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Scaling limits of loop-erased random walks
and uniform spanning trees

BY ODED SCHRAMM

Abstract. The uniform spanning tree (UST) and the loop-erased random
walk (LERW) are strongly related probabilistic processes. We consider the
limits of these models on a fine grid in the plane, as the mesh goes to zero.
Although the existence of scaling limits is still unproven, subsequential scaling
limits can be defined in various ways, and do exist. We establish some basic
a.s. properties of these subsequential scaling limits in the plane. It is proved
that any LERW subsequential scaling limit is a simple path, and that the
trunk of any UST subsequential scaling limit is a topological tree, which is
dense in the plane.

The scaling limits of these processes are conjectured to be conformally
invariant in dimension 2. We make a precise statement of the conformal
invariance conjecture for the LERW, and show that this conjecture implies
an explicit construction of the scaling limit, as follows. Consider the Léwner
differential equation

of _ (@) +z9f
ot _ZC(t)—z 0z’

with boundary values f(z,0) = z, in the range z € U = {w € C : |w| < 1},
t < 0. We choose ((t) := B(—2t), where B(¢) is Brownian motion on 9U
starting at a random-uniform point in 0U. Assuming the conformal invariance
of the LERW scaling limit in the plane, we prove that the scaling limit of
LERW from 0 to OU has the same law as that of the path f({(t),¢) (where
f(z,t) is extended continuously to OU x (—o0,0]). We believe that a variation
of this process gives the scaling limit of the boundary of macroscopic critical
percolation clusters.
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§1. Introduction.

General remarks about scaling limits.

It is often the case that grid-based probabilistic models should be considered as a mere
substitute, or simplification, of a continuous process. There are definite advantages for
working in the discrete setting, where unpleasant technicalities can frequently be avoided,
simulations are possible, and the setup is easier to comprehend. On the other hand, one
is often required to pay some price for the simplification. When we adopt the grid-based

world, we sacrifice rotational of conformal symmetries which the continuous model may
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enjoy, and often have to accept some arbitrariness in the formulation of the model. There
are also numerous examples where the continuous process is easier to analyze than the
discrete process, and in such situations the continuous may be a useful simplification of
the discrete.

Understanding the connections between grid-based models and continuous processes
is a project of fundamental importance, and so far has only limited success. As mathe-
maticians, we should not content ourselves with the vague notion that the discrete and
continuous models behave “essentially the same”, but strive to make the relations concrete
and precise.

One reasonable way to define a continuous process, is by taking a scaling limit of a
grid process. This means making sense of the limit of a sequence of grid processes on finer
and finer grids. Recently, Aizenman [Ai7] has proposed a definition for the scaling limit of
percolation, and we shall propose a somewhat different definition [Sch].

Although, in general, the understanding of the connections between grid-based models
and continuous models is lacking, there have been some successes. The classical and
archetypical example is the relation between simple random walk (SRW) and Brownian
motion, which is well studied and quite well understood. See, for example, the discussion
of Donsker’s Theorem in [DurJ]]. We also mention that recently, T6th and Werner [TWI§|
have described the scaling limit of a certain self-repelling walk on Z.

The present paper deals with the scaling limits of two very closely related processes,
the loop-erased random walk (LERW) and the uniform spanning tree (UST). While these
processes are interesting also in dimensions 3 and higher, we restrict attention to two
dimensions. In the plane, the scaling limits are conjectured to possess conformal invariance
(precise statements appear below), and this can serve as one justification for the special
interest in dimension 2. The recent preprint by Aizenman, Burchard, Newman and Wilson
[ABNW]| discusses scaling limits of random tree processes in two dimensions, including the
UST. The present work answers some of the questions left open in [ABNW].

The most fundamental task in studying a scaling limit process is to set up a conceptual
foundation for the scaling limit. This means answering the following two questions: what
kind of object is the scaling limit, and what does it mean to be the scaling limit? For
the first question, there’s often more than one “right” answer. For example, the scaling
limit of (two-sided) simple random walk in Z is usually defined as a probability measure
on C(R), the space of continuous, real-valued functions on R, but it could also be defined
as a measure on the space of closed subsets of R x R, with an appropriately chosen metric.

4

There’s also a “wrong” answer here. It is not a good idea to consider the scaling limit of

SRW as a probability measure on R¥, though this might seem at first as more natural.
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After the conceptual framework is fixed, the next natural question is the existence of
the scaling limit. Unfortunately, we cannot report on any progress here. There is every
reason to believe that UST and LERW have scaling limits, but a proof is still lacking.
However, in the setup we propose below, the existence of subsequential scaling limits is
almost a triviality: for every sequence of positive J; tending to 0, there is a subsequence
§;, such that the UST and the LERW on the grids §;, Z* do converge to a limit as n — oco.
Such a limit is called a subsequential scaling limit of the model, and is a probability measure
on some space.

All the above discussion concerns foundational issues, which are important. But it is
not less important to prove properties of the (subsequential) scaling limit!. In this paper,
we prove several almost sure properties of the UST and LERW subsequential scaling limit.

We now describe these models and explain the results.

The LERW model, and its scaling limit.

Consider some set of vertices K # (, in a recurrent graph G, and a vertex vg. The
LERW from vy to K in G is obtained by running simple random walk (SRW) from vy,
erasing loops as they are created, and stopping when K is hit. Here’s a more precise
description. Let RW be simple random walk starting at RW(0) = vy and stopped at the
first time 7 such that RW(7) € K. Its loop-erasure, LE = LEgw, is defined inductively as
follows: LE(0) := vg, and LE(j 4+ 1) = RW(¢ + 1) if ¢ is the last time less than 7 such that
RW(t) = LE(j). The walk LE stops when it gets to RW(7) € K. Note that this LERW is
a random simple path from vy to K.

On a transient graph, it may happen that RW does not hit K. However, one can
discuss the loop-erasure of the walk continued indefinitely, since it a.s. visits any vertex
only finitely many times.

LERW on Z? was studied extensively by Greg Lawler (see the survey paper [Caw] and
the references therein), who considered LERW as a simpler substitute for the self-avoiding
random walk (see the survey [Bla94]), which is harder to analyze. However, we believe
that the LERW model is just as interesting mathematically, because of its strong ties with
SRW and UST.

For compactness’s sake, in the following we consider the plane C = R? as a subset of
the two-sphere, S? = C U {oo}, which is the one point compactification of the plane, and

work with the spherical metric dg, on S2. Let D be a domain (nonempty open connected

I Sometimes, this can be done without even defining the scaling limit. For example, the Russo-

Seymour-Welsh Theorem ], in percolation theory implies properties of any reasonably
IEM

defined percolation scaling limit. Similarly, Benjamini’s preprint | does not explicitly discuss the
scaling limit of UST, but has implication to the UST scaling limit.
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set) in the plane C = R%. We consider a graph G = G(D, §), which is an approximation of
the domain D in the square grid 6Z? of mesh 6. The interior vertices, V;(G), of G are the
vertices of §Z? which are in D, and the boundary vertices, V5(G), are the intersections
of edges of §Z2 with OD. (The precise definition of G appears in Section fJ.) Suppose that
each component of JD has positive diameter. Let a € D, and let LE = LE, p s be LERW
from a vertex a’ € 6Z? N D closest to a to Vy(G) in G.

To make sense of the concept of the scaling limit of LERW in D, we think of LE
as a random set in D. Recall that the Hausdorff distance ds(X,Y) between two closed
nonempty sets X and Y in a compact metric space Z is the least ¢ > 0 such that each point
x € X is within distance ¢ from Y and each point y € Y is within distance ¢ from X; that is,
dn(X,Y) = inf {t 20: X CUuex B(@,1), Y CUyey B(y,t)}. On the collection H(D)
of closed subsets of D, we use the metric dypy(X,Y) := dy(XUOD,YUOID), and H(D) is
compact with this metric. Then LEN D is a random element in H (D), and its distribution
fs = p5,p is a probability measure on H(D). Because the space of Borel probability
measures on a compact space is compact in the weak topology?, there is a sequence §; — 0
such that the weak limit po := lim; .. ps, exists. Such a measure pg will be called a
subsequential scaling limit measure of LERW from a to 0D. If pug = limgs_,q ps5, then
we say that pg is the scaling limit measure of LERW from a to 0D.

Similarly, we may consider the scaling limit of LERW between two distinct points
a,b € S?, as follows. For § > 0, we take LE to be the loop-erasure of SRW on 672
starting from a vertex of §Z? within distance 26 of a and stopped when it first hits a
vertex within distance 26 of b. Since LE is a.s. compact, its distribution is an element of
the Hausdorff space H(S?), and there exists a Borel probability measure on H(S?), which

is a subsequential scaling limit measure of the law of LE.

THEOREM 1.1. Let D be a domain in S? such that each connected component of 0D has
positive diameter, and let a € D. Then every subsequential scaling limit measure of LERW
from a to OD is supported on simple paths.

Similarly, if a,b are distinct points in S?, then every subsequential scaling limit of the

LERW from a to b in 72 is supported on simple paths.
Saying that the measure is supported on simple paths means that there’s a collection

of simple paths whose complement has zero measure.

The conformal invariance conjecture for LERW.

Consider two domains D, D’ C S?. Every homeomorphism f : D — D’ induces a

2 We review the notion of weak convergence in Section E
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homeomorphism H(D) — H(D'). Consequently, if p is a probability measure on H(D),
there is an induced probability measure f.u on H(D’).

CONJECTURE 1.2. Let D ; C be a simply connected domain in C, and let a € D. Then
the scaling limit of LERW from a to 0D exists. Moreover, suppose that f : D — D’ is a
conformal homeomorphism onto a domain D' C C. Then fijiq.p = Kf(a), D’ > Where g p 1s
the scaling limit measure of LERW from a to D, and pg ), pr is the scaling limit measure
of LERW from f(a) to 0D'.

Although conformal invariance conjectures have been “floating in the air” in the
physics literature for quite some time now, we believe that this precise statement has
not yet appeared explicitly. Support for this conjecture comes from simulations which we
have performed, and from the work of Rick Kenyon [Ken984], [Ken98H], [Ken99].

We prove that Conjecture [[.7 implies an explicit description of the LERW scaling limit

in terms of solutions of Lowner’s differential equation with a Brownian motion parameter.

We now give a brief explanation of this.

Figure 1.1.

Let U:= {z € C: |z| < 1}, the unit disk. If  is a compact simple path in U — {0},
such that v N OU is an endpoint of v, then there is a unique conformal homeomorphism
fy U — U — ~ such that f,(0) = 0 and f!(0) > 0 (that is, f(0) is real and positive).
Moreover, if 7 is another such path, and 5 D v, then f7(0) > f#(O) Now suppose that 3 is
a compact simple path in U such that JUNS is an endpoint of S and 0 is the other endpoint
of 3, as in Figure [T, For each point ¢ € 3 —{0}, let 3, be the arc of 3 extending from ¢ to
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JU, and let h(q) := log féq(O). (If ¢ is the endpoint of 3 on JU, then fg (z) = 2.) It turns
out that A is a homeomorphism from § — {0} onto (—oo,0]. We let ¢(¢) denote the inverse
map ¢ : (—00,0] — B, and set f(z,t) = fi(2) := fp,,,(2). In this setting, Lowner’s Slit
Mapping Theorem [Low23 (see also [Pom66]) states that fi(z) is the solution of Lowner’s

equation

/
t)+z Vz € U,Vt € (—00,0], (1.1)

9 N

aft(z) - th(Z)C( ) .
where ¢ : (—00,0] — 90U is some continuous function. In fact, ((¢) is defined by the
equation

F(C@),t) = a(t).

(The left hand side makes sense, since there is a unique continuous extension of f; to 9U.)
Note that f also satisfies
f(z,0) =z, VzeU. (1.2)

THEOREM 1.3. (THE DIFFERENTIAL EQUATION FOR THE LERW SCALING LIMIT) Assume

Conjecture[I.3. Let B(t), t > 0 be Brownian motion on U starting from a uniform-random
point on OU. Let f(z,t) be the solution of [[1.1} and [[1.Z), with {(t) := B(—2t). Set

o(t)=f(C(t),t), t<0. (1.3)
Then {0} U o ((—o0,0)) has the same distribution as the scaling limit of LERW from 0 to

ou.

The Brownian motion B(¢) in the theorem can be defined as B(t) := exp(i@(t)), where

B(¢) is ordinary Brownian motion on R, starting at a uniform-random point in [0, 27).

REMARK 1.4. Although may look like a PDE, it can in fact be presented as an ODE.
Set ®(z,t,8) := f1(fi(2)) when t < s < 0. Then

(I)(Z7t70> = ft(z> )
O(z,t,t) =2z. (1.4)

It is immediate to see that f; satisfies [T.1] iff ® = ®(z,t, s) satisfies

00 _((s)+®
5 = <I>7C(S)_(b. (1.5)

Therefore, fi(z) can obtained by solving the ODE with ¢ fixed and s € [¢,0].
Note that (¢ + ®)/({ — ®) has positive real part when ® € U and ¢ € 9U. Therefore,
implies that |®(z,t,s)| is monotone decreasing as a function of s. From this it can
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be deduced that there is a unique solution to the system [I.4] and [1.5] in the interval
s € [t,0].

Obviously, Theorem [[.3 together with Conjecture [[.9 describe the LERW scaling limit
in any simply connected domain D ; C, since such domains are conformally equivalent to
U.

It would be interesting to extract properties of the LERW scaling limit from Theo-
rem [.3.

At the heart of the proof of Theorem [ lies the following simple combinatorial fact
about LERW. Conditioned on a subarc 3’ of the LERW 3 from 0 to 0D, which extends
from some point ¢ € 3 to 0D, the distribution of 3 — (3’ is the same as that of LERW from
0 to (D — ('), conditioned to hit gq. (See Lemma [[.3.) When we take the scaling limit of
this property, and apply the conformal map from 9(D — ') to U, this translates into the

Markov property and stationarity of the associated Lowner parameter (.

The uniform spanning tree and its scaling limit.

Shortly, a definition of the uniform spanning tree (UST) on Z? will be given. The
UST is a statistical-physics model. It lies in the boundary of the two-parameter family
of random-cluster measures, which includes Bernoulli percolation and the Ising model
[Hag9F). The UST is very interesting mathematically, partly because it is closely related to
the theory of resistor networks, potential theory, random walks, LERW, and in dimension 2,
also domino tilings. The paper [BLPS9§] gives a comprehensive study of uniform spanning
trees (and forests), following earlier pioneering work [AId90], [Bro89], [Pem9]l], [BP93],
[Hag9]]. A survey of current UST theory can be found in [LCyo9§].

Let G be a connected graph. A forest is a subgraph of GG that has no cycles. A tree

is a connected forest. A subgraph of GG is spanning if it contains V(G), the set of vertices
of G. We will be concerned with spanning trees. Since a spanning tree is determined by
its edges, we often don’t make a distinction between the spanning tree T and its set of
edges E(T).

If G is finite, a uniform spanning tree (UST) in G is a random spanning tree T C G,
selected according to the uniform measure. (That is, P[T = T1] = P[T = T3], whenever
Ty and T are spanning trees of G.)

It turns out that UST’s are very closely related to LERW’s. If a,b € V(G), then the
(unique) path in the UST joining a and b has the same law as the LERW from a to b in G.
(This, in particular, implies that the LERW from a to b has the same law as the LERW
from b to a.) Wilson’s algorithm [Wil9¢], which will be described in Section B, is a very
useful method to build the UST by running LERW’s.
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R. Lyons proposed (see [Pem9]]) to extend the notion of UST to infinite graphs. Let
G be an infinite connected graph. Consider a nested sequence of connected finite sugraphs
G1 C Gy C --- C G such that G = Uj G;. For each j, the uniform spanning tree measure
p; on G; may be considered as a measure on 2B(G) | the o-field of subsets of the edges of
G, generated by the sets of the form {F C E(G) : e € F'}, e € E(G). Using monotonicity
properties, it can be shown that the weak limit p := lim;_,, p1; exists, and does not depend
on the sequence {G;}. It is called the free uniform spanning forest measure (FSF) on G.
(The reason for the word ‘free’, is that there’s another natural kind of limit, the wired
uniform spanning forest (WSF). On Z¢, these two measures agree.) R. Pemantle [Pem91]
proved that if d < 4, the FSF measure on Z? is supported on spanning trees (that is, if T
is random and its law is the FSF measure, then T is a.s. a spanning tree), while if d > 5,

the measure is supported on disconnected spanning forests.

Let us now restrict attention to the case G = Z2. Since it is supported on span-
ning trees, we call the FSF measure on Z? the uniform spanning tree (UST) on Z2.
I. Benjamini [Berd] and R. Kenyon [Ken99] studied asymptotic properties of the UST on a
rescaled grid 672, with 6 small, but did not attempt to define the scaling limit. Aizenman,
Burchard, Newman and Wilson [ABNW] defined the scaling limit of UST (and other tree

processes) in Z?2, and studied some of their properties.

We present a different definition for the scaling limit of the UST. Let § > 0. Again,
we think of §Z? as a subset of the sphere S = R2U{cc}. Let Ts be the UST on 672, union
with the point at infinity. Then -T'(; can be thought of as a random compact subset of S2.
However, it is fruitless to consider the weak limit as § — 0 of the law of -T'(; as a measure
on the Hausdorff space H(S?), since the limit measure is an atomic measure supported on
the single point in H(S?), which is all of S2.

Given two points a, b € —T—g, let wqp be the unique path in :|:5 with endpoints a and b;
allowing for the possibility w,, = {a}, when a = b. (It was proved by R. Pemantle that
a.s. the UST T in Z? has a single end; that is, there is a unique infinite ray in T starting at
0. This implies that indeed w, ; exists and is unique, not only for T, but also for TU{oo}.)
Let T5 = ‘35(?5) be the collection of all triplets, (a,b,wq.p), where a,b € 'T'(;. Then %5 is
a closed subset of S? x S? x H(S?), and the law ps of Ts is a probability measure on the
compact space H(82 x S§? x H(SQ)). By compactness, there is a subsequential weak limit
w of pus as & — 0, which is a probability measure on H(S2 x §% x H(SQ)). We call o a
subsequential UST scaling limit in Z2. If p := lims_o us, as a weak limit, then  is
the UST scaling limit.

We prove



THEOREM 1.5. Let u be a subsequential UST scaling limit in Z2, and let T € H(82 x §% x
H(Sz)) be a random variable with law . Then the following holds a.s.

(i) For every (a,b) € S? x S?, there is some w € H(S?) such that (a,b,w) € T. For
almost every (a,b) € S? x S?, this w is unique.

(ii) For every (a,b,w) € X, if a # b, then w is a simple path; that is, homeomorphic to
[0,1]. If a = b, then w is a single point or homeomorphic to a circle. For almost
every a € S%, the only w such that (a,a,w) € T is {a}.

(iii) The trunk,

trunk := U (w—{a,b}),
(a,b,w)EX
is a topological tree (in the sense of Definition [[0.1), which is dense in S?.

(iv) For each x € trunk, there are at most three connected components of trunk — {x}.

