrability of the upper bound. For finite-range
models, d has to be bigger than 2, since Jy — Jj, < |k|?, where “f < ¢” means that f/g is bounded
away from zero and infinity. By Parseval’s identity, the infrared bound (L.7)) implies the bubble
condition for finite-range reflection-positive models above four dimensions, and therefore

plpc PlPc _ hl0
M =" (p—pe)'?, Xp = (pc—p), M, , = /3. (1.8)

The class of reflection-positive models includes the nearest-neighbor model, a variant of the next-
nearest-neighbor model, Yukawa potentials, power-law decaying interactions, and their combina-
tions [6]. For the nearest-neighbor model, we further obtain the following z-space Gaussian bound
[32]: for = # o,

uniformly in p < pe. (1.9)

The problem in this approach to investigate critical behavior is that, since general finite-range
models do not always satisfy reflection positivity, their mean-field behavior cannot necessarily be
established, even in high dimensions. If we believe in universality, we expect that finite-range
models exhibit the same mean-field behavior as soon as d > 4. Therefore, it has been desirable to
have approaches that do not assume reflection positivity.

The lace expansion has been used successfully to investigate mean-field behavior for self-
avoiding walk, percolation, lattice trees/animals and the contact process, above the upper-critical
dimension: 4, 6 (4 for oriented percolation), 8 and 4, respectively (see, e.g., [31]). One of the
advantages in the application of the lace expansion is that we do not have to require reflection
positivity to prove a Gaussian infrared bound and mean-field behavior. Another advantage is the
possibility to show an asymptotic result for the decay of correlation. Our goal in this paper is to
prove the lace-expansion results for the Ising model.

n (C7) and (CT), we also use the fact that, for p < pc, our Gy, (i.e., the infinite-volume limit of the two-point
function under the free-boundary condition) is equal to the infinite-volume limit of the two-point function under the
periodic-boundary condition.



1.2 Main results

From now on, we fix h = 0 and abbreviate, e.g., <90090x>p,h:0;j\ to <90090:v>p;A- In this paper, we
prove the following lace expansion for the two-point function, in which we use the notation

Tpy = tanh(pJy ). (1.10)

Proposition 1.1. For any p > 0 and any A C Z4, there exist 77(” A(x) and R(J“)( ) forx € A and
j >0 such that

<‘Po§0:c>p;1\ (J) )+ Z H(J) ) Tu,v (Pvﬁpx>p At (= )j+1R;(>J;1+\1)(x)7 (1.11)
where
) (@) = 32 (-1) w0 (@) (112

For the ferromagnetic case, we have the bounds

w0 (&) = 85,0000, 0 < ROV (x) Z O (1) Tuw (Pupa)pp (1.13)

We defer the display of precise expressions of W;)Z)A(JZ) and Rgr)(a:) to Section [2.2.3] since we
need a certain representation to describe these functions. We introduce this representation in
Section 2.1l and complete the proof of Proposition [I.1] in Section

It is worth emphasizing that the above proposition holds independently of the properties of the
spin-spin coupling: J, , does not have to be translation-invariant or Z%-symmetric. In particular,
the identity (LII]) holds independently of the sign of the spin-spin coupling. A spin glass, whose
spin-spin coupling is randomly negative, is an extreme example for which (LII]) holds.

Whether or not the lace expansion ([LII]) is useful depends on the possibility of good control
on the expansion coefficients and the remainder. As explained below, it is indeed possible to
have optimal bounds on the expansion coefficients for the nearest-neighbor interaction (i.e., J, , =
1{|jz[l:=1}) and for the following spread-out interaction:

Jow = L7 (L 7 ) (1 <L < o0), (1.14)

where g : [-1,1]%\ {0} — [0,00) is a bounded probability distribution, which is symmetric under
rotations by /2 and reflections in coordinate hyperplanes, and piecewise continuous so that the
Riemann sum L™¢ > sezd W(L™1z) approximates [pq d%z p(x) = 1. One of the simplest examples
would be

Lo<|jalo<}
> ez o<zl <L)

Joz = = O(L™) Liocyz-1uf <1} (1.15)

Proposition 1.2. Let p = 2(d — 4) > 0. For the nearest-neighbor model with d > 1 and for the
spread-out model with L > 1, there are finite constants 6 and A such that

Aﬂ—&w)(j>m’ RO\ ()] =0 (j T o0), (1.16)

|H(]) () — o] <6000 + W >

for any p < pe, any A C Z% and any x € A.



The proof of Proposition depends on certain bounds on the expansion coefficients in terms
of two-point functions. These diagrammatic bounds arise from counting the number of “disjoint
connections”, corresponding to applications of the BK inequality in percolation (e.g., [5]). We
prove these bounds in Section 4l and in anticipation of this, in Section Bl we explain how we use
their implication to prove Proposition .2, with & = O(d~!) and A = O(1) for the nearest-neighbor
model, and § = O(L727¢) and A\ = O(#?) with a small € > 0 for the spread-out model.

Let

r=10) =Y Tou, D(z) = o2 o® =" |e[*D(x). (1.17)
€T €T

-
Due to (LI6) uniformly in A C Z4, there is a limit I, (z) = limy ;74 limjjog H;”A(x) such that

A1 —6o.2)

Gp(x) =1ly(x) + (I x 7D = Gp) (), () = dow| < 00,0 + W,

(1.18)

for any p < p. and any = € Z%, where (f * g)(z) = >_yezd f(y) g(x —y). We note that the identity
in (LI8) is similar to the recursion equation for the random-walk Green’s function:

Sp(x) =Y r'D*(x) =600 + (rDxSp)(x) (] < 1), (1.19)
=0

where f*(z) = (f*0=Y x f)(z), with f*0(z) = do« by convention. The leading asymptotics of
Si(z) for d > 2 is known as g—%]az\_(d_z), where ag = 77421'(4 — 1) (e.g., [14} [15]). Following the
model-independent analysis of the lace expansion in [I4] [15], we obtain the following asymptotics
of the critical two-point function:

Theorem 1.3. Let p = 2(d —4) > 0 and fix any small € > 0. For the nearest-neighbor model with
d > 1 and for the spread-out model with L > 1, we have that, for x # o,

Gp.(2) =

A ad__ {(1 +O(!x\_(p75)m )) (NN model), (1.20)

7(pe) o2|x|?—2 (1+O(|z[7P"2%€)) (S0 model),

where constants in the error terms may vary depending on €, and

(pe) = (ijnpc(x)> N A= <1 + Tg’;c) Z |x|2Hpc(:17)>_1. (1.21)

Consequently, (1.8) holds and n = 0.

In this paper, we restrict ourselves to the nearest-neighbor model for d > 4 and to the spread-
out model for d > 4 with L > 1. However, it is strongly expected that our method can show the
same asymptotics of the critical two-point function for any translation-invariant, Z%symmetric
finite-range model above four dimensions, by taking the coordination number sufficiently large.

1.3 Organization

In the rest of this paper, we focus our attention on the model-dependent ingredients: the lace
expansion for the Ising model (Proposition [ILT]) and the bounds on (the alternating sum of) the
expansion coefficients for the ferromagnetic models (Proposition [[.2). In Section 2, we prove
Proposition [LTl In Section B we reduce Proposition to a few other propositions, which are
then results of the aforementioned diagrammatic bounds on the expansion coefficients. We prove
these diagrammatic bounds in Section @l As soon as the composition of the diagrams in terms
of two-point functions is understood, it is not so hard to establish key elements of the above
reduced propositions. We will prove these elements in Section [5.1] for the spread-out model and in
Section for the nearest-neighbor model.



2 Lace expansion for the Ising model

The lace expansion was initiated by Brydges and Spencer [§] to investigate weakly self-avoiding
walk for d > 4. Later, it was developed for various stochastic-geometrical models, such as strictly
self-avoiding walk for d > 4 (e.g., [18]), lattice trees/animals for d > 8 (e.g., [16]), unoriented
percolation for d > 6 (e.g., [I7]), oriented percolation for d > 4 (e.g., [25]) and the contact process
for d > 4 (e.g., [27]). See [31] for an extensive list of references. This is the first lace-expansion
paper for the Ising model.

In this section, we prove the lace expansion (L.II]) for the Ising model. From now on, we fix
p > 0 and abbreviate, e.g., 711(;)1\(3:) to ().

There may be several ways to derive the lace expansion for (p,p.),, using, e.g., the high-
temperature expansion, the random-walk representation (e.g., [10]) or the FK random-cluster
representation (e.g., [I1]). In this paper, we use the random-current representation (Section 2.1]),
which applies to models in the Griffiths-Simon class (e.g., [1, 4]). This representation is similar in
philosophy to the high-temperature expansion, but it turned out to be more efficient in investigating
the critical phenomena [I, 2| B8] 4]. The main advantage in this representation is the source-
switching lemma (Lemma 23] below in Section 2.2.2)) by which we have an identity for (po¢z), —
(Poa) 4 With “A C A” (the meaning will be explained in Section 2.1)). We will repeatedly apply
this identity to complete the lace expansion for (p,¢z), in Section 2.2.3

2.1 Random-current representation

In this subsection, we describe the random-current representation and introduce some notation
that will be essential in the derivation of the lace expansion.

First we introduce some notions and notation. We call a pair of sites b = {u,v} with J, # 0 a
bond. So far we have used the notation A C Z¢ for a site set. However, we will often abuse this
notation to describe a graph that consists of sites of A and are equipped with a certain bond set,
which we denote by By. Note that “{u,v} € Bp” always implies “u,v € A”, but the latter does
not necessarily imply the former. If we regard A and A as graphs, then “4 C A” means that A is
a subset of A as a site set, and that B4 C By.

Now we consider the partition function Z4 on A C A. By expanding the Boltzmann factor in

(L2)), we obtain

Za=27"0 %0 ] ( > 7@{;&”)77” cpZ“’“s@ﬁ“’”)

ee{+1}A {uv}eBs S nuwELy o

- <H (p%?"") 11 (% 3 (’D?bau"b)’ (2.1)

Np:
ezia “beBa U wed N pe=a1

where we call n = {n}pcp, a current configuration. Note that the single-spin average in the last
line equals 1 if ;- ny is an even integer, and 0 otherwise. Denoting by dn the set of sources
v € A at which ) ;5 ny is an odd integer, and defining

wam) = J] B mezia, (2.2)

|
ny.:
beB 4 b

we obtain

Zp= Z wa(n) H ]]-{Zbau ny, even} — Z wa(n). (2.3)

nEZ]iA veEA on=g



Figure 1: A current configuration with sources at « and y. The thick-solid segments represent bonds
with odd currents, while the thin-solid segments represent bonds with positive even currents, which
cannot be seen in the high-temperature expansion.

The partition function Z 4 equals the partition function on A with J, = 0 for all b € By \ B 4.
We can also think of Z4 as the sum of wj(n) over n € Z]EA satisfying n|g,\g,, = 0, where n|p is
a projection of n over the bonds in a bond set B, i.e., n|g = {n;, : b € B}. By this observation, we
can rewrite (2.3]) as

Za= Y wa(n). (2.4)
on=»g
H‘BA\BAEO

Following the same calculation, we can rewrite Z4(pzpy) g forz,ye Aas

ZA(pzpy) 4 = Z < H M) H (% Z (‘Dg{uecmy}—i'zbsv"b)

np!

HEZEA beB 4 veA po==%1
= Y wam)= Y wr(n), (2.5)
on=xAy on=xAy

H‘BA\BAEO

where = A y is an abbreviation for the symmetric difference {z} A {y}:

1%} if x =y,

wAyE{w}A{y}Z{ (2.6)

{z,y} otherwise.

If z or y is in A° = A\ A, then we define both sides of (2.5]) to be zero. This is consistent with
the above representation when x # y, since, for example, if x € A°, then the leftmost expression
of (2.) is a multiple of %Z%: 4192 = 0, while the last expression in (2.5]) is also zero because
there is no way of connecting = and y on a current configuration n with n|g A\Ba = 0.

The key observation in the representation (2.5]) is that the right-hand side is nonzero only when
x and y are connected by a chain of bonds with odd currents (see Figure [I). We will exploit this
peculiar underlying percolation picture to derive the lace expansion for the two-point function.

2.2 Derivation of the lace expansion

In this subsection, we derive the lace expansion for (¢,¢,), using the random-current representa-
tion. In Section 2.2.1] we introduce some definitions and perform the first stage of the expansion,
namely (LII)) for j = 0, simply using inclusion-exclusion. In Section [22.2] we perform the sec-
ond stage of the expansion, where the source-switching lemma (Lemma 23) plays a significant
role to carry on the expansion indefinitely. Finally, in Section 2.2.3] we complete the proof of
Proposition [Tl



2.2.1 The first stage of the expansion

As mentioned in Section 2.1 the underlying picture in the random-current representation is quite
similar to percolation. We exploit this similarity to obtain the lace expansion.
First, we introduce some notions and notation.

Definition 2.1. (i) Givenn € ZEA and A C A, we say that x is n-connected to y in (the graph)
A, and simply write ——yn A, if either z = y € A or there is a self-avoiding path (or we

simply call it a path) from z to y consisting of bonds b € B4 with n, > 0. If n € ZEA, we

omit “in A” and simply write x «— y. We also define

{o 2oy} = {2z y}\ {z >y in A}, (2.7)

and say that x is n-connected to y through A.

(ii) Given an event E (i.e., a set of current configurations) and a bond b, we define {F off b} to
be the set of current configurations n € F such that changing n; results in a configuration
that is also in E. Let Co(z) = {y: = «— y off b}.

(iii) For a directed bond b = (u,v), we write b = v and b = v. We say that a directed bond b is
pivotal for z —— y from z, if {z «—— b off b} N {b —— y in Ch(x)°} occurs. If {z — y}

occurs with no pivotal bonds, we say that z is n-doubly connected to y, and write z < y.

We begin with the first stage of the lace expansion. First, by using the above percolation
language, the two-point function can be written as

(PoPalr = Y. w%(An) > w%(An) 1o} (2.8)

on=oAx on=oAx

We decompose the indicator on the right-hand side into two parts depending on whether or not
there is a pivotal bond for 0 «— x from o; if there is, we take the first bond among them. Then,

we have
]l{oTx} = ]1{0<?x} + Z ]]'{O?Q off b} l{nb>0} ]l{l;T:c in C4(0)°}- (29)
beBA
Let
w (n)
775\0) (‘T) = Z 7 ]l{o?m} (210)
on=oAx

Substituting ([2.9]) into (2.8]), we obtain (see Figure [2)

wp (n
(Poa)y =T () + > Y. Z(A ) L{oesb off b} L{ny,>0} LBz in ¢4 (0)°}- (2.11)
beEBy On=oAx

Next, we consider the sum over n in ([2.II)). Since b is pivotal for o «— z from o (# z, due to

the last indicator) and dn = o A z, in fact ny is an odd integer. We alternate the parity of n, by
changing the source constraint into o A b A = {o} A {b,b} A {x} and multiplying by

> n oda(PJb)" /0!
Zn even(p‘]b)n/n!

= tanh(pJp) = 7. (2.12)



Figure 2: A schematic representation of (2Z.I11). The thick lines are connections consisting of bonds
with odd currents, while the thin arcs are connections made of bonds with positive (not necessarily
odd) currents. The shaded region represents C%(0).

