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Inhom
ogeneous Products of

N
on-negative M

atrices

defined for any tw
o vectors x' =

 (xi, ..., X
n) )- 0', y' =

 (Y
i, ..., Y

n) )- 0', by

d(' '). - 1 (m
aX

i (X
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T
his function has, on the set of (1 x n) positive vectors, the properties of a

m
etric or distance, w

ith the notable exception that d(x', y') =
 0 if and only if

x =
 À

y for som
e À

.)- O
. (E

xercise 3.1). It is a pseudo-m
etric giving the

"projective distance" betw
een x' )- 0' and y' )- 0'. H

enceforth w
e assum

e as
u
s
u
a
l
 
t
h
a
t
 
a
l
l
 
v
e
c
t
o
r
s
 
a
r
e
 
o
f
 
l
e
n
g
t
h
 
n
 
a
n
d
 
a
l
l
 
m
a
t
r
i
c
e
s
 
(
n
 
x
 
n
)
,
 
u
n
l
e
s
s
 
o
t
h
e
r
-

w
ise stated.
It follow

s that if x', y' )- 0' and T
 is colum

n-allow
able, then x'T

, y'T
 )- 0';

the essence of the contraction property is in the inequality

d(x'T
, y'T

) ~
 d(x', y'),

(3.1)

w
hich w

e shall establish by recourse to the averaging (contraction) proper-
ties of row

 stochastic m
atrices in a m

anner sim
ilar to that atready em

ployed
repeatedly in our Section 2.6.

In a num
ber of im

portant applications the asym
ptotic behaviour as r -4 00

of one of the
L

em
m

a 3.1. If x, y )- 0 and x =
 T

x, Y
 =

 T
y, w

here T
 =

 ttij) ~ 0 is row
-

a
l
l
o
w
a
b
l
e
,
 
t
h
e
n

F
orw

ard P
roducts: T

p, r =
 tt!f'r)) =

 H
 p+

 i H
 p+

 2 ... H
 p+

r

B
ackw

ard P
roducts: U

p,r =
 tul),rl) =

 H
p+

r'" H
p+

2H
p+

i

and its dependence on P is of interest, w
here tH

k' k =
 1, 2, ...) is a set of

(n x n) m
atrices satisfying H

k ~
 O

. W
e shall w

rite H
k =

 thiA
k)), i, j =

 1, ...,
n. T

he kinds of asym
ptotic behaviour of interest are w

eak ergodicity and
strong ergodicity, and a com

m
only used tool is a contraction coefficient

(coeffcient of ergodicity). W
e shall develop the general theory in this chap-

ter. T
he topic of inhom

ogeneous products of (row
) stochastic m

atrices has
special features, and is for the m

ost part deferred to C
hapter 4.

m
ax (~
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.
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(3.2)
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Y
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L
.
k
 
t
i
k
Y
k
 
j
 
Y
j

w
here P

ij =
 tij Y

j ILk tik Y
k is the (i, j) elem

ent of a stochastic m
atrix P

. In
particular L

j Pij =
 1, so (3.2) follow

s (so (3.1) follow
s for a colum

n allow
able

T
,
 
f
r
o
m
 
t
h
e
 
d
e
f
i
n
i
t
i
o
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o
f
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(
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.
)
)
.
 
0

W
e m

ay sharpen the above result by recourse to

3.1 B
ir khoff' s C

ontraction C
oefficient:

G
enerali ties

D
efinition 3.1. A

n (n x n) m
atrix T

 ~ 0 is said to be row
-allow

able if it has at
least one positive entry in each row

. It is said to. be colum
n-allow

able if T
' is

row
-allow

able. It is said to be allow
able if it is both row

 and colum
n

allow
able.

T
heorem

 3.1. L
et w

 =
 tw

;) be an arbitrary vector and P =
 tPiiÌ a stochastic

m
atrix. If z =

 Pw
, z =

 tz;), then for any tw
o indices h, h'

Z
h - Z

h' ~
 ~

 L I P
hj - ph'jl J\m

~
x W

j - m
~

n w
j I

J J J f
(3.3 )

and

I
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o
r
d
e
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i
n
t
r
o
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u
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r
k
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f
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'
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n
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a
c
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o
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c
o
e
f
f
i
c
i
e
n
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w
h
i
c
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w
i
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s
e
r
v
e

as a fundam
ental tool in this chapter, w

e need to introduce the quantity,
~
~
a
x
 
Z
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-
 
m
j
n
 
Z
j
~
.
~
 
T
i
(
p
)
~
m
:
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W
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or equivalently to the last,

~
~

~
 I Z

h - Z
h' I ~

'i(P
)J\ii~

~
 I W

j - W
j' I ~

 (3.4)
,
 
J
.
 
J

L
em

m
a 3.2. If T

' is scram
bling and x, y ~ 0, then

d(x'T
, y'T

) -: d(x', y').
(3.5)

1
 
n
 
n

'i(P
)=

"2m
ax ¿

 IP
is-P

js! =
1-m

ih ¿
 m

in(pi..pjs)'
i
,
j
 
5
=
1
 
i
,
j
 
5
=
1

PR
O

O
F. R

eferring to the proof of L
em

m
a 3.1, and T

' replacing T
, w

e see that
the stochastic m

atrix P
 =

 (P
ijl defined therein is scram

bling, so by T
heorem

3.1, strict inequality obtains in at least one ofthe inequalities in (3.2), w
hence

t
h
e
 
r
e
s
u
l
t
 
f
o
l
l
o
w
s
 
f
r
o
m
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h
e
 
d
e
f
i
n
i
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o
f
 
d
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'
,
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'
)
.
 
0

w
here

C
orollary. (3.5) holds if T

 has a positive row
.

PR
O

O
F: Z

h - Z
h' =

 ¿j U
jW

j, w
here U

j =
 Phj - Ph'j (since w

e are considering h
and h' arbitrary but fixed). L

etj' denote the indices for w
hich U

j:: 0, and/,
those for w

hich uj -: 0, noting that ¿j uj =
 1 (and bearing in m

ind that the
set of j"s w

il be em
pty only if u =

 0). Put

It follow
s in view

 of (3.1) for a colum
n-allow

able m
atrix T

 and the fact
that d(x', y') =

 0 if and only if x =
 À

y for som
e positive Å

. ~ 0, that w
e m

ay
define a quantity 'B

(T
) by

1
()=

¿
uj'=

¿
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¿
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 !U
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j
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j
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2
j
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)
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 d(x' y')
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w
hich m

ust then satisfy

O
~'B
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)~i.

(3.6)
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T
he alternative expression for 'i(P) is given as part (equation (2.14)) of
T
h
e
o
r
e
m
 
2
.
1
0
.
 
0

C
learly, if T

i and T
i are both colum

n-allow
able then so is T

i T
i and for

x, y ~ 0, it follow
s (from

 E
xercise 3.1) that

d(x'T
i T

i, y'T
i T

i) ~
 'B

(T
i) d(x'T

i, y'T
¡) ~

 'B
(T

i)'B
(T

¡) d(x', y')

w
hence

T
hen

'
B
(
T
i
 
T
i
)
 
~
 
'
B
(
T
¡
)
'
B
(
T
i
)
.

(3.7)

'B
(- ) is B

irkhoff's contraction coefficient (or: coefficient of ergodicity), and
properties (3.6) and (3.7) are fundam

ental to our developm
ent of the theory

of inhom
ogeneous products. In view

 of relation (3.7), w
e see that if from

 a
sequence (H

ki of colum
n-allow

able m
atrices w

e select the m
atrices H

p+
 ¡,...,

H
 p +

 r and form
 their product in any order and call this product H

 p," then
stil

T
he preceding result is of m

ost interest in the situation w
here, i (P) -: 1 (it

i
s
 
o
b
v
i
o
u
s
 
t
h
a
t
 
0
 
~
 
'
i
 
(
P
)
 
~
 
1
)
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a
n
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i
n
d
e
e
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t
h
i
s
 
c
o
n
d
i
t
i
o
n
 
i
s
 
a
l
s
o
 
t
h
a
t
 
u
n
d
e
r

w
h
i
c
h
 
t
h
e
 
s
p
e
c
t
r
a
l
 
b
o
u
n
d
i
n
g
 
r
e
s
u
l
t
 
o
f
 

T
h
e
o
r
e
m
 
2
.
1
0
 
b
e
c
o
m
e
s
 
o
f
 

interest for a
stochastic m

atrix. It is clear from
 the alternative expression for, i(P) that

'i(P) -: 1 if and only if no tw
o row

s of P are orthogonal (or, alternatively,
any tw

o row
s intersect in the sense of having at least one positive elem

ent in
a coincident position). Such stochastic m

atrices have been called scram
bling;

w
e extend this definition to arbitrary non-negative T

.

p+
r

'B
(H

p,r) ~
 n 'B

(H
k).

k=
p+

 i
(3.8)

A
 m

atrix T
 w

ill be contractive if 'B
(T

) -: 1, and, clearly, from
 (3.8) and

(3.6) the significance of a m
atrix T

 for w
hich 'B

(T
) =

 0 is of central
significance. W

e rem
ark that if T

 is of rank 1 as w
ell as colum

n-allow
able, i.e.

is of the form
 T

 =
 w

v' =
 (w

ivïf w
here v. ~ 0; w

 :: 0, =
1 0, then from

 E
xercise

3.1

D
efinition 3.2. A

 row
-allow

able m
atrix T

:: 0 is called scram
bling if any

tw
o row

s have at least one positive' elem
ent in a coincident position.

'B
(T

) =
 sup d(x'w

v', y'w
v')

x, y;'O
 d(x' y') =

 0
x*'¡y ,
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;ince d((x'w
)v', (y'w

)v') =
 d(v', v') =

 O
. T

o develop further the use of'B
(T

)w
e

~equire its explicit form
 for a colum

n-allow
able T

 =
 ttijj in term

s of the
~ntries. of such a m

atrix. A
n explicit form

 is diffcult to obtain, and w
e defer

i
n
 
e
l
e
m
e
n
t
a
r
y
,
 
b
u
t
 
l
o
n
g
,
 
d
e
r
i
v
a
t
i
o
n
 
t
o
 
S
e
c
t
i
o
n
 
3
.
4
.
 
T
h
e
 
f
o
r
m
 
f
o
r
 
a
n
 
a
l
l
o
w
a
b
l
e

T
is

a
p
p
r
o
a
c
h
i
n
g
 
t
h
e
 
p
r
o
b
l
e
m
 
o
f
 

w
eak ergodicity offorw

ard products w
ithout the

requirem
ent that T

p,r;: 0 for r;: ro(p) (so that 'B
(T

p,r)": 1), although w
e

s
h
a
l
l
 
n
o
t
 
p
u
r
s
u
e
 
t
h
i
s
 
t
o
p
i
c
 
f
o
r
 
p
r
o
d
u
c
t
s
 
o
f
 
n
o
t
 
n
e
c
e
s
s
a
r
i
l
y
 
s
t
o
c
h
a
s
t
i
c

m
atrices. T

heorem
 3.1 w

hich is here used only for the proof of L
em

m
a 3.2

achieves its full force w
ithin the setting of products of stochastic m

atrices.

'B
(T

) =
 U

 - (ø
(T

)J/2JiU
 +

 (ø
(T

))1/2j
w

here

ø
(T

) =
 m

in .t¡ktjl
i.j. k, I tjkt¡i

3.2 R
esults on W

eak E
rgodici ty

if T
;: 0;

=
0

if T
 :f o.

W
e
 
s
h
a
l
l
 
f
o
c
u
s
 
i
n
 
t
h
i
s
 
s
e
c
t
i
o
n
 
o
n
 
f
o
r
w
a
r
d
 
p
r
o
d
u
c
t
s

T
p,r =

 H
p+

1H
p+

2'" H
p+

r and backw
ard products

F
rom

 this it is clear that given T
 is allow

able, 'B
( T

) =
 0 if and only if T

 is
of rank 1, i.e. T

 =
 w

v', w
, v ;: O

.
U

p,r =
 H

p+
r'" H

p+
2H

p+
1

as r -+
 00 since these are the cases of usual interest.

D
efinition 3.3. T

he products H
I'. r =

 thlY
' r)j form

ed from
 the allow

able
m

atrices H
 1'+

 l' H
 1'+

 2, ..., H
 1'+

 r m
ultiplied in som

e specified order for each
p
 
;
:
 
0
,
 
r
;
:
 
1
,
 
a
r
e
 
s
a
i
d
 
t
o
 
b
e
 
w
e
a
k
l
y
 
e
r
g
o
d
i
c
 
i
f
 
t
h
e
r
e
 
e
x
i
s
t
 
p
o
s
i
t
i
v
e
 
m
a
t
r
i
c
e
s

S
p, r =

 t siy' r)j (p ;: 0, r ;: 1) each of rank 1 such that for any fixed p, as r -+
 00

h
l
Y
'
 
r
)
 
/
 
s
~
Y
'
 
r
)
 
-
+
 
1
 
f
o
r
 
a
l
l
 
i
,
 
j
.
 
(
3
.
9
)

Lem
m

a 3.3. T
he products H

I', r are w
eakly ergodic if and only if for all p ;: 0 as

r-+
oo

L
e
m
m
a
1
 
3
.
4
.
 
I
f
 
H
I
'
,
 
r
 
=
 
H
p
+
 
1
 
H
p
+
 
2
 
.
.
.
 
H
p
+
n
 
i
.
e
.
 
H
I
'
,
 
r
 
i
s
 
t
h
e
 

f
o
r
w
a
r
d
 
p
r
o
d
u
c
t

T
p, r =

 t tly' r)j in the previous notation, and all H
 k are allow

able, then
'B

( 1; r) -+
 0 as r -+

 00 for each p ;: 0 if and only if the follow
ing conditions both

hold:

(
a
)
 
T
p
,
r
;
:
 
0
,
 
r
;
:
 
r
o
(
p
)
;

(b) tIp, r)/t!J, r) -+
 W

!I!) ;: 0
ik Jk IJ

(3.11 )

H
I', r ll'H

p, r/l'H
p, r 1

(since (3.10) is assum
ed to hold, since H

p,r is allow
able,

sufficiently large r, from
 the explicit form

 of 'B
( . )). T

hen

h
(
p
,
r
)
 
;
1

~
 =

 hll!,r) "
sll!' r) IJ \ L.
I
J
 
k
.
 
s

f
o
r
 
a
l
l
 
i
,
 
j
,
 
p
,
 
k
 
w
h
e
r
e
 
t
h
e
 
l
i
m
i
t
 
i
s
 
i
n
d
e
p
e
n
d
e
n
t
 
o
f
 
k
 
(
i
.
e
.
 
t
h
e
 
r
o
w
s
 
o
f
 
T
p
.
 
r
 
t
e
n
d
 
t
o

proportionality as r -+
 (0).

PR
O

O
F: T

he im
plication: (3.11) =

 (3.10) is obvious since under (3.11) clearly

ø(T
p, r) -+

 1. A
ssum

e (3.10) obtains; then clearly T
p, r ;: 0 for suffciently large

r (r;: ro(p), say). N
ow

 consider i andj fixed and note that

'B
(H

p,r)-+
O

. (3.10)
PR

O
O

F: From
 the explicit form

 of 'B
(T

), w
hich im

plies continuity w
ith

T
 ;: 0, (3.9) evidently im

plies (3.10). C
onversely, define the rank 1 m

atrices

H
I', r ;: 0 for

t
!
"
,
 
r
 
+
 
1
)
 
d
(
p
,
 
r
)
t
l
p
,
 
r
)

~-~~
t
(
p
,
 
r
+
 
1
)
 
-
 
L
.
 
t
(
p
,
 
r
)

J
k
 
S
 
J
S

hIP. r!hl!' r)
i
k
 
S
J

h(P, rW
I!, r)

sk 'J
h(p, rW

I!' r) \
sk IJ

"
 
h
(
p
,
 
r
)
 
I

L
.
k
,
 
s
 
k
s

w
here d(p, r) =

 t(p, r)h (p +
 r +

 1)/t(p, r+
 1) is the k s elem

ent of a (row
) stoch-

k
s
 
J
S
 
s
k
 
J
k
 
,

astic m
atrix w

ith strictly positive entries and so a scram
bling m

atrix. H
ence

by L
em

m
a 3.1

-
+
 
1

by (3.10), since ø
(H

 1', r) -+
 1.

o
(t(p, r))

ik
m

ax t(p, r)
k
 
J
k

is non-increasing w
ith r;

L
em

m
a 3.3 together w

ith relation (3.7) indicates the pow
er of the

coeffcient of ergodicity 'B
( .) as a tool in the study of w

eak ergodicity ~
f

arbitrary products of allow
able non-negative m

atrices. In L
em

m
a 3.4 w

e
s
h
a
l
l
 
s
e
e
 
t
h
a
t
 
f
o
r
 
f
o
r
w
a
r
d
 
p
r
o
d
u
c
t
s
 
T
p
,
 
r
 
t
h
e
 
g
e
n
e
r
a
l
 
n
o
t
i
o
n
 
o
f
 

w
eak ergodicity

defined above coincides w
ith the usual notion for the setting, w

hen T
p. r ;: 0

for r;: ro(p). W
e have included L

em
m

a 3.2 because this provides a m
eans of

( t(p, r))

.
 
i
k

m
m

 tp, r)
k
 
J
k

is non-decreasing w
ith r.

1 For the analogous result for backw
ard products see E

xercise 3.3. For colum
n-proportionality

of forw
ard products see E

xercise 3.7.
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S
ince 'B

(T
p.r)~

O
, 4i(T

p,r)~
 1, so as r~

 00

t
l
l
'
 
r
)
 
t
(
p
,
 
r
)

_
 
)
S

t(i;' r) t(p, r) ~
 1

)
 
l
S

C
o
r
o
l
l
a
r
y
.
 
I
f
 
f
o
r
 
a
 
s
e
q
u
e
n
c
e
 
t
k
s
J
,
 
s
;
:
 
0
,
 
o
f
 
p
o
s
i
t
i
v
e
 
i
n
t
e
g
e
r
s
 
s
u
c
h
 
t
h
a
t

k
s
+
 
1
 
-
 
k
s
 
=
 
g
 
(
c
o
n
s
t
a
n
t
)
,

for all i, j, k, s, so the tw
o m

onotone quantities as r ~ 00 have the sam
e

positive lim
it, w

hich is independent of k and m
ay be denoted by w

g'). 0

4i( T
k,. k,+

 i - kJ ;: e2

then 'B
(T

p, r) ~
 0 as r ~

 00, p ;: 0, at a geom
etric rate, e.g. in the case p =

 0:

'B
(T

o. r) ~
 H

i - e)/(1 +
 e)j-(ko/9)-1H

i - e)/(1 +
 e))/9

T
heorem

 3.2. F
or a sequence tH

d, k =
 1, 2, ... of non-negative allow

able
m

atrices if H
 p, r =

 T
p, r or H

 P
. r =

 U
p, r then w

eak ergodicity obtains if and only

if there is a strictly increasing sequence of positive integers t ksl, s =
 0, 1, 2, .. .

such that

for r suffciently large. A
nalogous results hold for backw

ards products.

co

L
 (4i(H

k" k,+
i-kJF/2 =

 00.
s=

o
(3.12)

T
h
e
o
r
e
m
 
3
.
3
.
 
I
f
 
f
o
r
 
t
h
e
 
s
e
q
u
e
n
c
e
 
o
f
 
n
o
n
-
n
e
g
a
t
i
v
e
 
a
l
l
o
w
a
b
l
e
 
m
a
t
r
i
c
e
s

H
k =

 thij(k)j, k;: 1, (i) H
p.ro;: 0 for p;: 0 w

here ro (21) is som
e fixed

integer independent of p; and (ii):

m
~

n+
 hij(k)/m

~
x hij(k) 2 y;: 0 (3.13)

i
,
 
)
 
I
,
 
)

PR
O

O
F: Suppose H

 P. r =
 T

p, r' P 2 0, r 2 1. T
ake p =

 0 for sim
plicity to prove

suffciency of (3.12) and large r (for arbitrary p the argum
ent w

il be sim
ilar).

(-1
'
B
(
T
o
,
r
)
 
~
 
f
1
 
'
B
(
T
k
"
 
k
,
+
i
-
k
J
,

s=
o

(w
here m

in +
 refers to the m

inim
um

 of the positive elem
ents and y is indepen-

dent of k), then if H
 p, r =

 T
p, r (or =

 U
p, r), p 2 0, r ;: 1, w

eak ergodicity (at a
geom

etric rate) obtains.

PR
O

O
F: From

 the structure of, B
(' ) and its dependence on 4i(' ) it is evident

that the value of 'B
(H

 p, r) is unchanged if each H
 k is m

ultiplied by som
e

positive scalar (each scalar dependent on k). S
ince by Lem

m
a 3.3 w

eak
ergodicity is dependent only on such values, w

e m
ay assum

e w
ithout loss of

generality in place of (3.13) that

o ~
 y ~

 m
in+

 hij(k), m
ax hij(k) ~

 1. (3.14)
i, j i, j

T
o
,
 
r
 
=
 
T
o
,
 
k
o
 
1
k
o
'
 
k
i
 
-
 
k
o
 
T
k
i
,
 
k
i
 
-
 
k
i
 
.
.
.
 
1
k
,
-
i
,
 
k
,
-
 
k
,
-
i
 
T
*

for som
e allow

able T
* 2 0 w

here ki is the nearest m
em

ber of the sequence
tk.) not greater than r, so t ~

 00 as r ~
 00. T

hen by (3.7)

and as r ~ 00 the right hand side ~ 0 if and only if
co

L U
 - 'B

(1k"k,+
i-k,)j =

 00.
s=

o
It follow

s, since H
 p, ro ;: 0, p 2 0, that

y'0 11' ~
 H

p, ro ~
 nro-111'

(3.15)
From

 the definition of 4i(' ), 0 ~ 4i(' ) ~ 1, and taking into account the expli-
cit form

 of 'B
('), the divergence of the sum

 is im
plied by (3.12). H

ence (3.12)
is sufficient for w

eak ergodicity (of forw
ard products).

If w
e assum

e w
eak ergodicity then by Lem

m
a 3.3 'B

(T
p, r) ~

 0 as r ~
 00,

p ;: O
. L

et 1 ;: b ;: 0 be fixed. T
hen define the sequence tksJ recursively by

choosing ko arbitrarily, and ks+
 1 once ks has been determ

ined so that

'
B
(
T
k
"
 
k
d
i
-
d
 
~
 
b
.

s
o
 
4
i
(
H
p
,
r
o
)
;
:
 
(
y
'
O
j
n
r
o
-
1
)
2
 
=
 
e
2
,
 
s
a
y
,
p
;
:
 
O
.
 