This theorem basically answers all the topological questions about the UST scaling
limit on Z2. It is sharp, in the sense that all the “almost every” clauses cannot be replaced
by “every”. Benjamini [Ben] proved a result which is closely related to item (iv) of the
theorem, and [ABNW] proved (in a different language) that (iv) holds with “three” replaced
by some unspecified constant.

The dual of a spanning tree 7' C Z? is the spanning subgraph of the dual graph
(1/2,1/2) + Z? containing all edges that do not intersect edges in T. It turns out that
duality is measure preserving from the UST on Z? to the UST on the dual grid. The key
to the proof of Theorem [[. is the statement that the trunk is disjoint from the trunk of
the dual UST scaling limit.

Let us stress that Theorem [[.§ is not contingent on Conjecture [[.2. The only contin-
gent theorems proved in this paper are Theorem [.3, and Theorem [[T1.3, which says that
Conjecture [[.7 implies conformal invariance for the scaling limit of the UST on subdomains
of C.

Recent work of R. Kenyon [Ken984||, [Ken98H] proves some conformal invariance re-

sults for domino tilings of domains in the plane. There is an explicit correspondence

between the UST in Z? and domino tilings of a finer grid. Based on this correspondence,
some properties of the UST can be proved using Kenyon’s machinery. For example, Kenyon
has shown [[Ken98H] that the expected number of edges in a LERW joining two boundary
vertices in (6Z2%) N [0,1]? (whose distance from each other is bounded from below) grows
like §75/4, as  — 0. He can also show [Ken99 that the weak limit as § — 0 of the dis-
tribution of the UST meeting point of three boundary vertices of D N (§Z?) is equivariant

with respect to conformal maps. That can be viewed as a partial conformal invariance
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result for the UST scaling limit. Another example for the applications of Kenyon’s work
to the UST appears in Section §. It seems plausible that perhaps soon there would be a
proof of Conjecture [[.3.

SLE with other parameters, critical percolation, and the UST Peano curve.

Let k > 0, and take ((t) := B(—~t), where B is as above, Brownian motion on 0U,
started from a uniform random point. Then there is a solution f(z,t) of [T.I] and [T.2],
and for each t < 0 f; = f(+, 2) is a conformal map from U into some subdomain D, C U.
We call the process of := U — Dy, t < 0, the stochastic Lowner evolution (SLE) with
parameter . It is not always the case that o is a simple path. Let K be the set of all
x = 0 such that for all ¢ < 0 the set o} is a.s. a simple path. We show in Section [ that
sup R < 4, and conjecture that & = [0, 4].

In the past, there has been some work on the question of which Lowner parameters
¢ produce slitted disk mappings ([Kufd7], [Pom6d]), but only limited progress has been
made. Partly motivated by the present work, Marshall and Rohde [MR] have looked into

this problem again, and have shown that when ( satisfies a Holder condition with exponent

1/2 and Hoélder(1/2) norm less than some constant, the maps f; are onto slitted disks, and
this may fail when ¢ has finite but large Hélder(1/2) norm.

Given some k > 0, even if kK ¢ R, the process oy, t < 0, is quite interesting. It
is a celebrated conjecture that critical Bernoulli percolation on lattices in R? exhibits
conformal invariance in the scaling limit [LPSA94]. Assuming such a conjecture, we plan
to prove in a subsequent work that a process similar to SLE describes the scaling limit of
the outer boundary of the union of all critical percolation clusters in a domain D which
intersect a fixed arc on the boundary of D. We also plan to prove that this implies Cardy’s
[Car97| conjectured formula for the limiting crossing probabilities of critical percolation,
and higher order generalizations of this formula.

Let us now briefly explain this. In Figure [[.9, each of the hexagons is colored black
with probability 1/2, independently, except that the hexagons intersecting the positive real
ray are all white, and the hexagons intersecting the negative real ray are all black. Then
there is a boundary path (3, passing through 0 and separating the black and the white re-
gions adjacent to 0. Note that the percolation in the figure is equivalent to Bernoulli(1/2)
percolation on the triangular grid, which is critical. (See [[Gri8Y] for background on perco-
lation.) The intersection of # with the upper half plane, H := {z € C : Im 2z > 0}, which
is indicated in the picture, is a random path in H connecting the boundary points 0 and
00.

A subsequential scaling limit of SNH exists, by compactness, and naturally, we believe
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Figure 1.2. The boundary curve for critical percolation with mixed boundary conditions.

that the weak limit exists. Let v be the scaling limit curve. The physics wisdom (unproven,
perhaps not even precisely formulated, but well supported) is that the scaling limit of the
“external boundary” of macroscopic critical percolation clusters in two dimensions has
dimension 7/4 and is not a simple path [ADA]|, and we believe that this is true for .

In a subsequent paper, we plan to prove (by adapting the proof of Theorem [.3),
under the assumption of a conformal invariance conjecture for the scaling limit of critical
percolation, that v can be described using a Lowner-like differential equation in the upper

half plane with Brownian motion parameter, as follows. Consider the differential equation

0 —2f{(2)
— =" Vz e H,Vt € (—o0,0 1.6
6tft(z) C(t)_z7 Z € ) E( 00, ]7 ( )
where ((t) = B(—xt), B is Brownian motion on R starting at B(0) = 0, and fy(z) = z.
Then f; is a conformal mapping from H onto a subdomain of H, which is normalized by
the so-called hydrodynamic normalization

lim fi(z) —2=0. (1.7)

z—00

The claim is that for x = 6, the image of the path t — f; (( (t)) has the same distribution as
~v. From this, one can derive Cardy’s [Car99 conjectured formula for the limiting crossing
probabilities of critical percolation, as well as some higher order generalizations. This will
be done in subsequent work, but basically depends on the ideas appearing in Section [
below.

A similar representation applies to the scaling limit of the Peano curve which winds
around the UST (this curve was discussed in [DD8§ and mentioned in [BLPS9§]), but
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with k = 8. Given a domain D C S?, whose boundary is a simple closed path, and given
two distinct points a,b € 0D, there is a naturally defined (subsequential) scaling limit of
the Peano curve of the UST in D, with appropriate boundary conditions, and the scaling
limit is an (unparameterized) curve from a to b, whose image covers D. One can show
that Conjecture [[.7 implies a conformal invariance property for the scaling limit. Based on
this, it should be possible to adapt the proof of Theorem to show that Conjecture [.]
implies a representation of the form for this Peano scaling limit when D = H, a = 0,
b = o0, and kK = 8. We give a brief overview of this in Section [[3, and hope to give a more
thorough treatment in a subsequent paper.

The differential equation [[1.6) is very similar to Lowner’s equation, and the only
essential difference is that a normalization at an interior point for the maps f; is replaced
by the hydrodynamic normalization [[I1.7)] at a boundary point (c0). The interior point
normalization is natural for the LERW scaling limit, because the LERW is a path from
an interior point to the boundary of the domain. The Peano curve and the boundary of
percolation clusters, as discussed above, are paths joining two boundary points, and hence
the hydrodynamic normalization is more appropriate for them.

Although Lowner’s Slit Mapping Theorem mentioned above applies to domains of the
form U — a, where « is a simple path in U — {0} with one endpoint in U, Pommerenke
P 0] has a generalization, which is valid for some paths o which are not simple paths.
It is this genaralization (or rather, its version in H with the hydrodynamic normalization)
which will substitute Lowner’s Slit Mapping Theorem for the treatment of the percolation
boundary or Peano curve scaling limits.

The emerging picture is that different values of x in the differential equations [[1.1) or
produce paths which are scaling limits of naturally defined processes, and that these

paths can be space-filling, or simple paths, or neither, depending on the parameter x.
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§2. Some background and terminology.

This section will introduce some notations which will be used, and discuss some of
the necessary background. We begin with a review of uniform spanning trees and forests.

The reader may consult [BLPS9§] for a comprehensive treatment of that subject.

The domination principle.

Suppose that H and H’ are two random subsets of some set. We say that H’ stochas-
tically dominates H if there is a probability measure p on pairs (A, B) such that A has
the same law as H, B has the same law as H', and p{(4,B): B> A} = 1. Such a p is
called a monotone coupling of H and H'.

Let G be a finite connected graph, and let Gy be a connected nonempty subgraph.
Let M be the set of vertices of Gy that are incident with some edge in E(G) — E(Gyp). (We
let E(G) and V(G) denote the edges and vertices of G, respectively.) Let G}/ be the graph
obtained from G by identifying all the vertices in M to a single vertex, called the wired
vertex. Then G}V is called the wired graph associated to the pair (Go,G). Let T be
the UST on G, let T{ be the UST on Gy, and let T} be the UST on G}V'. Then T{ is
called the free spanning tree of the pair (G, G), and T}V is the wired spanning tree
of the pair (Go, G). Sometimes, we call T} [respectively, T3] the UST on Gy with free
[respectively, wired] boundary conditions. The domination principle states that T{' NGy
stochastically dominates T N Gy, and that T N Gy, stochastically dominates T}V N Go.

Now let G be an infinite connected graph, and let G; C G2 C --- be an infinite
sequence of finite connected subgraphs satisfying | J ; G; = G. Let ,u}/V be the law of the
wired spanning tree of (G, G). Based on the domination principle, it is easy to verify that
the weak limit p" of NJVV exists, and is a probability measure on spanning forests of G. It
is called the wired spanning forest of G (WSF).

The domination principle, when appropriatly interpreted, carries over to infinite and
to disconnected graphs as well. If G is a disconnected graph, we take the FSF [respectively,
WSF] on G to be the spanning forest of G whose intersection with every component of G
is the FSF [respectively, WSF| of that component, and with the restriction to the different
components being independent. The more general formulation of the domination principle
states that when G is a subgraph of G, then TE N Gy stochastically dominates T N Gy
and T NGy stochastically dominates T/ N Gg, where T, T{" and T} are the FSF on G, Gy
and G}V, respectively, and the same statement holds when FSF is replaced by WSF.

On all recurrent connected graphs, the WSF is equal to the FSF, and both are trees.
Therefore, on recurrent graphs we shall refer to this measure as the uniform spanning tree
(UST).
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Grid approximations of domains.

Let D C C be a domain, that is, an open, connected set. Given § > 0, we define a
graph G = G(D, §), which is a discrete approximation of the domain D in the grid §Z2, as
follows. The interior vertices V;(G) = V(D, ) of G are the vertices of §Z2 which are in
D. The boundary vertices Vy(G) = Vy(D, d) are the points of intersection of the edges
of the grid §Z2 with D, the boundary of D. The vertices of G are V(G) = V(G)UV(G).
If a,b € V(G) are distinct, then [a,b] is an edge of G iff there is an edge e € E(6Z?) such
that the open segment {ta+ (1 —t)b: ¢ € (0,1)} is contained in D Ne.

We will often be considering random walks on G(D, 0) starting at 0, when 0 € D. It
will be useful to denote by VY the set of vertices v € Vy(D, §) such that there is a path
from 0 in G(D, §) whose intersection with Vy is v.

The wired graph, GW (D, §), associated with D is G(D, §) with all the vertices Vo(D, )
collapsed to a single vertex, which we simply denote 9D.

We shall often not distinguish between a graph and its planar embedding, if it has
an obvious planar embedding. For example, the UST on G will also be interpreted as a

random set in the plane.

Wilson’s algorithm.

Let G be a finite graph. Wilson’s algorithm [Wil9§] for generating a UST in G
proceeds as follows. Let vg € V(G) be an arbitrary vertex (which we call the root),
and set Ty := {vo}. Inductively, assume that a tree T; C G has been constructed. If
V(T;) # V(G), choose a vertex vjy; € V(G) — V(Tj), let W11 be LERW from v to T}
in G, and set Tjy; := T; UW;4q1. Otherwise V(T;) = V(G), and the algorithm stops and
outputs 7j. It is somewhat surprising, but true, that no matter how the choices of the
vertices v; are made, the output of the algorithm is a tree chosen according to the uniform
measure.

If G is infinite, connected and recurrent, Wilson’s algorithm also “works”. When
the subtree T} generated by the algorithm includes all the vertices in a certain finite set
K C V(G), the subtree of T} spanned by K (that is, the minimal connected subgraph
of T; that contains K) has the same law as the subtree of the UST of G spanned by K.
(There is also a version of Wilson’s algorithm which is useful for generating the WSF of a

transient graph, but we shall not need this.)

Harmonic measure estimates.
Because of Wilson’s algorithm, many questions about the UST can be reduced to

questions about simple random walks (SRW’s). It is therefore hardly surprising that
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we often need to obtain a harmonic measure estimate; that is, an estimate on the
probability that SRW starting from a vertex v will hit a certain set of vertices K; before

3 away from KoUK].

hitting another set K. As a function of v, this probability is harmonic

Almost all the harmonic measure estimates which we will use are entirely elementary,
and follow from the following easy fact. Consider an annulus A = A(p, r, R), with center p,
inner radius r and outer radius R > r. Suppose that § is sufficiently small so that there is
a path in §Z? N A which separates the boundary components of A. Let ¢ € 6Z%N A be some
vertex such that the distance from ¢ to the boundary 0 A is at least /¢, where ¢ > 0 is some
constant. Let X be the image of SRW starting from ¢, which is stopped when it first leaves
A. Then the probability that X contains a path separating the boundary components of A
is bounded below by some positive function of ¢. (This can be proved directly using only
the Markov property and the invariance of SRW under the automorphisms of 6Z2.) One

consequence of this fact and the Markov property, which we will often use, is as follows.

LEMMA 2.1. Suppose that K is a connected subgraph of 672 of diameter at least R, and
v € 0Z>. Then the probability that SRW starting from v will exit the ball B(v, R) before
hitting K is at most Co(dist(v, K)/R)Cl, where Cy, C1 > 0 are absolute constants.

This lemma holds for the spherical as well as Euclidean metric.

Laplacian random walk.

Although this will not be needed in the paper, we have to mention another interpre-
tation of LERW. Let G be a finite connected graph, let K C V(G) be a set of vertices,
and let @ € V(G) — K. The LERW from a to K can also be inductively constructed, as
follows. Suppose that the first n vertices a = LE(1),LE(2),...,LE(n) have been deter-
mined and LE(n) ¢ K. Let h, : V(G) — [0,1] be the function which is 1 on K, 0 on
{LE(1),...,LE(n)} and harmonic on V(@) — (K U{LE(1),...,LE(n)}). Then LE(n +1) is
chosen among the neighbors w of LE(n), with probability proportional to A, (w).

This formulation of the LERW may serve as a heuristic for Conjecture [[.3, since dis-
crete harmonic functions are good approximation for continuous harmonic functions, and
continuous harmonic functions in 2D have conformal invariance properties. However, this
heuristic is quite weak, since near a non-smooth boundary of a domain, the approximation

is not good.

Weak convergence of measures.
We now recall several facts and definitions regarding weak convergence. The reader

may consult [EK8f, Chap. 3] for proofs and further references. Let (X, d) be a compact

3 A function h is harmonic at v, if h(v) is the average of the value of h on the neighbors of v.
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metric space, and let {4} be a sequence of Borel probability measures on X. u be a Borel
probability measure on X. Saying that the sequence p; converges weakly to © means that
lim; [ fdp; = [ fdu for all continuous f : X — R. The Prohorov metric on the space of
Borel probability measures on X is defined by

dp, i) = inf{e >0: u(K) < p/(N(K)) + € for all closed K C X},

where Ne(K) := |, B(z,€) is the e-neighborhood of K. The space of Borel probability
measures on X is compact with respect to the Prohorov metric, and weak convergence is
equivalent to convergence in the Prohorov metric.

Let M(p, ') be the collection of all Borel measures v on X x X such that v(Ax X) =
u(A) and v(X x A) = p/(A) for all measurable A C X. Such a v is called a coupling of
w1 and p’. The Prohorov metric satisfies

A, 1) = ye/\i/lrbfhu’)inf{e >0: v{(z,y): d(z,y) = €} < e} : (2.1)

~

In other words, d(u, ') < € means that one can find a probability space (2, P) and two
X valued random variables x,y : © — X, such that P[d(z,y) > €] < € and such that z
has law p and y has law p/. This is obtained by taking an appropriate P = v € M(u, 1),
Q= X x X, and letting x and y be the projections on the first and second factors,

respectively.

Conformal maps.

We review some elementary facts about conformal (aka univalent) mappings, as may
be found in [Dur83], for example. Let D C C be some domain. A continuous map
f D — C, which is injective and complex-differentiable is conformal. If f is conformal,
then f=1: f(D) — C is also conformal.

Let D ; C be simply connected. Then Riemann’s Mapping Theorem states that there
is a conformal homeomorphism f = fp from U onto D. Suppose also that 0 € D, then f
can be chosen to satisfy the normalizations f(0) = 0 and f/(0) > 0, which render f unique.
In this case, the number f’(0) is called the conformal radius of D (with respect to 0).

The Schwarz Lemma implies that

F1(0) = inf{[z] : z ¢ f(U)}, (2.2)
while on the other hand, the Koebe 1/4 Theorem gives

£/(0) < 4inf{|z] : = ¢ F(U)} (2.3)
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Hence, up to a factor of 4, the conformal radius can be determined from the in-radius.

If 0 < a < b < o0, then the set of all conformal maps f : U — C satisfying f(0) =0
and a < |f/(0)] < bis compact, in the topology of uniform convergence on compact subsets
of U. If f; : U — C are conformal, f;(0) =0, and f; — f locally uniformly, then the image
f(U) can be described in terms of the images D; := f;(U). Let D be the maximal open
connected set containing 0 and contained in U,~, N;=, D;. If D # 0, then f(U) = D;
otherwise, f(U) = {0}. This is called Carathéodory’s Kernel Convergence Theorem.

If f:U — D is a conformal homeomorphism onto D, and 9D is a simple closed curve,
then f extends continuously to OU. The same is true if D = U — 3, where 3 is a simple
path.

3. No Loops.

In this section, we prove that any LERW subsequential scaling limit is supported on
the set of simple paths. That is, we prove Theorem [[.]].

Let 01 and o0y be distinct points R2. For each § > 0, let o] and o3 be vertices of YA
closest to o; and o9, respectively. Note that in 6Z? the combinatorial distance between
two vertices v, v’ € §Z? is 6 t||v —2'||;. However, all metric notions we use will refer to the
Euclidean or spherical distance. In this section, we will mainly use the Euclidean metric.

Let RW be a random walk on 0Z? starting at oj and stopped when o} is reached for
the first time. Let w = ws denote the loop-erasure of RW, and let Ps denote the law of

ws. The following lemma will show that the diameter of ws is “tight”.

LEMMA 3.1.
Ps[diamw > sdist(o}, 05)] < Cos™ ",

where Cy, C1 > 0 are absolute constants.

The proof is based on Wilson’s algorithm and an elementary harmonic measure esti-

mate. A more precise estimate can be obtained by using the discrete Beurling Projection
Theorem (see [Kes87]| or [Law9d)).

