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Abstract. The (ferromagnetic) order-disorder transitions
in a class of Ising models with second neighbour interac-
tion in transverse fields is studied using the path integral
method. Within the limitations of the method, the critical
fields at zero temperature are estimated for different sys-
tems.
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The effect of quantum fluctuations in classical spin models
have been investigated extensively for the last few decades.
The simplest of such systems is of course the Ising model
in a transverse field [ 17 which mimics the tunnelling of the
proton in hydrogen bonded ferroelectrics. Consequently,
other Ising systems, especially those with frustration, in
transverse fields, have attracted a lot of interest in the past
few years [ 2]. Examples of such systems are the Ising spin
glass system in a transverse field (to model the tunnelling
between the localised spin glass states separated by large
energy barriers e.g. in Rb,_ (NH,H,PO,, a typical
mixed ferroelectric-antiferroelectric hydrogen bonded
compound) or the anisotropic next nearest neighbour
Ising model [ 3] (binary alloys like AgMg or polytypes like
SiC are systems described by this model) in a transverse
field. In the latter, the appearance of novel thermal fluctu-
ation driven phase structures encourages the investiga-
tions of the possible transverse field driven transitions.

The path integral formulation of the transverse Ising
model [4] has yielded quite accurate values (better than
the mean field estimates) for the critical fields for any type
of lattice in any dimension above a critical dimension
d=1

This method has also been recently used for treating
the frustrated Hopfield model in a transverse field [5]. We
apply it to a class of Ising models with second neighbour
interaction where the second neighbour interaction can be
either ferromagnetic or antiferromagnetic (the latter case
will incorporate frustration). Advantage of this method is
that one can analytically find out the critical fields in the

zero temperature limit. We are primarily interested in the
zero temperature limit as we would like to find out the
phase transitions driven purely by the transverse field and
as also because the systems we will consider have exactly
known classical ground states at T = 0.

Typically, our Hamiltonian looks like

H= —J) SiS5—Jx) SiSi~TI'2St 1)
ipy {ik}

where ( > and { } indicate nearest and next nearest
neighbours respectively and S; = + 1. When x becomes
negative, we have a frustrated system. In all dimensions,
the classical ground state for the frustrated case is fer-
romagnetic for |x| < 0.5 and antiphase for |x|> 0.5.
Ix| = 0.5 is a highly degenerate point. For the one dimen-
sional frustrated transverse Ising system, several approxi-
mation methods have been used to get the phase diagram
[2], however, significant results for |x| > 0.5 have been
obtained from numerical methods only. In higher dimen-
sions, there have been no studies. The method used in the
present paper yields results for all dimensions greater than
one but is still restricted to |x| < 0.5 again.

The equivalent classical Hamiltonian corresponding
to (1) is given by the Suzuki Trotter formula:

H= (Y S5 an T P+ o
t ijy t {ik}
+ Incoth(BI'/P)}. Y SiSi"1/2p 2
it
Here ¢ is the Trotter index and P is the Trotter dimension.
The constant ¢ = (1/2) In(cosh(SI'/P)sinh(S1")/P]

In this Hamiltonian, it can also be interpreted that
the spins are effectively P-component vector spins
with components S;- =(+1, £1,..., £1) where t =
1,2, ..., P.

Therefore the partition function of the Hamiltonian in
terms of the vector spins becomes

QzZ(&xp{ﬁJ(ZSi-Sk +xZSi-SJ->/P + XS, aS; + c}

(s} <iky {ij}
A3)
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where
a, = (1/2) Incoth(SI'/P)4, —4, C = NPc.

The new spin Hamiltonian is now broken up into two
parts, a reference part H, involving only single site terms
and V involving interacting spins such that

—pHy =), 8;-aS; + C (4)

and

“ﬁVZﬁJ<Z Si-Sk—f—xZSi-Sj)/P. (3)
<iky {ij}

Now we can treat the full Hamiltonian perturbatively
such that the free energy F ( = InQ) is given by

— BF = — fFo + Y. (1/nh)(~ By'Cu(V), (6)

with F, the free energy corresponding to the unperturbed
Hamiltonian Qg such that

- ﬁFO =In QOa
with
Qo = Zexp(fH,),

and the cumulants are given by
Cy ={V)g; C2 ={V?)q — (V)i ete.

