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Things are always at their best in the beginning.
Blaise Pascal, Lettres Provinciales (1656-1657)
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Since its inception by Perron and Frobenius, the theory of non-negative
matrices has developed enormously and is now being used and extended in
applied fields of study as diverse as probability theory, numerical analysis,
demography, mathematical economics, and dynamic programming, while its
development is still proceeding rapidly as a branch of pure mathematics in
its own right. While there are books which cover this or that aspect of the
theory, it is nevertheless not uncommon for workers in one or another branch
of its development to be unaware of what is known in other branches, even
though there is often formal overlap. One of the purposes of this book is to
relate several aspects of the theory, insofar as this is possible.

The author hopes that the book will be useful to mathematicians; but in
particular to the workers in applied fields, so the mathematics has been kept
as simple as could be managed. The mathematical requisites for reading it
are: some knowledge of real-variable theory, and matrix theory; and a little
knowledge of complex-variable; the emphasis is on real-variable methods.
(There is only one part of the book, the second part of §5.5, which is of rather
specialist interest, and requires deeper knowledge.) Appendices provide brief
expositions of those areas of mathematics needed which may be less gen-
erally known to the average reader.

The first four chapters are concerned with finite non-negative matrices,

while the following three develop, to a small extent, an analogous theory for
infinite matrices. It has been recognized that, generally, a research worker
wil be interested in one particular, chapter more deeply than in others;
consequently there is a substantial amount of independence between them.
Chapter 1 should be read by every reader, since it provides the foundation
for the whole book; thereafter Chapters 2-4 have some interdependence as
do Chapters 5-7. For the reader interested in the infinite matrix case, Chap-
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rer 5 should be read before Chapters 6 and 7. The exercises are intimately
~onnected with the text, and often provide further development of 

the theory

or deeper insight into it, so that the reader is strongly advised to (at least)
look over the exercises relevant to his interests, even if not actually wishing
to do them. Roughly speaking, apart from Chapter 1, Chapter 2 should be of
interest to students of mathematical economics, numerical analysis, combin-
atorics, spectral theory of matrices, probabilists and statisticians; Chapter 3
to mathematical economists and demographers; and Chapter 4 to probabi-
lists. Chapter 4 is believed to contain one of the first expositions in text-book
form of the theory of finite inhomogeneous Markov chains, and contains
due regard for Russian-language literature. Chapters 5-7 would at present
appear to be of interest primarily to probabilists, although the probability
emphasis in them is not great.

This book is a considerably modified version of the author's earlier book
Non-Negative Matrices (Allen and Unwin, LondonfWiley, New York, 1973,
hereafter referred to as NNM). Since NNM used probabilistic techniques
throughout, even though only a small part of it explicitly dealt with probabi-
listic topics, much of its interest appears to have been for people acquainted
with the general area of probability and statistics. The title has, accordingly,
been changed to reflect more accurately its emphasis and to account for the
expansion of its Markov chain content. This has gone hand-in-hand with a
modification in approach to this content, and to the treatment of the more
general area of inhomogeneous products of non-negative matrices, via
"coefficients of ergodicity," a concept not developed in NNM.

Specifically in regard to modification, §§2.5-§2.6 are completely new, and
§2.1 has been considerably expanded, in Chapter 2. Chapter 3 is completely
new, as is much of Chapter 4. Chapter 6 has been modified and expanded
and there is an additional chapter (Chapter 7) dealing in the main with the
problem of practical computation of stationary distributions of infinite
Markov chains from finite truncations (of their transition matrix), an idea
also used elsewhere in the book.

It will be seen, consequently, that apart from certain sections of Chapters
2 and 3, the present book as a whole may be regarded as one approaching
the theory of Markov chainsfrom a non-negative matrix standpoint.

Since the publication of NNM, another English-language book dealing
exclusively with non-negative matrices has appeared (A. Berman and R. J.
Plemmons, Nonnegative Matrices in the Mathematical Sciences, Academic
Press, New York, 1979). The points of contact with either NNM or its
present modification (both of which it complements in that its level,
approach, and subject matter are distinct) are few. The interested readerinay
consult the author's review in Linear and Multilinear Algebra, 1980,9; and
may wish to note the extensive bibliography given by Berman and Plem-
mons. In the present book we have, accordingly, only added references to
those of NNM which are cited in new sections of our text.

In addition to the acknowledgements made in the Preface to NNM, the

Preface ix

author wishes to thank the following: S. E. Fienberg for encouraging him to
write §2.6 and Mr. G. T. J. Vi sick for acquainting him with the non-
statistical evolutionary line of this work; N. Pullman, M. Rothschild and
R. L. Tweedie for materials supplied on request and used in the book; and
Mrs. Elsie Adler for typing the new sections.

Sydney, 1980 E. SENET A
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usual notation for a non-negative matrix.

typical notation for a matrix.
the transpose of the matrix A.

the (i, j) entry of the matrix A.
the incidence matrix of the non-negative matrix T.
usual notation for a stochastic matrix.
zero; the zeto matrix.
typical notation for a column vector.
the column vector with all entries O.
the column vector with all entries 1.
the matrix P i has the same incidence matrix as the
matrix P i.
the minimum among all strictly positive elements.
k-dimensional Euclidean space.
set of strictly positive integers; convergence parameter of
an irreducible matrix T; a certain submatrix,

the identity (unit) matrix; the set of inessential indices,

i is an element of the set R.

cø is a subset of the set !/.

(n x n) northwest corner truncation of T.
the principal minor of (s1 - T).

det ((n¡! - ß, (n) T). _

(n )'qR)
Markov chain.
mathematical expectation operator.
class of (n x n) regular matrices.

class of (n x n) Markov matrices.
class of stochastic matrices defined on p. 143.
class of (n x n) scrambling matrices.
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CHAPTER 1

Fundamental Concepts and Results
in the Theory of Non-negative
Matrices

We shall deal in this chapter with square non-negative matrices T = rtiJ, i,
j = i, ..., n; i.e. tij ~ 0 for all i, j, in which case we write T ~ O. If, in fact,
tij ~ 0 for all i, j we shall put T ~ O.

This definition and notation extends in an obvious way to row vectors
(x') and column vectors (y), and also to expressions such as, e.g.

T~B~T-B~O
where T, Band 0 are square non-negative matrices of compatible
dimensions.

Finally, we shall use the notation x' = rxJ, y = ryJ for both row vectors
x' or column vectors y; arid Tk = r tlJ)) for kth powers,

Definition 1.1. A square non-negative matrix T is said to be primitive if there
exists a positive integer k such that Tk ~ O.

It is clear that if any other matrix t has the same dimensions as T, and
has positive entries and zero entries in the same positions as T, then this will
also be true of all powers T\ tk of the two matrices.

As incidence matrix t corresponding to a given T replaces all the positive
entries of T by ones. Clearly t is primitive if and only if Tis.

1.1 The Perron-Frobenius Theorem for
Primitive Matrices!

Theorem 1.1. Suppose T is an n x n non-negative primitive matrix. Then there
exists an eigenvalue r such that:

(a) r real, ~O;
1 This theorem is fundamental to the entire book. The proof is necessarily long; the reader may
wish to defer detailed consideration of it.
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b) with r can be associated strictly positive left and right eigenvectors;
c) r;: 1Å.lfor any eigenvalue Å. #- r;

:d) the eigenvectors associated with r are unique to constant multiples.

e) If 0:- B:- T and ß is an eigenvalue of B, then IßI :- r. Moreover,

IßI = r implies B = T.
f) r is a simple root of the characteristic equation of T.

:lROOF. (a) Consider initially a row vector x' ~ 0', #- 0'; and the product x'T.
:'et

for each j = 1, ..., n; with equality for some element of x.
Now consider

z' = x'T - r'x' ~ 0'.

Either z = 0, or not; if not, we know that for k ~ ko, Tk;: 0 as a con-
sequence of the primitivity of T, and so

z'Tk = (x'Tk)T - r(x'Tk);: 0',

t(x'Tk)TL .
fA, k1 ;:r,eachj,1x T fj

where the subscript j refers to the jth element. This is a contradiction to the
definition of r. Hence always

r(x) = min Li Xi tijj Xj
i.e.

Nhere the ratio is to be interpreted as '00' if Xj = O. Clearly, 0 :- r(x) .. 00.
\, ow since

xjr(x):- L xitij for eachj,
i

z =0,

x'r(x) :- x'T,

md so x'lr(x):- x'Tl.
~ince Tl :- Kl for K = maxi Lj tij, it follows that

r(x) :- x'lK/x'l = K = max L tiji j

whence x'T = rx' (1.)
which proves (a).

(b) By iterating (1.)

x'Tk = ,;x'

w r(x) is uniformly bounded above for all such x. We note also that since T,
being primitive, can have no column consisting entirely of zeroes, r(l) ;: 0,
whence it follows that

and taking k suffciently large Tk ;: 0, and since x ~ 0, -+ 0, in fact x' ;: 0'.

(c) Let Å. be any eigenvalue of T. Then for some x -+ 0 and possibly complex
valued

r = sup min Li Xitij
~¡g j Xj (1.) ~ x.t.. = h.~ i U j

i (SO that ~ x. t!~) = Å.kx ,)
~ i Ij j

i
(1.4)

satisfies 0 .. r(l) :- r :- K .. 00.
Moreover, since neither numerator or denominator is altered by the norm-
ing of x,

r = sup min Li Xi tij
x~o .
x'x= 1 j Xj

so that

IÅ.X'I = I~ x.too/"- ~ lx-It..J ¿ i 1) - ¿ 1 lj'i i
I Å.I .. Ld xd tij

- IXjl

whence

Now the region tx; x ~ 0, x'x = 11 is compact in the Euclidean n-space Rn,
and the function r(x) is an upper-semi continuous mapping of this region
into Ri; hencel the supremum, r is actually attained for some x, say x. Thus
there exists x ~ 0, -+ 0 such that

where the right side is to be interpreted as ' 00' for any xj = O. Thus

i.e.

. Li X:itijmin A = r,j Xj~ A A A'T A,~ xitij ~ rXj; or x ~ rx
i

11/ . Li I xd tijA :- ~in I Xjl '

and by the definition (1.) of r

I Å.I :- r.

(1.2) Now suppose I Å.I = r; then

L IXiltij~ 1Å.llxjl = rlxjl
i

1 see Appendix C.
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which is a situation identical to that in the proof of part (a), (1.2); so that
eventually in the same way

Suppose now I ß I = r; then from (1.)

¿ Ixdtij=rlxjl, ~O; j = i, 2, ..., n ( 1.5)

ry+ s Ty+

whence, as in the proof of (b), it follows Ty + = ry + ~ 0; whence from (1.)

ry+ = By+ = Ty+

so it must follow, from B s T, that B = T.

(1) The following identities are true for all numbers, real and complex,
including eigenvalues of T:

and so ¿ 1 Xi 1 dJ) = rk I X j I, ~ 0; j = i, 2, ,.., n,

i.e. Ir x¡tIJ) 

I = IÅ.kxjl = r Ix¡tIJ)1 (1.6)
where k can be chosen so large that Tk ~ 0, by the primitivity assumption on
T; but for two numbers y, c5 =F 0, 1 y + c51 = 1 y 1 + I c51 if and only ify, c5 have
the same direction in the complex plane. Thus writing Xj = 1 xj 1 exp Wj,
(1.6) implies ()j = () is independent ofj, and hence cancelling the exponential
throughout (1.4) we get

(xl - T) Adj (xl - T) = det (xl - T)l\

Adj (xl - T)(xl - T) = det (xl - T)l f (1.8 )

1J' = x' - cx'

where I is the unit matrix and' det' refers to the determinant. (The relation is
clear for x not an eigenvalue, since then det (xl - T) =F 0; when x is an

eigenvalue it follows by continuity.)
Put x = r: then anyone row of Adj (rl - T) is either (i) a left eigenvec-

tor corresponding to r; or (ii) a row of zeroes; and similarly for columns. By
assertions (b) and (d) (already proved) of the theorem, Adj (rl - T) is either

(i) a matrix with no elements zero; or (ii) a matrix with all elements zero. We
shall prove that one element of Adj (rl - T) is positive, which establishes

that case (i) holds. The (n, n) element is

det (r(n-1)1 - (n-1) T)

where (n-1) T is T with last row and column deleted; and (n-1¡! is the
corresponding unit matrix. Since

¿ 1 xd tij = .11 x j 1
¡

where, since 1 Xi I ~ 0 all i, .1 is real and positive, and since we are assuming

1.11 = r, .1 = r (or the fact follows equivalently from (1.)).

(d) Suppose x' =F 0' is a left eigenvector (possibly with complex elements)
corresponding to r.

Then, by the argument in (c), so is X' + = tlxdj '# 0', which in fact satisfies
x+ ~ O. Clearly

is then also a left eigenvector corresponding to r, for any c such that IJ =F 0;
and hence the same things can be said about IJ as about x; in particular
IJ + ~ O.

Now either x is a multiple of x or not; ifnot c can be chosen so that IJ =F 0,
but some element of IJ is; this is impossible as IJ + ~ O.

Hence x' is a multiple of x'.

Right eigenvectors. The arguments (aHd) can be repeated separately for
right eigenvectors; (c) guarantees that the r produced is the same, since it is
purely a statement about eigenvalues.

(e) Let y =F 0 be a right eigenvector of B corresponding to ß. Then taking
moduli as before

r(n-1)T OJo s L 0' 0 s T, and =F T,

the last since T is primitive (and so can have no zero column), it follows from
(e) of the theorem that no eigenvalue of (n-1) T can be as great in modulus as
r, Hence

so that using the same x as before '",

det (r(n- 1)1 - (n-1) T) ~ 0,

as required; and moreover we deduce that Adj (rl - T) has all its elements
positive.

Write Ø(x) = det (xl - T); then differentiating (1.8) elementwise

Adj (xl - T) + (xl - T) :x tAdj (xl - Tn = Øl(x)l.
Ißly+ s By+, sTy+, ( 1.)

IßI-' AIT AiX y+ S x y+ = rxy+

IßI s r.

Substitute x = r, and pre multiply by x';

(0' -( )x' Adj (rl - T) = Ø'(r)x'
since the other term vanishes. Hence Ø'(r) ~ 0 and so r is simple. D

and since x'y+ ~ 0,
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n n
mm " t., ~ r ~ max " t..i. lj - - ¿ ij¡ j= i ¡ j= i (1.9 )

of matrices, called irreducible, in §1.4 (and shall refer to this generalization as
, the Perron-Frobenius Theory).

Suppose now the distinct eigenvalues of a primitive Tare r, Åi, ..., Åi,
t s n where r;: I Åil ;: I Å31 ;: . . .;: I Åi I. In the case I Åi/ = I Å31 we stipu-

late that the multiplicity mi of Åi is at least as great as that of Å3, and of any
other eigenvalue having the same modulus as Åi .

It may happen that a primitive matrix has Åi = 0; an example is a matrix
of form

::orollary 1.

-vith equality on either side implying equality throughout (i.e. r can only be
~qual to the maximal or minimal row sum if all row sums are equal).

A similar proposition holds for column sums.

PROOF. Recall from the proof of part (a) of the theorem, that

o ~ r(l) = min ¿ t¡j s r s K = max ¿ t¡j ~ 00.j ¡ ¡ j
~ince T' is also primitive and has the same r, we have also

min " t.. ~ r ~ max " t..¿ jl - - ¿ jij ¡ ¡ j (1.1)

(a b C)

T= a c b ;:0
a c b

for which r = a + b + c. This kind of situation gives the following theorem

its dual form, the example (1.2) illustrating that in part (b) the bound
(n - 1) cannot be reduced.

(1.2)(1.0 )

md a combination of (1.0) and (1.1) gives (1.9).
Now assume that one of the equalities in (1.9) holds, but not all row sums

ue equal. Then by increasing (or, if appropriate, decreasing) the positive
~lements of T (but keeping them positive), produce a new primitive matrix,
with all row sums equal and the same r, in view of (1.9); which is impossibleJY assertion (e) of the theorem. 0

Theorem 1.2. For a primitive matrix T:

(a) if Åi =1 0, then as k ~ 00

Tk = rkwv' + O(kS / Åilk)

elementwise, where s = mi - 1;

(b) if Åi = 0, then for k;: n - 1

Corollary 2. Let v' and w be positive left and right eigenvectors corresponding
~o r, normed so that v'w = 1. Then

Tk = rkwv'.

Adj (rI - T)/cj'(r) = wv'.

In both cases w, v' are any positive right and left eigenvectors corresponding to
r guaranteed by Theorem 1.1, providing only they are normed so that v'w = 1.

PROOF. Let R(z) = (I - zTt i = rriAz)J, z =1 Åi- i. i = 1,2, ... (where Åi = r).
Consider a general element of this matrix

To see this, first note that since the columns of Adj (rI - T) are multiples
)f the same positive right eigenvector corresponding to r (and its rows ofthe
;ame positive left eigenvector) it follows that we can write it in the form yx'
where y is a right and x' a left positive eigenvector. Moreover, again by
iniqueness, there exist positive constants Cli Ci such thaty = Ci w, x' = Ci v',
whence

Adj (rI - T) = Ci Ci wv'.

Now, as in the proof of the simplicity of r,

v'cj'(r) = v' Adj (rI - T) = CiCiV'WV' = ciciv'

so that v'wcj'(r) = Ci Ci v'w

i.e. CiCi = cj'(r) as required. LL

C¡Az)
rij(z) = (1- zr)(1- zÅi)mi... (1- zÅi)mi

where m¡ is the multiplicity of Å¡ and ciAz) is a polynomial in z, of degree at
most n - 1 (see Appendix B).

Here using partial fractions, in case (a)

a,. mi-i b!~i-s)
rij(z) = p¡Az) + (, Ii ___\ + ¿ (1 _'i Å ri-ss=O z i

+ similar terms for any other non-zero eigenvalues,

where the aij, b!ji-S) are constants, and p¡Az) is a polynomial of degree at
most (n - 2). Hence for I z I ~ l/r,

00 mi - i f 00 ( +) )
rij(z)=p¡Az)+aij¿ (zr)k+ ¿ b!ji-s) ¿ -mi s (-zÅiYk=O s=O k=O k

+ similar terms for other non-zero eigenvalues.

(Note that Ci Ci = sum of 
the diagonal elements of the adjoint = sum of the

principal (n - 1) x (n - 1) minors of (rI - T).)

Theorem 1.1 is the strong version of the Perron-Frobenius Theorem
which holds for primitive T; we spall generalize Theorem 1. to a wider class
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:n matrix form, with obvious notation where c = lim f-det (rx-II - T)/(l- x))
x-+ 1-

R(z) = P(z) + A krO (zr)k + ~rOl B(mi-strj -m~ + s)( -zÀZ)k~

(-mz + s)k ~ const. kmi-s-l,

= ~ (cp(rx-l )Jx= i

= -rcp'(r)

which completes the proof, taking in to account Corollary 2 of Theorem 1..

o

+ possible like terms.

~rom Stirling's formula, as k ~ 00

Tk = Ark + O(kmi-ll Å.z n.

In case (b), we have merely, with the same symbolism as in case (a)

In conclusion to this section we point out that assertion (d) of Theorem 1.
states that the geometric multiplicity of the eigenvalue r is one, whereas (f)
states that its algebraic multiplicity is one. It is well known in matrix theory
that geometric multiplicity one for the eigenvalue of a square arbitrary
matrix does not in general imply algebraic multiplicity one. A simple
example to this end is the matrix (which is non-negative, but of course not
primitive) :

;0 that, identifying coeffcients of Zk on both sides (see Appendix B) for
large k

a..')rij(z) = Pij(z) + (1 _ zr)
r~ ~ 1

Tk = Ark.

which has repeated eigenvalue unity (algebraic multiplicity two), but a cor-
responding left eigenvector can only be a multiple of fO, 1) (geometric multi-
plicity one).

The distinction between geometric and algebraic multiplicity in connec-
tion with r in a primitive matrix is slurred over in some treatments of

nonnegative matrix theory.

.0 that for k ~ n - 1,

(t remains to determine the nature of A. We first note that

Tkjrk ~ A ~ 0 elementwise, as k ~ 00,

md that the series

00

¿ (r-IT)kzk
k=O

1.2 Structure of a General Non-negative Matrix

00

lim (1 - x) ¿ (r-IT)kxk = A elementwise.
x-+l- k=O

In this section we are concerned with a general square matrix T = ft;J, i,
j = 1, , . . , n, satisfying tij ~ 0, with the aim of showing that the behaviour of
its powers Tk reduces, to a substantial extent, to the behaviour of powers of a
fundamental type of non-negative square matrix, called irreducible. The class
of irreducible matrices further subdivides into matrices which are primitive

(studied in §1.), and cyclic (imprimitive), whose study is taken up in §1..
We introduce here a definition, which while frequently used in other

expositions ofthe theory, and so possibly useful to the reader, wil be used by
us only to a limited extent.

Iias non-negative coefficients, and is convergent for I z I .. 1, so that by a
wellknown result (see e.g. Heathcote, 1971, p. 65).

Now, for 0 .. x .. 1,

00

¿ (r-ITtxk = (I _ r-IxT)-1 = Adj (I - r-IxT)k=O det (I - r-IxT)
_ r Adj (rx-II - T)

x det (rx-II - T)

A = -r Adj (rI - T)/c

Definition 1.2. A sequence (i, ii, iz, ..., it-i,j), for t ~ 1 (where io = i), from
the index set fl, 2, . . . , n) of a non-negative matrix T is said to form a chain of
length t between the ordered pair (i, j) if

tui t;iii . .. tii_ i;,-i ti,_ Ii ? O.

w that Such a chain for which i = j is called a cycle of length t between i and itself.
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Clearly in this definition, we may without loss of generality impose the
restriction that, for fixed (i, j), i, j =1 i1 =1 ii =1 ... =1 it-1, to obtain a 'mini-
mal' length chain or cycle, from a given one.

Classification of indices

determine all j such that 1 ~ j and draw arrows to them-these j form the
2nd stage; for each of these j now repeat the procedure to form the 3rd stage;
and so on; but as soon as an index occurs which has occurred at an earlier
stage, ignore further consequents of it. Thus the diagram terminates when
every index in it has repeated. (Since there are a finite total number of
indices, the process must terminate.) This diagram wil represent all possible
consequent behaviour for the set of indices which entered into it, which may
not, however, be the entire index set. If any are left over, choose one such and
draw a similar diagram for it, regarding the indices of the previous diagram
also as having occurred' at an earlier stage'. And so on, til all indices of the
index set are accounted for.

Let i,j, k be arbitrary indices from the index set 1,2, ..., n of the matrix T.
We say that i leads to j, and write i ~ j, if there exists an integer m ~ 1

such that tlj) ~ 0.1 If i does not lead to j we write i + j. Clearly, if i ~ j and
j ~ k then, from the rule of matrix multiplication, i ~ k.

We say that i and j communicate if i ~ j and j ~ i, and write in this
case i~j.

The indices of the matrix T may then be classified and grouped as follows.

(a) If i ~ j but j + i for some j, then the index i is called inessentiaL. An index
which leads to no index at all (this arises when T has a row of zeros)
is also called inessential.

(b) Otherwise the index i is called essentiaL. Thus if i is essential, i ~ j implies
i ~ j; and there is at least one j such that i ~ j.

(c) It is therefore clear that all essential indices (if any) can be subdivided into
essential classes in such a way that all the indices belonging to one class -
communicate, but cannot lead to an index outside the class.

(d) Moreover, all inessential indices (if any) which communicate with some
index, may be divided into inessential classes such that all indices in a
class communicate.

Classes of the type described in (c) and (d) are called selfcommunicating
classes.

(e) In addition there may be inessential indices which communicate with no
index; these are defined as forming an inessential class by themselves

(which, of course, if not self-communicating). These are of nuisance
value only as regards applications, but are included in the description for
completeness.

This description appears complex, but should be much çlarified by the
example which follows, and similar exercises.

Before proceeding, we need to note that the classification of indices (and
hence grouping into classes) depends only on the location of the positive
elements, and not on their size, so any two non "negative matrices with the
same incidence matrix wil have the same index classification and grouping
(and, indeed, canonical form, to be discussed shortly).,

Further, given a non-negative matrix (or its incidence matrii),
classification and grouping of indices is made easy by a path diagram which
may be described as follows. Start with index I-this is the zeroth stage;

EXAMPLE. A non-negative matrix T has incidence matrix

1 2 3 4 5 6 7 8 9
1 1 1 0 0 0 0 0 0 0
2 1 1 1 0 0 0 1 0 0
3 0 0 0 0 0 0 1 0 0
4 0 0 0 1 0 0 0 0 1

5 0 0 0 0 1 0 0 0 0
6 0 0 1 0 0 1 0 0 0
7 0 0 1 0 0 0 0 0 0
8 0 1 0 0 0 1 0 1 0
9 0 0 0 1 0 0 0 0 1

Thus Diagram 1 tells us p, 7) is an essential class, while p, 2) is an inessen-
tial (communicating) class.
Diagram 2 tells us ~4, 9) is an essential class.

Diagram 1

1

i~2 ¿: ~ 3

~ 7

Diagram 2

4/4~ 9

~4~ 9
lOr, equivalently, if there is a chain between i and j.
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Diagram 3 tells us t 51 is an essential class.
Diagram 4 tells us t61 is an inessential (self-communicating) class.
Diagram.5 tells us tS1 is an inessential (self-communicating) class.

Diagram 35-5

and following by the indices of another essential class, if any, until the
essential classes are exhausted. The numbering is then extended to the indices
of the inessential classes (if any) which are themselves arranged in an order
such that an inessential class occurring earlier (and thus higher in the
arrangement) does not lead to any inessential class occurring later.

Diagram 4

6 ~3 (Diagmm I)

6

EXAMPLE (continued). For the given matrix T the essential classes are t51,

r4, 91, p, 71; and the inessential classes p, 21, r61, rS1 which from Diagrams
4 and 5 should be ranked in this order. Thus a possible canonical form
for T is

8/2 (Diagmm 1)~ .6(D'~ ....am 4)

8

5 4 9 3 7 1 2 6 S
5 1 00000000
4 0 1 1 000000
9 0 1 1 000000
3 o 0 0 0 1 o 0 0 0
7 o 0 0 1 00000
1 00000 1 1 o 0
2 o 0 0 1 1 1 1 o 0
6 o 0 0 1 o 0 0 1 0
SOOOOOO 1 1 1

Diagram 5

Canonical Form

It is clear that the canonical form consists of square diagonal blocks

corresponding to 'transition within' the classes in one' stage', zeros to the
right of these diagonal blocks, but at least one non-zero element to the left of
each inessential block unless it corresponds to an index which leads to no
other. Thus the general version of the canonical form of T is

Once the classification and grouping has been carried out, the definition
'leads' may be extended to classes in the obvious sense e.g. the statement
Cl 1 -- (Ø 2(Cl 1 =I Cl 2) means that there is an index ofCl 1 which leads to an index
of Cl 2' Hence all indices of Cl 1 lead to all indices of (Ø 2, and the statement
can only apply to an inessential class (Ø l'

Moreover, the matrix T may be put into canonicalform by first relabelling
the indices in a specific manner. Before describing the manner, we mention
that relabelling the indices using the same index set p, ..., n1 and rewriting
T accordingly merely amounts to performing a simultaneous permutation of
rows and columns of the matrix. Now such a simultaneous permutation only
amounts to a similarity transformation of the original matrix, T, so that (a) its
powers are similarly transformed; (b) its spectrum (i.e. set of eigenvalues) is
unchanged. Generally any given ordering is as good as any other in a physicái
context; but the canonical form of T, arrived at by one such ordering, is
particularly convenient.

The canonical form is attained by first taking the indices of one essential
class (if any) and renumbering them consecutively using the lowest integers,

T10 ...0...10
o 1ì

0
T= I

00 ... 41~
R

where the T¡ correspond to the z essential classes, and Q to the inessential
indices, with R =F 0 in general, with Q itself having a structure analogous to
T, except that there may be non-zero elements to the left of any of its
diagonal blocks:

r Q1

Q=
S

Q2
o ).

Qw
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Now, in most applications we are interested in the behaviour of the
powers of T. Let us assume it is in canonical form. Since

T~

We shall now prove that in a communicating class all indices have the
same period.

Tk= o o
Tkz

o

( Q~

Qk=

Sk

Q~

iJ

Lemma 1.2. IJ i +- j, d(i) = d(j).