Proof. Set r := dist(o}, 03), R := sdist(0},03)/4, and let z € §Z? be some vertex such
that dist(o},z) > 10R. For a,b € 6Z?, let w,p denote the path in the UST of §Z?
joining @ and b. Let w be the meeting point of o7, 03, z in the UST; that is, the vertex in
Wo 05 M Wor,z N Wos - By Wilson’s algorithm, the distribution of w is identical with the
distribution of Wor w U Wos -

We now estimate P [diam(wa,w) > s dist (o7, 03)} Using Wilson’s algorithm, we may

generate wor o by letting woy . be LERW from o3 to z, and letting wor ., be LERW from oj
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to woy 2 Condition on Wo3,z- By Lemma P.1], the probability that SRW starting at o} will
exist B(of, R) before hitting wo; - is at most Cy(r/R)%s, for some constants Cy,Cs > 0.
Therefore, P[diamw,r ., > 2R] < Ca(r/R)“*. Moreover, the same estimate holds for
diam wos 4. SiNce Wer o = Wor w UWoz w, We get P[diam Wot 05 > 4R] < 2Cy(r/R)“3. This

completes the proof of the lemma. |

REMARK 3.2. The proof of the lemma can be easily adapted to show that if a,b € §Z2 and
K C 072, then the probability that LERW from a to K will intersect B(b,r) is at most
Cy(r/dist(a, b))CS, provided r > 8, where Cy, C5 > 0 are absolute constants.

DEFINITION 3.3. Let zg € R?, r,e > 0. An (2, r, €)-quasi-loop in a path w is a pair a,b € w
with a,b € B(zp,r), dist(a,b) < €, such that the subarc of w with endpoints a, b is not
contained in B(zg,2r). Let A(zg,7,¢€) denote the set of simple paths in R? that have a

(20, T, €)-quasi-loop.

LEMMA 3.4. Let ¢ be the distance from o} to o}, let r € (0,¢/4), € > 0 and 29 € R%. Then

lime .o Ps[A(20,7,€)] = 0, uniformly in 6.

Proof. Let By = B(zp,r) and By = B(zp,2r). The distance from Bs to at least one of
the points o7, 0} is at least ¢/2. By symmetry, we assume with no loss of generality that
dist (03, B2) > ¢/2. Let 1 € (0,¢/4), and let ¢ be a vertex in §Z? such that dist(g, 03) €
[e1 — 6, €1].

Let w? be a LERW from q to o} in 6Z2. Let RW be an independent simple random
walk from o}. Let RW’ be the part of the walk RW until w? is first hit. Then, by Wilson’s
algorithm, w;s has the same distribution as the arc connecting o} to o3 in LE(RW') U w?.

Let A’ be the event that LE(RW’) has a (zg, 1, €)-quasi-loop, and let C be the event

that w? intersects By. Then
P;[A(z0,7, )] < P[A] + P[C]. (3.1)

Since dist (q, 03) < €1 and dist (Bg, 03) > ¢/2, from Lemma we get an estimate of the
form

P[C] < Cgs(e1 /)" . (3.2)

We now find an upper bound for P[A’]. Let s; be the first time s > 0 such that
RW(s) € B;. Let t; be the first time ¢t > s; such that RW(t1) ¢ Bs. Inductively, define s;
to be the first time s > ¢;_1 such that RW(s) € B; and t; to be the first time ¢ > s; such
that RW(t) ¢ Bs. Let 7 be the first time ¢ > 0 such that RW(t) € w?. Finally, for each
s > 0 let RW? be the restriction of RW to the interval ¢ € [0, s].
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For each j = 1,2,..., we consider several events depending on RW" and w?. Let N2
be the event that LE(RW") has a (2,1, €)-quasi-loop. Let 7; be the event that 7 > ¢;. It

is easy to see that
o

A cJnT).

J=1

Since 7; D 7T;4; for each j, this implies

A/ C Tm—l—l U U yj . (33)

j=1

for every m.
We first estimate P[7;,; | RW", w?]. Conditioned on any w?, the probability that a
SRW starting at any vertex outside of By will hit w? before hitting By is at least

C’8(61)09 )

where Cs > 0 depends only on ¢ and r, and Cy > 0 is an absolute constant. This is based
on the fact that w? is connected, contains 03, and has diameter at least e; — J. Applying

this to the walk RW from time ¢; on, we therefore get
P71 | RWY, w7 <1 — Cgle).
By induction, we therefore find that
P(T,, | w7 < (1- 08(61)09)’”_1 . (3.4)

We now estimate P[V,11 | =);, RW']. Let Q, be the set of components of LE(RW*®/+1)
B, that do not contain RW(s;41). Observe that for J;;1 to occur, there must be a K € Q;
such that the random walk RW comes at some time ¢ € [sj41,t;41] within distance e of
K N By but RW(t) ¢ K for all t € [sj41,t41]. But if RW(?) is close to K, t € [sj41,t41],
then Lemma P.T can be applied, to estimate the probability that RW will not hit K before
time ¢;11. That is, conditioned on RW**!, for each given K € @Q;, the probability that
RW([s;+1,t;+1]) gets to within distance € of K but does not hit K is at most Cyo(e/r)%11,

where C1g,C11 > 0 are absolute constants. Consequently, we get,

P[Y;11 | =Y;, RWY] < Cio|Qy(e/r) M.

Observe that |Q,|, the cardinality of @)}, is at most j. Therefore,
PYV;i1 | V)] < Crojle/r)m .
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This gives

m m—1 m—1
P[U y]} <Y PNV <Y PV | Y
Jj=1 j=1 j=1
m—1
<Y jCio(e/r)O < Cram?®(e/r)7n (3.5)
j=1

Combining this with [3.1), [3.2), [3.3)] and [3.4), we find that

m—1

Ps[A(z0,7,€)] < Csler1/c)9" + Cram?(e/r)M + (1 - C’gelcg>

The lemma follows by taking m := |e~©11/3] and €, := —1/loge, say. |

THEOREM 3.5. Let (X, d) be a compact metric space, let 01,09 € X, let f : (0,00) — (0, 00)
be monotone increasing and continuous, and let T' = T'(f) be the set of all compact simple
paths v C X with endpoints o1 and oy which satify the following property. Whenever x,y

are points in v and D(x,y) is the diameter of the arc of v joining x and y we have

d(z,y) = f(D(z,y)). (3.6)

Then T" is compact in the Hausdorff metric.

For this we will need the following Janiszewski’s [JanId] topological characterization
of [0,1] (see [New92, IV.5)):

LEMMA 3.6. (TOPOLOGICAL CHARACTERIZATION OF ARCS) Let K be a compact, con-
nected metric space, and let 01,09 € K. Suppose that for every x € K — {01,020} the set
K — {x} is disconnected. Then K is homeomorphic to [0,1]. |

Proof of Theorem [3.§. Let H = H(X) denote the space of compact nonempty subsets of
X with the Hausdorff metric ds. Let v be in the closure of I in H. Then v is connected,
compact, and v D {o1,02}. We now use Lemma B.§ to show that v is a simple path.
Indeed, suppose that = € v — {01, 02}.

We show that 01 and o5 are in distinct components of y—{z}. Let {~,,} be a sequence in
" such that dy(vyn,7) < 1/n, and let {z,} be a sequence with z,, € 7, and d(z,,z) < 1/n.
For each n let 7o' be the closed arc of ~,, with endpoints o; and z,,, and let 722 be the closed
arc of v, with endpoints z,, and o,. By passing to a subsequence, if necessary, assume
with no loss of generality that the Hausdorff limits v = limy2* and 792 = limy2? exist.

If p,, € 421, qn € 722, then d(pp, qn) = f(d(pn,a:n)), since v, € I'(f). By taking limits we
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find that if p € v°* and g € 42, then d(p, q) > f(d(p, :L')) Consequently, v — {z} and
~°2 — {x} are disjoint. Because v°* U~°2 = v and 7°!,~v°2 are compact, the set v — {x} is
not connected. Hence, by Lemma B.G, v, is a simple path.

It remains to prove that v € I'(f). For any simple path § C X with endpoints o1, 02,
let R(f3) be the set of all (x,y) € X3 such that = belongs to the subarc of 3 with endpoints
o1 and y. With arguments as above, it is not hard to show that lim R(y,,) = R(7), in the
Hausdorff metric on X x X. Since f is continuous, it then easily follows that v € T'(f).
The details are left to the reader. (Actually, one can see that this statement is not essential
for the proof of Theorem [[.1. There, we only need the fact that the Hausdorff closure of
['(f) is contained in the set of simple paths.) |

Although this will not be needed here, we note the following variation on Theorem B.5.

THEOREM 3.7. Let (X, d) be a compact metric space, let f: (0,00) — (0,00) be monotone
increasing and continuous, and let T = T'(f) be the set of all compact subsets of v C X
that are simple paths satifying the following property. Whenever x,y are points in v and

D(x,y) is the diameter of the arc of v joining x and y we have

d(z,y) = f(D(z,y)). (3.7)

Set To:={{z}: v € X}. Then " ULy is compact in the Hausdorff metric.

The proof does not require much more than the proof of Theorem B.§. We omit the
details.

Proof of Theorem [I.]. We start with the proof of the second statement, and first assume
that a,b # co. Let o} and o0 be vertices of 6Z? closest to a and b, respectively. Let ws be
LERW from o} to o} in 6Z?, and let w} be a path from a to b, obtained by taking the line
segment joining a to a closest point a’ on wy, taking the line segment joining b to a closest
point b’ on ws, and taking the path in ws joining a’ and o’. Then the Hausdorff distance
from ws to wj is less than 20. Let P be the law of wj§. Let u be some subsequential weak
limit of Ps as 6 — 0. Then it is also a subsequential scaling limit of Pj§. Let m be large.
By Lemma B.], there is an R,, such that with probability at least 1 — 27™! we have
ws C B(o1, R,,). For each j € N| let z{, el zij be a finite set of points in R? such that
the open balls of radius 2772 about these points cover B(o1, R,,). For each j € N, let

7" € (0,1) be sufficiently small so that

Ps[A(2], 277, em)] < 27m 2 /k;, (3.8)
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for all i = 1,...,k;, and for all 6 > 0. Such € exist, by Lemma [.4. Finally, let
fm 1 (0,00) — (0,00) be a continuous monotone increasing function satisfying f,,(2277) <
273 min(e]",277) for each j = 1,2,... and sup, ¢ fim(s) < 27° min(ef*, 1/2).

Let X, be the space of all compact nonempty subsets of B(o1, R,,), and set

UUAJle emy.

j=1li=1

Note that
P5(—Qm) <27, (3.9)

for all § and m. Also note that if we set X := B(oy1, R,) and f := f,, in Theorem B3,
then
Qm CTy :=T(fm)- (3.10)

Indeed, suppose that v € X, is a path in X joining a and b and v ¢ T',,,. Then there
are x,y € v and w contained in the arc of 7 joining z and y such that dist(x,y) <
2f(dist(x, w)). Since sup f < 274, we have dist(z,y) < 273. Let j be such that 27771 <
dist(x, w) < 27772, Then

dist(z, y) < 2f (dist(z,w)) < 2f(279F2) < 27972, dist(z,y) < 2_3637“.

Let i € {1,...,k;} be such that dist(z,2/) < 27972, Then dist(z!,w) > 277 and z,y €
B(z!,27771). Consequently, since d(z,y) < €', we have v € A(2, 27771, €"). This proves
(3.10))

By [3.9] and [[3.10], we get P4 (—I'y,) < 27™. Theorem B.J tells us that I',, is compact.

Therefore, we also have u(—I',,) < 27™, and so

(u)-

This completes the proof for the case a, b # oo, because each element of | J, I'y, is a simple
path.

The proof when a or b in oo is similar. One only needs to note that Lemma B.4 is

valid when zy = oo and the distances are measured in the spherical metric. Indeed, the
basic harmonic measure estimate Lemma P. is also valid in the context of the spherical
metric.

The proof of the first statement of Theorem [[.1] is also similar. The details are left to
the reader. |
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Note that the first statement of Theorem [[.1 implies that for almost every subsequen-
tial scaling limit path + from a to 0D, the closure of ¥ N D intersects D in a single point.
This fact is easy to deduce directly, since it is also true for the image of SRW starting near

a and stopped when 0D is hit.

84. First steps in the proof of Theorem 1.3.

Throughout this section we assume Conjecture [.3. Let o be random, with the law
of the scaling limit of LERW from 0 to 0U. From Theorem [[.]] we know that o is a.s. a
simple path.

Recall that if D C D’ ;Cé C are simply connected domains with 0 € D, then the
conformal radius of D’ is at least as large as the conformal radius of D. This follows from
the Schwarz Lemma applied to the map fl;,l ofp:U—T.

For each t € (—o00,0], let oy be the subarc of o with one endpoint in OU such that
the conformal radius of U — oy is expt. It is clear that o; varies continuously in ¢. Let
ft : U — U — oy be the conformal map satisfying f;(0) = 0 and f/(0) = expt. By Lowner’s
slit mapping theorem [Low23], there is a unique continuous ¢ = (, : (—00,0] — OU such
that the differential equation [1.1] holds. Let E: Eg : (—00,0] — R be the continuous
function satisfying ((t) = exp (26(75)) and C(0) € [0,27). Our goal is to prove

PrROPOSITION 4.1. The law on 1s stationary, and Z has independent increments.

~

This means that for each s < 0 the law of the map ¢ — ((s + t) restricted to (—o0, 0]
is the same as the law of Z, and that for every n € N and tg < t; < --- < t, <0, the
increments C(t1) — C(to), C(t2) — C(t1), ..., C(tn) — C(tn—1) are independent. The proof of
this proposition, as well as the next, will be completed in later sections.

Note that Conjecture [.4 implies that the distribution of ¢ is invariant under rotations
of U about 0. Let 0! be random with the law of o conditioned to hit OU at 1. If X denotes
the (random) point in o N OU, then o' has the same law as A~'o. It turns out that

Proposition [.1] will follow quite easily from

PROPOSITION 4.2. Assume Conjecture [[.3. Fiz some t < 0. Take o' and o to be indepen-
dent. As above, let o, be the compact arc of o that has one endpoint on OU and such that
the conformal radius of U — oy is exp(t). Let q(t) be the endpoint of oy that is in U. Let
¢ be the conformal map from U onto U — o, satisfying $(0) = 0 and ¢(1) = q(t). Then

o, U¢(ol) has the same law as o.

Now comes an easy lemma about LERW, and Proposition will be obtained from

this lemma by passing to the scaling limit. The passage to the scaling limit is quite delicate.
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Recall the definition of the graph G(D, §) approximating a domain D, from Section PJ.

LEMMA 4.3. Let § > 0 and t < 0 be fized, and let D ; C be a simply connected domain
with 0 € D. Let 8 be LERW from 0 to 0D in G(D, ). Let B; be the compact arc in (3 such
that By N OD is an endpoint of By and such that the conformal radius of D — B is exp(t).
Let ¢1(t) be the endpoint of B¢ that is not on OU. Set Dy = D — [3;. Then the law of B — [3;
conditioned on [ is equal to the law of LERW from 0 to 0Dy, conditioned to hit q1(t).

Proof. There are several different ways to prove this lemma. We prove it using the relation
between LERW and the UST. Suppose that « is a path such that §; = « has positive
probability. We assume for now that the endpoint ¢ of a which is in D lies in the relative
interior of an edge e of §Z2 (this must be true except for at most a countable possible
choices of t), and set @ := a — e. Let ¢ be the endpoint of @ in D. Let T be the UST on
GY (D, 6), the wired graph of D. Then 3 may be taken as the path in T from 0 to D. We
may generate T using Wilson’s algorithm with root 0D, and starting with vertices v; = ¢
and v, = 0. Conditioning on 3; being equal to « is the same as conditioning on a C (3,
which is the same as conditioning on the LERW LE; from v; to 0D to be & and that the
LERW from vy to LE; hits ¢ through the edge e. This completes the proof in the case
where ¢ is not a vertex of §Z2. The case where g € V(§Z?) is treated similarly. |

§5. Getting uniform convergence.

The principle goal of this section is to state and prove Corollary b.5 below. The main
point there is that Conjecture implies that the weak convergence of loop erased random

walk in a domain D C U is uniform in D.

LEMMA 5.1. Let K be a compact connected set in U that contains OU but with 0 ¢ K. Let
F be a compact subset of U— K, and let € > 0. Then there is a 61 > 0 with the following
property. Let K' be a compact connected set in U with K' D 0U and dyu) (K, K') <61/5.
Set D=U—K'. Let § € (0,01/5), and let Q C V4(D,§) be nonempty. Let RW® be the
random walk on G(D,d) starting at 0 that stops when it hits Va(D,6), conditioned to hit
Q. Then the probability that RW® will reach F after visiting some vertex within distance
01 of K 1is less than €.

Proof. We need to recall some basic facts relating the conditioned random walk RW® to
the unconditioned random walk RW (that stops when hitting Vg (D, d)). First recall that
RW® is a Markov chain. (This is easy to prove directly. See also the discussion of Doob’s
h-transform in [Dur84, §3.1].) Let vy be some vertex, to € N, and W a set of vertices.
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Let 7 = Ty be the least t > ¢y such that RWQ(t) € W, if such exists, and otherwise set
T =o00. Forw e W let

aw (vo, w) := P[1 < o0, RWQ(T) =w | RWQ(tO) =],

and let ay (vo,w) be the corresponding quantity for RW. Then

aw (v, w)h(w)
h(vo)
where h(v) is the probability that RW hits ) when it starts at v. This formula is easy to
verify.
Let Wi be the set of vertices v of G(D,d) such that h(v) < eh(0)/5. By [5.1),

> aw, (0,w) < (¢/5) > aw, (0,w) < ¢/5.

weW; weW;

aw (vo, w) = (5.1)

Consequently, the probability that RW® visits W is at most /5.

Let p be the distance from F' to K, and assume that 1006; < p. Then an easy discrete
Harnack inequality shows that h(v)/h(0) < Cj for all vertices v in F', where Cj is some
constant which does not depend on K’ or §, but may depend on F. There is a first vertex,
say v, visited by RW® such that the distance from o to K is at most 8. Let Wa be the
set of vertices of G(D,d) in F. If v ¢ Wy, then h(v) > €h(0)/5 and hence

=
£
=
—~
=

> aw,(@w) = > aw, (D, w)(—W <5Coe ! Y aw,(Bw).  (5.2)
weW, wEWs weEWs

But since K is connected, Lemma P.]] shows that the probability that a simple random

walk starting at v will get to distance p/2 from v without hitting Vs (D, d) is bounded by

C1(61/p)¢2, where C1,Cy > 0 are absolute constants. By (5:2],

> aw, (B,w) < 5Coe ' C1(81/p)> .
weWs

Consequently, if §; is chosen sufficiently small, the probability that RW® starting at v will
hit Wy is less than €/5, provided v ¢ W;. But P[v € W3] < ¢/5, since the probability that

W is visited is at most €/5. The lemma follows. |

In the following, we let RWP? denote SRW on G(D,d) that stops when it hits
Va(D,6), and let RWP%€ denote RWP*® conditioned to hit Q, if Q C VY (D, ). Suppose
that v is a probability measure on V9 (D, ) and p is random with law v, then Rw?D-9v
will denote RWP*° conditioned to hit p given p. In other words, the law of RWP% is the

convex combination of the laws of the walks RWP%{P} with coefficients v({p}).
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LEMMA 5.2. Assume Conjecture [[.3. Let D C U be a Jordan domain with 0 € D. Let
¢ : D — U be the conformal homeomorphism from D to U satisfying ¢(0) =0, ¢'(0) > 0.
Then as § — 0 the law of the pair (¢(LE(RWD’5)),8U N ¢(RWD’5)) tends weakly to the
law of the pair (o,0UN o).