The above expression can be regarded as an expansion in
successively higher order of fluctuations. With classical
systems, the first order term gives the mean field estimate
and higher order constitute fluctuation corrections. For
the transverse Ising model (with nearest neighbour inter-
action only) the first order term gives the mean field
estimate while the second term grossly improves the result
following Kirkwood’s prescription of classical spins.

It is convenient to add a generating ficld at each site
h; = (hy/P)(1,1, ..., 1), and to impose an order parameter
by adding the condition that the average magnetisation
vector is

m=m(l,1, ...,1)={5>. 7

The revised reference system partition function is written
as

Qo = Tr(exp(— BHy + ;h,--S,- - y.[Nm B ;SJD)

where the order parameter condition has been imple-
mented by the Lagrange multiplier vector y =

/P11, ..., 1).

The above partition function still corresponds to the
partition function of a one dimensional Ising model in
a field. In the P — oo limit, the free energy of this system is
given by

— BFo =1nQo = — Nmy + X1n{2cosh[(BI')* + b7]'/*
ty

where

bj=(h; +7)

The y are so chosen that dInQ,/0y = 0 (such that (7) is
satisfied). Minimising (8) with respect to m, one gets,

m = (y/N)Z tanh[(BI')> + bHIV/[(BT)? + b3]"? ©

We now proceed to calculate the first and second order
cumulants. The first cumulant is easily calculated

— BCy = NBJ(z; + z,x)m?/2,

where z; and z, are the coordination number for the first
and second neighbour interactions respectively. The free
energy is then given by

~ BF/N = —my + In{2cosh(pI')? + y*]
+ BJ(z1 + zox)m?/2.

Combining this result with (9), the m — 0 critical line is
given by (in the zero longitudinal field)

1 = BJ(z; + zox)tanh(BI')/pI.
In the T — 0 limit, it gives the mean field result
I'/J =z + z,x

Next we calculate the effect of fluctuation through the
second cumulant term. The second cumulant is given by

@)1= BPCo = () (= PPV — (VYY)
Following [4] the final expression of C, is found to be
@)= PP Co = 2D(BI/2P[N?(21 + 23x% + 2212,%) fo
+ N{zy(zy — 1) + z5(z, — D)x?
+ 2zy2,x} f; + N{zi + 23x*] /5]
where
fo= —4m*(y —m*)/N,
fi=4m?*y —m*),
fa=2(n—m"),
and
% = (y/4Y + {(B)*/T*} tanh 4,
n=(y/A)* + [(BTY*/2r*][4y* + (BI')*] tanhA
+ {(BI)*/2I*] sech? 4;
with A4 = [(BI)* + y*]"2
The final expression of the free energy is

— BF/N = —my + In(2coshA) + (z; + z,x)BJm?*/2

+ (B2 (21 + zx%)(n — 2mPy + m*)
Minimising F with respect to m, the T — 0 critical line is
given by
I/ =1[zy + zox + {z,(zqy — 5/2) + x*2,(z, — 5/2)

+ 22,2,%)}17]/2 (10)

Let us now discuss the result (10) for specific systems
under consideration.

a. Unfrustrated systems: Although we are more inter-
ested in the frustrated systems, an interesting result is
obtained for the Ising chain with ferromagnetic interac-
tions for both first and second neighbour (i.e. x > 0). The
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Fig. 1. The critical fields for the unfrustrated extended Ising chain in
a transverse field are shown against x

path integral method fails to estimate the zero temper-
ature critical field for one dimension (z; = 2, z, = 0).
However, with x > 4 — /15, one can get estimates of the
critical fields even for one dimension. The results are
shown in Fig. 1. One might be tempted to extrapolate the
result for x — 0, where, the exact result I'/J = 1 is ob-
tained for the nearest neighbour transverse Ising chain
[6]. Inclusion of a ferromagnetic second neighbour inter-
action effectively increases the dimension of the system,
hence one gets results when x is sufficiently large and no
results for small x (where it is still one dimension like) in
accordance with the results of [4] where only the first
neighbour interaction was considered.