PROOF. Let tWl ~ 0, t~~) ~ O. Then for any positive integer s such that t)1 ~ 0

t(!'+s+N) ~ t!~lt(sh("!) ~ 0ii - ii JJ jl ,

T~

Rk I Q~
it follows that a substantial advance in this direction wil be made in study-
ing the powers of the diagonal block submatrices corresponding to self-

communicating classes (the other diagdnal blóck submatrices, if any, are
1 x 1 zero matrices; the evolution of Rk and Sk is complex, with k). In fact if
one is interested in only the essential indices, as is often the case, this is
suffcient.

A (sub )matrix corresponding to a single self-communicating class is
called irreducible.

It remains to show that, normally, there is at least one self-communicating

(indeed essential) class of indices present for any matrix T; although it is
nevertheless possible that all indices of a non-negative matrix fall into non
self-communicating classes (and are therefore inessential): for example

T=(~~j,

the first inequality following from the rule of matrix multiplication and the
non-negativity of the elements of t. Now, for such an s it is also true that
tWl ~ 0 necessarily, so that

t(!'+is+Nl ~ O.ii

Therefore d(i) divides M + 2s + N - (M + s + N) = s.

Hence: for every s such that tW ~ 0, d(i) divides s.

Hence d(i) :: d(j).
But since the argument can be repeated with i and j interchanged,

d(j) :: d(i).

Hence d(i) = d(j) as required. o
Note that, again, consideration of an incidence matrix is adequate to deter-
mine the period.

Lemma 1.1. An n x n non-negative matrix with at least one positive entry in
each row possesses at least one essential class oj indices.

PROOF. Suppose all indices are inessentiaL. The assumption of non-zero rows
then implies that for any index i, i = 1, . . ., n, there is at least one j such that
i -4 j, but j + i.

Now suppose ii is any index. Then we can find a sequence of indices ii,
i3, ... etc. such that

Definition 1.4. The period of a communicating class is the period of anyone
of its indices.

EXAMPLE (continued): Determine the periods of all communicating classes
for the matrix T with incidence matrix considered earlier.

Essential classes:

Definition 1.3. If i -4 i, d(i) is the period of the index i if it is the greatest
common divisor of those k for which

t1fl ~ 0

(see Definition A.2 in Appendix A). N.H. If tii ~ 0, d(i) = 1.

t5~ has period 1, since t55 ~ O.

t4, 9~ has period 1, since t44 ~ O.

p, 7~ has period 2, since t~l ~ 0

for every even k, and is zero for every odd k.

I nessential self-communicating classes:

p, 2~ has period 1 since t11 ~ O.

t6~ has period i since t66 ~ O.

t8~ has period 1 since t88 ~ O.

Definition 1.5. An index i such that i -4 i is aperiodic (acyclic) if d(i) = 1. (It is
thus contained in an aperiodic (selfcommunicating) class,)

ii -4 ii -4 i3 -4'" -4 in -4 in+i ...

but such that iH i + ib and hence iH i + ib ii, ..., or ik-i. However, since

the sequence ii, ii, ..., in+ i is-a set of n + 1 indices, each chosen from the
same n possibilities, 1,2, . , . , n, at least one index repeats in the sequence. This
is a contradiction to the deduction that no index can lead to an index witha lower subscript. 0

We come now to the important concept of the period of an index.



18 1 Fundamental Concepts and Results in the Theory of Non-negative Matrices 1. Irreducible Matrices 19

1.3 Irreducible Matrices This proves (a).
To prove (b), since i -+ j and in view of (a), there exists a positive m such

thatTowards the end of the last section we called a non-negative square matrix,
corresponding to a single self-communicating class of indices, irreducible.
We now give a general definition, independent of the previous context,
which is, nevertheless, easily seen to be equivalent to the one just given. The
part of the definition referring to periodicity is justified by Lemma 1.2.

t!~d+rj) ? O.'J

Definition 1.6. An n x n non-negative matrix T is irreducible iffor every pair
i, j of its index set, there exists a positive integer m == m(i, j) such that tli) ? O.
An irreducible matrix is said to be cyclic (periodic) with period d, if the
period of anyone (and so of each one) of its indices satisfies d ? 1, and is
said to be acyclic (aperiodic) if d = 1.

Now, let N(j) = No + m, where No is the number guaranteed by Lemma 1.
for which tlfd) ? 0 for s ¿ No. Hence if k ¿ N(j), then

kd + rj = sd + md + rj, where s ¿ No.

Therefore tlJd+rj) ¿ tlfd)tlid+rj) ? 0, for all k ¿ N(j). D

The following results all refer to an irreducible matrix with period d.
Note that an irreducible matrix T cannot have a zero row or column.

Definition 1.7. The set of indices j in (l, 2, . . ., n 1 corresponding to the same
residue class (mod d) is called a subclass of the class (l, 2, ..., n1, and is
denoted by Cr, 0 S r c: d.

Lemma 1.3. If i -+ i, tl7d) ? 0 for all integers k ¿ N o( = N o(i)).

PROOF.

It is clear that the d subclasses Cr are disjoint, and their union is (l, 2, , , . ,
n1. It is not yet clear that the composition of the classes does not depend on
the choice of initial fixed index i, which we prove in a moment; nor that each
subclass contains at least one index.

Suppose

Then

tl7d) ? 0, tlfd) ? O.

tl\k+SJd) ¿ tI7d)tlfd) ? O.

Lemma 1.4. The composition of the residue classes does not depend on the
initial choice of fixed index i; an initial choice of another index merely subjects
the subclasses to a cyclic permutation.

Hence the positive integers rkd1 such that

tl7d) ? 0,
PROOF. Suppose we take a new fixed index if. Then

form a closed set under addition, and their greatest common divisor is d. An
appeal to Lemma A.3 of Appendix A completes the proof. D

t!~d+ri'+kd+r;) __ t!kd+rl'tl,,d+rj)ii - :: ii' i'i

Theorem 1.3. Let i be any fixed index of the index set (l, 2, ..., n1 ofT. Then,
for every index j there exists a unique integer rj in the range 0 s rj c: d (rj is
called a residue class modulo d) such that

(a) t!j ? 0 implies s == rj (mod d);l and
(b) tWJ+rj) ? 0 for k ¿ N(j), wh~re N(j) is some positive integer.

PROOF. Let tli) ? 0 and tl1') ? O.
There exists a p such that tjf) ? 0, whence as before

tl;n+p) ? 0 and tlt+P) ? O.

Hence d divides each of the superscripts, and hence their difference m - rnf.
Thus m - mf == 0 (mod d), so that "

m == rj (mod d).

where rj denotes the residue class corresponding to j according to
classification with respect to fixed index if. Now, by Theorem 1. for large k,
m, the right hand side is positive, so that the left hand side is also, whence, in
the old classification,

md +ri' + kd + rj == rj (mod d)

i.e. ri, + rj == rj (mod d).

Hence the composition of the subclasses r CJ is unchanged, and their order is
merely subjected ,to a cyclic permutation (J:

(0 1... d-l)(J(O) (J( 1) . .. (J( d - 1) .
D

1 Recall from Appendix A, that this means that if qd is the multiple of d nearest to s from below,

then s = qd + rj; it reads' s,is equivalent to rj, modulo d.

For example, suppose we have a situation with d = 3, and ri' = 2, Then
the classes which were Co, Cl, Ci in the old classification according to i
(according to which if E Ci) now become, respectively, Cl, Cí, C~ since we
must have 2 + rj == rj (mod d) for rj = 0, 1, 2.
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Let us now define Cr for all non-negative integers r by putting Cr = Cr, if
J

== rj (mod d), using the initial classification with respect to i. Let m be a
iositive integer, and consider any j for which t¡j) ? O. (There is at least one
ppropriate indexj, otherwise Tm (and hence higher powers) would have ith

ow consisting entirely of zeros, contrary to irreducibility of T.) Then m == rj

mod d), i.e. m = sd + rj and j E Crj, Now, similarly, let k be any index such
hat

Clearly i -+ j for any i and j in the index set, so the matrix is certainly

irreducible. Let us now carry out the determination of subclasses on the
basis of index 1. Therefore index 1 must be in the subset Co; 2 must be in C 1;
3,4,6 in Ci; 1,5 in C3; 2 in C4. Hence Co and C3 are identical; C1 and C4;

etc., and so d = 3. Moreover

tl;:+ 1) ? O.

~hen, since m + 1 = sd + rj + 1, it follows k E Crj+ l'
Hence it follows that, looking at the ith row, the positive entries occur, for

uccessive powers, in successive subclasses. In particular each of the d cyclic
:lasses is non-empty. If subclassification has initially been made according to
he index iI, since we have seen the subclasses are merely subjected to a cyclic
iermutation, the classes still' follow each other' in order, looking at succes-
ive powers, and ith (hence any) row.

It follows that if d? 1 (so there is more than one subclass) a canonical
orm of T is possible, by relabelling the indices so that the indices of Co come
ìrst, of C 1 next, and so on. This produces a version of T of the sort

Co = p, 51, C1 = f21, Ci = (3, 4, 61,

so canonical form is

1 5 2 3 4 6
1 o 0 1 o 0 0
5 o 0 1 o 0 0
2 o 0 0 1 1 1

3 II ° ° 0 041000006010000

0 Q01 0 ... 0
0 Q12

... 0
0

T= I. 0c .
0

o Qd-2, d-1
Qd-1,O 0 0 ... 0

Theorem 1.4. An irreducible acyclic matrix T is primitive and conversely. The
powers of an irreducible cyclic matrix may be studied in terms of powers of
primitive matrices.

~XAMPLE: Check that the matrix, whose incidence matrix is given below is

rreducible, find its period, and put into a canonical form if periodic.

PROOF. If T is irreducible, with d = 1, there is only one subclass of the index

set, consisting of the index set itself, and Theorem 1. implies

tlJ) ? 0 for k ~ N(i, j).

Hence for N* = maxi, j N(i, j)

(k) 0 k 'N* l' 11"tij? , ~ , iora I,J.

I.e. Tk ? 0 for k ~ N*.

1 2 3 4 5 6
1 0 1 0 0 0 0
2 0 0 1 1 0 1

3 1 0 0 0 1 0
4 1 0 0 0 0 0
5 o 1 0 0 0 0
6 0 0 0 0 1 0

Diagram 1 /1
/ 3 __ 51-2 ~4-1~

6 ) 5

Conversely, a primitive matrix is trivially irreducible, and has d = 1, since
for any fixed i, and k great enough tl~)? 0, t(r 1) ? 0, and the greatest
common divisor of k and k + 1 is 1.

The truth of the second part of the assertion may be conveniently

demonstrated in the case d = 3, where the canonical form of T is

T,~p Q01

Q~, L0

Q20 0

and T: ~ ( Q":Q,,
° Q"Q" J~2 I o 0 ,

Q20 Q01 0

((2, Q"Q"

0

° J
T~ = 0 Q12QioQo1 o .

~ 2 I 0 0 Q20Q01 Q12
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\¡ow, the diagonal matrices of T~ (of ~ in general) are square and primitive,
'or Lemma 1. states that tj¡k) ~ 0 for all k sufficiently large. Hence

T3k = (T3)kc c'
Theorem 1.6. (The Subinvariance Theorem). Let T be a non-negative irredu-
cible matrix, s a positive number, and y 2 0, =1 0, a vector satisfying

,0 that powers which are integral multiples of the period may be studied
with the aid of the primitive matrix theory of §1.1. One needs to consider
also

Ty:: sy.

Then (a) y ~ 0; (b) s 2 r, where r is the Perron-Frobenius eigenvalue of T.
Moreover, s = r if and only if Ty = sy. '

PROOF. Suppose at least one element, say the ith, of y is zero. Then since
Tky :: sky it follows thatT~k+ 1 and T~k+ 2

but these present no additional diffculty since we may write
T:k+ 1 = (T~k)Tc, T~k+ 2 = (T~k)T; and proceed as before. 0

n
"(k) kL. tij Yj :: s Yi'

j= i

These remarks substantiate the reason for considering primitive matrices
as of prime importance, and for treating them first. It is, nevertheless, con-
venient to consider a theorem of the type of the fundamental Theorem 1.1
for the broader class of irreducible matrices, which we now expect to be
closely related.

Now, since T is irreducible, for this i and any j, there exists a k such that
dJ) ~ 0; and since Yi ~ 0 for some j, it follows that

Yi ~O

which is a contradiction. Thus y ~ O. Now, premultiplying the relation
Ty :: sy by x', a positive left eigenvector of T corresponding to r,

sx'y 2 x'Ty = ri'y

1.4 Perron-Frobenius Theory for Irreducible
Matrices

i.e. s 2 r.

Theorem 1.5. Suppose T is an n x n irreducible non-negative matrix. Then all
of the assertions (a)-f) of Theorem 1. hold, except that (c) is replaced by the
weaker statement: r 2 I À I for any eigenvalue À of T. Corollaries 1 and 2 of
Theorem 1. hold also.

PROOF. The proof of(a) of Theorem 1. holds to the stage where we need to

assume

Now suppose Ty :: ry with strict inequality in at least one place; then the
preceding argument, on account of the strict positivity of Ty and ry, yields
r 00 r, which is impossible. The implication s = r follows from Ty = sy si-milarly. 0

In the sequel, any subscripts which occur should be understood as
reduced modulo d, to bring them into the range (0, d - 1), if they do not
already fall in the range.

z' = x'T - rx' 2 0' but =1 0'.

The matrix 1 + T is primitive, hence for some k, (1 + T)k ~ 0; hence

z'(1 + T)k = rx'( + T)k)T - rrx'(1 + T)k) ~ 0

which contradicts the definition of r; (b) is then proved as in Tht;orem 1.6
following; and the rest follows as before, except for the last part in (c). 0

Theorem 1.7. For a cyclic matrix T with period d ~ 1, there are present
precisely d distinct eigenvalues À with I À I = r, where r is the Perron-
Frobenius eigenvalue of T. These eigenvalues are: r exp i2nkj d, k = 0, 1, . . . ,
d - 1 (i.e. the d roots of the equation Àd - rd = 0).

PROOF. Consider an arbitrary one, say the ith, of the primitive matrices:

We shall henceforth call r the Perron-Frobenius eigenvalue of an irredu-
cible T, and its corresponding positive eigenvectors, the Perron-Frobeniu,s
eigenvectors.

The above theorem does not answer in detail questions about eigenvalues
À such that À =1 r but I À I = r in the cyclic case.

The following auxiliary result is more general than we shall require im-
mediately, but is important in future contexts,

Qi, i+ 1 Qi+ I, i+ 2 ... Qi+d-l, i+d

occurring as diagonal blocks in the dth power, Td, ofthe canonical form 1; of
T (recall that To has the same eigenvalues as T), and denote by r(i) its
Perron-Frobenius eigenvalue, and by y(i) a corresponding positive right
eigenvector, so that

Qi, i+1 Qi+1, i+ 2 ... Qi+d-l, i+dy(i) = r(i)y(i).
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'low pre multiply this by Qi-l, i:

Qi-l, iQi, i+ 1 Qi+ 1, i+ 2 '" Qi+d- 2, i+d-l Qi+d-l, i+dy(i) = r(i)Qi-l, iy(i),

Bibliography and Discussion

md since Qi+d-i,i+d == Qi-i,i, we have

Qi- I, i Qi, i+ 1 Qi+1, i+ 2 ... Qi+d- 2, i+d- 1 (Qi- I, iy(i)) = r(i)(Qi_ I, iy(i))

""hence it follows from Theorem 1.6 that r(i) :: r(i - 1). Thus

r(O):: r(d - 1):: r(d - 2) ... :: r(O),

¡o that, for all i, r(i) is constant, say r, and so there are precisely d dominant
~igenvalues of Td, all the other eigenvalues being strictly smaller in modulus.
fIence, since the eigenvalues of Td are dth powers of the eigenvalues of T,
:here must be precisely d dominant roots of T, and all must be dth roots ofr.
'low, from Theorem 1.5, the positive dth root is an eigenvalue of T and is r.
rhus every root À. of T such that I À./ = r must be of the form

À. = r exp i(2nkjd),

""here k is one of 0, 1, ..., d - 1, and there are d of them.
It remains to prove that there are no coincident eigenvalues, so that in

act all possibilities r exp i(2nkjd), k = 0, 1, ..., d - 1 occur.
Suppose thaty is a positive (n x 1) right eigenvector corresponding to the

:lerron-Frobenius eigenvalue r of 1; (i.e. T written out in canonical form),
md letYj,j = 0, ..., d - 1 be the subvector of components corresponding to

mbclass Cj.

§1.1. and §1.4

Qj,j+1Yj+l = rYj'

The exposition of the chapter centres on the notion of a primitive non-
negative matrix as the fundamental notion of non-negative matrix theory.
The approach seems to have the advantage of proving the fundamental
theorem of nonnegative matrix theory at the outset, and of avoiding the
slight awkwardness entailed in the usual definition of irreducibility merely
from the permutable structure of T.

The fundamental results (Theorems 1., 1.5 and 1.7) are basically due to
Perron (1907) and Frobenius (1908, 1909, 1912), Perron's contribution being
associated with strictly positive T. Many modern expositions tend to follow
the simple and elegant paper of Wielandt (1950) (whose approach was anti-
cipated in part by Lappo-Danilevskii (1934)); see e.g. Cherubino (1957),

Gantmacher (1959) and Varga (1962). This is essentially true also of our
proof of Theorem 1. (=Theorem 1.5) with some slight simplifications,
especially in the proof of part (e), under the influence of the well-known
paper of Debreu & Herstein (1953), which deviates otherwise from
Wielandt's treatment also in the proof of (a). (The proof of Corollary 1 of
Theorem 1. also follows Debreu & Herstein.)

The proof of Theorem 1.7 is not, however, associated with Wielandt's
approach, due to an attempt to bring out, again, the primacy of the primiti-
vity property. The last part of the proof (that all dth roots ofr are involved),
as well as the corollary, follows Romanovsky (1936). The possibility of
evolving §1.4 in the present manner depends heavily on §1..

For other approaches to the Perron-Frobenius theory see Bellman (1960,

Chapter 16), Brauer (1957b), Fan (1958), Householder (1958), Karlin (1959,
§8.2; 1966, Appendix), Pullman (1971), Samelson (1957) and Sevastyanov
(1971, Chapter 2). Some of these references do not deal with the most general
case of an irreducible matrix, containing restrictions of one sort or another.
In their recent treatise on non-negative matrices, Berman and Plemmons
(1979) begin with a chapter studying the spectral properties of the set of
n x n matrices which leave a proper cone in Rn invariant, combining the use
of the Jordan normal form of a matrix, matrix norms and some assumed
knowledge of cones. These results are specialized to non-negative matrices in
their Chapter 2; and together with additional direct proofs give the full
structure of the Perron-Frobenius theory. We have sought to present this
theory in a simpler fashion, at a lower level of mathematical conception and
technique.

Finally we mention that Schneider's (1977) survey gives, interalia, a hist-
orical survey of the concept of irreducibility.

rhus

md

'_r.." , Jy - 1.0, Yb ... ,Yd- 1

'low, let Yb k = 0, 1,..., d - 1 be the (n xl) vector obtained from Y by
naking the transformation

(2njk \.
Yj-+expi Tlj

)f its components as defined above. It is easy to check that Yo = Y, and
ndeed that Yb k = 0, 1, ..., d - 1 is an eigenvector corresponding to an

:igenvector r exp i(2nkjd), as required. This completes the proof of the~~m 0
We note in conclusion the following corollary on the structure of th~

:igenvalues, whose validity is now clear from the immediately preceding. '

::orollary. If À. =1 0 is any eigenvalue of T, then the numbers À. exp i(2nkjd),
~ = 0, 1, ..., d - 1 are eigenvalues also. (Thus, rotation of the complex plane

ibout the origin through angles of2njd carries the set of eigenvalues into itself)
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§1.2 and §1.3
Find the periods of all self-communicating classes, and write the matrix Tin

full canonical form, so that the matrices corresponding to all self-
communicating classes are also in canonical form.

The development of these sections is motivated by probabilistic con-
siderations from the theory of Markov chains, where it occurs in connection
with stochastic non-negative matrices P = ~PijJ, i,j = 1,2,..., with Pij:2 0 and

1.2. Keeping in mind Lemma 1., construct a non-negative matrix T whose index
set contains no essential class, but has, nevertheless, a self-communicating class.

Let T = r t¡, jJ, i,j = 1,2,..., n be a non-negative matrix. If, for some fixed i andj,
tl~~ :: 0 for some k == k(i, j), show that there exists a sequence k 1. ki, . . ., k, such
that

" p.. = 1f. l) ,
j

In this setting the classification theory is essentially due to Kolmogorov
(1936); an account may be found in the somewhat more general exposition of
Chung (1967, Chapter 1, §3), which our exposition tends to follow.

A weak analogue ofthe Perron-Frobenius Theorem for any square T :2 0
is given as Exercise 1.2. Another approach to Perron-Frobenius-type theory
in this general case is given by Rothblum (1975), and taken up in Berman
and Plemmons (1979, §2.3).

Just as in the case of stochastic matrices, the corresponding exposition is
not restricted to finite matrices (this in fact being the reason for the develop-
ment of this kind of classification in the probabilistic setting), and virtually all
of the present exposition goes through for infinite non-negative matrices T,
so long as all powers T\ k = 1, 2, . . . exist (with an obvious extension of the
rule of matrix multiplication of finite tnatrices). This point is taken up again
to a limited extent in Chapters 5 and 6, where infinite T are studied.

The reader acquainted with graph theory will recognize its relationship
with the notion of path diagrams used in our exposition. For development
along the lines of graph theory see Rosenblatt (1957), the brief account in
Varga (1962, Chapters 1 and 2), Paz (1963) and Gordon (1965, Chapter 1).
The relevant notions and usage in the setting of non-negative matrices
implicitly go back at least to Romanovsky (1936).

Another development, not explicitly graph theoretical, is given in the
papers ofPták (1958) and Pták & Sedlacek (1958); and it is utilized to some
extent in §2.4 of the next chapter.

Finite stochastic matrices and finite Markov chains wil be treated in
Chapter 4. The general infinite case will be taken up in Chapter 5.

i = 1,2, .... 1..

t¡,kitki,ki ... tk,_i,k,tk"j:: 0

where r :s n - 2 if if j, r :s n - 1 if i = j. Hence show that:
(a) if T is irreducible and tj, j :: 0 for some j, then tl~~ :: 0 for k 2 n - 1 and

every i; and, hence, if tj, j :: 0 for every j, then Tn-1 :: 0;
(b) T is irreducible if and only if (1 + T)n-1 :: O.

(Wielandt, 1960; Herstein, 1954.)
Further results along the lines of (a) are given as Exercises 2.17-2.19, and

again in Lemma 3.9.

1.4. Given T = rt¡, jJ, i,j = 1,2,..., n is a non-negative matrix, suppose that for some
power m 2 1, Tm = rtl~jJ is such that

tl~1+1 :: 0, i = 1,2, ..., n - 1, and t~~)1:: O.

Show that: T is irreducible; and (by example) that it may be periodic.

1.5. By considering the vector x' = (IX, IX, 1 - 2ix), suitably normed, when: (i)ix = 0,

(ii) 0 .. IX .. 1, and the matrix

(0 1 0 J

o 0 2 .
1 0 2

show that r(x), as defined in the proof of Theorem 1. is not continuous in
x 2 0, x' x = 1.

EXERCISES

1.1 Find all essential and inessential classes of a non-negative matrix with incidence
matrix:

0 0 0 0 0 1 0 0
0 0 0 1 1 0 0 0
1 0 0 0 0 0 0 1

T= 10 0 0 0 0 0 0 1

0 1 0 0 1 0 0 0
0 0 1 1 0 0 0 0
0 0 0 0 1 0 1 1

0 0 0 0 0 1 0 0

(Schneider, 1958)

1.6.1 If r is the Perron-Frobenius eigenvalue of an irreducible matrix T = rtijJ,
show that for any vector x E fY, where fY = rx; x :: OJ

min Lj tijXj .. r .. max Lj tijXj.
i Xi - - i Xi

1.7.

(Collatz, 1942)

Show, in the situation of Exercise 1.6, that equality on either side implies
equality on both; and by considering when this can happen show that r is the
supremum of the left hand side, and the infimum of the right hand side, over
x E fY, and is actually attained as both supremum and infimum for vectors in fY.

1 Exercises 1.6 to 1.8 have a common theme.
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1.8. In the framework of Exercise 1.6, show that 1.4. Use the relevant part of Theorem 1.4, in conjunction with Theorem 1.2, to show
that for an irreducible T with Perron-Frobenius eigenvalue r, as k -+ 00

s-kTk -+ 0I y'Tx \ I y'Tx\max min- = r = min max-.
xef! \ye& Y'x ( ye& \XE& y'x f

(Birkhoff and Varga, 1958)

1.9.1 Let B be a matrix with possibly complex elements and denote by B + the matrix
of moduli of elements of Band ß an eigenvalue of B. Let T be irreducible and
such that 0:- B+ :- T. Show that IßI :- r; and moreover that IßI = r implies
B+ = T, where r is the Perron-Frobenius eigenvalues of T.

(Frobenius, 1909)

1.10. If, in Exercise 1.9, Iß I = r, so that ß = reiB, say, it can be shown (Wielandt, 1950)
that B has the representation

if and only if s :; r; and if 0 .: s .: r, for each pair (i, j)

lim sup s- kt!j) = 00.
k~oo

Hence deduce that the power series

00

7;Az) = L t¡j)Zk
k=O

B = eiBDTD-1

have common convergence radius R = r-1 for each pair (i, j). (This result is
relevant to the development of the theory of countable irreducible T in
Chapter 6.)

Let T be a non-negative matrix. Show that:
(a) Ty:- sy, where sf 0; y ¿ 0, f 0 = y :; 0 if and only if T is irreducible;
(b) T has a single non-negative (left or right) eigenvector (to constant mul-

tiples) and this eigenvector is positive if and only if T is irreducible.

If A and B are non-negative matrices such that 0 :- B :- A, A - B f 0, and
A + B is irreducible, show that p(B).: p(A) where p(.) is the eigenvalue

alluded to in Exercise 1.2.

1.7. Let T be a non-negative irreducible matrix, s a positive number, and y ¿ 0, f 0
a vector satisfying

1.5.where D is a diagonal matrix whose diagonal elements have modulus one.
Show as consequences:

(i) thatiflßI =r,B+ =T;
(ii) that given there are d dominant eigenvalues of modulus r for a given

periodic irreducible matrix of period d, they must in fact all be simple,
and take on the values r exp i(2njfd), j = 0, 1, ..., d - 1. (Put B = T in
the representation.)

1.1. Let T be an irreducible non-negative matrix and E a non-zero non-negative

matrix of the same size. If x is a positive number, show that A = xE + T is
irreducible, and that its Perron-Frobenius eigenvalue may be made to equal
any positive number exceeding the Perron-Frobenius eigenvalue r of T by
suitable choice of x.

(Consider first, for orientation, the situation where at least one diagonal
element of E is positive. Make eventual use of the continuity of the eigenvalues
of A with x.)

1.6.

(Birkhoff & Varga, 1958)

Ty ¿ sy.

Show that r ¿ s, where r is the Perron-Frobenius eigenvector of T, and s = r if
and only if Ty = sy. (This is a dual result to the (Sub in variance ) Theorem 1.6.)

1.18. Suppose T is a non-negative matrix which, by simultaneous permutation of
rows and columns may be put in the form

1.12. If T ¿ 0 is any square non-negative matrix, use the canonical form of T to
show that the following weak analogue of the Perron-Frobenius Theorem
holds: there exists an eigenvalue p such that
(a') p real, ¿O;
(b') with p can be associated non-negative left and right eigenvectors;
(c') p ¿ I À.I for any eigenvalue À. of T;
(e') if 0:- B :- T and ß is an eigenvalue of B, then IßI :- p.
(In such problems it is often useful to consider a sequence of matrices each ¿ T
and converging to T elementwise rparticularly in relation to (b') here)-Debreu
and Herstein (1953).)

1.13. Show in relation to Exercise 1.2, that p :; 0 if and only if T contains a cy21e

of elements.

ro T,

0 . ..

T,~ ' J

o 0 Ti . ..

o 0 0 .. .