This lemma is easily proved using arguments as in the proof of Lemma p.7], and is
therefore left to the reader.

If X and Y are random closed subsets of U, we let EU(X ,Y') denote the Prohorov
distance between the law of X U OU and the law of Y U QU (see Section [, towards the
eAnd), where the metric d,, g is used on H(U). If F is a subset of U, we set dp(X,Y) :=
du (X UU-F,YUU - F) This is a measure of how much X and Y differ inside F'.

LEMMA 5.3. Let € > 0. Then there is a dg > 0 and a finite collection of smooth Jordan
domains Dy, Dy, ..., D, C U with 0 € D; for all j, and with the following property. Let
D C U be a simply connected domain with B(0,€) C D, let § € (0,80) and let Q@ C VY(D,9)
be nonempty. Let F, be the component of 0 in the set of points in D that have distance at
least € to D. Then there is a D' € {D1,...,D,} and a probability measure v on V3(D’,d)
such that

dp. (LE(RWP9Q) LE(RWP'9¥)) < e. (5.3)

Moreover, we may require that the Hausdorff distance from 0D to 0D’ is at most e.

Proof. Fix some D and @ as above. By Lemma p.]], there is a §; > 0 such that with
probability > 1 — ¢/5 the walk RWP%Q does not reach F, after exiting Fj,, provided
d € (0,01/5). Also, there is a 0] < §; such that with probability > 1 — ¢/5 this walk does
not reach Fj, after exiting F:. Let D’ € D be a smooth Jordan domain with D’ D F:,
and such that the Hausdorff distance from 0D’ to 0D is less than e. For every 6 < §1/5,
let v = vs be the hitting measure of RWP*9 on V9(D’, §). Observe that we may think of
RWP 9% ag equal to RW? %2 stopped when Va(D',6) is hit.

Let A; be the event that RWP*%? does not visit F. after exiting Fj,, and let Ay be the
event that RWP%? does not visit F, after exiting F5.. Note that on the event A; N A,
after exiting Fj the random walk does not visit any vertex v which was already visited
prior to the last visit to F.. Consequently, the intersection of F. with the loop erasure
of the walk does not change after the first exit of Fj;. Since we may couple RWP 9 ¢
equal RWP2€Q stopped on Vp(D’,8), this means that we may obtain a coupling giving
F.NLE(RWP*%) = F.n LE(RWD/"S’”) on A; NAy. Since P[A; NAz] > 1—¢€/2, this proves
the lemma for a single D. However, the same solution would stand for every D" with 9D"
sufficiently close to 0D in the Hausdorff metric. Hence, the compactness of the Hausdorff

space of compact, connected subsets of U — B(0, €) completes the proof. |
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LEMMA 5.4. Let D C U be a smooth Jordan domain with 0 € D, let§ > 0, let ¢ € VY(D,§),
and let RWY := RWP 19 Then the law of LE(RWY) is uniformly continuous in q. That
is, for every € > 0 there is a 61 > 0 such that

dp(LE(RW?), LE(RW?)) < e

provided § € (0,61), and |q — ¢'| < 1.

Proof. Let 69 > 0 be very small. It is easy to see that when |¢ — ¢/| is small we may couple
RWY and RW? so that with probability at least 1 — €/5 they are equal until they both
come within distance §y of dD. Hence, the lemma follows by using an argument similar
to the one used in the proof of Lemma p.3. |

COROLLARY 5.5. Assume Conjecture [[.3, and let € > 0. Then there is a 61 > 0 with the
following property. Let D C U be a simply connected domain with B(0,¢) C D, and let F
be the connected component of 0 in the set of all points z with d(z,0D) > €. Let § € (0,01),
and let Q C V(D, &) be nonempty. Let ¢ be the conformal homeomorphism from U to D
that satisfies $(0) = 0 and ¢'(0) > 0. Then there is a random \ € OU independent from
ol such that

dr. ((;S()\al), LE(RWD’5’Q)> <e.
The main point here is that §; does not depend on D or on Q.

Proof. Let ¢, > 0 be much smaller than e. Suppose that D’ is a domain in the list
appearing in Lemma that satisfies the requirements there with €; in place of €, and let
v be as in that lemma. Fix some small 6;. For each ¢ € V§(D’, ) let v, be restriction
of the hitting measure of RWP"? to B(q, 1) N Va(D,d), normalized to be a probability
measure. Lemma f.4 implies that we may replace v by a probability measure v/, which is

a convex combination of such v, while having
dr., (LE(RWP ") LE(RWP ') < ¢, (5.4)

provided 67 is sufficiently small. Moreover, by Conjecture [[.2, provided ¢; is sufficiently
small and 6 € (0,6;), we have

dr,, (LE(RWP 9¥0) yh(Ao)) < e, (5.5)

where \; € OU is random and independent from ol, and v is the conformal homeomor-
phism from U to D’ satisfying ¥(0) = 0 and ¢’(0) > 0. Since the list Dq,..., D, in
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Lemma [.3 is finite, we may take d; to be independent of D. Consequently, there is a
random A € OU independent from o' with

dr,, (LERW?") p(Aat)) < ey (5.6)

Provided we have chosen ¢; sufficiently small, we have that [(¢71(2)) — 2| < € for
z € F/5. Corollary p.5 now follows from [5.3] with €; in place of ¢ and from [5.4], [[5.5]
and [[5.6). |

§6. Recognizing the Lowner parameter as Brownian motion.

Proof of Proposition [[.3. Let 8 := LE(RWU’5) and let By, Dy and ¢;(t) be defined as in
Lemma 1.3 Set v := LE(RWPe00 ™)) where RWP %41 g taken to be independent from
3 conditioned on ;. Using Conjecture [[.2), c?[u(ﬁ, o) — 0 as 6 — 0. By [2.1], this means
that we may couple 5 and o (that is, make them defined on the same probability space,
where they are not necessarily independent) such that 3 Poin H(U), where P, denotes
convergence in probability as § — 0. Since o is a.s. a simple path, this also implies that
0O LA O¢.

Let ¢ be the conformal map from U onto U — oy that satisfies (Z(O) =0 and 8’(0) > 0,
and let @Z be the similarly normalized conformal map from U onto U — ;. Because 3; LA O,
it follows that @ LA (E, in the topology of uniform convergence on compact subsets of U.

Set 1hx(2) 1= 1(Az) and ¢x(2) := ¢p(Az) for A € U. Given every ¢ > 0 and a closed
set A C U let F.(A) be the connected component of 0 in the set of points with distance at
least € from A (or the empty set, if d(0, A) < ¢€), and let W (A) := U — F.(A).

By Corollary F-, for every € > 0 there is a random A\ € dU independent from o
(but not from [;) such that cipe(ﬁt)(iz,\(al),v) — 0. (The law of A may depend on ¢ and
€.) Observe that P[Fs(0y) C Fe(B¢)] — 1 as 6 — 0, because (; gat. Therefore, we may
conclude that EFQE(Ut)(@ZA(Jl),fy) — 0. Since this is true for every € > 0, it follows that
we may choose A = A; so that dy_o, (¥x(c),7) — 0, as § — 0. Because = by, we
therefore also have dy_, (dx(c!),~) — 0; that is, dy(o: U (cl), 00 U7y) — 0. Since 8; Uy
has the same law as 3 (by Lemma [.3), and since [, L oy, this gives,

dy(or U dr (oY), B) = du(o, U da(al), B Ury) — 0. (6.1)

Let A* be random in 0U with a law that is some weak (subsequential) limit of the law
of A as § — 0. It follows from that oy U~ (o)) has the same law as ¢. In particular,
it is a simple path. The only possibility is therefore that (E,\* = ¢ a.s., which completes
the proof of Proposition [.2. |
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Proof of Proposition [[.1. Recall that ( = (, : (—00,0] — 9U is the Lowner parameter
associated to the LERW scaling limit o C U. Let 5 be the Lowner parameter associated
with the path ¢!, and let ft be the associated solution of the Lowner system. Note that
¢(0) = 1, since ' N AU = {1}. Fix some t, < 0. Using Proposition and its notations
(with to replacing t), we know that the path & := oy, U ¢(c!) has the same law as o.
Let f; be the solution of the Lowner system associated with the path &, and let ¢ be the
associated Lowner parameter. Then ¢ has the same law as ¢, by Proposition A2 Let ¢
be as in Proposition [, and set A := |¢'(0)|/¢’(0) When t < to, we have

fi(z) = do fisy(X2),

because the right hand side is a suitably normalized conformal map from U onto U — ;.
We differentiate with respect to ¢, and use [I.1], to get

0 1 F 9z
5 11(2) = &' (Fioto(A2) 5 ity (A2)

=¢’<ﬂ—to<xz>»zﬁ_touz>w ’

(t—to) — Az

Consequently, it follows that (t) = A'((t — to) for t < to. It is clear that ¢ = ¢ for
t € [to,0]. Continuity of ¢ gives A=* = ((to)/C(0) = ¢(to). Since ¢ and ¢ are independent,
and ¢ has the same law as ¢ conditioned on ¢(0) = 1, Proposition [ follows. |

We shall need the following

THEOREM 6.1. Let a(t), t > 0, be a real valued process (that is, a random function a :
[0,00) — R). Suppose that a is continuous a.s. and for everyn € N and every (n+1)-tuple
0=ty <t; <tp <o <y, the increments a(t;) —a(tj—1), j =1,...,n, are independent.

Then for every fized sy € (0,00), the random variable a(sg) is Gaussian.

This theorem follows from the general theory of Lévy processes. An entirely elemen-
tary proof can be found in Section 4.2 of [[t66]].

COROLLARY 6.2. There is a constant ¢ > 0 such that the process ((t) has the same law as

B(—ct), where B(t) is Brownian motion on OU started at a uniform random point.

Proof. That ((t) has the same law as B(—ct) for some ¢ > 0 follows immediately from
Proposition .1 and Theorem [.1. The fact that ¢ > 0 is clear, since the LERW scaling

limit is not equal a.s. to a line segment. |
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§7. The winding number of SLE.
Let k > 0, let B(t) be Brownian motion on dU started at a uniform random point on
0U, and set
¢ = (x := B(—kt). (7.1)
DEFINITION 7.1. Let K denote the set of all k > 0 such that the Lowner evolution f;

defined by [[7.1], and is a.s. for every t < 0 a Riemann map to a slitted disk.
For k € R, let &, denote the (random) path defined by &, (t) = f:({(t)). That is, & is the

path in U such that f; is the nomalized Riemann map to U — &, ([t, 0])
The random process 5,{([15, O]), t < 0, will be called stochastic Lowner evolution
(SLE) with constant k.

As before, we let B : [0,00) — R be the continuous map satisfying B = exp iB and
B(0) € [0, 2m).

THEOREM 7.2. Let k € R. Let T' < 0, and let 0,(T) be the winding number of the path
& ([T, 0]) around 0; that is 0,,(T) = arg(£,.(0)) — arg(&.(T)), with arg chosen continuous
along &. Then for all s > 0,

P[\T —log|&.(T)]| > s} < Cyexp(—Cys) (7.2)
and
3 De,ﬂ) — B(0) + B(—xT)| > s] < Cpexp(—Chs) (7.3)
where Cy, C1 > 0 are constants, which depend only on k.

Loosely speaking, the theorem says that ¢ + ig(—/{t) is a good approximation of the
path log &, (t). A consequence of the theorem is that 0, (t)/v/kt converges to a gaussian of

unit variance as 7' — —oo.

Proof. Let f; be defined by [7.I], [T.I) and [T.2]. Set £ :=&,. Let w(t, z) := ft_l(fT(z)),

and let y = y(t, z) := argw(t, z), where arg w is chosen to be continuous in ¢.

By Remark [[.4, w satisfies the differential equation

B(—~xt) +w

B(rt) —w’ (74)

Oyw = —w

where 0; denotes differentiation with respect to t. Set x = xz(t,2) := log|w(t, 2)|. Then
w = exp(zr + 1y), and can be rewritten,

615(13’ + Z@ty =

sinhx + isin(@(—fiﬂ ) (7.5)

coshx—cos(@( Kt) y)'
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Let z; be a random point on OU, chosen uniformly, and independent from the Brownian
motion B. Then w(0, z1) = fr(z1) is some point on the boundary of Dy := fr(U). Note
that 0Dp is a connected set that contains U and intersects the circle 0B (O, exp(T)), by
[ZZ] Set A, :={z € dDr: |z| > exp(T + s)}. It follows from the continuous version of
Lemma P.]] for Brownian motion that the harmonic measure of A, in D7 at 0 is bounded
by O(1) exp(—Css), for some constant Cy > 0 and every s € R; that is, at zero, the
bounded harmonic function on D7 that has boundary values 1 on A, and has boundary
values 0 on D7 — A, is bounded from above by O(1) exp(—C3s). Since harmonic measure
is invariant under conformal maps, we conclude that the measure of fr'(A,) is at most
O(1) exp(—C3s). This means that

Plog |w(0,2z1)| =T > s| = P[log|fr(z1)| — T > s] < O(1) exp(—Css). (7.6)

Now set zg = B(—~kT'). Then £(T") = w(0, 2), and so we need to relate |w(0, zp)| and
|w(0, z1)|. Let 7 be the least ¢ € [T, 0] such that w(t, z1) = B(—xt), if such a ¢ exists, and
set 7 = 0 if not. Note that |w(¢, z1)| = 1 while t < 7, and |w(t,21)| < 1 for t € (7,0]. Also
observe that conditioned on 7 < 0, the law of the process (w(t,z1) : ¢ € [7,0]) is the same
as the law of the process (w(t+7T —7,z) : t € [r,0]). Consequently, the random variable
w(T — T, 21) (where B is taken as two-sided Brownian motion and is extended to
the range ¢ > 0), conditioned on 7 < 0, has the same distribution as the random variable
w(0, z0). By [7.5), 9;z < 0, and therefore |w(7 — T, 21)| < |w(0, z1)| on the event 7 < 0.
Thus, for every s € R we have P[|w(0,21)] > s | 7 < 0] = P[|w(0, 20)| > s|. Because
|w(0, 21)| = 1 when 7 = 0, we may drop the conditioning on 7 < 0. Now gives

Pllog|{(T)| =T > s] =P[log|w(0,20)| — T > s] < O(1) exp(—Cas).
On the other hand, the Koebe 1/4 Theorem [2-3] gives

expT = |f7(0)] < 4inf{l|z|: = ¢ fr(U)} < 46(T)],

and so log |£(T)| +log4 > T always. This completes the proof of [7.2].

Now let 7 be the least ¢ € [T,0] such that z(t) = w(t, 20) < —1, and set 7, := 0 if
such a t does not exist. Since x(t) is monotone decreasing, we may write y(¢) as a function
of z: y = g(z). By [7.5], R

, B sin(B(—xt) — y(t))
g'((t)) = sinh x(t)

and hence
9" (z(t))] < ‘Sinhx(t)‘_l.
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And so we get
-1

ly(0) — y(m)| = /(0) g’ (x)| dx < /_ ‘sinhx‘_l dr < 0. (7.7)

z(71)

Let ¢(s,t) := f,'(&(s)) for T < s < ¢t < 0. Then ¢ is continuous and its image
does not contain 0. Hence, it may be considered as a homotopy in C — {0} from the
path ¢(s,0) = &(s), s € [T,0], to the concatenation of the inverse of the path ¢(7',t) =
FHETD)) = w(t, 20), t € [T,0], with the path ¢(t,t) = B(—xt), t € [T,0]. Therefore, its
winding number is the sum of the corresponding winding numbers. This means that

0(T) = B(0) = B(=+T) +y(T) — y(0).
By [7.7), it therefore suffuces to prove the appropriate bound on the tail of |y(71) — y(T)|.

Let |y|y, = min{|ly — 27n| : n € Z}. Set to = T, inductively, let ¢; be the first
t € [tj—1,0] such that 7/2 = ’@(—mt) — @(—/ﬁ:tj_l)‘%, and set t; = 0 if no such ¢ exists.
Equation shows that for every s € (T, 0)

9 |y(t) —B(—ks)| <0, att=s.

27

Consequently, for every j € N, if there is an s € [t;,t;41] such that ’y(s) — @(—mtj)‘ <
27
7/2, then this is satisfied also for all s’ € [s,;41), because y(t) cannot get out of the set

{p €ER: |p-— E(—mﬁj)}% < 7T/2} while B(—xt) isinit. This implies that |y(t;+1)—y(t;)]| <
27. Hence |y(71) —y(T)| < 2rmin{j € N: t; > 71 }. Therefore, for every a > 0 and n € N,

Plly(m) —y(T)| = 2mn) <P[r =T >a]l +P[t, <T +a. (7.8)

The first summand on the right hand side is bounded by O(1) exp(—C3 a), for some con-
stant C'3 > 0, by [[7.2). To estimate the second summand, observe that conditioned on
tn < T + a, we have probability at least 27 "~! for the event

B(—#(T + a)) — B(—xT) > nm/2, (7.9)
because when t,, < T +a and B(—/{ (T+a)) > B(—/itn) > > B(—/ito), we have [[7.9).
However, has probability

o0

(27rcu<;)_1/2/ exp(—s®/(2ka)) ds < O(1) exp(—n?/Cya) ,

/2
and hence
Plt, <T+a] <O(1)2" exp(—n2/04a) .
We choose a to be n times a very small constant. Then our above estimates, together

with [7.8], give
P(ly(m1) — y(T)| = 27n] < O(1) exp(—Csn),

with the constants depending only on k. This completes the proof of the theorem. |
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§8. The twisting constant of LERW.

Consider some scaling limit measure P of LERW from 0 to dU, and let v be random
with law P. Assuming Conjecture [[.3, we have established that SLE with some constant
ko has law P. In this section we show that k, = 2, and thereby complete the proof of
Theorem [.3

Let € € (0,1), let . be the connected component of v — B(0, €) which has a point in
OU, and let W (~,,0) be the winding number of v, around 0, in radians. That is, W (., 0)
is the imaginary part of f% z71dz. By symmetry, it is clear that E[W (v, 0)] = 0. We
shall show that

E[W (7.,0)?] = 2log(1/€) + O(1)y/log(1/e) . (8.1)

Based on this and the results of Section [q, it will follow that k, = 2.

The proof of will use Kenyon’s work [Ken984d]. The overall idea of the proof is
very simple, and based on the relations between UST and domino tilings. We now briefly
review the relations between the UST on Z? and domino tilings, and the height function
for domino tilings. For a more thorough discussion, the reader should consult [Ken984].