W
e
 

m
ay now

 apply the C
orollary

to T
heorem

 3.2, w
ith g =

 ro, and ko =
 1, say. 0

O
ne m

ay, finally, obtain a result of the nature of T
heorem

 3.2 and its
C

orollary for products H
p,r form

ed in arbitrary m
anner from

 H
p+

1, H
p+

2,
..., H

p+
r.

T
hen

T
h
e
o
r
e
m
 
3
.
2
'
 
F
o
r
 
a
 
s
e
q
u
e
n
c
e
 
t
H
k
J
,
 
k
 
~
 
1
 
o
f
 

non-negative allow
able m

atrices, if

1
1
 
-
 
'
B
(
T
k
"
k
,
+
i
-
k
J
\

(
4
i
(
T
k
"
k
,
+
i
-
k
J
F
/
2
 
=
 
\
1
 
+
 
'
B
(
1
k
"
k
,
+
i
-
k
J
I

co

L
 
(
4
i
(
H
k
W
/
2
 
=
 
0
0

k
=
 
1

(3.16)

2
 
(
1
 
-
 
b
)
/
(
1
 
+
 
b
)
 
;
:
 
0

w
hich im

plies (3.12) for this sequence.
T

he proof for backw
ards products U

p, r is analogous.
o

then the products H
 p, rare w

eakly ergodic.

P
R
O
O
F
:
 
'
B
(
H
p
,
 
r
)
 
~
 
f
1
g
~
+
 
1
 
'
B
(
H
k
)
 
~
 
0
 
a
s
 
r
 
~
 
0
0
 
a
s
 
i
n
 
t
h
e
 
p
r
o
o
f
 
o
f
 

T
heorem

3
.
2
.
 
0
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C
orollary. T

he condition (3.16) m
ay be replaced by the condition

f
 
m
i
n
i
.
j
 
h
i
j
(
k
)
 
=
 
0
0
.

k=
1 m

axi,j hij(k)

B
i
b
l
i
o
g
r
a
p
h
y
 
a
n
d
 
D
i
s
c
u
s
s
i
o
n
 
t
o
 
§
§
3
.
1
-
3
.
2

T
he crucial averaging property of a stochastic m

atrix, already used in §2.6
and m

entioned in its discussion, m
anifests itself here in L

em
m

a 3.1, and, in
m

ore refined m
anner, in T

heorem
 3.1. B

oth these results occur in M
arkov

(1906), the first of M
arkov's papers to deal w

ith M
arkov chains (w

ith a finite
but arbitrary num

ber of states). H
ostinsky (1931, p. 15) calls these results the

T
héorèm

e fondam
entale sur la lim

ite de la probabilité, and elsew
here: . . .

l'im
portante m

éthode de m
oyennes successives em

ployée par M
arkoff. . . and

they w
ere taken up by F

réchet (1938, pp. 25-30), but their potential, in the
context of inhom

ogeneous products of stochastic m
atrices, w

as not fully
realized until the w

ork of H
ajnal (1958). W

e shall develop these them
es

further in the m
ore appropriate setting of C

hapter 4 w
here the notion of a

scram
bling m

atrix is used extensively.
T
h
e
 
C
o
r
o
l
l
a
r
y
 
t
o
 
L
e
m
m
a
 
3
.
2
 
i
s
 
d
u
e
 
t
o
 
C
o
h
e
n
 
(
1
9
7
9
a
)
;
 
t
h
e
 
l
e
m
m
a
 
i
t
s
e
l
f
 

is a
direct consequence of T

heorem
 3.1. A

part from
 the results m

entioned so far,
the developm

ent of §§3.1-3.2 largely follow
s H

ajnal (1976). C
ohen's subject

m
atter, follow

ing on from
 H

ajnal, is the study of d(x' T
o. r' y' T

o, r) as r ~
 00

w
here the m

atrices rH
k~ are colum

n allow
able inasm

uch as each is supposed
t
o
 
h
a
v
e
 
a
 
p
o
s
i
t
i
v
e
 
r
o
w
.

T
he origins and chief application of the notion of w

eak ergodicity of
forw

ard products T
p, r' P ;: 0, r ;: 1 is in the context of dem

ography. A
 sim

ple
dem

ographic m
odel for the evolution of the age structure of a hum

an popu-
lation, regarded as consisting of n age groups (each consisting of the sam

e
num

ber of years), over a set of" tim
e points" r =

 0,1,2,..., (spaced apart by
the sam

e tim
e interval as successive age groups) m

ay be described as follow
s.

If Pr is an (n x 1) vector w
hose com

ponents give num
bers in various age

groups at tim
e r, thenP~+

 1 =
 p~H

r+
 l'

r =
 0, 1, 2, ...

w
here H

r+
 1 is a know

n m
atrix of non-negative entries, depending (in

general) on tim
e r, and expressing m

ortality-fertility conditions at that tim
e.

Indeed, each of the m
atrices H

b k;: 1, has the sam
e form

 (has the sam
e

incidence m
atrix); specifically, it is of the form

:

b1 S
I 0 0

bi 0 S
i 0

o

bn-1
h () ()

o
 
S
n
-
 
1

()

B
ibliography 

and D
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89

w
hich is know

n as a "L
eslie m

atrix" in this context (and as a "R
enew

al-type
m

atrix" m
ore generally). H

ere Si is the proportion of survivors from
 age

group i to age group (i +
 1) in the next tim

e-step, and bi is the num
ber of

contributions to age group 1 per individual in age group i. If w
e assum

e all
bi' Si ;: 0 for all k, then the m

atrix set H
b k;: 1, has a rather special struc-

ture (in the sense of a com
m

on incidence m
atrix), w

ith, m
oreover, a positive

diagonal entry; see E
xercise 3.11; and it is usual to assum

e that the (coinci-
dent) positive entries are bounded aw

ay from
 zero and infinity. T

hus the
conditions of T

heorem
 3.3 are certainly satisfied, and its conclusion enables

us to m
ake certain inferences about

P~ =
 p~H

iH
i'" H

r =
 P~ T

o,r

w
here Po (;: 0, =

1 0) represents the initial age structure of the population,
and H

b k;: 1, the history of m
ortality-fertility pressures over tim

e. T
hus

consider tw
o different initial population structures: IX

 =
 rct¡), fJ =

 rß
¡) sub-

jected to the sam
e "history" H

 b k ;: 1. T
hus from

 L
em

m
a 3.4, as r ~ 00

(first dividing num
erator and denom

inator by t~
i' r)):

~
n t(o. r) ~

n u¡(o) ~
n' (0)

L
.
i
 
=
 
1
 
c
t
i
 
i
k
 
L
.
i
 
=
 
1
 
c
t
i
 
V
V
 
i
q
 
L
.
i
 
=
 
1
 
c
t
i
 
W
i

~
 . =

~
n ß

 t(O
. r) ~

n ß
 u¡(o) ~

n ß
 (0)

L
.
j
=
 
1
 
j
 
j
k
 
L
.
j
=
 
1
 
j
 
V
V
)
q
 
L
.
j
=
 
1
 
j
 
w
j

(the last step being a consequence of E
xercise 3.5), the lim

it value being
independent of k. T

his independence is called the w
eak ergodicity property,

s
i
n
c
e
 
t
h
e
 
P
k
 
a
r
i
s
i
n
g
 
f
r
o
m
 
d
i
f
f
e
r
e
n
t
 
P
o
 
t
e
n
d
 
t
o
 
p
r
o
p
o
r
t
i
o
n
a
l
i
t
y
 
f
o
r
 
l
a
r
g
e
 
k
.
 
I
f
 

w
e

focus attention on the age-distribution, w
hich at tim

e r gives the proportions
in the various age groups viz. p~

/ P
~

 1, then this conclusion m
ay be rein-

t
e
r
p
r
e
t
e
d
 
a
s
 
s
a
y
i
n
g
 
t
h
a
t
 
t
h
e
 
a
g
e
~
d
i
s
t
r
i
b
u
t
i
o
n
s
 
t
e
n
d
 
t
o
 
c
o
i
n
c
i
d
e
n
c
e
 
f
o
r
 
l
a
r
g
e
 
r
,

but the com
m

on age structure m
ay stil ttnd to evolve w

ith r. T
o see this note as

r
~
 
0
0

n / n n (n (0) ~
/( ( n ) ( n (0)) J

,¿ctit!l,r) .¿ ¿ctit!~,r) '" t~i,r).¿ cti~~) ¿ t~~,r) .¿ cti~~)
1
=
1
 
1
=
1
 
s
=
1
 
1
=
1
 
W
q
 
s
=
1
 
1
=
1
 
W
q

'
"
 
t
(
O
,
 
r
)
/
 
~
 
t
(
O
.
 
r
)

q
k
 
L
.
 
q
s

s
=
 
1

f
o
r
 
a
n
y
 
f
i
e
d
 
q
 
=
 
1
,
 
.
.
.
,
 
n
 
a
n
d
 
a
l
l
 
k
 
=
 
1
,
 
.
.
.
,
 
n
,
 
a
n
d
 
h
e
n
c
e
 
i
s
 
i
n
d
e
p
e
n
d
e
n
t
 
o
f
 
i
x
.

S
trong ergodicity, discussed in §3.3, is the situation w

here the com
m

on
a
g
e
-
d
i
s
t
r
i
b
u
t
i
o
n
 
t
e
n
d
s
 
t
o
 
c
o
n
s
t
a
n
c
y
 
a
s
 
r
 
~
 
0
0
.

W
e m

ay thus calla com
bination of T

heorem
 3.3 w

ith Lem
m

a 3.4, the
"W

eak E
rgodicity T

heorem
". A

 variant in the dem
ographic literature is

generally called the C
oale-L

opez theorem
, since a proof in this setting w

as
p
r
o
v
i
d
e
d
 
b
y
 
L
o
p
e
z
 
(
1
9
6
1
)
 
a
l
o
n
g
 
t
h
e
 
l
i
n
e
s
 
o
f
 

E
x
e
r
c
i
s
e
s
 
3
.
9
-
3
.
1
0
.
 
T
h
i
s
 
o
r
i
g
i
n
a
l

proof w
as w

ritten under the influence of the approach to the basic ergodic
theorem

 for M
arkov chains w

ith prim
itive transition m

atrix occurring in the
b
o
o
k
 
o
f
 

K
em

eny and S
nell (1960, pp. 69-70). T

he present approach (of the
text) is m

uch m
ore stream

lined, but, insofar as it depends on the contraction
, \ . . .... ~

. -- -
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E
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f
o
r
m
 
o
f
 
r
 
B
(
'
)
 
n
e
e
d
s
 
t
o
 
b
e
 
e
s
t
a
b
l
i
s
h
e
d
 
f
o
r
 
c
o
m
p
l
e
t
e
n
e
s
s
 
o
f
 
e
x
p
o
s
i
t
i
o
n
.

T
h
e
 
t
h
e
o
r
y
 
o
f
 

w
eak ergodicity in a dem

ographic setting begins w
ith the w

ork
of B

ernardelli (1941), Lew
is (1942), and Leslie (1945). F

or the theory in this
setting w

e refer the reader to Pollard (1973, C
hapter 4); see also C

ohen
(1979b) for a survey and extensive references.

O
f interest also is an econom

ic interpretation of the sam
e m

odel (that is,
w

here all H
 k are of renew

al-type as discussed above), w
ithin a paper (Feld-

stein and R
othschild, 1974, esp. §2), w

hich served as a m
otivation for the

i
m
p
o
r
t
a
n
t
 
w
o
r
k
 
o
f
 
G
o
l
u
b
i
t
s
k
y
,
 
K
e
e
l
e
r
 
a
n
d
 
R
o
t
h
s
c
h
i
l
d
 
(
1
9
7
5
)
 
o
n
 
w
h
i
c
h

m
uch of our §3.3 depends. T

he vector Jlr represents, at tim
e r, the am

ount of
c
a
p
i
t
a
l
 
o
f
 
e
a
c
h
"
 
a
g
e
"
 
i
 
=
 
1
,
2
,
 
.
.
.
,
 
n
,
 
w
h
e
r
e
 
g
o
o
d
s
 
l
a
s
t
 
(
p
r
e
c
i
s
e
l
y
)
 
n
 
y
e
a
r
s
.
 
A

m
achine, say, provides Si as m

uch service in its (i +
 1 )th year as it did in its

ith. D
efine b =

=
 b(r +

 1) (the" expansion coefficient") as the ratio of gross
i
n
v
e
s
t
m
e
n
t
 
i
n
 
y
e
a
r
 
r
 
(
f
o
r
 
y
e
a
r
 
r
 
+
 
1
)
 
t
o
 
c
a
p
i
t
a
l
 
s
t
o
c
k
 
i
n
 
y
e
a
r
 
r
.
 
T
h
e
n
 
e
a
c
h
 
H
 
k
,

k ~ 1, has the renew
al form

 w
ith each bi being b(k +

 1) in H
H

 ¡, and all S¡,
i
 
=
 
1
,
 
.
.
.
,
 
n
 
-
 
1
 
b
e
i
n
g
 
c
o
n
s
t
a
n
t
 
w
i
t
h
 
k
.

3.5. S
how

 that in Lem
m

a 3.4, W
!;~

 =
 lim

r~
co t!r.r)/t~

¡;,r) m
ay be w

ritten as
w
!
P
)
/
w
(
p
)
 
f
o
r
 
s
o
m
e
 
w
(
p
)
 
=
 
r
 
w
(
p
H
 
w
h
e
r
e
 
w
(
p
)
 
:
;
 
0
 
(
w
(
P
)
)
'
1
 
=
 
1

i
 
)
 
L
.
 
i
 
j
,
 
,
 
.

3.6. P
roceeding along the lines of Lem

m
a 3.4 show

 that if T
p. r :; 0, r ~

 r o(p), then

( t(P. r))
m

ax )q
j
 
t
y
;
.
 
r
)
 
,

( t(P. r))

.
 
)
q

m
~

n ty;' r)
)

are, respectively, non-increasing and non-decreasing w
ith r. H

ence show
 that if

i- B
( T

p. r) -- 0, r -- 00, for an allow
able sequence H

 k, k ~
 1, then both sequences

have the sam
e positive lim

it w
hich (is independent ofj and) m

ay be denoted by
V

(p)
qs'

3.7. S
how

 that in E
xercise 3.6 the lim

it m
ay be w

ritten in the form
 vW

 =
 vt:)/v~

p) for
som

e v(p) =
 r vlp)), w

here v(p) :; 0, (v(p))'l =
 1. C

om
bine this result w

ith that of
E

xercise 3.5 to show
 that if i-B

(T
p, r) -- 0, r -- 00, then

tlr' r)/tt:; r) -- w
lP)vý')/w

t:)v~P) :; O
.

3.8. Show
 that for a stochastic m

atrix P =
 rPij), i, j =

 1, ..., n

E
X
E
R
C
I
S
E
S
 
O
N
 
§
§
3
.
1
-
3
.
2

3.1. S
how

 for positive (1 x n) vectors x', y', z' that for the projective distance d(', .)
defined for positive vectors:

(i) d(x', y') ~ 0;
(
i
i
)
 
d
(
x
'
,
 
y
'
)
 
=
 
d
(
y
'
,
 
x
'
)
;

(iii) d(x', y') s d(x', z') +
 d(z', y') (T

riangle Inequality);
(iv) d(x', y') =

 0 if and only if x =
 À

y for som
e À

 :; 0;
(
v
)
 
d
(
x
'
,
 
y
'
)
 
=
 
d
(
r
x
x
,
 
ß
y
'
)
 
f
o
r
 
a
n
y
 
t
w
o
 
p
o
s
i
t
i
v
e
 
s
c
a
l
a
r
s
 
i
X
,
 
ß
.

3.2. Show
 that on the set D

 +
 =

 r x; X
 :; 0; x'l =

 1) the projecti ve distance is a
m

etric. Further, show
 that if d(', .) is any m

etric on D
 +

, and P E
 S+

, the set of
colum

n-allow
able stochastic m

atrices, and i-(P
) is defined by

n

i
-
1
(
P
)
 
S
 
1
 
-
 
I
 
m
i
n
 
P
i
s
 
S
 
1
 
-
 
n
t
:

s
=
 
1
 
i

w
here t: =

 m
ini. j Pij. (T

hus if P :; 0, 1 - nt: -c 1 and there is a sim
pler bound

f
o
r
 
i
-
1
(
P
)
.
)

3.9. S
uppose H

k, k ~
 1, are all positive and satisfy condition (3.13). U

sing the
stochastic m

atrix w
ith (k, s) entry

dip. r) =
 (P, r) hsk(p +

 r +
 1)

ks t)S
 t~

,r+
l)

i-(P
) =

 sup
x, ye D

+
x"'y

d(x' P
, y' P

)

d(x', y')

=
 hsk(p +

 r +
 1) /r (tY

a' r)/ty;, r))hqk(p +
 r +

 1)

of Lem
m

a 3.4, and E
xercise 3.6, show

 that m
ink. s d\;l ~

 y2n - i, and hence via
T

heorem
 3.1 and E

xercise 3.8 that

I t(P
. r)/t(p, r) - W

I!?) I -c K
 (1 - y2)r r:; 1

i
k
 
j
k
 
1
1
 
_
 
p
 
,
 
_
,

for som
e W

I)):; 0 independent of k, w
here K

p, 00 :; K
p ~ 0 is a constant

independent of i, j, k.

3.10. U
nder the conditions of T

heorem
 3.3 show

 (w
ithout recourse to cl(. ) or i-B

(' ))
b
y
 
u
s
i
n
g
 
t
h
e
 
r
e
s
u
l
t
s
 
o
f
 
E
x
e
r
c
i
s
e
 
3
.
9
 
a
n
d
 
t
h
e
 
w
e
a
k
 
m
o
n
o
 

tonicity argum
ent in

Lem
m

a 3.4 that there are W
I)) independent of k such that for all i, j, k, P

I t!V
)/tK

 r) - W
I)) I s C

A
1 - (y'°/nro-i )2r1ro, r ~

 1,
w

here C
p, 0 S C

p -c 00 is a constant independent ofi, j, k. (N
ote that this form

of" geom
etric rate" of ergodicity differs som

ew
hat in nature from

 that asserted
for this situation by the C

orollary to T
heorem

 3.2.)(
L
o
p
e
z
,
 
1
9
6
1
;
 
S
e
n
e
t
a
,
 
1
9
7
3
)

3.11. If all H
k, k ~ 1, have the sam

e incidence m
atrix w

hich is irreducible and has at
l
e
a
s
t
 
o
n
e
 
p
o
s
i
t
i
v
e
 
d
i
a
g
o
n
a
l
 
e
n
t
r
y
,
 
s
h
o
w
 
t
h
a
t
 
H
 
P
.
 
r
 
:
;
 
0
 
f
o
r
 
P
 
~
 
0
,
 
r
 
~
 
2
(
n
 
-
 
1
)

then

(i) i-(Pi P2) S i-(Pi)i-(P2), Pi' P2 E
 S+

;
(ii) i-(P

) =
 0 for P

 E
 S

+
 if and only if P

 =
 lv', v E

 D
+

.
(iii) i-(P) =

 1 for P =
 I, the unit m

atrix.
(
S
e
n
e
t
a
,
 
1
9
7
9
)

3.3. C
heck that if T

 is allow
able, then i-B

(T
) =

 i-B
(T

') and hence state the analogue
of Lem

m
a 3.4 for backw

ards products U
p. r =

 H
 p+

r ... H
 p+

 i H
 p'

3.4. If H
 p, r =

 rhl)' r)) is an arbitrary product form
ed from

 the allow
able m

atrices
H

p+
l, H

p+
2, ..., H

p+
r in som

e specified order, show
 that the products are

w
eakly ergodic if and only if

(
a
)
 
H
p
.
r
:
;
 
0
,
 
r
 
~
 
r
o
(
p
)
;

(b) hIV
)/h~

'k' r) ~
 W

I). r), hI!' r)/h\1' r) ~
 vI). r) as r -- 00 for all i, j, P

, k, w
here

V
i)' r), W

I), r) are independent of k.

(S
ee also E

xercises 3.6-3.7.)
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3.3 Strong E
rgodicity for Forw

ard Products

D
efinition 3.4. T

he forw
ard products T

p, r =
 ~t¡)' r)~ form

ed from
 a sequence

of row
-allow

able m
atrices H

 k, k 2: 1, are said to be strongly ergodic if for
each i, j, p.

Ó
l" r)

'i
"
"
"
 
r
-
+
 
0
0

L
.s=

 1 t(p, r) -- vC
p)

,s i
(3.17)

independently of i.

L
e
m
m
a
 
3
.
5
.
 
I
f
 
s
t
r
o
n
g
 
e
r
g
o
d
i
c
i
t
y
 
o
b
t
a
i
n
s
,
 
t
h
e
 
l
i
m
i
t
 
v
e
c
t
o
r
 
v
~
 
=
 
~
 
v
~
P
)
~
 
o
f
(
3
.
1
 
7
)
 
i
s

independent of p 2: O
.

PR
O

O
F: For any x 2: 0, =

F 0, it follow
s from

 (3.17) that as r ~ 00

x'T
p. r/x'T

p, r 1 ~
 v~

,

w
hence

x'H
p+

 1 T
p+

 1, r/x'H
p+

 1 T
p+

 1,r ~ V
~.

B
ut x' H

 p+
 1 2: 0', =

F
 0' (since x' H

 p+
 11 ? 0 from

 the row
 allow

ability of
H

 p+
 ¡) so the lim

it of the left-hand side is also V
~

+
1' H

ence all vp have a
com

m
on value, say v. M

oreover v 2: 0, v'I =
 1, so v is a probability vector.o

D
efinition 3.5. A

 sequence H
 k, k 2: 1, of row

-allow
able m

atrices is said to be
asym

ptotically hom
ogeneous (w

ith respect to D
) if there exists a probability

vector D
 (i.e. D

 2: 0, D
'1 =

 1) such that

D
'
H
k
/
D
'
H
k
1
 
~
 
D
'
.

For the sequel w
e shall repeatedly m

ake the com
pactness assum

ption
(3.13) w

hich in the present context (insofar as w
e consider ratios) m

ay again
w

ithout loss of generality, be replaced by (3.14). W
e restate this condition

here for convenience

(C
)

0-: y s m
in+

 hiik),
i. j

m
ax hij(k) S 1

i, j

and call it condition (C
).