-l 0 0 . ..

(Ullman, 1952)

where the zero blocks on the diagonal are square. If T has no zero rows or
columns, and T1 Ti ... Td is irreducible, show using Exercise 1.5(a), that Tis
irreducible. (Hint: Consider y ¿ 0, =l 0 partitioned according to y' = IYí, Yi,

. . ., y~) where Yi has as many entries as the columns of 7;. Assuming Ty :- sy for
some s :; 0, show first thatY1 :; 0, and then thatYi+ 1 :; 0 = Y¡ :; 0, i = 1,..., d,
Yd+1 =Y1')

(Minc, 1974, Pullman, 1975)

1 Exercises 1.9 to 1.11 have a common theme.
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CHAPTER 3

Inhomogeneous Products of
Non-negative Matrices

defined for any two vectors x' = (xi, ..., Xn) )- 0', y' = (Yi, ..., Yn) )- 0', by

d(' '). - 1 (maXi (XdYi)J - 1 (XiYj)x,y -n . . -maxn .mm. (x,ly,) . . x .y.i i i 1, J J 1

This function has, on the set of (1 x n) positive vectors, the properties of a
metric or distance, with the notable exception that d(x', y') = 0 if and only if
x = Ày for some À.)- O. (Exercise 3.1). It is a pseudo-metric giving the
"projective distance" between x' )- 0' and y' )- 0'. Henceforth we assume as
usual that all vectors are of length n and all matrices (n x n), unless other-

wise stated.
It follows that if x', y' )- 0' and T is column-allowable, then x'T, y'T )- 0';

the essence of the contraction property is in the inequality

d(x'T, y'T) ~ d(x', y'), (3.1)

which we shall establish by recourse to the averaging (contraction) proper-
ties of row stochastic matrices in a manner similar to that atready employed
repeatedly in our Section 2.6.

In a number of important applications the asymptotic behaviour as r -4 00
of one of the Lemma 3.1. If x, y )- 0 and x = Tx, Y = Ty, where T = ttij) ~ 0 is row-

allowable, then

Forward Products: Tp, r = tt!f'r)) = H p+ i H p+ 2 ... H p+r

Backward Products: Up,r = tul),rl) = Hp+r'" Hp+2Hp+i

and its dependence on P is of interest, where tHk' k = 1, 2, ...) is a set of
(n x n) matrices satisfying Hk ~ O. We shall write Hk = thiAk)), i, j = 1, ...,
n. The kinds of asymptotic behaviour of interest are weak ergodicity and
strong ergodicity, and a commonly used tool is a contraction coefficient
(coeffcient of ergodicity). We shall develop the general theory in this chap-
ter. The topic of inhomogeneous products of (row) stochastic matrices has
special features, and is for the most part deferred to Chapter 4.

max (~i) ~ max (Xi),
i Yi i Yi . (Xi) . (Xi)

mm -- ~ mm - .
i Yi i Yi (3.2)

PROOF:

Xi = Lj tijXj =" p.. XJ.'A" L. 'J
Yi L.k tikYk j Yj

where Pij = tij Yj ILk tik Yk is the (i, j) element of a stochastic matrix P. In
particular Lj Pij = 1, so (3.2) follows (so (3.1) follows for a column allowable
T, from the definition of d(- , .)). 0

We may sharpen the above result by recourse to

3.1 Bir khoff' s Contraction Coefficient:
Generali ties

Definition 3.1. An (n x n) matrix T ~ 0 is said to be row-allowable if it has at
least one positive entry in each row. It is said to. be column-allowable if T' is
row-allowable. It is said to be allowable if it is both row and column
allowable.

Theorem 3.1. Let w = tw;) be an arbitrary vector and P = tPiiÌ a stochastic
matrix. If z = Pw, z = tz;), then for any two indices h, h'

Zh - Zh' ~ ~ L I Phj - ph'jl J\m~x Wj - m~n wj IJ J J f (3.3 )