A domino tiling of the grid Z? is a tiling of R? by tiles of the forms [k, k+1] x [4, j +2]
and [k, k + 2] x [§,j + 1], where k,j € Z. A domino tiling of Z* may also be thought of as
a perfect matching of the dual grid ((1 /2) + Z)Q. (A perfect matching of a graph G is
a set of edges M C E(G) such that every vertex is incident with precisly one edge in M.)

Let us start with finite graphs. Let D be a simply connected domain in R? whose
boundary is a simple closed curve in the grid Z?2, and let G := Z? N D. Let py be some
vertex in 0D N Z?, which we call the root. Let G be the graph ((1/2)Z?) N D with py and
its incident edges removed. Then there is a bijection, discovered by Temperley, between
the set of perfect matchings on G and spanning trees of G.

Temperley’s bijection (see Figure B.1) works as follows. For every edge [v,u] in the
matching M such that v € Z2, we put in the tree the edge e, whose center is u. This gives
the set of edges in the tree T. If [v,u] € M is as above, we may orient the edge e, away
from v, and then the tree T will be oriented towards the root pg.

Temperley’s bijection works also in more general situtations. There is a simple mod-
ification to make it work for the wired graph associated to the domain D. Also, given a
perfect matching on all of (1/2)Z?, there is an associated (oriented) spanning forest of Z2.
The collection of all domino tilings of Z? has a natural probability measure (of maximal
entropy), and for a.e. domino tiling the corresponding spanning forest is a spanning tree.
Temperley’s map from perfect matchings on (1/2)Z? to spanning forests of Z? maps the

cannonical probability measure on the set of domino tilings to the law of the UST of Z?2.
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Po —

G G matching and tree

Figure 8.1. Temperley’s bijection. On the right, the arrows are edges in the
matching that containing vertices of Z?, the solid segments are other edges in the

matching, and the thin lines are edges in the tree.

Let G and G be as above, and let G be the graph of the domino tiling, that is,
the union of the squares of edge length 1/2 with centers at the vertices of G, thought of
as a subgraph of the grid (1/4,1/4) + (1/2)Z2. Associated to a domino tiling of G is a
height function h defined on the vertices of G. Here is the definition of h. Pick some
vertex vy € V(@) and some ag € R, and set h(vy) = ag. Color a square face of the grid
(1/4,1/4) + (1/2)Z? white if its center is a vertex of Z? or if it is contained in a face of
Z?2, and black otherwise. If [u,v] € E(@) is on the boundary of a domino tile in the tiling,
then we require that h(v) — h(u) = 1 if the square to the right of the directed edge [u,v] is
white and h(v) — h(u) = —1 if the square to the right of [u,v] is black. These constraints

uniquely specify the height function h (except that the choices of vy and ag are arbitrary).

We will work in the upper half plane H := {z € C : Imz > 0}. Let G5(H) :=
GW (H, 6), the wired graph of mesh & associated with the domain H, and Gs(H) := H N
((1/4,1/4) + (1/2)Z?). The discussion above carries through for the grid §Z2, in place
of Z2. (Although the distance between adjacent vertices in the graph Gis 6§ /2 when
G C 072, we still work with the height function where the height difference along an
edge on the boundary of a tile is +1.) Temperley’s bijection induces a measure preserving
transformation between domino tilings of the grid Gs(H) and the UST of Gs(H). (If we
keep the orientation, then the UST is directed towards OH.)

We normalize the height function associated to a domino tiling of @5(]1-]1) by requiring
that h((1/4,1/4)) = 1/2. Then h(((2k +1)/4,1/4)) = (=1)*/2, for k € Z. If v is some
vertex in Gy (H), let h(v) be the average of the value of h on the vertices of G5(H) closest

to wv.
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LEMMA 8.1. Let T be a spanning tree of Gs(H), and let h be the associated height function.
Let v € V(Gs(H)) be a vertez different from the wired vertex OH, and let a be the real part
of v. Let Q! be the path from v to OH in T, considered as a path in the plane, and let
Q. be the union of Q. with the line segment joining the intersection Q. NOH to a. Then
—mh(v)/2 = W(Qy,v), the winding number of Q. around v.

This lemma is a special case of a more general observation made by Kenyon. (Since
@, is a path with v as an endpoint, we define W (Q,,v) := lim,_, W(Qv — B(v,r),v);
which is the same as W (Q, — B(v,6/2),v).)

Proof. Use induction on the length of the path Q. |

Symmetry implies that E[h(v)] = 0 for all v € V(Gs(H)). Kenyon has shown [Ken984]
that
E[h(v)?] = 87 ?log(1/68) + O(1) (8.2)

(provided that v stays in a compact subset of H). Hence E[W (Q,,, v)?] = 2log(1/6)+O(1),
which seems very close to a proof of [8.1]. However, to make it into a proof of requires
some effort (it seems).

The advantage of the height function over the winding number is that the height
difference between two vertices can be computed along any path joining them. On the
other hand, to compute W (Q,, v), one might think that it is necessary to follow @, which
is a random path. It is immediate that h(v) is > °; A;x;, where X; is the indicator of the
event that a certain domino tile is present in the tiling, and \; are some explicit easy to
2

]

compute (non-random) weights. This means that to calculate E[h(v)*] one needs to have a

good estimate for the behavior of the correlations E[x;x;| for small §. That’s how Kenyon
proves [82]).
Recall that A(p,r1,72) denotes an annulus with center p, inner radius r1, and outer

radius 7. The following result is an immediate consequence from [ABNW].

LEMMA 8.2. Let D C C be a domain, and let vy € §Z*> N D be some vertex. Consider T,
the UST on 0Z* N D, with free or wired boundary. Let ro > 2ry > 25, and suppose that
ro is smaller than the distance from vy to OD. Let A be the annulus A := A(vg,r1,72),
and let k(A) be the mazimum number of disjoint paths in T each of which intersects both

boundary components of A. Then for each k € N
P[k(A) 2 k‘} < Co(TQ/Tl)Cl(k_l) y

where Cy, C7 > 0 are universal constants. |
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LEMMA 8.3. Let D C C be some domain, and consider T, the UST in GV (D, ) (wired
boundary). Let pg € DNJOZ2. Given a set K C D, let X (K) denote the mazimum winding
number around po of a path in T with endpoints in K. Let r € (0,d(po,0D)/2). Then for
each h >0 and s > 2,

P [X (A(po, r/s, r)) > h] < Cy exp(—Cgh/ log s) log s,

where Cy and C3 are absolute constants.

Proof. Set A := A(pg,r/s,7), X := X(A). To begin, assume that s = 2. Let By, B, ..., By
be a covering of A with balls of radius r/10, where N < Cy, with C4 some universal con-
stant. Let vy € ANJZ? be some vertex. For any vertex u, let W (u) be the signed winding
number around pg of the path in T from vg to u. Consider neighbors v, w in A, and let ~
be the UST path joining v and w in T'. If v # [v, w], then yU[v, w] is a simple closed path,
and hence has winding number at most 27 around po. This implies that |W (v) — W (u)] is
at most 27 plus the absolute value of the winding number of the edge [v, u] around pg, and
therefore |W (v) — W (u)| < 37. From this it follows that we may find vertices vy, va, ..., v,
in A such that |W(v;) — W(vg)| = 3w for j # k and n > X/6m. Since N < Cy, we may
find some ball B,, from the above collection, satistying |B,, N {vi,...,v,}| = X/67Cy.
However, if v,u € B, and |W(v) — W(u)| > 27, then the path in T joining v and u
must go around pg. In particular, it must cross twice the annulus A,, := A(¢,,,r/10,7/5),
where c¢,, is the center of B,,. It follows that the number of disjoint crossings of A,, in
T is at least | By, N {v1,...,v,}|. Hence, by Lemma B3, for any fixed m the probability
that |B,, N {v1,...,v,}| > b is at most O(1) exp(—Cj5b), for some constant C5 > 0. Con-
sequently, P[X > h] < O(1)Cyexp(—C5h/6mCy), which completes the proof in the case
s =2.

If s > 2, then we may cover the annulus A with at most 2log s + 1 disjoint concentric
annuli with radii ratio 2. In order that X (A) be at least h, there must be one of these
smaller annuli A" with X (A") > h/(2logs + 1). The lemma follows. |

LEMMA 8.4. ([Ken98d]) Let p,q € H be any two points. Consider a uniform domino tiling
of the grid @5(]1-]1) C H of mesh 8, and let p',q' € V(@g(H)) be vertices closest to p and q,

respectively. Then

lim E[A(p')h(¢)] = 87 * log

u‘ 1
P—q

It may be noted that the right hand side is invariant under conformal automorphisms

of H, since it is the log of the square root of a cross ratio of p,p, q,q.
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Let § > 0, let vy be a vertex of the grid §Z2 which is closest to i = v/—1. Fix some
r € (0,1/2). Let 72 be the connected component of Q,,, — B(vg,r) that intersects OH, and

let W5(r) be the winding number of 4 around wvy.

PROPOSITION 8.5. Assuming r < 1/4,

lim sup|E [W;(r)?] — 210g(1/r)’ < Cg/log(1/r), (8.3)

6—0
where Cg is an absolute constant.

Proof. Let vy be a vertex in 6Z2 such that v; —vg—7/3 € [0,5). Let Vg be the set of vertices
of 72 whose Euclidean distance to {vy,vg} is in the range (r/9,2r). Then, assuming that
§ < 1/9, Vy separates vy from vy and {vg,v1} from OH in the grid 6Z2. Given a vertex v,
let Q% be the union of @/, with the line segment joining the intersection Q' N OH to 0. Set

Q= U{Qg v eVl
Set X; := W(Qy,,v;), j = 0,1. By Lemma B, have X; = —mh(v;)/2, and conse-
quently, Lemma B.4 gives,

lim E[XoX1] = 2log(1/r) + O(1). (8.4)

Since Vj separates vy from vy, when conditioning on (), Xy becomes independent from Xj;.

Therefore,
E[XoX1] = B[E[XoX: | Q] = E|E[Xo | Q] - E[X1 | Q)] . (8.5)

We shall show that for small § > 0,
E[(W5(n) —ElX; | Q)] =0(1),  j=0.1. (8.6)
Using [8.5], this implies
E[W;(r)?] — E[XoX1] = O(1) VE[W;(r)?] + O(1).
Consequently, by [8-4],

lim sup [ E[W; (r)?] — 2log(1/7) + O(1)v/E[W,(r)?]| < 0(1),

5—0
which implies [8.3]. It therefore suffices to prove [8.6].
Let s := min{|v — vo| : v € Q}. Given @, let T’ be a UST of G (B(vy, s/2),9),
and let 7" be the UST of the graph obtained from Gg(H) by identifying the vertices of Q.
Note that (by Wilson’s algorithm, say) T, the UST on Gs(H), has the same law as T U Q
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(as a set of edges). By the domination principle, given @, we may couple 7" and T’ so
that E(T") D E(T”). Given @, we couple T and T" so that T' D> T".

Let a be the path in 7" from vy to dB(vg, s), and let a be the point where « hits
0B(vg, s). Then E[W (a,vy) | Q] = 0, by symmetry, because given @, T" is just ordinary
UST on GW (B(vo, 8/2),6). But «v is also a path in T. Let 3 be the path in T from a to the
endpoint of 72 near B (vg, ). Then Xo = W (a,vo) + W (3, v0) + Ws(r), and therefore,

Ws(r) — E[Xo | Q] = —E[W(a,v) | Q] = E[W(S,v0) | Q] = —E[W(5,v0) | Q. (8.7)

Let t > 4. Note that if s < ¢, then there are at least two disjoint crossings in T" of the
annulus A(vo,t,r/10). Therefore, Lemma B.J gives

Pls < t] <O(1)(t/r)°". (8.8)
Fix some y > 2. By Lemma B.3, we have
P DW(B, vo)} >t s> r/y} < O(1) exp(—Cgt/ logy) logy .

Hence, using [(8.8),

P[}W(ﬁ,vg)} > t] [s < r/y} + O(1) exp(—Cst/ logy) logy

<P

<Oy "+ O(1) exp(—Cst/logy) logy.

Assuming that ¢ > 1, we may choose y = exp v/t, and then get
P[\W(ﬁ,%)\ > t} < O()Viexp(—Cs Vi),

for some constant Cs > 0. This gives E[W(8,v9)?] = O(1). But for every random variable
Y, we have E[Y?] > E[E[Y | Q]Q} Therefore, [8.7) implies for j = 0. The proof
of [8.6] for j = 1 is entirely the same. This completes the proof of the proposition. |

PROPOSITION 8.6. Assuming Conjecture [1.3, ko, = 2, where k, is the constant such that
SLE with parameter k, is the scaling limit of LERW.

Proof. Recall the definition of Wy(r), which appears above Proposition B.5. Set o = 1/2,
and let ;1 > 0 be very small. Let ¢y : H — U be the conformal map satisfying (i) = 0
and ¢'(i) > 0. Let C; be the circle of radius r; about 4, j = 0,1, and set C} := ¥(Cj).
Note that Zs(ry) = Ws(r1) — Ws(ro) is the winding number around i of some arc on ~°,

the LERW from a vertex near i to OH in 6Z% N H, and the arc has one endpoint near the
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circle 0B(i,r9) and the other endpoint near the circle B(i,71). It follows that Zs(ry)
converges weakly to a winding number Z(r;) of an arc 8 of ¥~!(,.,) with endpoints on
Cp and (', as § — 0 along some sequence, where &, is the SLE curve with parameter x,.
Moreover, since we have good tail estimates on Zs(r1) (Lemma B.3), from the dominated

convergence theorem it follows that

E[Z(r1)’] = lim E[Z;(r1)*].

Hence, Proposition gives, B[Z(r1)?] = 2log(1/r1) +0(1 1)4/log(1/r1). Observe that
for any path « in H — {i}, the winding number of « around 7 minus the winding number
of ¥(a) around 0 is bounded by some constant. Consequently, the winding number W' of
B' = () around 0 also satisfies

E[W"] = 2log(1/r1) + O(1)y/log(1/r1). (8.9)

Set t; = logrj, j = 0,1, let § be the arc &, (t) : [t1,t] — U, and let W be the winding
number of 3 around 0. By Theorem [-2 [[2, with high probability, the log of the absolute
value of the endpoints of 3 is not far from the log of the absolute value of the endpoints
of #'. Therefore, it is easy to conclude with the help of Lemma B.3, that

E[(W - W')?] =0(1). (8.10)
We know from Theorem [[.9 again that
E[W?] = kolt1] + O(1)\/|ta].

Combining this with [8.9)] and [[8.10) gives

(2= ko) [t1] = O(1)V/ta] -

Letting t; — —oo now completes the proof. |

Proof of Theorem [[.3. Immediate from Corollary .9 and Proposition B.§. |
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§9. The critical value for the SLE.

THEOREM 9.1. sup R < 4, where K is as in Definition [7_1.

Proof. Fix some k € K, and let f; be the solution of the Lowner equation with parameter
¢(t) = B(—kt), where B : [0,00) — OU is Brownian motion starting from a uniform
point in OU. Note the for every t < 0 the map f; * is well defined and injective on
OU — {((t)}, since f; is a Riemann map onto a slit domain, and the slit hits OU at ((t).
Set b(t) = —ilog f; (1), with b(0) — @(0) € [0,27) and b(t) continuous in t. Then b(t) is
real. As in [7.5], we have

V(1) = sin(B(—xt) — b(t)) _ Cotl

" aon(Blw ) 2B 0.1

Let p(s) = b(—s) — g(ms), and let € > 0. Set 7. = inf{s > 0 : p(s) = €} and
Tr = inf{s > 0 : p(s) = w}. For z € [e,7], let gc(x) be the probability that 7, < 7,
conditioned on p(0) = z. Also set g.(z) = 0 for z < € and g.(z) = 1 for x > 7. We now

show that g. satisfies
K
2
inside (e, ), using 1t6’s formula. (The reader unfamiliar with stochastic calculus can have
a look at [Dur84], for example, or try to derive directly. The latter is a bit tricky,
but can be done.) Observe that g.(p(s*)) is a martingale, where s* = min{s, 7., 7,}. By

(9.1)], we have

g!'(x) + gl() cot(x/2) = 0 (9.2)

dp(s) = =¥ (—s)ds — dB(ks) = cot (p(s)/2)ds — dB(ks),
and therefore, by It6’s Formula (assuming, for the moment, that g. is C?),

dge(p(s)) = g.(p(s)) (<ot (p(s)/2) ds — dB(xs) ) + (1/2)g! (p(s)) d (B(s))

= (Cot (p(s)/2) gt (p(s)) + (k/2)g! (p(8>)> ds — g (p(s)) dB(xs)

for s < min{r,, 7 }. Since g.(p(s*)) is a martingale, the ds term must vanish, and so

holds inside (e, 7). Consequently, in that range,
. —4/K
gi(x) = cc(sin(z/2)) ",

where c. is some constant depending on €. Since g.(¢) = 0 and g.(7) = 1, we have
™ 1 . .
I gl(x) dz =1, which gives

ot = /:r (Sin(x/2))_4/K dx .
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We know that a.s. p(s) # 0 for all s, which is equivalent to lim._q g.(z) = 1 on (0, ).
This gives lim._,¢ g/(x) = 0; that is, lim._,o ¢ = 0. Therefore, x < 4.

This completes the proof, except that we have not shown that g, is C? (there should
be a reference implying this, but we have not located one). To deal with this, the above
procedure is reversed. Define g, as the solution of [9.2] satisfying g.(e) = 0 and g.(1) = 1.
Then the above application of It6’s Formula shows that g. (p(s*)) is a martingale. By
the Optional Sampling Theorem, this implies that g.(x) is the probability that 7, < 7,

conditioned on p(0) = z, and completes the proof. |

CONJECTURE 9.2. 8 = [0,4].

§10. Properties of UST subsequential scaling limits in two dimensions.

Before we go into the study of the UST scaling limit, let us remark that the definition
we have adopted for the scaling limit is by no means the only reasonable one. There are
several other reasonable variations, and choosing one is partly a matter of convenience and
taste.

We now recall some definitions. Again, we think of §Z2 as a subset of the sphere
S? = R2U{o0}. Recall that 'T'(; denotes the UST on §Z?, with the point co added, to make
it compact. Given two points a,b € 'T'(;, aF#b, wep = Wg,b denotes the unique path in 'T'(;
with endpoints @ and b. For the case a = b, we set w, , = {a}. Let T5 be the collection
of all triplets, (a,b,wq.p), where a,b € -T'(;. Ts will be called the paths ensemble of :l\_(s.
Let T denote a random variable in H(S? x S? x H(S?)) whose law is a weak subsequential
limit of the law of T5 as 6 — 0. The trunk is defined by

trunk = trunk(T) := | ] (w—{a,b}). (10.1)
(a,b,w)eT

Let € € (0,1], and a,b € T5. We define wqp(€) as follows. Let a’ be the first point
along the path wg ; (which is oriented from a to b) where d(a, a’) = €, and let b’ be the last
point along the path where d(b,b") = €, provided that such points exist. If a’ and b’ exist,
and a’ appears on the path before V', then let wg ;(€) be the (closed) subarc of w, ; from
a to b'; and otherwise set wq;(€) = . Let Ts(e) denote the set of all triplets (a, b, wa(€))
such that a,b € T5 and wa,b(€) # 0. Note that if d(a,b) > 2¢, then w, p(€) # . We define

trunks(€) := U{w : (a,b,w) € ‘25(6)} :

Then trunks(€) is a compact subset of 'T'g, which we call the e-trunk of 'T'(;. By compactness,

for every € € (0, 1] there is a subsequential scaling limit of the law of trunks(€). By passing
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to a subsequence, if necessary, we assume that for all n € Ny := {1,2,...} the weak limit
trunko(1/n) of trunks(1/n), as § — 0, exists.