Lem
m

a 3.6. S
trong ergodicity of T

p, r' P
 2: 0, r 2: 1, w

ith lim
it vector v, and

condition (C
) on the sequence H

b k 2: 1, im
plies asym

ptotic hom
ogeneity (w

ith
respect to v) of the sequence H

 b k 2: 1.

o
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P
R
O
O
F
:
 
L
e
t
l
¡
 
b
e
 
t
h
e
 
v
e
c
t
o
r
 
w
i
t
h
 
u
n
i
t
y
 
i
n
 
t
h
e
 
i
t
h
 
p
o
s
i
t
i
o
n
 
a
n
d
 
z
e
r
o
s
 
e
l
s
e
w
h
e
r
e
.

T
hen

I
;
~
,
r
+
l
 
_
 
(
I
;
T
p
,
r
)
(
 
H
p
+
r
+
1
 
)
 
(
r
 
.
)

I
;
T
p
,
r
+
i
1
 
-
 
1
;
~
,
r
1
 
v
'
H
p
+
r
+
1
1
 
p
 
,
 
p
,
 
i

w
here p(r, p, i) is the scalar given by

p
(
r
,
 
p
,
 
i
)
 
=
 
(
J
;
T
p
,
r
1
)
(
v
'
H
p
+
r
+
 

11)/.(;T
p,r+

 
11.

M
ultiplying (3.18) from

 the right by 1 yields

1
 
=
 
(
J
;
T
p
,
 

r/f;T
p, 

r1)(H
p+

r+
 

11/v'H
p+

r+
 

11)p(r, p, i);

and w
e m

ay w
rite

(3.18)

I;T
p, r/f;~

, r1 =
 v' +

 E
'(r, p, i)

w
here E

(r, p, i) ~
 0 as r ~

 00 by strong ergodicity. B
y (C

)

(
 
.
)
 
r
-
+
 
c
o

p r, p, i -- 1.
A

pplying this to (3.18) and using sim
ilar reasoning, as r ~ 00

v' .- v' H
p+

r+
 1 /v'H

p+
r+

 11
a
s
 
r
e
q
u
i
r
e
d
.

o

T
heorem

 3.4. If all H
b k 2: 1, are irreducible,1 and condition (C

) is satisfied,
t
h
e
n
 
a
s
y
m
p
t
o
t
i
c
 
h
o
m
o
g
e
n
e
i
t
y
 
o
f
 
H
k
 
(
w
i
t
h
 
r
e
s
p
e
c
t
 
t
o
 
a
 
p
r
o
b
a
b
i
l
t
y
 
v
e
c
t
o
r
 
D
)

is equivalent to

k-+
co

e
k
 
-
-
 
e

(3.19 )

w
here e~ is the positive left Perron-Frobenius eigenvector of H

k norm
ed so that

it is a probability vector (e~l =
 1) and e is a lim

it vector. In the event that
either (equivalent) condition holds, D

 =
 e? O

.

P
R

O
O

F
: Let us assum

e that the prior conditions and (3.19) hold, T
hen since

b
y
 
d
e
f
i
n
i
t
i
o
n
 
o
f
 
e
k
,

e~ =
 e~H

k/e~H
k1

it follow
s by condition (C

) that as k ~ 00

e
'
.
-
 
e
'
H
k
/
e
'
H
k
1

so asym
ptotic hom

ogeneity, w
ith respect to the (necessarily probability)

vector e' obtains.
C

onversely assum
e the prior conditions hold and H

k, k 2: 1, is asym
pto-

tically hom
ogeneous w

ith respect to a probability vector D
'. Since the set of

probability vectors is closed and bounded in R
n, it contains all its lim

it

1 A
ny irreducible m

atrix is, clearly, allow
able.
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p
o
i
n
t
s
;
 
l
e
t
 
e
 
b
e
 
a
 
l
i
m
i
t
 
p
o
i
n
t
 
o
f
 
a
 
c
o
n
v
e
r
g
e
n
t
 
s
u
b
s
e
q
u
e
n
c
e
 
~
e
d
 
o
f
 
~
e
k
l
'
 
s
o

ek¡ -+
 e, i -+

 00. T
hen

e~; =
 e~;H

kje~¡H
k;l'

(3.20 )
i
 
~
 
1
.

N
ow

, by condition (C
)

yJ k :- H
 k :- J b k ~

 1,
w

here J k is the incidence m
atrix of H

 k, and the J k are all m
em

bers of the
finite set of all irreducible incidence m

atrices J(j), j =
 1, ..., t. F

urther, the
s
e
t
 
(
y
J
(
j
)
,
 
J
(
j
)
)
 
=
 
~
T
;
 
y
J
(
j
)
 
:
-
 
T
 
:
-
 
J
(
j
)
)
 
i
s
 
a
 
c
l
o
s
e
d
 
b
o
u
n
d
e
d
 
s
e
t
 
o
f
 
W
2
,

w
hence so is

i

Q
 =

 U
 (yJ(j), J(j))

j
=
 
1

(w
hich contains only irreducible m

atrices satisfying (C
)). H

ence referring to
(3.20) and taking a subsequence of ~ki)' i ~ 1, if necessary,
H

k; -+
 H

 E
 Q

, i -+
 00, so that

e' =
 e'H

/e'H
l.

F
rom

 asym
ptotic hom

ogeneity, on the other hand

D
' =

 D
'H

/D
'H

l.

Since H
 is irreducible, it is readily seen that both e' and D

' m
ust be the

unique probability-norm
ed left Perron-Frobenius eigenvector of H

, so
D

 =
 e :; 0, and, further, the sequence ~ek) has a unique lim

it point D
, w

hence
~
-
+
D
=
~
 
0

C
orollary. U

nder the prior conditions of T
heorem

 3.4, if strong ergodicity w
ith

lim
it vector v holds, then (3.19) holds w

ith e =
 v. (Follow

s from
 L

em
m

a 3.6.)

Lem
m

a 3.7. S
uppose y :; 0 and the sequence ~

xm
)' m

 ~
 1, X

m
 :; 0 each m

, are
probability vectors (i.e. y'l =

 x~l =
 1). T

hen as m
 -+

 00

d(x~, y') -+
 o~x~ -+

 y' (m
 -+

 00).

P
R
O
O
F
:
 
x
~
 
-
+
 
y
'
 
=
 
d
(
x
~
,
 
y
'
)
 
-
+
 
0
 
f
o
l
l
o
w
s
 
f
r
o
m
 
t
h
e
 
e
x
p
l
i
c
i
t
 
f
o
r
m
 
o
f
 
d
(
'
,
 
.
)
.

C
onversely suppose d(x~, y') -+

 O
. W

riting x~ =
 ~xlm

)), w
e have from

 the
f
o
r
m
 
o
f
 
d
(
'
,
 
.
)
 
t
h
a
t
 
Y
i
 
x
~
m
)
/
x
l
m
)
Y
j
 
-
+
 
1
,
 
m
 
-
+
 
0
0
 
i
.
e
.

I
n
 
(
y
;
/
x
l
m
)
)
 
+
 
I
n
 
(
x
~
m
)
/
y
J
 
-
+
 
O
.

N
ow

, since the set of all (1 x n) probability vectors is bounded and closed,
there is a subsequence ~

m
k) of the integers such that x(m

kl-+
 z, w

here z,b,eing
a probability vector, has at least one positive entry, say Z

io' P
utting i =

 io
and m

 =
 m

k above, it follow
s that for any j =

 1, ..., n, x~m
iJ -+

 Z
j, and that

In (Y
j/Z

j) =
 C

 =
 const. T

hus Y
j =

 (exp C
)Z

j and since y' and z' are both
p
r
o
b
a
b
i
l
i
t
y
 
v
e
c
t
o
r
s
,
 
C
 
=
 
0
,
 
a
n
d
 
y
 
=
 
z
.
 
H
e
n
c
e
 
a
n
y
 
l
i
m
i
t
 
p
o
i
n
t
 
o
f
 
X
m
 
i
n
 
t
h
e

s
e
n
s
e
 
o
f
 
p
o
i
n
t
w
i
s
e
 
c
o
n
v
e
r
g
e
n
c
e
 
i
s
 
y
,
 
s
o
 
X
m
 
-
+
 
y
,
 
m
 
-
+
 
0
0
.
 
0
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In the follow
ing theorem

 w
e introduce a new

 condition, (3.21), w
hich is

related to that of the C
orollary to T

heorem
 3.2 and im

plies the sam
e geom

e-
tric convergence result for w

eak ergodicity.

T
heorem

 3.5. A
ssum

e all H
b k ~

 1, are irreducible and satisfy condition (C
);

and

'B
(1; r) :- ß

 .. 1 (3.21)
for all r ~ t (for som

e t ~ 1), uniform
ly in p ~ O

. T
hen asym

ptotic hom
ogeneity

of H
 k,. k ~

 1, is necessary and sufficient for strong ergodicity of the T
p, r .

P
R
O
O
F
:
 
(
N
e
c
e
s
s
i
t
y
.
)
 
G
i
v
e
n
 
s
t
r
o
n
g
 
e
r
g
o
d
i
c
i
t
y
 
a
n
d
 
c
o
n
d
i
t
i
o
n
 
(
C
)
 
a
s
y
m
p
t
o
t
i
c

hom
ogeneity follow

s from
 L

em
m

a 3.6. (N
ote that neither irreducibility nor

(3.21) are needed for this.) (Sufficiency.) W
e shall only prove strong ergodi-

city of T
p. r in the case p =

 0 since the argum
ent is invariant under shift of

starting point. C
onsider the behaviour as r -+

 00 of the probability vectors
v
~
 
=
 
v
~
/
v
~
l
 
w
h
e
r
e
 
v
~
 
=
 
x
'
T
o
,
 
r
'
 
r
 
~
 
1
,
 
f
o
r
 
a
r
b
i
t
r
a
r
y
 
f
i
x
e
d
 
x
 
=
 
V
o
 
~
 
0
,
 
#
 
O
.

F
rom

 T
heorem

 3.4, ek -+
 e :; 0, so, from

 Lem
m

a 3.7 it follow
s that there is an

ro(8) ~ t such that d(e~, e') .. 8 for r ~ ro(8): consider such an r. T
hen taking

into account that for a ~ 0, V
aH

 :; 0 for any k ~ t since by (3.21) T
o. aH

 :; 0,
and the properties of de, . ) (see E

xercise 3.1)

d(v~
+

i, e') =
 d(v~

+
n e') =

 d(v~
 T

,, i' e')

:
-
 
d
(
v
~
 
T
,
,
 
i
'
 
e
'
T
,
,
 
I
)
 
+
 
d
(
e
'
T
,
,
 
i
'
 
e
~
+
 
1
 
T
,
.
 
I
)
 
+
 
d
(
e
~
+
 
1
 
T
,
,
 
i
'
 
e
'
)

:- ß d(v~, e') +
 ß d(e', e~+

¡) +
 d(e~+

1 T
,,i' e')

:- ß
 d(v~

, e') +
 8 +

 d(e~
+

 1 T
,, i' e')

the ß
 ( .. 1) arising from

 (3.21) and the definition of, B
( . ). N

ow
 focussing on

t
h
e
 
t
e
r
m
 
o
n
 
t
h
e
 
e
x
t
r
e
m
e
 
r
i
g
h
t
,
 
s
i
n
c
e
 
e
,
+
1
 
H
r
+
 
1
 
=
 
e
~
+
 
1
 
p
(
H
r
+
 
¡
)

d(e~+
1 T

,, i' e') =
 d(e~+

 1 T
,+

 1, 1-1, e')

:- d(e~+
 1 T

,+
 1, 1- 10 e'T

,+
 1, 1-1) +

 d(e'T
,+

 1, 1-1, e~+
 2 T

,+
 1, 1- ¡)

+
 d(e~+

 2 T
,+

 1, 1- 1, e')

:- 28 +
 d(e~

+
2 T

,+
 1, t- 10 e');

:
-
 
2
8
(
t
 
-
 
1
)
 
+
 
d
(
e
~
+
t
 
T
,
+
1
-
1
,
 
1
,
 
e
'
)

:- 8(2t - 1)

since T
,+

1-1,1 =
 H

r+
i' T

hus from
 (3.21) for r ~ ro(8),

d
(
v
~
+
 
i
'
 
e
'
)
 
:
-
 
ß
 
d
(
v
~
,
 
e
'
)
 
+
 
2
t
8
,

w
hence

d
(
-
'
 
'
)
 
ß
S
 
d
(
-
'
 
'
)
 
2
 
(
1
 
-
 
ß
S
)

v
a
+
(
r
+
s
)
n
 
e
:
-
 
V
a
+
r
l
,
 
e
 
+
 
t
8
 
1
 
_
 
ß
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so letting s ~
 00, r ~

 00 yields

lim
 d(v~H

n e') =
 0

k-+
 00

f
o
r
 
a
r
b
i
t
r
a
r
y
 
a
 
~
 
O
.

allow
able, once w

e prove that ek ~ e :: 0, w
here ek is the probability-norm

ed
left Perron-Frobenius eigenvalue of the prim

itive m
atrix H

k (k ~ ko), and e'
is that of H

~ W
e have that

From
 L

em
m

a 3.7
ek =

 ekH
k/ekH

kl.

lim
 vr =

 e.
o

L
et e* be a lim

it point of fekJ, so for som
e subsequence fk¡J of the integers

e
k
;
 
~
 
e
*
,
 
w
h
e
r
e
 
e
*
 
m
u
s
t
 
b
e
 
a
 
p
r
o
b
a
b
i
l
i
t
y
 
v
e
c
t
o
r
 
(
t
h
e
 
s
e
t
 
o
f
 
(
n
 
x
 
1
)
 
p
r
o
b
a
b
i
l
i
t
y

vectors is bounded and closed). Since H
k; ~ H

, w
e have

(e*)' =
 (e*)'H

/(e*)'H
l

lim
 V

~H
t =

 e',
k-+

 00

e
s
p
e
c
i
a
l
l
y
 
f
o
r
 
a
 
=
 
0
,
 
.
.
.
,
 
t
 
-
 
1
.

H
ence

r-+
 00

so (e*)' is the unique probability-norm
ed left P

erron-F
robenius eigenvector,

e' (:: 0') of H
. H

ence ek -- e. (T
his part has follow

ed the proof of T
heore~

3
~
 
0

C
o
r
o
l
l
a
r
y
.
 
I
f
:
 
(
i
)
 
a
l
l
 
H
b
 
k
 
~
 
1
,
 
a
r
e
 
a
l
l
o
w
a
b
l
e
;
 
(
i
i
)
 
(
3
.
2
1
)
 
h
o
l
d
s
;
 
a
n
d
 
(
i
i
i
)

ek ~
 e for som

e sequence of left probability eigenvectors f ekJ, k ~
 0, and

for som
e lim

it vector e' :: 0', then strong ergodicity obtains.

T
he follow

ing results, culm
inating in T

heorem
 3.7, seek to elucidate the

nature of the crucial assum
ption (3.21) be dem

onstrating w
ithin T

heorem
s

3.6 and 3.7 situations w
hich in essence im

ply it.

W
e
 
n
o
w
 
d
e
n
o
t
e
 
b
y
 
M
i
 
t
h
e
 
c
l
a
s
s
 
o
f
 

non-negative m
atrices T

 such that for
som

e k (and hence for all larger k), T
k has its jth colum

n positive. C
learly

n'i=
 1 M

i is the set of all prim
itive m

atrices. .
W

e also w
rite A

 ~ B
 for tw

o non-negative m
atrices A

 and B
 if they have

the sam
e incidence m

atrix, i.e. have zero elem
ents and positive elem

ents in
t
h
e
 
s
a
m
e
 
p
o
s
i
t
i
o
n
s
,
 
s
o
 
t
h
a
t
 
t
h
e
"
 
p
a
t
t
e
r
n
"
 
i
s
 
t
h
e
 
s
a
m
e
.

T
heorem

 3.6. If each H
b k ~

 1, is row
-allow

able and H
k ~

 H
 (elem

entw
ise) as

k ~
 00, w

here H
 is prim

itive, then strong ergodicity obtains, and the lim
it

v
e
c
t
o
r
 
v
'
 
i
s
 
t
h
e
 
p
r
o
b
a
b
i
l
i
t
y
-
n
o
r
m
e
d
 
l
e
f
t
 
P
e
r
r
o
n
-
F
r
o
b
 

en ius eigenvector of H
.

PR
O

O
F: (A

gain w
e only prove ergodicity of T

p, r in the case p =
 0.) L

et ko be
such that for k :: ko, H

k has positive entries in at least the sam
e positions as

H
. Let jo ~

 1 be such that H
io :: 0 (recall that H

 is prim
itive). T

hen for
p~O

,j~jo

L
e
m
m
a
1
 
3
.
8
.
 
I
f
 
A
 
i
s
 
r
o
w
-
a
l
l
o
w
a
b
l
e
 
a
n
d
 
A
B
 
~
 
A
 

f
o
r
 
a
 
m
a
t
r
i
x
 
B
 
E
 
M
i
 
t
h
e
n
 
A

has its jth colum
n strictly positive.

PR
O

O
F: Since A

B
k ~ A

 for all k ~ 1, and A
B

k has its jth colum
n positive for

s
o
m
e
 
k
,
 
A
 
h
a
s
 
i
t
s
 
j
t
h
 
c
o
l
u
m
n
 
p
o
s
i
t
i
v
e
.
 
0

C
orollary. If B

 is positive then A
 :: O

.

T
p+

kO
,i :: 0,

T
hen for r ~ 2jo +

 ko, and p ~ 0

T
p, r =

 T
p, ko T

p+
ko. r- io-ko T

p+
r- io, io :: 0 (3.22)

since T
pH

o, r- io-ko ? 0, T
p+

r- io, io ? 0 and T
p, ko is row

-allow
able. In view

of property (3.7) of i-B
(-) and (3.22)

i- B
(T

p, r) ~
 i- B

(T
p+

r- io, io) (3.23)
for r~2jo+

ko' N
ow

 i-B
(7k.io)~i-B

(H
io) as k~oo, so for k~ao,

i- B
(T

k, io) ~
 ß

 .( 1, since i- B
(H

io) .( 1. T
hus for r ~

 2jo +
 ko +

 ao, =
 t say,

from
 (3.23)

T
.
 
k
+
o
o
 
.

k.i -- H
i.

Lem
m

ii 3.9. If T
; r is prim

itive, p ~
 0, r ~

 1, then T
; r :: 0 for r ~

 t w
here t is

the num
ber of prim

itive incidence m
àtrices.

P
R

O
O

F
: F

or a fixed p, there are som
e a, b satisfying 1 ~

. a .( b ~
 t +

 1, such
i
l
~
 
.

H
p+

1H
p+

2'" H
p+

aH
p+

at1 ... H
p+

b ~ H
p+

1H
p+

2'" H
p+

a

since the num
ber of distinct prim

itive incidence m
atrices is t. H

ence

T
; a T

p+
a, b-a ~

 T
p, a'

B
y the C

orollary to L
em

m
a 3.8, T

p, a ? 0, so T
p, r ? 0, r ~ t.

o
i
-
B
(
T
p
,
 
r
)
 
~
 
ß
 
.
(
 
1

uniform
ly in p ~ O

. T
his is condition (3.21).

T
he proof of sufficiency of T

heorem
 3.5 is now

 applicable in the m
anner

encapsuled in the C
orollary to that theorem

, since H
 ko k ~

 t, are certainly

T
heorem

 ~
.7. 1fT

¡ r, P
 ~

 0, r ~
 1, is prim

itive, and condition (C
) holds, asym

p-
totic hom

ogeneity is necessary and suffciènt for strong ergodicity.

1 W
e shall use the full force of this lem

m
a only in C

hapter-4.
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B
i
b
l
i
o
g
r
a
p
h
y
 
a
n
d
 
D
i
s
c
u
s
s
i
o
n
 
t
o
 
§
3
.
3

99

P
R
O
O
F
:
 
C
l
e
a
r
l
y
 
a
l
l
 
H
k
 
a
r
e
 
p
r
i
m
i
t
i
v
e
,
 
s
o
 
i
r
r
e
d
u
c
i
b
l
e
;
 
a
n
d
 
c
o
n
d
i
t
i
o
n
 
(
C
)
 
i
s

satisfied. M
oreover for r ;: t w

here t has the m
eaning of L

em
m

a 3.9

1
'
B
(
T
p
,
 
,
)
 
:
s
 
1
'
B
(
T
p
,
 
t
)

by the property (3.7) of 1'B
('). F

rom
 condition (C

) ranalogously to (3.15),
since, by Lem

m
a 3.9, T

p, i ? 0;

y
i
i
l
'
 
:
s
 
T
p
,
 
t
 
:
s
 
n
i
-
i
i
l
'
.

S
i
n
c
e
 
1
'
B
(
A
)
 
c
l
e
a
r
l
y
 
v
a
r
i
e
s
 
c
o
n
t
i
n
u
o
u
s
l
y
 
w
i
t
h
 
A
 
?
 
0
,
 
i
f
 
A
 
v
a
r
i
e
s
 
o
v
e
r
 
t
h
e

c
o
m
p
a
c
t
 
s
e
t
 
y
i
i
l
'
 
:
s
 
A
 
:
s
 
n
i
-
i
i
l
'
,
 
t
h
e
 
s
u
p
 
o
f
 
1
'
B
(
A
)
,
 
s
a
y
 
ß
,
 
o
v
e
r
 
s
u
c
h
 
A
 
i
s

obtained for som
e A

 * in the set. T
hus A

 * ? 0 and ß
 =

 l' B
(A

 *) .. 1 w
hence for

all p ;: 0, r ;: t,

H
E

 d. T
hen for x;: 0, =

1 0, if vo(H
) =

 x/x'i and v~
(H

) =
 x~

H
'/x'H

'I,
d
(
v
~
(
H
)
,
 
e
'
(
H
)
)
 
=
 
d
(
x
'
H
'
,
 
e
'
(
H
)
)
:
s
 
K
ß
,
/
i
 
f
o
r
 
r
;
:
 
2
t
,
 
w
h
e
r
e
 
t
 
=
 
n
2
 
-
 
2
n
 
+
 
2
,

K
 
?
 
0
,
 
0
 
:
s
 
ß
.
.
 
1
,
 
b
o
t
h
 
i
n
d
e
p
e
n
d
e
n
t
 
o
f
 
H
a
n
d
 
x
.

PR
O

O
F: For any H

 E
 d, H

' ? 0 for r;: t by T
heorem

 2.9, and, from
 condi-

t
i
o
n
 
(
C
)
,

y
t
l
1
'
 
:
s
 
H
t
 
:
s
 
n
i
-
 
1
1
1
'
.

d
(
v
'
 
i
V
)
.
.
 