Then, the sum over n in (2.I1]) equals

wA(n
Z %EX ) ]1{0<?l_7 off b} Tb]l{nb even} ]l{l;T:c in C%(0)°} (213)

on=oAbAx

Note that, except for b, there are no positive currents on the boundary bonds of Cf’l(o).
Now, we condition on C%(0) = A and decouple events occurring on B4 from events occurring
on By \ B 4, by using the following notation:

ky
inak) =[] ) (k € ZEA\Bay, (2.14)
bEBA\B 4c

Conditioning on C%(0) = A, multiplying Z4c/Z4c = 1 (and using the notation k = nlg A\B 4 and
m = n|g ,.) and then summing over A C A, we have

W .A ZAC wae(m) _
(m) Z Z ]1{0<T>Q off b} N{Ck (0)=A} Tb]l{kb even} ]l{bT:c in A}

ACA 9k=onb Zac
dm=bAx
'IUA W Ac
= Z Z ]l{o<?l_7 off b} N{CL (0)=A} Tb]l{nb even} Z Z( ) ]l{b<—>x (in A°)}
ACA On=o0Ab Om=bAz A
= {¢5¥e) 4e
wp (n
= Z Z( ) 1{04?)@ off b} Tb]l{nb even} <90590x>cg(0)c' (215)
on=ony N

Furthermore, “off b” and 1{n, even} in the last line can be omitted, since {0 <= b} \ {0 <= b off

b} and {On = o A b} N{ny odd} are subsets of {5 € C4(0)}, on which (5Pz) b (o) = 0- As a result,

(m) Z ]1{0<:>b} To <(10b90w>cb b (0)e” (216)

On=o0Ab

By (ZII) and (ZI6), we arrive at
(pora) = 1y () + Y w0 (B) 7 (wppu)y — RY (), (2.17)
beBA
where

wA

RY(@) =2 > ﬂ{m?g} Tb((tpgcm AT (cpgcpx>cg(o)c). (2.18)

beBp On=o0Ab

This completes the proof of (LII) for j = 0, with 7}’ () and R{{’(z) being defined in (ZI0) and
([2:18]), respectively.



2.2.2 The second stage of the expansion

In the next stage of the lace expansion, we further expand R\’ () in (ZIT). To do so, we invesl%gate
the difference (v50:), — (@502) e (o) I (2.18). First, we prove the following key propositio

Proposition 2.2. For v,z € A and A C A, we have

wae(m) wy(n)
vPx)A — \PvPzx) gc = L e 2.19
(popes = bpupalae = 3L S Sy B L (219)
on=vAx

Therefore, (Pue) g4e < (Potpa)a for the ferromagnetic case.
Proof. Since both sides of (2.19) are equal to 1{zcA} when v = x (see below (2.0))), it suffices to

prove (2.19) for v # x.
First, by using (2.3))—(235]), we obtain
ZAZ pe <<90v90x> — {Pvpz) 4 ) > Zsews(n > wac(m) Zy
on={v,x} om={v,x}
= Z wp(m) wp (n) — Z wp (m) wp (). (2.20)
Om=g, On={v,z} Om={v,z}, On=0
m‘]BA\]BACEO m‘]B;A\]BACEO

Note that the second term is equivalent to the first term if the source constraints for m and n are
exchanged.
Next, we consider the second term of (2.20]), whose exact expression is

(pJy)" (pJp)™e

> (I =)D Y e Y IT())
b mep. M-

Om={v,z},0n=0 " bEBA\B 4¢c beB 4c ON={v,z} om={v,z} bEB 4c

m‘BA\BAc =0 mI]BA\]BAC =0

(2.21)

The following is a variant of the source-switching lemma [I], [I3] and allows us to change the source
constraints in (2.21]).

Lemma 2.3 (Source-switching lemma).

> 11 < ):11{,ﬂ?mwc}r > I1 < > (2.22)

Om={v,z} bEB4¢c om=g  beEB 4¢
mlg,\p o =0 mg,\p .. =0
The idea of the proof of (222]) can easily be extended to more general cases, in which the
source constraint in the left-hand side of (2.22)) is replaced by dm =V for some ¥V C A and that in
the right-hand side is replaced by 0m =V A {v,z} (e.g., [1]). We will explain the proof of (2.22))
after completing the proof of Proposition
We continue with the proof of Proposition Substituting (2.22]) into (2.21]), we obtain

@20) = Z wp (N ]l{v<—>x1nAc} Z H< )

ON={v,z} om=g  beEB 4
mlg,\p .. =0
= Z wA(m) wA(n) ]l{zﬂTmc in A°}- (2.23)

Om=g, On={v,x}
mI]BA\]B_Ac =0

2The mean-field results in [I} 2 [3, 4] are based on a couple of differential inequalities for M, ;, and x, (under the
periodic-boundary condition) using a certain random-walk representation. We can simplify the proof of the same
differential inequalities (under the free-boundary condition as well) using Proposition

10



N= N,=3 Ny=1 N, =5 N=1

N : 0 5
41
G oCENEN o AN 4
13 23
45
21 42
S . 0 22 31 51 5
D A
13 23

a1

S8w 0 B

13 23

&

45

Figure 3: N = {N,}}_; = (3,3,1,5,1) is an example of a current configuration on [0,5] N Z,
satisfying ON = {0,5}, and Gy is the corresponding labeled graph consisting of edges e = b{,,
where ¢, € {1,...,Ny}. The third and fourth pictures show the relation between a subgraph S
with 9S = {0,5} and its image SAw of the map defined in (2.27), where w is a path of edges
(11,21,31,41,51).

Note that the source constraints for m and n in the last line are identical to those in the first term
of (2:20), under which L} is always 1. By 220), we can rewrite (2.20)) as

wp(m) wy(n)
v @) A — (PuPr) gc = Ty A 2.24
(Popa)p = (Por)a B_E:_ Za  Zy Tlene (2:24)
m=», on={v,x}

m‘]BA\]BAC =0

Using (Z3)-(24) to omit “m|g,\g,. = 0" and replace wp(m) by wae(m), we arrive at (ZI9).
This completes the proof of Proposition 2.2 O

Sketch proof of Lemma[2.3. We explain the meaning of the identity ([2.22]) and the idea of its proof.
Given N = {N}1ep, , we denote by Gn the graph consisting of N, labeled edges between b and b
for every b € By (see Figure [3]). For a subgraph S C Gy, we denote by JS the set of vertices at
which the number of incident edges in S is odd, and let Sy = SN GN\BA\BAC' Then, the left-hand

side of ([2.22]) equals the cardinality |&| of
S ={SCGnN:0S={v,x}, Sx=2}, (2.25)
and the sum in the right-hand side of ([2:22)) equals the cardinality |&'| of
&' ={SCGN:0S=9, Sq =2} (2.26)

We note that |S| is zero when there are no paths on Gy between v and z consisting of edges whose
endvertices are both in A°, while |&'| may not be zero. The identity (222]) reads that |&| equals
|&’| if we compensate for this discrepancy.

Suppose that there is a path (i.e., a ) w from v to  consisting of edges in Gn whose endvertices
are both in A°. Then, the map

Se6 — SAwed, (2.27)

11



Figure 4: A schematic representation of (Z.31). The dashed lines represent A, the thick-solid lines
represent connections consisting of bonds by such that my, +np, is odd, and the thin-solid lines are
connections made of bonds by such that my, + np, is positive (not necessarily odd). The shaded
region represents C%, +n(v).

is a bijection [Il 13], and therefore |G| = |&'|. Here and in the rest of the paper, the symmetric
difference between graphs is only in terms of edges. For example, S A w is the result of adding or
deleting edges (not vertices) contained in w. This completes the proof of (2.22]). O

We now start with the second stage of the expansion by using Proposition and applying
inclusion-exclusion as in the first stage of the expansion in Section Z2I1 First, we decompose
the indicator in (ZI9) into two parts depending on whether or not there is a pivotal bond b for

v «—> z from v such that v <2 b. Let

m+n m-+n

Ex(v,z; A) = {v % x} N {# pivotal bond b for v < from v such that v % b} (2.28)

On the event {v % z} \ Em4n(v,z;A), we take the first pivotal bond b for v «—— x from v

m-+n

satisfying v % b. Then, we have (cf., (2.9))

Loty = L ynwasd) D L in(obid) off ) Limytny>0) Libe—a in ¢t (0)°)- (2.29)
m-+n bg]BA m-+n
Let
WAc(IM) WA (N
@v,x;A[X] = Z % Z(A ) ]]‘Em+n(’l}7-'E§A)X(m + n)v ®v,m;A = ®v,m;A[1]- (2-30)

Substituting (Z29) into (ZI9), we obtain (see Figure M)

(‘Pv‘ﬁx>A - (‘Pvﬁpx>_,4c (2'31)
wge(m) wa(n)
= @v,x;A + Z Z T Z— l{Em+n(v,Q;A) off b} l{mb even, n; odd} ]1{5<—>x in Cfn+n(v)°}a
beBy om—o A A i
on=vAzx

where we have replaced “my + np > 07 in (Z29) by “my even, n, odd” that is the only possible
combination consistent with the source constraints and the conditions in the indicators. As in
(213]), we alternate the parity of n; by changing the source constraint from dn = v A z to
On =v A b A z and multiplying by 7,. Then, the sum over m and n in (2.31]) equals

we(m) wp(n
8;@ % Z(A ) ]I{Eern(v,Q;A) off b} Tb]l{mb,nb even} ]1{5;1—“;32 in Cfn+n(v)c}' (232)
In=vAbAz

12



Then, as in (2I5), we condition on C%,,(v) = B and decouple events occurring on Bpe from

events occurring on By \ Bge. Let m' = mlg 0\g crper M’ = M[B ey, N = n|g,\p, and

"

n” = n|p,.. Note that dm’ = dm” = &, On’ = v A b and In” = b A x. Multiplying [2.32)) by
(Z acoBe/Z acnpe)(Zp /Zge) = 1 and using the notation ([2.14]), we obtain

WA B Z.ACOBC waB(n') Zpe
(m) Z Z ZA l{Em’+n’ (U,Q;A) off b} n {Cfnl+n/ (U):B}
BCA om’'=9
On'=vAb
waenpe(m”) wpe(n”)
X Tb]l{mg,n;) even} Z Z_ACOBC ZBC ]l{bmﬁnx in B}
om'' =2
on’’ =bAx
'lU_AC
_ Z Z ( ) ]].{Em+n(v b: A) off b} n {Cm+n(v):B} Tb]]-{mbynb even} <(IDE(IDSU>BC
BCA Oom=g2 A
On=vAb
wye(m) wa(n)
- Z T_AC 7 LB n(w.b:A) off b} ToL {my,ny even} <(‘0590x>ch1+n(v)“ (2.33)
om=g
On=vAb

where we have been able to perform the sum over m” and n” independently, due to the fact that
16 «— zinB} =1 for any n” € ZBBC with On” = b A x. As in the derivation of (ZI8]) from

//+

2.15), we can omit “off ” and 1{my,ny even} in (2.33]) using the source constraints and the fact
that <905(’09”>Cfn+n( e =0 whenever b € C%,_,(v). Therefore,

wAc ) wa(n)

2.33) = az Z—A LB in(v,b:4) T (‘Pb(Px> b im0 (2.34)
Bn_;Ab
By ([230)-(234]), we arrive at
<90090m>/\ - <90v90w>,4c = Oy;4 + Z @v,Q;A ) <‘PE§DI>A

beBA
- Z O b:A [Tb<<90590x>/\ - <¢B‘Px>cb(v)c>}v (2.35)

beBA

where C’(v) = C5,,,(v) is a variable for the operation ©,, . 4. This completes the second stage of
the expansion.

2.2.3 Completion of the lace expansion

For notational convenience, we define wg(m)/Zg = I{m=0}. Since En(0,z;A) = {0 < z} (cf
(2:28))), we can write
E\O)( ) = Go,x;A' (236)

Also, we can write R}’ (z) in (ZI8) as

R (x) Z Oob:A [Tb<<90b90x> <90390w>cb(0)c>:| : (2.37)

13



Using (2.38]), we obtain

RS\D (x) = Z <@O b:A [Tb @b #,C (o ] + Z SEYN [Tb ®b v Cb(o)] Tb’(‘pb’(pm>
b o

— Z Oob:A [Tb 5. (0) [Tb/ <<<,05/90x>A — (@ Px) v (g)c)] } >, (2.38)

b/

where C?(0) = C4(0) is a variable for the outer operation ©, .5, and C¥ (b) = C¥, (D) is a variable
for the inner operation ©; b iCh (o) For j > 1, we define

) o (0) (1) . (j—1) €] .
7TA (.Z') - bzb 607é1§A|: by @bl,b C0|: @ J 17bj,é —2 |:Tb @ ]7'T C] 1:| i|i|7 (239)
15--4,05
( ) (0) (3-1) _ _ - R
] Z @0 by A|: b1,b2,Co [ 195 JJ lvijéj 2 |:Tbj (<(pbj(px>/\ <<,0bj90x>c~5_1)] H ’
bly 7
(2.40)

where the operation ©® determines the variable C; = Cnf}rn (b;) (provided that by = o). Then,
we can rewrite (2.38) as

R (z) = ni(x) + > 7w ) 7 (05 0a) , — RY (). (2.41)
Y
As a result,
(Pora)n = (m(@) = 7 (2) + D (w0 (®) — 7 () 7 (50) , + BY (2). (2.42)

b

By repeated applications of (235) to the remainder RY(z), we obtain (LII)-(LI2) in Proposi-
tion [LI1

For the ferromagnetic case, 7, and w4(n) for any A C A and n € ZIEA are nonnegative. This
proves the first inequality in (LI3]) and, with the help of Proposition 2.2, the nonnegativity of
R{*V(x) . To prove the upper bound on R{™(z), we simply ignore (¢ gox>cc 1 in (240) and
J—

replace j by j + 1, where b;j ;1 = {u,v}. This completes the proof of Proposition [Tl O

2.3 Comparison to percolation

Since we have exploited the underlying percolation picture to derive the lace expansion (L1I]) for
the Ising model, it is not so surprising that the expansion coefficients (2.36) and (2.39)) (also recall
(2.30)) are quite similar to the lace-expansion coefficients for unoriented bond-percolation (cf.,
[17):

EY [Liomsat] =Pplo <= 2) (j =0),

7 (x) =

Z EY )[]l{m:w y P, B []lEnl (Br.byiCo) "~ Doy By [lEnj(Ej,x;c},l)} H (j=>1),
b1,obs

(2.43)

where p = Y po . is the bond-occupation parameter, and each Eﬁf ) denotes the expectation with
respect to the product measure [ [, (pp L{nilp=1}+(1—pp) L{n;,=0}). In particular, the events involved

in (2.30) and (2.39) are identical to those in (2.43]).
Hoever, there are significant differences between these two models. The major differences are
the following:

14



(a) Each current configuration must satisfy not only the conditions in the indicators, but also its
source constraint that is absent in percolation.

(b) An operation © is not an expectation, since the source constraints in the numerator and
denominator of O in (2.30) are different.

(¢) In each ©@ for i > 1, the sum m;+n; of two current configurations is coupled with m; 1 +n;_;
via the cluster C~i_1 determined by m;_1 + n;,_;. By contrast, in each E;f) in (243), a single
percolation configuration n; is coupled with n;_; via Cioq = Cf{'F 1(51'—1)- In addition, m; is
nonzero only on bonds in Béfq’ while the current configuration n; has no such restriction.

These elements are responsible for the difference in the method of bounding diagrams for the
expansion coefficients. Take the 0*-expansion coefficient for example. For percolation, the BK
inequality simply tells us that

) (x) < Pplo «— z)2. (2.44)

For the ferromagnetic Ising model, on the other hand, we first recall (Z10), i.e.,

wa(n
TrE\O) (‘T) = Z Z(A ) ]l{o?m}y (245)

On=oAzx

where wp(n)/Zy > 0. Due to the indicator, every current configuration n € ZEA that gives
nonzero contribution has at least two bond-disjoint paths (1, (s from o to x such that n, > 0 for
all b € 1 U (y. Also, due to the source constraint, there should be at least one path ¢ from o to
x such that ny is odd for all b € (. Suppose, for example, that { = (; and that n, for b € (o
are all positive-even. Since a positive-even integer can split into two odd integers, on the labeled
graph G, with 0G,, = 0 A x (recall the notation introduced above (2.20])) there are at least three
edge-disjoint paths from o to x. This observation naturally leads us to expect that

Ty (2) < (Poa)i (2.46)

holds for the ferromagnetic Ising model. This naive argument to justify (2.46]) will be made rigorous
in Section M by taking account of partition functions.