Recall that the dual T of a spanning tree T' C §Z? is the spanning subgraph of the
dual graph (6Z2)" := (6/2,6/2) 4+ 0Z? containing all edges that do not intersect edges in 7.
If T is the UST on 6Z2, then T has the law of the UST on (6Z2)T. (See, e.g., [BLPS95.)
Let 'T'(TS be T U {oo}, where T is the UST on 6Z2. trunk' and trunk] (e) are defined for 'T':rs
as trunk and trunkg(€) were defined for Ts.

We may think of the random variables trunk, trunk', trunko(1/n), and trunkg(l/n)
(n € Ny ) as defined on the same probability space, by taking a subsequential limit of the
joint distribution of s, T:rs, (trunks(1/n) : n € Ni), and <trunk§(1/n) :ne Ny Itis

immediate to verify that a.s.

trunk = U trunko(1/n),

neNp

and trunkg(1/(n+ 1)) D trunke(1/n) for n € N.
We shall prove that trunk is a.s. a topological tree, in the sense of the following

definition.

DEFINITION 10.1. (TREES) An arc joining two points x,y in a metric space X is a set
J C X such that there is a homeomorphism ¢ : [0,1] — J with ¢(0) = z and ¢(1) = y.
A metric space X will be called a topological tree if it is uniquely arcwise connected
(that is, given x # y in X there is a unique arc in X joining x and y) and locally arcwise
connected (that is, whenever x € U and U is an open subset of X there is an open W C U
with z € W and W is arcwise connected). A finite topological tree is a topological space
which is homeomorphic to a finite, connected, simply connected, 1-dimensional simplicial

complex.

Note that a connected subset of a topological tree is a topological tree [Bow].

Although we shall not need this fact, it is instructive to note that a metric space
which is a topological tree is homeomorphic to an R-tree* [MO9(] (see also [MMOT9Z],
for a slightly less general but simpler proof).

The next theorem establishes a finiteness property of the e-trunks, which is the first

step in the proof of Theorem [.5.

THEOREM 10.2. (FINITENESS) For every e > 0 there is a 5 > 0 with the following property.
Suppose that 0 < § < 5. Let V be a set of vertices of 072 such that every point in S? is

4 An R-tree is a metric space (T, d) such that for every two distinct points x,y € T there is a unique
isometry ¢ from [0, d(x,y)] onto a subset of T satisfying ¢(0) = x and ¢(d(z,y)) = y.
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within distance § of some vertex in V. Let Q= Q(;( ) be the subtree of T5 that is spanned
by V; that is, the minimal connected subset of T5 containing V. Then with probability at
least 1 — e we have @ D trunks(e€).

Proof. Fix some small 5 > 0, and suppose that § € (O,g). Let Vp = YA/, and for each
J € N4 let V; be a set of vertices containing V;_; such that every vertex of 6Z? is within
spherical distance §; := 277 5 of some vertex in V;, and V; is a minimal set satisfying these
properties. Note that the number of vertices in V; — V;_; is bounded by 0(1)5;2. Let Q;
be the subtree of Ts spanned by V.

We now estimate the probability that there is some component of Q11 — Q; whose
diameter is large. Let v be some vertex in 6Z2, let Q(v, j) be the arc of Ts that connects
v to Q;, and let D(v, j,a) be the event the diameter of Q(v, j) is at least ad,;. By Wilson’s
algorithm, we may obtain (v, j) by conditioning on @); and loop-erasing a simple random
walk from v that stops when Q; is hit. Every vertex w € 6Z? is within distance §; from a
vertex in (). Since (); is connected and has diameter at least 1, Lemma P.1] shows that
there is a universal constant Cy > 0 so that the probability that a random walk from w
gets to distance Cpd; from w before hitting @); is at most 1/2. Consequently, D(v, j, a) has
probability at most O(1) exp(—Cia), where C; > 0 is an absolute constant. We choose
a; == 72(log8)2/Cy. Since there are at most 0(1)53._2 vertices in Vjiq1 — Vj, we find that
the probability of

D—U U (v,7,a;)

J=lveV;,

is bounded by
—2 Z 227 exp %(log 5) )

which goes to zero as 5 —0.

Let v € 0Z% There is a sequence v1,vs,...,v, with v; € V; such that Q(v,1) C
U?:z Q(vj,j — 1), and the latter union is connected. If we are in the complement of D,
it follows that the diameter of Q(v, 1) is at most s := Z;; a;0;. Since s — 0 as 69 — 0,
this establishes the theorem. |

Several corollaries follow from this theorem.
COROLLARY 10.3. For each n € N4, a.s. trunkg(1/n) is a finite topological tree.

Proof. Let W C R? be finite. For each w € W and § > 0, let ws € 6Z? be closest to w,
with ties broken arbitrarily, and set W5 = {ws : w € W}. Let Qs(W) be the subtree of
-T'(; spanned by Ws. The theorem shows that we may choose a finite W C R? such that

44



trunks(1/n) C Qs(W) with probability at least 1 — ¢, for every sufficiently small § > 0.
Consequently, we may couple a subsequential scaling limit Q(W) of Qs(W) as 6 — 0 so
that trunkg(1/n) C Q(W) with probability at least 1 —e. Because trunkg(1/n) is connected
and € is an arbitrary positive number, it suffices to prove that Q(W) is a.s. a finite tree.
The latter is easily proved by induction on |W| using Theorem [.J], Wilson’s algorithm,
and the following easy fact: the tree spanned by a subset of the points in W is unlikely to
pass close by to the other points. (See Remark B.2) |

COROLLARY 10.4. The Hausdorff dimension of trunk is in (1,2). Moreover, if I = (s, s1]

1s an interval such that a.s. the Hausdorff dimension of any scaling limit of LERW is in
I, then the Hausdorff dimension of trunk(%) is in I.

Proof. The second statement follows immediately from Theorem [[0.2. The first is now a
consequence of the result of [ABNW], showing that there are s, s; € (0,1) such that a.s.
the Hausdorff dimension of LERW scaling limit is in [sg, s1].” |

REMARK 10.5. The above-mentioned lower bound in [ABNW] is based on the ideas of
B ]. Kenyon [Ker| can prove that we may take s; = 5/4. In earlier work [Ken98D
he showed that n°/# times the expected number of edges in a LERW from (0,0) to the
boundary of the square [—n, n]? tends to a finite positive constant as n — oo. This supports
the conjecture that the Hausdorff dimension of the scaling limit of LERW is a.s. 5/4, and
the same would apply to trunk(¥).

The degree of a point p in a topological tree T is the number of connected components
of T — {p}. The following corollary is a strong form of the statement that the maximum
degree of points in trunkg(1/n) is 3.  From this and the fact that trunk is a tree (which
we prove further below) it immediately follows that the maximum degree in trunk is 3,
because every finite subset of trunk is contained in some trunkg(1/n).

Given a point p € S? and two numbers 0 < r; < rp < 1, let Agp(p,r1,72) denote the

annulus with center p, inner radius r1, and outer radius ro, in the spherical metric.

COROLLARY 10.6. Given every e € (0,1), there is an r € (0, €) with the following property.
For every sufficiently small § > 0, the probability that there is a point p € S? such that

there are 4 disjoint crossings in trunks(e) of the annulus Agp(p, 7, €) is at most e.

By having 4 disjoint crossings in trunks(e) of an annulus A, we mean that there are

4 disjoint connected subsets of trunks(e) that intersect both boundary components of A.

5 From Remark @ follows the weaker result that the area measure of any subsequential scaling limit
of LERW is zero, hence that the area of trunk is zero. It is likely that with a bit more effort the proof
of Remark @ is sufficient for the stronger claim that the Hausdorff dimension is smaller than 2.
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Below, Corollary [[0.17] gives a strengthening of Corollary [[0.G.

Proof. By Theorem [0.9, it is enough to prove the statement with Qs(W) replacing
trunks(e), where W C R? is a set of bounded size, provided that the value of r does
not depend on ¢. Again, induction on |W| can be used together with Wilson’s algorithm.
One needs note the following easy facts. The tree T;_; spanned by k — 1 points of W
is unlikely to pass close to the other points of W, and when adding a further point, it is
unlikely that the attachment point of the new branch on 7}_; will be close to another
branch point. Also, once a random walk from the new point gets close to Ty it will hit
Ti_1 close by, with high likelyhood. The easy details are left to the reader. |

We now turn to the central issue in the proof of Theorem [[.5, which is,

THEOREM 10.7. In any subsequential scaling limit of UST in S?, a.s. the trunk and dual

trunk do not intersect.

LEMMA 10.8. Given &,¢ > 0, let T3(€) be the set of points of degree 3 in trunks(e). Let
trunkg(e) be the e-trunk of the dual tree -T_(Ts Let D be the spherical distance from T3 (e)
to trunkg(e); that is, the least spherical distance between a point in T3 (€) to a point in
trunk:r;(e). Then limy_,o P[D < t] — 0 uniformly in d.

The following simple observation is used in the proof. Suppose that we condition on
a set of edges S to appear in the UST tree in a planar graph. For the dual tree, this is
the same as deleting the edges dual to the edges in S. Consequently, one can perform a
variation on Wilson’s algorithm for a planar graph, where one switches back and forth from
building the tree by adding LERW branches and building the dual tree. When building
the tree, the LERW acts with the constructed tree as a wired absorbing boundary and the

constructed dual tree as a free boundary, and conversely when building the dual tree.

Proof. We first choose a large but finite collection of points @ in 6Z? so that with high
probability the subtree T of T4 spanned by @ contains trunks(e) (and |Q| does not depend
on ). This can be done, by Theorem [[0.2. Let Qf be a set of vertices of the dual graph
(6Z2), such that with high probability the subtree T'T spanned by Q' in the dual graph
contains trunkg(e). Let a1,a9,a3 € @ and ai,ag € Q' be distinct points. It suffices to
show that the probability that the arc § joining aJ{ and a£ in TT comes within distance ¢
of the meeting point m of a1, as and a3 in T goes to zero as t — 0, uniformly in §. This is
easy. We condition on the subtree T, of T spanned by a1, as,as. Let 2zt be a dual vertex
close to aJ{. Then with high probability the dual tree path 3 from z to aJ{ has diameter
not much larger than the distance from z' to aJ{. In particular, it does not go close to Tp.

By the next lemma, conditioned on (# and Ty, the probability that a simple random walk
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starting at ag, with Ty acting as a reflecting boundary, will get to within distance ¢ of m

before hitting 3 is as small as we wish. Consequently, the same is true for the loop-erasure

of this walk, which can be taken as the path joining 4 and a£ in the dual tree. |

LEMMA 10.9. Let D be a domain in S? with two boundary components, By, By, and assume
that both are not single points. Consider a sequence 05, j € N, of positive numbers tending
to zero. Suppose that to each j € N there are two connected subgraphs B{, Bg of the grid
§;72, and that B} — By and B} — By in the Hausdorff metric on compact subsets of
S2. Let m € By be some point, and for each t > 0 and z € §;Z* — Bg, let hj(z,t) be the
probability that simple random walk on 6;7* — Bg starting at z (with reflecting boundary
conditions on B%), will get to within distance t of m before hitting B{. Let K C S? — By
be compact. Then
lim sup{h;(z,t): z € Kﬂ(?jZQ} =0.

t—0
Jj— oo

Proof. Set G := 6,7 — Bg, let S(t) be the vertices of G; that are within distance ¢ from
m, and let Vj(t) be the set of vertices of G; — B —S(t). Then hj(z,t) is discrete-harmonic
in V;(¢). Recall that the Dirichlet energy of hj(z,¢t)is > (hj(z,t) —h; (2, t))z, with the sum
extending over all edges [z, 2'] in G;. Let A = A; be the minimum of h;(z,t) on K, and
let z be where the minimum is achieved. Then there is a path § from z to S(¢) such that
hj(z,t) > X on 3, by the maximum principle for discrete harmonic functions. Note that
one can find a collection of 1/0(d;) disjoint paths in G; which join B and 3 and each path
in the collection has combinatorial length bounded by O(1)/d;. The Dirichlet energy of
hj(z,t) restricted to each such path is at least A\/O(d;), and therefore the Dirichlet energy
of h;(z,t) is at least C\, where C' > 0 is a constant depending only on K and D.

Let d; be the distance from m to BIJ. Since hj(z,t) is harmonic in V}(t), it minimizes
the Dirichlet energy among functions on G; that are 1 on S(t) and 0 on B{. Therefore,
the Dirichlet energy of h;(z,t) is at most the Dirichlet energy of the function f : G; — R,
which is 1 on S(t), 0 outside of S(d;), and equal to log(d,/|z — m|)/log(d;/t) elsewhere,
which is O(1)/log(d;/t), as j — oo. This gives, \; = O(1)/log(d;/t), and the lemma

follows. |

Proof of Theorem [[0.7. Before we go into the actual details, the overall plan of the proof
will be given (in a somewhat imprecise manner). Let g > 0. It is not hard to reduce the
theorem to the claim that with probability close to 1 the path v C -T'(; which joins two
fixed points a1, az does not have points p close to it such that the path o, C 'T'(; joining p
to v is not contained in a small neighborhood of 7. Let Z be the set of points p such that
oy, does not stay close to v. When we condition on v, The probability that p € Z goes
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to zero as p tends to a point in v, by a simple harmonic measure estimate. However, this
is not enough, since there are many different p’s close to v. We fix some collection L; of
points close to v, and take a thick collection of points Ly which are much closer to v. What
we show is that conditioned on v and on Z N Ly # (), the expectation of N := |Z N L]
is much larger than E[N | v]. This is established by observing that when p € L1 N Z is
appropriately chosen, the expected number of points p’ € Ly such that «, is contained in

oy, except for a small initial segment of «yy, is quite large. It follows that

E[N | 7]

PIUNL A0S g7y, ZAL, £0

is small, which suffices to prove the theorem.

We now give the details. Fix four distinct points a1, as, b1, b € R2. Given 6 > 0, let
a} and a), be points of §Z? that are closest to a; and as, respetively, and let b and b}, be
vertices of the grid dual to §Z2 that are closest to b; and by, respectively. Let v be the
path in -T'(s that joins a) and a), and given any p € §Z2, let a, denote the path in -/l\_(s from
p to 7. Let 3 be the path of 'T'(TS that joins b} and b5.

Since trunk = J,, trunkg(1/n), and trunk! = J trunk] (1/n), Theorem [[0.3 shows that
it suffices to prove that the probability that the distance between v and ( is less than ¢
goes to zero, as t goes down to zero, uniformly in 6. We know that with probability close to
one, 3 does not come close to {a1,as}, and v does not come close to {b1, b2} Remark B.2
Therefore, we need only consider the situation where there is a point ¢ on v, which is
close to 3, but not close to {a1, as, by, b2}. Since § and 7 cannot cross, and since (3 locally
separates the sphere near every point of § — {b, b}, such a situation implies that there is
a point ¢’ in dZ2, which is near ¢, but in order to get to v from ¢’ one must either cross
B, or go “around” it. Consequently, diam (/) must be bounded away from zero, as o
cannot cross 3. It therefore suffices to rule out the existence of a point ¢’ € §Z? close to
v but with diam (a) bounded away from zero. More precisely, let K be a compact set
disjoint from {a1,as}, and let e; € (0,1). Let h be the least distance from ~ to some point
q' € K N6Z? such that diam (a,) > €. It suffices to show that

inf limsup P[h < ho] = 0. (10.2)
ho>0 50
Given any p € §Z2, let h(p) be the distance from p to v and let k(p) be the maximal
distance from a point on «,, to . By Corollary [0.6, the probability that there is an arc
« in :|:5, which is disjoint from ~, satisfies diam(«) > €1, and every point of « is within

distance t of v, goes to zero as t — 0, uniformly in 6. Hence, to prove [10.2], it suffices to
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establish that

vt >0 Jnf Timsup P |3p € K N 672 h(p) < hg, k(p) =t| =0. (10.3)
0> d—0

Since the proof is somewhat involved, we consider first the simpler situation in which
~v=10,1] x {0}, and K = [1/3,2/3] x [0, 1] (10.4)

(notwithstanding that this is an unrealistic situation, of extremely low probability). Ob-
viously, it suffices to prove for small ¢ > 0.

In the following arguments, several small positive quantities appear. Their dependence
differs from the natural flow of the proof. In order to make it clear that the proof is logically

sound, we state now that the dependence order is as follows:
607t07T07t17 h177a17 h275;

that is, each of these quantities may depend only on those appearing before it in the list,
and should be thought of as much smaller than it predecessors.

Set hf := max{kd : k € Z, k6 < hi}, and let Ly := {(k6,h}) : k € Z, 1/6 < ké <
5/ 6}. Given «y and p € §Z?, we may choose a;, by loop-erasing a simple random walk from p
to . Consequently, an easy harmonic measure estimate shows that P[k(p) > t] = O(hq/t)
for all p € L.

Set hl, := max{kd : k € Z, ké < ha}, and Lo := {(k:é, hh): ke€eZ, 1/4 < kd < 3/4}.
Again, for all p € Lo, P[k(p) > to] = O(hz2/to), so we may assume that the event Q that
the leftmost point in Ly satisfies k(p) < to has probability at least 1 — €y. Let K be the
event that there is some p € Ly with k(p) > to, and let £’ := KN Q. For proving in
the simpler situation [[10.4], it suffices to show that P[K'] = O(¢g) for all sufficiently small
d>0.

Consider the following procedure for generating :|:5 given . Perform Wilson’s al-
gorithm starting with the vertices in Lo, in left-to-right order. If we encounter in this
procedure some vertex p € Lo such that k(p) > tg, we stop, and let py denote that vertex.
Let Tp be the tree constructed up to that point (including cy,,). On the event X', let p; be
the first point on «,, whose distance to v is at least ¢y, and let a be the arc of ay,, from
po to p1. Let A; be the event that « is not contained in the rectangle [1/5,4/5] x [0, to].
Note that A; implies that there is an arc in a N ([1/5,4/5] x [0, to]) with diameter at least
1/15. By considering this arc and 7, Corollary [[0.q shows that P[.4; N K'] < €y, assuming
that t¢ is sufficiently small.
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On the event K’ — Ay, let
z1:=max{z € R: (z,h1/2) € a},

let U be the component of R? — (a U ([z1,00) x {h1/2}) U (R x {tl})) that contains
(z1,00) x {h1/2}, and let U’ be the set of point in U that are within distance ¢; from a.
See Figure [[0.]. Let Ay be the event that ' — A; occurs and U’ intersects Tj.