K
ß
,
/
i

r' r - ,
r
;
:
 
2
t
,

T
hus for r;: t, by (3.7)l' B

(H
') :s l' B

(H
t) :s ß

 .. 1

w
here ß

 is independent of H
E

 d being the sup of 1'B
(A

) as A
 varies over the

com
pact set ytll' :s A

 :s ni-ll1 (as in T
heorem

 3.7). Follow
ing L

em
m

a 3.10,
w

ith W
o =

 e(H
), w

e have for r ;: 2t

d(x'H
', e'(H

)):: ß,/irp-(a/t)-l d(x'H
a+

t, e'(H
))

and the result follow
s by taking sup over

rp- (a/i)- 1 d(x' H
a+

 i, e'(H
))

as x' and H
 vary over their respective com

pact sets (see the proof of
T

heorem
 3.4), and then taking the m

axim
um

 over a =
 0, 1, 2, ..., t - 1.o

1
'
B
(
T
p
,
 
,
)
 
:
s
 
ß
.
.
 
1
.

W
e can now

 invoke T
heorem

 3.5 to obtain the conclusion of that theorem
.o

W
e conclude this section by touching on som

e results relating to uniform
strong ergodicity.

L
em

m
a 3.10. If all H

b k;: 1, are allow
able and (3.21) obtains, then

w
h
e
r
e
 
w
~
 
=
 
w
~
/
w
~
i
,
 
r
;
:
 
1
,
 
w
i
t
h
 
w
~
 
=
 
y
'
T
o
,
 

"
 
r
;
:
 
l
,
f
o
r
 
a
r
b
i
t
r
a
r
y
 
y
 
=
=
 
W
o
 
;
:
 
0
,

=
I 0, and v~ as in the proof of T

heorem
 3.5, w

ith K
 independent of W

o and vo.

P
R
O
O
F
 
:
 
W
r
i
t
i
n
g
 
r
 
=
 
a
 
+
 
t
 
+
 
s
t
,
 
w
h
e
r
e
 
a
 
=
 
0
,
 
.
.
.
,
 
t
 
-
 
1
,
 
s
 
;
:
 
1
,
 
w
i
t
h
 
a
 
a
n
d
 
s

depending on r (;: 2t), w
e have

B
ibliography and D

iscussion to §3.3

d(v~, w
~) =

 d(v~+
 i 1;+

i, st, w
~+

 t 1;+
 t. si)

:s l' B
(1;+

 t, st) d(v~
+

 i. w
~

+
 t)

T
he developm

ent of this section in large m
easure follow

s Seneta and Sheri-
dan (1981), and ow

es m
uch to G

olubitsky, K
eeler and R

othschild (1975, §3).
T

heorem
 3.6 rgiven w

ith a long direct proof as T
heorem

 3.5 in Seneta
(1973c);, together w

ith E
xercise 3.15, is sim

ilar in statem
ent to a peripheral

result given by Joffe and Spitzer (1966, pp. 416-417). L
em

m
as 3.8 and 3.9

have their origins in the w
ork of Sarym

sakov (1953a; sum
m

ary), Sarym
sa-

kov and M
ustafin (1957), and W

olfow
itz (1963). T

heorem
 3.8 is akin to a

result of B
uchanan and Parlett (1966); see also Seneta (1973c, §3.3).

T
he results of §§3.2-3.3, w

ith the exception of T
heorem

 3.8, m
ay be

regarded as attem
pts to generalize T

heorem
 1.2 (of C

hapter 1) for pow
ers of

a
 
n
o
n
-
n
e
g
a
t
i
v
e
 
m
a
t
r
i
x
 
t
o
 
i
n
h
o
m
o
g
e
n
e
o
u
s
 
p
r
o
d
u
c
t
s
 
o
f
 
n
o
n
-
n
e
g
a
t
i
v
e
 
m
a
t
r
i
c
e
s
.

A
 great deal of such theory w

as first developed, also w
ith the aid of

"
c
o
e
f
f
c
i
e
n
t
s
 
o
f
 
e
r
g
o
d
i
c
i
t
y
 
"
,
 
f
o
r
 
t
h
e
 
s
p
e
c
i
a
l
 
s
i
t
u
a
t
i
o
n
 
w
h
e
r
e
 
a
l
l
 
H
 
k
 
a
r
e
 
s
t
o
c
h
-

a
s
t
i
c
,
 
i
n
 
t
h
e
 
c
o
n
t
e
x
t
 
o
f
 

inhom
ogeneous 

M
arkov chains. W

e shall take up this.
situation in the next chapter, w

here, ow
ing to the stochasticity restriction, an

easier developm
ent is possible. T

he presentation of the present chapter has,
how

ever, been considerably influenced by the fram
ew

ork and concepts of
the stochastic situation, and the reader w

il notice close parallels in the

by definition ofi B
e);

:
s
 
t
O
i
1
'
B
(
1
;
+
k
t
,
i
)
)
 
d
(
v
a
+
i
,
 
W
a
+
i
)

by (3.7);
.. ßS d(v' w

') =
 ß,/ifß-(a/t)-l d(v' iV

)~
-
 
a
+
t
,
 
a
+
t
 
1
.
 
a
+
n
 
a
+
i
 
J
'

N
ow

rß-(a/i¡-l d(va T
o, a+

t, w
a T

o, a+
tH

 for fixed a is evidently w
ell-defined and

continuous in V
a, w

a (since T
o, a+

 t ? 0) and these are probability ve~
tors

thus varying over a com
pact set. T

he sup is thus attained and finite; and the
f
i
n
a
l
 
r
e
s
u
l
t
 
f
o
l
l
o
w
s
 
b
y
 
t
a
k
i
n
g
 
t
h
e
 
m
a
x
i
m
u
m
 
o
v
e
r
 
a
 
=
 
0
,
 
.
.
.
,
 
t
 
-
 
1
.
 
0

T
heorem

 3.8. Suppose d is any set of prim
itive m

atrices satisfying condition
(C

). Suppose e'(H
) is the left probabilty Perron-Frobenius eigenvector of
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developm
ent of the theory. T

heorem
 3.8 touches m

arginally on the concept
o
f
 
"
e
r
g
o
d
i
c
 
s
e
t
s
"
:
 
s
e
e
 
H
a
j
n
a
l
 
(
1
9
7
6
)
.

In relation to the dem
ographic setting discussed follow

ing §3.2, as already
noted, the property of strong ergodicity for forw

ard products relates to the
situation w

here the com
m

on age structure after a long tim
e k (" w

eak ergodi-
city") w

ill tend to rem
ain constant as k increases.

E
X

E
R

C
ISE

S O
N

 §3.3

3.12. Show
 that U

i=
l M

j =
 G

i, the class of (n x n) nonnegative m
atrices w

hose
index set contains a single essential class of indices, w

hich is aperiodic. (R
ecall

that M
 j is that class of (n x n) non-negative m

atrices T
 such that, for som

e k, T
k

has its jth colum
n positive.)

3
.
1
3
.
 
S
h
o
w
 
t
h
a
t
 
i
f
 
T
 
i
s
 
s
c
r
a
m
b
l
i
n
g
 
(
D
e
f
i
n
i
t
i
o
n
 
3
.
2
)
,
 
t
h
e
n
 
T
 
E
 
G
 
1
 
(
a
s
 
d
e
f
i
n
e
d
 
i
n
 
E
x
e
r
-

cise 3.12). C
onstruct an exam

ple to show
 that aT

E
 G

 1 is not necessarily
scram

bling.

3.14. B
y generalizing the proof of sufficiency for (the C

orollary of) T
heorem

 3.5 by
leaving 'B

(T
,, ,) in place of ß

, show
 that if:

(i) all H
b k ¿ 1, are allow

able and T
p.r;: 0 for all r ¿ t (for som

e t ¿ 1);
s
-
 
1
 
s
-
 
1

(
i
i
)
 
L
 
n
 
'
B
(
T
p
H
,
.
 
,
)
 
.
.
 
L
 
.
.
 
0
0

j
=
l
 
k
=
s
-
j

uniform
ly for all s ¿

 2 and p ¿
 0; and

k~oo
(
i
i
i
)
 
e
k
 
~
 
e
 
f
o
r
 
s
o
m
e
 
s
e
q
u
e
n
c
e
 
o
f
 
l
e
f
t
 
p
r
o
b
a
b
i
l
i
t
y
 
e
i
g
e
n
v
e
c
t
o
r
s
 
r
e
Í
c
J
,
 
k
 
¿
 
0
,

and for som
e lim

it vector e' ;: 0,
t
h
e
n
 
s
t
r
o
n
g
 
e
r
g
o
c
i
c
i
t
y
 
o
b
t
a
i
n
s
.
 
(
S
e
n
e
t
a
 
&
 
S
h
e
r
i
d
a
n
,
 
1
9
8
1
)

3
.
1
5
.
 
T
a
k
i
n
g
 
n
o
t
e
 
o
f
 
t
h
e
 
t
e
c
h
n
i
q
u
e
 
o
f
 

L
em

m
a 3.10, show

 that under the conditions of
the C

orollary to T
heorem

 3.5 (and hence certainly under the conditions of
T

heorem
 3.5),

d(v~
, e') -- 0

u
n
i
f
o
r
m
l
y
 
w
i
t
h
 
r
e
s
p
e
c
t
 
t
o
 
V
a
 
=
=
 
x
 
¿
 
0
,
 
f
 
O
.

3
.
4
 
B
i
r
k
h
o
f
l
s
 
C
o
n
t
r
a
c
t
i
o
n
 
C
o
e
f
f
c
i
e
n
t
:

D
erivation of E

xplicit Form

In this section w
e show

 that if d(x', y') is the projective distance betw
een

x' =
 tx¡J, y' =

 ty¡J ~ 0', i.e.d(x', y') =
 m

ax In (X
iY

j),
i
,
j
 
X
j
Y
i

lI

3.4 B
irkhofT

's C
ontraction C

oeffcient: D
erivation of E

xplicit F
orm
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then for an allow
able T

 =
 ttijl

(T
)~

 d(x'T
, y'T

)_ j1 - (cp(T
)J/21

r
8
 
-
 
z
~
~
~
o
 
d
(
x
'
,
y
'
)
 
-
\
1
+
(
c
p
(
T
)
J
/
2
j

Z
"'À

y

w
here

cp(T
) =

 m
in tiktj!

i,j, k,! tjktil
if T

 ~ 0;

=
0

i
f
 
T
 
:
l
 
O
.

T
o this end w

e first define tw
o auxiliary quantities, m

ax (x, y), m
in (x, y).

F
o
r
 
a
n
y

x=
tX

ilE
R

n, y=
ty¡J~O

, 10,

(x) (X
i) . (x) . (X

i)
m
a
x
 
y
 
=
 
m
~
x
 
Y
i
'
 
m
m
 
Y
 
=
 
m
i
m
 
Y
i

w
h
e
r
e
 
(
X
¡
j
Y
i
)
 
=
 
0
0
 
i
f
 
f
o
r
 
s
o
m
e
 
i
,
 
X
i
 
~
 
0
 
a
n
d
 
Y
i
 
=
 
0
;
 
a
n
d
 
(
X
J
y
i
)
 
=
 
-
 
0
0
 
i
f
 
f
o
r

som
e i, X

i .. 0 and Y
i =

 0; (0/0) =
 O

.
T

he follow
ing results list certain properties of m

ax (., .), 'and m
in (., .)

n
e
c
e
s
s
a
r
y
 
f
o
r
 
t
h
e
 
s
e
q
u
e
l
 
a
n
d
 
s
e
r
v
e
 
a
l
s
o
 
t
o
 
i
n
t
r
o
d
u
c
e
 
t
h
e
 
q
u
a
n
t
i
t
i
e
s
 
o
s
c
 
(
x
/
y
)

and e(x, y).

L
em

m
a 3.11.

(i) m
ax ((x +

 y)/z) ~ m
ax (x/z) +

 m
ax (y/z)

m
in ((x +

 y)/z) ~
 m

in (x/z) +
 m

in (y/z)
for any x, y E

R
n; Z

 ~
 0, 10.

(ii) m
ax (-x/y) =

 -m
in (x/y)

m
in( -x/y) =

 -m
ax (x/y)

f
o
r
 
a
n
y
 
x
 
E
R
n
;
 
Y
 
~
 
0
,
 
1
0
.

(
i
i
i
)
 
m
i
n
 
(
x
/
y
)
 
~
 
m
a
x
 
(
x
/
y
)
,
 
x
 
E
R
n
;
 
Y
 
~
 
0
,
 
1
0

o
 
~
 
m
i
n
 
(
x
/
y
)
 
~
 
m
a
x
 
(
x
/
y
)
,
 
x
 
~
 
0
;
 
y
 
~
 
0
;
 
1
0
.

(iv) If osc (x/y) =
 m

ax (x/y) - m
in (x/y), x E

R
n; Y

 ~
 0, 10 (this is w

ell-
defined since m

ax (x, y) ~
 - 00 and m

in (x, y) .. (0), then
0
0
 
~
 
o
s
c
 
(
x
/
y
)
 
~
 
0
,
 
a
n
d
 
o
s
c
 
(
x
/
y
)
 
=
 
0
 
i
f
 
a
n
d
 
o
n
l
y
 
i
f
:
 
x
 
=
 
c
y
 
f
o
r
 
s
o
m
e

c E
 R

, and in the case c 1 0, y ~ o.
(v) m

ax (O
'x/ry) =

 (O
'/r) m

ax (x/y),
m

in (O
'x/ry) =

 (O
'/r) m

in (x/y)
x
 
E
 
R
n
 
;
 
y
 
~
 
0
,
 
#
 
0
;
 
r
 
~
 
0
,
 
0
'
 
~
 
O
.

(vi) m
ax ((x +

 cy)/y) =
 m

ax (x/y) +
 c,

m
in ((x +

 cy)/y) =
 m

in (x/y) +
c

osc ((x +
 cy)/y) =

 osc (x/y),
x
 
E
 
R
n
;
 
y
 
~
 
0
,
 
1
 
0
;
 
C
 
E
 
R
.

(
v
i
i
)
 
m
a
x
 
(
x
/
y
)
 
=
 
(
m
i
n
 
(
y
/
x
)
r
 
1
,
 
x
,
 
y
 
~
 
0
,
 
1
0
.
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(
v
i
i
i
)
 
I
f
 
x
,
 
y
,
 
Z
:
:
 
0
,
 
=
1
 
0
,
 
t
h
e
n

m
ax (x/y) ~

 m
ax (x/z) . m

ax (z/y),
m

in (x/y) :: m
in (x/z) . m

in (z/y).
(ix) m

ax (x/(x +
 y)) =

 m
ax (x/y)/(1 +

 m
ax (x/y)) ~ 1,

m
in (x/(x +

 y)) =
 m

in (x/y)/(1 +
 m

in (x/y)) ~ 1,
x
,
 
y
 
:
:
 
0
,
 
=
1
 
O
.

P
R

O
O

F
: E

xercise 3.16.
o

by Lem
m

a 3.11(vi);

=
 ((osc (x'/y') +

 210) . m
ax ((x'A

 - (m
in (x'/y') - e) . y'A

)/
(
o
s
c
 
(
x
'
/
y
'
)
 
+
 
2
1
0
)
 
.
 
y
'
A
)
 
-
 
(
(
o
s
c
 
(
x
'
/
y
'
)
 
+
 
2
1
0
)

. m
in ((x'A

 - (m
in (x'/y') - e) . y'A

)/(osc (x'/y') +
 2e)y'A

)

by Lem
m

a 3.11(v);

=
 (osc (x'/y') +

 2e)tm
ax (Z

'iA
/z~

A
)!(1 +

 m
ax (z'iA

/z~
A

))
- m

in (z'i A
/z~

 A
 )/(1 +

 m
in (z'i A

/Z
'2 A

m

by Lem
m

a 3.11(ix);

=
 (osc (x'/y') +

 2e)fm
ax (z'i A

/z~
 A

)/(1 +
 m

ax (z'i A
/z~

 A
))

- (1/(1 +
 m

ax (z~
 A

/z'i A
)))

by Lem
m

a 3.11(vii);

=
 
(
o
s
c
 
(
x
'
/
y
'
)
 
+
 
2
e
)
w
(
z
'
i
A
,
 
z
~
A
)
.

o

L
em

m
a 3.12. L

et x, y :: 0 and define for such x,y

8(x, y) =
 m

ax (x/y)/m
in (x/y)

(this is w
ell-defined, since the denom

inator is finite). T
hen

(
i
)
 
8
(
r
x
x
,
 
ß
y
)
 
=
 
8
(
x
,
 
y
)
,
 
r
x
,
 
ß
 
:
;
 
0
;

(ii) 8(x, y) =
 8(y, x);

(
i
i
i
)
 
0
0
:
:
 
8
(
x
,
 
y
)
:
:
 
1
,
 
a
n
d
 
8
(
x
,
 
y
)
 
=
 
1
 
i
f
a
n
d
 
o
n
l
y
 
i
f
x
 
=
 
c
y
 
:
;
 
O
f
 

o
r
 
s
o
m
e
 
c
:
;
 
0
;

(
i
v
)
 
8
(
x
,
 
z
)
 
~
 
8
(
x
,
 
y
)
8
(
y
,
 
z
)
 
i
f
 
z
 
:
:
 
0
,
 
=
1
 
O
.

PR
O

O
F: (i) follow

s from
 L

em
m

a 3.11(v). L
em

m
a 3.11(vii) yields 8(x, y) =

m
ax (x/y) m

ax (y/x), =
 8(y/x), w

hich gives (ii). (iii) follow
s from

 Lem
m

a
3
.
1
1
(
i
i
i
)
.
 
(
i
v
)
 
f
o
l
l
o
w
s
 
f
r
o
m
 
L
e
m
m
a
 
3
.
1
1
(
v
i
i
i
)
.
 
0

T
he purpose of Lem

m
a 3.13 w

as to establish a relation betw
een osc (x'/y')

and osc (x'A
/y'A

), w
hich leads to the inequality in T

heorem
 3.9.

T
heorem

 3.9. For x =
1 0 and y :; 0, such that 0 -: osc (x/y), and A

 such that
z:;O

=
z'A

:;O
'

Lem
m

a 3.13. S
uppose A

 is a m
atrix such that z :; 0 =

 z' A
 :; 0'. A

ssum
e

x
 
E
R
n
,
 
y
:
;
 
0
 
a
n
d
 
0
 
~
 
o
s
c
 
(
x
/
y
)
 
-
:
 
0
0
.
 
T
h
e
n
 

for any 10 :; 0,

osc (x'A
/y'A

) =
 (osc (x'/y') +

 2e)w
(z'iA

, z~A
)

z
i
 
+
 
Z
2
 
=
 
y
(
o
s
c
 
(
x
/
y
)
 
+
 
2
1
0
)
.

o
s
c
 
(
x
'
A
/
y
'
A
)
/
o
s
c
 
(
x
'
/
y
'
)
 
~
 
(
8
i
/
2
(
A
)
 
-
 
1
)
/
(
8
i
/
2
(
A
)
 
+
 
1
)

w
here 8(A

) =
 sup 8(w

'A
, z'A

), and this sup is over w
, Z

 :; O
. (N

.R
. If

8
(
A
)
 
=
 
0
0
,
 
t
h
e
 
r
i
g
h
t
-
h
a
n
d
 
s
i
d
e
 
i
s
 

to be interpreted as unity.)

PR
O

O
F: Since both m

ax (w
'A

/z'A
), m

ax (z'A
/w

' A
) :; 0 (and necessarily finite)

(
'
 
'
)
 
m
a
x
 
(
w
'
A
/
z
'
A
)
'
 
m
a
x
 
(
z
'
A
/
w
'
A
)
 
-
 
1

w
 w

 A
, z A

 =
(m

ax (w
'A

/z'A
)' m

ax (z'A
/w

'A
)

+
 m

ax (z'A
/w

'A
) +

 m
ax (w

'A
/z'A

) +
 1)

(from
 the definition of w

(', .))

m
ax (w

'A
/z'A

). m
ax (z'A

/w
'A

) - 1
-:-
 
(
m
a
x
 
(
w
'
A
/
z
'
A
)
.
 
m
a
x
 
(
z
'
A
/
w
'
A
)

+
 2fm

ax (z'A
/w

'A
)' m

ax (w
'A

/z'A
)P

/2 +
 1)

since if a, b :: 0, a2 +
 b2 :: 2ab :: 0, and the num

erator is 2: 0 by Lem
m

a
3.11(iii) and (vii);

w
h
e
r
e
 
f
o
r
 
w
,
 
z
 
:
;
 
0

m
ax (w

/z). m
ax (z/w

) - 1
w

(w
, z) =

 (m
ax (w

/z) +
 1) . (m

ax (z/w
) +

 1);

Z
i =

 x - (m
in (x/y) - e)y :; 0,

Z
2 =

 (m
ax (x/y) +

 e)y - X
 :; 0,

so that

(N
.R

. W
e are adopting, for notational convenience, the convention that for

any x, Y
E

R
n, and eachf,f(x, y) =

 f(x', y').)

PR
O

O
F:

osc (x'A
/y'A

) =
 m

ax (x'A
/y'A

) - m
in (x'A

/y'A
)

=
 fm

ax ((x'A
 - (m

in (x'/y') - e) . y'A
)jy'A

) +
 m

in (x'/y') - 101
- fm

in ((x'A
 - (m

in (x'/y') - e)' y'A
)/y'A

) +
 m

in (x'/y') - 101

(
 
(
W
'
A
)
 
(
Z
'
A
)
 
(
I
(
f
 
(
W
'
A
)
 
(
Z
'
A
)
)
i
/
2
 
(
2

=
 
m
a
x
 
z
'
A
 
.
 
m
a
x
 
w
'
A
 
-
 
I
f
 
m
a
x
 
z
'
A
 
m
a
x
 
w
'
A
 
+
 
I
f

=
 (8(;::) - iJ/(8i/2(;::) +

 if
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by L
em

m
a 3.1l(vii) and the definition of e(', .);

=
 
t
e
1
/
2
(
W
'
A
/
z
'
A
)
 
-
 
1
V
t
e
1
/
2
(
W
'
A
/
z
'
A
)
 
+
 
l
J

H
ence by Lem

m
a 3.13, since (ix - 1)/(1x +

 1) is increasing w
ith ix ~

 0,

osc (x'A
/y'A

)/(osc (x'/y') +
 28) ~

 te1/2(A
) - 1M

e1/2(A
) +

 lJ

and if T
 is colum

n-allow
able but not row

-allow
able,

L
etting 8 -- 0 +

 yields the result.
o

e
(
T
)
 
=
 
0
0

i
f
 
a
n
d
 
o
n
l
y
 
i
f
 
t
h
e
r
e
 
i
s
 
a
 
r
o
w
 
c
o
n
t
a
i
n
i
n
g
 
b
o
t
h
 
z
e
r
o
 
a
n
d
 
p
o
s
i
t
i
v
e
 
e
l
e
m
e
n
t
s
.
 