b. Frustrated systems where x < 0. These cases will
correspond to models like Axial next nearest neighbour
Ising (ANNNI), biaxial next nearest neighbour Ising
(BNINNI) models etc. The classical ground states here
have interesting structures. At a critical value of x (the
fully frustrated point), highly degenerate ground states
appear above which one gets modulated phases. Hence,
we cannot estimate the values of I' for all values of x as we
are only considering m — 0 critical lines. There will be
certain values of x where m is already zero at zero field
(e.g. the classical modulated ground states like the anti-
phase with two spins up and two spins down alternately)
and therefore cannot be considered here. Also, the m — 0
transitions now indicate transitions from a ferromagnetic
phase to either a paramagnetic phase or a modulated
phase with m = 0. Therefore, the vanishing of the fer-
romagnetic order appears to be the major result of this
method when applied to these systems. We take the
example of the following models in one, two (square
lattice) and three (cubic lattice) only.

1. The ANNNI model: In all dimensions, we are re-
stricted to x < 0.5, as the antiphase with m =0 is the
classical ground state beyond this value. In one dimen-
sion, again there is no solution. In two dimensions, we find
that results are obtained only upto x < 0.38. In three

253

6.00

5.00

|l

4.00

riJ
3.00

2.00

1.00

[RRNARRERIRININERRENIRERE SN NINNERERT]

0.00 DI T O T T T T T [T T T TPy TerTo T

000 010 020 030 040 050
I

Fig. 2. The critical fields for the ANNNI model in transverse field in
two (a) and three (b) dimensions, BNNNI model in transverse field in
two (c) and three (d) dimensions and the Isotropic next nearest
neighbour model in transverse field in three dimensions (¢) are
shown against the frustration parameter (|x|) (full curves). The
corresponding mean field estimates are shown by the dashed curves

dimensions, there is no problem in estimating I" upto
x < 0.5.

2. The BNNNI model can be considered in two or
three dimensions again with x < 0.5.

3. Isotropic next nearest model (x < 0.5).

The mean field results as well as those obtained con-
sidering first order fluctuations are shown in Fig. 2. The
mean field results are largely improved by including fluc-
tuations in the nearest neighbour transverse Ising model,
and one believes that even in the frustrated cases, it re-
mains true. Clearly, the ferromagnetically ordered region
gets shrunk when one considers fluctuations.

However, when one includes fluctuations it is found
that there are some restricting values of x upto which
critical fields can be calculated. The restrictions become
more important for lower dimensions and higher values of
[x| (in case of frustrated systems). Since the approximation
is known to be more accurate in higher dimensions, the
increasing limitations in the lower dimensions are not
surprising. Moreover, we find that this approximation
also becomes weaker in the frustrated cases as the frustra-
tion parameter is made more effective. On the other hand,
in the unfrustrated (x > 0) one dimensional version we get
estimates of the critical fields beyond a certain value of x.
In fact, this approximation tends to effectively increase the
spatial dimension in the unfrustrated cases and therefore
is able to yield results for one dimension also as already
mentioned. The opposite happens in case of the frustrated
cases; although here one cannot be sure whether the phase
transitions cease to exist at the limiting values of x (be-
yond which results are not available) or it is simply the
failure of the approximation.

One might, perhaps, expect better results when higher
order terms are included. In the frustrated cases, a detailed
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and more accurate phase diagram maybe obtained if one
considers spin correlations instead of the magnetisation
only, which is beyond the scope of the present method.
However, wherever results are obtained (especially for
higher dimensions), they are certainly better than mean
field estimates.
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