The higher-order expansion coefficients are more involved, due to the above item (c). This will
also be explained in detail in Section [l

3 Bounds on II{(z) for the ferromagnetic models

From now on, we restrict ourselves to the ferromagnetic models. In this section, we explain how
to prove Proposition assuming a few other propositions (Propositions B.IH3.3] below). These
propositions are results of diagrammatic bounds on the expansion coefficients in terms of two-point
functions. We will show these diagrammatic bounds in Section 4l

The strategy to prove Proposition is model-independent, and we follow the strategy in
[14] for the nearest-neighbor model and that in [I5] for the spread-out model. Since the latter is
simpler, we first explain the strategy for the spread-out model. In the rest of this paper, we will
frequently use the notation

)l =l v 1. (3.1)

We also emphasize that constants in the O-notation used below (e.g., O(6p) in ([B3])) are indepen-
dent of A C Z.
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3.1 Strategy for the spread-out model

Using the diagrammatic bounds below in Section [, we will prove in detail in Section [5.1] that the
following proposition holds for the spread-out model:

Proposition 3.1. Let J,, be the spread-out interaction. Suppose that
T <2, G(z) < o0 + bollz] ™ (32)

hold for some 6y € (0,00) and q € (%l,d). Then, for sufficiently small 0y (with 8oL being
bounded away from zero) and any A C 74, we have

0y < JOO0) 00r + OO (i =0,1),
w {0(90)i|||$|||_3q (i >2). (3.3)

The exact value of the assumed upper bound on 7 in (3.2)) is unimportant and can be any finite
number, as long as it is independent of 6y and bigger than the mean-field critical point 1. We note
that the exponent 3¢ in (33) is due to (Z46]) (and diagrammatic bounds on the higher-expansion
coefficients), and is replaced by 2q with ¢ € (%d, d) for percolation, due to, e.g., (2.44]).

Sketch proof of Proposition [I.2 for the spread-out model. We will show below that, at p = pe,
T<2, G(x) < 8oz + O(L™2F) [l 2, (3.4)

for some small € > 0. Since 7 and G(z) are nondecreasing and continuous in p < p. for the
ferromagnetic models, these bounds imply ([B.2)) for all p < p,, with g = cL™27¢ > 0 and ¢ = d— 2,
where ¢ € (g, d) if d > 4 and 0yL?~7 = c¢L¢ > 0. Then, by Proposition B.1], the bound @3) with
0p = O(L=2%¢) and ¢ = d — 2 holds for d > 4 and y < 1 (thus L > 1). Therefore, by (LI3) with
<90090x>/\ < 17

0 R{™) ST A (W) = 0) ~0 (1 o), (35)

and by (LI2]) for j >0,

O(03)

O(63)(1 — do,z)
]2

|H(])( ) - 50,:E| < 0(90)50,x + |$|d+2+p )

= 0(00)00.0 + (3.6)

where p = 2(d—4). This completes the proof of Proposition for the spread-out model, assuming
(BE) at p = pe.

It thus remains to show the bounds in (3.4 at p = p.. These bounds are proved by adapting the
model-independent bootstrapping argument in [I5] (see the proof of [I5, Proposition 2.2] for self-
avoiding walk and percolation), together with the fact that G(z) decays exponentially as |z| T oo
for every p < p. [23],130] so that sup, G(x) is continuous in p < p. [28]. We complete the proof. [

3.2 Strategy for the nearest-neighbor model

Since 02 = O(1) for short-range models, we cannot expect that 6y in ([B2) is small, or that

Proposition B.1] is applicable to bound the expansion coefficients in this setting.
Under this circumstance, we follow the strategy in [I4]. The following is the key proposition,
whose proof will be explained in Section (.2
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Proposition 3.2. Let J,, be the nearest-neighbor or spread-out interaction, and suppose that

2
T—1< 8, sup(D * G*?)(z) < by, sup <x—l2 v 1> G(z) < b (3.7)
x xz(;v_l,l...,mgl)yﬁo o

hold for some 0y € (0,00). Then, for sufficiently small 0y and any A C Z¢, we have

. 14+0(63) (i=0) : . :
™V (x) < -0 ’ z*7{) (z) < do?(i + 1)?0(60)™2. 3.8
L@ 0@y Gz, PTE) <1706, (3.8)
Furthermore, in addition to (37) with 0y < 1, if

G(z) < Aoflz]|™* (3.9)
holds for some \g € [1,00) and q € (0,d), then we have for i > 0

A3 (i + 1)%7720(6,) - 2VO
|z

() < O(00) 60,2 + (1 —doz)- (3.10)

Sketch proof of Proposition [I.2 (primarily) for the nearest-neighbor model.  First we claim that
the assumed bounds in (3.7) indeed hold for any p < p, if d > 4 and 6y < 1, where §y = O(d~ 1)
for the nearest-neighbor model and 6y = O(L~%) for the spread-out model. The proof is based on
the orthodox model-independent bootstrapping argument in, e.g., [24] (see also [21] for improved
random-walk estimates; bootstrapping assumptions that are different from, but philosophically
similar to, (87)) are used in [20]). Therefore, (3.8]) holds for p < p. and hence ensures the existence
of an infinite-volume limit II(x) = lim ;74 lim;joo 1Y (x) that satisfies

> (@) =14 0(6p), > lef*[(z)] = do?O(67). (3.11)

As a byproduct, we obtain the identity in (L2I]) for 7(p.) for both models. Suppose that
G(z) < Aol =@ (3.12)

holds at p = p.. Then, by Proposition[.2, we obtain (3.10) with ¢ = d—2. Using this in ([B.5])-(3.0),
we can prove Proposition

To complete the proof, it thus remains to show ([B.I2) at p = p.. To show this, we use the
following proposition:

Proposition 3.3. Let

G = sup |z]°G(z), WO =sup > _|yl'G(y) G(z — ), (3.13)
T Ty

and suppose that the bounds in ([3.7) hold with 6y < 1.
(i) If 3, T(z) = 771 and |TI(x)| < O(||=]|~@*2), then we have

~ 2, () dd as |x| T oo
GO e D@ e T (314

(11) If >, || [II(x)| < oo for some r > 0, then, for s,t > 0 which are not odd integers, we have

’ (3.15)

G® <o if s<r and s<d-—2,
W®H <oo if t<|r] and t<d—4.
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(iii) If WO < oo for some t > 0, then Y, |z|T2|I(z)| < cc.

The above proposition is a summary of key elements in [14] Proposition 1.3 and Lemmas 1.5—
1.6] that are sufficient to prove (8:12)) in the current setting. The proofs of Propositions B3|(i) and
B.3((ii) are model-independent and can be found in [14], Sections 2 and 4], respectively. The proof of
Proposition B3((iii) is similar to that of the first statement of Proposition B2k ([B.7) implies (B.8]).
We will explain this in Section

Now we continue with the proof of (B.12]). Fix p = p.. Since the asymptotic behavior ([B.14]) is
good enough for the bound (B12]), it suffices to check the assumptions of Proposition B.3(i). The
first assumption on the sum of II(z) is satisfied at p = p., as mentioned below (B.I1]). The second
assumption is also satisfied if G < 00, because of the second statement of Proposition
(33) implies BI0). By Proposition B3(ii), it thus suffices to show that " 2| “F* I (z)] is finite
itd > 4.

To show this, we let

ro =2, rin = (A=A (1] +2)) — e, (3.16)

where 0 < € < 2(d — 4). Note that, by this definition, r; for i > 1 equals ((d —2) A (i +3)) — € and
increases until it reaches d — 2 — e. We prove below by induction that ) _ |z|"|II(z)| is finite for

all ¢ > 0. This is sufficient for the finiteness of || [I(z)], since

ZliTgri:d—2—ezd—2—§(d—4):d—‘:’f. (3.17)

Note that, by BII), >, |z|™(z)] < oco. Suppose >, |z|"[II(x)] < oo for some i > 0.
Then, by Proposition B.3[(ii), W® is finite for ¢t € (0, |r;]] N (0,d — 4). Since |rg] = 2 and
7] = (d=3)A(GE+2) fori > 1, WP with T = (i +2) A (d — 4 — €) is finite. Then, by
Proposition B.3(iii), >°, |#|T2II(z)] is finite. Since

TH+2=>G(+)ON(d-2—¢)> ((d=2)A(i+4)) —€=rit1, (3.18)
we obtain that ) |z|"*+!|II(z)| < co. This completes the induction and the proof of (B.12). The
proof of Proposition is now completed. O

4 Diagrammatic bounds on 7} (z)

In this section, we prove diagrammatic bounds on the expansion coefficients. In Section [£.1] we
construct diagrams in terms of two-point functions and state the bounds. In Section €2l we prove
a key lemma, for the diagrammatic bounds and show how to apply this lemma to prove the bound

on 74" (x). In Section 3], we prove the bounds on 7{’(z) for j > 1.

4.1 Construction of diagrams

To state bounds on the expansion coefficients (as in Proposition 1] below), we first define dia-
grammatic functions consisting of two-point functions. Let

GA(:%x) = Z <90y(PQ>ATby (4.1)
b:b=x
which satisﬁesﬁ
wp (n
(Pypa)p < Oya + Z Z ZS\ )

bib=g On=yAz bib=z On=yAb
ny odd np even

= 6@/793 + Z Ty Z w%i\n) S 6y,x + GA(y,x) (42)

3Repeated applications of (2] to the translation-invariant models result in the random-walk bound: (@, ) A S
S-(z) for ACZ% and 7 < 1.
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Figure 5: Schematic representations of P}xj)(vl,v;-) for j = 1,2,3, Pll\(;lu)(vl,v’l), PX;(;)’U(vl,vi),
P//\(?L)L(y,a;) and PX(S)v(y,x) The labels in the parentheses represent vertices that are summed
over, each sequence of bubbles from v; and v, represents ¥ (v, v}) — (5%1,;, and the sequence of
bubbles from v’ to v represents ¥ (v, v).

Let
o 00 J
2) =Y (GR)7(y,2) = by + Z > TGl w)?, (4.3)
7=0 j=1 OUAOZ; 7uj_ =1
U , U=
and define (see the first line in Figure [
P/(\l)(vlv ’UD = 2(¢A(U17 vll) - 51)1,1)3) <90v1 (Pv’1>A7 (4'4)

J
P1(\J)(U17 1)3) = Z <H (wA(Uh U;) - 61)2-,1);)) <90v190v2>A<90v290v’1>A
V2,505 N =1

j—1
< (L oy vy )i o), G2, (@)

i—
where the empty product for j = 2 is regarded as 1.

Next, we define P (J)(vl, ) by replacing one of the 2§ — 1 two-point functions on the right-
hand side of (£.4])— (IE) by the product of two two-point functions, such as replacing (¢,p./), by
(P20u) A(Pup2) 5, and then summing over all 2j — 1 choices of this replacement. For example, we
define (see the second line in Figure [f))

P[/x(,lqi (Ulv ,Ui) = 2(71)/\ (Ulv ,Ui) - 51)1,1/1) <(10U1 (pu>A<(pu(pv’1 >A’ (46)

and

P/\(ii(vl7v2) Z

U27v£ =1

=

(TZ)A (’Ui’ U;) - 5vi,v;.)> <<90v1 ¢U>A<‘pu(pv2 >A<(10v2 901)’1 >A<(’DUI1 (pvé >A
+<90v1 Pugy >A (‘Pvz Spu>A<90u(Pv’1 >A (‘Pv’l Spvé >A

+(wv1%>A<<ﬁv2%;>A<sovg<pu>A<cpusové>A>- (4.7)
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We define PX,(ZL) (U1, v;) similarly as follows. First we take two two-point functions in P/(Xj vy, v;-),
one of which (say, (., ©2 ) A for some z1, z}) is among the aforementioned 25 —1 two-point functions,

and the other (say, Ga(22,2) for some 2y, 2}) is among those of which ¥ (v;,v]) — Oy; 0, for i =

1,...,j are composed. The product (p., QOZQAéA(Zz, z4) is then replaced by

(Z (P00 0w 0ut), A v>> ((erpudn Gl 5) + G (o2 ) 8y

,U/

+ (P2 Pudp {Pua) D (<‘PZQ(PU’>AGA(U/= 2y) + G (22, 25) 51%) YA (v, ). (4.8)

UI

1(5) (

Finally, we define PA ! ) by taking account of all possible combinations of (¢, (pzi> A and

/(1)

Ga(22, 7). For example we deﬁne PA o (v1,v7) as (see Figure )

P//\/;(zlL),v(vl’ Ull)

= Z (27,0/& (Uh u,) é/\ (u,7 u”) <<90u’ QDU>AGA (’LL, u”) + él\(u,7 u”) 5u,u”) ¢A(u”7 ’U&)

! U !

u’ u v

X (v, (‘Dv/>A<g0vl(‘Dv/1>A’l/}A('U/, v) + (permutation of u and v’)), (4.9)

where the permutation term corresponds to the second term for P, (v1,v}) in Figure
In addition to the above quantities, we define (see the third line in Figure [)

PO (5, %) = {0y ) A (Pyu) p (PuPadn, (4.10)
PO (4, 7) = (0y0a) p (0yPu) p (PuPadp Y (0yu) g (@ pa) p Ua (W], 0), (4.11)
”
and let
Pho(y,x) =Y PAo(y, ), Ploo(y,x) =Y PyD (v, ), (4.12)
Jj=0 j>0

where P;foi(y,x) and Pszzv(y,a:) are the leading contributions to P,.,(y,r) and Py, ,(y,z), re-
spectively.
Finally, we define

Q/A;u(yv $) = Z (531,2 + éA(Z/) Z))Pll\;u(zv :E)’ (413)

z

Qy\;u,v(yv ‘/L’) = Z (5y,z + éA(Z/) Z))P//\,;u,v(z7 l‘)

+ Z (85,00 + Ga(y,v")) GA(V, 2) P (z,2) A (v, v). (4.14)

The following are the diagrammatic bounds on the expansion coefficients (see Figure [6]):

Proposition 4.1 (Diagrammatic bounds). For the ferromagnetic Ising model, we have
Pff?ﬁ(miﬂ) = <900‘Pw>?\ (j=0),
0) i1
i (x) < - = . 4.15
A ( ) o Z P//\(Oqjl o bl) <HTbin/\;vi,vi+1 (bi7bi+1)> Tij;\;vj (bj,ﬂj‘) (] > 1)7 ( )
b1,...,b i=1

V1,-- 7'!)3

where, as well as in the rest of the paper, the empty product is regarded as 1 by convention.
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Figure 6: The leading diagrams for 715\1)( ) and 77(2)( ). The segments that terminate with b; for
i = 1,2 represent ¢ + G (cf., (£13)—(4I4])). The labels in the parentheses represent bonds that
are summed over. There are artificial gaps in the figures to distinguish different building blocks.

4.2 Bound on 7\’ (z)

The key ingredient of the proof of Proposition [£lis Lemma L2 below, which is an extension of the
GHS idea used in the proof of Lemma 2.3l In this subsection, we demonstrate how this extension
works to prove the bound on 7'('5{))(.’1') and the inequality

wp (n
Z Z(A ) l{o?x}ﬂ{m?y} < PI/\(?; (0733)7 (416)

on=oAx

which will be used in Section 3] to obtain the bounds on 7{’(z) for j > 1.