and

In order to introduce Birkhoff's contraction coefficient which wil serve

as a fundamental tool in this chapter, we need to introduce the quantity,
~~ax Zj - mjn Zj~.~ Ti(p)~m:x Wj - mjn Wj~;
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or equivalently to the last,

~~~ I Zh - Zh' I ~'i(P)J\ii~~ I Wj - Wj' I ~ (3.4), J. J
Lemma 3.2. If T' is scrambling and x, y ~ 0, then

d(x'T, y'T) -: d(x', y'). (3.5)

1 n n
'i(P)="2max ¿ IPis-Pjs! =1-mih ¿ min(pi..pjs)'i,j 5=1 i,j 5=1

PROOF. Referring to the proof of Lemma 3.1, and T' replacing T, we see that
the stochastic matrix P = (Pijl defined therein is scrambling, so by Theorem
3.1, strict inequality obtains in at least one ofthe inequalities in (3.2), whence
the result follows from the definition of d(x', y'). 0

where

Corollary. (3.5) holds if T has a positive row.

PROOF: Zh - Zh' = ¿j UjWj, where Uj = Phj - Ph'j (since we are considering h
and h' arbitrary but fixed). Letj' denote the indices for which Uj:: 0, and/,
those for which uj -: 0, noting that ¿j uj = 1 (and bearing in mind that the
set of j"s wil be empty only if u = 0). Put

It follows in view of (3.1) for a column-allowable matrix T and the fact
that d(x', y') = 0 if and only if x = Ày for some positive Å. ~ 0, that we may
define a quantity 'B(T) by

1()=¿uj'=¿ IUj'1 = -¿ur=¿lurl =-¿ !Ujlj' j' r r 2j
'B(T) = sup d(x'T, y'T)

x, y;.O d(x' y')x*'¡y ,
1

= "2 L I Phj - pd .J

which must then satisfy

O~'B(T)~i. (3.6)

J"., I U " I w., ".., I U 'n I W'n \Z -z _()L.J J J _L.J J Jh h' - \ ¿j' Iuj,! ¿r Iurl f

~ ()~m:x Wj - m;n Wj~

~ 'i (p)~m:x Wj - m;n Wj~'

The alternative expression for 'i(P) is given as part (equation (2.14)) ofTheorem 2.10. 0

Clearly, if Ti and Ti are both column-allowable then so is Ti Ti and for
x, y ~ 0, it follows (from Exercise 3.1) that

d(x'Ti Ti, y'Ti Ti) ~ 'B(Ti) d(x'Ti, y'T¡) ~ 'B(Ti)'B(T¡) d(x', y')

whence

Then

'B(Ti Ti) ~ 'B(T¡)'B(Ti). (3.7)

'B(- ) is Birkhoff's contraction coefficient (or: coefficient of ergodicity), and
properties (3.6) and (3.7) are fundamental to our development of the theory
of inhomogeneous products. In view of relation (3.7), we see that if from a
sequence (Hki of column-allowable matrices we select the matrices Hp+ ¡,...,
H p + r and form their product in any order and call this product H p," then
stil

The preceding result is of most interest in the situation where, i (P) -: 1 (it
is obvious that 0 ~ 'i (P) ~ 1), and indeed this condition is also that under

which the spectral bounding result of Theorem 2.10 becomes of interest for a
stochastic matrix. It is clear from the alternative expression for, i(P) that
'i(P) -: 1 if and only if no two rows of P are orthogonal (or, alternatively,
any two rows intersect in the sense of having at least one positive element in
a coincident position). Such stochastic matrices have been called scrambling;
we extend this definition to arbitrary non-negative T.

p+r

'B(Hp,r) ~ n 'B(Hk).
k=p+ i

(3.8)

A matrix T will be contractive if 'B(T) -: 1, and, clearly, from (3.8) and
(3.6) the significance of a matrix T for which 'B(T) = 0 is of central
significance. We remark that if T is of rank 1 as well as column-allowable, i.e.
is of the form T = wv' = (wivïf where v. ~ 0; w :: 0, =1 0, then from Exercise
3.1

Definition 3.2. A row-allowable matrix T:: 0 is called scrambling if any
two rows have at least one positive' element in a coincident position.

'B(T) = sup d(x'wv', y'wv')x, y;'O d(x' y') = 0x*'¡y ,
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;ince d((x'w)v', (y'w)v') = d(v', v') = O. To develop further the use of'B(T)we
~equire its explicit form for a column-allowable T = ttijj in terms of the
~ntries. of such a matrix. An explicit form is diffcult to obtain, and we defer
in elementary, but long, derivation to Section 3.4. The form for an allowable

Tis

approaching the problem of weak ergodicity offorward products without the
requirement that Tp,r;: 0 for r;: ro(p) (so that 'B(Tp,r)": 1), although we
shall not pursue this topic for products of not necessarily stochastic

matrices. Theorem 3.1 which is here used only for the proof of Lemma 3.2
achieves its full force within the setting of products of stochastic matrices.

'B(T) = U - (ø(T)J/2JiU + (ø(T))1/2j
where

ø(T) = min .t¡ktjl
i.j. k, I tjkt¡i

3.2 Results on Weak Ergodici ty
if T;: 0;

=0 if T :f o.
We shall focus in this section on forward products
Tp,r = Hp+1Hp+2'" Hp+r and backward products

From this it is clear that given T is allowable, 'B( T) = 0 if and only if T is
of rank 1, i.e. T = wv', w, v ;: O.

Up,r = Hp+r'" Hp+2Hp+1

as r -+ 00 since these are the cases of usual interest.

Definition 3.3. The products HI'. r = thlY' r)j formed from the allowable
matrices H 1'+ l' H 1'+ 2, ..., H 1'+ r multiplied in some specified order for each
p ;: 0, r;: 1, are said to be weakly ergodic if there exist positive matrices

Sp, r = t siy' r)j (p ;: 0, r ;: 1) each of rank 1 such that for any fixed p, as r -+ 00

hlY' r) / s~Y' r) -+ 1 for all i, j. (3.9)

Lemma 3.3. The products HI', r are weakly ergodic if and only if for all p ;: 0 as
r-+oo

Lemma1 3.4. If HI', r = Hp+ 1 Hp+ 2 ... Hp+n i.e. HI', r is the forward product

Tp, r = t tly' r)j in the previous notation, and all H k are allowable, then
'B( 1; r) -+ 0 as r -+ 00 for each p ;: 0 if and only if the following conditions both
hold:

(a) Tp,r;: 0, r;: ro(p);

(b) tIp, r)/t!J, r) -+ W!I!) ;: 0ik Jk IJ (3.11 )

HI', r ll'Hp, r/l'Hp, r 1

(since (3.10) is assumed to hold, since Hp,r is allowable,
sufficiently large r, from the explicit form of 'B( . )). Then

h(p,r) ;1~ = hll!,r) "sll!' r) IJ \ L.IJ k. s

for all i, j, p, k where the limit is independent of k (i.e. the rows of Tp. r tend to

proportionality as r -+ (0).

PROOF: The implication: (3.11) = (3.10) is obvious since under (3.11) clearly

ø(Tp, r) -+ 1. Assume (3.10) obtains; then clearly Tp, r ;: 0 for suffciently large
r (r;: ro(p), say). Now consider i andj fixed and note that

'B(Hp,r)-+O. (3.10)
PROOF: From the explicit form of 'B(T), which implies continuity with
T ;: 0, (3.9) evidently implies (3.10). Conversely, define the rank 1 matrices

HI', r ;: 0 for t!", r + 1) d(p, r)tlp, r)~-~~
t(p, r+ 1) - L. t(p, r)Jk S JS

hIP. r!hl!' r)ik SJ

h(P, rWI!, r)sk 'J
h(p, rWI!' r) \sk IJ
" h(p, r) I
L.k, s ks

where d(p, r) = t(p, r)h (p + r + 1)/t(p, r+ 1) is the k s element of a (row) stoch-ks JS sk Jk ,
astic matrix with strictly positive entries and so a scrambling matrix. Hence
by Lemma 3.1

-+ 1

by (3.10), since ø(H 1', r) -+ 1. o
(t(p, r))

ikmax t(p, r)
k Jk

is non-increasing with r;

Lemma 3.3 together with relation (3.7) indicates the power of the
coeffcient of ergodicity 'B( .) as a tool in the study of weak ergodicity ~f
arbitrary products of allowable non-negative matrices. In Lemma 3.4 we
shall see that for forward products Tp, r the general notion of weak ergodicity
defined above coincides with the usual notion for the setting, when Tp. r ;: 0
for r;: ro(p). We have included Lemma 3.2 because this provides a means of

( t(p, r))

. ikmm tp, r)
k Jk

is non-decreasing with r.

1 For the analogous result for backward products see Exercise 3.3. For column-proportionality

of forward products see Exercise 3.7.
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Since 'B(Tp.r)~O, 4i(Tp,r)~ 1, so as r~ 00

tll' r) t(p, r)_ )S
t(i;' r) t(p, r) ~ 1) lS

Corollary. If for a sequence tksJ, s;: 0, of positive integers such that

ks+ 1 - ks = g (constant),

for all i, j, k, s, so the two monotone quantities as r ~ 00 have the same
positive limit, which is independent of k and may be denoted by wg'). 0

4i( Tk,. k,+ i - kJ ;: e2

then 'B(Tp, r) ~ 0 as r ~ 00, p ;: 0, at a geometric rate, e.g. in the case p = 0:

'B(To. r) ~ Hi - e)/(1 + e)j-(ko/9)-1Hi - e)/(1 + e))/9

Theorem 3.2. For a sequence tHd, k = 1, 2, ... of non-negative allowable
matrices if H p, r = Tp, r or H P. r = Up, r then weak ergodicity obtains if and only

if there is a strictly increasing sequence of positive integers t ksl, s = 0, 1, 2, .. .
such that

for r suffciently large. Analogous results hold for backwards products.

co

L (4i(Hk" k,+i-kJF/2 = 00.
s=o

(3.12)

Theorem 3.3. If for the sequence of non-negative allowable matrices

Hk = thij(k)j, k;: 1, (i) Hp.ro;: 0 for p;: 0 where ro (21) is some fixed
integer independent of p; and (ii):

m~n+ hij(k)/m~x hij(k) 2 y;: 0 (3.13)
i, ) I, )

PROOF: Suppose H P. r = Tp, r' P 2 0, r 2 1. Take p = 0 for simplicity to prove
suffciency of (3.12) and large r (for arbitrary p the argument wil be similar).

(-1
'B(To,r) ~ f1 'B(Tk" k,+i-kJ,

s=o

(where min + refers to the minimum of the positive elements and y is indepen-
dent of k), then if H p, r = Tp, r (or = Up, r), p 2 0, r ;: 1, weak ergodicity (at a
geometric rate) obtains.

PROOF: From the structure of, B(' ) and its dependence on 4i(' ) it is evident
that the value of 'B(H p, r) is unchanged if each H k is multiplied by some
positive scalar (each scalar dependent on k). Since by Lemma 3.3 weak
ergodicity is dependent only on such values, we may assume without loss of
generality in place of (3.13) that

o ~ y ~ min+ hij(k), max hij(k) ~ 1. (3.14)i, j i, j

To, r = To, ko 1ko' ki - ko Tki, ki - ki ... 1k,-i, k,- k,-i T*

for some allowable T* 2 0 where ki is the nearest member of the sequence
tk.) not greater than r, so t ~ 00 as r ~ 00. Then by (3.7)

and as r ~ 00 the right hand side ~ 0 if and only if
co

L U - 'B(1k"k,+i-k,)j = 00.
s=o

It follows, since H p, ro ;: 0, p 2 0, that

y'0 11' ~ Hp, ro ~ nro-111'
(3.15)From the definition of 4i(' ), 0 ~ 4i(' ) ~ 1, and taking into account the expli-

cit form of 'B('), the divergence of the sum is implied by (3.12). Hence (3.12)
is sufficient for weak ergodicity (of forward products).

If we assume weak ergodicity then by Lemma 3.3 'B(Tp, r) ~ 0 as r ~ 00,
p ;: O. Let 1 ;: b ;: 0 be fixed. Then define the sequence tksJ recursively by
choosing ko arbitrarily, and ks+ 1 once ks has been determined so that

'B(Tk" kdi-d ~ b.

so 4i(Hp,ro);: (y'Ojnro-1)2 = e2, say,p;: O. We may now apply the Corollary
to Theorem 3.2, with g = ro, and ko = 1, say. 0

One may, finally, obtain a result of the nature of Theorem 3.2 and its
Corollary for products Hp,r formed in arbitrary manner from Hp+1, Hp+2,
..., Hp+r.

Then Theorem 3.2' For a sequence tHkJ, k ~ 1 of non-negative allowable matrices, if

11 - 'B(Tk"k,+i-kJ\
(4i(Tk"k,+i-kJF/2 = \1 + 'B(1k"k,+i-kJI

co

L (4i(HkW/2 = 00
k= 1

(3.16)

2 (1 - b)/(1 + b) ;: 0

which implies (3.12) for this sequence.
The proof for backwards products Up, r is analogous. o

then the products H p, rare weakly ergodic.

PROOF: 'B(Hp, r) ~ f1g~+ 1 'B(Hk) ~ 0 as r ~ 00 as in the proof of Theorem3.2. 0
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Corollary. The condition (3.16) may be replaced by the condition

f mini.j hij(k) = 00.k=1 maxi,j hij(k)

Bibliography and Discussion to §§3.1-3.2

The crucial averaging property of a stochastic matrix, already used in §2.6
and mentioned in its discussion, manifests itself here in Lemma 3.1, and, in
more refined manner, in Theorem 3.1. Both these results occur in Markov
(1906), the first of Markov's papers to deal with Markov chains (with a finite
but arbitrary number of states). Hostinsky (1931, p. 15) calls these results the
Théorème fondamentale sur la limite de la probabilité, and elsewhere: . . .
l'importante méthode de moyennes successives employée par Markoff. . . and
they were taken up by Fréchet (1938, pp. 25-30), but their potential, in the
context of inhomogeneous products of stochastic matrices, was not fully
realized until the work of Hajnal (1958). We shall develop these themes
further in the more appropriate setting of Chapter 4 where the notion of a
scrambling matrix is used extensively.

The Corollary to Lemma 3.2 is due to Cohen (1979a); the lemma itself is a
direct consequence of Theorem 3.1. Apart from the results mentioned so far,
the development of §§3.1-3.2 largely follows Hajnal (1976). Cohen's subject
matter, following on from Hajnal, is the study of d(x' To. r' y' To, r) as r ~ 00
where the matrices rHk~ are column allowable inasmuch as each is supposed
to have a positive row.

The origins and chief application of the notion of weak ergodicity of
forward products Tp, r' P ;: 0, r ;: 1 is in the context of demography. A simple
demographic model for the evolution of the age structure of a human popu-
lation, regarded as consisting of n age groups (each consisting of the same
number of years), over a set of" time points" r = 0,1,2,..., (spaced apart by
the same time interval as successive age groups) may be described as follows.
If Pr is an (n x 1) vector whose components give numbers in various age
groups at time r, then

P~+ 1 = p~Hr+ l' r = 0, 1, 2, ...
where Hr+ 1 is a known matrix of non-negative entries, depending (in
general) on time r, and expressing mortality-fertility conditions at that time.
Indeed, each of the matrices Hb k;: 1, has the same form (has the same
incidence matrix); specifically, it is of the form:b1 SI 0 0bi 0 Si 0

o

bn-1h () () o Sn- 1
()
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which is known as a "Leslie matrix" in this context (and as a "Renewal-type
matrix" more generally). Here Si is the proportion of survivors from age
group i to age group (i + 1) in the next time-step, and bi is the number of
contributions to age group 1 per individual in age group i. If we assume all
bi' Si ;: 0 for all k, then the matrix set Hb k;: 1, has a rather special struc-
ture (in the sense of a common incidence matrix), with, moreover, a positive
diagonal entry; see Exercise 3.11; and it is usual to assume that the (coinci-
dent) positive entries are bounded away from zero and infinity. Thus the
conditions of Theorem 3.3 are certainly satisfied, and its conclusion enables
us to make certain inferences about

P~ = p~HiHi'" Hr = P~ To,r

where Po (;: 0, =1 0) represents the initial age structure of the population,
and Hb k;: 1, the history of mortality-fertility pressures over time. Thus
consider two different initial population structures: IX = rct¡), fJ = rß¡) sub-
jected to the same "history" H b k ;: 1. Thus from Lemma 3.4, as r ~ 00
(first dividing numerator and denominator by t~i' r)):

~n t(o. r) ~n u¡(o) ~n' (0)
L.i = 1 cti ik L.i = 1 cti VV iq L.i = 1 cti Wi~ . =~n ß t(O. r) ~n ß u¡(o) ~n ß (0)
L.j= 1 j jk L.j= 1 j VV)q L.j= 1 j wj

(the last step being a consequence of Exercise 3.5), the limit value being
independent of k. This independence is called the weak ergodicity property,
since the Pk arising from different Po tend to proportionality for large k. If we
focus attention on the age-distribution, which at time r gives the proportions
in the various age groups viz. p~/ P~ 1, then this conclusion may be rein-
terpreted as saying that the age~distributions tend to coincidence for large r,

but the common age structure may stil ttnd to evolve with r. To see this note as
r~ 00

n / n n (n (0) ~/( ( n ) ( n (0)) J
,¿ctit!l,r) .¿ ¿ctit!~,r) '" t~i,r).¿ cti~~) ¿ t~~,r) .¿ cti~~)
1=1 1=1 s=1 1=1 Wq s=1 1=1 Wq

'" t(O, r)/ ~ t(O. r)qk L. qs
s= 1

for any fied q = 1, ..., n and all k = 1, ..., n, and hence is independent of ix.

Strong ergodicity, discussed in §3.3, is the situation where the common
age-distribution tends to constancy as r ~ 00.

We may thus calla combination of Theorem 3.3 with Lemma 3.4, the
"Weak Ergodicity Theorem". A variant in the demographic literature is
generally called the Coale-Lopez theorem, since a proof in this setting was
provided by Lopez (1961) along the lines of Exercises 3.9-3.10. This original

proof was written under the influence of the approach to the basic ergodic
theorem for Markov chains with primitive transition matrix occurring in the
book of Kemeny and Snell (1960, pp. 69-70). The present approach (of the
text) is much more streamlined, but, insofar as it depends on the contraction, \ . . .... ~. -- -
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form of r B(') needs to be established for completeness of exposition.

The theory of weak ergodicity in a demographic setting begins with the work
of Bernardelli (1941), Lewis (1942), and Leslie (1945). For the theory in this
setting we refer the reader to Pollard (1973, Chapter 4); see also Cohen
(1979b) for a survey and extensive references.

Of interest also is an economic interpretation of the same model (that is,
where all H k are of renewal-type as discussed above), within a paper (Feld-
stein and Rothschild, 1974, esp. §2), which served as a motivation for the
important work of Golubitsky, Keeler and Rothschild (1975) on which

much of our §3.3 depends. The vector Jlr represents, at time r, the amount of
capital of each" age" i = 1,2, ..., n, where goods last (precisely) n years. A

machine, say, provides Si as much service in its (i + 1 )th year as it did in its
ith. Define b == b(r + 1) (the" expansion coefficient") as the ratio of gross
investment in year r (for year r + 1) to capital stock in year r. Then each H k,

k ~ 1, has the renewal form with each bi being b(k + 1) in HH ¡, and all S¡,
i = 1, ..., n - 1 being constant with k.

3.5. Show that in Lemma 3.4, W!;~ = limr~co t!r.r)/t~¡;,r) may be written as
w!P)/w(p) for some w(p) = r w(pH where w(p) :; 0 (w(P))'1 = 1i ) L. i j, , .

3.6. Proceeding along the lines of Lemma 3.4 show that if Tp. r :; 0, r ~ r o(p), then

( t(P. r))
max )q
j ty;. r) , ( t(P. r))

. )qm~n ty;' r)
)

are, respectively, non-increasing and non-decreasing with r. Hence show that if
i- B( Tp. r) -- 0, r -- 00, for an allowable sequence H k, k ~ 1, then both sequences
have the same positive limit which (is independent ofj and) may be denoted by
V(p)qs'

3.7. Show that in Exercise 3.6 the limit may be written in the form vW = vt:)/v~p) for
some v(p) = r vlp)), where v(p) :; 0, (v(p))'l = 1. Combine this result with that of
Exercise 3.5 to show that if i-B(Tp, r) -- 0, r -- 00, then

tlr' r)/tt:; r) -- wlP)vý')/wt:)v~P) :; O.

3.8. Show that for a stochastic matrix P = rPij), i, j = 1, ..., n

EXERCISES ON §§3.1-3.2

3.1. Show for positive (1 x n) vectors x', y', z' that for the projective distance d(', .)
defined for positive vectors:

(i) d(x', y') ~ 0;
(ii) d(x', y') = d(y', x');

(iii) d(x', y') s d(x', z') + d(z', y') (Triangle Inequality);
(iv) d(x', y') = 0 if and only if x = Ày for some À :; 0;
(v) d(x', y') = d(rxx, ßy') for any two positive scalars iX, ß.

3.2. Show that on the set D + = r x; X :; 0; x'l = 1) the projecti ve distance is a
metric. Further, show that if d(', .) is any metric on D +, and P E S+, the set of
column-allowable stochastic matrices, and i-(P) is defined by

n

i-1(P) S 1 - I min Pis S 1 - nt:
s= 1 i

where t: = mini. j Pij. (Thus if P :; 0, 1 - nt: -c 1 and there is a simpler bound
for i-1(P).)

3.9. Suppose Hk, k ~ 1, are all positive and satisfy condition (3.13). Using the
stochastic matrix with (k, s) entry

dip. r) = (P, r) hsk(p + r + 1)ks t)S t~,r+l)

i-(P) = sup
x, ye D+

x"'y

d(x' P, y' P)

d(x', y')

= hsk(p + r + 1) /r (tYa' r)/ty;, r))hqk(p + r + 1)

of Lemma 3.4, and Exercise 3.6, show that mink. s d\;l ~ y2n - i, and hence via
Theorem 3.1 and Exercise 3.8 that

I t(P. r)/t(p, r) - WI!?) I -c K (1 - y2)r r:; 1ik jk 11 _ p , _,
for some WI)):; 0 independent of k, where Kp, 00 :; Kp ~ 0 is a constant
independent of i, j, k.

3.10. Under the conditions of Theorem 3.3 show (without recourse to cl(. ) or i-B(' ))
by using the results of Exercise 3.9 and the weak mono tonicity argument in
Lemma 3.4 that there are WI)) independent of k such that for all i, j, k, P

I t!V)/tK r) - WI)) I s CA1 - (y'°/nro-i )2r1ro, r ~ 1,
where Cp, 0 S Cp -c 00 is a constant independent ofi, j, k. (Note that this form
of" geometric rate" of ergodicity differs somewhat in nature from that asserted
for this situation by the Corollary to Theorem 3.2.)

(Lopez, 1961; Seneta, 1973)

3.11. If all Hk, k ~ 1, have the same incidence matrix which is irreducible and has at
least one positive diagonal entry, show that H P. r :; 0 for P ~ 0, r ~ 2(n - 1)

then

(i) i-(Pi P2) S i-(Pi)i-(P2), Pi' P2 E S+;
(ii) i-(P) = 0 for P E S+ if and only if P = lv', v E D+.
(iii) i-(P) = 1 for P = I, the unit matrix.

(Seneta, 1979)

3.3. Check that if T is allowable, then i-B(T) = i-B(T') and hence state the analogue
of Lemma 3.4 for backwards products Up. r = H p+r ... H p+ i H p'

3.4. If H p, r = rhl)' r)) is an arbitrary product formed from the allowable matrices
Hp+l, Hp+2, ..., Hp+r in some specified order, show that the products are
weakly ergodic if and only if
(a) Hp.r:; 0, r ~ ro(p);

(b) hIV)/h~'k' r) ~ WI). r), hI!' r)/h\1' r) ~ vI). r) as r -- 00 for all i, j, P, k, where
Vi)' r), WI), r) are independent of k.

(See also Exercises 3.6-3.7.)
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3.3 Strong Ergodicity for Forward Products

Definition 3.4. The forward products Tp, r = ~t¡)' r)~ formed from a sequence
of row-allowable matrices H k, k 2: 1, are said to be strongly ergodic if for
each i, j, p.

Ól" r)'i""" r-+ 00
L.s= 1 t(p, r) -- vCp),s i (3.17)

independently of i.

Lemma 3.5. If strong ergodicity obtains, the limit vector v~ = ~ v~P)~ of(3.1 7) is

independent of p 2: O.

PROOF: For any x 2: 0, =F 0, it follows from (3.17) that as r ~ 00

x'Tp. r/x'Tp, r 1 ~ v~,

whence

x'Hp+ 1 Tp+ 1, r/x'Hp+ 1 Tp+ 1,r ~ V~.

But x' H p+ 1 2: 0', =F 0' (since x' H p+ 11 ? 0 from the row allowability of
H p+ ¡) so the limit of the left-hand side is also V~+1' Hence all vp have a
common value, say v. Moreover v 2: 0, v'I = 1, so v is a probability vector.

o

Definition 3.5. A sequence H k, k 2: 1, of row-allowable matrices is said to be
asymptotically homogeneous (with respect to D) if there exists a probability
vector D (i.e. D 2: 0, D'1 = 1) such that

D'Hk/D'Hk1 ~ D'.

For the sequel we shall repeatedly make the compactness assumption
(3.13) which in the present context (insofar as we consider ratios) may again
without loss of generality, be replaced by (3.14). We restate this condition
here for convenience

(C) 0-: y s min+ hiik),
i. j

max hij(k) S 1
i, j

and call it condition (C).

Lemma 3.6. Strong ergodicity of Tp, r' P 2: 0, r 2: 1, with limit vector v, and
condition (C) on the sequence Hb k 2: 1, implies asymptotic homogeneity (with
respect to v) of the sequence H b k 2: 1.

o
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PROOF: Letl¡ be the vector with unity in the ith position and zeros elsewhere.

Then

I;~,r+l _ (I;Tp,r)( Hp+r+1 ) (r .)

I;Tp,r+i1 - 1;~,r1 v'Hp+r+11 p , p, i

where p(r, p, i) is the scalar given by

p(r, p, i) = (J;Tp,r1)(v'Hp+r+ 11)/.(;Tp,r+ 11.

Multiplying (3.18) from the right by 1 yields

1 = (J;Tp, r/f;Tp, r1)(Hp+r+ 11/v'Hp+r+ 11)p(r, p, i);

and we may write

(3.18)

I;Tp, r/f;~, r1 = v' + E'(r, p, i)

where E(r, p, i) ~ 0 as r ~ 00 by strong ergodicity. By (C)

( .) r-+ cop r, p, i -- 1.
Applying this to (3.18) and using similar reasoning, as r ~ 00

v' .- v' Hp+r+ 1 /v'Hp+r+ 11 as required. o

Theorem 3.4. If all Hb k 2: 1, are irreducible,1 and condition (C) is satisfied,
then asymptotic homogeneity of Hk (with respect to a probabilty vector D)

is equivalent to

k-+coek -- e (3.19 )

where e~ is the positive left Perron-Frobenius eigenvector of Hk normed so that
it is a probability vector (e~l = 1) and e is a limit vector. In the event that
either (equivalent) condition holds, D = e? O.

PROOF: Let us assume that the prior conditions and (3.19) hold, Then since
by definition of ek,

e~ = e~Hk/e~Hk1

it follows by condition (C) that as k ~ 00

e'.- e'Hk/e'Hk1

so asymptotic homogeneity, with respect to the (necessarily probability)
vector e' obtains.

Conversely assume the prior conditions hold and Hk, k 2: 1, is asympto-
tically homogeneous with respect to a probability vector D'. Since the set of
probability vectors is closed and bounded in Rn, it contains all its limit

1 Any irreducible matrix is, clearly, allowable.
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points; let e be a limit point of a convergent subsequence ~ed of ~ekl' so

ek¡ -+ e, i -+ 00. Then

e~; = e~;Hkje~¡Hk;l' (3.20 )i ~ 1.

Now, by condition (C)

yJ k :- H k :- J b k ~ 1,
where J k is the incidence matrix of H k, and the J k are all members of the
finite set of all irreducible incidence matrices J(j), j = 1, ..., t. Further, the
set (yJ(j), J(j)) = ~T; yJ(j) :- T :- J(j)) is a closed bounded set of W2,

whence so is
i

Q = U (yJ(j), J(j))
j= 1

(which contains only irreducible matrices satisfying (C)). Hence referring to
(3.20) and taking a subsequence of ~ki)' i ~ 1, if necessary,
Hk; -+ H E Q, i -+ 00, so that

e' = e'H/e'Hl.

From asymptotic homogeneity, on the other hand

D' = D'H/D'Hl.

Since H is irreducible, it is readily seen that both e' and D' must be the
unique probability-normed left Perron-Frobenius eigenvector of H, so
D = e :; 0, and, further, the sequence ~ek) has a unique limit point D, whence~-+D=~ 0
Corollary. Under the prior conditions of Theorem 3.4, if strong ergodicity with
limit vector v holds, then (3.19) holds with e = v. (Follows from Lemma 3.6.)

Lemma 3.7. Suppose y :; 0 and the sequence ~xm)' m ~ 1, Xm :; 0 each m, are
probability vectors (i.e. y'l = x~l = 1). Then as m -+ 00

d(x~, y') -+ o~x~ -+ y' (m -+ 00).

PROOF: x~ -+ y' = d(x~, y') -+ 0 follows from the explicit form of d(', .).

Conversely suppose d(x~, y') -+ O. Writing x~ = ~xlm)), we have from the
form of d(', .) that Yi x~m)/xlm)Yj -+ 1, m -+ 00 i.e.

In (y;/xlm)) + In (x~m)/yJ -+ O.

Now, since the set of all (1 x n) probability vectors is bounded and closed,
there is a subsequence ~mk) of the integers such that x(mkl-+ z, where z,b,eing
a probability vector, has at least one positive entry, say Zio' Putting i = io
and m = mk above, it follows that for any j = 1, ..., n, x~miJ -+ Zj, and that
In (Yj/Zj) = C = const. Thus Yj = (exp C)Zj and since y' and z' are both
probability vectors, C = 0, and y = z. Hence any limit point of Xm in the

sense of pointwise convergence is y, so Xm -+ y, m -+ 00. 0
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In the following theorem we introduce a new condition, (3.21), which is
related to that of the Corollary to Theorem 3.2 and implies the same geome-
tric convergence result for weak ergodicity.

Theorem 3.5. Assume all Hb k ~ 1, are irreducible and satisfy condition (C);
and

'B(1; r) :- ß .. 1 (3.21)
for all r ~ t (for some t ~ 1), uniformly in p ~ O. Then asymptotic homogeneity
of H k,. k ~ 1, is necessary and sufficient for strong ergodicity of the Tp, r .

PROOF: (Necessity.) Given strong ergodicity and condition (C) asymptotic

homogeneity follows from Lemma 3.6. (Note that neither irreducibility nor
(3.21) are needed for this.) (Sufficiency.) We shall only prove strong ergodi-
city of Tp. r in the case p = 0 since the argument is invariant under shift of
starting point. Consider the behaviour as r -+ 00 of the probability vectors
v~ = v~/v~l where v~ = x'To, r' r ~ 1, for arbitrary fixed x = Vo ~ 0, # O.

From Theorem 3.4, ek -+ e :; 0, so, from Lemma 3.7 it follows that there is an
ro(8) ~ t such that d(e~, e') .. 8 for r ~ ro(8): consider such an r. Then taking
into account that for a ~ 0, VaH :; 0 for any k ~ t since by (3.21) To. aH :; 0,
and the properties of de, . ) (see Exercise 3.1)

d(v~+i, e') = d(v~+n e') = d(v~ T,, i' e')

:- d(v~ T,, i' e'T,, I) + d(e'T,, i' e~+ 1 T,. I) + d(e~+ 1 T,, i' e')

:- ß d(v~, e') + ß d(e', e~+¡) + d(e~+1 T,,i' e')

:- ß d(v~, e') + 8 + d(e~+ 1 T,, i' e')

the ß ( .. 1) arising from (3.21) and the definition of, B( . ). Now focussing on
the term on the extreme right, since e,+1 Hr+ 1 = e~+ 1 p(Hr+ ¡)

d(e~+1 T,, i' e') = d(e~+ 1 T,+ 1, 1-1, e')

:- d(e~+ 1 T,+ 1, 1- 10 e'T,+ 1, 1-1) + d(e'T,+ 1, 1-1, e~+ 2 T,+ 1, 1- ¡)

+ d(e~+ 2 T,+ 1, 1- 1, e')

:- 28 + d(e~+2 T,+ 1, t- 10 e');

:- 28(t - 1) + d(e~+t T,+1-1, 1, e')

:- 8(2t - 1)

since T,+1-1,1 = Hr+i' Thus from (3.21) for r ~ ro(8),

d(v~+ i' e') :- ß d(v~, e') + 2t8,

whence

d(-' ') ßS d(-' ') 2 (1 - ßS)va+(r+s)n e:- Va+rl, e + t8 1 _ ß
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so letting s ~ 00, r ~ 00 yields

lim d(v~Hn e') = 0
k-+ 00

for arbitrary a ~ O.

allowable, once we prove that ek ~ e :: 0, where ek is the probability-normed
left Perron-Frobenius eigenvalue of the primitive matrix Hk (k ~ ko), and e'
is that of H~ We have that

From Lemma 3.7 ek = ekHk/ekHkl.

lim vr = e. o

Let e* be a limit point of fekJ, so for some subsequence fk¡J of the integers
ek; ~ e*, where e* must be a probability vector (the set of (n x 1) probability

vectors is bounded and closed). Since Hk; ~ H, we have

(e*)' = (e*)'H/(e*)'Hl

lim V~Ht = e',
k-+ 00

especially for a = 0, ..., t - 1.

Hence

r-+ 00
so (e*)' is the unique probability-normed left Perron-Frobenius eigenvector,
e' (:: 0') of H. Hence ek -- e. (This part has followed the proof of Theore~3~ 0Corollary. If: (i) all Hb k ~ 1, are allowable; (ii) (3.21) holds; and (iii)

ek ~ e for some sequence of left probability eigenvectors f ekJ, k ~ 0, and
for some limit vector e' :: 0', then strong ergodicity obtains.

The following results, culminating in Theorem 3.7, seek to elucidate the
nature of the crucial assumption (3.21) be demonstrating within Theorems
3.6 and 3.7 situations which in essence imply it.

We now denote by Mi the class of non-negative matrices T such that for
some k (and hence for all larger k), Tk has its jth column positive. Clearly

n'i= 1 Mi is the set of all primitive matrices. .
We also write A ~ B for two non-negative matrices A and B if they have

the same incidence matrix, i.e. have zero elements and positive elements in
the same positions, so that the" pattern" is the same.

Theorem 3.6. If each Hb k ~ 1, is row-allowable and Hk ~ H (elementwise) as