1

P
R

O
O

F
: S

uppose T
 ~

 0, w
, Z

 ~
 O

. T
hen

w
'T

lk /W
'T

fi =
 w

'T
lk . z'T

fi
z
'
T
/
,
 
z
'
T
f
i
 
w
'
T
f
i
 
.
 
z
'
T
l
k

-
:
 
l
i
T
l
k
 
.
 
l
i
T
f
i

- m
~x I;T

fi m
:x liT

lk

by the C
orollary to L

em
m

a 3.14;

Since it is seen w
ithout difficulty (E

xercise 3.17), that for an (n x n) m
atrix

A
, z ~ 0 =

 z' A
 ~ 0, if and only if A

 is non-negative and colum
n-allow

able,
w

e henceforth use the usual notation for an (n x n) non-negative m
atrix,

T
 =

 ttijJ'

(X
'T

lk) (/;T
lk)

s
u
p
 
-
-
 
=
 
m
a
x
 
-
-
 
.

.
.
;
0
0
,
 
*
0
 
x
 
T
f
i
 
i
 
l
i
T
f
i

P
R
O
O
F
:
 
W
r
i
t
e
 
x
 
=
 
t
x
¡
J
 
=
 
L
i
 
X
i
 
¡
;
.
 
T
h
e
n

(X
'T

j,) ( n I h )
sup 'T

: =
 sup LxJiT

lk LxJ;T
fl.

..;00. to X
 JI ..;00. *0 i=

l i=
l

=
 m

ax (tik) . m
ax (tji)

i
 
t
i
l
 
j
 
t
j
k

(
t
'
k
 
t
'
i
)

=
m

ax ~
,
.
 
t
,
i
 
t
'
k

i. J i J(
t
'
k
 
t
 
'
1
)

-: m
ax ~

- i, j, k, I til tjk

( tioko tjO
lo)

tiolo tjoko

L
em

m
a 3.14. If T

 ~ 0, and ¡; denoted the vector w
ith the ith of its n entries

unity, and the others zero, then, for all k, 1 =
 1, ..., n

A
ssum

e w
ithout loss of generality that

for som
e io, Jo, ko, 10,

H
ence

1'1 T
IJl'l T

fi ?Ií T
IJlí T

fi? ... ?/~
T

IJ/~
T

k
N

ow
, if a, b, c, d ~

 0, then a/b? c/d.ça/b ? (a +
 c)/(b +

 d), applying
w

hich to the im
m

ediately preceding (from
 the right) yields for any x ? 0,

#0

e(T
) =

 sup m
~

xk (w
7Idz?ld :: (tiokotjO

IO
).

w
, z,.o m

m
i (w

 T
fi/z T

fi) tiolotjoko
O

n the other hand

I' T
j, n / n

~
? L x¡j;T

lk L x¡j;T
fi

I1T
fi i=

l i=
l

w
ith equality in the case x =

 11' w
hich is as asserted.

o

e
(
T
)
 
~
 
w
'
T
l
k
o
 
/
 
w
'
T
f
i
o

-
 
z
'
T
l
k
o
 
z
'
T
f
i
o

w
h
e
r
e
 
w
 
=
 
t
W
i
J
 
~
 
0
 
w
i
t
h
 
W
i
o
 
=
 
(
1
 
-
 
1
5
)
,
 
1
5
 
~
 
0
,
 
w
'
l
 
=
 
1
 
a
n
d
 
z
 
=
 
t
z
J
 
~
 
0
 
w
i
t
h

Z
jo =

 (1 - 15), 15 ~
 0, z'l =

 1; and letting 15 __ 0+
 yields the required result

that
C

orollary. If T
 ~ 0,

(X
'T

lk) (liT
lk)

sup --f =
 m

~
x I~

T
'I" .

.
.
,
.
0
 
x
 
T
 
i
 
,
 
i
 
J
I

e(T
) =

 (tioko tjolo/tiolo tjoko)'

I
f
 
T
 
h
a
s
 
a
 
r
o
w
 
c
o
n
t
a
i
n
i
n
g
 
b
o
t
h
 
p
o
s
i
t
i
v
e
 
a
n
d
 
z
e
r
o
 
e
l
e
m
e
n
t
s
 
t
h
e
n
 
f
o
r
 
s
o
m
e
 
J
,

tjk =
 0, tjh ~ 0 for som

e k, h. C
hoose w

 =
 tw

¡J ~ 0 so that w
j =

 (1 - 15),
15 ~ 0, w

'l =
 1, and z =

 1. T
hen

T
heorem

 3.10. F
or the possible cases of colum

n-allow
able T

:

(t'kt'/)
e( T

) =
 m

ax ~ if T
 ~ 0,

i, j, k, i tii tjk
(W

'T
) 15 ", t'k

O
-:m

in - -: L
.i, -:15

-
 
z
'
T
 
-
 
L
i
 
t
i
k
 
-

=
 
0
0

if T
 'f 0, T

 allow
able;

1 W
hat happens w

hen this fails is treated at the conclusion of the proof.
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and

(W
'T

) (L
i W

JiS) (1 - c5)tjh
m

ax - =
 m

ax /
z'T

 s Li tis - Li tih
so 8(w

'T
, z'T

) ~ (1 - c5)tjhjc5, and the result follow
s by letting 15 ~O

+
.

T
he only case rem

aining is w
here all row

s are either zero or strictly
positive, and there is at least one of each. T

hen call the m
 x n m

atrix
(1 :s m

 ~ n) form
ed from

 T
 by deleting the zero row

s A
 =

 faiJ B
y a preced-

ing sequence of argum
ents8(T

) =
 .m

ax (aikaji).
'.). k. I ailajk

o

T
heorem

 3.11. If T
 is colum

n-allow
able

sup osc (x'T
jy'T

)josc (x'jy') =
 (81/2(T

) - 1)j(81/2(T
) +

 1)

w
h
e
r
e
 
t
h
e
 
s
u
p
 
i
s
 
o
v
e
r
 
x
 
/
0
,
 
Y
 
/
 
0
 
s
u
c
h
 
t
h
a
t
 
x
 
¥
-
 
c
y
.
 
(
I
n
t
e
r
p
r
e
t
 
t
h
e
 
r
i
g
h
t
 
h
a
n
d

side as 1 if 8(T
) =

 00.)

PR
O

O
F: Since osc (xjy) =

 0 if and only if x =
 cy (L

em
m

a 3.11), w
e have

o
s
c
 
(
x
j
y
)
 
/
0
 
a
n
d
 
a
r
e
 
w
i
t
h
i
n
 
t
h
e
 
f
r
a
m
e
w
o
r
k
 
o
f
 

T
heorem

 3.9. If8(T
) =

 1, from
T

heorem
 3.10 all row

s of T
 are non-negative m

ultiples of a single positive
row

, and so osc (x'T
jy'T

) =
 0 for all x, y / 0 (L

em
m

a 3.12) and the proposi-
tion is established for this case. If 8(T

) =
 00, by T

heorem
 3.10 T

 has a row
,

say thejth, containing both positive and zero elem
ents, and by T

heorem
 3.9

osc (x'T
jy'T

)josc (x'jy') :s 1

x, y / 0, W
 i=

 cz. Suppose tjk =
 0 and tjh / O

. C
hoose y =

 À
fj +

 1, À
 / 0, and

x=
l-fj.

T
hen osc (x'jy') =

 1, w
hile

o
s
c
 
(
x
'
T
j
y
'
T
)
 
~
 
(
;
:
Z
:
)
 
-
 
(
;
:
~
)

(
 
L
s
t
j
 
t
s
k
 
)
 
(
 
L
s
t
j
 
t
s
h
 
)

=
 
(
À
t
j
k
 
+
 
L
s
 
t
s
k
)
 
-
 
(
À
t
j
h
 
+
 
L
s
 
t
s
h
)

a
n
d
,
 
s
i
n
c
e

L tsk =
 L tsk / 0,

st j s_
 
1
 
_
 
(
 
L
s
t
j
 
t
s
h
 
)

-
 
(
(
1
 
+
 
À
)
t
j
h
 
+
 
L
s
t
j
 
t
s
h
l

and letting À
 ~ 00 yields the result. In this argum

ent x "f 0, but an approxi-
m

ating argum
ent (use x =

 1 - (1 - c5)Jj) w
ill yield the result required.

W
e now

 turn to the rem
aining case 1 ~ 8(T

) ~ 00, and suppose first (see
T

heorem
 3.10) that T

 / O
. C

hoose i: / 0 sm
all enough so that 81/2(T

) x
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(1 - i:) / 1. F
rom

 T
heorem

 3.10, putting S
 =

 m
aX

i (I; T
J¡) I; T

fi) and
1=

 m
inj (Ii T

ld Ii T
fi), it follow

s that 8(T
) =

 m
axk, I SjI, so there exist k, 1

s
u
c
h
 
t
h
a
t
 
S
j
I
 
/
 
8
(
T
)
(
1
 
-
 
i
:
)
2
,
 
a
n
d
 
w
e
 
h
e
n
c
e
f
o
r
t
h
 
c
o
n
s
i
d
e
r
 
k
 
a
n
d
 
i
 
f
i
x
e
d
 
a
t

t
h
e
s
e
 
v
a
l
u
e
s
.
 
W
e
 
c
a
n
 
n
o
w
 
f
i
n
d
 
a
 
1
5
 
/
0
 
s
u
c
h
 
t
h
a
t

(
S
 
-
 
c
5
)
j
(
I
 
+
 
1
5
)
 
/
 
8
(
T
)
(
1
 
-
 
i
:
)
2
 
/
 
1
.

L
et

M
 =

 U
;: (I;T

ldl;T
fi) / S - 15) ( i=

 cp)

m
 
=
 
r
f
j
:
 
(
l
i
T
l
d
l
i
T
f
i
)
 
~
 
I
 
+
 
1
5
)
 
(
 
=
1
 
c
p
)
.

C
learly M

 (ì m
 =

 cp, since (S - c5)j(I +
 15) / 1. Put F =

 U
? =

 1 /;,
N

 =
 F - m

 and Ñ
 =

 F - m
 - M

 =
 N

 - M
; and if B

 c: F and x =
 rx;) / 0,

then

X
B
 
=
 
L
X
i
/
;
'

fiE
B

T
ake, along the lines of the preceding argum

ent

y=
À

lm
+

 IM
+

r¡IÑ
x =

 Y
N

 =
 1M

 +
 r¡IÑ

(
w
h
i
l
e
 
y
 
/
0
,
 
x
 
h
a
s
 
s
o
m
e
 
z
e
r
o
 
e
l
e
m
e
n
t
s
)
.
 
T
h
e
n
 
o
s
c
 
(
x
'
j
y
'
)
 
=
 
1
,
 
a
n
d
 
w
e
 
n
e
e
d

f
o
c
u
s
 
o
n
l
y
 
o
n
 
o
s
c
 
(
x
'
T
j
y
'
T
)
:

o
s
c
 
(
x
'
 

T
jy'T

) ~ (x'T
J¡jy'T

lk) - (x'T
fijy'T

fi)

=
 
(
Y
Í
v
 
T
J
¡
j
y
'
T
 
f
i
,
)
 
-
 
(
Y
Í
v
 
T
f
i
j
y
'
T
f
i
)

from
 the choice of x.

N
ow

(
y
;
"
 
T
I
J
y
;
"
 
T
f
i
 
=
 
(
1
;
"
 
T
l
k
j
l
;
"
 
T
f
i
)
 
~
 
I
 
+
 
1
5
,

(
y
M
 
T
l
d
Y
M
 
T
f
i
)
 
=
 
(
1
M
 
T
l
d
l
M
 
T
f
i
)
 
/
 
S
 
-
 
1
5

since e.g. if ajb, cjd / IX
 for a, b, c, d, IX

 /0, then (a +
 c)j(b +

 d) / ix. H
ence,

since N
 =

 M
 u Ñ

, M
 (ì Ñ

 =
 cp

(
Y
Í
v
 
T
l
d
y
Í
v
 
T
f
i
 
=
 
(
(
y
M
 
T
j
;
 
+
 
Y
R
 
T
l
k
)
j
(
y
~
f
 
T
f
i
 
+
 
Y
R
 
T
f
i
)
)

=
 ((1M

 T
j; +

 r¡IR
 T

lk)j(IM
T

fi +
 r¡IR

 T
fi));

/S-c5
if r¡ is chosen suffciently sm

all, and then fixed. T
hus if w

e put
t =

 y;" T
fijyÍv T

fi, t =
 y;" T

j;jyÍv T
lb then

t
j
t
 
/
 
(
S
 
-
 
c
5
)
j
(
I
 
+
 
1
5
)

/
 
8
(
T
)
(
1
 
-
 
i
:
Y
.
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N
ow

, since F
 =

 N
 u m

 and N
 n m

 =
 cj, and N

 ;2 M
 =

F
 cj, m

 =
F

 cj,

(
v
N
 
T
f
k
/
y
'
T
f
k
)
 
-
 
(
v
N
 
T
f
i
/
y
'
T
f
i
)

=
 
!
Y
N
 
T
 
f
k
/
(
v
N
 
T
f
k
 
+
 
y
;
"
 
T
f
k
)
)
 
-
 
!
Y
N
 
T
f
i
/
(
v
N
 
T
f
i
 
+
 
y
;
"
 
T
f
i
)
)

=
 
(
1
 
+
 
t
t
 
1
 
-
 
(
1
 
+
 
t
t
 
1

?
 
(
1
 
+
 
t
r
1
 
-
 
(
1
 
+
 
t
e
(
T
)
(
I
-
 
e
)
2
r
1

in view
 of the inequality for tIt;

_ (e(T
)(1 - e)2 - 1)

-
 
(
1
 
+
 
t
)
(
t
-
1
 
+
 
e
(
T
)
(
1
 
-
 
e
)
2
)

after sim
plification.

Further,

t =
 y;" T

fk/(vN
 T

fk) =
 y;" T

fk/(vM
 T

fk +
 yf¡ T

fk)

=
 
À
l
;
"
 
T
f
k
/
(
l
'
M
 
T
f
k
 
+
 
1
7
1
f
¡
 
T
f
k
)

so, (17 now
 being fixed) À

 ? 0 can still be chosen so that t =
 (e1/2(T

) x
(1 - e)l - 1, and then fixed. F

rom
 the above, for these choices of íl, 17,

o
s
c
 
(
x
'
T
/
y
'
T
)
 
~
 
(
v
N
T
f
k
/
y
'
T
 
f
k
)
 
-
 
(
v
N
T
f
i
y
'
T
f
i
)

? (1- t)/(t +
 1) =

 (t-1 - 1)/(t-1 +
 1)

e
1
/
2
(
T
)
(
1
 
-
 
e
)
 
-
 
1

e1/2(T
)(1 - e) +

 1 .

If w
e now

 replace x by x +
 yon the left and use L

em
m

a 3.1l(vi), w
e see

that
je1/2(T

)(1 - e) - 1 \
sup osc (x' T

/y' T
) ? le1/2(T

)(1 _ e) +
 if

x, y;;O
x;lcy

and letting e ~
 0 +

, together w
ith T

heorem
 3.9 yields the final result.

T
he rem

aining case for the theorem
 in that w

here T
 has only strictly

positive and strictly zero row
s, and at least one of each. T

his is tantam
ount

to treating a rectangular m
atrix A

 ? 0 as in T
heorem

 3.10, and is analogous
to the treatm

ent for T
? O

. D
T

he follow
ing result finally yields the explicit form

 for T
B

(T
).

T
heorem

 3.12. If T
 is colum

n-allow
able,

i
i
 
d
(
x
'
T
,
 
y
'
T
)
_
 
f
l
 
-
 
c
j
l
/
2
(
T
)
1

T
B
(
T
)
 
-
 
x
~
~
l
o
 
d
(
x
'
,
 
y
'
)
 
-
 
I
I
 
+
 
c
j
l
/
2
(
T
)
f

X
*À

Y

w
h
e
r
e
 
c
j
(
T
)
 
=
 
e
-
1
(
T
)
,
 
e
(
T
)
 
h
a
v
i
n
g
 
t
h
e
 
v
a
l
u
e
 
s
p
e
c
i
f
e
d
 
b
y
 
T
h
e
o
r
e
m
 
3
.
1
0
.

3.4 B
irkhofT

's C
ontraction C

oefficient: D
erivation of E

xplicit F
orm
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P
R

O
O

F
: F

or any c ? 0, since x =
F

 À
y, x +

 cy =
F

 À
y, so

d
(
(
x
 
+
 
c
y
)
'
T
,
 
y
'
T
)
/
d
(
(
x
 
+
 
c
y
)
'
,
 
y
'
)
 
~
 
T
B
(
T
)
.

Since the num
erator of the left-hand side is

i
 
(
m
a
x
 
(
(
x
 
+
 
C
Y
)
'
T
/
y
'
T
)
)

n m
in ((x +

 cy)'T
/y'T

) ,

by Lem
m

a 3.1l(vi);
(m

ax (x'T
/y'T

) +
 C

)
=

 In
m

in (x'T
/y'T

) +
 c

=
 In (1 +

 c- 1 m
ax (x'T

/y'T
))

-In (1 +
 c-1 m

in (x'T
/y'T

)),

and sim
ilarly for the denom

inator, it follow
s by letting c ~ 00 that

osc (x'T
/y'T

) =
 I' d((x +

 cy)'T
, y'T

) ~
 (T

) (324)
(
"
)
 
1
m
 
d
(
(
 
)
"
)
 
T
 
B
,
 
.

O
S
C
 
x
,
 
y
 
c
-
o
o
 
x
 
+
 
c
y
 
,
 
Y
 
-

N
ext, w

e note from
 T

heorem
 3.9 that

(m
ax (x'T

/y'T
) - m

in (x'T
/y'T

)l ~
 O

'(T
H

m
ax (x'/y') - m

in (x'/y')l
w

here w
e have put, for convenience, O

'(T
) =

 (1 - cjl/2(T
))/(1 +

 cjl/2(T
));

that is (by Lem
m

a 3.1l(vii))

m
ax (v'T

/x'T
) - m

in (v'T
/x'T

) jm
ax (v'/x') - m

in (v'/x')\
m

ax (v'T
/x' T

) m
in (v'T

/x'T
) ~ O

'(T
)\ m

ax (v'/x') m
in (v'/x') l

R
eplacing y by ky +

 x, k ? 0, and using L
em

m
a 3.1l(vi) and (v)

m
ax (v'T

/x'T
) - m

in (v'T
/x'T

)

(1 +
 k m

ax (v'T
/x'T

))1 +
 k m

in (v'T
/x'T

))

T
 
j
 
m
a
x
 
(
v
'
/
x
'
)
 
-
 
m
i
n
 
(
v
'
/
x
'
)
 
\

~
 0'( )\(1 +

 k m
ax (v'/x'))1 +

 k m
in (v'/x'))l

Integrating both sides in the interval (0, c), c ? 0, over k, w
e obtain

In (1 +
 c m

ax (v'T
/x'T

)) - In ((1 +
 c m

in (v'T
/x'T

))

~ O
'(T

) pn (1 +
 c m

ax (y'/x')) - In (1 +
 c m

in (v'/x'))

i.e.

I
n
 
H
I
 
+
 
c
 
m
a
x
 
(
v
'
T
/
x
'
T
)
)
/
(
1
 
+
 
c
 
m
~
n
 
(
v
'
T
/
x
'
T
)
)
 
~
 
O
'
(
T
)

In H
I +

 c m
ax (v'/x'))/(1 +

 c m
m

 (v'/x'))

a
n
d
 
l
e
t
t
i
n
g
 
c
 
~
 
0
0
 
y
i
e
l
d
s
 
f
o
r
 
x
,
 
y
 
?
 
0
,
 
x
 
=
F
 
À
y
,
 
t
h
a
t

d
(
v
'
T
,
 
x
'
T
)
/
d
(
v
'
,
 
x
'
)
 
~
 
O
'
(
T
)

so that

T
B

(T
) ~

 O
'(T

).
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so the required follow
s.

T
o conclude this section w

e consider the im
portant case w

here T
 =

 P'
w

here P
 is stochastic (so I'T

 =
 I' and T

 is certainly colum
n allow

able). T
his

relates directly to the spectrum
 localization results m

entioned in the B
iblio-

graphy and D
iscussion §2.5 in relating L

B
(T

) and L
i(T

) for a non-negative
irreducible T

, and, not surprisingly, relates to T
heorem

 3.1.

T
heorem

 3.13. If P
 =

 fpijJ is a stochastic m
atrix, then LB

(P
') ~

 Li(P
) w

here
L

i(P) =
 ~ m

axi,i I:=
i IPiS - Pis I. In particular, if P is stochastic and allow

-
a
b
l
e
,
 
t
h
e
n

D

since P
I =

 I, by Lem
m

a 3.11(v) and (vi), noting that for sm
all b? 0,

x
(
b
)
 
=
 
b
l
 
+
 
(
1
 
-
 
b
)
l
s
 
?
 
0
,
 
x
(
b
)
 
=
1
 
À
,
1
.
 
T
h
u
s
 
(
3
.
2
5
)
 
i
s
 
e
s
t
a
b
l
i
s
h
e
d
.

T
he rem

aining portion öf the theorem
 follow

s from
 the fact that for

a
l
l
o
w
a
b
l
e
 
P
,
 
L
B
(
P
)
 
=
 
L
B
(
P
'
)
 
(
E
x
e
r
c
i
s
e
 
3
.
3
)
.
 
0

B
ut, from

 (3.24) and T
heorem

 3.9(
j
(
T
)
 
~
 
L
B
(
T
)

B
ibliography and D

iscussion to §3.4

L
B
(
P
)
 
~
 
L
i
(
P
)
,

PR
O

O
F. For x, y ? 0, x =

1 À
,y, by T

heorem
 3.9 and T

heorem
 3.12,

LB
(P

') ~
 osc (x'P

'/y'P
')/osc (x'/y')

a
n
d
 
i
n
 
p
a
r
t
i
c
u
l
a
r
 
i
f
 
y
 
=
 
I
,
 
f
o
r
 
x
 
?
 