Proof of (4.15]) for j = 0. Since the inequality is trivial if x = o, we restrict our attention to the
case of x # o.
First we note that, for each current configuration n with dn = {o,z} and L{oe==} = 1, there

are at least three edge-disjoint paths on G, between o and x. See, for example, the first term on
the right-hand side in Figure 2l Suppose that the thick line in that picture, referred to as {; and
split into (11 U (12 U (13 from o to x, consists of bonds b with n; = 1, and that the thin lines,
referred to as (3 and (3 that terminate at o and x respectively, consist of bonds b’ with ny = 2.
Let ¢/, for i = 2,3, be the duplication of ¢;. Then, the three paths (2 U (i3, ¢5U¢i12UCs and (11U
are edge-disjoint.

Then, by multiplying 7}’ () by two dummies (Z5/Zx)? (= 1), we obtain

V= Y wa (n) wp(m’) wp(m”)
TA ($) = 7 7 7 ]1{0<:>n x}
on={o,z}
Om’'=0m" =g

!
- Z wAZ(N) Z ]1{0‘?1’}1_[ all mno (4.17)
b

3 I m’!
ON={o,z} A on={o,z} b b b
Om’'=0m" =g
N=n+m'+m"

where the sum over n,m’,m” in the second line equals the cardinality of the following set of
partitions:

Gy = {(SQ,Sl,Sg) :Gn = U Si, 0Sg ={o,x}, 0S1 =0S; =@, 0 <= z in So}, (4.18)
i=0.1,2

where “0 <= x in Sp” means that there are at least two bond-disjoint paths in Sg. We will show
60| < |6y, where

&y = {(80781782) :GN = U Si, 0Sp = 081 = 0Sy = {07$}}~ (4.19)
i=0,1,2
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This implies (£15) for j = 0, because

N,!
I —

On=0m’'=0m"={o,x} b
N=n+m’+m"

and

3
wp (N) N! B wa(n)
Z 73 Z H ny! mil m!’! - Z AN : (4.21)
ON={o,z} A On=0m’'=0m" ={o,z} b b b On={o,x}
N=n+m’'+m”

It remains to show |&y| < |&(|. To do so, we use the following lemma, in which we denote
by QN the set of paths on Gy from z to 2’ and write w Nw’ = @ to mean that w and w’ are
edge-disjoint (not necessarily bond-disjoint).

Lemma 4.2. Given a current configuration N &€ ZBA, k>1,V C A and z; # 2z, € A for
1=1,....k, we let

Gn=UroSi 0So=V, 0Si=2 (i=1,....k),
& = ¢ (So,S1,-.-,Sk) 1 Twi € QN (i =1,...,k) such that w; C SoUS;

o , (4.22)
and w; Nwj =@ (i # j)

and define & to be the right-hand side of ({{.23) with ‘0S¢ = V, 0S; = @” being replaced by
“0So =V A{z1,21} A -+« ANzp, 2.}, 0S; = {2, 2.} 7. Then, |6] = |&'|.

We will prove this lemma at the end of this subsection.

Now we use Lemma with £ = 2 and V = {z1, 2]} = {22,25} = {o,2}. Note that &y in
(4.17]) is a subset of &, since & includes partitions (S, S1,S2) in which there does not exist two
bond-disjoint paths on Sy. In addition, &’ is trivially a subset of & in (ZI9). Therefore, we have
|S0| < |&(|. This completes the proof of [@I5) for j = 0. O

Here, we summarize the basic steps that we have followed to bound 74’(z) and which we
generalize to prove (£I6) below and the bounds on 7§’ (x) for j > 1 in Section 3.2

(i) Count the (minimum) number, say, k+ 1, of edge-disjoint paths on G, that satisfy the source
constraint (as well as other additional conditions, if there are) of the considered function f(x).

For example, k = 2 for 7}’ (z) = ZLA 2 on={or} WA(M) L{oe=a).

(ii) Multiply f(x) by (%‘)k = Hf:l(% > om;—z wWA(m;)) (= 1) and then overlap the k dummies
my,...,mg on the original current configuration n. Choose k paths wq,...,w; among k +

1 edge-disjoint paths on Gn+2f m

(iii) Use Lemma to exchange the occupation status of edges on w; between G, and Gy, for
every i = 1,..., k. The current configurations after the mapping, denoted by n,my, ..., mg,
satisfy On = 0n A Ow1 A --- A OQwy, and Om; = Ow; for i =1,... k.

Proof of ([{-16). Ify = o or z, then (@I0) is reduced to the inequality for 7{’ (z). Also, if y # 0 = =,
then the left-hand side of (@16]) multiplied by Zx/Zx = Y 5—pwa(m)/Zx =1 equals

Z wp(n) wp(m) Z wp (n) wp(m)

]l{o<—>y} < ]1{0‘—‘9}
on=0m=g ZA ZA " on=0m=g ZA ZA nrm
wp(n) wy(m)
= ). == = {pepy)is (4.23)
Z AN
On=0m={o,y}
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where the first equality is due to Lemma [2.3] Therefore, we can assume o # = # y # o.
We follow the three steps described above.
(i) Since y ¢ On = {o,x} and I{oe=a}n{o——y} = 1, it is not hard to see that there is an

edge-disjoint cycle (closed path) o — y — = — o. Since a cycle does not have a source, there
must be another edge-disjoint connection from o to =, due to the source constraint On = {o, z}.
Therefore, there are at least 4 (= k+ 1) edge-disjoint paths on Gy: one is between o and y, another
is between y and z, and the other two are between o and x.

(ii) Multiplying both sides of [@I6]) by (Zx/Z4)? is equivalent to

N Ny
Z wAZ(4 ) Z ﬂ{o?w} N{o—y} 1;[ ) - 573)!

ny! Mt mPtm
ON={o,z} A On={o,x} b b
Om;=2 Yi=1,2,3
N:n-i—Z?:l m;

wp(N) N
ON={o,z} A On=0m3z={o,x} p TVbe Ty, " Ty 72 My, e
omi={o,y}, Omy={y,x}

N=n+37_, m;

where we have used the notation ml(f) = my|,. Note that the second sum on the left-hand side

equals the cardinality of

{(So,sl,sg,gg) : (4.25)

Gn = U2y Si, 8So = {0,2}, 8S) = Sy = 8S3 = @
0<= xin Sy, o+« yin ’

and the second sum on the right-hand side of ([@.24]) equals the cardinality of
{(SO7S17§27S3) : GN = U?:O Sia aSO - 883 = {Oax}7 aSl = {07y}7 882 = {y,.ﬁl’}} (426)

Therefore, to prove ([4.24)), it is sufficient to show that the cardinality of (£28]) is not bigger than
that of (4.26]).

(iii) Now we use Lemma with £ = 3 and V = {z3,24} = {o,z}, {z1,2]} = {o0,y} and
{22, 25} = {y,x}. Since (£27)) is a subset of & in the current setting, while &’ is a subset of (Z.26]),
we obtain (£24)). This completes the proof of (AI6]). O

Proof of Lemma[{.3 We prove Lemma by decomposing &) into ka Ggi (described in detail
below) and then constructing a bijection from &g, to G&k for every ;. To do so, we first introduce
some notation.

1. For every i = 1,...,k, we introduce an arbitrarily fixed order among elements in QE_)Z,_. For
w,w' € QE—&:” we write w < ' if w is earlier than ' in this order. Let Qle—»z’ be the set of
i i 1

paths ¢ € Qle—w{ such that there are k — 1 edge-disjoint paths on G \ ¢ (= the resulting
graph by removing the edges in () each of which connects z; and 2/ for every i = 2,... k.

2. Then, for wy € QZN ,, we define =Nt be the set of paths ¢ € QN
1—2] 2225 29—
that ¢ 2 £ for any £ € Ql:—w’ earlier than wy. Then, we define le\;ilz, to be the set of paths
1 2

¢ € N1 such that there are k — 2 edge-disjoint paths on G \ (w1 U ¢) each of which is

e /
23— 25

, on Gn \ wy such
22

from z; to 2} for i =3,... k.
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3. More generally, for | < k and & = (w1, ...,w;) with wy € ON L ws € Qz;ilzé,

z1—2]
ONP1 e define ZNV |, to be the set of paths ¢ € Qg , on Gy \J\_, wi such that

2=z ) TA 12 17214

L, wp €

¢ & forany € € Q _’q’;,_l earlier than w;, for every ¢ = 1,...,l. Then, we define QN

241724
,—..N wl

to be the set of paths ( € 2 ,such that there are k — (I + 1) edge-disjoint paths on

H+H17%1 41

GN \ (U _,w; U() each of Wthh is from z; to 2, for i =1+2,... k.

4. If | = k — 1, then we simply define Nide1 _ 2N@e1 - We will also abuse the notation to

z—z), 2 —z),
NG,
denote ON by Q0

21 —>z zl—>zl

Using the above notation, we can decompose &) disjointly as follows. For a collection w; €
QNfizf for i = 1,...,k, we denote by 6@ the set of partitions S, = (So,S1,...,Sk) € 6 such

2;— 2]
that, for every ¢ = 1,...,k, the earliest element of QNilz,_l contained in So US; is w;. Then, &)

is decomposed as

) = U U U 6. (4.27)

ON ~N;w »]
w1€Q “1 k-
1€ Zl‘“i szQz o wipEN

27729 zp—z2

To complete the proof of Lemma [4.2] it suffices to construct a bijection from &g, to ng for

every . For §k € G, , we define
Fy.(Sp) = ( 0(31)(80)7- (k)(Sk)) = (SO AU wi, S1 AW, S Awk), (4.28)

where 8F£0)(S ) = VA{z1,21} A - Az, 2.} and OF(Z)( i) zi} for i = 1,...,k. Note

= {&,
that, by definition using symmetric difference, we have Fw (ﬁ@k (g ) = Sk. Also, by simple
combinatorics using w; Nw; =S; NS; = & and w; C SpUS; for 1 < j < k and i # j, we have

LE)NFYE) =2, ©S0) UF () = (So & Upgywi) US,. (4.29)

Since w; C SoUS; and w; N Ui# w; = &, we have w; C F(O)(S YU Fﬁj)(S-).
It remains to show that w; is the earliest element of QN w] "in Fio) (So) U F5 (])(Sj). To see this,

we first recall that QN wjz, ! is a set of paths on G \

i

in (S A U w;) US; is still w;. Furthermore, since each QZ,’J; for ¢ > j is a set of paths that

do not fully contain w; or any earlier element of QZNiJZ ' as a subset, wj is still the earliest element
3%

of

i<j Wis SO that its earliest element contained

1<j

((SO A Uy w ) Us; ) A (UM wi) (SO NV wz> US; = FY(So) UFY(S)).  (4.30)

Therefore, F:;k is a bijection from &g, to 6231@‘ This completes the proof of Lemma O
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4.3 Bounds on 7{’(z) for j > 1

First we prove (£.I5]) for j7 > 1 assuming the following two lemmas, in which we recall (2.30]) and
use

Enle,aiA) = {z <o 2} 0 {z 1), B,y v:A) = Biy(z 0 A) 0 {z < v},
(4.31)
we(m) wy(n) we(m) wy(n)
/z,m;.A = Z ZAC 7 ]1Em+n(z z;A)» @,/z/,x,v;.A = Z ZAC 7 lE,’;.Jrn(z,m,v;A)'
om=g om=g
on=zAx on=zAx
(4.32)
Lemma 4.3. For the ferromagnetic Ising model, we have
Oy,a;4 < Z (5y,z + GA(y, Z)) 9/2',:0;.,47 (4.33)
z
@y,x;A[]l{Zﬂ—W}] < Z (5y,z + GA(y, Z)) /z,,:c,v;.A
z
+ 3 By + Gay, ) G0, 2) O g (0, 0). (4.34)
v,z
Lemma 4.4. For the ferromagnetic Ising model, we have
@,:cA<ZPAu Y,z )7 @,/SC’UA<ZPAUU Yy, x ) (435)

ueA ueA

We prove Lemma [£3] in Section 131l and Lemma [£.4] in Section
Proof of (4.13) for j > 1 assuming Lemmas[{.-3H4-4} Recall (2.39). By @33), (435) and (4I3)),

we obtain
(G-1) ) (3-1) _
GBj,l,gj;c}-,2 {T ij,xc} 1} < @bj 120y [ZTb 5b z+GA bj, 2)) Z Phiy, (2 x}
1)360171
<Z@<aj 11)7]7~ (145, -1 —;3] 7, Qs (B, ). (4.36)
For j =1, we use (£I6]) and (436]) to obtain
V() = ;@ggl { NI ’éo} _bZ@g;,l AL fo—u1}] T Qo (b1, 2) (4.37)
1,V1

wA _ _
= Z Z ]l{o?bl}ﬂ{m?vl}> T, Qprw, (b1, ) < Z P (0,01) 4, Qo (b1, ).

b1,v1 on= OAb b1,v1
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For j > 2, we use (£.34)-(£35]) and then (4I3])-(4.14) to obtain

G-1) () (-1 _ / 7.
951‘71,6--@72 [Tbj ngm;éjﬂ} Z @bg 1,0;:Cj 2 []l{bjfl(_wj}] b QA%”J‘ (bj, @)

7‘] 9’
vj

SZTij;\;vj(Eﬁx)(Z(éJ 1Z+GA( j—1, % )) Z PAUJ 1v3(27bj)

Z vj,1ECj72

+ Z (5@-,1,1)’ + éA(Ej—b U/)) éA(U,7 Z) Z P//\;vj,1 (%Qj) T/JA(Ulv Uj))

vj,leéj,g

< Z ]]-{vj71 €Cj_2} Qy\;vj,l,vj (Ej—l’ Q]) Th; Q?\;vj (5j7 $) (438)

Vj—1,0;

We repeatedly use (4.34))—(4.35]) to bound @Zl)b o Lhi—vip}] fori=j—2,...,1 as in [38),
752, 7,+1y i—1

and then at the end we apply (AI0]) as in (4.37) to obtain (£I5]). This completes the proof. [

4.3.1 Proof of Lemma [4.3]

Proof of {{-33). Recall (Z30) and (@.32). Then, to prove ([€33]), it suffices to bound the contribu-

tion from 1p,, ., (y2;40\EL, , o (.2:4) DY > .Gy, 2) O, 4
First we recall (2Z28)) and (£31]). Then, we have

Emin(y, 7 A) \ Epyn (4, 73 A) = Eman(y, 23.4) N {{y < 2} \ {y < a}}. (4.39)

m-+n

On {y — z} \ {y = x}, there is at least one pivotal bond for y o from y. Let b be

the last pivotal bond among them. Then, we have b = off b, my + np > 0, and y o b in

Cl . n(z)¢. Moreover, on the event Fp,n(y, 7;.A), we have that y b bin A° and b <2 . Since

m-+n

{b = off b} N {b <—> 2} = {Eln(b,2;A) off b} on the event that b is pivotal for y e

from y, we have

Em+n(y7x A) \Em—i-n(y?x; A)
- U {{Em+n (B,;.A) off b} (1 {my + 1y > 0} N {y == b in AN Chyn(o )C}}. (4.40)

Therefore, we obtain

/
GyﬂﬁA_@yx.A

wAC ( )
=> > en (b5 A) off 0} Lyt >0 Ly —bin Aonch @) (441)
b Om=g
on=yAx

It remains to bound the right-hand side of (4.41]), which is nonzero only if m; is even and ny,
is odd, due to the source constraints and the conditions in the indicators. First, as in (231]), we
alternate the parity of nj by changing the source constraint into dn = y A b A x and multiplying
by 7. Then, by conditioning on C3, , ,(x ) as in ([233)) (i.e. condltlonlng on Cb . (z) = B, letting

" :
m' = mlg,, m” = mlp . s, D' = Nlg,\Bye and n” = n|g,., and then summing over

\BACmBC?
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B C A), we obtain

c Zc c ()Zc
Z Z WAe B AcnB U)ABZA B

Ligr,, (basA) off b} {ch,,,  (x)=B}
BCA om'=2

on’'=bAx

XTb]l{mg,n;7 even} Z

om’ =&
on"’ =yAb

W AcnBe (I’Il”) ’LUBC(IIH) 1 b JenB
— cnBC
Z AenBe Zge Wt ® '

= (‘Py%og)Acﬁ B¢
wae(m) wa(n) i}
= > T Zy HBmin®aiA) oft b} Tl g even) {Pyeb) aencs, (@) (4.42)
om=g
On=bax
Since <(py‘p§>Acr\C£’n+n(x) =0on El (b, 2 A)\{Ehin(b,2;.A4) off b} C {b € Cl,,(x)} and on the
event that my, or ny is odd (see below (2.I5]) or above ([2.34])), we can omit “off b” and 1{m,n; even}
in (.42). Since (py¥b) gen o (@) < (¢yop), due to Proposition 2.2 we have
b b n b

wae(m) wy(n) _
E12) < {pyep) )T g n Zx lg;  Gaa) = (©yPp) AT @/E,:c;A' (4.43)
om=02
on=bax

Therefore, (441 is bounded by (¢, ®p) 7o @% A = S, Gy, 2) ©’, ,.4- This completes the
proof of (A33]). O

Proof of (4.34)). Recall (230) and (4.32]). To prove ([@.34]), we investigate
L= {Emn(y, 2 A) N {y < v} \ B oy, 7,05 A)

= {Em—l—n(yv x; “4) \ Ellm—i-n(yy x; A)} N {y m U}’ (4'44)

where Oy 2 [11] = Oy gsa[L{y—v}] — O , . 4.