k ~ 00, where H is primitive, then strong ergodicity obtains, and the limit
vector v' is the probability-normed left Perron-Frob en ius eigenvector of H.

PROOF: (Again we only prove ergodicity of Tp, r in the case p = 0.) Let ko be
such that for k :: ko, Hk has positive entries in at least the same positions as
H. Let jo ~ 1 be such that Hio :: 0 (recall that H is primitive). Then for
p~O,j~jo

Lemma1 3.8. If A is row-allowable and AB ~ A 
for a matrix B E Mi then A

has its jth column strictly positive.

PROOF: Since ABk ~ A for all k ~ 1, and ABk has its jth column positive for
some k, A has its jth column positive. 0

Corollary. If B is positive then A :: O.

Tp+kO,i :: 0,

Then for r ~ 2jo + ko, and p ~ 0

Tp, r = Tp, ko Tp+ko. r- io-ko Tp+r- io, io :: 0 (3.22)

since TpHo, r- io-ko ? 0, Tp+r- io, io ? 0 and Tp, ko is row-allowable. In view
of property (3.7) of i-B(-) and (3.22)

i- B(Tp, r) ~ i- B(Tp+r- io, io) (3.23)
for r~2jo+ko' Now i-B(7k.io)~i-B(Hio) as k~oo, so for k~ao,
i- B(Tk, io) ~ ß .( 1, since i- B(Hio) .( 1. Thus for r ~ 2jo + ko + ao, = t say,
from (3.23)

T. k+oo .k.i -- Hi.
Lemmii 3.9. If T; r is primitive, p ~ 0, r ~ 1, then T; r :: 0 for r ~ t where t is
the number of primitive incidence màtrices.

PROOF: For a fixed p, there are some a, b satisfying 1 ~. a .( b ~ t + 1, suchil~ .
Hp+1Hp+2'" Hp+aHp+at1 ... Hp+b ~ Hp+1Hp+2'" Hp+a

since the number of distinct primitive incidence matrices is t. Hence

T; a Tp+a, b-a ~ Tp, a'

By the Corollary to Lemma 3.8, Tp, a ? 0, so Tp, r ? 0, r ~ t. o
i-B(Tp, r) ~ ß .( 1

uniformly in p ~ O. This is condition (3.21).
The proof of sufficiency of Theorem 3.5 is now applicable in the manner

encapsuled in the Corollary to that theorem, since H ko k ~ t, are certainly

Theorem ~.7. 1fT¡ r, P ~ 0, r ~ 1, is primitive, and condition (C) holds, asymp-
totic homogeneity is necessary and suffciènt for strong ergodicity.

1 We shall use the full force of this lemma only in Chapter-4.
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PROOF: Clearly all Hk are primitive, so irreducible; and condition (C) is

satisfied. Moreover for r ;: t where t has the meaning of Lemma 3.9

1'B(Tp, ,) :s 1'B(Tp, t)

by the property (3.7) of 1'B('). From condition (C) ranalogously to (3.15),
since, by Lemma 3.9, Tp, i ? 0;

yiil' :s Tp, t :s ni-iil'.

Since 1'B(A) clearly varies continuously with A ? 0, if A varies over the

compact set yiil' :s A :s ni-iil', the sup of 1'B(A), say ß, over such A is

obtained for some A * in the set. Thus A * ? 0 and ß = l' B(A *) .. 1 whence for
all p ;: 0, r ;: t,

HE d. Then for x;: 0, =1 0, if vo(H) = x/x'i and v~(H) = x~H'/x'H'I,
d(v~(H), e'(H)) = d(x'H', e'(H)):s Kß,/i for r;: 2t, where t = n2 - 2n + 2,

K ? 0, 0 :s ß.. 1, both independent of Hand x.

PROOF: For any H E d, H' ? 0 for r;: t by Theorem 2.9, and, from condi-
tion (C),

ytl1' :s Ht :s ni- 111'.

d(v' iV).. Kß,/ir' r - , r;: 2t,

Thus for r;: t, by (3.7)

l' B(H') :s l' B(Ht) :s ß .. 1

where ß is independent of HE d being the sup of 1'B(A) as A varies over the
compact set ytll' :s A :s ni-ll1 (as in Theorem 3.7). Following Lemma 3.10,
with Wo = e(H), we have for r ;: 2t

d(x'H', e'(H)):: ß,/irp-(a/t)-l d(x'Ha+t, e'(H))

and the result follows by taking sup over

rp- (a/i)- 1 d(x' Ha+ i, e'(H))

as x' and H vary over their respective compact sets (see the proof of
Theorem 3.4), and then taking the maximum over a = 0, 1, 2, ..., t - 1.

o

1'B(Tp, ,) :s ß.. 1.

We can now invoke Theorem 3.5 to obtain the conclusion of that theorem.
o

We conclude this section by touching on some results relating to uniform
strong ergodicity.

Lemma 3.10. If all Hb k;: 1, are allowable and (3.21) obtains, then

where w~ = w~/w~i, r;: 1, with w~ = y'To, " r;: l,for arbitrary y == Wo ;: 0,

=I 0, and v~ as in the proof of Theorem 3.5, with K independent of Wo and vo.

PROOF : Writing r = a + t + st, where a = 0, ..., t - 1, s ;: 1, with a and s

depending on r (;: 2t), we have
Bibliography and Discussion to §3.3

d(v~, w~) = d(v~+ i 1;+i, st, w~+ t 1;+ t. si)

:s l' B(1;+ t, st) d(v~+ i. w~+ t)

The development of this section in large measure follows Seneta and Sheri-
dan (1981), and owes much to Golubitsky, Keeler and Rothschild (1975, §3).
Theorem 3.6 rgiven with a long direct proof as Theorem 3.5 in Seneta
(1973c);, together with Exercise 3.15, is similar in statement to a peripheral
result given by Joffe and Spitzer (1966, pp. 416-417). Lemmas 3.8 and 3.9
have their origins in the work of Sarymsakov (1953a; summary), Sarymsa-
kov and Mustafin (1957), and Wolfowitz (1963). Theorem 3.8 is akin to a
result of Buchanan and Parlett (1966); see also Seneta (1973c, §3.3).

The results of §§3.2-3.3, with the exception of Theorem 3.8, may be
regarded as attempts to generalize Theorem 1.2 (of Chapter 1) for powers of
a non-negative matrix to inhomogeneous products of non-negative matrices.

A great deal of such theory was first developed, also with the aid of
"coeffcients of ergodicity ", for the special situation where all H k are stoch-

astic, in the context of inhomogeneous Markov chains. We shall take up this.
situation in the next chapter, where, owing to the stochasticity restriction, an
easier development is possible. The presentation of the present chapter has,
however, been considerably influenced by the framework and concepts of
the stochastic situation, and the reader wil notice close parallels in the

by definition ofi Be);

:s tOi1'B(1;+kt,i)) d(va+i, Wa+i)

by (3.7);
.. ßS d(v' w') = ß,/ifß-(a/t)-l d(v' iV)~- a+t, a+t 1. a+n a+i J'

Nowrß-(a/i¡-l d(va To, a+t, wa To, a+tH for fixed a is evidently well-defined and
continuous in Va, wa (since To, a+ t ? 0) and these are probability ve~tors
thus varying over a compact set. The sup is thus attained and finite; and the
final result follows by taking the maximum over a = 0, ..., t - 1. 0

Theorem 3.8. Suppose d is any set of primitive matrices satisfying condition
(C). Suppose e'(H) is the left probabilty Perron-Frobenius eigenvector of
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development of the theory. Theorem 3.8 touches marginally on the concept
of "ergodic sets": see Hajnal (1976).

In relation to the demographic setting discussed following §3.2, as already
noted, the property of strong ergodicity for forward products relates to the
situation where the common age structure after a long time k (" weak ergodi-
city") will tend to remain constant as k increases.

EXERCISES ON §3.3

3.12. Show that Ui=l Mj = Gi, the class of (n x n) nonnegative matrices whose
index set contains a single essential class of indices, which is aperiodic. (Recall
that M j is that class of (n x n) non-negative matrices T such that, for some k, Tk
has its jth column positive.)

3.13. Show that if T is scrambling (Definition 3.2), then T E G 1 (as defined in Exer-

cise 3.12). Construct an example to show that aTE G 1 is not necessarily
scrambling.

3.14. By generalizing the proof of sufficiency for (the Corollary of) Theorem 3.5 by
leaving 'B(T,, ,) in place of ß, show that if:

(i) all Hb k ¿ 1, are allowable and Tp.r;: 0 for all r ¿ t (for some t ¿ 1);
s- 1 s- 1

(ii) L n 'B(TpH,. ,) .. L .. 00
j=l k=s-j

uniformly for all s ¿ 2 and p ¿ 0; and
k~oo

(iii) ek ~ e for some sequence of left probability eigenvectors reÍcJ, k ¿ 0,

and for some limit vector e' ;: 0,
then strong ergocicity obtains. (Seneta & Sheridan, 1981)

3.15. Taking note of the technique of Lemma 3.10, show that under the conditions of
the Corollary to Theorem 3.5 (and hence certainly under the conditions of
Theorem 3.5),

d(v~, e') -- 0

uniformly with respect to Va == x ¿ 0, f O.

3.4 Birkhofls Contraction Coeffcient:

Derivation of Explicit Form

In this section we show that if d(x', y') is the projective distance between
x' = tx¡J, y' = ty¡J ~ 0', i.e.

d(x', y') = max In (XiYj),
i,j XjYi

lI
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then for an allowable T = ttijl

(T)~ d(x'T, y'T)_ j1 - (cp(T)J/21r8 - z~~~o d(x',y') -\1+(cp(T)J/2j

Z"'Ày

where

cp(T) = min tiktj!
i,j, k,! tjktil

if T ~ 0;

=0 if T :l O.

To this end we first define two auxiliary quantities, max (x, y), min (x, y).
For any

x=tXilERn, y=ty¡J~O, 10,

(x) (Xi) . (x) . (Xi)max y = m~x Yi' mm Y = mim Yi

where (X¡jYi) = 00 if for some i, Xi ~ 0 and Yi = 0; and (XJyi) = - 00 if for

some i, Xi .. 0 and Yi = 0; (0/0) = O.
The following results list certain properties of max (., .), 'and min (., .)

necessary for the sequel and serve also to introduce the quantities osc (x/y)

and e(x, y).

Lemma 3.11.

(i) max ((x + y)/z) ~ max (x/z) + max (y/z)
min ((x + y)/z) ~ min (x/z) + min (y/z)

for any x, y ERn; Z ~ 0, 10.
(ii) max (-x/y) = -min (x/y)

min( -x/y) = -max (x/y)
for any x ERn; Y ~ 0, 10.

(iii) min (x/y) ~ max (x/y), x ERn; Y ~ 0, 10
o ~ min (x/y) ~ max (x/y), x ~ 0; y ~ 0; 10.

(iv) If osc (x/y) = max (x/y) - min (x/y), x ERn; Y ~ 0, 10 (this is well-
defined since max (x, y) ~ - 00 and min (x, y) .. (0), then
00 ~ osc (x/y) ~ 0, and osc (x/y) = 0 if and only if: x = cy for some

c E R, and in the case c 1 0, y ~ o.
(v) max (O'x/ry) = (O'/r) max (x/y),

min (O'x/ry) = (O'/r) min (x/y)
x E Rn ; y ~ 0, # 0; r ~ 0, 0' ~ O.

(vi) max ((x + cy)/y) = max (x/y) + c,
min ((x + cy)/y) = min (x/y) +c
osc ((x + cy)/y) = osc (x/y),
x E Rn; y ~ 0, 1 0; C E R.

(vii) max (x/y) = (min (y/x)r 1, x, y ~ 0, 10.
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(viii) If x, y, Z:: 0, =1 0, then

max (x/y) ~ max (x/z) . max (z/y),
min (x/y) :: min (x/z) . min (z/y).

(ix) max (x/(x + y)) = max (x/y)/(1 + max (x/y)) ~ 1,
min (x/(x + y)) = min (x/y)/(1 + min (x/y)) ~ 1,
x, y :: 0, =1 O.

PROOF: Exercise 3.16. o

by Lemma 3.11(vi);

= ((osc (x'/y') + 210) . max ((x'A - (min (x'/y') - e) . y'A)/
(osc (x'/y') + 210) . y'A) - ((osc (x'/y') + 210)

. min ((x'A - (min (x'/y') - e) . y'A)/(osc (x'/y') + 2e)y'A)

by Lemma 3.11(v);

= (osc (x'/y') + 2e)tmax (Z'iA/z~A)!(1 + max (z'iA/z~A))
- min (z'i A/z~ A )/(1 + min (z'i A/Z'2 Am

by Lemma 3.11(ix);

= (osc (x'/y') + 2e)fmax (z'i A/z~ A)/(1 + max (z'i A/z~ A))
- (1/(1 + max (z~ A/z'i A)))

by Lemma 3.11(vii);

= (osc (x'/y') + 2e)w(z'iA, z~A). o

Lemma 3.12. Let x, y :: 0 and define for such x,y

8(x, y) = max (x/y)/min (x/y)

(this is well-defined, since the denominator is finite). Then

(i) 8(rxx, ßy) = 8(x, y), rx, ß :; 0;

(ii) 8(x, y) = 8(y, x);
(iii) 00:: 8(x, y):: 1, and 8(x, y) = 1 ifand only ifx = cy :; Of 

or some c:; 0;

(iv) 8(x, z) ~ 8(x, y)8(y, z) if z :: 0, =1 O.

PROOF: (i) follows from Lemma 3.11(v). Lemma 3.11(vii) yields 8(x, y) =
max (x/y) max (y/x), = 8(y/x), which gives (ii). (iii) follows from Lemma
3.11(iii). (iv) follows from Lemma 3.11(viii). 0

The purpose of Lemma 3.13 was to establish a relation between osc (x'/y')
and osc (x'A/y'A), which leads to the inequality in Theorem 3.9.

Theorem 3.9. For x =1 0 and y :; 0, such that 0 -: osc (x/y), and A such that
z:;O=z'A:;O'

Lemma 3.13. Suppose A is a matrix such that z :; 0 = z' A :; 0'. Assume
x ERn, y:; 0 and 0 ~ osc (x/y) -: 00. Then for any 10 :; 0,

osc (x'A/y'A) = (osc (x'/y') + 2e)w(z'iA, z~A)

zi + Z2 = y(osc (x/y) + 210).

osc (x'A/y'A)/osc (x'/y') ~ (8i/2(A) - 1)/(8i/2(A) + 1)

where 8(A) = sup 8(w'A, z'A), and this sup is over w, Z :; O. (N.R. If
8(A) = 00, the right-hand side is to be interpreted as unity.)

PROOF: Since both max (w'A/z'A), max (z'A/w' A) :; 0 (and necessarily finite)

(' ') max (w'A/z'A)' max (z'A/w'A) - 1w w A, z A =
(max (w'A/z'A)' max (z'A/w'A)

+ max (z'A/w'A) + max (w'A/z'A) + 1)

(from the definition of w(', .))

max (w'A/z'A). max (z'A/w'A) - 1
-:
- (max (w'A/z'A). max (z'A/w'A)

+ 2fmax (z'A/w'A)' max (w'A/z'A)P/2 + 1)

since if a, b :: 0, a2 + b2 :: 2ab :: 0, and the numerator is 2: 0 by Lemma
3.11(iii) and (vii);

where for w, z :; 0

max (w/z). max (z/w) - 1
w(w, z) = (max (w/z) + 1) . (max (z/w) + 1);

Zi = x - (min (x/y) - e)y :; 0,

Z2 = (max (x/y) + e)y - X :; 0,

so that

(N.R. We are adopting, for notational convenience, the convention that for
any x, YERn, and eachf,f(x, y) = f(x', y').)

PROOF:
osc (x'A/y'A) = max (x'A/y'A) - min (x'A/y'A)

= fmax ((x'A - (min (x'/y') - e) . y'A)jy'A) + min (x'/y') - 101
- fmin ((x'A - (min (x'/y') - e)' y'A)/y'A) + min (x'/y') - 101

( (W'A) (Z'A) (I(f (W'A) (Z'A))i/2 (2
= max z'A . max w'A - If max z'A max w'A + If

= (8(;::) - iJ/(8i/2(;::) + if
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by Lemma 3.1l(vii) and the definition of e(', .);

= te1/2(W'A/z'A) - 1Vte1/2(W'A/z'A) + lJ

Hence by Lemma 3.13, since (ix - 1)/(1x + 1) is increasing with ix ~ 0,

osc (x'A/y'A)/(osc (x'/y') + 28) ~ te1/2(A) - 1Me1/2(A) + lJ

and if T is column-allowable but not row-allowable,

Letting 8 -- 0 + yields the result. o

e(T) = 00

if and only if there is a row containing both zero and positive elements. 
1

PROOF: Suppose T ~ 0, w, Z ~ O. Then

w'Tlk /W'Tfi = w'Tlk . z'Tfi
z'T/, z'Tfi w'Tfi . z'Tlk

-: liTlk . liTfi- m~x I;Tfi m:x liTlk

by the Corollary to Lemma 3.14;

Since it is seen without difficulty (Exercise 3.17), that for an (n x n) matrix
A, z ~ 0 = z' A ~ 0, if and only if A is non-negative and column-allowable,
we henceforth use the usual notation for an (n x n) non-negative matrix,
T = ttijJ'

(X'Tlk) (/;Tlk)sup -- = max -- .
..;00, *0 x Tfi i liTfi

PROOF: Write x = tx¡J = Li Xi ¡;. Then

(X'Tj,) ( n I h )sup 'T: = sup LxJiTlk LxJ;Tfl.
..;00. to X JI ..;00. *0 i=l i=l

= max (tik) . max (tji)
i til j tjk

(t'k t'i)

=max ~
,. t,i t'ki. J i J

(t'k t '1)

-: max ~
- i, j, k, I til tjk

( tioko tjOlo)tiolo tjoko

Lemma 3.14. If T ~ 0, and ¡; denoted the vector with the ith of its n entries
unity, and the others zero, then, for all k, 1 = 1, ..., n

Assume without loss of generality that for some io, Jo, ko, 10,
Hence

1'1 TIJl'l Tfi ?Ií TIJlí Tfi? ... ?/~TIJ/~Tk
Now, if a, b, c, d ~ 0, then a/b? c/d.ça/b ? (a + c)/(b + d), applying
which to the immediately preceding (from the right) yields for any x ? 0,
#0

e(T) = sup m~xk (w7Idz?ld :: (tiokotjOIO).
w, z,.o mmi (w Tfi/z Tfi) tiolotjoko

On the other hand

I' Tj, n / n~? L x¡j;Tlk L x¡j;TfiI1Tfi i=l i=l
with equality in the case x = 11' which is as asserted. o

e(T) ~ w'Tlko / w'Tfio
- z'Tlko z'Tfio

where w = tWiJ ~ 0 with Wio = (1 - 15), 15 ~ 0, w'l = 1 and z = tzJ ~ 0 with

Zjo = (1 - 15), 15 ~ 0, z'l = 1; and letting 15 __ 0+ yields the required result
thatCorollary. If T ~ 0,

(X'Tlk) (liTlk)sup --f = m~x I~T'I" .
..,.0 x T i , i JI

e(T) = (tioko tjolo/tiolo tjoko)'

If T has a row containing both positive and zero elements then for some J,

tjk = 0, tjh ~ 0 for some k, h. Choose w = tw¡J ~ 0 so that wj = (1 - 15),
15 ~ 0, w'l = 1, and z = 1. ThenTheorem 3.10. For the possible cases of column-allowable T:

(t'kt'/)
e( T) = max ~ if T ~ 0,

i, j, k, i tii tjk (W'T) 15 ", t'k
O-:min - -: L.i, -:15
- z'T - Li tik -

= 00 if T 'f 0, T allowable; 1 What happens when this fails is treated at the conclusion of the proof.
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and

(W'T) (Li WJiS) (1 - c5)tjh
max - = max /z'T s Li tis - Li tih

so 8(w'T, z'T) ~ (1 - c5)tjhjc5, and the result follows by letting 15 ~O+.
The only case remaining is where all rows are either zero or strictly

positive, and there is at least one of each. Then call the m x n matrix
(1 :s m ~ n) formed from T by deleting the zero rows A = faiJ By a preced-
ing sequence of arguments

8(T) = .max (aikaji).
'.). k. I ailajk

o

Theorem 3.11. If T is column-allowable

sup osc (x'Tjy'T)josc (x'jy') = (81/2(T) - 1)j(81/2(T) + 1)

where the sup is over x /0, Y / 0 such that x ¥- cy. (Interpret the right hand

side as 1 if 8(T) = 00.)

PROOF: Since osc (xjy) = 0 if and only if x = cy (Lemma 3.11), we have
osc (xjy) /0 and are within the framework of 

Theorem 3.9. If8(T) = 1, from
Theorem 3.10 all rows of T are non-negative multiples of a single positive
row, and so osc (x'Tjy'T) = 0 for all x, y / 0 (Lemma 3.12) and the proposi-
tion is established for this case. If 8(T) = 00, by Theorem 3.10 T has a row,
say thejth, containing both positive and zero elements, and by Theorem 3.9

osc (x'Tjy'T)josc (x'jy') :s 1

x, y / 0, W i= cz. Suppose tjk = 0 and tjh / O. Choose y = Àfj + 1, À / 0, and
x=l-fj.

Then osc (x'jy') = 1, while

osc (x'Tjy'T) ~ (;:Z:) - (;:~)

( Lstj tsk ) ( Lstj tsh )= (Àtjk + Ls tsk) - (Àtjh + Ls tsh)

and, since

L tsk = L tsk / 0,st j s
_ 1 _ ( Lstj tsh )
- ((1 + À)tjh + Lstj tshl

and letting À ~ 00 yields the result. In this argument x "f 0, but an approxi-
mating argument (use x = 1 - (1 - c5)Jj) will yield the result required.

We now turn to the remaining case 1 ~ 8(T) ~ 00, and suppose first (see
Theorem 3.10) that T / O. Choose i: / 0 small enough so that 81/2(T) x
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(1 - i:) / 1. From Theorem 3.10, putting S = maXi (I; TJ¡) I; Tfi) and
1= minj (Ii Tld Ii Tfi), it follows that 8(T) = maxk, I SjI, so there exist k, 1
such that SjI / 8(T)(1 - i:)2, and we henceforth consider k and i fixed at

these values. We can now find a 15 /0 such that

(S - c5)j(I + 15) / 8(T)(1 - i:)2 / 1.

Let

M = U;: (I;Tldl;Tfi) / S - 15) ( i= cp)

m = rfj: (liTldliTfi) ~ I + 15) ( =1 cp).

Clearly M (ì m = cp, since (S - c5)j(I + 15) / 1. Put F = U? = 1 /;,
N = F - m and Ñ = F - m - M = N - M; and if B c: F and x = rx;) / 0,
then

XB = LXi/;'
fiEB

Take, along the lines of the preceding argument

y=Àlm+ IM+r¡IÑ
x = YN = 1M + r¡IÑ

(while y /0, x has some zero elements). Then osc (x'jy') = 1, and we need
focus only on osc (x'Tjy'T):

osc (x' Tjy'T) ~ (x'TJ¡jy'Tlk) - (x'Tfijy'Tfi)

= (YÍv TJ¡jy'T fi,) - (YÍv Tfijy'Tfi)

from the choice of x.
Now

(y;" TIJy;" Tfi = (1;" Tlkjl;" Tfi) ~ I + 15,

(yM TldYM Tfi) = (1M TldlM Tfi) / S - 15

since e.g. if ajb, cjd / IX for a, b, c, d, IX /0, then (a + c)j(b + d) / ix. Hence,
since N = M u Ñ, M (ì Ñ = cp

(YÍv TldyÍv Tfi = ((yM Tj; + YR Tlk)j(y~f Tfi + YR Tfi))

= ((1M Tj; + r¡IR Tlk)j(IMTfi + r¡IR Tfi));

/S-c5
if r¡ is chosen suffciently small, and then fixed. Thus if we put
t = y;" TfijyÍv Tfi, t = y;" Tj;jyÍv Tlb then

tjt / (S - c5)j(I + 15)

/ 8(T)(1 - i:Y.
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Now, since F = N u m and N n m = cj, and N ;2 M =F cj, m =F cj,

(vN Tfk/y'Tfk) - (vN Tfi/y'Tfi)

= !YN T fk/(vN Tfk + y;" Tfk)) - !YN Tfi/(vN Tfi + y;" Tfi))

= (1 + tt 1 - (1 + tt 1

? (1 + tr1 - (1 + te(T)(I- e)2r1

in view of the inequality for tIt;

_ (e(T)(1 - e)2 - 1)
- (1 + t)(t-1 + e(T)(1 - e)2)

after simplification.
Further,

t = y;" Tfk/(vN Tfk) = y;" Tfk/(vM Tfk + yf¡ Tfk)

= Àl;" Tfk/(l'M Tfk + 171f¡ Tfk)

so, (17 now being fixed) À ? 0 can still be chosen so that t = (e1/2(T) x
(1 - e)l - 1, and then fixed. From the above, for these choices of íl, 17,

osc (x'T/y'T) ~ (vNTfk/y'T fk) - (vNTfiy'Tfi)

? (1- t)/(t + 1) = (t-1 - 1)/(t-1 + 1)
e1/2(T)(1 - e) - 1

e1/2(T)(1 - e) + 1 .

If we now replace x by x + yon the left and use Lemma 3.1l(vi), we see
that

je1/2(T)(1 - e) - 1 \
sup osc (x' T/y' T) ? le1/2(T)(1 _ e) + if

x, y;;O
x;lcy

and letting e ~ 0 +, together with Theorem 3.9 yields the final result.
The remaining case for the theorem in that where T has only strictly

positive and strictly zero rows, and at least one of each. This is tantamount
to treating a rectangular matrix A ? 0 as in Theorem 3.10, and is analogousto the treatment for T? O. D

The following result finally yields the explicit form for TB(T).

Theorem 3.12. If T is column-allowable,

ii d(x'T, y'T)_ fl - cjl/2(T)1TB(T) - x~~lo d(x', y') - II + cjl/2(T)f

X*ÀY

where cj(T) = e-1(T), e(T) having the value specifed by Theorem 3.10.
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PROOF: For any c ? 0, since x =F Ày, x + cy =F Ày, so

d((x + cy)'T, y'T)/d((x + cy)', y') ~ TB(T).

Since the numerator of the left-hand side is

i (max ((x + CY)'T/y'T))n min ((x + cy)'T/y'T) ,

by Lemma 3.1l(vi);
(max (x'T/y'T) + C)

= In
min (x'T/y'T) + c

= In (1 + c- 1 max (x'T/y'T))

-In (1 + c-1 min (x'T/y'T)),

and similarly for the denominator, it follows by letting c ~ 00 that

osc (x'T/y'T) = I' d((x + cy)'T, y'T) ~ (T) (324)
(") 1m d(( )") T B, .OSC x, y c-oo x + cy , Y -

Next, we note from Theorem 3.9 that

(max (x'T/y'T) - min (x'T/y'T)l ~ O'(THmax (x'/y') - min (x'/y')l
where we have put, for convenience, O'(T) = (1 - cjl/2(T))/(1 + cjl/2(T));
that is (by Lemma 3.1l(vii))

max (v'T/x'T) - min (v'T/x'T) jmax (v'/x') - min (v'/x')\
max (v'T/x' T) min (v'T/x'T) ~ O'(T)\ max (v'/x') min (v'/x') l

Replacing y by ky + x, k ? 0, and using Lemma 3.1l(vi) and (v)

max (v'T/x'T) - min (v'T/x'T)

(1 + k max (v'T/x'T))1 + k min (v'T/x'T))

T j max (v'/x') - min (v'/x') \~ 0'( )\(1 + k max (v'/x'))1 + k min (v'/x'))l

Integrating both sides in the interval (0, c), c ? 0, over k, we obtain

In (1 + c max (v'T/x'T)) - In ((1 + c min (v'T/x'T))

~ O'(T) pn (1 + c max (y'/x')) - In (1 + c min (v'/x'))

i.e.

In HI + c max (v'T/x'T))/(1 + c m~n (v'T/x'T)) ~ O'(T)

In HI + c max (v'/x'))/(1 + c mm (v'/x'))

and letting c ~ 00 yields for x, y ? 0, x =F Ày, that

d(v'T, x'T)/d(v', x') ~ O'(T)

so that

TB(T) ~ O'(T).
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so the required follows.

To conclude this section we consider the important case where T = P'
where P is stochastic (so I'T = I' and T is certainly column allowable). This
relates directly to the spectrum localization results mentioned in the Biblio-
graphy and Discussion §2.5 in relating LB(T) and Li(T) for a non-negative
irreducible T, and, not surprisingly, relates to Theorem 3.1.

Theorem 3.13. If P = fpijJ is a stochastic matrix, then LB(P') ~ Li(P) where
Li(P) = ~ maxi,i I:=i IPiS - Pis I. In particular, if P is stochastic and allow-
able, then

D

since PI = I, by Lemma 3.11(v) and (vi), noting that for small b? 0,
x(b) = bl + (1 - b)ls ? 0, x(b) =1 À,1. Thus (3.25) is established.

The remaining portion öf the theorem follows from the fact that for
allowable P, LB(P) = LB(P') (Exercise 3.3). 0

But, from (3.24) and Theorem 3.9

(j(T) ~ LB(T)

Bibliography and Discussion to §3.4

LB(P) ~ Li(P),

PROOF. For x, y ? 0, x =1 À,y, by Theorem 3.9 and Theorem 3.12,

LB(P') ~ osc (x'P'/y'P')/osc (x'/y')

and in particular if y = I, for x ? 0, x =1 À,I

L (P')? osc (Px/I) = (max (Px/I) - min (PX/I))B - osc (x/I) max (x/I) - min (x/I)

Now, Theorem 3.1 states that certainly the right-hand side is always
~ Li(P), We need to tighten this result by proving

osc (Px/I)Li (P) = sup ( /1) (3.25)
",-,0 osc x
"'*;.1

We shall suppose Li(P)? 0; otherwise the theorem is already established.
Suppose io, jo are such that

1 n
Li(P) ="2 srilPias - Piasl

= I (Pias - Pias)
SES

The development of this section follows Bauer (1965) up to and including
Theorem 3.9. The proof of Theorem 3.11 is essentially due to Hopf (1963).
The arguments leading to the two inequalities which comprise the proof of
Theorem 3.12 are respectively due to Ostrowski (1964) and Bushell (1973).
Theorem 3.13, as already noted in the Bibliography and Discussion to §2.5, is
due to Bauer, Deutsch and Stoer (1969). The evaluation ofLB(T) was first
carried out in a more abstract setting by Birkhoff (1957) (see also Birkhoff

(1967)), whose proof relies heavily on projective geometry. The paper of
Hopf (1963) was apparently written without knowledge of Birkhoff's earlier
work. The section as a whole is based on the synthesis of Sheridan (1979,
Chapter 2) of the various approaches from the various settings, carried out
by her for the case when T is allowable.

where S = fs; Pios - Pias ? OJ =1 cj and is a proper subset of fl, 2, ..., nJ. Let
x = Is; then

EXERCISES ON §3.4

3.16. Prove Lemma 3.11.

3.17. Suppose A is an (n x n) real matrix. Show that
(i) z' ~ 0', =1 0' ~ z' A ~ 0', =1 0' if and only if A is non-negative and

row-allowable;
(ii) z' ? 0' ~ z' A ? 0' if and only if A is non-negative and column-allowable.

3.18. In view of Lemmas 3.11 and 3.12, and Exercise 3.1 7(i), attempt to develop the
subsequent theory for row-allowable T, taking, for example, "sup" directly
over x, y ~ 0, =1 0 etc.

3.19. Suppose A = raijl ~ 0 is (m x n) and column-allowable. Define 8(A) as in
Theorem 3.9. Evaluate 8(A) as in Theorem 3.10, and investigate in general how
far the theory of this section and §§3.1-3.2 can be developed for such rectangu-
lar A.

Li (P) = raPls - ¡laPIs

osc (PIs/PI)..
- osc (Is/I)

_ osc fP(bl + (1 - b)ls)/PIJ
- osc UbI + (1 - b)ls)/IJ



CHAPTER 4

Markov Chains and Finite
Stochastic Matrices

Certain aspects of the theory of non-negative matrices are particularly im-
portant in connection with that class of simple stochastic processes known
as Markov chains. The theory of finite Markov chains in part provides a
useful illustration of the more widely applicable theory developed hitherto;
and some of the theory of countable Markov chains, once developed, can be
used as a starting point, as regards ideas, towards an analytical theory of
infinite non-negative matrices (as we shall eventually do) which can then be
developed without reference to probability notions.

In this chapter, after the introductory concepts, we shall confine ourselves
to finite Markov chains, which is virtually tantamount to a study from a
certain viewpoint of finite stochastic matrices. We have encountered the
notion of a stochastic matrix, central in the subject-matter of this book, as
early as §2.5. A number of the ideas on inhomogeneous products of finite
non-negative matrices developed in Chapter 3 wil also playa prominent
role in the context of stochastic matrices. In the next chapter we shall pass to
the study of countable Markov chains, which is thus tantamount to a study
of stochastic matrices with countable index set, which of course wil subsume
the finite index set case. Thus this chapter in effect concludes an examination
of finite non-negative matrices, and the next initiates our study ofthe count-
able case.

We are aware that the general reader may not be acquainted with the
simple probabilistic concepts used to initiate the notions of these two chap-
ters. Nevertheless, since much of the content of this chapter and the next is
merely a study óf the behaviour of stochastic matrices, we would encourage
him to persist if he is interested in this last, skipping the probabilistic pas-
sages. Chapters 5 and 6 are almost free of probabilistic notions.

Nevertheless, Chapters 4 to 6 are largely intended as an analytical/matrix
treatment of the theory of Markov chains, in accordance with the title of this
book.
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4.1 Markov Chains

Informally, Markov chains (MCs) serve as theoretical models for describing
a "system" which can be in various" states ", the fixed set of possible states
being countable (i.e. finite, or denumerably infinite). The system" jumps" at
unit time intervals from one state to another, and the probabilistic law

according to which jumps occur is

"If the system is in the ith state at time k - 1, the next jump will take it to
the jth state with probability Pij(k )."

The set of transition probabilities PiAk) is prescribed for all i, j, k and deter-
mines the probabilistic behavior of the system, once it is known how it starts
off" at time 0".

A more formal description is as follows. We are given a countable set
!/ = tSh S2, "'J or, sometimes, more conveniently tso, Sh S2, ...J which is
known as the state space, and a sequence of random variables tX kJ, k = 0, 1,
2, ... taking values in!/, and having the following probability property: if XO,
Xh ..., XH 1 are elements of !/, then

P(Xk+1 = Xk+11Xk = Xk, Xk-1 = Xk-1, ..., Xo = xo)

= P(X H 1 = XH 11 X k = Xk)

if P(Xk = Xb ..., Xo = xo)? 0

(if P(B) = 0, P(A I B) is undefined).
This property which expresses, roughly, that future probabilistic evolu-

tion of the process is determined once the immediate past is known, is the
Markov property, and the stochastic process fX kJ possessing it is called a
Markov chain.

Moreover, we call the probability

P(XH1 = SjlXk = sd
the transition probability from state Si to state Sj, and write it succinctly as

piAk + 1), Si, Sj E !/, k = 0, 1,2, ...

Now consider

P(Xo = Sio' Xl = Sip ..., Xk = Si.J
Either this is positive, in which case, by repeated use of the Markov property
and conditional probabilities it is in fact

P(Xk = Sikl Xk-1 = Sik_iJ ... P(X 1 = SiiiXo = SioJP(XO = SioJ

= Pik- ¡, ik(k)Pik-i. ik_i(k - 1) ... Pio. dl )TIio

where TIio = P(X 0 = SioJ

or it is zero, in which case for some 0 S; r S; k (and we take such minimal r)

P(X 0 = Sio' Xl = Sii' ..., Xr = Sd = o.
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Considering the cases r = 0 and r ;: 0 separately, we see (repeating the
above argument), that it is nevertheless true that

P(Xo = Sio' Xi = Sii' ..., Xk = SiJ = IIioPio,il(I) ... Pik_i,dk)

since the product of the first r + 1 elements on the right is zero. Thus we see
that the probability structure of any finite sequence of outcomes is com-

pletely defined by a knowledge of the non-negative quantities

pij(k); Si, Sj E 5/, IIi; Si E 5/.

The set tIIJ of probabilities is called the initial probability distribution of the
chain. We consider these quantities as specified, and denote the row vector
of the initial distribution by IIo.

Now, for fixed k = 1, 2, ... the matrix

Pk = tpij(k)j, Si, Sj E 5/

is called the transition matrix of the MC at time k. It is clearly a square
matrix with non-negative elements, and wil be doubly infinite if 5/ is
denumerably infinite.

Moreover, its row sums (understood in the limiting sense in the
denumerably infinite case) are unity, for

L pij(k) = L P(Xk = sjlXk-i = sajEY' jEY'

and write

II~ = no To, k .

(We digress for a moment to stress that, even in the case of infinite
transition matrices, the above products are well defined by the natural exten-
sion of the rule of matrix multiplication, and are themselves stochastic. For:
let

Pa = tPij(ct)j and Pß = tpiAß)j

be two infinite stochastic matrices defined on the index set U, 2, .. 'J. Define
their product PaP ß as the matrix with i, j entry given by the (non-negative)
number:

00

L Pik(ct)PkAß).
k= i

This sum converges, since the summands are non-negative, and

00 00
L Pik(ct)pdß) s L Pik(ct) s 1k=i k=i

since probabilities always take on values between 0 and 1. Further the ith
row sum of the new matrix is

= P(Xk E 5/IXk-i = sa

by the addition of probabilities of disjoint sets;

= 1.
jri kr/ik(ct)Pkj(ß) = kr/ik(ct)Cr/kAß))

Thus the matrix Pk is stochastic.

00

= L Pik(ct) = 1
k= i

Definition 4.1. If P i = P 2 = . .. = P k = . .. the Markov chain is said to have
stationary transition probabilities or is said to be homogeneous. Otherwise it
is non-homogeneous (or: inhomogeneous).

In the homogeneous case we shall refer to the common transition matrix
as the transition matrix, and denote it by P.

by stochasticity of both P a and P ß' (The interchange of summations i~
justified by the non-negativity of the summands.))

It is also easily seen that for k ;: P

Tp. r = Pp+ iPp+2 ... Pp+r

n~ = n~ Tp,k-p'

We are now in a position to see why the theory of homogeneous chains is
substantially simpler than that of non-homogeneous ones: for then

T k=pkp,

so we have only to deal with powers of the common transition matrix P, and
further, 'the probabilistic evolution is homogeneous in reference to any initial
time point p.

In the remaining section of this chapter we assume that we are dealing with
finite (n x n) matrices as before, so that the index set is t 1, 2, . . ., n J as before
(or perhaps, more conveniently, to, 1, ..., n - In.

Let us denote by n~ the row vector of the probability distribution of X k;
then it is easily seen from the expression for a single finite sequence of

outcomes in terms of transition and initial probabilities that

n~=nOPi"'Pk

by summing (possibly in the limiting sense) over all sample paths for any
fied state at time k. In keeping with the notation of Chapter 3, we might

now adopt the notation
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(1) Bernoull scheme. Consider a sequence of independent trials in each of
which a certain event has fixed probability, p, of occurring (this outcome
being called a" success") and therefore a probability q = 1 - p of not occur-

ring (this outcome being called a" failure "). We can in the usual way equate
success with the number 1 and failure with the number 0; then !: = lO, 1),
and the transition matrix at any time k is

P = l: ~ J

so that we have here a homogeneous 2-state Markov chain. Notice that here
the rows of the transition matrix are identical, which must in fact be so for
any" Markov chain" where the random variables lX k) are independent.

(2) Random walk between two barriers. A particle may be at any of 

the points

0, 1, 2, 3, . .., s (s 2' 1) on the x-axis. If it reaches point 0 it remains there with
probability a and is reflected with probability 1 - a to state 1; if it reaches
point s it remains there with probability b and is reflected to point s - 1 with
probability 1 - b. If at any instant the particle is at position i, 1 :: i :: s - 1,
then at the next time instant it wil be at position i + 1 with probability p, or

at i - 1 with probability q = 1 - p.

It is again easy to see that we have here a homogeneous Markov chain on
the finite state set !: = lO, 1, 2, ..., s) with transition matrix

We have here a homogeneous Markov chain on the state set !: =lO, 1,2,

...) describing the movement of the age of the system. The transition matrix
is then tht denumerably infinite one:

Examples

Ii 1 - Ii 0 0 0

I2
0

1-Ii-I2
0 0

1 - Ii 1 - Ii

I3
0 0

1 - Ii - I2 - I3 0 . . .
1-Ii-I2 1-Ii-I2

It is customary to specify only that ¿~ i J; :: 1, thus allowing for the
possibility of an infinite lifetime.

(5) Pólya Urn scheme. Imagine we have a white and b black balls in an urn.
Let a + b = N. We draw a ball at random and before drawing the next ball
we replace the one drawn, adding also s balls of the same colour.

Let us say that after r drawings the system is in state i, i = 0, 1, 2, . . . if i is
the number of white balls obtained in the r drawings. Suppose we are in state
i (:: r) after drawing number r. Thus r - i black balls have been drawn to
date, and the number of white balls in the urn is a + is, and the number of
black is b + (r - i)s. Then at the next drawing we have movement to state
i + 1 with probability

a 1-a 0 0 ... 0 0 0 0

q 0 p 0 ... 0 0 0 0

P= 10 q o p ... o 0 0 o \; p + q = 1, 0.: p .: 1.

0 0 o 0 ... 0 q 0 p

0 0 o 0 ... o 0 1 - b b

a + isp, '+1(r+ 1)=-I,! N + rs

and to state i with probability

If a = 0, 0 is a reflecting barrier, if a = 1 it is an absorbing barrier, other-
wise i.e. if 0 .: a .: 1 it is an elastic barrier; and similarly for state s.

(3) Random walk unrestricted to the right. The situation is as above, except
that there is no "barrier" on the right, i.e. !: = lO, 1,2,3, ...) is denumerably
infinite, and so is the transition matrix P.

(4) Recurrent event. Consider a "recurrent event", described as follows. A
system has a variable lifetime, whose length (measured in discrete units) has
probability distribution lJ;), i = 1,2, .... When the system reaches ag~ i 2' 1,
it either continues to age, or "dies" and starts afresh from age 0: The
movement of the system if its age is i - 1 units, i 2' 2 is thus to i, with
(conditional) probabilty (1 ~ Ii - ... - J;)/(1 - fi - .., - J;- ¡) or to age 0,
with probability J;/(1 - fi - ... - J;-i)' At age i = 0, it either reaches age 1

with probability 1 - fi, or dies with probability fi.

b + (r - i)s
p. .(r + 1) = = 1 - p. '+ i(r + 1).I,! H + rs 1,1

Thus we have here a non-homogeneous Markov chain (if s ? 0) with tran-
sition matrix Pk at "time" k == r + 1 2' 1 specified by

a + is
pij(k) = N+ (k-1)s'

_ b + (k - 1 - i)s
- N + (k - l)s '

j=i+1

j = i

= otherwise,

where !: = lO, 1, 2, .. .).
N.H. This example is given here because it is a good ilustration of a

non-homogeneous chain; the non-homogeneity clearly occurring because of
the addition of s balls of colour like the one drawn at each stage. Never-
theless, the reader should be careful to note that this example does not fit
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into the framework in which we have chosen to work in this chapter, since
the matrix Pk is really rectangular, viz. k x (k + 1) in this case, a situation
which can occur with non-homogeneous chains, but which we omit from
further theoretical consideration. Extension in both directions to make each
Pk doubly infinite corresponding to the index set rO, 1, 2, ...J is not neces-
sarily a good idea, since matrix dimensions are equalized at the cost of zero
rows (beyond the (k - 1)th) thus destroying stochasticity.

Definition 4.2. Any initial probability distribution lIo is said to be stationary,
if

lIo = Ilk, k = 1, 2, ...;

and a Markov chain with such an initial distribution is itself said to be
stationary.

4.2 Finite Homogeneous Markov Chains
Theorem 4.1. An irreducible M C has a unique stationary distribution given by
the solution v of V'p = v', v'I = 1.

Within this section we are in the framework of the bulk ofthe matrix theory
developed hitherto.

It is customary in Markov chain theory to classify states and chains of
various kinds. In this respect we shall remain totally consistent with the
classification of Chapter 1.

Thus a chain wil be said to be irreducible, and, further, primitive or cyclic

(imprimitive) according to whether its transition matrix P is of this sort.
Further, states of the set

PROOF. Since

1I~+ 1 = II~P, k = 0, 1, 2, '"

it is easy to see by (4.1) that such v is a stationary distribution. Conversely, if
lIo is a stationary distribution

lIo = lIo P, lIo ¿ 0, lIo 1 = 1

y = rSb S2, ..., snJ

(or rso, S1, ..., sn-1D will be said to be periodic, essential and inessential, to
lead one to another, to communicate, to form essential and inessential classes
etc. according to the properties of the corresponding indices of the index set

U, 2, ..., nJ of the transition matrix.
In fact, as has been mentioned earlier, this terminology was introduced in

Chapter 1 in accordance with Markov chain terminology. The reader
examining the terminology in the present framework should now see the
logic behind it.

so that by uniqueness of the left Perron-Frobenius eigenvector of P, lIo = v.

o
Theorem 4.2. (Ergodic Theoremfor primitive MCs). As k ~ oo,for a primitive
MC

pk ~ Ivl

Suppose we consider an irreducible MC rX kJ with (irreducible) transition
matrix P. Then putting as u~ual 1 for the vector with unity in each position,

PI = 1

by stochasticity of P; so that 1 is an eigenvalue and 1 a corresponding

eigenvector. Now, since all row sums of P are equal and the Perron-
Frobenius eigenvalue lies between the largest and the smallest, 1 is the
Perron-Frobenius eigenvalue of P, and 1 may be taken as the corresponding
right Perron-Frobenius eigenvector. Let v', normed so that v'I = 1, b~'the
corresponding positive left eigenvector. Then we have that

elementwise where v is the unique stationary distribution of the M C; and the
rate of approach to the limit is geometric.

PROOF. In view of Theorem 4.1, and preceding remarks, this is just a restate-
ment of Theorem 1.2 of Chapter 1 in the present more restricted framework.

o
Irreducible MCs

V'P = v', (4.1 )

This theorem is extremely important in MC theory for it says that for a
primitive MC at least, the probability distribution of Xb viz. lIoPk ~ v',
which is independent of lIo , and the rate of approach is very fast. Thus, after
a relatively short time, past history becomes irrelevant, and the chain
approaches a stationary regime. 1

We see, in view of the Perron-Frobenius theory that the analytical (rather
that probabilistic) reasons for this are (i) r = 1, (ii) w = 1.

We leave here the theory of irreducible chains, which can be further
developed without diffculty via the results of Chapter 1.

where v is the column vector of a probability distribution. 1 See also Theorem 4.7 and its following notes.
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Reducible Chains with Some Inessential States

We know from Lemma 1.1 of Chapter 1 that there is always at least one
essential class associated with a finite Me. Let us assume P is in canonical
form as in Chapter 1, §1.2, and that Q is the submatrix of P associated with
transitions between the inessential states. We recall also that in pk we have

Qk in the position of Q in P.

Theorem 4.3. Qk -4 0 elementwise as k -4 00, geometrically fast.

PROOF. (We could here invoke the classical result of Oldenburger (1940);
however we have tried to avoid this result in the present text, since we have
nowhere proved it, and so we shall prove Theorem 4.3 directly. In actual
fact, Theorem 4.3 can be used to some extent to replace the need of Olden-
burger's result for reducible non-negative matrices.)

Any inessential state leads to an essential state. 

1 Let the totality of essen-

tial indices of the chain be denoted by E, and of the inessential matrices by I.
We have then that

1 - L p¡J) = L p¡J) :; 0
jEf jEE

for some k, for any fixed i E I, so that

L p¡J) ~ 1.
j E I

Now LjEf p¡J) is non-increasing with k, for

LP¡J+l) = L LP¡~)PrjjEI jEI rEI

S LP¡~)'
rEI

Hence for k ~ ko(i) and some ko(i)

LP¡J) ~ e(i) ~ 1
jEf

and since the number of indices in I is finite, we can say that for k ~ ko, and
e ~ 1, where ko and e are independent of i,

L p¡J) ~ e ~ 1, all i E I.
j,E I

LP¡jk+k) = LP¡~k)LPWjEI rEI jEI
S eLP¡~k)

rEI

Therefore

1 See Exercise 4.11.

4.2 Finite Homogeneous Markov Chains
121

for fixed k ~ ko, and each m ~ 0 and i E I. Hence

~ p(k(m+ 1)1 ~ e ~ p(mk) ~ em+ 1 -40L. I) - L. ir _jEI rEI as m~ 00.

Hence a subsequence of

LP¡J)
j E I

approaches zero; but since this quantity is itself positive and monotone
non-increasing with m, it has a limit also, and must have the same limit as
the subsequence.

Hence Qkl ~ 0

Qk~O.

as k ~ 00,

and hence o
Now, if the process rX kJ passes to an essential state, it wil stay forever

after in the essential class which contains it. Thus the process cannot ever
return to or pass the set I from the essential states, E. Hence if "0(1) is that
sub vector of the initial distribution vector which corresponds to the inessen-
tial states we have from the above theorem that

P(Xk C 1) = I1~(I)Qkl

~O
as k ~ 00, which can be seen to imply, in view of the above discussion, that
the process rX kJ leaves the set I of states in a finite time with probability 1,
i.e. the process is eventually" absorbed ", with probability 1, into the set E of
essential states.

Denote now by Ep a specific essential class, (Up Ep = E), and let xip be
the probability that the process is eventually absorbed into Ep, so that

L xip = 1,
p

having started at state i E I. Let x¡~) be the probability of absorption after
precisely one step, i.e.

(1)_ ~Xip - L. Pu,
jE Ep

i E I,

and let xp and X~l) denote the column vectors of these quantities over i E I.

Theorem 4.4.

Xp = (I - m-lx~l)

I

PROOF. First of all we note that since Qk ~ 0 as k ~ 00 by Theorem 4.3
(I - m-1 exists by Lemma B.1 of Appendix B (and = Lk=O Qk
elementwise ).
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Now let xl~) be the probability of absorption by time k into Ep from i E I.
Then the elementary theorems of probability, plus the Markov property
enable us to write

X\k) = X\l) + "p. X(k- 1)ip ip ~ ir rp
rEI

(Backward Equation),

00

Z,. = "Y\~)'j L. Ij
k=O

the sum on the right being effectively finite for any realization of the process,
since absorption occurs in finite time. By positivity

Moreover

X(k) = X(k- 1) + "p\k- l)X. (1)ip ip L. ir rp
rEI

(Forward Equation). 00 00
m., = lf(Z..) = "lf(Y\~)) = "p\~)1) Ij ¿ Ij ¿ lj'k=O k=O

The Forward Equation tells us that

(1 ? )X\k) ? X\k- 1)- ip - 'p

i,j E I. Thus

so that limk.. 00 xl~) exists, and it is plausible to interpret this (and it can be
rigorously justified) as xip'

If we now take limits in the Backward Equation as k ~ 00
_ (1) + "Xip - Xip L. Pirxrp,

rEI

00

M = ¿ Qk
k=O

elementwise

and since

= (I - Qt 1 (Lemma B.l of Appendix B)

Z. = "Z..i L. 1)'
jE I

an equation whose validity is intuitively plausible. Rewriting this in matrix
terms,

it follows that mi = ¿mij.
j E I o

x = X(l) + Qx (I - Q)x = X(l)p p p' p p
from which the statement of the theorem follows. o

Finally, in connection with the fundamental matrix, the reader may wish
to note that, in spite of the elegant matrix forms of Theorems 4.4 and 4.5, it
may stil be easier to solve the corresponding linear equations for the desired
quantities in actual problems. These areThe matrix (I - Qr 1 plays a vital role in the theory of finite absorbing

chains (as does its counterpart in the theory of transient infinite chains to be
considered in the next chapter) and it is sometimes called the fundamental

matrix of absorbing chains. We give one more instance of its use.
Let Zij be the number of visits to state j E I starting from i E I. (Zii :2 1).

Then

Xip = xg) + ¿ PirXrp,

rEI
i E I. (Theorem 4.4)

mi = 1 + ¿Pirm"
rEI

i E I. (Theorem 4.5)

Z, = "Z..i L. Ij'
j E I

i E I
and we shall do so in the following example.

EXAMPLE: (Random walk between two absorbing barriers). (See §4.1). Here
there are two essential classes Eo, Es consisting of one state each (the absorb-
ing barriers). The inessential states are I = fl, 2, ..., s - 1 J where we assume
s ? 1, and the matrix Q is given by

is the time to absorption of the chain starting from i E I. Let mij = lf(Zij)
and mi = lf(Z¡) be the expected values of Zij and Zi respectively, and
M = tmiJi.jE!' and m =; tmj.

Theorem 4.5.

M = (I - Qt 1

m = Ml == (I - Qt 11.

PROOF. Recall that QO = I by definition. Let ylJ) = 1 if X k = j, YIJ) = 0 if
X k +- j, the process tX kJ having started at i E I. Then

lf(YlJ)) = plJ) . 1 + (1 - plJ)) . 0

fOp 0 .. . 0 01

q 0 P '" 0 0Q= .
o 0 0 ... q 0

with xW = bi1 q, xi:) = bi. s-1 P, i E I, bij being the Kronecker delta.

(a) Probabilty of eventual absorption into Es' We have that

= plJ), k :2 O.

_ (1) + "Xis - Xis L.PirXrs,
rEI

i = 1, 2, ..., s - 1,
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i.e. Xis PX2s We have here to deal with an inhomogeneous difference equation, the hom-
ogeneous part of which is as before, so that the general solution to it is as
before plus a particular solution to the inhomogeneous equation. It can be
checked that

(i) q l- p; i/(q - p) is a particular solution, and that taking into account
boundary conditions

X2s qxis + PX3s

Xs- 2. s - qxs- 3. s + PXs-i. s

Xs-i,s = p + qXs-2,s'

Write for convenience Xi == Xis' Then if we define Xo = 0, Xs = 1, the above
equations can be written in unified form as

I Xi = qXi-i + pxi+ i, i = 1, 2, ..., s - 1Xo = 0, Xs = 1

and it is now a matter of solving this difference equation under the stated

boundary assumptions.
The general solution is of the form

Xi = Azii + Bz~ if Zi l- Z2

mi = i/(q - p) - rs/(q - p)JU - (q/p)iJiU - (q/PY~, i E I.

(ii) q = p = 1; - ¡2 is a particular solution and hence

mi = i(s - i), i E I.

The following theorem is analogous to Theorem 4.2 in that when atten-
tion is focused on behavior within the set I of inessential states, under similar
structural conditions on the set I, then a totally analogous result obtains.

= (A + Bi)zi if z i = z 2 = Z

Theorem 4.6. Let Q, the submatrix of P corresponding to transitions between
the inessential states of the Me corresponding to P, be primitive, and let there
be a positive probability of rX k~ beginning in some i E I. Then for j E I as

k~ 00

where Zi and Z2 are the solutions of the characteristic equation

pZ2 - Z + q = 0

viz., Zi = 1, Z2 = q/p bearing in mind that 1 - 4pq = (p - qf
Hence:

(i) if q l- p, we get, using boundary conditions to fix A and B:
Xi = U - (q/PYJiU - (q/p)'~, i E I.

P(Xk = j IXk E 1) ~ vJ2)! ¿ vf)
j E /

where V(2) = r vf)~ is a positive vector independent of the initial distribution,

and is, indeed, the left Perron-Frobenius eigenvector of Q.

PROOF. Let us note that if no is that part of the initial probability vector

restricted to the initial states then

(ii) if q = p = !
P(Xk E I) = n~Qk1, ? 0

since by primitivity Qk ? 0 for k large enough, and no l- 0, Moreover the
vector of the quantitiesXi = i/s, i E I.

(b) Mean time to absorption. We have that
mi;= 1 + ¿Pirm"

r E /

P( X k == j I X k E 1), j E I

i E I is given by

m2

= 1 + pm2
= 1 + qmi + pm3

n~Qk/n~Qki.

The limiting behaviour follows on letting k ~ 00 from Theorem 1.2 of Chap-
ter 1, the contribution of the right Perron-Frobenius eigenvector dropping
out between numerator and denominator. 0

I.e. mi

ms-i = 1 + qms-2'

Hence we can write in general

1 mi = 1 + qmi-~ + pmi+1,m" - 0, m. - O.

Chains Whose Index Set Contains a Single Essential Class

i = 1, 2, ..., s - 1 On account of the extra stochasticity property inherent in non-negative
matrices P which act as transition matrices of Markov chains, the properties
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of irreducible non-negative matrices (to an extent) hold for stochastic

matrices which, apart from a single essential class (which gives rise to a
stochastic irreducible sub matrix, P i), may also contain some inessential
indices. The reason, in elementary terms, is that if P is written in canonical
form (as in the preceding discussion):

P = (i ~J

then Qk -7 0 elementwise (in accordance with Theorem 4.3). P~ exhibits the
behaviour of an irreducible matrix in accordance with Chapter 1, with the
simplifications due to the stochasticity of P i. The effect of P i thus dominates
that of Q; the concrete manifestation of this wil become evident in sub-

sequent discussion.
Firstly (compare Theorem 4.1) a corresponding MC has a unique sta-

tionary distribution, which is essentially the stationary distribution corre-
sponding to Pi. For, an n x 1 vector v = (V'h 0')' where Vi is the unique
stationary distribution corresponding to Ph the chain being assumed in
canonical form, is clearly a stationary distribution of P; and suppose any
vector 0 satisfying 0' P = 0', 0'1 = 1 is correspondingly partitioned, so

that ll = fO'h 0'2)' Then

To develop further the theory of such Markov chains, we define at this
stage a regulari stochastic matrix, and hence a regular Markov chain as one
with a regular transition matrix. This notion wil playa major role in the
remainder of this chapter.

Definition 4.3. An n x n stochastic matrix is said to be regular if its essential
indices form a single essential class, which is aperiodic.

Theorem 4.7. Let P be the transition matrix of a regular Me, in canonical
form, and v'i the stationary distribution corresponding to the primitive subma-
trix P i of P corresponding to the essential states. Let v' = (v'i, 0') be an 1 x n
vector. Then as k -7 00

pk -7 Iv'

elementwise, where v' is the unique stationary distribution corresponding to the
matrix P, the approach to the limit being geometrically fast.

PROOF. Apart from the limiting behaviour of p!Jl, i E 1, j E E, this theörem is
a trivial consequence of foregoing theory, in this and the preceding section.

If we write

O'iPi + "~R = O'i
O~ Q = O~

From the second of these it follows that O2 Qk = "2' so, by Theorem 4.3,
O2 = 0; so, from the first equation "'i Pi = "'i; and "'il = 1, whence

"i = Vi. In particular v is the unique stationary distribution.

It is evidenti that an MC which contains at least two essential classes will
not have a single stationary distribution, and hence chains with a single such

class may be characterized as having a single stationary distribution. This
vector is the unique solution 0 to the linear equation system

O'fl, 1 - P) = p, 0')

where the matrix fl, 1 - P) is n x (n + 1). This uniqueness implies this

matrix is of rank n, and hence contains n linearly independent columns. The
last n columns are linearly dependent, since (1 - P)i = 0; but the vector I

combined with any (n - 1) columns of 1 - P clearly gives a linearly indepen-
dent set.

It follows from the above discussion that for an MC containing a single
essential class of indices and transition matrix P, any (n - 1) of the equations
0' P = 0' are sufficient to determine the stationary distribution vector, to a
constant multiple and the additional condition 0'1 = 1 then specifies it
completely. The resulting (n x n) linear equation system may be used for the
practical calculation of the stationary distribution, which wil have zero
entries corresponding to any inessential states.
1 See Exercise 4.12.

pk = fP~ 0 J
Rk Qk

it is easily checked (by induction, say) that putting Ri = Rk k
Rui = ¿QiRP~-i = ¿Qk-iRPi

i=O i=O
so that we need to examine this matrix as k -7 00.

Put M = Pi - Iv'i;

then Mi = pi - Iv'i.
Now from Theorem 4.2 we know that each element of Mi is dominated by
Ki pi, for some Ki ? 0, 0 .. Pi .. 1, independent of i, for every i.

Moreover k k
Rk+i = ¿ Qk-iRlv'i + ¿ Qk-iRMii=O i=O

and we also know from Theorem 4.3 that each element of Qi is dominated
by K2 P~ for some K2 ? 0, 0 .. P2 .. 1 independent of i, for every i. Hence
each component of the right hand sum matrix is dominated by

k

K3 ¿ p~-ipii
i=O

for some K3 ? 0, and hence -70 as k -700.

1 Our usage of " regular" differs from that of several other sources, especially of Kemeny and

Snell (1960).
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= (1 - Qt i(1 - Q)lv'i

visits starting from any state i E p, . . ., n - 11 to any state on this set before
" absorption" into state n in the modified chain, and sums of these for a fixed
initial state in t 1, . . . , n - 1 ~ gives the mean time to absorption in n. In regard
to the original chain, described by P, these mean times have the interpreta-
tion of mean first passage time from i E t 1, . . ., n - 1 ~ to n. We shall take up
extension of this important point shortly. For the moment, the reader may
wish to check that the unique 'stationary distribution n', for the chain
described by P, which is determined by the equations

Hence, as k ~ 00

00

lim Rk+ i = L QiRlv'i = (I - Qt i Rlv'i
k-oo i==Q

= lv'i

as required. o
n'A=O',

is given explicitly by the expression

U' = td(n-1)A-i, 1V(1 + d(n_1)A-ii)

n'i = 1

Both Theorems 4.2 and 4.7 express conditions under which the probabi:
lity distribution: P(X k = j), j = 1, 2, ...,n approaches a limit distribution
v = tvJ as k ~ 00, independent of the initial distribution no of tx kJ' This
tendency to a limiting distribution independent of the initial distribution ex-
presses a tendency to equilibrium regardless of initial state; and is called the
ergodic property or ergodicity. r Theorem 4.6 shows that when attention is
focused on behaviour within the set I of inessential states, then under a similar
structural condition on the set I, an analogous result obtains.

A = ((n~~¿ -:1 where c, d ~ O.

since c = ((n-i¡! - (n-ijP)l = (n-1jAl.

Clearly the sta.te n holds no special significance in the above argument,
which shows that such absorbing chaln considerations may be used to
obtain expressions for all first passage times from any state to any other state
in the MC governed by P, and that such considerations may be used to
provide expressions for the stationary probability vector.

In an MC with a single essential class of indices, every other state leads to
a specifed state in the essential class. If we regard any such spt:cified state as
playing the role of the state n in the above discussion, it is clear that the
entire discussion for irreducible P given above applies in this situation also.

For an M C started from state i, the first passage time from i to j in general
is the number of transi tions (" time ") lIn til the process first enters j, if j =1 i;
or (as shown) the number of transitions until it next entersj, ifj = i. We have
discussed above a method for obtaining the expected first passage time,/lij,
(in specified situations) from i to j, j =1 i. The question concerning the ex-
pected first passage time from a state to itself has been left open. Denote this
quantity for an essential state i by /lu, or just /li: wt: may clearly treat the
question within the framework of an irreducible chain, and do so henceforth.
This quantity is more commonly called the mean-recurrence time of state i,
and in the purely analytical treatment of Chapter 5 (see Definition 5.1) is
called a mean recurrence measure. A simple conditional expectation argu-
ment, conditioning on the first step, shows that '

/ljj = pjj1 + LPji(1 + /liJ
ii*j

= 1 + LPji/lij
i

i*j
so once /lij, i =1 j, i = 1, ..., n are all known, /ljj may be calculated. Indeed,
putj = n, to accord with our previous discussion. Then it follows, in terms of
the notation introduced above that

/lnn = 1 + d(n_1jA-ii

Absorbing-chain Techniques

The discussion given earlier focussing on the behaviour within the set I of
inessential states if such exist, for a reducible chain, has wider applicability in
the context of Me's containing a single essential class of states in general,
and irreducible Me's in particular, though this initially seems paradoxicaL.

We shall give only an informal discussion of some aspects of this topic.
If P is (n x n) stochastic and irreducible, write A = I - P and

(n-1)A = (n-i¡! - (n-1)P the (n - 1) x (n - 1) northwest corner truncationi
of A. We may write, with obvious notation:

Now since i ~ n, i = 1, ..., n - 1 (since P is irreducible), it follows that the
modified MC with stochastic transition matrix

((n-1)P c J0' 1

has the states p, ..., n - 1 J inessential, with" absorbing" state n, so (n~l) P

plays the role of Q in Theorem 4.3, and in particular (n _ 1) A - 1 exists and is
non-negative. Indeed, by Theorem 4.5, its entries give expected numbers of

i See Exercises 4.9 and 4,10.
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whence we obtain, as a bonus from the preceding discussion, the important
result that

Bibliography and Discussion to §§4.1-4.2

o 1
o (0.1 0.3

1 0.4 0.6p=
2 0.1 0.3
3 0 0.1

2
0.6
o

0.6
0.3

3

OJ
o

o .
0.6

There exists an enormous literature on finite homogeneous Markov chain
theory; the concept of a Markov chain is generally attributed to A. A.
Markov (1907), although some recognition is also accorded to H. Poincaré
in this connection. We list here only the books which have been associated
with the significant development of this subject, and which may thus be
regarded as milestones in its development, referring the reader to these for
further earlier references: Markov (1924), Hostinsky (1931), von Mises
(1931), Fréchet (1938), Bernstein (1946), Romanovsky (1949), Kemeny &
Snell (1960). (The reader should notice that these references are not quite
chronological, as several of the books cited appeared in more than one
edition, the latest edition being generally mentioned here.) An informative
sketch of the early history of the subject has been given by W. Doeblin
(1938), and we adapt it freely here for the reader's benefit, in the next two
paragraphs.

After the first world war the topic of homogeneous Markov chains was
taken up by Urban, Lévy, Hadamard, Hostinsky, Romanovsky, von Mises,
Fréchet and Kolmogorov. Markov himself had considered the case where the
entries of the finite transition matrix P = rPij) were all positive, and showed
that in this case all the plJl tend to a positive limit independent of the initial'
state, Si, a result rediscovered by Lévy, Hadamard, and Hostinsky. In the
general case (Pij :: 0) Romanovsky (under certain restrictive hypotheses) and
Fréchet, in noting the problem of the calculation of the plJl was essentially an