0
,
 
x
 
=
1
 
À
,
I

L (P
')? osc (P

x/I) =
 (m

ax (P
x/I) - m

in (P
X

/I))
B
 
-
 
o
s
c
 
(
x
/
I
)
 
m
a
x
 
(
x
/
I
)
 
-
 
m
i
n
 
(
x
/
I
)

N
ow

, T
heorem

 3.1 states that certainly the right-hand side is alw
ays

~ L
i(P), W

e need to tighten this result by proving

o
s
c
 
(
P
x
/
I
)

Li (P
) =

 sup ( /1) (3.25)
",-,0 osc x
"'*;.1

W
e shall suppose L

i(P)? 0; otherw
ise the theorem

 is already established.
Suppose io, jo are such that

1
 
n

L
i
(
P
)
 
=
"
2
 
s
r
i
l
P
i
a
s
 
-
 
P
i
a
s
l

=
 
I
 
(
P
i
a
s
 
-
 
P
i
a
s
)

SE
S

T
he developm

ent of this section follow
s B

auer (1965) up to and including
T

heorem
 3.9. T

he proof of T
heorem

 3.11 is essentially due to H
opf (1963).

T
he argum

ents leading to the tw
o inequalities w

hich com
prise the proof of

T
heorem

 3.12 are respectively due to O
strow

ski (1964) and B
ushell (1973).

T
heorem

 3.13, as already noted in the B
ibliography and D

iscussion to §2.5, is
due to B

auer, D
eutsch and S

toer (1969). T
he evaluation ofLB

(T
) w

as first
c
a
r
r
i
e
d
 
o
u
t
 
i
n
 
a
 
m
o
r
e
 
a
b
s
t
r
a
c
t
 
s
e
t
t
i
n
g
 
b
y
 
B
i
r
k
h
o
f
f
 
(
1
9
5
7
)
 
(
s
e
e
 
a
l
s
o
 
B
i
r
k
h
o
f
f

(1967)), w
hose proof relies heavily on projective geom

etry. T
he paper of

H
opf (1963) w

as apparently w
ritten w

ithout know
ledge of B

irkhoff's earlier
w

ork. T
he section as a w

hole is based on the synthesis of S
heridan (1979,

C
hapter 2) of the various approaches from

 the various settings, carried out
by her for the case w

hen T
 is allow

able.

w
here S =

 fs; Pios - Pias ? O
J =

1 cj and is a proper subset of fl, 2, ..., nJ. L
et

x
 
=
 
I
s
;
 
t
h
e
n

E
X
E
R
C
I
S
E
S
 
O
N
 
§
3
.
4

3.16. Prove L
em

m
a 3.11.

3.17. Suppose A
 is an (n x n) real m

atrix. Show
 that

(i) z' ~
 0', =

1 0' ~
 z' A

 ~
 0', =

1 0' if and only if A
 is non-negative and

row
-allow

able;
(ii) z' ? 0' ~ z' A

 ? 0' if and only if A
 is non-negative and colum

n-allow
able.

3.18. In view
 of Lem

m
as 3.11 and 3.12, and E

xercise 3.1 7(i), attem
pt to develop the

subsequent theory for row
-allow

able T
, taking, for exam

ple, "sup" directly
o
v
e
r
 
x
,
 
y
 
~
 
0
,
 
=
1
 
0
 
e
t
c
.

3.19. Suppose A
 =

 raijl ~ 0 is (m
 x n) and colum

n-allow
able. D

efine 8(A
) as in

T
heorem

 3.9. E
valuate 8(A

) as in T
heorem

 3.10, and investigate in general how
far the theory of this section and §§3.1-3.2 can be developed for such rectangu-
l
a
r
 
A
.

Li (P
) =

 raP
ls - ¡laP

Is

o
s
c
 
(
P
I
s
/
P
I
)

..-
 
o
s
c
 
(
I
s
/
I
)

_ osc fP
(bl +

 (1 - b)ls)/P
IJ

-
 
o
s
c
 
U
b
I
 
+
 
(
1
 
-
 
b
)
l
s
)
/
I
J
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M
arkov C

hains and Finite
S

tochastic M
atrices

C
ertain aspects of the theory of non-negative m

atrices are particularly im
-

portant in connection w
ith that class of sim

ple stochastic processes know
n

as M
arkov chains. T

he theory of finite M
arkov chains in part provides a

useful illustration of the m
ore w

idely applicable theory developed hitherto;
and som

e of the theory of countable M
arkov chains, once developed, can be

used as a starting point, as regards ideas, tow
ards an analytical theory of

infinite non-negative m
atrices (as w

e shall eventually do) w
hich can then be

developed w
ithout reference to probability notions.

In this chapter, after the introductory concepts, w
e shall confine ourselves

to finite M
arkov chains, w

hich is virtually tantam
ount to a study from

 a
certain view

point of finite stochastic m
atrices. W

e have encountered the
notion of a stochastic m

atrix, central in the subject-m
atter of this book, as

early as §2.5. A
 num

ber of the ideas on inhom
ogeneous products of finite

non-negative m
atrices developed in C

hapter 3 w
il also playa prom

inent
role in the context of stochastic m

atrices. In the next chapter w
e shall pass to

the study of countable M
arkov chains, w

hich is thus tantam
ount to a study

of stochastic m
atrices w

ith countable index set, w
hich of course w

il subsum
e

the finite index set case. T
hus this chapter in effect concludes an exam

ination
of finite non-negative m

atrices, and the next initiates our study ofthe count-
a
b
l
e
 
c
a
s
e
.

W
e are aw

are that the general reader m
ay not be acquainted w

ith the
sim

ple probabilistic concepts used to initiate the notions of these tw
o chap-

ters. N
evertheless, since m

uch of the content of this chapter and the next is
m

erely a study óf the behaviour of stochastic m
atrices, w

e w
ould encourage

him
 to persist if he is interested in this last, skipping the probabilistic pas-

sages. C
hapters 5 and 6 are alm

ost free of probabilistic notions.
N

evertheless, C
hapters 4 to 6 are largely intended as an analytical/m

atrix
treatm

ent of the theory of M
arkov chains, in accordance w

ith the title of this
book.

4.1 M
arkov C

hains
113

4.1 M
arkov C

hains

Inform
ally, M

arkov chains (M
C

s) serve as theoretical m
odels for describing

a "system
" w

hich can be in various" states ", the fixed set of possible states
being countable (i.e. finite, or denum

erably infinite). T
he system

" jum
ps" at

u
n
i
t
 
t
i
m
e
 
i
n
t
e
r
v
a
l
s
 
f
r
o
m
 
o
n
e
 
s
t
a
t
e
 
t
o
 
a
n
o
t
h
e
r
,
 
a
n
d
 
t
h
e
 
p
r
o
b
a
b
i
l
i
s
t
i
c
 
l
a
w

according to w
hich jum

ps occur is

"
I
f
 
t
h
e
 
s
y
s
t
e
m
 
i
s
 
i
n
 
t
h
e
 
i
t
h
 
s
t
a
t
e
 
a
t
 
t
i
m
e
 
k
 
-
 
1
,
 
t
h
e
 
n
e
x
t
 

jum
p w

ill take it to
the jth state w

ith probability P
ij(k )."

T
he set of transition probabilities P

iA
k) is prescribed for all i, j, k and deter-

m
ines the probabilistic behavior of the system

, once it is know
n how

 it starts
off" at tim

e 0".
A

 m
ore form

al description is as follow
s. W

e are given a countable set
!/ =

 tSh S2, "'J or, som
etim

es, m
ore conveniently tso, Sh S2, ...J w

hich is
know

n as the state space, and a sequence of random
 variables tX

 kJ, k =
 0, 1,

2, ... taking values in!/, and having the follow
ing probability property: if X

O
,

X
h ..., X

H
 1 are elem

ents of !/, then

P
(X

k+
1 =

 X
k+

11X
k =

 X
k, X

k-1 =
 X

k-1, ..., X
o =

 xo)

=
 P

(X
 H

 1 =
 X

H
 11 X

 k =
 X

k)

i
f
 
P
(
X
k
 
=
 
X
b
 
.
.
.
,
 
X
o
 
=
 
x
o
)
?
 
0

(if P(B
) =

 0, P(A
 I B

) is undefined).
T

his property w
hich expresses, roughly, that future probabilistic evolu-

tion of the process is determ
ined once the im

m
ediate past is know

n, is the
M

arkov property, and the stochastic process fX
 kJ possessing it is called a

M
arkov chain.
M

oreover, w
e call the probability

P(X
H

1 =
 SjlX

k =
 sd

the transition probability from
 state Si to state Sj, and w

rite it succinctly as

p
i
A
k
 
+
 
1
)
,
 
S
i
,
 
S
j
 
E
 
!
/
,
 
k
 
=
 
0
,
 
1
,
2
,
 
.
.
.

N
ow

 consider

P(X
o =

 Sio' X
l =

 Sip ..., X
k =

 Si.J
E

ither this is positive, in w
hich case, by repeated use of the M

arkov property
and conditional probabilities it is in fact

P
(
X
k
 
=
 
S
i
k
l
 
X
k
-
1
 
=
 
S
i
k
_
i
J
 
.
.
.
 
P
(
X
 
1
 
=
 
S
i
i
i
X
o
 
=
 
S
i
o
J
P
(
X
O
 
=
 
S
i
o
J

=
 
P
i
k
-
 
¡
,
 
i
k
(
k
)
P
i
k
-
i
.
 
i
k
_
i
(
k
 
-
 
1
)
 
.
.
.
 
P
i
o
.
 
d
l
 
)
T
I
i
o

w
h
e
r
e
 
T
I
i
o
 
=
 
P
(
X
 
0
 
=
 
S
i
o
J

or it is zero, in w
hich case for som

e 0 S; r S; k (and w
e take such m

inim
al r)

P
(
X
 
0
 
=
 
S
i
o
'
 
X
l
 
=
 
S
i
i
'
 
.
.
.
,
 
X
r
 
=
 
S
d
 
=
 
o
.
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C
onsidering the cases r =

 0 and r ;: 0 separately, w
e see (repeating the

above argum
ent), that it is nevertheless true that

P(X
o =

 Sio' X
i =

 Sii' ..., X
k =

 SiJ =
 IIioPio,il(I) ... Pik_i,dk)

since the product of the first r +
 1 elem

ents on the right is zero. T
hus w

e see
t
h
a
t
 
t
h
e
 
p
r
o
b
a
b
i
l
i
t
y
 
s
t
r
u
c
t
u
r
e
 
o
f
 
a
n
y
 
f
i
n
i
t
e
 
s
e
q
u
e
n
c
e
 
o
f
 
o
u
t
c
o
m
e
s
 
i
s
 
c
o
m
-

pletely defined by a know
ledge of the non-negative quantities

p
i
j
(
k
)
;
 
S
i
,
 
S
j
 
E
 
5
/
,
 
I
I
i
;
 
S
i
 
E
 
5
/
.

T
he set tIIJ of probabilities is called the initial probability distribution of the

chain. W
e consider these quantities as specified, and denote the row

 vector
of the initial distribution by IIo.

N
ow

, for fixed k =
 1, 2, ... the m

atrix

Pk =
 tpij(k)j, Si, Sj E

 5/

is called the transition m
atrix of the M

C
 at tim

e k. It is clearly a square
m

atrix w
ith non-negative elem

ents, and w
il be doubly infinite if 5/ is

denum
erably infinite.

M
oreover, its row

 sum
s (understood in the lim

iting sense in the
denum

erably infinite case) are unity, for

L
 pij(k) =

 L
 P(X

k =
 sjlX

k-i =
 sa

j
E
Y
'
 
j
E
Y
'

and w
rite

II~ =
 no T

o, k .

(W
e digress for a m

om
ent to stress that, even in the case of infinite

transition m
atrices, the above products are w

ell defined by the natural exten-
sion of the rule of m

atrix m
ultiplication, and are them

selves stochastic. For:
let

P
a =

 tP
ij(ct)j

and
P

ß
 =

 tpiA
ß

)j

be tw
o infinite stochastic m

atrices defined on the index set U
, 2, .. 'J. D

efine
their product PaP ß as the m

atrix w
ith i, j entry given by the (non-negative)

num
ber:

00

L
 
P
i
k
(
c
t
)
P
k
A
ß
)
.

k=
 i

T
his sum

 converges, since the sum
m

ands are non-negative, and

0
0
 
0
0

L
 Pik(ct)pdß) s L

 Pik(ct) s 1
k
=
i
 
k
=
i

since probabilities alw
ays take on values betw

een 0 and 1. Further the ith
row

 sum
 of the new

 m
atrix is

=
 
P
(
X
k
 
E
 
5
/
I
X
k
-
i
 
=
 
s
a

by the addition of probabilities of disjoint sets;

=
 1.

jri kr/ik(ct)Pkj(ß) =
 kr/ik(ct)C

r/kA
ß))

T
hus the m

atrix Pk is stochastic.

00

=
 L

 Pik(ct) =
 1

k=
 i

D
efinition 4.1. If P i =

 P 2 =
 . .. =

 P k =
 . .. the M

arkov chain is said to have
stationary transition probabilities or is said to be hom

ogeneous. O
therw

ise it
is non-hom

ogeneous (or: inhom
ogeneous).

In the hom
ogeneous case w

e shall refer to the com
m

on transition m
atrix

as the transition m
atrix, and denote it by P.

by stochasticity of both P a and P ß' (T
he interchange of sum

m
ations i~

justified by the non-negativity of the sum
m

ands.))
It is also easily seen that for k ;: P

T
p. r =

 P
p+

 iP
p+

2 ... P
p+

r

n~
 =

 n~
 T

p,k-p'

W
e
 
a
r
e
 
n
o
w
 
i
n
 
a
 
p
o
s
i
t
i
o
n
 
t
o
 
s
e
e
 
w
h
y
 
t
h
e
 
t
h
e
o
r
y
 
o
f
 

hom
ogeneous chains is

substantially sim
pler than that of non-hom

ogeneous ones: for then

T
 
k
=
p
k

p,

s
o
 
w
e
 
h
a
v
e
 
o
n
l
y
 
t
o
 
d
e
a
l
 
w
i
t
h
 
p
o
w
e
r
s
 
o
f
 

the com
m

on transition m
atrix P, and

further, 'the probabilistic evolution is hom
ogeneous in reference to any initial

tim
e point p.
I
n
 
t
h
e
 
r
e
m
a
i
n
i
n
g
 
s
e
c
t
i
o
n
 
o
f
 

this chapter w
e assum

e that w
e are dealing w

ith
finite (n x n) m

atrices as before, so that the index set is t 1, 2, . . ., n J as before
(
o
r
 
p
e
r
h
a
p
s
,
 
m
o
r
e
 
c
o
n
v
e
n
i
e
n
t
l
y
,
 
t
o
,
 
1
,
 
.
.
.
,
 
n
 
-
 
I
n
.

Let us denote by n~
 the row

 vector of the probability distribution of X
 k;

t
h
e
n
 
i
t
 
i
s
 
e
a
s
i
l
y
 
s
e
e
n
 
f
r
o
m
 
t
h
e
 
e
x
p
r
e
s
s
i
o
n
 
f
o
r
 
a
 
s
i
n
g
l
e
 
f
i
n
i
t
e
 
s
e
q
u
e
n
c
e
 
o
f

outcom
es in term

s of transition and initial probabilities that

n~=
nO

Pi"'Pk

by sum
m

ing (possibly in the lim
iting sense) over all sam

ple paths for any
f
i
e
d
 
s
t
a
t
e
 
a
t
 
t
i
m
e
 
k
.
 
I
n
 
k
e
e
p
i
n
g
 
w
i
t
h
 
t
h
e
 
n
o
t
a
t
i
o
n
 
o
f
 
C
h
a
p
t
e
r
 
3
,
 
w
e
 
m
i
g
h
t

now
 adopt the notation
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(1) B
ernoull schem

e. C
onsider a sequence of independent trials in each of

w
hich a certain event has fixed probability, p, of occurring (this outcom

e
b
e
i
n
g
 
c
a
l
l
e
d
 
a
"
 
s
u
c
c
e
s
s
"
)
 
a
n
d
 
t
h
e
r
e
f
o
r
e
 
a
 
p
r
o
b
a
b
i
l
i
t
y
 
q
 
=
 
1
 
-
 
p
 
o
f
 
n
o
t
 
o
c
c
u
r
-

ring (this outcom
e being called a" failure "). W

e can in the usual w
ay equate

success w
ith the num

ber 1 and failure w
ith the num

ber 0; then !: =
 lO

, 1),
and the transition m

atrix at any tim
e k is

P
 
=
 
l
:
 
~
 
J

so that w
e have here a hom

ogeneous 2-state M
arkov chain. N

otice that here
the row

s of the transition m
atrix are identical, w

hich m
ust in fact be so for

any" M
arkov chain" w

here the random
 variables lX

 k) are independent.

(
2
)
 
R
a
n
d
o
m
 
w
a
l
k
 
b
e
t
w
e
e
n
 
t
w
o
 
b
a
r
r
i
e
r
s
.
 
A
 
p
a
r
t
i
c
l
e
 
m
a
y
 
b
e
 
a
t
 
a
n
y
 
o
f
 

the points

0, 1, 2, 3, . .., s (s 2' 1) on the x-axis. If it reaches point 0 it rem
ains there w

ith
probability a and is reflected w

ith probability 1 - a to state 1; if it reaches
point s it rem

ains there w
ith probability b and is reflected to point s - 1 w

ith
probability 1 - b. If at any instant the particle is at position i, 1 :: i :: s - 1,
t
h
e
n
 
a
t
 
t
h
e
 
n
e
x
t
 
t
i
m
e
 
i
n
s
t
a
n
t
 
i
t
 
w
i
l
 
b
e
 
a
t
 
p
o
s
i
t
i
o
n
 
i
 
+
 
1
 
w
i
t
h
 
p
r
o
b
a
b
i
l
i
t
y
 
p
,
 
o
r

a
t
 
i
 
-
 
1
 
w
i
t
h
 
p
r
o
b
a
b
i
l
i
t
y
 
q
 
=
 
1
 
-
 
p
.

It is again easy to see that w
e have here a hom

ogeneous M
arkov chain on

the finite state set !: =
 lO

, 1, 2, ..., s) w
ith transition m

atrix

W
e
 
h
a
v
e
 
h
e
r
e
 
a
 
h
o
m
o
g
e
n
e
o
u
s
 
M
a
r
k
o
v
 
c
h
a
i
n
 
o
n
 
t
h
e
 
s
t
a
t
e
 
s
e
t
 

!
:
 
=
l
O
,
 
1
,
2
,

...) describing the m
ovem

ent of the age of the system
. T

he transition m
atrix

is then tht denum
erably infinite one:

E
xam

ples

Ii
1
 
-
 
I
i

0
0

0

I2
0

1-Ii-I2
0

0
1
 
-
 
I
i

1
 
-
 
I
i

I3
0

0
1 - Ii - I2 - I3 0 . . .

1-Ii-I2
1-Ii-I2

It is custom
ary to specify only that ¿

~
 i J; :: 1, thus allow

ing for the
possibility of an infinite lifetim

e.

(5) Pólya U
rn schem

e. Im
agine w

e have a w
hite and b black balls in an urn.

L
et a +

 b =
 N

. W
e draw

 a ball at random
 and before draw

ing the next ball
w

e replace the one draw
n, adding also s balls of the sam

e colour.
Let us say that after r draw

ings the system
 is in state i, i =

 0, 1, 2, . . . if i is
t
h
e
 
n
u
m
b
e
r
 
o
f
 

w
hite balls obtained in the r draw

ings. Suppose w
e are in state

i (:: r) after draw
ing num

ber r. T
hus r - i black balls have been draw

n to
date, and the num

ber of w
hite balls in the urn is a +

 is, and the num
ber of

black is b +
 (r - i)s. T

hen at the next draw
ing w

e have m
ovem

ent to state
i +

 1 w
ith probability

a 1-a 0 0 ... 0 0
0

0

q
0

p
 
0

.
.
.
 
0
 
0

0
0

P
=
 
1
0

q
o p ...

o
 
0

0
o \;

p +
 q =

 1, 0.: p .: 1.

0
0

o 0 ... 0
q

0
p

0
0

o 0 ...
o
 
0

1 - b b

a +
 is

p, '+
1(r+

 1)=
-

I
,
!
 
N
 
+
 
r
s

and to state i w
ith probability

If a =
 0, 0 is a reflecting barrier, if a =

 1 it is an absorbing barrier, other-
w

ise i.e. if 0 .: a .: 1 it is an elastic barrier; and sim
ilarly for state s.

(3) R
andom

 w
alk unrestricted to the right. T

he situation is as above, except
that there is no "barrier" on the right, i.e. !: =

 lO
, 1,2,3, ...) is denum

erably
infinite, and so is the transition m

atrix P
.

(
4
)
 
R
e
c
u
r
r
e
n
t
 
e
v
e
n
t
.
 
C
o
n
s
i
d
e
r
 
a
 
"
r
e
c
u
r
r
e
n
t
 
e
v
e
n
t
"
,
 
d
e
s
c
r
i
b
e
d
 
a
s
 
f
o
l
l
o
w
s
.
 
A

system
 has a variable lifetim

e, w
hose length (m

easured in discrete units) has
probability distribution lJ;), i =

 1,2, .... W
hen the system

 reaches ag~ i 2' 1,
it either continues to age, or "dies" and starts afresh from

 age 0: T
he

m
ovem

ent of the system
 if its age is i - 1 units, i 2' 2 is thus to i, w

ith
(conditional) probabilty (1 ~ Ii - ... - J;)/(1 - fi - .., - J;- ¡) or to age 0,
w
i
t
h
 
p
r
o
b
a
b
i
l
i
t
y
 
J
;
/
(
1
 
-
 
f
i
 
-
 
.
.
.
 
-
 
J
;
-
i
)
'
 
A
t
 
a
g
e
 
i
 
=
 
0
,
 
i
t
 
e
i
t
h
e
r
 
r
e
a
c
h
e
s
 
a
g
e
 
1

w
ith probability 1 - fi, or dies w

ith probability fi.

b +
 (r - i)s

p. .(r +
 1) =

 =
 1 - p. '+

 i(r +
 1).

I
,
!
 
H
 
+
 
r
s
 
1
,
1

T
hus w

e have here a non-hom
ogeneous M

arkov chain (if s ? 0) w
ith tran-

s
i
t
i
o
n
 
m
a
t
r
i
x
 
P
k
 
a
t
 
"
t
i
m
e
"
 
k
 
=
=
 
r
 
+
 
1
 
2
'
 
1
 
s
p
e
c
i
f
i
e
d
 
b
y

a +
 is

pij(k) 
=

 N
+

 (k-1)s'
_ b +

 (k - 1 - i)s
-
 
N
 
+
 
(
k
 
-
 
l
)
s
 
'

j=
i+

1

j =
 i

=
 
o
t
h
e
r
w
i
s
e
,

w
here !: =

 lO
, 1, 2, .. .).