First we recall (£40), in which b is the last pivotal bond for y N from y, and define

Ri(b) = {Eq n(b,x,v; A) off b} N {my, +np >0} N {y ——bin AN Cln(2)°}, (4.45)

R ( ) - {Em—i-n(b’x;A) off b} a {mb +np > 0} N {y <m—+n> Q in AC N Cfn—i—n( )Cv Yy m U}7 (446)

where v € C% |, () on Ry (b), while v € C4, . (y) on Ro(b). Since

L= U{Rl ) U Ra(b)}, (4.47)

we have

@y,m;A[]l{y‘—’U} @//m A T Z ( y,z5A ]]‘Rl )} + ®y,w;A[lR2(b)}>- (4-48)
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Following the same argument as in (£42)—(4.43]), we easily obtain

wa-(m) wy(n)
Opuallmm] = D, —— {7, (B.0:A) off b} To Ly my even} (PyPb) st (o)

c m-+n
om=g Z‘A Z
On=bAx
wae(m) wy(n)
<lpyaham DL~ = Lpn L Gawt) = (yea OF, o (449)
om=g A A
On=bAz
Similarly, we have
wAC wp (n)
Oy.z:a [ LRy ) Z Z e . BasA) off b} n{Ch, . (2)=B} ToL{myn, even}
BCA dm=o ZA
On=bAz
wense (h) wpe (k)
X Z Z senie Ze ]l{ymé in A°NB°, i (in B°)}
ak yAb

wac(m) wa(n)
< Z Z A Zn LB @A) oft 0} ToL{mymy, event Wy pvsach | () (4.50)

om=g
On=bAx
where
waen e (h) wpe (k)
e . 4.51
Y,2,V5A, 8hZ::® ZAC[-]BC ZBC {yh+kv} ( )
Ok=yAz

We note that, by ignoring the indicator in (£51]), we have 0 < W, . .4 5 < (@y¥z) g, Which is zero
whenever z € B. Therefore, we can omit “off b” and 1{m,n; even} in (£50) to obtain

w e (m) wp(n)
Oyza[ LRy ()] < az ~Ze 2y Ennba T Vypuach @) (4.52)
m=J
On=bAz

Substituting (£.49) and (£52]) to (£48]), we arrive at

Gy,x;A[]l{y<—w}] < Z (6y z T GA(y, )) 9/z/m A

wAc wy (n)
+ Z Z A ]]'Ellm+n( A) A) To \Ily b,v;A Cern(:E) (453)
om=g
On=bAz

The proof of ([@34]) is completed by using

\Ily,Z,U;-A,B é Z <(10y900’>/\<900’ (102>A ¢A(UI7 U)v (4'54)

UI

and replacing (pyy), in @&E5) by 6y + Ga(y,v'), due to ).
To complete the proof of (£34]), it thus remains to show (4£54]). First we note that, if A C B,
then by Lemma 23] we have

WRe (h) WRe (k)
Uy 2 04,8 = Z TBC T ]l{y<—>v} = <90y90v>30 (‘Pv‘ﬂz> <90y(PU>A<(PvSDZ>A' (4'55)
a?cl;zyiz
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However, to prove ([4.54]) for a general A that does not necessarily satisfy A C B, we use

{ypvt={yv o u{{yp o\ {y v}, (4.56)

h+k

and consider the two events on the right-hand side separately. The contribution to ¥, . .. 4 5 from
{y — v} is easily bounded, similarly to (£23]), as

wge (k) wge (k) wge (k')
Z e ]l{yTv} = Z T e T ]l{y<—>,v} = (PyPu) ge (PvPz) pe
Ok=yAz B Ok=yAz B B ktk

ok'=o

< <90y90v>A<90090z>A' (4.57)

Next we consider the contribution to Wy, ; ,. 4 5 from {y g vI\{y — v} in ([456]). We denote

by Cx(y) the set of sites k-connected from y. Since v € Ch4x(y)\Cx (), there is a nonzero alternating
chain of mutually-disjoint h-connected clusters and mutually-disjoint k-connected clusters, from
some ug € Cx(y) to v. Therefore, we have

]l{lﬂ—w}\{y‘—’v} < Z Z ]l{yTuo} < H ]]'{UZZ‘T’“sz}) <H 1{“211<T>u21}>

h+k
UQ, U >0 1>1

ug #ul/ Vl;ﬁll
Uj;=v

X( H Liey (uz) N Ch (ugy =2} E{Ck(uzl)ﬂck(uzl/):®}>a (4.58)
LI'>0

141

where we regard an empty product as 1. Using this bound, we can perform the sums over h and
k in (45])) independently.
For j = 1 and given uy # u; = v, the summand of (£58]) equals ]l{yTuo}]l{UOTv}, which

is simply equal to L{y—w} if up = y. Then, by (£57) and (@2]), the contribution from this to
qu"Z’U;A’B iS

wpe (k) waen g (h) 2
akZA Ze ]l{y<—>uo} Z Z.Acﬂ e ]l{uon} < (@yPuo) o (PuoPz) n Galuo, v)”. (4.59)
=yAz

Fix j > 2 and a sequence of distinct sites u,...,u; (= v), and first consider the contribution
to the sum over k in (£51I]) from the relevant indicators in the right-hand side of (£.58]), which is

ch(k)
> l{yTuo}<H1{u2HTuzl}> [T ewwan newtun-2) (4.60)

Ok=yAz >1 1L,I'>0

1AV
ch(k)
SN 10 | T
B >1

Ok=yAz

H Licw (uz) ﬁCk(uZZ/)=®}> ]l{yTuo} N {Cu (u0) Ny, 1 =2}
LU'>1
14T
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where Uy, = Ul21 Ck(ug;). Conditioning on Uy, we obtain that

ch(k)
(m) - Z ZBC <H]‘{u2l1‘?u2l}>< H ]]‘{Ck(u%)ﬂck(um/):@})
k=g

>1 LI'>1
1Al
wpenug,, (K)
ok'=yAz Benth, k

< {PyPug) o (PugPz) 5

Then, by conditioning on Uy.o = Uzzz Cx(ugp), following the same computation as above and using
(42)), we further obtain that

@B < (oyPuo)p{Puopsdn D wl;éck) (g ll{umlTum}) <

H ]l{Ck(uzl)ﬂCk(uzy)zz}>

k=0 LI>2
£l
wpenug,, (k)
X D L} (4.62)
Ok = BenUy k

< G (u1,u2)?

We repeat this computation until all indicators for k are used up. We also apply the same argument
to the sum over h in (L5]]). Summarizing these bounds with (£57) and ([&59), and replacing ug

in (A58)-([6T) by v', we obtain (£54]). This completes the proof of (£.34]). O

4.3.2 Proof of Lemma 4.4

2

We note that the common factor ]l{yxﬁlx} in @;,x;A and @y%v;

4 can be decomposed as
Lyea) = Hyemay + Hyesop\yesa) (4.63)

We estimate the contributions from 1{y<==z} to @;71,; 4 and @Z%U; 4 in the following paragraphs (a)
and (b), respectively. Then, in the paragraphs (c) and (d) below, we will estimate the contributions

from Ly =P \{ype) in [@63) to ©) ,. 4 and Oy , 4, respectively.

(a) First we investigate the contribution to ©] , , from I{y«=a}:

w e (m) wp(n)
>, Liy Ay n{yemay (4.64)
om=02 Zac ZA mn "
on=yAzx
For a set of events Ei,..., En, we define Ej o--- 0o Eyx to be the event that Fq,..., Eny occur
bond-disjointly. Then, we have
Lysoy 0 yesat < Lot nfyesat < D Liyeuto (uepn) o fyporh (4.65)
uceA

where the right-hand side does not depend on m. Therefore, the contribution to @;7 zA I8 bounded
by

wp (n
EED<), > Z(A ) Ly u}ofuc—alofye—a} < D Pro(y:), (4.66)

ueA On=yAzx u€eA
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where we have applied the same argument as in the proof of (£I6]), which is around (4.23])—-
(@.26). O

(b) Next we investigate the contribution to ©y , . 4 from L{y<=a} in (LG3):

wc(m) wy(n)

_ ]l <i>;p x — ) 4'
81%::@ ZAC ZA {ym+n }ﬂ{y? }m{mern } ( 67)
on=yAzx

Note that, by using (£.56) and ]l{y%m:} < 1{y<Z-z}, we have

LiyAsayn fyepatn iy} < Lytoan{yema) (MyTv} + ﬂ{ymv}\{yTv}>- (4.68)

We investigate the contributions from the two indicators in the parentheses separately.
We begin with the contribution from 1{y——wv}, which is independent of m. Since

ly<ayn{y=ain{y v} C{y <o a}oly ——a, y o v}, (4.69)
{y%x}c U{yTu}o{uT:ﬂ}, (4.70)
uce A

the contribution to (A67) from 1{y——wv} in (AG8) is bounded by

Z Z wA ]l{yTu} o{us—z} o {ye—z, yerov} (4.71)

u€A On=yAzx

We follow Steps (i)—(iii) described above ([£23]) in Section Without loss of generality, we can
assume that y,u, z and v are all different; otherwise, the following argument can be simplified. (i)
Since y and x are sources, but u and v are not, there is an edge-disjoint cycle y — u — x — v — y,
with an extra edge-disjoint path from y to x. Therefore, we have in total at least 5(= 4 + 1)
edge-disjoint paths. (ii) Multiplying by (Zx/Z4)*, we have

Ny!
(m Z Z wA Z ]l{yTu} ) {uTm} ) {mi, yTv} H 4—1)(1-)!7

T
uce A ON=yAz on=yAx b T Hz:l my,
Om;=0 Yi=1,...4
N:n+2?:1 m;

(4.72)
where we have used the notation m{” = my|,. (iii) The sum over n,my, ..., my in (@72 is bounded
by the cardinality of & in Lemma A2 with k =4, V = {y,z}, {z1, 21} = {y,u}, {22, 24} = {u, z},
{z3,25} = {y,v} and {z4,2)} = {v,z}. Bounding the cardinality of & in Lemma for this
setting, we obtain

w N!
=y ¥ R Y [t

ue A ON=yAzx on=yAzx b
omi1=yAu, Oma=uAx
8m3 yAv, 8m4 VAT

n+z —1 M,

< Z ‘Py%ﬂ ‘Py(vpu> <90u90w>/\<90y9%>/\<9%90m>/\- (4.73)
uceA
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Next we investigate the contribution to (4.67]) from l{ymv}\{yTv} in (468]). On the event
{ly=z}n{{y — v}\{y < v}}, there exists a vo # v such that {y «— z}o{y «— =z, y «—

vo} occurs and that vy and v are connected via a nonzero alternating chain of mutually-disjoint
m-connected clusters and mutually-disjoint n-connected clusters. Therefore, by (A58]) and (A70])
(see also ({.71))), we obtain

Liy2ayn{ye=ain H{ygmeyoo}

= Z Z Z ]l{y‘T’U} o {“‘T‘ﬂﬁ} © {yT% y‘TUO} < H ]l{vzl?vzlﬂ})

WEA j>1 V05 Vj 1>0

vﬁévl/ Vl;ﬁll
vj=v
X <H ]l{vmlTvm}) ( H L {Crn (v21) N Con (vgy ) =27} ]l{c,,(vm)mcn(vm,):z})- (4.74)
I>1 1LU>0

A1

For the three products of indicators, we repeate the same argument as in ([{59)-(4.62]) to derive
the factor 5 (vo, v) — dy,v. As a result, we have

Z wge(m) wp(n)

= Zi Iy Liy2a) 0 fyemsad 0 {fy oM yol}
3n=§Aw
wp (n)
< Z (wA (an U) - (51)0,1)) Z Z ZA ]l{yTu} o{uTx}o {y<T>m7 yTUO}. (475)
vo u€A On=yAz

Following the same argument as in (L7I)-(Z73), we obtain

(@73) < Z (¢A(UO’U) - 51}0,0) <90y90m>/\<90y90u>A<90u90m>A<90y90v0>A<90vo‘:0w>/\

u€A, v

<> <PXfﬁfv(y,w) - (cpysox>A(cpysou>A<sOu<px>A<soy<pv>A(<pvsox>A>- (4.76)
ueA

Summarizing ([4.68), (A.713) and ([@T6]), we arrive at
BED) < D Py, ). (4.77)

ueA

This completes the bound on the contribution to @Z’x’v; 4 from I{yez} in #53). ]

(¢) The contribution to @;@;A from l{ylﬁlm}\{y?m} in ([4.63) equals

wge(m) wa(n) -,
812;@ ZAC ZA l{ymr}ﬂ{{ylﬁlx}\{y?x}}. (4.78)
On=yAx

Note that, if 1{on=yaz}\{y<>2} = 1, then y is n-connected, but not n-doubly connected, to z,
and therefore there exists at least one pivotal bond for y «— z. Given an ordered set of bonds

by = (b1,...,br), we define

T
HH;ET(y,:p) ={y<=0b}n ﬂ {{5Z = b} N {nbi >0, b; is pivotal for y «— :E}}, (4.79)
i=1
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Figure 7: An element in E&?s}’ which consists of s1t1 = {0, 3}, soto = {2,4}, sst3 = {4,6} and
S4t4 = {5, 8}.

where, by convention, by, = z. Then, by Loyt gy < Tpycdigy, we obtain
m-+n n

@.18) = ZZ Z wAc waln )]l{y%x}ﬂH B W) H{y =}

T>1 . Om=o Zn
on=yAzx
’LUAC ( )
<> > T 2y T s 0 )0yl (4.80)
T>1 b om=g
on=yAzx

On the event Hn-ET (y,x), we denote the n-double connections between the pivotal bonds
bi,...,br by ’

C*’l( ) (i =0),
Dpi = { COF () \Cli(y) (i=1,...,T—1), (4.81)
Ca\CoT(y)  (i=T).