algebraic one, showed that the p!Jl are asymptotically periodic, Fréchet then
distinguishing three situations: the positively regular case, where p!Jl -- Pj ~ 0,
all i, j; the regular case, where p!Jl -- Pj :: 0 all i, j; the non-oscilating case
where p!J) -- P~, for all i, j; and also the general singular case. Fréchet linked
the discussion of these cases to the roots of the characteristic equation of the
matrix P. Hostinsky, von Mises, and Fréchet found necessary and sufficient
conditions for positive regularity. 1 Finally, Hadamard (1928) gave, in the
special case pertaining to card shuffing, the reason for the asymptotic perio-
dicity which enters in the singular case, by using non-algebraic reasoning.

On the other hand the matrix P = rPij) is a matrix of non-negative ele-
ments; and these matrices were studied extensively before the first world war
by Perron and, particularly, by Frobenius. The remarkable results of Frob-
enius which enable one to analyze immediately the singular case, were not
utilized until somewhat later in chain theory. The first person to do so was
probably von Mises (1931), who, in his treatise, deduced a number of impor-
tant theorems for the singular case from the results of Frobenius. The

schools of Fréchet and of Hostinsky remained unaware of this component of
von Mises' works, and ignorant also of the third memoir of Frobenius on

l1nn = linn

where n = rn;J is the unique stationary distribution for the MC governed
by P.

More generally, for an irreducible MC, it follows

l1ii = 1lni, i = 1, ..., n,

which is a fundamental and intuitively pleasing result of MC theory, and
makes clear the intimate connection between mean first-passage times and
the stationary distribution.

EXAMPLE (A simple dynamic stochastic inventory model). A toy shop stocks
a certain toy. Initially there are 3 items on hand. Demand for the toy during
any week is a random variable independent of demand in any other week,
and if Pk = Prrk toys demanded during a week), then Po = 0.6, Pi = 0.3,
P2 = 0.1. Orders received when supply is exhausted are not recorded. The
shopkeeper may only replenish stock at weekends, according to the policy:
do not replenish if there is any stock on hand, but if there is no stock on
hand obtain two more items.

Calculate the expected number of weeks to first replenishment, and the
limiting-stationary distribution.

Denote by X n the number of items of stock at the end of week n (just
before the weekend). The state space is rO, 1, 2, 3), X ° = 3, and rX n) is a
Markov chain with transition matrix:

Thus state 3 is inessential, and states 0, 1, 2 form a single essential class. We
require l130' This is the third element of the vector (1 - Qt 11 where

(0.6 0 0 ) (1 0 0)'
Q = 0.3 0.6 0 , so (1 - Qt 1 = 185 1 0 ,

0.1 0.3 0.6 Il40 185 1
and since (1 - Qt 11 = (1, 3i, 230l)', l130 = 23°1. The unique stationarydis-
tribution is consequently given by the vector '

n = p, (0.3,0.6,0)(1 - Qt 1)
P + (0.3,0.6,0)(1 - Qt 11)

_(8 15120)- 35, 35, 35, . 1 See Exercise 4.10 as regards the regular case; Doeblin omits these references.
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non-negative matrices. In 1936 Romanovsky, certainly equally unaware of
the same work of von Mises, deduced, also from the theorems of Frobenius,
by a quite laborious method, theorems more precise than those of von
Mises. Finally, Kolmogorov gave in 1936 a complete study of Markov
chains with a countable number of states, which is applicable therefore to
finite chains.

The present development of the theory of finite homogeneous Markov
chains is no more than an introduction to the subject, as the reader wil now
realise; it deals, further, only with ergodicity problems, whereas there are
many problems more probabilistic in nature, such as the Central Limit
Theorem, which have not been touched on, because of the nature of the
present book. Our approach is, of course, basically from the point of view
(really a consequence) of the Perron-Frobenius theory, into which elements
of the Kolmogorov approach have been blended. The reader interested in a
somewhat similar, early, development, would do well to consult Doeblin's

(1938) paper; and a sequel by Sarymsakov (1945).
The subsection on "absorbing chain techniques" has sought to give an

elementary flavour of the approach to finite MC theory proposed by Meyer
(1975, 1978) and espoused by Berman and Plemmons (1979). A matrix
approach to the theory of finite Me's grounded in the elements of linear
algebra, with heavy emphasis on spectral structure, has recently been given
by Fritz, Huppert and Willems (1979).

Some further discussion pertaining specifcally to the case of countable,
rather than finite state space (or, correspondingly, index set) will be found in
the next chapter.

EXERCISES ON §4.2

(All these exercises refer to homogeneous Markov chains.)

4.1. Let P be an irreducible stochastic matrix, with period d = 3. Consider the
asymptotic behaviour, as k -- co, of p3k, p3k+ 1, p3k+ 2 respectively, in relation
to the unique stationary distribution corresponding to P. Extend to arbitrary
period d.

Hint: Adapt Theorem 1.4 of Chapter 1.

4.2. Find the unique stationary distribution vector v for a random walk between
two reflecting barriers, assuming s is odd. (See Example (2) of §4.1.) Apply the
results of Exercise 4.1, to write down limk~ '" p2k and limk~ '" p2k+ i in terms of
the elements of v.

"-
Use either the technique of Appendix B, or induction, to find pk for arbitr'uy k,
where (stochastic) P is given by

4.3.

(i) (P1 ai).
Pi ai '

(ii) (1 ° 0)° 1 ° ;
i 1 1
'3 '3 '3

(iii) (0 1 0)
a ° P .
° 1 °
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4.4. Consider two urns A and B, each of which contains m balls, such that the total
number of balls, 2m, consists of equal numbers of black and white members. A
ball is removed simultaneously from each urn and put into the other at times
k = 1, 2, . ...

Explain why the number of white balls in urn A before each transfer forms a
Markov chain, and find its transition probabilities.

Give intuitive reasons why it might be expected that the limiting/stationary
distribution rv¡l of the number of white balls in urn A is given by the hyper-
geometric probabilities

(m~i)(7)Vi = (~) , i = 0, 1, 2, ..., m

and check that this is so.

4.5. Let p be a finite stochastic matrix (i.e. a stochastic matrix all of whose column
sums are also unity).

(i) Show that the states of the Markov chain corresponding to P are all
essentiaL.

(ii) If P is irreducible and aperiodic, find lim pm as m -- co.

4.6. A Markov chain rX k)' k = 0, 1, 2, . . . is defined on the states 0, 1, 2, ..., 2N, its
transition probabilities being given by

(2N)( j )i( j )2N-i
Pi.i = i 2N 1 - 2N '

j, i = 0, 1, . . ., 2N. Investigate the nature of the states.
Show that for m ~ 0, j = 0, 1, 2, ..., 2N,

Ø"(Xm+i/Xm =j) =j,

and that consequently

Ø"(Xm+ i/Xo = j) = j.

Hence, or otherwise, deduce the probabilities of eventual absorption into
the state 0 from the other states.

4.7.
(Malécot, 1944)

A Markov chain is defined on the integers 0, 1, 2, . . . , a, its transition probabili-
ties being specified by

1 (a - i - 1)Pi, i+ i = 2 a _ i '

1 (a - i + 1)Pi,i-i=2 a-i '
i = 1, 2, ..., a - 1, with states 0 and a being absorbing.

Find the mean time to absorption, m¡, starting from i = 1, 2, ..., a _ 1.
Hints: (1) The state a - 1 is reflecting. (2) Use the substitution

z; = (a - i)m,
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4.8. Let L be an (n x n) matrix with zero elements on the diagonal and above, and
U an (n x n) matrix with zero elements below the diagonaL. Suppose that

p i = L + U is stochastic.
(i) Show that L = 0, and hence (with the help of probabilistic reasoning, or

otherwise), that the matrix P 2 = (I - L t i U is stochastic.
(ii) Show by example that even if P i is irreducible and aperiodic, P 2 may be

reducible.

shall be concerned with the asymptotic behaviour of the forward producti
r

TO,r=PiPz"'Pr= DPk
k= i

4.10. Use the definition of regularity and the result ofthe preceding exercise to show
that a necessary and suffcient condition on the matrix P for ergodicity is that
there is only one eigenvalue of modulus unity (counting any repeated eigen-
values as distinct).

as k ~ 00.

Naturally, both Theorems 3.3 and 3.7, for example, are applicable here,
and it is natural to begin by examining their implications in the present
context, where, we note, each Tp, r is stochastic also.

Under the conditions of the first of these, as r ~ 00, for all i, j, p, s

t~P, r)
~ ~ Wp), ? 0t(p, r) " JJ, S

4.9. Theorem 4.7 may be regarded as asserting that a sufficient condition for ergodi-
city is the regularity of the transition matrix P. Show that regularity is in fact a
necessary condition also.

(Kaucky, 1930; Konecný, 1931)

where the limit is independent of s. Put for sufficiently large r,

t~P, r)~ _ unp) (.. )
t(,P. r) - rr I, j + t: i, J, s, p, r .J. S

4.11. Show that any inessential state leads to an essential state.
Hint: Use a contradiction argument, as in the proof of Lemma 1.1 of Chap-

ter 1.

Thus, using the stochasticity of Tp, rn n
1 = ¿ t~;~r) = Wl;) + ¿ t);~r)t:(i, j, s, p, r)
s= i s= i

4.12. Show that if an n-state MC contains at least two essential classes of states, then
any weighted linear combination of the stationary distribution vectors corre-
sponding to each such class, each appropriately augmented by zeros to give an

(n xl) vector, is a stationary distribution of the chain.

4.13 Denote by Mj the class of (n x n) stochastic matrices P such that for some
power k, and hence for all higher powers, pk has itsjth column positive. Denote
by G i the class of regular (n x n) stochastic matrices. Show that

Gi = Ui=i Mj, while ni=i Mj is the set of primitive (n x n) stochastic
matrices. (See Exercise 3.12.)

4.14. Suppose P is irreducible and stochastic, with period d, and v its unique station-
ary distribution vector. Let R = limk~oo pdk. Show that

where also 0.. tt~r) ~ 1. Letting r ~ 00, it follows that the additional
assumption has led to:

1 = W!p),i. J' all i, j, p,

so that the rows tend not only to proportionality, but indeed equality,

although their nature still depends on r in general. Indeed we may write

t(p, r) t(p, r) _ t(,P, r)~ _ 1 = " S J, S ~ 0
t(p, r) t(p, r)J. S J, S

as r ~ 00, which on account of the present boundedness of tt~r) implies

t~P, r) - t(p, r) ~ 0 (4.2)i. S J. S
d-i pk

R ¿ -d = Iv'.
k=O

(Hint: Consider P in canonical form, and use the methods of §1.4.)

as r ~ 00, for each i, j, p, s. This conclusion is a weaker one than that
preceding it, and so we may expect to obtain it under weaker assumptions
(although in the present stochastic context) than given in Theorem 3.3. In
fact, since this kind of assertion does not involve a ratio, conditions imposed
in the former context, to ensure positivity of denominator, inter alia, may be
expected to be subject to weakening.

Under the conditions of Theorem 3.7, in addition to the present stochasti-
city assumption, we have, simply, that4.3 Finite Inhomogéneous Markov Chains

and Coefficients of Ergodicity t~p,r) ~ Vj'" J I = 1, 2, ..., n (4.3)

In this section, as already foreshadowed in §4.1 of this chapter, we shall
adopt the notation of Chapter 3 except that we shall use Pk = tPij(k)) instead
of Hk = thij(k)), i, j = 1, ..., n to emphasize the stochasticity of Pb and we

where v' = tVjJ is the unique invariant distribution of the limit primitive
matrix P.

i Backwards products of stochastic matrices are of interest also: see §4.6,
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,

(4.2) and (4.3) are manifestations of weak and strong ergodicity respec-
tively in the MC sense.

Definition 4.4. We shall say that weak ergodicity obtains for the MC (i.e.
sequence of stochastic matrices PJ if

t!p, r) - t(p, r) ~ 0i, S J. s

as r ~ 00 for each i, j, s, p. (Note that it is sufficient to consider i =1 j.

This definition does not imply that the ti;~r) themselves tend to a limit as
r ~ 00, merely that the rows tend to equality (= "independence of initial
distribution") but are still in general dependent on r.

Definition 4.5. If weak ergodicity obtains, and the t!;~) themselves tend to a
limit for all i, s, p as r ~ 00, then we say strong ergodicity obtains.

Hence strong ergodicity requires the elementwise existence of the limit of
Tp. r as r ~ 00 for each p, in addition to weak ergodicity. It is clear from
Definition 3.4 and Lemma 3.5 that the definition of strong ergodicity here is
completely consistent with that given in the more general setting.

A stochastic matrix with identical rows is sometimes called stable. Note
that if P is stable, p2 = P, and so pr = P.

Thus we may, in a consistent way, speak of weak ergodicity as tendency to
stability.

As in Chapter 3, a convenient approach to the study of both weak and
strong ergodicity is by means of an appropriate contraction coeffcient; such
coefficients in this stochastic setting are more frequently called coefficients of
ergodicity. In contrast to Chapter 3, we shall first introduce some general
notions for this concept, then specialize to those we shall use in the sequel. It
will be seen that the notions of stochastic matrices with a positive column,
and the quantity i-1(P) already encountered, interalia, within the context of
Theorems 3.1 and 2.10, are central to this discussion.

Definition 4.6. We call any. scalar function i-(') continuous on the set of
(n x n) stochastic matrices (treated as points in Rn2) and satisfying
o :: i-(P) :: 1, a coeffcient of ergodicity. It is then said to be proper if

i-(P) = 0 if and only if P = tv'

where v is any probability vector (v :: 0, v't = 1): that is, whenever P is
stable.

Lemma 4.1. Weak ergodicity offorward products is equivalent to

i-(Tp,r)~O, r~oo, p::O
where i-(' ) is a proper coeffcient of ergodicity.
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PROOF. Take p fixed but arbitrary, and suppose i-(1; r) ~ 0, r ~ 00. Suppose

then t¡;~r) - tt~r) ~ 0 for aì. i, j, s as r ~ 00 is false. Then there is a sub-
sequence rkr), r:: 1, of the positive integers and an 6 :: 0 such that the

Euclidean distance between Tp, k, and every stable matrix is at least 6. Since

1; k" r:: 1, is stochastic and the set of stochastic matrices is compact

(bounded and closed) in Rn2, we may, by selecting a subsequence of tq if
necessary, assume Tp, k, ~ p* where p* is stochastic, and by the assumptions
on i-, i-(Tp, d ~ 0 = i-(P*), whence p* is stable, and hence a contradiction
results. The converse follows easily by continuity of i-(' ). 0

Theorem 4.8. Suppose m(' ) and i-(' ) are proper coeffcients of ergodicity and

for any r stochastic matrices pU), i = 1, ..., r with each r:: 1:

r
m(p(1)p(2) '" p(r)):: n i-(PU)).

i= 1
(4.4 )

Then weak ergodicity of forward products1 Tp, rformed from a given sequence

rPk), k:: 1, obtains if and only if there is a strictly increasing sequence of

positive integers rksÌ, s = 0, 1, 2, ... such that

00

¿ u - i-(1k,.k'+l-k,n = 00.
s=O (4.5)

PROOF. (Similar to Theorem 3.2; Exercise 4.15).
o

Examples of proper coeffcients of ergodicity are (in terms of P = rPiiÌ; see
Theorem 3.1) evidently:1 n ni-1(P) ="2 max ¿ !Pis - Pjsl == 1 - min ¿ min (Pi., PjS);

i,j s=1 i,j s=1
a(P) = max max /Pis - Pjs/ ;

s i, j

b(P) = 1 - st1 (m/n PiS).

An example of an improper coeffcient of ergodicity is

c(P) = 1 - m:x ( miin PiS)'

where 
2

a(P) :: i-1 (P) :: b(P) :: c(P)
(4.6)

1 For the analogous result relating to backwards products see Theorem 4.18,

2 See Exercise 4.16.
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with c(P) -c 1 if and only if P has a positive column. Theorem 3.1 enables us
to deduce a concrete manifestation of (4.4), for if 

we substitute in it w = (wjl

with wj = t~r:~ri, P = P p+ b we have from (3.4)

max I ttP, r) _ t(I?, r) I -c. (P ) max I t\P+ 1, r- 1) - t\'l+ 1, r- 1) Ih,S h.s - 1 p+l J.s J,Sh. h' j, j'
so that

a(Tp, r) :: .1 (p p+ da(Tp+1, r- 1)'

More generally for any sequence (P(il, i ~ 1, of stochastic matrices, and each
r ~ 1,

a(p(l) p(2) ... ptr)) :: .1 (p(1))a(pt2) ... ptr))

:: .1(pt1)).1(P(2)) ... .1(Ptr)).1(1)

where I is the unit matrix; i.e.
r

a(pt1) p(2 ... ptr)) :: f1. 1 (p(i))

i= 1

(4.7)

since .1(1) = 1. By (4.6) it follows that (4.4) also holds with m = a, and. = b

(or. = c, taking into account the Corollary to Theorem 4.8). A "homogen-
eous" inequality of form (4.4), in that both m(' ) and .(. ) are the same, may
be obtained analogously to (3.7) by considering a metric d(x', y') on the sets
of probability row vectors.

Lemma 4.2. For a metric d on the set D = (z'; z ~ 0, z'l = 1j the quantity,
defined for any (n x n) stochastic matrix P by

d(x'P, y'P)
.(P) = sup d(' '),,',Y'ED x,y

""Y

satisfies the properties

(i) .(pt1)pt2)) :: .(pt1)).(pt2)), p(1), p(2) stochastic;

(ii) .(P) = 0 for stochastic P if and only if P is stable.

PROOF. The only non-obviolÍs part of this assertion is .(P) = 0 = P = lv'
where v' E D. Now .(P) = 0 = (x - y)' P = 0' for any two probability vectors
x, y, and (x - y)l = O. Taking x = /;, y = Jj, i f j, where fk is, as usual, the
vector with zeroes everywhere except unity in the kth position, it follows that
the ith and jth rows of P are the same, for arbitrary i, j. D

This lemma provides a means of generating coeffcients of ergodidty,
providing the additional constraints inherent in their definition, of continu-
ity and that .(P) :: 1, are satisfied for any P. There are a'lumber of well-
known metrics defined on sets of probability distributions1 such as D, and

1 ~pp Fyp.rr:i¡¡p. 4 17
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other candidates for investigation are metrics corresponding to any vector
norm 11.11 on Rn, or Cn (the set of n-Iength vectors with complex valued

entries), i.e.

d(x', y') = Ilx' - y'll. (4.8)
Obvious choices for investigation here are the lp norms

, J n p (lipiix lip = trllxil J
(1Ix'll", = m~x Ixd)

where x' = (xil.
For any metric of the form (4.8) the definition of .(P) according to

Lemma 4.2 is

.(P) = sup II(x - y)'PII
,,', Y'ED II(x - y)'11

,,#0 Y

= sup II¡)'PII
ii.i/i = i

since any real-valued vector ¡) = (b;j satisfying ¡) f 0 ¡)'l = 0 may be written
in the form ¡) = const (x - y) where x and yare probability vectors, x f y,
and const =! Idbd = Ii bt = - Ii bi- where a+ = max (a, 0), a- =

min (a, 0).
The following result provides another concrete manifestation of (4.4), and

establishes.1 (. ) as an analogue, in the present stochastic setting, of. B(' ) of
Chapter 3.

Lemma 4.3. For stochastic P = (Pijl

1 nsup 11¡)'Plll =.l(P)= -max IIPis-PjslIWII=1 2 i,j s=l
.i' =0

so that. 1 (. ) is a proper coefficient of ergodicity satisfying

.1(ptl)p(2)):: .1(pt1)).1(P(2)),

for any stochastic p(1), p(2).

PROOF. By Lemma 2.4, any real ¡) = (b;j satisfying II¡)'II = 1, ¡)'l = 0 may be
wri tten

¡) = I (tli' j)Y(i, j)
(i,j)E5 2

where

tli. j :: 0, " n. ,= 1¿ "il,) ,
(i,j)E5

y(i, j) = /; - Jj

a suitable set J = J(b) of ordered pairs of indices (i, j), i, j = 1, ..., n.
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Ili5'Plli = L II (jrPrsj S I . ~ (~i) IPiS - Pis I
s r s (i, J) E 5

Theorem 4.9. Weak ergodicity obtains for forward products formed from a
sequence t P d, k ¿ 1, of stochastic matrices if

Hence

1s2n:axIIPiS-Pisl
i, J

= T i(P),

We may construct a 15 such that 1IOIIi=1, 15'1=0, Ili5'plli=Ti(P) as
follows:

00

I P - c(Pk)) = 00.
k= i

PROOF.

r

Ti(T¡r) S ri Ti(Pp+;)
i= 1

by Lemma 4.3;

suppose
1Ti(P)=2IIPiOS-Piosl,

s

io =!jo,

r

S ri c(Pp+;)
i= i

by (4.6) and the assertion of the theorem is tantamount to

and take 15 = 1(.(;0 - fjo)' The final part of the assertion follows from LemmaU 0 00

ri c(P;) = 0,
i= i

so
Corollary. Weak ergodicity offorward products of a sequence of(n x n) stoch-
astic matrices is equivalent to

Ti(Tp,r) -- 0, r -- 00, P¿ 0.

Ti(Tp,r)--O asr--oo, p¿O.

The conclusion follows from Lemma 4.1. o
Corollary 1.

4.4 Sufficient Conditions for Weak Ergodicity
r

!Y(T ) = max max I t(p, r) - t(p, r) I ~ ri c(P .)p,r i,s J,S - p+iS i, j i= 1
In this section we apply the general notions of §4.3 and earlier chapters toi

obtain conditions for weak ergodicity. (

Definition 4.7. An (n x n) stochastic matrix P is called a Markov matrix if\
c(P) ~ 1, i.e. at least one column of P is entirely positive. We shall also need
repeatedly the notion of a regular stochastic matrix (Definition 4.3), and
shall denote the set of such (n x n) matrices by Gi (as in Exercise 4.13). The

class of (n x n) Markov matrices is denoted by M; obviously Me Gi. We
shall introduce further classes of stochastic matrices, Gi and G3 in the course
of this section.

(This follows from (4.6), since a(P) S T i (P)).

Corollary 2. If c(Pk) s Co ~ 1, k ¿ 1, (i.e. all Pk are "uniformly Markov")
then weak ergodicity obtains at a rate which is at least geometric with par-
ameter Co (for every p ¿ 0).

The following sequence of arguments including Theorem 4.10 parallels
that leading to Theorem 3.7.

The following theorem is the oldest, and in a sense the most fundamental
(as we shall see from the sequel) result on weak ergodicity, which we shall
treat with minimal recourse to T i ( . ), which however will playa subsÌàntial
role, analogous to that of T B( . ) in Chapter 3, in the discussion of strong
ergodicity. It was initially proved by direct contractivity reasoning.i

Lemma 4.4. If P and Q are stochastic, Q E Gi and PQ or QP has the same
incidence matrix as P (i.e. PQ ~ P or QP ~ P), then P E M.

PROOF. Since Q E Gb Qk E M for some k. Assuming first PQ ~ P, it follows
PQk ~ P, so P, like PQ\ has at least those columns positive that are positive
in Qk. If we assume QP ~ P, it fol1ows that Qk P ~ P and that P, like Qkp, will
have at least one column positive. 0

1 See Exercise 4.18.
Lemma 4.5. If Tp, r E Gi, p ¿ 0, r ¿ 1, then Tp, rEM for r ¿ t where t is the
number of distinct incidence matrices corresponding to G i.
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PROOF. For a fixed p, there are some numbers a, b satisfying 1 :s a ~
b :s t + 1 such that

Pp+1Pp+Z'" Pp+aPp+a+1 ... Pp+b ~ Pp+1Pp+Z'" Pp+a

since the number of distinct incidence matrices is t. Hence

Tp,aTp+a.b-a~ Tp,a'

Since Tp+a. b-a E G1, by Lemma 4.4, Tp, a EM. Thus Tp, n r 2: a, has a strictly
positive column (not necessarily the same one for each r). D

The following result is analogous to Theorem 3.3 of Chapter 3.

Theorem 4.10. If Tp. rEG i. p 2: 0, r 2: 1, and 1

min + pij(k) 2: Y ? 0 (4.9)
i, j

uniformly for all k 2: 1, then weak ergodicity obtains, at a uniform geometric
rate for all P 2: O. (In particular, (4.9) holds if 

the sequence ~Pkl has each ofits

elements selected from a numerically finite set of stochastic matrices.)

PROOF. Consider P fixed but arbitrary and r "large": then

Tp, r = Tp, t Tp+t, i Tp+ Zi. I ... Tp+(k-1)I, I 1(P. r) = Tp. kt 1(p, r)

where k is the largest positive integer such that kt :s r, t has the meaning of
Lemma 4.5, and 1(p, r) is some stochastic (possibly the unit) matrix. Since by
Lemma 4.5, Tp+it. i is Markov, from (4.9)

c(Tp+it. I) :s 1 - y1.

By Corollary 1 of Theorem 4.9 and the last equation \

k-1
a(Tp, r):S 11 c(Tp+it. I) :s (1 - yl)k :s (1 - yiyr1t)-1

;=0

i.e.

a(Tp. r) :s (1 -- ylt 1t(1 - yt)11I1',

and letting r -+ 00 completes the result, since y ~ 1.

The assumption that Tp, rE Gi. P 2: 0, r 2: 1 in Theorem 4.10 is a restric-
tive one on the basic sequence Pk, k 2: 1, and from the point of view of
utility, conditions on the individual matrices Pk are preferable. To thi~ end,
we introduce the classes Gz and G3 of (n x n) stochastic matrices. '

i Recall that min + is the minimum over the positive elements, We may call (4,9) condition (C)

in accordance with (3.18) of Chapter 3.

o
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Definition 4.8. (i) P E Gz if (a) P E G1; (b) QP E G1 for any Q E G1; (ii)
P E G3 if r 1 (P) ~ 1, i.e. if given two rows r: and ß, there is at least one column
y such that P~y ? 0 and Ppy ? 0.1

If P E G3 , P is called a scrambling matrix; the present definitions of such
matrices is entirely consistent with the more general Definition 3.2. It is also
clear from the definition ofthe class Gz that if Pk E Gz, k 2: 1, then Tp, r E Gi.
P 2: 0, r 2: 1.

Theorem 4.11. M c G3 C Gz C G1.

PROOF. The implication M c G3 (any Markov matrix is scrambling) is
obvious, and that Gz c G1 follows from the definition of Gz.

To prove G3 c Gz, consider a scrambling P in canonical form, so its
essential classes of indices are also in canonical form if periodic. (Clearly the
scrambling property is invariant under simultaneous permutation of rows
and columns.)

It is now easily seen that if there is more than one essential class the
scrambling property fails by judicious selection of rows r: and ß in different
essential classes; and if an essential class is periodic, the scrambling property
fails by choice of r: and ß in different cyclic subclasses. Thus P E G1.

Now consider a scrambling P = (Pijl, not necessarily in canonical form.
Then for any stochastic Q = (qijl' QP is scrambling, for take any two rows
r:, ß and consider the corresponding entries

n

L q~kPkj,
k= 1

L qprPrj
r= 1

in the jth column of QP. Then there exist k, r such that q~k ? 0, qpr ? 0 by
stochasticity of Q. By the scrambling property of P, there exists j such that
Pkj ? 0 and Prj ? O. Hence QP is scrambling, and so QP E G 1 by the first part
of the theorem.

Hence, putting both parts together, P E Gz. D

Corollary. For any stochastic Q, QP is scrambling,for fixed scrambling P.
This corollary motivates the following result.

Lemma 4.6. If P is scrambling, then so are PQ and QP for any stochastic Q.
The word" scrambling" may be replaced with" Markov".

I

PROOF. In view of what has gone before in this section, we need prove 
only

that P E G3 = PQ E G3 for any stochastic Q. Since P = ~Pijl is scrambling,
for any pair of indices (r:, ß) there is a j = j(r:, ß) such that Paj ? 0, Ppj ? O.
There is a k such that qjk ? 0 by stochasticity of Q. Hence the kth column of
PQ has positive entries in the r:, ß rows. 0
i See,Exercise 2,27.
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Lemmá 4.8. If P has incidence matrix of form P = i + C where C is an
incidence matrix (such P are said to be " normed "), and Q E G i. then QP and
PQ E G1. (In particular, if also P E Gi. P E Gi.J

PROOF. See Exercise 4.20. D

reasoning. The statement of Theorem 4.8 is in essence due to Doeblin
(1937); our proof follows Hajnal (1958). The coeffcient of ergodicity b(' ) is
likewise due to Doeblin (1937); while a( . ) and r 1 (- ), via Theorem 3.1, are
already implicit in Markov (1906)-see Bibliography and discussion to
§§3.1-3.2. Lemmas 4.2 and 4.3 are largely due to Dobrushin (1956) (see also
Hajnal (1958) and Paz and Reichaw (1967)). For a historical survey see
Seneta (1973b).

Theorem 4.9 and its Corollaries are due to Bernstein (1946) (see Bernstein

(1964) for a reprinting of the material). It is known in the Russian literature
as " Markov's Theorem"; Bernstein's reasoning is by way of the contractive
result presented as our Exercise 4.18 which, the reader wil perceive, is ob-
tained by the same argument as (Markov's) Theorem 3.1.

Lemmas 4.4, 4.5, 4.7, and 4.8, and Theorem 4.10 are all due to Sarymsa-
kov (1953a; summary) and Sarymsakov and Mustafin (1957), although the
simple proof of Lemma 4.5 as presented here is essentially that of W olfowitz

(1963). Lemma 4.6 (also announced by Sarymsakov, 1956), and a number of
other properties of scrambling matrices are proved by Hajnal (1958). The

introduction of the class Gi is again due to Sarymsakov and Mustafin. The
elegant notion of a scrambling matrix was exploited by Sarymsakov (1956)
and Hajnal (1958).

Weaker versions of Theorem 4.10, pertaining to the situation where each
Pk is chosen from a fixed finite set K, were obtained by Wolfowitz (1963) and
Paz (1963, 1965). The substantial insight into the problem due to Sarymsa-
kov and Mustafin consists in noting that the theory can be developed in
terms of the (at first apparently restrictive) notion of a Markov matrix, and
made to depend, in the end, on (Bernstein's) Theorem 4.9.

In coding (information, probabilistic automation) theory, where the term
SIA is generally used in place of regular, the situation is somewhat different
to that considered above (see Paz, 1971, Chapter 2, §§3-4) in that, instead of
considering all products of the form Tp, r formed from a given sequence Pb
k ¿ 1, of stochastic matrices, one considers all possible sequences which can
be formed from a fixed finite set (" alphabet ") K, and the associated forward
products ("words'd) To,,, r ¿ 1, (To,r is said to be a word of length r) for
each. The analogous basic assumption (to Tp, rEG i. p ¿ 0, r ¿ 1) is then that
all words in the member matrices of the alphabet K be regular (in which case
all forward products formed from any particular sequence are uniformly
weakly ergodic by Theorem 4.10.) By Lemma 4.5, a necessary condition for
all words to be regular is the existence of an integer ro such that all words of
length r ¿ ro are scrambling; this condition is also suffcient (Exercise 4.28);
and indeed, from Lemma 4.5, there wil then be such an ro satisfying ro :: t.
Thus in the present context the validity (or not) may certainly be verified in a
finite number of operations, and substantial effort has been dedicated to
obtaining bounds on the amount of labour involved. Bounds of this kind
were obtained by Thomasian (1963) and Wolfowitz (1963), but a best pos-
sible result is due to Paz (1965) who shows that if an ro exists, then the

Matrices in G3 thus have two special properties:

(i) it is easy to verify whether or not a matrix E G3;