N
.H

. T
his exam

ple is given here because it is a good ilustration of a
non-hom

ogeneous chain; the non-hom
ogeneity clearly occurring because of

the addition of s balls of colour like the one draw
n at each stage. N

ever-
theless, the reader should be careful to note that this exam

ple does not fit
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into the fram
ew

ork in w
hich w

e have chosen to w
ork in this chapter, since

the m
atrix Pk is really rectangular, viz. k x (k +

 1) in this case, a situation
w

hich can occur w
ith non-hom

ogeneous chains, but w
hich w

e om
it from

further theoretical consideration. E
xtension in both directions to m

ake each
Pk doubly infinite corresponding to the index set rO

, 1, 2, ...J is not neces-
sarily a good idea, since m

atrix dim
ensions are equalized at the cost of zero

row
s (beyond the (k - 1)th) thus destroying stochasticity.

D
efinition 4.2. A

ny initial probability distribution lIo is said to be stationary,
if

lIo =
 Ilk,

k =
 1, 2, ...;

and a M
arkov chain w

ith such an initial distribution is itself said to be
stationary.

4.2 Finite H
om

ogeneous M
arkov C

hains
T

heorem
 4.1. A

n irreducible M
 C

 has a unique stationary distribution given by
the solution v of V

'p =
 v', v'I =

 1.

W
ithin this section w

e are in the fram
ew

ork of the bulk ofthe m
atrix theory

developed hitherto.
It is custom

ary in M
arkov chain theory to classify states and chains of

various kinds. In this respect w
e shall rem

ain totally consistent w
ith the

classification of C
hapter 1.

T
hus a chain w

il be said to be irreducible, and, further, prim
itive or cyclic

(im
prim

itive) according to w
hether its transition m

atrix P
 is of this sort.

Further, states of the set

P
R

O
O

F
. S

ince

1
I
~
+
 
1
 
=
 
I
I
~
P
,

k =
 0, 1, 2, '"

it is easy to see by (4.1) that such v is a stationary distribution. C
onversely, if

lIo is a stationary distribution

lIo =
 lIo P,

l
I
o
 
¿
 
0
,

l
I
o
 
1
 
=
 
1

y =
 rSb S2, ..., snJ

(or rso, S1, ..., sn-1D
 w

ill be said to be periodic, essential and inessential, to
lead one to another, to com

m
unicate, to form

 essential and inessential classes
etc. according to the properties of the corresponding indices of the index set

U
, 2, ..., nJ of the transition m

atrix.
In fact, as has been m

entioned earlier, this term
inology w

as introduced in
C

hapter 1 in accordance w
ith M

arkov chain term
inology. T

he reader
exam

ining the term
inology in the present fram

ew
ork should now

 see the
logic behind it.

s
o
 
t
h
a
t
 
b
y
 
u
n
i
q
u
e
n
e
s
s
 
o
f
 

the left Perron-Frobenius eigenvector of P, lIo =
 v.o

T
heorem

 4.2. (E
rgodic T

heorem
for prim

itive M
C

s). A
s k ~ oo,for a prim

itive
M

C

pk ~ Ivl

S
uppose w

e consider an irreducible M
C

 rX
 kJ w

ith (irreducible) transition
m

atrix P. T
hen putting as u~ual 1 for the vector w

ith unity in each position,
P
I
 
=
 
1

b
y
 
s
t
o
c
h
a
s
t
i
c
i
t
y
 
o
f
 
P
;
 
s
o
 
t
h
a
t
 
1
 
i
s
 
a
n
 
e
i
g
e
n
v
a
l
u
e
 
a
n
d
 
1
 
a
 
c
o
r
r
e
s
p
o
n
d
i
n
g

eigenvector. N
ow

, since all row
 sum

s of P
 are equal and the P

erron-
F
r
o
b
e
n
i
u
s
 
e
i
g
e
n
v
a
l
u
e
 
l
i
e
s
 

betw
een the largest and the sm

allest, 1 is the
Perron-Frobenius eigenvalue of P, and 1 m

ay be taken as the corresponding
right P

erron-F
robenius eigenvector. Let v', norm

ed so that v'I =
 1, b~

'the
corresponding positive left eigenvector. T

hen w
e have that

elem
entw

ise w
here v is the unique stationary distribution of the M

 C
; and the

rate of approach to the lim
it is geom

etric.

P
R
O
O
F
.
 
I
n
 
v
i
e
w
 
o
f
 

T
heorem

 4.1, and preceding rem
arks, this is just a restate-

m
ent of T

heorem
 1.2 of C

hapter 1 in the present m
ore restricted fram

ew
ork.o

Irreducible M
C

s

V
'P

 =
 v',

(4.1 )

T
his theorem

 is extrem
ely im

portant in M
C

 theory for it says that for a
prim

itive M
C

 at least, the probability distribution of X
b viz. lIoP

k ~
 v',

w
hich is independent of lIo , and the rate of approach is very fast. T

hus, after
a relatively short tim

e, past history becom
es irrelevant, and the chain

a
p
p
r
o
a
c
h
e
s
 
a
 
s
t
a
t
i
o
n
a
r
y
 
r
e
g
i
m
e
.
 

1

W
e
 
s
e
e
,
 
i
n
 
v
i
e
w
 
o
f
 

the P
erron-F

robenius theory that the analytical (rather
that probabilistic) reasons for this are (i) r =

 1, (ii) w
 =

 1.
W

e leave here the theory of irreducible chains, w
hich can be further

developed w
ithout diffculty via the results of C

hapter 1.

w
here v is the colum

n vector of a probability distribution.
1 See also T

heorem
 4.7 and its follow

ing notes.
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R
educible C

hains w
ith Som

e Inessential States

W
e know

 from
 L

em
m

a 1.1 of C
hapter 1 that there is alw

ays at least one
essential class associated w

ith a finite M
e. L

et us assum
e P is in canonical

form
 as in C

hapter 1, §1.2, and that Q
 is the subm

atrix of P associated w
ith

transitions betw
een the inessential states. W

e recall also that in pk w
e have

Q
k
 
i
n
 
t
h
e
 
p
o
s
i
t
i
o
n
 
o
f
 
Q
 
i
n
 
P
.

T
heorem

 4.3. Q
k -4 0 elem

entw
ise as k -4 00, geom

etrically fast.

P
R

O
O

F
. (W

e could here invoke the classical result of O
ldenburger (1940);

how
ever w

e have tried to avoid this result in the present text, since w
e have

now
here proved it, and so w

e shall prove T
heorem

 4.3 directly. In actual
fact, T

heorem
 4.3 can be used to som

e extent to replace the need of O
lden-

burger's result for reducible non-negative m
atrices.)

A
n
y
 
i
n
e
s
s
e
n
t
i
a
l
 
s
t
a
t
e
 
l
e
a
d
s
 
t
o
 
a
n
 
e
s
s
e
n
t
i
a
l
 
s
t
a
t
e
.
 

1
 
L
e
t
 
t
h
e
 
t
o
t
a
l
i
t
y
 
o
f
 
e
s
s
e
n
-

tial indices of the chain be denoted by E
, and of the inessential m

atrices by I.
W

e have then that

1 - L
 p¡J) =

 L
 p¡J) :; 0

j
E
f
 
j
E
E

for som
e k, for any fixed i E

 I, so that

L
 p¡J) ~ 1.

j E
 I

N
ow

 L
jE

f p¡J) is non-increasing w
ith k, for

L
P
¡
J
+
l
)
 
=
 
L
 
L
P
¡
~
)
P
r
j

j
E
I
 
j
E
I
 
r
E
I

S
 
L
P
¡
~
)
'

rE
I

H
ence for k ~

 ko(i) and som
e ko(i)

L
P¡J) ~ e(i) ~ 1

jE
f

and since the num
ber of indices in I is finite, w

e can say that for k ~ ko, and
e ~

 1, w
here ko and e are independent of i,

L
 p¡J) ~ e ~ 1, all i E

 I.
j,E

 I

LP
¡jk+

k) =
 LP

¡~
k)LP

W
j
E
I
 
r
E
I
 
j
E
I

S
 
e
L
P
¡
~
k
)

rE
I

T
herefore

1 S
ee E

xercise 4.11.

4.2 Finite H
om

ogeneous M
arkov C

hains
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for fixed k ~ ko, and each m
 ~ 0 and i E

 I. H
ence

~
 p(k(m

+
 1)1 ~

 e ~
 p(m

k) ~
 em

+
 1 -40

L
.
 
I
)
 
-
 
L
.
 
i
r
 
_

j
E
I
 
r
E
I

as m
~

 00.

H
ence a subsequence of

L
P¡J)

j E
 I

approaches zero; but since this quantity is itself positive and m
onotone

non-increasing w
ith m

, it has a lim
it also, and m

ust have the sam
e lim

it as
the subsequence.

H
ence

Q
kl ~

 0

Q
k~O

.

a
s
 
k
 
~
 
0
0
,

a
n
d
 
h
e
n
c
e

o
N

ow
, if the process rX

 kJ passes to an essential state, it w
il stay forever

after in the essential class w
hich contains it. T

hus the process cannot ever
return to or pass the set I from

 the essential states, E
. H

ence if "0(1) is that
sub 

vector of the initial distribution vector w
hich corresponds to the inessen-

tial states w
e have from

 the above theorem
 that

P
(X

k C
 1) =

 I1~
(I)Q

kl

~O
as k ~

 00, w
hich can be seen to im

ply, in view
 of the above discussion, that

the process rX
 kJ leaves the set I of states in a finite tim

e w
ith probability 1,

i.e. the process is eventually" absorbed ", w
ith probability 1, into the set E

 of
essential states.

D
enote now

 by E
p a specific essential class, (U

p E
p =

 E
), and let xip be

the probability that the process is eventually absorbed into E
p, so that

L
 xip =

 1,
p

having started at state i E
 I. Let x¡~

) be the probability of absorption after
precisely one step, i.e.

(1)_ ~
X
i
p
 
-
 
L
.
 
P
u
,

j
E
 
E
p

i E
 I,

and let xp and X
~

l) denote the colum
n vectors of these quantities over i E

 I.

T
heorem

 4.4.

X
p
 
=
 
(
I
 
-
 
m
-
l
x
~
l
)

I

PR
O

O
F. First of all w

e note that since Q
k ~ 0 as k ~ 00 by T

heorem
 4.3

(
I
 
-
 
m
-
1
 
e
x
i
s
t
s
 
b
y
 
L
e
m
m
a
 
B
.
1
 
o
f
 
A
p
p
e
n
d
i
x
 
B
 
(
a
n
d
 
=
 
L
k
=
O
 
Q
k

elem
entw

ise ).
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N
ow

 let xl~
) be the probability of absorption by tim

e k into E
p from

 i E
 I.

T
hen the elem

entary theorem
s of probability, plus the M

arkov property
e
n
a
b
l
e
 
u
s
 
t
o
 
w
r
i
t
e

X
\
k
)
 
=
 
X
\
l
)
 
+
 
"
p
.
 
X
(
k
-
 
1
)

ip ip ~
 ir rp
rE

I
(B

ackw
ard E

quation),

00

Z
,. =

 "Y
\~

)
'j L

. Ij
k=

O

the sum
 on the right being effectively finite for any realization of the process,

since absorption occurs in finite tim
e. B

y positivity

M
oreover

X
(k) =

 X
(k- 1) +

 "p\k- l)X
. (1)

i
p
 
i
p
 
L
.
 
i
r
 
r
p

rE
I

(Forw
ard E

quation).
0
0
 
0
0

m
., =

 lf(Z
..) =

 "lf(Y
\~)) =

 "p\~)
1) Ij ¿

 Ij ¿
 lj'

k
=
O
 
k
=
O

T
he Forw

ard E
quation tells us that

(
1
 
?
 
)
X
\
k
)
 
?
 
X
\
k
-
 
1
)

-
 
i
p
 
-
 
'
p

i,j E
 I. T

hus

so that lim
k.. 00 xl~

) exists, and it is plausible to interpret this (and it can be
rigorously justified) as xip'

If w
e now

 take lim
its in the B

ackw
ard E

quation as k ~ 00
_ (1) +

 "
X

ip - X
ip L

. Pirxrp,
rE

I

00

M
 
=
 
¿
 
Q
k

k=
O

elem
entw

ise

and since

=
 
(
I
 
-
 
Q
t
 
1
 
(
L
e
m
m
a
 
B
.
l
 
o
f
 
A
p
p
e
n
d
i
x
 
B
)

Z
. =

 "Z
..

i
 
L
.
 
1
)
'

jE
 I

an equation w
hose validity is intuitively plausible. R

ew
riting this in m

atrix
term

s,
it follow

s that
m
i
 
=
 
¿
m
i
j
.

j E
 I

o
x =

 X
(l) +

 Q
x (I - Q

)x =
 X

(l)
p
 
p
 
p
'
 
p
 
p

from
 w

hich the statem
ent of the theorem

 follow
s.

o
Finally, in connection w

ith the fundam
ental m

atrix, the reader m
ay w

ish
to note that, in spite of the elegant m

atrix form
s of T

heorem
s 4.4 and 4.5, it

m
ay stil be easier to solve the corresponding linear equations for the desired

quantities in actual problem
s. T

hese are
T

he m
atrix (I - Q

r 1 plays a vital role in the theory of finite absorbing
chains (as does its counterpart in the theory of transient infinite chains to be
c
o
n
s
i
d
e
r
e
d
 
i
n
 
t
h
e
 
n
e
x
t
 
c
h
a
p
t
e
r
)
 
a
n
d
 
i
t
 
i
s
 
s
o
m
e
t
i
m
e
s
 
c
a
l
l
e
d
 
t
h
e
 
f
u
n
d
a
m
e
n
t
a
l

m
atrix of absorbing chains. W

e give one m
ore instance of its use.

Let Z
ij be the num

ber of visits to state j E
 I starting from

 i E
 I. (Z

ii :2 1).
T

hen

X
i
p
 
=
 
x
g
)
 
+
 
¿
 
P
i
r
X
r
p
,

rE
I

i E
 I.

(T
heorem

 4.4)

m
i =

 1 +
 ¿Pirm

"
rE

I
i E

 I.
(T

heorem
 4.5)

Z
, =

 "Z
..

i
 
L
.
 
I
j
'

j E
 I

i E
 I

and w
e shall do so in the follow

ing exam
ple.

E
X

A
M

P
LE

: (R
andom

 w
alk betw

een tw
o absorbing barriers). (S

ee §4.1). H
ere

there are tw
o essential classes E

o, E
s consisting of one state each (the absorb-

ing barriers). T
he inessential states are I =

 fl, 2, ..., s - 1 J w
here w

e assum
e

s ? 1, and the m
atrix Q

 is given by

is the tim
e to absorption of the chain starting from

 i E
 I. L

et m
ij =

 lf(Z
ij)

and m
i =

 lf(Z
¡) be the expected values of Z

ij and Z
i respectively, and

M
 =

 tm
iJi.jE

!' and m
 =

; tm
j.

T
heorem

 4.5.

M
 
=
 
(
I
 
-
 
Q
t
 
1

m
 =

 M
l =

=
 (I - Q

t 11.

PR
O

O
F. R

ecall that Q
O

 =
 I by definition. L

et ylJ) =
 1 if X

 k =
 j, Y

IJ) =
 0 if

X
 k +

- j, the process tX
 kJ having started at i E

 I. T
hen

lf(Y
lJ)) =

 plJ) . 1 +
 (1 - plJ)) . 0

fO
p 0 .. . 0 01

q
 
0
 
P
 
'
"
 
0
 
0

Q
=

 .
o 0 0 ... q 0

w
ith xW

 =
 bi1 q, xi:) =

 bi. s-1 P
, i E

 I, bij being the K
ronecker delta.

(a) Probabilty of eventual absorption into E
s' W

e have that

=
 plJ),

k
 
:
2
 
O
.

_ (1) +
 "

X
i
s
 
-
 
X
i
s
 
L
.
P
i
r
X
r
s
,

rE
I

i
 
=
 
1
,
 
2
,
 
.
.
.
,
 
s
 
-
 
1
,
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i.e.
X

is
PX

2s
W

e have here to deal w
ith an inhom

ogeneous difference equation, the hom
-

ogeneous part of w
hich is as before, so that the general solution to it is as

before plus a particular solution to the inhom
ogeneous equation. It can be

checked that

(i) q l- p; i/(q - p) is a particular solution, and that taking into account
boundary conditions

X
2s

q
x
i
s
 
+
 
P
X
3
s

X
s
-
 
2
.
 
s
 
-

qxs- 3. s +
 PX

s-i. s

X
s
-
i
,
s
 
=
 
p
 
+
 
q
X
s
-
2
,
s
'

W
rite for convenience X

i =
=

 X
is' T

hen if w
e define X

o =
 0, X

s =
 1, the above

equations can be w
ritten in unified form

 as

I X
i =

 qX
i-i +

 pxi+
 i, i =

 1, 2, ..., s - 1
X
o
 
=
 
0
,
 
X
s
 
=
 
1

a
n
d
 
i
t
 
i
s
 
n
o
w
 
a
 
m
a
t
t
e
r
 
o
f
 
s
o
l
v
i
n
g
 
t
h
i
s
 
d
i
f
f
e
r
e
n
c
e
 
e
q
u
a
t
i
o
n
 
u
n
d
e
r
 
t
h
e
 
s
t
a
t
e
d

boundary assum
ptions.

T
he general solution is of the form

X
i =

 A
zii +

 B
z~

 if Z
i l- Z

2

m
i =

 i/(q - p) - rs/(q - p)JU
 - (q/p)iJiU

 - (q/PY
~, i E

 I.

(ii) q =
 p =

 1; - ¡2 is a particular solution and hence

m
i
 
=
 
i
(
s
 
-
 
i
)
,
 
i
 
E
 
I
.

T
he follow

ing theorem
 is analogous to T

heorem
 4.2 in that w

hen atten-
tion is focused on behavior w

ithin the set I of inessential states, under sim
ilar

structural conditions on the set I, then a totally analogous result obtains.

=
 (A

 +
 B

i)zi
if z i =

 z 2 =
 Z

T
heorem

 4.6. L
et Q

, the subm
atrix of P corresponding to transitions betw

een
t
h
e
 
i
n
e
s
s
e
n
t
i
a
l
 
s
t
a
t
e
s
 
o
f
 

the M
e corresponding to P, be prim

itive, and let there
b
e
 
a
 
p
o
s
i
t
i
v
e
 
p
r
o
b
a
b
i
l
i
t
y
 
o
f
 
r
X
 
k
~
 
b
e
g
i
n
n
i
n
g
 
i
n
 
s
o
m
e
 
i
 
E
 
I
.
 
T
h
e
n
 
f
o
r
 
j
 
E
 
I
 
a
s

k
~
 
0
0

w
here Z

i and Z
2 are the solutions of the characteristic equation

p
Z
2
 
-
 
Z
 
+
 
q
 
=
 
0

viz., Z
i =

 1, Z
2 =

 q/p bearing in m
ind that 1 - 4pq =

 (p - qf
H

ence:

(i) if q l- p, w
e get, using boundary conditions to fix A

 and B
:

X
i
 
=
 
U
 
-
 
(
q
/
P
Y
J
i
U
 
-
 
(
q
/
p
)
'
~
,
 
i
 
E
 
I
.

P(X
k =

 j IX
k E

 1) ~ vJ2)! ¿ vf)
j E

 /

w
h
e
r
e
 
V
(
2
)
 
=
 
r
 
v
f
)
~
 
i
s
 
a
 
p
o
s
i
t
i
v
e
 
v
e
c
t
o
r
 
i
n
d
e
p
e
n
d
e
n
t
 
o
f
 
t
h
e
 
i
n
i
t
i
a
l
 
d
i
s
t
r
i
b
u
t
i
o
n
,

and is, indeed, the left P
erron-F

robenius eigenvector of Q
.

P
R
O
O
F
.
 
L
e
t
 
u
s
 
n
o
t
e
 
t
h
a
t
 
i
f
 
n
o
 
i
s
 
t
h
a
t
 
p
a
r
t
 
o
f
 
t
h
e
 
i
n
i
t
i
a
l
 
p
r
o
b
a
b
i
l
i
t
y
 
v
e
c
t
o
r

restricted to the initial states then

(ii) if q =
 p =

 !
P

(X
k E

 I) =
 n~

Q
k1, ? 0

since by prim
itivity Q

k ? 0 for k large enough, and no l- 0, M
oreover the

vector of the quantities
X

i =
 i/s, i E

 I.

(b) M
ean tim

e to absorption. W
e have that

m
i;=

 1 +
 ¿Pirm

"
r E

 /

P
(
 
X
 
k
 
=
=
 
j
 
I
 
X
 
k
 
E
 
1
)
,
 
j
 
E
 
I

i E
 I

is given by

m
2

=
 
1
 
+
 
p
m
2

=
 
1
 
+
 
q
m
i
 
+
 
p
m
3

n~Q
k/n~Q

ki.

T
he lim

iting behaviour follow
s on letting k ~ 00 from

 T
heorem

 1.2 of C
hap-

ter 1, the contribution of the right Perron-Frobenius eigenvector dropping
out betw

een num
erator and denom

inator. 0

I.e.
m

i

m
s
-
i
 
=
 
1
 
+
 
q
m
s
-
2
'

H
ence w

e can w
rite in general

1 m
i =

 1 +
 qm

i-~
 +

 pm
i+

1,
m
"
 
-
 
0
,
 
m
.
 
-
 
O
.