As in Figure[7], we can think of C,(y) as the interval [0, T], where each integer ¢ € [0, 7T'] corresponds
to Dn;; and the unit interval (i — 1,47) C [0, 7] corresponds to the pivotal bond b;. Since y =

we see that, for every b;, there must be an (m + n)-bypath (i.e., an (m + n)-connection that does
not go through b;) from some z € Dy, with s < i to some 2 e Dy, with t > i. We abbreviate
{s,t} to st if there is no confusion. Let E(l)T] = {{0T}}, E(z) = {{0t1,8T} : 0 < s9 <t; <T}

and generally for j < T (see Figure[T),

£(])

0,1 = {{siti}gzl 0=51<s9<t1 <83+ < tjo<s; <tj1<t;= T}. (4.82)

For every j € {1,...,T}, we have Jp[s,t] = [0,T] for any I' € E%?T}, which implies double
connection. Conditioning on Cn(y) = L) Dn;i = B (and denoting k = n|g,., h = n|g,\p,. and
Dh;i = Dny = B;) and multiplying by Zge/Zp:, we obtain

’lUAc(l’Il) ’lI)AJg(h) ZBC U)BC(k)
amm=> > > > —Z 7 T Mo} N5 (1) 0 {Ch()=5)

BCA T>1 j, dm=0k=2

Oh=yAx
T J
DY > (Hl{zie&z, zeBt}m{zz<—»z'}>Hﬂ{cmw(zmcmk(zz) o). (4.83)
I sl i

J
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Reorganizing this expression and then summing over B C A, we obtain

@E)=>.> > wA ﬂ{y%w}mngT(ym

T>1 bT on=yAx

J
Y8 (Mreem o)

) . ) Z1yee0y%j i=1
J {Siti}Z:lez’[O,T] 2, zz

J
’LUAC( WA c
X Z ZAC D <H ]l{Zﬂ—)z/}) H ]l{Cerk(Zz) N Conti (21)=2}s (484)

Om=0k=02 1#£l

where we have denoted Cy(y) by D. In the rightmost expression, the first line determines D that
contains vertices z;, z, for all ¢ = 1,...,j in a specific manner, while the second line determines the
bypaths Cmik(zi) joining z; and 2} for every i = 1,...,j. We first derive n-independent bounds
on these bypaths in the following paragraph (c-1). Then, in (c-2) below, we will bound the first
two lines of the rightmost expression in (4.84)).

(c-1) For j =1, the last line of the rightmost expression in (4.84]) simply equals

w_ge (m) wpe (k)
> o Z LN p— (4.85)
Om=0k=02 A De mE

Since 21,2, € D and z; # 2, these two vertices are connected via a nonzero alternating chain
of mutually-disjoint m-connected clusters and mutually-disjoint k-connected clusters. Moreover,
since z1, 2] € D and k € Z]Eif’c, this chain of bubbles starts and ends with m-connected clusters
(possibly with a single m-connected cluster), not with k-connected clusters. Therefore, by following
the argument around ([A.58)—-(4.62]), we can easily show

@) < > (GR) V(e 2. (4.86)

>1

For j > 2, since Cpik(2i) for i = 1,...,j are mutually-disjoint due to the last product of the
indicators in (£.84]), we can treat each bypath separately by the conditioning-on-clusters argument.
By conditioning on Vmix = J;>9 Cm-+k(%:), the last line in the rightmost expression of (£.84]) equals

y ik <Hn{2ﬁz}><ﬂ]l{cmk(z»mw(zz):‘?’})

om—ok=g A i1>2
iZl
/ /
waenvs, (M) Wpenye | (K)
X Z - 7 Iy, — 2} (4.87)
om'—ok'=z AT Vi DN Vi m

By using (4£86]) (and replacing A° and DC in (@385) by A°N Vg . and DEN Ve ko Tespectively),
the second line of [@S8T) is bounded by Y5, (G%)*#~D (2, 2}). Repeating the same argument
until the remaining products of the indicators are used up, we obtain

@=7) < HZ A G2, (4.88)

i=11>1
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Figure 8: Schematic representations of I1(y, z,x), Is(y, 2’,x) and I3(y, 2, 2/, x).

We have proved that

J
*2[ 1) wpn
@<y S (IS @) 5 0,
7>1 Zl, 7Z] i=11>1 on=yAx A
zl, ,zJ

x Z Z Z In ; L (0:) H Liz€Dnss,, 2/€Dnst, - (4.89)

T2 Br gsitifieLf

(c-2) Since (£89) depends only on a single current configuration, we may use Lemma to
obtain an upper bound. To do so, we first simplify the second line of (4.89)), which is, by definition,
equal to the indicator of the disjoint union

U U U {Hn;ET(y’x) N ﬂ {Zi € D, Zg € Dn;ti}} (4.90)
i=1

T>j ET {Siti} Eﬁ(J)

[0,T]
. . . J
U { U U U {Hn;ET(y’$) n ﬂ {zi € Dn;Sw Zz{ € Dn;ti}}}v

by r1=eip1 "i= 07 sJ—1

where tp = 0 by convention. On the left-hand side of (£.90]), the first two unions identify the
number and location of the pivotal bonds for y «— x, and the third union identifies the indices

of double connections associated with the bypaths between z; and 2/, for every ¢ = 1,...,j. The
union over ei,...,e; on the right-hand side identifies some of the pivotal bonds b1,...,br that
are essential to decompose the chain of double connections H (y, x) into the following building
blocks (see Figure [§]):

L(y,z,2) ={y =z, y < z}, Iy, 7, ) U{{y<—>u}0h(u 2, x)}, (4.91)

I3(y, 2,2 @) = U {{Ig(y,z,u) o Ih(u,z',x)} U {{y e u}yo{Ii(u,z,x) N I (u, 2,z }}} (4.92)

u
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For example, since E( = {{0T'}}, we have

(@) for j = 1) = U U U {Hasw0)0 {21 € Duo, 2 € Dar}}

€1 TZl gT:blzel

C U {{Il(y, z1,€1) 0 Io(€1, 21, 2) } N {ne, >0, e is pivotal for y — :E}} (4.93)

€1

It is not hard to see in general that

(E.90) for j > 2)

- U {{Il y,Zl,el)Olg(el,ZQ,Zl,EQ) '013(€j—17zj7'z;'—17§j)OI?(EJHZ;'V’E)}

€1;..-,€

N ﬂ {ne, >0, e; is pivotal for y «— az}} (4.94)
i=1

To bound ([£89)) using Lemma [£2, we further consider an event that includes (Z93))—(Z94]) as
subsets. Without losing generality, we can assume that y # e;, €,_1 # ¢; for i = 2,...,7j, and
€; # x; otherwise, the following argument can be simplified. We consider each event I; in (£.93)—
(494)) individually, and to do so, we assume that y and e, are the only sources for I1(y, z1,¢€;),
that €;_1 and e; are the only sources for I3(€;_1, 2, 2,_;,¢;) for every i = 2,...,j, and that e; and
x are the only sources for I»(€;, z;-, x). This is because y and z are the only sources for the entire
event (4.94)), and every e; is pivotal for y «— .

On I (y, z, z) with y, z being the only sources, according to the observation in Step (i) described
below (4.23]), we have two edge-disjoint connections from y to z, one of which may go through =z,
and another edge-disjoint connection from y to x (cf., I;(y, z, ) in Figure[). Therefore,

Li(y,z,z) C { w1, wa € O, w3€Q . such that w; Nw; =@ (z;él)} (4.95)
Similarly, for I(y, 2/, ) with y, x being the only sources (cf., Ir(y, 2, x) in Figure B),
Ly, 2 z) C {le,wQ e wse Qp ., such that w;Nw; =@ (i #1)}. (4.96)

On I3(y, z,2',x) with y, z being the only sources, there are at least three edge-disjoint paths,
one from y to z, another one from z to 2/, and another one from 2’ to x. It is not hard to see
this from |, {I2(y, z,u) o Is(u,2',x)} in ([EI2)), which corresponds to the first event depicted in
Figure Bl It is also possible to extract such three edge-disjoint paths from the remaining event in
(4.92). See the second event depicted in Figure [ for one of the worst topological situations. Since
there are at least three edge-disjoint paths between uw and x, say, (1,(2 and (3, we can go from y
to z via (7 and a part of (3, and go from z to 2z’ via the middle part of (5, and then go from 2z’ to
x via the remaining part of (o and (3. The other cases can be dealt with similarly. As a result, we
have

I3(y, 2,7, 1) C {le €y ., Fwy € Oy Fwsg € Q% _,, such that w; Nw; = @ (i # l)} (4.97)
Since
U {{{% e to{fwe }}n{in > 0}} c Pweqr ), (4.98)

we see that (£.93)) is a subset of

3
s e _ € Q ) € Q 4
0 oy =4 o2 € Ey g i ws € Q0 , (4.99)
1,2] such that w; Nw; =@ (i #1)
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y Z Z z z

Figure 9: A schematic representation of I g-)z” (y,x) for j > 2 consisting of 2j + 3 edge-disjoint
1%
paths on Gy,.

and that (£.94) is a subset of (see Figure [)

3 n
wl,CxJQ € Qz1—>y w3 € Qy—>zz wy € Q1 232} W5 € Qz g
7(9) _ n 3 3
15;759 (y,$) = ng € Qz =7 woj+1 € QZ;,l—%’C W2j+2,wW2j+3 € Qx—w; , (4.100)

such that w;Nw; =9 (i #1)

where ) = (zgl), . ,zj(/)) Therefore,

(20— 1 wp (n) B
Y Y (S 6) ¥ B0, wo
j>1 Zl, 723 = 1l21 8n:yA:c A 7%
Zl, 72]

Now we apply Lemma to bound (£I0TI). To clearly understand how it is applied, for
now we ignore ]l{y%x} in (4I01)) and only consider the contribution from 170 (, ). Without
zj,zj

losing generality, we assume that y,z,z;,2, for ¢ = 1,...,j are all different. Since there are
2j + 3 edge-disjoint paths on G, as in ([d.99)—(4I00) (see also Figure [@)), we multiply (£I01]) by
(Zn)Zp)%1+2, following Step (ii) of the strategy described in Section Overlapping the 25 + 3
current configurations and using Lemma with V = {y,z} and k = 2j + 2, we obtain

WA
> Z( )legl, (x) < (%ﬁ%ﬁ(%%ﬁi (4.102)
on=yAzx A 7
Y
<90y90x>A ) (] = 1)7
X izl '
(st 1] o o) (s, g 0r), 22,
1=

Note that, by (£.2]), we have
Zl>1( )(y,x)
S (pe0)a st (GR) AV (z,2) < Paly, @) — Oy, (4.103)
> (atpr)t Sus1 (GR) P (y, )
(

S (e ileeed D (GR) PV (2, 2) < 2(0ay @) — 6y0). (4.104)
>1

z,2!

?\)* (21-1
%)
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Therefore, (LI0I) without 1{y~-x} is bounded by

(oyeadn 3 (0m e aleer)? S (GR) (e, 20)

21,2] >1
7j—1
2 2 (e -0.0) (Tt D@ )
]>2 /Z27 7/ =2 z1 lzl
2y g
. (z (e S (ER) P, ]>) (Pypeadal0mass)
! >1

J

(H (pzl 19021+1 <902i+19022’->A> <(10z;.7190m>A > ZP(J)(y, ) (4'105)

j>1
If ]l{y<i>x} is present in the above argument, then at least one of the paths w; fori = 3,...,25+1

has to go through A. For example, if w3 (€ Qy_@) goes through A, then we can split it into two
and wf € QF The contribution from

edge-disjoint paths at some u € A, such as wh € Q) Y2y
this case is bounded, by following the same argument as above by @I02) with (@,p.,), being
replaced by > . 4 (¢y©u) p (Putpz,) o Bounding the other 2j —2 cases similarly and summing these
bounds over j > 1, we obtain

EID < ) > POy (4.106)

ueA j>1

This together with (4.G6) in the above paragraph (a) complete the proof of the bound on ©; . 4
in (35). O

(d) Finally, we investigate the contribution to @Z,x,v;A from ]l{yrﬁx}\{y?x} in (4.63):

Z w e (m) wp(n)

—— 1, A z z e 4.1
om=9o ZAC ZA {mern } n {{yxﬁl }\{y? }} n {ym+n } ( 07)
on=yAzx

Using H, 5 (y, ) defined in (£79]), we can write (£107)) as (cf., (430)
'UJAC ( )

ZA

To bound this, we will also use a similar expression to (4.84), in which k = n[p__ with D =Ch(y).
We investigate (4I08) separately (in the following paragraphs (d-1) and (d-2)) depending on
whether or not there is a bypath Cp1x(z;) for some ¢ € {1,...,;} containing v.

(d-1) If there is such a bypath, then we use ]l{y;li“:m} < ]l{y%m} as in (480) to bound the

contribution from this case to (EI08]) by

T J
PO (L ETFIRNIN SR SID ol | REE

j= j Z15-% =
T21 pp On=ybz I= st 1€£E8)T] zi z; .

J
X Z w4 ( i ch <H ]l{zl<—>z’}> <H ]l{cm+k(zi) ﬂCm+k(zl):@}> Z ]l{UECm+k(Zi)}'

am— i#l i=1
k=

(4.109)
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Note that the last sum of the indicators is the only difference from (£.84)).
When j = 1, the second line of ({I09]) equals

Z W Ae (M) Whe (k)

T —an L oy 4.11
ZAC Zﬁc {Z1m+k 1} { 1m+k } ( 0)

om=0k=0
As described in (4.85)-(#S86]), we can bound (AII0) without 1{z v by a chain of bubbles
EEl(é?\)*(m_l)(zl,zi). If ]]_{zlmv} = 1, then, by the argument around (@58)—(4.62]), one of

the bubbles has an extra vertex v’ that is further connected to v with another chain of bubbles
(v, v). That is, the effect of ]]_{21<—>v} is to replace one of the Gp’s in the chain of bubbles, say,

Gala.a'). by 3 (eaur) s\CAW, @) + Caa, @)y o) ¥a (), v). Let

20—-1

Gry(z,2") Z Z Z (z,a) Ga(a,d’) (é?\)*(zl_l_i) (a2

1>1 i=1 a,a’
x (<¢a¢y>AéA<y, o)+ Gala,d)0yw).  (4111)

Then, we have

EII) <> gaw (21, 21) ¥a (W, 0). (4.112)

Let j > 2 and consider the contribution to ([AI09) from I1{veCmix(z1)}; the contribution
from 1{veCmix(z:)} With ¢ # 1 can be estimated in the same way. By conditioning on Vin x =
Ui>2Cm+k(zi) as in ([E8T), the contribution to the second line of [@I09) from L{veCmix(z1)} =
l{,z:mv} equals

Z ngc ch (H ]]-{Zﬂ—w'})( H ]]'{Cm+k(zi)mcm+k(zil)=®}>

Om=0k=02 id'>2
i#i!
/ ~ /
waenve,,, (M) Wpenye | (K )
X Z 7 7.~ ]1{21 </—>lzi} ]l{zl </—>/v}, (4113)
om’'=0k/'=& Acn V;]+k Den Vrcn+k m'+k m’+k

where the second line is bounded by (£I12]) for j = 1, and then the first line is bounded by

[T X01(GR)" 'V (51, ). due to (@ET)-EES).
Summarizing the above bounds, we have (cf., ([AI0T]))

<y (zzgm, o) on (o) [T 3 (@3) Z,zg>)
j>1 Z17 721 h=1 2/ 1#h [>1
zl, ,zJ

'l,UA )
X Z ]l{?ﬂ%m} ]lf;j)z, (y,x)» (4114)
%y

on=yAx

to which we can apply the bound discussed between ([4.80) and (4.106]).