(ii) if all Ì\ are scrambling, then Tp, k is scrambling, p ¿ 0, k ¿ 1, and in

particular Tp, kEG l'

Lemma 4.7. P, Q E Gi ~ PQ, QP E Gi.

PROOF. See Exercise 4.20. D

Thus G i is closed under multiplication, but G 1 is not.1

This result permits us to demonstrate that G3 is a proper subset of Gi. A
stochastic matrix P whose incidence matrix is

L1 1 0 0)

P= 1 1 0 01 0 1 0
o 1 0 1

evidently satisfies the condition of Lemma 4.8 and is clearly a member of Gi.
so P E Gi. However, the 3rd and 4th rows do not intersect, so P is not
scrambling.

To conclude this section we remark that another generalization of
scrambling matrices useful in a certain context in regard to verification of
the condition

Tp, r E Gi. p ¿ 0, r ¿ 1

is given in the following Bibliography and Discussion.

Bibliography and Discussion to §§4.3-4.4

The definition of weak ergodicity is due to Kolmogorov (1931), who proves
weak ergodicity for a sequence Pk, k ¿ 1, of finite or infinite stochastic
matrices under a restrictive condition related to the Birkhoff coeffci~nt of
ergodicity rBO (see Seneta, 1979), rather than coeffcients of the kind dis-

cussed here. (See also Sarymsakov (1954), §4, for a repetition of Kolmogorov's

1 See Exercise 4.21.
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smallest value it can take satisfies

min r ~ .1(3n - 2n+ 1 + 1)0-2
and the bound is sharp. Thus one needs only check all words of lengths
progressively increasing to this upper bound to see if for some specific length
all words are scrambling (by Lemma 4.6 all words of greater length wil be
scrambling). It is clear that a large number of words may still need to be
checked.

The question arises whether by restricting the set K to particular types of
matrices, the basic assumption is more easily verifiable. This is the case if
K c G3 (Lemma 4.6, Theorem 4.11); and more generally if K c Gz (Lemma
4.7, Theorem 4.11). A substantial, but not wholly conclusive, study of the
class G2 occurs in Sarymsakov and Mustafin (1957), as do studies of 

related

classes of matrices. Of interest therefore are several possible conditions on
the elements of the set K such that any word of length (n - 1) is scrambling
(then all words are regular, by Exercise 4.28).

One condition of the kind mentioned is announced by Sarymsakov

(1958), and proved, rather lengthily, in Sarymsakov (1961). Suppose P is a
stochastic matrix with the property that if A and Ã are any two disjoint
non-empty sets of its indices than either P(A) (ì P(Ã) =F ø; or P(A) (ì
P(Ã) = ø and # (P(A) u P(Ã)) ;: # (A u Ã). Here for any set of 

indices B,

P(B) is the set of "one-step" consequent indices (in line with the definition
and notation of §2.4); # denotes the" number of indices in". Clearly,
scrambling matrices satisfy this condition, since these are precisely the stoch-
astic matrices for which P(A) (ì P(Ã) =F ø for all A, Ã. To see very simply
that a product of(n - 1) matrices of this kind is scrambling, notice that if any

two rows intersect in P, then they intersect in PQ, for any stochastic Q (proof
as in Lemma 4.6). Now suppose there are two rows which do not intersect in
a product of (n - 1) matrices each satisfying Sarymsakov's property: call

these A, Ã; and write (as earlier) pk(B) for the set of kth-stage consequents of
any non-empty set B (i.e. after multiplying the first k matrices together).
Then our supposition is ø = pn-1(A) (ì pn-1(Ã), so

# (pn-1(A) U pn- l(Ã)) ;: # (pn- 2(A) U pn- Z(Ã));: ... ;: # (A u Ã) = 2;

i.e. #(pn-1(A) u pn-1(Ã));: n, a contradiction to the supposition. Thus if

K consists of a (finite numer of) matrices of Sarymsakov's class, the basic
assumption wil be satisfied. However, to verify for a particularP that it does
not belong to this class, the number of pairs of sets A, Ã which need to be
checked is, by the partition argument of Paz (1971, p. 90), again
1(3n-2n+1 + 1). ,

Another condition on K ensuring that any word of length (n - 1) is 
not

only scrambling, but is, indeed, a Markov matrix, is given by Anthonisse and
Tijms (1977).

Recent contributions to the theory of inhomogeneous Markov chains
relevant to §§4.3-4.4 have also been made by Paz (1971), Iosifescu (1972,

1977), Kingman (1975), Cohn (1976), Isaacson and Madsen (1976), and
Seneta (1979). Treatments within monographs are given by Bernstein (1946,
1964), Paz (1971), Seneta (1973), Isaacson and Madsen (1976) and Iosifescu

(1977); these provide references additional to those listed in this book.
Although all our theoretical development for weak ergodicity has been

for a sequence Pb k;: 1, of stochastic matrices which are all (n x n), we have
mentioned earlier (in connection with the Pólya Urn scheme) that some
inhomogeneous Markov chains do not have a constant state space; and in
general one should examine the situation where if Pk is (nk x nk+ ¡), then
Pk+ 1 is (nk+ 1 x nk+ z), k;: 1. It is then still possible to carry some of the
theory through (the argument of Exercise 4.18 stil holds, for example).
Writings on finite inhomogeneous chains of the Russian school (e.g. Bern-
stein, 1946; Sarymsakov, 1958, 1961) have tended to adhere to this

framework.
We have not considered the case of products of infinite stochastic

matrices here; the reader is referred to the monographs cited.

EXERCISES ON §§4.3-4.4

4.15. Prove Theorem 4.8.

4.16. Prove (4.6) (See Exercise 3.8 for a partial proof.

4.17. Familiar metrics on the set of probability distributions are the P. Lévy distance
and the supremum distance. Show that if these are considered within the set D
(of length n probability vectors), then the coefficient of ergodicity ,(P) (defined
in Lemma 4.2) generated is identical to that generated by the 100 norm. (Detail
on this coefficient may be found in Seneta, 1979.)

4.18. Suppose ° = rc:iJ is a real vector satisfying 0=10, 0'1 = 0, and 0* = (c:n is
defined by (0*)' = o'P for stochastic P. Let ~ = I lod = 11°'1~ 1,

~ * = I I c:t I = II (0)' 111, and j' denote a typical index for which c:j 2' O. Show
that 1~ * = Ik (\(Ii' Pki')' and proceed as in the proof of Theorem 3.1, with c:k

playing the role of Uk and Ii' Pki' playing the role of Wk to show

1~* :: 1~ max I (Pii' - Phi') :: 1~'1(P),
i, h j'

so that ~* :: ~c(P).

Use this last inequality to prove Theorem 4.9; and the inequali' r

~* :: ~'l(P)
to prove (c.. Lemma 4.3)

'1 (p(l) p(2) :: '1 (p(l)), 1 (p(2).

4.19. In the notation of the statement and proof of Theorem 4.10, suppose (4.9) does

not necessarily hold, but continue to assume Tp., E G 1, P 2' 0, r 2' 1, and intro-
duce the notation Yh= mint i pij(h). Show thatk-l k-l/ t \

a(Tp.,):: Il c(Tp+it, t):: Il \1 - JJ/P+it+i/'
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'" i
I n 'Yp+ii+j = 00,
i=O j=l

P '2 0,

4.30. Let us can a stochastic matrix P = ~Pij) quasi-Markov if for a proper subset A
of index set !/ = U, 2, ..., n)

so that if

weak ergodicity obtains.

4.20. Prove Lemmas 4.7 and 4.8.

,Ipij;:O,
J E A

for each i E !/.

4.21. Show by example that the set G i is not closed under multiplication. Show,
however, that if P E Gi, Q E Gi then either both or neither of PQ, QP E Gi.

4.22. Show by example that it is possible that A, B, C E G b such that AB, BC,
AC E Gb but ABC rt Gb although BAC E Gi. (Contrast with the result of
Exercise 4.15.)

(A Markov matrix is thus one where A consists of a single index).
Show that a scrambling matrix is quasi-Markov, but (by examples) that a

quasi-Markov matrix rt Gi (i.e. is not regular) necessarily.
Hint: Use the approach of Exercise 4.26.

4.5 Strong Ergodicity for Forward Products
(Sarymsakov, D53a)

4.23. Suppose that weak ergodicity obtains for a sequence t P¡J of stochastic matrices,
not necessarily members of Gi. Show that for each fixed P '2 0, there exists a
strictly increasing sequence of integers tm¡J, i'2 1, such that

Tm;,m;+i E M, i '2 0

We have already noted that the definition of strong ergodicity for forward
products Tp, r = ttl;j')~, p 2: 0, r 2: 1, of stochastic matrices formed from a
sequence Pb k 2: 1, is subsumed by that of the more general context of row
allowable matrices considered in §3.3. Thus here the forward products are
said to be strongly ergodic if for all i, j, P

where ma = p. r-+ 00

4.26. Show that, for n = 4, a scrambling matrix P = tpd is "nearly Markov", in that
there is a column j such that Pii, j ;: 0, Pii. j:C v, Pi,. j ;: 0 fo1' distinct i 1. i i, i 3.
Extend to n ;: 4.

Hint. For an n x n scrambling matrix there are n(n - 1)/2 distinct pairs of
(row) indices, but only n actual (column) indices.

4.27. Show that if pk is scrambling for some positive integer k, then P E Gi.

(Paz, 1963)

t~p,.r) -- dp)i, J J
independently of i. The limit vector vp = tV~P)~ is again evidently a probabi-

lity vector, and, as in §3.3, is easily shown to be independent of p.
Indeed virtually all the theory of §3.3 goes through without changes of

proof for sometimes slightly more general structure of quantities being con-
sidered, to compensate for the stochasticity of the underlying sequence Pb
k 2: 1. We shall generally not need to give anew formally either definitions or
proofs as a consequence. Firstly asymptotic homogeneity here reduces to the
existence of a probability vector D such that D'Pk ~ D' as k ~ 00, and
condition (C), as already noted (4.9) to 0 -0 Y :: min + pij(k).

(Sarymsakov (1953a); Sarymsakov & Mustafin (1957))
Hint: A row of an n x n stochastic matrix has at least one entry '2 n-i.

4.24. Discuss the relation between M, Gi and G3 when the dimensions of the stoch-
astic matrices are n x n, where n = 2,3. Discuss the relation between Gi and G3
when n '2 5.

4.25. Show by examples that a Markov matrix is not necessarily a "normed " matrix
of Gi (i.e. a matrix of Gi with positive diagonal); and vice versa. Thus neither of
these classes contains the other.

Lemma 4.9. Strong ergodicity ofTp, r' P 2: 0, r 2: 1 (with limit vector v) implies
asymptotic homogeneity (with respect to v) of the sequence Pb k 2: 1.

PROOF. As for Lemma 3.6 (condition (C) is not needed). 0

4.28. Let P i, ..., Pk be a finite set of stochastic matrices of the same order.
Show that if there is an ra such that an words in the Ps of length at least ra are

scrambling, then each word in the Ps E Gi.
Hint: Use Exercise 4.27.

Theorem 4.12. If all Pb k 2: 1, contain a single essential class of indices, and
condition (C) is satisfied, then asymptotic homogeneity of the Pk (with respect
to a probability vector D) is equivalent to

ek~e (k ~ 00) (4.10)
(Paz, 1965)

4.29. Let tPi) be a weakly ergodic sequence of stochastic matrices, and let det,,JP¡)
denote, as usual, the determinant of Pi' Show that '

(Sirazhdinov, 1950)

where ek is the unique stationary distribution vector corresponding to Pb and e
is a limit vector. In the event that either (equivalent) condition holds, D = e.

PROOF. As for Theorem 3.4, with the change that we take ß k to be members
of the finite set of all incidence matrices ß(j), j = 1, . .., t containing a single
essential class of indices (and reference to irreducible matrices is generally
replaced by reference to matrices of this kind). 0

'"

I (1 - I det Wi)! = 00.i=l
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Corollary. Under the prior conditions of Theorem 3.4, if strong ergodicity with
limit vector v holds, then (4.10) holds with e = v. 0

We conclude this section with a uniformity result analogous to Theorem
3.8.

Theorem 4.13. Assume all Pb k ¿ 1, contain ¡; single essential class of indices
and satisfy condition (C); and

'i(Tp,r):;;ß, 1 (4.11)
for all r ¿ t (for some t ¿ 1), uniformly in p ¿ O. Then asymptotic homogeneity
is necessary and suffcient for strong ergodicity.

PROOF. As for Theorem 3.5, mutatis mutandis. In particular we use, i (. ) in
place of 'B( . ) and the corresponding distance generated by II. Ili in place of
the projective distance, and do not need the strict positivity of vectors and
matrices inherent in the use of the projective distance. 0

Theorem 4.16. Suppose .s is any set of stochastic matrices such that.s c G i
and each matrix satisfies condition (C). For H E.s let e(H) be the unique
stationary distribution vector, and suppose x is any probability vector. Thenfor
r ¿ t, where t is the number of distinct incidence matrices corresponding to G i,

Ilx'Hr - e'(H)lli :: Kßr/1

where K ~ 0,0:: ß ' 1, both independent of Hand x.

PROOF. Proceeding as in the proof of Theorem 4.10 and by (4.6), for r ¿ t

Corollary. If (4. 11) holds, and ek k-+", I efor a sequence eb k ¿ 1, of station-
ary distribution vectors of the sequence of stochastic matrices Pb k ¿ l,for

some limit vector e, then strong ergodicity holds.

Theorem 4.14. If Pk -+ P (elementwise) as k -+ 00, where P E Gi (i.e. P is
regular), then strong ergodicity obtains, and the limit vector v is the unique

stationary distribution vector of P.

PROOF. As in the proof of Theorem 3.6; again we use, i (. ) in place of, B(' ),
positivity of matrices is not needed, and the proofis somewhat simpler. Since
P is regular, there is a jo ¿ 1 such that pio is Markov. Now for p ¿ 0

'i(Tp,r) = 'i(Tp,r-iO 1;+r-iO,iO):: 'i(Tp+r-iO,io) (4.12)
for r¿jo. As 'i(1k,io)-+'i(pio) as k-+oo, by the continuity of'i, where

'i(PJO) , 1 since pJO is scrambling, so for k ¿ (;0' say, 'i(1k,io):: ß, 1.

Hence for r ¿ jo + (;0' = t, say, from (4.12)

, i ( 1; r) :: ß ' 1
for all p ¿ O. This is condition (4.11) of Theorem 4.13 As in the proof of
Theorem 3.6, it is easy to prove that the conditions of the Corollary to
Theorem 4.13 are otherwise satisfied (with e being the unique stationary
distribution of P, and also-by Lemma 4.9-the limiting distribution v inthe strong ergodicity). 0
Theorem 4.15. If Tp, r E Gi, p ¿ 0, r ¿ 1, and condition (C) is satisfied, asymp-
totic homogeneity is necessary and suffcient for strong ergodicity.i

PROOF. From Theorem 4.13, we need only verify that (4.11) holds, since
Tp,r E G10 P ¿ 0, r ¿ 1 ~ Pk E G10 k ¿ 1. From Lemma 4.5, Tp,r E M for
r ¿ t, and for such r by (4.6) and condition (C)

'i(Tp,r):: 'i(Tp,I):: c(Tp,t):: 1 - yL, 1. 0

k-i
'i(Tp,r):: n 'i(Tp+it.t)

i=O

k-i
:: n C(1;+il, I) :: (1 - ylt iw - yi)i/ty

i=O

where t is the number of distinct incidence matrices corresponding to G 10

where k is the largest positive integer such that kt :: r. Hence for any H E .s

'i(Hr):: (1 - yttißr/1

where ß = (1 - yl). Hence

Ilx'Hr - e'(H)lli = Ilx'H' - e'(H)H'lli:: 'i(H')llx' - e'(H)lli

by Lemma 4.3;

,2'i(Hr).
Hence the result follows by taking K = 2(1 - ylt i. o

Bibliography and Discussion to §4.5

This section has been written to closely parallel §3.3; the topics of both
sections are treated in unified manner (as is manifestly possible) in Seneta
and Sheridan (1981). Theorem 4.14 is originally due to Mott (1957) and
Theorem 4.15 to Seneta (1973a). It is clear that, in Theorem 4.16, t can be
taken as any upper bound over (n x n) P E Gi for the least integer r for
which pr has a positive column; according to Isaacson and Madsen (1974),
we may take t = (n - 1)(n - 2) + 1 = n2 - 3n + 3 (cf. Theorem 3.8).

One of the earliest theorems on strong ergodicity is due to Fortet (1938,
p. 524) who shows that if P is regular and

i This result is a strong ergodiciiy version of 
Theorem 4.10, and the analogue of Theorem 3.7.

I IIPk - PII", ' 00
k
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where

IIAlloo = m~x (r laijl ¡

4.34. Show that if weak ergodicity obtains for the forward products Tp, r, P ;: 0,
r;: 1, formed from a sequence Pb k ;: 1, of stochastic matrices, then asympto-
tic stationarity is equivalent to strong ergodicity.

(Kozniewska, 1962)

4.35. If Pk = P, k ;: 1, (i.e. all Pk's have common value P), show that weak and strong
ergodicity are equivalent.

(Kozniewska, 1962)

with A = (aij~' i, j = 1, ..., n, then as r -+ 00, lim (r -+ 00 )Tp. r exists, P :2 0;

this result is subsumed by Theorem 4.14. For a sequence of uniform Markov
matrices Pb k :2 1, Theorem 4.15, which is the strong ergodicity extension of
the Sarymsakov-Mustafin Theorem (Theorem 4.10), was obtained by Bern-
stein (1946) (see also Mott (1957) and Exercise 4.32). The notion of asympto-
tic homogeneity is due in this context to Bernstein (1946, 1964). Important
early work on strong ergodicity was also carried out by Kozniewska (1962);
a presentation of strong ergodicity theory along the lines of Bernstein and
Kozniewska without use of the explicit notion of coeffcient of ergodicity
may be found in Seneta (1973c, §4.3), and in part in the exercises to the
present section. The interested reader should also consult the papers of
Hajnal (1956) and Mott and Schneider (1957); and the books of Isaacson
and Madsen (1976) and Iosifescu (1977) for further material and references.

There is also a very large literature pertaining to probabilistic aspects of
non-homogeneous finite Markov chains other than weak and strong ergodi-
city, e.g. the Central Limit Theorem and Law of the Iterated Logarithm.
This work has been carried on largely by the Russian school; a comprehen-
sive reference list to it may be found in Sarymsakov (1961), and an earlier
one in Doeblin (1937). Much of the early work is due to Bernstein (see
Bernstein (1964) and other papers in the same collection).

4.6 Backwards Products

As in §3.1 we may consider general (rather than just forward) products
H p, r = (hl~Y)~, P :2 0, r:2 1, formed from a given sequence P b k:2 1, of
stochastic matrices: H P. r is a product formed in any order from P p+ 1, P p+ 2,

..., Pp+r' From Lemma 4.3, it follows that

r

'1(Hp,r):$ f1 '1(Pp+;)
i= 1

and it is clear from §§4.3-4.4 that a theory of weak ergodicity for such

arbitrary products may be developed to some extent. 1
Of particular interest from the point of view of applications is the beha-

viour as r -+ 00 of the backwards products

EXERCISES ON §4.5

4.31. We say the sequence of stochastic matrices Pb k ;: 1, is asymptotically station-
ary if there exists a probability vector D such that

U - fu(P, Tn - P . .. P Pp,T - 1. i,j f - P+T p+2 p+1, P :2 0, r:2 1

lim D'Tp. r = D', p;: O.

for reasons which we now indicate.
A group of individuals, each of whom has an estimate of an unknown

quantity engage in an information-exchanging operation. This unknown
quantity may be the value of an unknown parameter, or a probability. When
the individuals are made aware of each others' estimates, they modify their
own estimate by taking into account the opinion of others; each individual
weights the several estimates according to his opinion of their reliabilities.
To obtain a quantitative formulation of the model, suppose there are n
individuals, and let their initial estimates be given by the entries of the vector
Fo = (F?, F~, ..., F~). Let Pij(1) be the initial weight which the ith individual
attaches to the opinion of the jth individuaL. After the first interchange of
information, the ith individual's estimate becomes

T~OO

Show that (i) asymptotic stationarity implies asymptotic homogeneity; and,
more generally: (ii) asymptotic stationarity implies

lim D'Tp. r = D', r;: 1.
p~oo

(Kozniewska, 1962; Seneta, 1973a)

4.32. If the sequence of stochastic matrices Pb k;: 1, is uniformly Markov (i.e.
c(Pd :: Co .; 1, k;: 1), show that asymptotic homogeneity is necessary and
sufficient for strong ergodicity. (Hint: yß k :: Pk :: 11' where y = 1 - Co and ß k
is one of the matrices Vi, j = 1, 2, ..., n.)

(Bernstein, '1946)

F~ = '" p..(I)Ff!i L. ii J'
j

where the Pij(1)'s can be taken to be normalized so that
4.33. Use the results of Exercises 4.31 and 4.32 to show that for a sequence of

uniformly Markov matrices, asymptotic homogeneity and asymptotic station-
arity are equivalent.

¿ Pij(1) = 1,
j

i = 1, ..., n.

(Bernstein, 1946) 1 See Exercise 4.36.
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Clearly, the F¡'s may be elements of any convex set in an appropriate linear
space, rather than just real numbers; in particular, they may be probability
distributions. Now write Pk = tPij(k)J, k ¿ 1, i,j = 1, ..., n, where PiAk) is the
weight attached by the ith individual to the estimate of the jth individual
after k interchanges of information, properly normalized. If Fk is the estimate
vector resulting, then

Fk = PkFk-1 = PkPk-1 ... P1Fo = Uo, kFO

where the Pb k ¿ 1, are each stochastic matrices. The interest is clearly in
the behaviour of Uo, k as k -+ 00, with respect to: (1) whether consensus tends
to be obtained (i.e. whether the elements of Fk tend to become the same),
clearly a limited interpretation of what has been called weak ergodicity; and
(ii) whether the opinions tend to stabilize at the same fixed opinion, a limited
interpretation of what has been called strong ergodicity, for backwards
products.

One may also think of the set Pb k ¿ 1, in this context as one-step
transition matrices corresponding to an inhomogeneous Markov chain
starting in the infinitely remote past and ending at time 0, Pk being the
transition matrix at time -k, and Up,r = Pp+r'" Pp+2Pp+1 as the r-step
transition matrix between time - (p + r) and time - p. In this setting it
makes particular sense to consider the existence of a set of probability
vectors Vk, k ¿ 0, such that

v~+pUp,r = v~, P ¿ 0, r ¿ 1, (4.13)

the set Vb k ¿ 0, then having the interpretation of absolute probability vec-

tors at the various "times" - k, k ¿ O. We shall given them this name in

general.
Finally we shall use the definitions of weak and strong ergodicity analo-

gous to those for forward products (Definitions 4.4 and 4.5) by saying weak

ergodicity obtains if

for r ¿ r o(p), uniformly for all i, j, s = 1, ..., n. Since

Up,r+i =Pp+r+1Up,,,n n
¿PhAp + r + 1)(u!;/) - e):: ¿PhAp + r + l)u)~/)j=l j=l

n

:: ¿ PhAp + r + 1)(u!;~r) + e)
j= 1

i.e.

u!p, r) - e .; u(p, r+ 1) .; U(p, r) + e.i, S - h, S - i. s
By induction

u!;~ r) - e :: ui~'sr + k) :: U!;~ r) + e

for all i, s, h = 1,..., n, p ¿ 0, r ¿ ro(p), k ¿ O. Putting i = h, it is evident that
u(p, r) is a Cauchy sequence so lim (r -+ oo)u!p, r) exists. 0I,S , i. s
Hence we need only speak of ergodicity of the Up. r, and it is suffcient to prove
"weak ergodicity" (4.14). We may, on the other hand, handle weak ergodi-
city easily through use of coefficients of ergodicity as in §§4.3-4.4, since scalar
relations in terms of these, such as (4.4), (4.7), and that given by Lemma 4.3,
are" direction-free".

Theorem 4.18. Suppose m(') and ,( . ) are proper coeffcients of ergodicity
satisfying (4.4). Ergodicity of backwards prodùcts Up, r formed from a given
sequence Pb k ¿ 1, obtains if and only if there is a strictly increasing sequence
of positive integers tksJ, s = 0, 1, 2, ... such that

co

¿ U - ,(Uks. ks+i-dJ = 00.
s=O

u!p, r) _ u(P. r) -+ 0i. S J. s

as r -+ 00 for each i, j, s, p and strong ergodicity obtains if weak ergodicity
obtains and the u!;/) themselves tend to a limit for all i, s, p as r -+ 00 (in
which case the limit of u!;~r) is independent of i; but not necessarily, as with
forward products, of pl). The reason for the informality of definitions is the
following:

(4.14) PROOF. As indicated for Theorem 4.8. o

Theorem 4.17. For backwards products Up,,, p ¿ 0, r ¿ 1, weak and strong
ergodicity are equivalent.

PROOF. We need prove only that weak ergodicity implies strong ergodicity.
Fix p ¿ 0 and e )- 0; then by weak ergodicity

- e .; u(p, r) - u(p, r) .; e- i, S J, S -

Results for backwards products analogous to Theorems 4.9 and 4.14 for
weak and strong ergodicity of forward products respectively, are set as
Exercises 4.36 and 4.38. Lemma 4.5 for forward products has its analogue in
Exercise 4.37, which can be used to prove the analogue of Theorem 4.10

(weak ergodicity for forward products) and Theorem 4.15 (strong
ergodicity).

Theorem 4.19. Iffor each p ¿ 0, r ¿I, Up,r E G1 and

min+ pij(k) ¿ y )- 0
i, j

i See Exercise 4.39.

uniformly for all k'¿ 1, then ergodicity obtains at a uniform geometric rate for

all p ¿ O. (This is true in particular if Up, rEG 1, P ¿ 0, r ¿ 1, and the sequence
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(PkJ has its elements selected from a numerically finite set of stochastic
matrices.)

PROOF. Proceeding analogously to the proof of Theorem 4.10, with the same
meaning for t, we obtain

Now suppose strong ergodicity holds, so that
r-+ 00

Up.r -- Iv~, p 2: 0,
and suppose Vk, k 2: 0, is any set of absolute probability vectors. Then

a(Up,r):: (1 -ylt1((1 _yl)I/I1', r 2: t,

so that for all i, j, s, p, from the definition of a( . )

I u!;/) - uY'.~r) I :: (1 - 1'1t 1((1 _yl)I/IY, r 2: t.

Proceeding as in the proof of Theorem 4.17, for all i, s, h = 1, ..., n, p 2: 0,
r2:t,k2:0

V~ = v~+r Up, r = v~+r(lv~ + Ep, r) = v~ + v~+rEp, r

where Ep, r ~ 0 as r ~ 00, so, since v~+r is bounded, being a probability
vector, vp = vp, P 2: O.

Conversely, suppose there is precisely one set of absolute probability
vectors Vb k 2: O. Then suppose U: is a limit point of Uq. r as r ~ 00 for fixed
but arbitrary q 2: 0, so that for some subsequence rj,j 2: 1, of the integers, as
j~ 00,

I u!;~r+k) - u~~':) I :: (1 - 1'1t 1(( - 1'1)1/11', r 2: t,

and letting k ~ 00 yields

I v~p) - u~':) I :: (1 - 1'1t 1(( - 1'1)1/11', r 2: t,

v~p) = lim u~;~ rL, i = 1, ..., n. o

Uq,rj~U;, (4.17)
Now use the sequence rj+q, j 2: 1, from which to ultimately select the sub-
sequence Si giving (4.16). Following through the earlier argument, we have
Vx = Iv~, x 2: 0, by assumed uniqueness of the set of absolute probability
distributions. But, from (4.17)

U: = lim Uq, S¡-q = Yq
i-+ 00

where

r-+ 00

The following result also gives a condition equivalent to ergodicity for
backwards products.

from (4.16),

Theorem 4.20. Backwards products Up, r, P 2: 0, r 2: 1, formed from a se-
quence Pk, k 2: 1, of stochastic matrices are ergodic if and only if there is
only one set of absolute probability vectors Vk, k 2: 0, in which case

= Iv~.

Hence for a fixed q 2: 0, the limit poin t is unique, so as r ~ 00

Uq,r~ Iv~, q 2: O. o

r-+ 00

Up. r -- Iv~, P 2: O.

PROOF. We have for p 2: 0, r 2: 1, h 2: 1 Bibliography and Discussion to §4.6

Up+r,hUp.r= Up,r+h' (4.15)

Ux, Si-X ~ Vx (4.16)

The development of this section follows Chatterjee and Seneta (1977) to
whom Theorems 4.17-4.19 are due. Theorem 4.20 is due to Kolmogorov
(1936b); for a succinct reworking see Blackwell (1945). In the special case
where the Pb k 2: 1, are drawn from a finite alphabet K, Theorem 4.19 was
also obtained by Anthonisse and Tijms (1977).

Our motivating model for the estimate-modification process which has
been used in this section is due to de Groot (1974), whose own motivation is
the problem of attaining agreement about subjective probability distribu-
tions. He gives a range of references; a survey is given by Winkler (1968).

Another situation of applicability arises in forecasting, where several indivi-
duals interact with each other while engaged in making the forecast (Delphi
method; see Dalkey (1969)). The scheme

Now, since the set of stochastic matrices is compact in Rn2, we may use the
Cantor diagonal argument. to select a subsequence of the positive integers Si
such that as i ~ 00

for each x 2: 0, for stochastic matrices Vx, x 2: O. Hence substituting

s¡ - p - r for h in (4.15) and letting i ~ 00 we obtain

Vp+rUp,r = Vp, P 2: 0, r 2: 1,

so there is always at least one set of absolute probability vectors given by
/i Vk, k 2: 0, for any particular fixed j = 1, ..., n (i.e. we use the jth row of
each Vb k 2: 0). Fk = PkFk-1, k 2: 1,
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represents an inhomogeneous version of a procedure described by Feller

(1968) as "repeated averaging"; Feller, like de Groot, considers only the
case where all Pk are the same, i.e. Pk = P, k ~ 1. In this special case,
Theorem 4.19 and Exercise 4.38 are essentially due to de Groot.

For the rather complex behaviour of Up, r as r ~ 00 in general the reader
should consult Blackwell (1945, Theorem 3), Pullman (1966, Theorem 1);
and Cohn (1974) for an explanation in terms of the tail a-field of a reverse
Markov chain.

A further relevant reference is Mukherjea (1979, Section 3).

PAR T II

COUNTABLE NON-NEGATIVE
MATRICES

EXERCISES ON §4.6

4.36. Defining weak ergodicity for arbitrary products H p," P ;: 0, r;: 1, by

h(P..) - h(P. .) -- 0i. S J. S

as r -- 00 for each i, j, s, P, show that weak ergodicity is equivalent to
i-1(H P..) -- 0 as r -- 00, P ;: O. Show that sufficient for such weak ergodicity is

D'°=1 '(1- i-i(Pkn = 00.

4.37. Show that if Up.. E G¡, p;: 0, r;: 1, then Up.. EM for r;: t, where t is the

number of distinct incidence matrices corresponding to G 1. (Hint: Lemmas 4.4
and 4.5.)

4.38. Show that if Pk -- P (elementwise) as k -- 00, where PEG ¡, then ergodicity
holds for the backward products Up." p ;: 0, r ;: 1. (Hint: Show that there
exists a Po and a t such that c( Up. ,) :: Co ~ 1 uniformly for p ;: Po, and use the
approach of the proof of Theorem 4.10.)

(Chatterjee and Seneta, 1977)

4.39. Suppose the backward products Up,,, p ;: 0, r ;: 1, formed from a sequence Pb
k ;: 1, of stochastic matrices, are ergodic, so that as r -- 00

Up. . -- I v~ , p;: 0,

where the limit vectors mayor may not depend on p. By using the fact that
Up. .lv' = lv' for any probability vector v', construct another sequence for
which the limit vectors are not all the same (i.e. depend on p).

4.40. An appropriate analogy for backwards products to the class Gi given by
Definition 4.8 in the G'i of stochastic matrices, defined by P E G'i if (a) PEG 1;

(b) PQ E G1 for any Q E G1. Discuss why even more useful might be the class
Gi = rP; P E G1; PQ, QP E G1 for any Q E Gi) = Gi (ì G'i. Show that Gi is a
strictly larger class than G3, the class of (n x n) scrambling matrices.
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