T
T

Figure 10.1.

We now prove that P[K — A; — As] = O(ep). Let N be the number of points p € L,
such that k(p) > to. For a given p € Ly, the probability of k(p) > to (given [10-4], but
otherwise unconditioned) is O(hy/tg). Therefore,

E[N] < O(1)hy/(5to), (10.5)

On the other hand, condition on the event ' — A; — Ay and on Ty. Let L) be the set of
p € L1 NU such that the distance from p to « is at most t1/2. Note that conditioned on
p € L, the probability that «, joins with a,,, within distance 2¢; from p is at least

_ hy
1 1
o) dist(p, ) + hy’

(10.6)

since after generating T, we may continue by running Wilson’s algorithm starting at p, and
the probability that the random walk starting at p will hit « before the ray (x1,00) x{hy/2}
is at least [10.6). It therefore follows that conditioned on K — A; — As, we have

E[N | K= A — A > 0(1)" {h1/(kd): k€ Z, hy < ké < t1/2}
0]

>
> 0(1) 710 thy log(t1/(2h1)) -
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Combining this with gives

P —A; — Ay < BV ,CE_U\QI —n < O(1)<tO log(tl/(2h1)))_1 < e,

provided that h; is sufficiently small.

It remains to establish that P[As] < O(€p). First consider the case that there is some
p € Lo, to the left of py, such that o, N U # (). Then this must be the case for p being
the left neighbor of pg, namely p = pj, := po — (9,0), because when p € Ly is to the left
of pp, the path «,, cannot cross oy, U [po, py] U oy, and a, does not get to R x {to}. If
ay intersects U, then o, must first get to some point 2 in [21,00) x {h1/2}. Near z
there must be two points ZI, z;, which are vertices of the dual grid (6Z2)', and are locally
separated from each other by «a,,. The path in the dual tree that joins zi and z; has to
contain the edge dual to the edge [pf,po]. Now consider another dual vertex z?t just left
of a near the point (z1,h1/2). Let m' be the meeting point of ZI, z; and z;) in the dual
tree. If m' is not within distance r; of pg, we get in the r;/10 trunk of the dual tree at
least four disjoint crossings of the annulus A(po,2h2,71/2). We may assume that this has
probability < €, by Corollary [[0.6. Similarly, Lemma [[0.§, with the role of the tree and
dual tree reversed, shows that we may take the event that m' is within distance r; of pg
to have probability < €g, provided that ry is sufficiently small when compared with h;.

To establish that P[As] < O(ep), it now suffices to prove that on the event X' — Ay,
the probability that o, intersects U’ is O(€p). The argument is similar here, but occurs
on a larger scale. Suppose that w € a,, N U’. Then w must be on the segment of «,,
from p; to the point ps in oy, N y. Because w € ay,, — @ and w is within distance ¢; to
«, there is a point near w that is in the (fy/2)-trunk of the dual tree; namely, some point
on the path connecting dual two vertices on opposite sides of ay,, near p;. Consequently,
by Lemma [[0.§, we may rule out the possibility that p, is within distance 7o of w as
having small probability, since ps is a point of degree 3 of the (¢9/2)-trunk. But if the
distance between py and w is more than rg, then there are in the (¢9/2)-trunk at least four
disjoint crossings of the annulus A(w,2t;,70): two on «a,, and two on . An appeal to
Corollary [[0.6 now establishes P[As] < O(¢p). This completes the proof in the situation
SuE)

We now explain how to modify the above proof to deal with the general case. First note
that the restriction on K is entirely inconsequential; we could in the same way deal with
any compact set disjoint from the endpoints of 4. More significant is the special selection
of v. Observe that under the assumption of conformal invariance of the LERW scaling

limit, the general case can be reduced to the case where v = [0, 1] x {0}, because after
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is generated, the rest of the UST is just unconditioned UST on the complement of v with
wired boundary conditions. We may then transform v by a conformal homeomorphism to
[0,1] x {0}, and refer to the above result.

Although we do not assume conformal invariance of the scaling limit, it turns out
that the proof above is itself conformally invariant. With some care, one can apply the
conformal map to the proof, in a manner of speaking. This is actually not very surprising,
because the proof is ultimately based on a simple (discrete) harmonic measure estimate,
which is conformally invariant.

Let us turn to the details. We may couple the UST for a subsequence of § tending to
zero so that 7 tends to some path vy as § — 0 along that subsequence (see the discussion
of the Prohorov metric in Section B). Let f5 : S? — ([0, 1] x {0}) — S? — v be the conformal
map normalized to take the endpoints of [0,1] x {0} to the endpoints of v and so that
f5(00) is on the line which is the set of points at equal distance from both endpoints
of v, say. (The latter normalization is necessary to make fs unique, but otherwise, it
is quite arbitrary.) It follows that fs tends to the similarly normalized conformal map
f:S%—([0,1] x {0}) — S? — 4. We may assume that § is so small that f and f5 are very
close on compact subsets disjoint from [0, 1] x {0}.

For each p € L1, where L; is as before, we let p denote a point in 6Z? that is closest
to f(p). For the general case, we consider N, the number of p € Ly such that k(p) is not,
small, in place of N. Let Eg denote the set of points in §Z? that are within distance 38 of
f([1/4, 3/4] x {hg}). The proof for the general case uses L, in place of Ly. For traversing
El, there is no clear notion of the left-right order. But any ordering that starts near
f((1/4,hs)) and later does not visit any vertex before visiting an immediate neighbor, will
do. Instead of the left neighbor pj of a vertex py € L1, we use for py € El that neighbor
of pp in El that is “most counterclockwise”, in the appropriate sense. The rest of the
proof proceeds with essentially no modifications, except that the coordinate system used

is transformed by f. |
REMARK 10.10. In [BLPS9§] it has been asked whether the free USF on every planar

proper bounded degree graph is a tree. The proof of Theorem [10.7 seems to be relevant.
It is plausible that with a similar argument one can prove that for proper planar graphs

with bounded degree and a bounded number of sides per face, the free USF is a tree.
We may now strengthen Corollary [[0.6], as follows

COROLLARY 10.11. Given every e € (0,1), there is anr € (0, €) with the following property.
For every sufficiently small § > 0, the probability that there is a point p € S? such that

there are 4 disjoint crossings in -T'(; of the annulus A, (p,r,€) is at most e.
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Proof. Consider an annulus A = Ag,(p, 7, €), and suppose that there are four disjoint
paths «q, a1, as, as in 'T'g that cross it. Let B; be the component of S — A inside the
inner boundary component of A, and let By be the outside component. Without loss of
generality, we suppose that agUas separate o from a3 inside A; that is, the circular order
of these paths around A agrees with the order of the indices.

Assume first that there are no paths in 'T'g N A that join two of the paths o, j =
0,1,2,3. Then there must be paths in the dual tree 3y, 81, B2, 83, such that 3; is between
a1 and o (indices mod 4), for each j = 0,1, 2, 3. If o, a1, a2 and a3 can all be connected
to each other by paths in A U By, it follows that there are four crossings of the annulus
Agp, (p,r,€/3) in the €/3 trunk of 'T'(;, and we know that has small probability to happen
anywhere, if r is small, by Corollary [[0.6. If neither of the paths a; connects to another in
AU By, the same argument applies to the dual tree, because the paths 3; must all connect
inside A U B;. However, if two of the paths «; connect in A U By, and one of the others
does not connect to them, then also two of the paths (; connect. This implies that the
€/3 trunk gets within distance of r from the dual trunk, and again this can be discarded
as having small likelyhood.

We are left to deal with the situation where there is a simple path + in AN 'T'(; that
connects two of the paths ;. Note that for each pair of paths a; there can be at most one
such 7 connecting them. Also note that any path connecting «; and a2 (indices mod
4) must cross either o or aj13. Consequently, if we consider any four concentric annuli
Aj = A (p,rj,7mj41), 7 =0,1,2,3,4, with r; < rj4q for each j =0,1,2,3,4, ro = r, and
r5 = €, at least one of them will have the property that inside it there is no path joining
any two paths among the a;’s. This allows a reduction to the previous case, and completes
the proof. |

THEOREM 10.12. A.s., every simple path ¢ : [0,1) — trunk has a limit lim;_,1 ¢(t) in S?,
and for every point z € S* there is a simple path ¢ : [0,1) — trunk such that lim; 1 ¢(t) =

zZ.

Proof. Suppose that there are two distinct accumulation points, x and y, of ¢(t) ast — 1,
and let m € Ny satisfy dsp(z,y) > 9/m. Then for each t € (0,1) the (spherical) diameter
of gb([t, 1)) is greater than 9/m. Let a € (0,1) be such that the diameter of gb([O,a]) is
at least 5/m. It easily follows that ¢([a,1)) C trunkg(1/m). But since trunky(1/m) is a
compact finite tree (Corollary [[0.3), and the restriction of ¢ to [a, 1) is in trunkg(1/m), it
follows that lim; .1 ¢(t) exists. Contradiction.

Let z € S? and 2’ € trunkg(1), 2/ # z. We want to produce a simple path v C trunk
starting at 2’ and tending to z. If z € trunk, then z € trunko(1/n) for some n € N, and
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the existence of v is clear. So suppose that z ¢ trunk. For each n € N, there is a point
Zn, € trunkg(1/n) which is within distance 2/n from z. Let (3, be the arc from 2z’ to z, in
trunko(1/n). For each n and m, the intersection 7, N trunko(1/m) is a simple path. Since
trunkg(1/m) is a compact finite topological tree, there is a subsequence v, such that for
cach m the Hausdorff limit lim; (7, Ntrunke(1/m)) exists, and is a simple path. Because
Yn — B(2,3/m) C trunkg(1/m) when n > m, it now follows that + := lim; v, is a simple
path. Moreover, it is clear that z € v and v — {2} C trunk. |

Proof of Theorem [1.J. We first prove that trunk is a topological tree. Clearly, the trunk
is arcwise connected, since trunk := |, trunko(1/n), and each trunko(1/n) is arcwise con-
nected. It is also clear that the trunk is dense in S?. Let z,y € trunk. Then there is
some n € N such that z,y € trunkg(1/n), and there is a unique arc ; joining x and y in
trunkog(1/n). Let 42 be an arc joining x and y in trunk. Since the dual trunk is dense, it
must intersect all connected components of S — (71 U~2). Since the dual trunk is disjoint
from the trunk, it does not intersect v; U 5. Because the dual trunk is connected, it now
follows that S? — (71 U~2) is connected. Consequently, 71 = 72, and the trunk is uniquely

arcwise connected.

Let n € N and let ¢ be the spherical distance between trunkg(1/n) and trunk(1/n).
Since these are compact and disjoint, ¢ > 0. If z € trunko(1/n) and there is a y € trunk
such that there is no path in trunk N B(z,3/n) joining = and y, then there must be a path
in trunkg(l/n) separating x and y in B(z,1/n). (Indeed, if v is the path joining x and y
and p € v — B(x,3/n), then the path § C trunk’ connecting two points p’ and p” that are
near p and are separated from each other by = near p, will have a subarc in trunkg(l /n)
separating x and y in B(z,1/n).) Consequently, for every point x € trunkg(1/n) and
every y € trunk N B(z,t) N B(x,1/n) there is a path in trunk N B(x, 3/n) joining = and y.
Hence, the union of all arcs that contain x and are contained in trunk N B(z,3/n) is an
arcwise connected subset of trunk N B(x,3/n) which contains trunk N B(x,t) N B(z,1/n).
This implies that trunk is locally arcwise connected, and so it is a topological tree. It is

obviously dense in S?, and the proof of part (iii) is complete.
It is clear that for every a,b € S? there is some w such that (a,b,w) € T.

Let T(e) be a subsequential scaling limit of T5(e). We prove that a.s. every w such
that (a,b,w) € T(e) for some a, b € S? is a simple path. Let ¢; > 0. It suffices to prove that
the above statement holds with probability at least 1 — €;. Let V; C S? be a finite set of
points, and for each § > 0 let V% be a collection of vertices of 672, each close to one point
of V1, and with |V;| = |V{|. By Theorem [[0.3, Vi may be chosen so that with probability
at least 1 — ¢; the subtree of T5 spanned by V contains trunks(e), for all sufficiently small
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. This implies that each w, (€) is a subarc of w, ,, for some v, u € V. Because for every
pair of points v,u € V; the scaling limit of the LERW from v to u is a simple path, it
follows that with probability at least 1 — ¢; for each (a,b,w) € T(€), w is a simple path.

We may now conclude that a.s. for every (a,b,w) € %, the set w — (B(a,€) U B(b,¢))
is a 1-manifold; that is, a disjoint union of simple paths. Therefore, v’ := w — {a, b} is a
1-manifold. This means that each component of w’ is an arc with endpoints in {a,b}. It
is clear that w may be oriented as a path from a to b. Suppose that w, visits a more than
once. If a # b, it then follows that a € trunk, and there is a simple closed path in trunk
containing a. This is impossible, since trunk is a topological tree. Hence a, and similarly
b, are each visited only once in w, which implies that w is a simple path if a # b. If a = b,
the only possibility is that w = {a} or that w is a simple closed path. This proves the first
and second statements in (ii).

Observe that if there is simple curve o C trunk such that @ = aU{a}, then a must be
in the dual trunk, for the dual trunk is connected, intersects both components of S? — @,
and is disjoint from trunk. This is a rare event, by Remark B.9 (or Corollary [[0.4). This
proves (ii).

Corollary [0.T]] proves (iv).

The first claim in (i) is obvious. Suppose that a # b are such that there are two
sets w and w’ with (a,b,w), (a,b,w’) € T. We know that w and w’ are simple paths. If
w # ', then there is a simple closed path, say 7, contained in @ U @'. But as above, 7
must intersect the dual trunk, since the dual trunk is connected and dense. This implies

that a or b are in the dual trunk. This completes the proof of (i), and of the theorem. H§

REMARK 10.13. (UNIQUENESS OF PATHS) We have seen in the above proof that the

path in trunk from a to b is unique when {a, b} N trunk’ = (. The converse is also easily
established.

REMARK 10.14. (RECONSTRUCTING trunk') It can be shown that the scaling limit dual
trunk can be reconstructed from the trunk. This can be seen from Remark [10.13. Another
description of the dual trunk from the trunk is as follows. Given distinct =,y € S? — trunk,

let v(x,y) be the (unique) arc in S? — trunk with endpoints z,y. Then

trunk’ = U{v(m,y) —{z,yy:x#y x,ycS*— trunk} :

To prove this, it suffices to establish that ~y(x,y) is unique, which follows from the fact

that trunk is connected and dense.

REMARK 10.15. Consider the metric d* on trunk, where d*(z,y) is the spherical diameter

of the unique (possibly degenerate) arc joining x and y in trunk. Since trunk is locally
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arcwise connected, this new metric on trunk is compatible with the topology of trunk as a
subset of S2. Let trunk, denote the completion of this metric. Then trunk, is a compact
topological tree, and is naturally homeomorphic with the ends compactification of trunk.
Since d* majorizes the spherical metric, there is a natural projection 7 : trunk, — S?2,
whose restriction to trunk is the identity. It is easy to see that every point p € S — trunk’
has a unique preimage under 7, and for points p € trunkT, the degree of p in trunk’ is equal
to |7~ (p)l.

Consider some o € S?, and let T° be the appropriate “slice” of ¥; that is, T° :=
{(b,w) : (0,b,w) € T}. One can show that if o ¢ trunk', then ¥° is homeomorphic with
trunk,, and 7 : T° — S? is the projection onto the first coordinate, when T° is identified

with trunk, through this homeomorphism.

§11. Free and wired trunks and conformal invariance.

We now want to give a precise formulation to a conformal invariance conjecture for the
UST scaling limit, and prove that it follows from the conjectured conformal invariance of
the LERW scaling limit. (Such conformal invariance conjectures seem to be floating in the
air these days, with roots in the physics community.) The conformal automorphisms of S?
are Mobius transformations. We conjecture that the different notions of scaling limits of
UST in S?, which where introduced in the previous section, exist (without a need to pass
to a subsequence) and are invariant under Mébius transformations. Moreover, the scaling
limits in subdomains D C S? should be invariant under conformal homeomorphisms f :
D — D' C S?. This is a significantly stronger statement, since the Mébius transformations
of S? form a 6-dimensional group, while the space of conformal homeomorphisms from the
unit disk onto subdomains of S? is infinite dimensional.

To formulate more precisely the invariance under conformal homeomorphisms of sub-
domains f : D — D', we need first to discuss UST scaling limits in subdomains of S?. This
will be now explained.

For simplicity, we restrict our attention to simply connected domains D ; R? whose
boundary 9D is a simple closed path. Let pg € D be some basepoint. Let FT? be the
uniform spanning tree of G(D, ), with free boundary conditions, and let WT5 be the
uniform spanning tree of G(D, §) with wired boundary conditions. Let S% be the metric
space obtained from S? by contracting S> — D to a single point. Then we may think of
WT? as a random point in H(S%), which is a.s. a tree. The tree WT};7 may be thought of

as a random point in H (D), which is a.s. a tree.
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Let W35 = S(WTP) and §I5 = I(FTY); that is, the wired paths ensemble
W5 is defined from the wired tree WTs in exactly the same way that the ordinary paths
ensemble Ts5 was defined from 'T'(;, and similarly for §¥s. Note that 20%;s € H(S% x S2, x
H(S%)) and §F5 € H(D x D x H(D)). Also the definitions of the scaling limits and the

trunk are the same as in the previous section.

THEOREM 11.1. Let D C R? be a domain whose boundary is a C'-smooth simple closed
curve.
(i) Theorem [[0.3, with S? replaced by D, holds for the free and wired spanning trees in
D.
(ii) The free scaling limit trunk in D is disjoint from 0D, in every (subsequential) scaling
limt.
(iii) The free scaling limit trunk in D is disjoint from the scaling limit trunk of the dual

tree (which is wired), in every (subsequential) scaling limit.

There are simply connected domains where 0D is not a simple closed curve and (ii)
fails: the domain (0,2) x (0,2) — U, —,(0,1] x {1/n} is an example.

LEMMA 11.2. There is an absolute constant C' > 0 such that the following holds true. Let
D be as in Theorem [[1.1. Then there is a 69 = do(D) > 0 with the following property.
Suppose that § and 61 are numbers satisfying 0 < § < 61 < o and A is a connected
subgraph of G(D,d) with diameter at least §1. Further suppose that p € V(G(D,é)) has
distance 61 to A. Then the probability that a random walk on G(D,d) starting at p will get
to distance C8y from p before hitting A is less than 1/2.