(d-2) If v ¢ Cimyk(2) for any ¢ = 1,..., 7, then there exists a v € Dy for some I € {0,...,T}
such that v’ v and Cmyx (V) NCmyx(2;) = @ for any 7. In addition, since all connections from
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y to z on the graph DU ngl Cmik(2;) have to go through A, there is an h € {1,...,j} such that
2n % z;. Therefore, the contribution from this case to (ZI08]) is bounded by

T J T
DPUD DS VANTED DD DD DI | LINESREREY ) pETE

— ‘ . , N\ —
T>1 §, On=yirz j=1 {Siti}z:1€£%?ﬂ vz,lzl,..;/z] =1 =0
1000975

X Z wACAo wDC <Z ]l{zh<—>zh}H el > (H l{cm+k(zi)mcm+k(zi/):®}>

om=g IE=4
k=2 #

XL o) H L{Con 1c(0) N Con 41 (20)=2 (4.115)
=1

where, by conditioning on Spyix = ngl Cm+x(zi), the last two lines are (see below (4.87))

Z ngc ch (Z ]l{z}“_)zh} H ]l{z“_’zl}> < H Lemi(z) ﬁcm+k(zi’):®}>

Om=0k=0 it

waense,,, (m") Wpense | (K)

ot k= AN ZDenss, 41
< a(v'v)
When j =1, we have
[ WA k
(@IIB) for j = 1) < a0y 3 a@we®y o G
ZAC Z’ﬁc m+k !
Oom=0k=92

If we ignore the “through .A”-condition in the last indicator, then the sum is bounded, as in (4.86),
by a chain of bubbles EEl(Gi)*(m_l)(zl,zi). However, because of this condition, one of the

G’s in the bound, say, Ga(a,a’), is replaced by ZueA(<@a@u>AéA(u’a,) + Ga(a, a')8y,q). Using
(41110), we have

EIID) < 6 (', 0) 3 gny (1, 2)- (4.118)

yeA
Let j > 2 and consider the contribution to (£I16]) from 1{z ﬁzi}; the contributions from
14z, %{z;l} with h # 1 can be estimated similarly. By conditioning on Vpy,+x = Ui22 Cm+k(zi), the

contribution to (£II6]) from 1{z ﬁzi} equals

Z ngo ch <H]l{zl<—>z >< H ]l{cm+k(zi)ﬂcm+k(zi/):z}>

Om=0k=02 i1 >2
i1
, WAen Ve +k(m’) When pe +k(k,)
x AW, v) Y ~ - Loy Ay, (4.119)
om/=ok'= AT Vmi DNVt m 41

where the second line is bounded by IIS]) for j = 1, and then the first line is bounded by
Il 221>1(G2)*(2l 1)(2:@, 1), as described below ([{IT3]).
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As a result, (£IT5) is bounded by

DD DIRCRI0 9 SPINEHEA) | DI Rot)

721021525 h=1ycA i#h 1>1
25,2
190975
J T
Z Z > 2 lHn;gT(ym(H ﬂ{zl-evmsi,z;epmtiﬁ D Liep,,). (4.120)
On=yAzx T>j bT {sit; }Z IG[’%)T] i=1 =0

The second line can be bounded by following the argument between (4.89]) and (£.I05)); note that
the sum of the indicators in ([AI20]), except for the last factor Zszo 1{v/€Dyy}, is identical to that
in ([B.89). First, we rewrite the sum of the indicators in (£.120) as a single indicator of an event £
similar to (£.90). Then, we construct another event similar to I (3 ) ﬁ (y, x) in ([A99)—(4.100), of which

£ is a subset. Due to Zl:o 1{v'€Dny} in ([@I20]), one of the paths in the definition of I(ﬁ)_y (y,x),

say, w; € QP , for some a,a’ (depending on 4) is split into two edge-disjoint paths w] € Qg_m, and
wy e Qy, _}a,, followed by the summation over i = 3,...,2j + 1 (cf., Figure [). Flnally, we apply

Lemma [4.2] to obtain the desired bound on the last line of (£.120).
Summarizing the above (d-1) and (d-2), we obtain

EIE) < 30 AL, w.) (1121)

j>1ucA
This together with (4.77)) in the above paragraph (b) complete the proof of the bound on
Oy 2.v.a in [E35). O
5 Bounds on 7{'(z) assuming the decay of G(z)

Using the diagrammatic bounds proved in the previous section, we prove Proposition B.1] in Sec-
tion [5.1], and Propositions B.2] and B23|(iii) in Section

5.1 Bounds for the spread-out model
We prove Proposition [3.1] for the spread-out model using the following convolution bounds:

Proposition 5.1. (i) Leta>b>0 and a+b > d. There is a C = C(a,b,d) such that

1 1 C
= : 5.1
zy: ly —oll* Tz =yl = Jlz — vffCert+0)~ (5.1)

(ii) Let g € (,d). There is a C' = C'(d,q) such that

1 1 1 1 '’
< . 2
2 < (5:2)

— 2| le" = 20 Iz = yll7 N1z = v'lle — = = ylloll=" — o'l

Proof. The inequality (5.)) is identical to [I5, Proposition 1.7(i)]. We use this to prove (5.2]). By
the triangle inequality, we have 5llz —y|| < lo — 2]l V |z — y|l and glla’ —¢/'[| < " = 2| v ]z = /Il
Suppose that [lz — z|| < ||z — y|| and ||lz" — z|| < [l= — ¢/|. Then, by (B.I) with a = b = g, the
contribution from this case is bounded by

229

3 1 2 clla — 2']| 2
— Y
l = yllelle” = y'll7 < llz = zl|@ la" = 2| = [l = yl|lel=" — y'l|7

(5.3)
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Figure 10: (a) A schematic representation of Proposition 5.I)i), where each segment, say, from z
to y represent ||x — y|~9. (b) A schematic representation of (5.19]), which is a result of successive
applications of Proposition B.1(ii) with z =2/ or y = ¥/.

for some ¢ < 0o, where we note that [lz — 2’[|*~2¢ < 1 because of 1d < ¢. The other three possible
cases can be estimated similarly (see Figure[I0(a)). This completes the proof of Proposition[5.1l [

Before going into the proof of Proposition Bl we summarize prerequisites. Recall that (£.13)-
(4I4) involve Gy, and note that, by (£2]),

(Cota)s < G0 + Galo,7)". (5.4)
We first show that
Gator) < T, 5 (6, +a0)) < T (55)
b:b=0
hold assuming the bounds in (3:2]).
Proof. By the assumed bound 7 < 2 in ([3.2]), we have
Galo,7) = 7D(x) + > _7D(y) (pys)y < 2D(x) + Y 2D(y) G(z —y), (5.6)

y#Fx y#

where, and from now on without stating explicitly, we use the translation invariance of G(x) and
the fact that G(z — y) is an increasing limit of (¢, p.), as A T Z%. By (I.14) and the assumption
in Proposition B.1] that 6 L%~9, with ¢ < d, is bounded away from zero, we obtain

O(L=*1) _ 0(6)

D(z) < O(L N 1iociafw<it < < . (5.7)
S T T P T
For the last term in (5.6)), we consider the cases for |z| < 2v/dL and |z| > 2/dL separately.
When |z| < 2VdL, we use (5.7), 32) and (G.1) with $d < q < d to obtain
O(L—+4 0 OB L=%9) _ O(0
> D) G —y) < YD P OCLTD O 5.

e = vl e —wle ™zt T e

When |z| > 2v/dL, we use the triangle inequality |z — y| > |z| — |y| and the fact that D(y) is
nonzero only when 0 < ||y[ls < L (so that |y| < Vd||yllec < VAL < $|z[). Then, we obtain

S D) Gl —y) < 3 Dy) 2 _ 2. (5.9)

q q
e " el [l

This completes the proof of the first inequality in (5.5]). The second inequality can be proved
similarly. O
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By repeated use of (5.5 and Proposition [5.I(i) with a = b = 2¢ (or Proposition B.I(ii) with
x =12 and y = y'), we obtain

O(03)

¢A(U/7’U) < 51)’71) + . (510)
llo — o[>
Together with the naive bound G(x) < O(1)||z||~¢ (cf., B2)) as well as Proposition (.1I(ii) (with

x =12 or y=1'), we also obtain

| / / O(0%)
> G —y) Gz =) p(v',v) Go—y)Glz —v) + ) v =yl

z = v||7flv —v|*

o)

= Mo —yll9llz —vlle

(5.11)

The O(1) term in the right-hand side is replaced by O(fp) or O(63) depending on the number of
G’s on the left being replaced by Gp'’s.

Proof of Proposition Iﬂ] Since (5.4)-(5.5) immediately imply the bound on 74’ (), it suffices to
prove the bounds on 7{’(z) for i > 1. To do so, we first estimate the building blocks of the
diagrammatic bound @IH): 3;,—, 7 Q). L(b,x) and >, b=y To Qhu U(b x).

Recall (10)—(4.14]). First, by using G( ) <O)||z|~? and (|5:|:|:|) we obtain

0(1)
POy, x) < : (5.12)
A lz — yllP4llu — yl|ellz — ul?
o)
P (g, @) < (5.13)
Ay lz = yll9flu = yllelle — ull9flv — ylleflz — vije
We will show at the end of this subsection that, for j > 1,
O(5) O(6)
P’(”(y, z) < 0 , (5.14)
A lz = ylI??flu — ylleflz — ul
0(5%) 0(02)7
Py (g, x) < U) 00 (5.15)

Il = yll“llv — yl“lz — wlllv — ylleflz — vl*

As a result, P\"(y,z) (vesp., Py (y,z)) is the leading term of P}, (y,x) (resp., Py, 7)),
which thus obeys the same bound as in (GI2) (resp., (B.I3), with a different constant in O( ).
Combining these bounds with (5.5]) and (5.11) (with both G in the left-hand side being replace by
Ga) and then using Proposition [5.1(ii), we obtain

> 7 Qul Z |||z ~ ! < O(o) (5.16)

by y|||q lz = zl?)lu — 2|9z — ul|? = o — yll9llz — uf/>e’
and
1
>k Z
b el \HZ - yW" lz = zllllu — z)|9)lz — ul|4llv — 2|9 )|z — v]|e
Z O(6o) 1
W’U - yW" Iz —vlle |z — zlIPflu — 2] ]|z — w2
O(6o)

< . (5.17)
lv = yll4llz — vl|9flz — w]?

This completes bounding the building blocks.

43



Now we prove the bounds on 7§’ (z) for j > 1. For the bounds on WX)(x) for j > 2, we simply
apply (5.12) and (5.16)—(5I7) to the diagrammatic bound (4I5). Then, we obtain

-1

o1 ’ O(b
R0 < Y i U - =)
FealPonlflur — o7 \ 1 Jory — wallfhussn — viea 1 ¥uies — il

UL,eenyUyj
U1,...,V5

O(6)

) > 2). 5.18
e wlie o =Y (5.18)

First, we consider the sum over u; and v;. By successive applications of Proposition [5.IIii) (with
x =12 or y =1v'), we obtain (see Figure [0(b))

O(0)

» 9(6o) . - (5.19)
o o Moy = -l = vl — vjallP? e — w7l — vyl
0 0p)?
< Z O( 0) = < O( 0) _,
o Moy —wj—allllos—1 = vsll?lle = vjall?lle = vilP2 Tl — w1l ?lle - vj—]*
and thus
-2
o) < O(th) >
(7)
i (z) <
A ul,;jl lua P floa 9wy — vifle };[1 lvies — will9luirs — viga |9 luirs — vill*
V1, Uj—1
2
x O(o) o (5.20)
lz = wj—1lltllz — vj -]
Repeating the application of Proposition [(.1[(ii) as in (5.19]), we end up with
o) O(6o)’ O(6o)’
79 < : (5.21)
u;l lua Pl lur — oille fle — uill?fle — orfP = =]
For the bound on 7§’ (z), we use the following bound, instead of (5.12):
0(63)
PR (0,1) = Goubon + (1 = 0.ubo0) P (0,1) < Soubon + : : (5.22)
A s lulPaflol el — vl
In addition, instead of using (Ejﬂ), we use
/(0) /( )
> nh B < Y ruz—umq <5m5”+( Geabe ) PO ea) + 3 P >>
b:b=u j>1
O(b O(0
SIS ()
llz = ulje Iz = wllelle = 2o — zf|2)lz = v]|e
O(0 o003

Tz —ule T e — el — vl
due to (@.0), (514) and (5:22). Applying (5.22)—(E23) to (£I5) for j = 1 and then using Propo-
sition [5.11(ii), we end up with

O(63) O(63) O(6o) & O(63)
7 (2) < O(00) Go.e + T + L 2y 0
™ B Ed ; lulPaliolllv — ol \ flz —ulld * llz — wll¢fle — v]*

O(6;)
=l

< 0(0o) b0,z + (5.24)
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To complete the proof of Proposition Bl it thus remains to show (5.I14)—(5.15]). The inequality
(514) for j = 1 immediately follows from the definition (.6l of PXZ (see also Figure [l) and the

bound (5I0) on ¥s — . To prove (GI5) for j = 1, we first recall the definition @3) of P,
(and Figure [). Note that, by (G.1I), >, G(v' —y) G(z — v') ¢a(v',v) obeys the same bound on
Yo GV —y)G(z — ') (with a different O(1) term). That is, the effect of an additional ) is not
significant. Therefore, the bound on PK(;)U is identical, with a possible modification of the O(1)

multiple, to the bound on P[/x(;li (or P[/x(;lg) with v (resp., u) “being embedded” in one of the bubbles
consisting of ¥p — 6. By (BI0), ¥a(y,z) — dy, with v being embedded in one of its bubbles is
bounded as

oo k
SN (G V) Cal 2 ((pypdaCav @) + Galy' 2 6 ) (GR) V(@ )
k=11=1 ¢y’ a’

= > Ua(u:¥) Cas2) () sCGa(v:2') + Ga Y, @') S0 ) in (o', )

!l
y7x

o) o) O(6y) o o)
PN il =

< . (5.25)
o =y v =yl —vl|e |z — 22 Tl — yll2lv -yl — o]

By this observation and using ([8.2]) to bound the remaining two two-point functions consisting of
PX(;)U (recall (49])), we obtain (5.I5]) for j = 1.

For (5.14)—-(G.I5) with j > 2, we first note that, by applying (3.2]) and (5.10) to the definition
@5) of Py’ (y,z), we have

pu) < 0(65) = 0(63)
x ) < v;:v. vy = yllPflve — yll9)lvy — v2f|? 1;[ v = vill*flvita — vi_q |9llv; — viga ]|
seey Vg =2

vi,...,v;-71
O(63)

= vill?le — vj_y*

(5.26)

By definition, the bound on PX.Z(y, x) is obtained by “embedding u” in one of the 2j — 1 factors of

I+ 14 (not || - - - |**) and then summing over all these 2j — 1 choices. For example, the contribution
from the case in which [Jvz — y||? is replaced by [|u — y||?||vz — u[|? is bounded, similarly to (5.21)),
by

Z 0(65) o)
o vy =yl llw = ylleflve — ull?floy — v2l|9 flz —vil|9flz — val*
0(62)7 0(63)7
< Z . - ( 0) - < > ( O) ) (527)
— i = ylPPlle = yllllz = w9z =il llz = ylPflu =yl 7z = w]?
1

The other 2j — 2 contributions can be estimated in a similar way, with the same form of the bound.
This completes the proof of (5.14]).

By (5.25]), the bound on PX(;)v(y,x) is also obtained by “embedding w and v” in one of the
2j — 1 factors of ||--- || and one of the j factors of || ---[|?? in (5.26]), and then summing over all
these combinations. For example, the contribution from the case in which [Jvg —y||? and |Jv} —y]|*?
in (5:26)) are replaced, respectively, by |Ju—y[|?]ve —u||? and |[v] —y||2]|v — y||?||v} —v]|?, is bounded
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by

Z 0(63) 0(03)7!
vy = yllllv = yllallvy = vll9lle — yll9llve — ull2flvy —va|? lz — v ||2flz — ve]l2e

< Z 0(03)
- v vy = yllellv = yllellv] — vll2llw — yll9lle — ulld)lz — ;]2

065

= e = yllellv = yllellz — ull?llo — ylleflz — vl

(5.28)

The other (25 —1)j — 1 contributions can be estimated similarly, with the same form of the bound.
This completes the proof of (B.15]) and thus Proposition Bl d
5.2 Bounds for finite-range models

First, we prove ([B.8]) and Proposition B.3[(iii) assuming ([3.7]). Then, we prove ([B.10]) assuming (B.7)
and ([39) to complete the proof of Propositions B.2

Proof of (3.8) assuming (3.7). By applying ([£.2)) to the bound (£.I5]) on 775{))( ), it is easy to show
that, for r =0, 2,

Dl m) ) < 0o+ 3 lal (o < o + (suplel ) 37D = G)(w) Gle)
x z#0 r70 zF#o
< 3r0 + (do?)°r20(6p)>. (5.29)

For ¢ > 1, by using the diagrammatic bound (£I5]) and translation invariance, we have

i1
ZTI’X)(LZ') < (ZPI/\(OU)(O x > <sup Z Ty 2 Q0,02 33)) (SSPZTy,zQ;\;o(%x)) (5.30)

Z,0,x

The proof of the bound on Y, 7\(x) for i > 1 is completed by showing that
<Z le\(?g(o,m) - 1> v (sup Z Ty,zQx;om(z,x)) v <supZTy,ZQ§\;O(z,a;)> =0(0y). (5.31)
V,T 2,0, y Z,X

The key idea to obtain this estimate is that the bounding diagrams for the Ising model are similar
to those for self-avoiding walk (cf., Figure [f]). The diagrams for self-avoiding walk are known to
be bounded by products of bubble diagrams (see, e.g., [24]), and we can apply the same method
to bound the diagrams for the Ising model by products of bubbles.

For example, consider

Z Ty Qho(2, 1) = Z (Z Ty2 (02,2 + Galz, z'))) P (7, ). (5.32)

The factor of 6 is due to the nonzero line segment 3. 7, (5, . + Ga(2,2')), because
ZTO7Z(6Z7I+6A(27'Z')) =71D —|—TZD )Gz, x <O(00)+TsquA(o x), (5.33)
Galo,z) < 7D(x) + 7Y G(y) ) < O(8y) + Tsup G(y) = O(6y), (5.34)

y7#o yFo
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where we have used translation invariance, (3.7) and sup, D(z) = O(6y). By (12,

B32) < 0(00) Y Pho(2',2) = 0(60) Y (ngj(z',x) +) P//\(ﬁ(z',x)) (5.35)
2z 'z jz1
Similarly to (5.29) for r = 0, the sum of P, (2/,z) is easily estimated as 1 + O(f). We claim
that the sum of Pfffg(z’,x) for j > 11is (25 — 1) O(6y)?, since Pll\(fg(z’,:n) is a sum of 2j — 1 terms,
each of which contains j chains of nonzero bubbles; each chain is ¢ (v,v") — 6, for some v,v’
and satisfies

ORI ESDY (T2 (D (D G*?))@))l =" 0(6)" = O(6o)- (5.36)

v’ >1 >1

For example,

+ 6 other possibilities, (5.37)

4
< <Z (¢(0,9) _5%)) (W) = 0(8)", (5.38)

where W® is given by (B.13)).
The sum of 7, .Q}., ,(2,2) in (53]) is estimated similarly [29]. We complete the proof of the
bound on 3" 7{’(z) for j > 1.

To estimate >, |2|>7{’(z) for j > 1, we recall that, in each bounding diagram, there are at
least three distinct paths between o and z: the uppermost path (i.e., 0 — by — vy > b3 — -+ >
in (4.I5); see also Figure [6l), the lowermost path (i.e., 0 — v; — by — v3 — .-+ — ) and a middle
zigzag path. We use the lowermost path to bound |z|? as

J J
2P =) el +2 > aman <GHDD |anl, (5.39)

0<m<n<j

where ag = v1, a1 = by —v1 ,a2 = v3 — by, ..., and a; = x —v; or z — b; depending on the parity of
j. We discuss the contributions to 3_, |z[>7¥ (z) from (i) |a;|?, (ii) |ao|? and (iii) |a,|* for n # 0, j,
separately (cf., Figure [IT]).

(i) The contribution from |a;|? is bounded by

j—1
(X Pio.n ) (50 3 5Qn6))
U7y

X <supz (]g;F]l{j odd} + |2 — b!z]l{j Cven}> TbQQ\;O(E,x)>
"
< O()" ! Sl;P Z <|$|2]1{j odd} T |z — Y1y even}) Tz (020 + Ga(2,2)) Py (2, @), (5.40)
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Figure 11: One of the leading diagrams for ) ]az\27r§\3) (z) and its decompositions depending on
whether the assigned weight is (i) |as|?, (i) |ag|? and (iii) |a,|? for n = 1,2, respectively.

By (@I0), the leading contribution from P\ (2, z) for an odd j can be estimated as

sup Z z|%7, (6. + Gal(z, z’))P['f;g(z/,m)

= Sup Z Ty,z (5z,z’ + éA(z, z/)) <90z’900>/\ <902’90w>3\ |$|2<90090w>/\
Y z,2'x

< sup <(7'D * G)(y) + (7D * G)*z(y)> G**(0) G® = do*0(6y)?, (5.41)
Y

where G is given by ([B.13]). The other contributions from P//\(;g(z’ ,x) for i > 1 and from the even-j
case can be estimated similarly; if j is even, then, by using |z — y|? < 2|2/ — y|? + 2|z — 2/|> and
estimating the contributions from |2/ — y|? and |z — 2/|? separately, we obtain that the supremum
in (5.40) is do?0(6y). Consequently, (5.40) is d020(90)2L#J.

(ii) To bound the contributions to >__ |z|?*7{’ (z) from |a,|? for n < j, we define (cf., Figure [[Z)

QW) = <PA D)+ D GAly, ) Pho, (v, b) ¥a(y, v)) (05, + Ga(b, 7). (5.42)

b y’

By translation invariance and a similar argument to show (5.31]), we can easily prove

SUPZQAOU y,v +Z ZQAUO Y,z (60) (543)

Therefore, the contribution from |ag|? to 3, |z|?7§’ () is bounded by

o _ j-1
(500 S PP 00 (o, 4 Ga o) ) (500 30 Qo 2)) (o Pholenn))
Y,v Z,x

v,b
< do*0(hy)" . (5.44)

(iii) By translation invariance and (5.42)-(5.43)), the contribution from |a,|? for an n # 0,7 is
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V)

() (b)

Figure 12: The leading diagrams of Qx;uﬂ)(y,:n), due to PX;(S),U(y,Q) and P/’\(:Z(y’,g) in (5.42)), re-
spectively.

bounded by
n—1 j—1-n
(X Pio.n ) (503 5Qhanlbo)) <supZQAw 09) (S
v,y lg)v; Z,T
/12 2 " 7 1/ ~ (Tl
X <sup Z (’b ‘ ]l{n odd} + ‘U - b‘ ]l{n evcn}> TbQA;o,v(b7b ) Ty! (613’,U+z + GA(b U+ Z)))? (545)
M
b=y

where the first line is O(6g)?~2. The leading contribution to the second line from PX((O))U and PI/\(O 3
in QX; ow for an odd n is bounded, due to translation invariance, by

y ‘\ y ‘\
G sup “Z o+ 2
Y,z ‘\‘ ‘\
< do?0(6y) sup( V “Z o+ 0< > < do*0(6p)?. (5.46)

The other contributions from PA(Z) and P, (Z) for 4 > 1 and from the even-n case can be esti-

mated similarly; if n is even, then the Second supremum in (5.46]) is O(6p). Therefore, (5.45]) is
do20(6p)2L ],

Summarizing the above (i)—(iii) and using 2| 2| > j V 2 for j > 1, we have
] Z 227 (2) < do? <30(90)2L”1J + 0(90)j+1) < do?(j + 1) O(6p)7V2. (5.47)

This together with (5:29]) complete the proof of (B.8]). O

Proof of Proposition [3.3(iii) assuming (3.7). It is easy to see that

Z 2] +27 0 (2) < Z 2[+2G(z)® < G® Z 2['G(x)? < do?0W @, (5.48)

We show below that, for j > 1,

S a2 (@) < do? WO + 1) 06012 (5.49)

xT

where the bound is independent of A. Due to these uniform bounds, we conclude that the sum of
|z|!T2|I(z)] is finite if Oy < 1.

Now we explain the main idea of the proof of (5.49]). First we recall that, in the proof of the
bound on Y, |z|?7{’(x), we distribute |z|? along the lowermost path of each bounding diagram.

49



To bound °, |2|+27{ (z), we again use the lowermost path in the same way to distribute |z|?,
and use the uppermost path to distribute the remaining |z|*. More precisely, we use

| < (j+1) max ay], (5.50)

=U,1,...,

where ag,a,...,a} are the displacements along the uppermost path: ay = by, a] = va — by,

ah = by — vg,..., and a;- =z —vj or z — b; depending on the parity of j. Let m be such that
| = max o
For the contribution to >_, |z[**27{(z) from |a,|? in (E39) for n # m, we simply follow the
same strategy as explained above in the paragraphs (i)(iii) to prove the bound on 3°_ |z27% (z).
The only difference is that one of the bubbles W contained in the bound on the m™ block is
now replaced by W®.
The contribution from |a,,|? in (5:39) can be estimated in a similar way, except for a few
AV V) for i > 1 contained in the m™ block. For example, let j

complicated cases, due to Py, and P,
be even and let m = j (cf., the second line of (5.40])). The following are two possibile diagrams in
/(4)

the contribution from Py (f,z) to Y, . & — y|*|z|'1,.Q)., (2, 2):

 ® N O/
oy 9 @ ® e 9 @ ©
(i) 0 (ii) 0 (5.51)
o\ fw O\ Jw

where, for simplicity, 1¥a(f,g) — 0f,4 and 9a(u, z) — 6, are reduced to GA(f, g)? and GA(f, 9)2,
respectively. We suppose that |v] is bigger than |w —v| and |z —w| along the lowermost path from
o to x through v and w, so that |z|' is bounded by 3!|v|*. We also suppose that |z — u| in (E511i)
(resp., |g — f] in (B:511ii)) is bigger than the end-to-end distance of any of the other four segments
along the uppermost path from y to x through f, g, u and z. Therefore, we can bound |z — y|? by
52|z — ul? in (BEILi) (resp., 5%|g — f|* in (B.51lii)) and bound the weighted arc between u and z
(resp., between f and g) by 52G®. By translation invariance, the remaining diagram of (5.511i) is
easily bounded as

u'+v

v +v g y
g u _
> c\ - k \ / To / \ < W O0(60)",
f’,g,u’,v VvV fl7g7u, y_f‘ 'J (o] (o]
(

5.52)

where the power 4 (not 3) is due to the fact that the segment from u' in the last block is nonzero.

To bound the remaining diagram of (5.51lii) is a little trickier. We note that at least one of
lul,|z — ul,|w — 2| and |v — w| along the path from o to v through u,z,w is bigger than 1|v|.
Suppose [v — w| > 1|v|, so that [v| < 2!|v — wl|!/?|v|/2. Then, by using the Schwarz inequality, we

obtain
y @)
Ve @ 1/2 o 1/2
M < ( 2 > ( ?i > , (5.53)
V) V)

where the two weighted arcs between o and v in the second term is [v[!G(v)? = (Jv|/2G(v))?. By
translation invariance and the fact that the north-east and north-west segments from g in the first
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term are nonzero, we obtain
y

U] (e ) (o6 (S e )

v) !
< 0(6)°. (5.54)

With the help of (W®/2)2 < WOW® (due to the Schwarz inequality), we also obtain

@)
Q 2
?i < WO W <sup / \ ) < (W)20(60)*. (5.55)
v v

v)

Therefore, (5.53) is bounded by W®O(6y)%/2.
The other cases can be estimated similarly [29]. As a result, we obtain

Z ‘x’t+2 (J) Z dO'2W(t)(j + 1)t+20(9 )y\/2—17 (556)
m=0
which implies (5.49]). This completes the proof of Proposition B.3[iii). O

Proof of (310) assuming @) and (3.9). If x = o, then we simply use the bound on the sum in
B8) to obtain 7}’ (0) < O(p)? for any i > 0. It is also easy to see that 7}’ (z) with = # o obeys
(B10), due to (39) and the diagrammatic bound (ZI5). It thus remains to show (F.I0) for 7§’ (x)
with  # o and j > 1.

The idea of the proof is somewhat similar to that of Proposition B.3|(iii) explained above. First,
we take |ap,| = max,, |a,| from the lowermost path and |aj| = max,, |a),| from the uppermost path
of a bounding diagram. Note that, by (5.50)), |a,,| and |aj| are both bigger than J%|:E| That is,
lam|~? and |aj|~9 are both bounded from above by (j 4 1)?|z|~%. If the path corresponding to a,
in the m*" block consists of N segments, we take the “longest” segment whose end-to-end distance
is therefore bigger than NGTD +1 |z|. That is, the corresponding two-point function is bounded by

AoN9(j + 1)?z|~9. Here, N depends on the parity of m, as well as on ¢ > 0 for X(u)v (or Pl()
if m = 0 or j) and the location of u,v in each diagram, and is at most N < O(z + ) However,

the number of nonzero chains of bubbles contained in each diagram of P and [/x(u) , 18 O(i),

and hence their contribution would be O(6y)°®. This compensates the growmg factor of N4, and
therefore we will not have to take the effect of IV seriously. The same is true for aj, and we refrain
from repeating the same argument.

Next, we take the “longest” segment, denoted a”, among those which together with a; (or a
part of it) form a “loop”; a similar observation was used to obtain (0.53). The loop consists of
segments contained in the I** block and possibly in the (I — 1)** block, and hence the number of
choices for a” is at most O(4;_1 + 4; + 1), where ¢; is the index of PX”) P”(”) in the I*" block
(i—1 = 0 by convention). By (5.50), we have |a”| > O(i;—1 + i; + 1)~} a)], and the corresponding
two-point function is bounded by A\gO(i;—1 +4; + 1)9(j + 1)9]x| 9. As explained above, the effect
of O(ij—1 + i; + 1)? would not be significant after summing over i;_; and 1.

We have explained how to extract three “long” segments from each bounding diagram, which
provide the factor A3(j + 1)3?|z| =3¢ in (BI0); the extra factor of (5 + 1)? in (BI0) is due to the
number of choices of m,l € {0,1,...,7}. Therefore, the remaining task is to control the rest of the
diagram.
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Suppose, for example, 0 < m < | < j (so that j > 3). Using ny defined in (5.42), we can
reorganize the diagrammatic bound (ZI5) on 7% (z) as (cf., (5.45)

(J) /(0)
< X (% ALen T )

bm,vm b1,eeisbm—1
Yi4+15V141 V15, Um—1

x> < > H Tb Qw5001 u_z+1)>sz+1 (%, ey + Gari1,9041))

bit1 " bmti,..bpi=m

Um+1,--,U1
X ( > ( H Qhevsnn yz,ym))PAM(yj,w)). (5.57)
Yi+25--Y; i=Il+1
Vi425--+yVj

As explained above, we bound three “long” two-point functions contained in the second line of
(5.57); let Yy, ; be the supremum of what remains in the second line over by,, v, yi4+1,v14+1. Then
we can perform the sum of the first line over b,,, v, and the sum of the third line over y; 41, vi4+1
independently; the former is O(6p)™ ! and the latter is O(6y)/~*~!, due to (531 and (IEI{I)

respectively. Finally, we can bound Y;,; using the Schwarz inequality by O(00)"—™, where [ —

is the number of nonzero segments in the second line of (5.E7) (i.e., }2p, 7,(5, . + G A(bi, yi)) for
some Yy, . . ., y+1) minus 2 (= the maximum number of those along the uppermost and lowermost
paths that are extracted to obtain the aformentioned |z|-decaying term). For example, one of
the leading contributions to Y}, ;,+4 is bounded, by using translation invariance and the Schwarz
inequality, as

2%%u= /% = /g\ﬂ Fvy < 0(6y) ) sup F//§>L/7§L/§FZ (5.58)

0(60)/? X‘/WW < 0(6y)? Supom < 0(6p)*
-\/— "o

The other cases can be estimated similarly [29]. This completes the proof of (BI0). O
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