Proof. The proof is similar to the proof of Lemma [0.9. Let Z = Z(t) be the set of
vertices with distance at least t from p, where we take ¢t > 4; Let A’ be a component of
AN B(p,3d1) containing some point at distance ¢; to p and having diameter at least d;.
For v € V(G(D,4)), let h(v) be the probability that a random walk starting from v will
reach Z before hitting A’. Then h is discrete-harmonic, and minimizes Dirichlet energy
among functions that are 1 on Z and 0 on A’. As in the proof of Lemma [[0.9, it follows
that the Dirichlet energy of h is at most O(1)/log(t/d1). Let B be the set of vertices v
at distance at most 2§, from p such that h(v) > h(p), and let B’ be the component of
B containing p. Note that the diameter of B’ is at least d;, as B’ must neighbor with
some vertex with distance 29; from p, by the maximum principle for h. As in the proof
of Lemma [[0.9, it can be shown that when 47 is sufficiently small (how small depends on
the scale in which D appears smooth), one can find O(1)/d disjoint paths in 6Z? N D

connecting A’ to B’, each of combinatorial length O(1)/§. Because h is zero on A" and at
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least h(p) on B’ it follows that the Dirichlet energy of h is at least O(1)h(p). We conclude
that h(p) < O(1)/log(t/d1), which proves the lemma. |

Proof of Theorem [I1.1. The proof for (i) in the wired case is the same as the proof of
Theorem [[0.3 (and we don’t need to assume anything about D). The free case is the
same, except that one needs to appeal to Lemma [T.2. Assuming (ii), the proof of (iii)
is identical to the proof of Theorem [[0.7]. The proof of (ii) is also the same as the proof
of [[0.7, except that one needs to find the appropriate substitutes for Lemma [[0.§ and
Corollary [[0.6; namely, for every € > 0 there is an ¢y > 0 such that for all § € (0, ¢y) with
probability at least 1 — e all points of degree three in the e-trunk of FT5D have distance at
least g from 0D, and the probability that there is a point p € 9D such that there are two
disjoint crossings of the annulus A(p, €, €) in the e-trunk of WT? is at most €. The latter
statement follows from the proof of Corollary [[0.6.

It remains to prove the appropriate substitute for [[0.§. Consider three distinct points
in D, p1,p2,p3, and for § > 0 let p, ph, ps be a triple of points in §Z? which is close to
p1, D2, D3, respectively. Let m be the meeting point of p}, ph, p§ in FT(SD, and let B be any
disk whose center is in 0D and which does not intersect {p},p5,p5}. Let B’ and B” be
disks concentric with B of 1/2 and 1/4 of its size, respectively. By part (i), it suffices to
prove that with probability going to 1 as ¢g — 0 and  — 0, m is not within distance ¢,
from 0D N B”.

Suppose that m € B. Let 1,792,773 be the arcs of FT? that join m to p},ph, pj,
respectively, and let 7} be the largest initial segment of 7; that is contained in B, j =1, 2, 3.
There is a unique k € {1, 2, 3} such that (J;_, 7; separates 7, from 0D in B. By symmetry,
it suffices to estimate the probability that m is close to B N 9D and k = 3. We generate
m in the following way. Let v be a LERW from p) to p) in 6Z? N D. Let X be a random
walk on 6Z? N D starting at pj, let 7., be the first time ¢ where X (t) € v, and let 7 be
the first time ¢ when X (¢) is incident with an edge intersecting 9D N B’. Then we may
take m = X(7,). Consider the event A where m € B, k = 3 and 71 > 7,. With high
probability, the points X (¢), t < 71, which are close to B’ N 9D, are also close to X (7).
This is just a property of simple random walk absorbed at B’ N dD. Consequently, on
A, with high probability, if m is close to B N dD, then v passes close to X (71). Since
the probability that v passes near any point, which is not too close to p} and pj, is small
(Remark B.2 applies here), and X (77) is independent from -y, we see that A has arbitrarily
small probability.

We now need to consider the case k = 3 and 7y < 7,. Let 7{ be the first ¢ > 7
such that X (t) ¢ B, and let 7o be the first ¢ > 7 such that X (¢) is incident with an edge
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intersecting 9D N B’. Inductively, let 7/ be the first t > 7, such that X(¢) ¢ B and let
Tn+1 be the first ¢ > 7/ such that X (¢) is incident with an edge intersecting 0D N B’. Note
that if & = 3 and 7, > 7, then 7, > 77, for the random walk X must go around ~{ U~
before hitting . Similarly, if ¥ = 3 and 7, > 71, then 7, € (7], 7,41) for some n € N. If
we fix a finite k£ € N, then the same argument as above shows that with high probability,
~v does not pass close to the set {X(Tn) tn=1,2,. ,k} Because P[r;, < 7] — 0 as

k — oo, uniformly in §, the required result follows. |

Suppose that D and D’ are two domains in R? such that the boundaries 0D, 0D’
are simple closed paths in R2. Then there is a conformal homeomorphism f : D — D’
Moreover, f extends continuously to a homeomorphism of D onto E/, which we will also

denote by f. It follows that f induces maps

fw  H(ST, x ST, x H(SD)) — H(SH x SH x H(SH)),
fr:H(D x D xH(D)) — H(D x D x H(D)) .

THEOREM 11.3. Let D C R? be a domain whose boundary is a C'-smooth simple closed
path. Assuming Conjecture [[.3, the following is true.
(i) The free and the wired UST scaling limits, §T,20%, in D exist. (That is, do not
depend on the sequence of § tending to 0.)
(ii) If f : D — D' is a conformal homeomorphism between such domains, then fy is
measure preserving from the law of T in D to the law of LT in D', and similarly

for free boundary conditions.

Proof. The proof for wired boundary conditions follows from Wilson’s algorithm and The-
orem [L1.1l. The easy details are left to the reader.

For the free boundary conditions, observe that WT¥ is dual to FT? (on the dual
grid). Remark [[0.14 is also valid in the present setting, and shows that the free scaling
limit trunk can be reconstructed from the wired scaling limit trunk. It is easy to see that
the free scaling limit §% can be reconstructed from the trunk. Hence, conformal invariance

of the wired UST implies conformal invariance of the free. |
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§12. Speculations about the Peano curve scaling limit.

This section will discuss the Peano curve winding between the UST and its dual. From
here on, the discussion will be somewhat speculative, and we omit proofs, not because the
proofs are particularly hard, but because the paper is long enough as it is, and it is not

clear when another paper on this subject will be produced.

This Peano curve was briefly mentioned in [BLPS9§]. Consider the set of points
05 C R? which have the same Euclidean distance from 'T'g as from its dual 'T'(TS It is easy
to verify that 65 is a simple path in a square grid Gp(¢), of mesh §/2, which visits all the
vertices in that grid. Set 55 :=05U{o0}. Then 55 is a.s. a simple closed path in S? passing
through oo.

To consider the scaling limit of 55, it is no use to think of it as a set of points in S2,
because then the scaling limit will be all of S2. Rather, one needs to parameterize 55 in
some way. One natural parameterization would be by the area of its § /2-neighborhood, but
there are several other plausible parameterizations. Another, more sophisticated approach,
would be to think of 55 as defining a circular order on the set 55. The circular order Ry is
a closed subset of (82)4, and (a,b,c,d) € Rs iff a,b,c,d € 05 and {a, ¢} separates b from d
on f5. Then the (subsequential) scaling limit of 05 may be taken as the weak limit of the
law of R in H((SQ)4>.

Let 6 denote the Peano curve scaling limit, defined as a path, or as a circular order,
or some other reasonable definition. Here is what we believe to be a description of #, in
terms of the scaling limit of the UST. Recall that in Remark [[0.15, we have introduced
a completion trunk, of the trunk, in the metric d*, where the distance between any two
points of trunk is the diameter of the arc connecting them, and that 7 : trunk, — S? is the
natural projection. Consider the joint distribution of trunk, and the dual trunki, and let 7'
denote the projection 7t : trunk, — S2. Let 6 be the set of points (p,q) € trunk, X trunki
such that mp = wq. Then 6 is a simple closed path, and the map 6 — S? defined by
(p, q) — 7p gives the scaling limit 6.

Fix some a,b € R?, a # b. Let w,, be the path such that (a,b,w,p) € T (this wyp is
a.s. unique), and let wl’b be such that (a, b, wlvb) € T'. Then w,; and wl’b are a.s. simple
paths. Let Dy and D be the two components of S? — (wq, U wl’b). A.s. 00 € Dy U Do,
and without loss of generality take oo € Dy. It is then clear that the part of # which is

between a, b and does not contain oo is Ds, and that the part which does contain oo is D;.
.I.

a,b?

Suppose that we condition on w,; and on w and look at some point ¢ € Dy. We'd
like to know the distribution of the part of # between ¢ and a which does not include b,

say. Recall that on a finite planar graph, we may generate the UST and the dual UST by
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a modification of Wilson’s algorithm, where at each step in which we start from a vertex
in the graph, the dual tree built up to that point acts as a free boundary component, and
the tree built up to that point acts as an absorbing wired boundary component, and at
steps in which we start from a dual vertex, the tree built up to that point acts as a free
boundary component, and the dual tree built up to that point acts as an absorbing wired
boundary component. Consequently, we let a be the scaling limit of LERW on §Z? — w; b
starting at c that stops when it hits w, . Then we let a! be the scaling limit of LERW on
072 — (a U wavb) starting at ¢ that stops when it hits wa,b. (Since ¢ € a, to define this
requires taking a limit as the starting point tends to c¢.) Then a U o' separates Do into
two regions, say D5 and D}, and if b ¢ ﬁ;, then DY is the part of § “separated” from b
by {a,c}.

In the above construction, the domain Dy was considered with mixed boundary
conditions. One arc of 0Dy — {a,b} was taken as wired, while the other was free. The
resulting Peano path scaling limit € is a path joining @ and b in Dy. From Conjecture [.3
should follow a conformal invariance result for UST in such domains with mixed boundary
conditions. Therefore, having an understanding of the law of the Peano curve for one
triplet (D, a,b), where a and b are distinct points in 9D, which is a simple closed curve,
suffices for any other such triplet. This suggests that we should take the simplest possible
such configuration; that is, D = H, the upper half plane, a = 0,b = co. Suppose that we
then take a point ¢ € H and condition on the part of 6§ between 0 and ¢ and separated from
00. The effect of that on € in the remaining subdomain D. of H is all in the boundary
0D.. This is a kind of Markovian property for the Peano curve, similar to the property
given by Lemma [[.J. By taking the conformal map from D, to H, which fixes oo, takes ¢
to 0, and is appropriately normalized at oo, we may return to base one. This suggests that,
as we have claimed in the introduction, a representation of the Peano curve scaling limit
similar to the SLE representation of the LERW from 0 to OU which we have introduced.
The analogue of the Lowner differential equation for this situation is [1.6)} Due to the
Markovian nature of the Peano curve, the corresponding parameter ¢ in should have
the form ¢ = B(kt), where B is Brownian motion on R starting at 0, and x is some constant.
One can, in fact, show that x = 8, by deriving an appropriate analogue of Cardy’s [Car97]
conjectured formula, using the representation and the techniques of Section [ The

details will appear elsewhere.

61



[Aiz]

[ABNW]

[ADA]

[A1d90]

[Ben]

[BLPS98]

[BIPPY7]
[Bow|
[Brosy)]

[BPY3]

[Car92]
[DDSS]
[Dur83]
[Dur84]

[Dur91]

REFERENCES

M. A1zENMAN. Continuum limits for critical percolation and other stochastic geo-
metric models. Preprint.
http://xxx.lanl.gov/abs/math-ph/9806004.

M. A1zENMAN, A. BURCHARD, C. M. NEwWMAN, AND D. B. WILSON. Scaling
limits for minimal and random spanning trees in two dimensions. Preprint.
http://xxx.lanl.gov/abs/math/9809145.

M. A1ZENMAN, B. DUPLANTIER, AND A. AHARONY. Path crossing exponents and
the external perimeter in 2D percolation. Preprint.
http://xxx.lanl.gov/abs/cond-mat/9901019.

D. J. ALbous. The random walk construction of uniform spanning trees and uniform
labelled trees. SIAM J. Discrete Math. 3, 4 (1990), pages 450—465.

[. BENJAMINI. Large scale degrees and the number of spanning clusters for the
uniform spanning tree. In M. Bramson and R. Durrett, editors, Perplexing Probability
Problems: Papers in Honor of Harry Kesten, Boston. Birkhauser. To appear.

I. BEnJAMINI, R. LYONS, Y. PERES, AND O. SCHRAMM. Uniform spanning forests.
Preprint.
http://www.wisdom.weizmann.ac.1l/ schramm/papers/usf/|.

C. J. Bisnopr, P. W. JoNEs, R. PEMANTLE, AND Y. PERES. The dimension of the
Brownian frontier is greater than 1. J. Funct. Anal. 143, 2 (1997), pages 309-336.

B. H. BowbITcCH. Treelike structures arising from continua and convergence groups.
Mem. Amer. Math. Soc.. To appear.

A. BRODER. Generating random spanning trees. In Foundations of Computer Sci-
ence, pages 442-447, 1989.

R. BURTON AND R. PEMANTLE. Local characteristics, entropy and limit theorems
for spanning trees and domino tilings via transfer-impedances. Ann. Probab. 21, 3
(1993), pages 1329-1371.

J. L. CaArDY. Critical percolation in finite geometries. J. Phys. A 25, 4 (1992),
pages L201-L206.

B. DUPLANTIER AND F. DAVID. Exact partition functions and correlation functions
of multiple Hamiltonian walks on the Manhattan lattice. J. Statist. Phys. 51, 3-4
(1988), pages 327-434.

P. L. DUREN. Univalent functions. Springer-Verlag, New York, 1983.

R. DURRETT. Brownian motion and martingales in analysis. Wadsworth Interna-
tional Group, Belmont, Calif., 1984.

R. DURRETT. Probability. Wadsworth & Brooks/Cole Advanced Books & Software,
Pacific Grove, CA, 1991.

62


http://xxx.lanl.gov/abs/math-ph/9806004
http://xxx.lanl.gov/abs/math/9809145
http://xxx.lanl.gov/abs/cond-mat/9901018
http://www.wisdom.weizmann.ac.il/~schramm/papers/usf/

[EKS6]

[Gri8Y]
[Hzg95]

[1t661]

[Jan12]
[Ken98a|

[Ken98b]

[Ken99]
[Ken]
[Kes87]

[Kuf47]
[LPSA94]
[Law93]

[Law]

[Low23]

[Lyo98]

[MR]
[MMOT92]

[MO90]

S. N. ETHIER AND T. G. KURTZ. Markov processes. John Wiley & Sons Inc., New
York, 1986.

G. GRIMMETT. Percolation. Springer-Verlag, New York, 1989.

O. HAGGSTROM. Random-cluster measures and uniform spanning trees. Stochastic
Process. Appl. 59, 2 (1995), pages 267-275.

K. ITO. Lectures on stochastic processes. Notes by K. M. Rao. Tata Institute of
Fundamental Research, Bombay, 1961.

JANISZEWSKI. J. de [’Ecole Polyt. 16 (1912), pages 76-170.

R. KENYON. Conformal invariance of domino tiling. Preprint.
http://topo.math.u-psud.fr/ "kenyon/confinv.ps.Z.

R. KENYON. The asymptotic determinant of the discrete laplacian. Preprint.
http://topo.math.u-psud.fr/ kenyon/asymp.ps.4.

R. KENYON. Long-range properties of spanning trees. Preprint.
R. KENYON. In preparation.

H. KESTEN. Hitting probabilities of random walks on Z?. Stochastic Process. Appl.
25,2 (1987), pages 165-184.

P. P. KUFAREV. A remark on integrals of Lowner’s equation. Doklady Akad. Nauk
SSSR (N.S.) 57 (1947), pages 655-656.

R. LANGLANDS, P. PouLioT, AND Y. SAINT-AUBIN. Conformal invariance in two-
dimensional percolation. Bull. Amer. Math. Soc. (N.S.) 30, 1 (1994), pages 1-61.

G. F. LAWLER. A discrete analogue of a theorem of Makarov. Combin. Probab.
Comput. 2, 2 (1993), pages 181-199.

G. F. LAWLER. Loop-erased random walk. In M. Bramson and R. Durrett, ed-
itors, Perplexing Probability Problems: Papers in Honor of Harry Kesten, Boston.
Birkhauser. To appear.

K. LOWNER. Untersuchungen {iber schlichte konforme abbildungen des einheit-
skreises, I. Math. Ann. 89 (1923), pages 103-121.

R. Lyons. A bird’s-eye view of uniform spanning trees and forests. In Microsur-
veys in discrete probability (Princeton, NJ, 1997), pages 135-162. Amer. Math. Soc.,
Providence, RI, 1998.

D. E. MARSHALL AND S. ROHDE. In preparation.

J. C. MAYER, L. K. MOHLER, L. G. OVERSTEEGEN, AND E. D. TYMCHATYN.
Characterization of separable metric R-trees. Proc. Amer. Math. Soc. 115, 1 (1992),
pages 257-264.

J. C. MAYER AND L. G. OVERSTEEGEN. A topological characterization of R-trees.
Trans. Amer. Math. Soc. 320, 1 (1990), pages 395-415.

63


http://topo.math.u-psud.fr/~kenyon/confinv.ps.Z
http://topo.math.u-psud.fr/~kenyon/asymp.ps.Z

[New92]
[Pem91]
[Pom66]
[Rus78]

[Sch]
[S1a94]
[SWT8]

[TWO8]

[Wil96]

M. H. A. NEWMAN. Elements of the topology of plane sets of points. Dover Publi-
cations Inc., New York, second edition, 1992.

R. PEMANTLE. Choosing a spanning tree for the integer lattice uniformly. Ann.
Probab. 19, 4 (1991), pages 1559-1574.

C. POMMERENKE. On the Loewner differential equation. Michigan Math. J. 13
(1966), pages 435—443.

L. Russo. A note on percolation. Z. Wahrscheinlichkeitstheorie und Verw. Gebiete
43,1 (1978), pages 39-48.

O. SCHRAMM. In preparation.
G. SLADE. Self-avoiding walks. Math. Intelligencer 16, 1 (1994), pages 29-35.

P. D. SEYMOUR AND D. J. A. WELSH. Percolation probabilities on the square
lattice. Ann. Discrete Math. 3 (1978), pages 227-245. Advances in graph theory
(Cambridge Combinatorial Conf., Trinity College, Cambridge, 1977).

B. ToéTH AND W. WERNER. The true self-repelling motion. Probab. Theory Related
Fields 111, 3 (1998), pages 375-452.

D. B. WILSON. Generating random spanning trees more quickly than the cover
time. In Proceedings of the Twenty-eighth Annual ACM Symposium on the Theory
of Computing (Philadelphia, PA, 1996), pages 296-303, New York, 1996. ACM.

MATHEMATICS DEPARTMENT, [THE WEIZMANN INSTITUTE OF SCIENCH, REHOVOT 76100, ISRAEL

schramm@wisdom.weizmann.ac.il

http://www.wisdom.weizmann.ac.il/~ schramm/

64


http://www.wisdom.weizmann.ac.il/
http://www.weizmann.ac.il/
mailto:schramm@wisdom.weizmann.ac.il
http://www.wisdom.weizmann.ac.il/~schramm/