C
hains W

hose Index Set C
ontains a Single E

ssential C
lass

i =
 1, 2, ..., s - 1

O
n account of the extra stochasticity property inherent in non-negative

m
a
t
r
i
c
e
s
 
P
 
w
h
i
c
h
 
a
c
t
 
a
s
 
t
r
a
n
s
i
t
i
o
n
 
m
a
t
r
i
c
e
s
 
o
f
 

M
arkov chains, the properties
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o
f
 
i
r
r
e
d
u
c
i
b
l
e
 
n
o
n
-
n
e
g
a
t
i
v
e
 
m
a
t
r
i
c
e
s
 
(
t
o
 
a
n
 
e
x
t
e
n
t
)
 
h
o
l
d
 
f
o
r
 
s
t
o
c
h
a
s
t
i
c

m
atrices w

hich, apart from
 a single essential class (w

hich gives rise to a
s
t
o
c
h
a
s
t
i
c
 
i
r
r
e
d
u
c
i
b
l
e
 
s
u
b
 

m
atrix, P i), m

ay also contain som
e inessential

indices. T
he reason, in elem

entary term
s, is that if P is w

ritten in canonical
form

 (as in the preceding discussion):

P
 
=
 
(
i
 
~
J

then Q
k -7 0 elem

entw
ise (in accordance w

ith T
heorem

 4.3). P
~

 exhibits the
behaviour of an irreducible m

atrix in accordance w
ith C

hapter 1, w
ith the

sim
plifications due to the stochasticity of P i. T

he effect of P i thus dom
inates

t
h
a
t
 
o
f
 
Q
;
 
t
h
e
 
c
o
n
c
r
e
t
e
 
m
a
n
i
f
e
s
t
a
t
i
o
n
 
o
f
 
t
h
i
s
 
w
i
l
 
b
e
c
o
m
e
 
e
v
i
d
e
n
t
 
i
n
 
s
u
b
-

sequent discussion.
Firstly (com

pare T
heorem

 4.1) a corresponding M
C

 has a unique sta-
tionary distribution, w

hich is essentially the stationary distribution corre-
sponding to P

i. F
or, an n x 1 vector v =

 (V
'h 0')' w

here V
i is the unique

stationary distribution corresponding to Ph the chain being assum
ed in

canonical form
, is clearly a stationary distribution of P; and suppose any

v
e
c
t
o
r
 
0
 
s
a
t
i
s
f
y
i
n
g
 
0
'
 
P
 
=
 
0
'
,
 
0
'
1
 
=
 
1
 
i
s
 
c
o
r
r
e
s
p
o
n
d
i
n
g
l
y
 
p
a
r
t
i
t
i
o
n
e
d
,
 
s
o

t
h
a
t
 
l
l
 
=
 
f
O
'
h
 
0
'
2
)
'
 
T
h
e
n

T
o develop further the theory of such M

arkov chains, w
e define at this

stage a regulari stochastic m
atrix, and hence a regular M

arkov chain as one
w

ith a regular transition m
atrix. T

his notion w
il playa m

ajor role in the
rem

ainder of this chapter.

D
efinition 4.3. A

n n x n stochastic m
atrix is said to be regular if its essential

indices form
 a single essential class, w

hich is aperiodic.

T
heorem

 4.7. L
et P be the transition m

atrix of a regular M
e, in canonical

form
, and v'i the stationary distribution corresponding to the prim

itive subm
a-

trix P i of P corresponding to the essential states. L
et v' =

 (v'i, 0') be an 1 x n
v
e
c
t
o
r
.
 
T
h
e
n
 
a
s
 
k
 
-
7
 
0
0

pk -7 Iv'

elem
entw

ise, w
here v' is the unique stationary distribution corresponding to the

m
atrix P

, the approach to the lim
it being geom

etrically fast.

PR
O

O
F. A

part from
 the lim

iting behaviour of p!Jl, i E
 1, j E

 E
, this theörem

 is
a trivial consequence of foregoing theory, in this and the preceding section.

If w
e w

rite

O
'iP

i +
 "~

R
 =

 O
'i

O
~ Q

 =
 O

~

From
 the second of these it follow

s that O
2 Q

k =
 "2' so, by T

heorem
 4.3,

O
2
 
=
 
0
;
 
s
o
,
 
f
r
o
m
 
t
h
e
 
f
i
r
s
t
 
e
q
u
a
t
i
o
n
 
"
'
i
 
P
i
 
=
 
"
'
i
;
 
a
n
d
 
"
'
i
l
 
=
 
1
,
 
w
h
e
n
c
e

"
i
 
=
 
V
i
.
 
I
n
 
p
a
r
t
i
c
u
l
a
r
 
v
 
i
s
 
t
h
e
 
u
n
i
q
u
e
 
s
t
a
t
i
o
n
a
r
y
 
d
i
s
t
r
i
b
u
t
i
o
n
.

It is evidenti that an M
C

 w
hich contains at least tw

o essential classes w
ill

n
o
t
 
h
a
v
e
 
a
 
s
i
n
g
l
e
 
s
t
a
t
i
o
n
a
r
y
 
d
i
s
t
r
i
b
u
t
i
o
n
,
 
a
n
d
 
h
e
n
c
e
 
c
h
a
i
n
s
 
w
i
t
h
 
a
 
s
i
n
g
l
e
 
s
u
c
h

class m
ay be characterized as having a single stationary distribution. T

his
vector is the unique solution 0 to the linear equation system

O
'
f
l
,
 
1
 
-
 
P
)
 
=
 
p
,
 
0
'
)

w
h
e
r
e
 
t
h
e
 
m
a
t
r
i
x
 
f
l
,
 
1
 
-
 
P
)
 
i
s
 
n
 
x
 
(
n
 
+
 
1
)
.
 
T
h
i
s
 
u
n
i
q
u
e
n
e
s
s
 
i
m
p
l
i
e
s
 
t
h
i
s

m
atrix is of rank n, and hence contains n linearly independent colum

ns. T
he

l
a
s
t
 
n
 
c
o
l
u
m
n
s
 
a
r
e
 
l
i
n
e
a
r
l
y
 
d
e
p
e
n
d
e
n
t
,
 
s
i
n
c
e
 
(
1
 
-
 
P
)
i
 
=
 
0
;
 
b
u
t
 
t
h
e
 
v
e
c
t
o
r
 
I

com
bined w

ith any (n - 1) colum
ns of 1 - P clearly gives a linearly indepen-

dent set.
It follow

s from
 the above discussion that for an M

C
 containing a single

essential class of indices and transition m
atrix P, any (n - 1) of the equations

0' P =
 0' are sufficient to determ

ine the stationary distribution vector, to a
constant m

ultiple and the additional condition 0'1 =
 1 then specifies it

com
pletely. T

he resulting (n x n) linear equation system
 m

ay be used for the
practical calculation of the stationary distribution, w

hich w
il have zero

entries corresponding to any inessential states.
1 S

ee E
xercise 4.12.

pk =
 fP~ 0 J
R
k
 
Q
k

it is easily checked (by induction, say) that putting R
i =

 R
k
 
k

R
u
i
 
=
 
¿
Q
i
R
P
~
-
i
 
=
 
¿
Q
k
-
i
R
P
i

i
=
O
 
i
=
O

so that w
e need to exam

ine this m
atrix as k -7 00.

P
ut M

 =
 P

i - Iv'i;

then M
i =

 pi - Iv'i.
N

ow
 from

 T
heorem

 4.2 w
e know

 that each elem
ent of M

i is dom
inated by

K
i pi, for som

e K
i ? 0, 0 .. Pi .. 1, independent of i, for every i.

M
oreover

k
 
k

R
k+

i =
 ¿

 Q
k-iR

lv'i +
 ¿

 Q
k-iR

M
i

i
=
O
 
i
=
O

and w
e also know

 from
 T

heorem
 4.3 that each elem

ent of Q
i is dom

inated
by K

2 P
~

 for som
e K

2 ? 0, 0 .. P
2 .. 1 independent of i, for every i. H

ence
each com

ponent of the right hand sum
 m

atrix is dom
inated by

k

K
3 ¿

 p~
-ipii

i=
O

for som
e K

3 ? 0, and hence -70 as k -700.

1 O
ur usage of " regular" differs from

 that of several other sources, especially of K
em

eny and

S
n
e
l
l
 
(
1
9
6
0
)
.
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=
 (1 - Q

t i(1 - Q
)lv'i

visits starting from
 any state i E

 p, . . ., n - 11 to any state on this set before
" absorption" into state n in the m

odified chain, and sum
s of these for a fixed

initial state in t 1, . . . , n - 1 ~
 gives the m

ean tim
e to absorption in n. In regard

to the original chain, described by P, these m
ean tim

es have the interpreta-
tion of m

ean first passage tim
e from

 i E
 t 1, . . ., n - 1 ~ to n. W

e shall take up
extension of this im

portant point shortly. For the m
om

ent, the reader m
ay

w
ish to check that the unique 'stationary distribution n', for the chain

described by P, w
hich is determ

ined by the equations

H
e
n
c
e
,
 
a
s
 
k
 
~
 
0
0

00

lim
 R

k+
 i =

 L
 Q

iR
lv'i =

 (I - Q
t i R

lv'i
k
-
o
o
 
i
=
=
Q

=
 lv'i

a
s
 
r
e
q
u
i
r
e
d
.

o
n'A

=
O

',

is given explicitly by the expression

U
' =

 td(n-1)A
-i, 1V

(1 +
 d(n_1)A

-ii)

n
'
i
 
=
 
1

B
oth T

heorem
s 4.2 and 4.7 express conditions under w

hich the probabi:
lity distribution: P

(X
 k =

 j), j =
 1, 2, ...,n approaches a lim

it distribution
v =

 tvJ as k ~
 00, independent of the initial distribution no of tx kJ' T

his
tendency to a lim

iting distribution independent of the initial distribution ex-
presses a tendency to equilibrium

 regardless of initial state; and is called the
ergodic property or ergodicity. r T

heorem
 4.6 show

s that w
hen attention is

focused on behaviour w
ithin the set I of inessential states, then under a sim

ilar
structural condition on the set I, an analogous result obtains.

A
 
=
 
(
(
n
~
~
¿
 
-
:
1

w
h
e
r
e
 
c
,
 
d
 
~
 
O
.

s
i
n
c
e
 
c
 
=
 
(
(
n
-
i
¡
!
 
-
 
(
n
-
i
j
P
)
l
 
=
 
(
n
-
1
j
A
l
.

C
learly the sta.te n holds no special significance in the above argum

ent,
w

hich show
s that such absorbing chaln considerations m

ay be used to
obtain expressions for all first passage tim

es from
 any state to any other state

in the M
C

 governed by P, and that such considerations m
ay be used to

provide expressions for the stationary probability vector.
I
n
 
a
n
 
M
C
 
w
i
t
h
 
a
 
s
i
n
g
l
e
 
e
s
s
e
n
t
i
a
l
 
c
l
a
s
s
 
o
f
 

indices, every other state leads to
a specifed state in the essential class. If w

e regard any such spt:cified state as
playing the role of the state n in the above discussion, it is clear that the
entire discussion for irreducible P given above applies in this situation also.

F
or an M

 C
 started from

 state i, the first passage tim
e from

 i to j in general
is the num

ber of transi tions (" tim
e ") lIn til the process first enters j, if j =

1 i;
o
r
 
(
a
s
 
s
h
o
w
n
)
 
t
h
e
 
n
u
m
b
e
r
 
o
f
 

transitions until it next entersj, ifj =
 i. W

e have
discussed above a m

ethod for obtaining the expected first passage tim
e,/lij,

(in specified situations) from
 i to j, j =

1 i. T
he question concerning the ex-

p
e
c
t
e
d
 
f
i
r
s
t
 
p
a
s
s
a
g
e
 
t
i
m
e
 
f
r
o
m
 
a
 
s
t
a
t
e
 
t
o
 
i
t
s
e
l
f
 

has been left open. D
enote this

quantity for an essential state i by /lu, or just /li: w
t: m

ay clearly treat the
q
u
e
s
t
i
o
n
 
w
i
t
h
i
n
 
t
h
e
 
f
r
a
m
e
w
o
r
k
 
o
f
 
a
n
 
i
r
r
e
d
u
c
i
b
l
e
 
c
h
a
i
n
,
 
a
n
d
 

do so henceforth.
T

his quantity is m
ore com

m
only called the m

ean-recurrence tim
e of state i,

and in the purely analytical treatm
ent of C

hapter 5 (see D
efinition 5.1) is

called a m
ean recurrence m

easure. A
 sim

ple conditional expectation argu-
m
e
n
t
,
 
c
o
n
d
i
t
i
o
n
i
n
g
 
o
n
 
t
h
e
 
f
i
r
s
t
 
s
t
e
p
,
 
s
h
o
w
s
 
t
h
a
t
 
'

/ljj =
 pjj1 +

 LP
ji(1 +

 /liJ
i

i*j

=
 1 +

 LP
ji/lij

i
i*j

so once /lij, i =
1 j, i =

 1, ..., n are all know
n, /ljj m

ay be calculated. Indeed,
putj =

 n, to accord w
ith our previous discussion. T

hen it follow
s, in term

s of
the notation introduced above that

/lnn =
 1 +

 d(n_1jA
-ii

A
bsorbing-chain T

echniques

T
he discussion given earlier focussing on the behaviour w

ithin the set I of
inessential states if such exist, for a reducible chain, has w

ider applicability in
the context of M

e's containing a single essential class of states in general,
a
n
d
 
i
r
r
e
d
u
c
i
b
l
e
 
M
e
'
s
 
i
n
 
p
a
r
t
i
c
u
l
a
r
,
 
t
h
o
u
g
h
 
t
h
i
s
 
i
n
i
t
i
a
l
l
y
 
s
e
e
m
s
 
p
a
r
a
d
o
x
i
c
a
L
.

W
e shall give only an inform

al discussion of som
e aspects of this topic.

I
f
 
P
 
i
s
 
(
n
 
x
 
n
)
 
s
t
o
c
h
a
s
t
i
c
 
a
n
d
 
i
r
r
e
d
u
c
i
b
l
e
,
 
w
r
i
t
e
 
A
 
=
 
I
 
-
 
P
 
a
n
d

(
n
-
1
)
A
 
=
 
(
n
-
i
¡
!
 
-
 
(
n
-
1
)
P
 
t
h
e
 
(
n
 
-
 
1
)
 
x
 
(
n
 
-
 
1
)
 
n
o
r
t
h
w
e
s
t
 
c
o
r
n
e
r
 
t
r
u
n
c
a
t
i
o
n
i

of A
. W

e m
ay w

rite, w
ith obvious notation:

N
ow

 since i ~ n, i =
 1, ..., n - 1 (since P is irreducible), it follow

s that the
m

odified M
C

 w
ith stochastic transition m

atrix

((n-1)P c J
0
'
 
1

h
a
s
 
t
h
e
 
s
t
a
t
e
s
 
p
,
 
.
.
.
,
 
n
 
-
 
1
 
J
 
i
n
e
s
s
e
n
t
i
a
l
,
 
w
i
t
h
"
 
a
b
s
o
r
b
i
n
g
"
 
s
t
a
t
e
 
n
,
 
s
o
 
(
n
~
l
)
 
P

plays the role of Q
 in T

heorem
 4.3, and in particular (n _ 1) A

 - 1 exists and is
non-negative. Indeed, by T

heorem
 4.5, its entries give expected num

bers of

i
 
S
e
e
 
E
x
e
r
c
i
s
e
s
 
4
.
9
 
a
n
d
 
4
,
1
0
.
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B
i
b
l
i
o
g
r
a
p
h
y
 
a
n
d
 
D
i
s
c
u
s
s
i
o
n
 
t
o
 
§
§
4
.
1
-
4
.
2
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w
hence w

e obtain, as a bonus from
 the preceding discussion, the im

portant
result that

B
i
b
l
i
o
g
r
a
p
h
y
 
a
n
d
 
D
i
s
c
u
s
s
i
o
n
 
t
o
 
§
§
4
.
1
-
4
.
2

o
 
1

o
 
(
0
.
1
 
0
.
3

1
 
0
.
4
 
0
.
6

p=
2
 
0
.
1
 
0
.
3

3
 
0
 
0
.
1

20.6o0.6
0.3

3O
J

oo .
0.6

T
here exists an enorm

ous literature on finite hom
ogeneous M

arkov chain
theory; the concept of a M

arkov chain is generally attributed to A
. A

.
M

arkov (1907), although som
e recognition is also accorded to H

. Poincaré
in this connection. W

e list here only the books w
hich have been associated

w
ith the significant developm

ent of this subject, and w
hich m

ay thus be
regarded as m

ilestones in its developm
ent, referring the reader to these for

further earlier references: M
arkov (1924), H

ostinsky (1931), von M
ises

(1931), Fréchet (1938), B
ernstein (1946), R

om
anovsky (1949), K

em
eny &

Snell (1960). (T
he reader should notice that these references are not quite

chronological, as several of the books cited appeared in m
ore than one

edition, the latest edition being generally m
entioned here.) A

n inform
ative

sketch of the early history of the subject has been given by W
. D

oeblin
(1938), and w

e adapt it freely here for the reader's benefit, in the next tw
o

paragraphs.
A

fter the first w
orld w

ar the topic of hom
ogeneous M

arkov chains w
as

taken up by U
rban, L

évy, H
adam

ard, H
ostinsky, R

om
anovsky, von M

ises,
F
r
é
c
h
e
t
 
a
n
d
 
K
o
l
m
o
g
o
r
o
v
.
 
M
a
r
k
o
v
 
h
i
m
s
e
l
f
 

had considered the case w
here the

entries of the finite transition m
atrix P =

 rPij) w
ere all positive, and show

ed
that in this case all the plJl tend to a positive lim

it independent of the initial'
state, Si, a result rediscovered by L

évy, H
adam

ard, and H
ostinsky. In the

general 
case (Pij :: 0) R

om
anovsky (under certain restrictive hypotheses) and

Fréchet, in noting the problem
 of the calculation of the plJl w

as essentially an
algebraic one, show

ed that the p!Jl are asym
ptotically periodic, Fréchet then

distinguishing 
three situations: the positively regular case, w

here p!Jl -- Pj ~ 0,
all i, j; the regular case, w

here p!Jl -- Pj :: 0 all i, j; the non-oscilating case
w

here p!J) -- P
~

, for all i, j; and also the general singular case. F
réchet linked

the discussion of these cases to the roots of the characteristic equation of the
m

atrix P. H
ostinsky, von M

ises, and Fréchet found necessary and sufficient
c
o
n
d
i
t
i
o
n
s
 
f
o
r
 
p
o
s
i
t
i
v
e
 
r
e
g
u
l
a
r
i
t
y
.
 

1 Finally, H
adam

ard (1928) gave, in the
special case pertaining to card shuffing, the reason for the asym

ptotic perio-
d
i
c
i
t
y
 
w
h
i
c
h
 
e
n
t
e
r
s
 
i
n
 
t
h
e
 

singular case, by using non-algebraic reasoning.
O

n the other hand the m
atrix P

 =
 rP

ij) is a m
atrix of non-negative ele-

m
ents; and these m

atrices w
ere studied extensively before the first w

orld w
ar

by Perron and, particularly, by Frobenius. T
he rem

arkable results of Frob-
enius w

hich enable one to analyze im
m

ediately the singular case, w
ere not

utilized until som
ew

hat later in chain theory. T
he first person to do so w

as
probably von M

ises (1931), w
ho, in his treatise, deduced a num

ber of im
por-

t
a
n
t
 
t
h
e
o
r
e
m
s
 
f
o
r
 
t
h
e
 
s
i
n
g
u
l
a
r
 
c
a
s
e
 
f
r
o
m
 
t
h
e
 
r
e
s
u
l
t
s
 
o
f
 
F
r
o
b
e
n
i
u
s
.
 
T
h
e

s
c
h
o
o
l
s
 
o
f
 
F
r
é
c
h
e
t
 
a
n
d
 
o
f
 

H
o
s
t
i
n
s
k
y
 
r
e
m
a
i
n
e
d
 
u
n
a
w
a
r
e
 
o
f
 

this com
ponent of

von M
ises' w

orks, and ignorant also of the third m
em

oir of Frobenius on

l
1
n
n
 
=
 
l
i
n
n

w
here n =

 rn;J is the unique stationary distribution for the M
C

 governed
by P.

M
ore generally, for an irreducible M

C
, it follow

s

l1ii =
 1lni,

i =
 1, ..., n,

w
hich is a fundam

ental and intuitively pleasing result of M
C

 theory, and
m

akes clear the intim
ate connection betw

een m
ean first-passage tim

es and
the stationary distribution.

E
X

A
M

P
LE

 (A
 sim

ple dynam
ic stochastic inventory m

odel). A
 toy shop stocks

a certain toy. Initially there are 3 item
s on hand. D

em
and for the toy during

any w
eek is a random

 variable independent of dem
and in any other w

eek,
and if Pk =

 Prrk toys dem
anded during a w

eek), then Po =
 0.6, Pi =

 0.3,
P

2 =
 0.1. O

rders received w
hen supply is exhausted are not recorded. T

he
shopkeeper m

ay only replenish stock at w
eekends, according to the policy:

do not replenish if there is any stock on hand, but if there is no stock on
hand obtain tw

o m
ore item

s.
C

alculate the expected num
ber of w

eeks to first replenishm
ent, and the

lim
iting-stationary distribution.
D

enote by X
 n the num

ber of item
s of stock at the end of w

eek n (just
before the w

eekend). T
he state space is rO

, 1, 2, 3), X
 ° =

 3, and rX
 n) is a

M
arkov chain w

ith transition m
atrix:

T
hus state 3 is inessential, and states 0, 1, 2 form

 a single essential class. W
e

r
e
q
u
i
r
e
 
l
1
3
0
'
 
T
h
i
s
 
i
s
 
t
h
e
 
t
h
i
r
d
 

elem
ent of the vector (1 - Q

t 11 w
here

(
0
.
6
 
0
 
0
 
)
 
(
1
 
0
 
0
)
'

Q
 =

 0.3 0.6 0 , so (1 - Q
t 1 =

 185 1 0 ,
0
.
1
 
0
.
3
 
0
.
6
 
I
l
4
0
 
1
8
5
 
1

and since (1 - Q
t 11 =

 (1, 3i, 230l)', l130 =
 23°1. T

he unique stationarydis-
t
r
i
b
u
t
i
o
n
 
i
s
 
c
o
n
s
e
q
u
e
n
t
l
y
 
g
i
v
e
n
 
b
y
 
t
h
e
 
v
e
c
t
o
r
 
'

n =
 p, (0.3,0.6,0)(1 - Q

t 1)
P
 
+
 
(
0
.
3
,
0
.
6
,
0
)
(
1
 
-
 
Q
t
 
1
1
)

_
(
8
 
1
5
1
2
0
)

-
 
3
5
,
 
3
5
,
 
3
5
,
 
.

1 See E
xercise 4.10 as regards the regular case; D

oeblin om
its these references.
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non-negative m
atrices. In 1936 R

om
anovsky, certainly equally unaw

are of
t
h
e
 
s
a
m
e
 
w
o
r
k
 
o
f
 
v
o
n
 
M
i
s
e
s
,
 
d
e
d
u
c
e
d
,
 
a
l
s
o
 
f
r
o
m
 
t
h
e
 
t
h
e
o
r
e
m
s
 
o
f
 

Frobenius,
by a quite laborious m

ethod, theorem
s m

ore precise than those of von
M

ises. Finally, K
olm

ogorov gave in 1936 a com
plete study of M

arkov
chains w

ith a countable num
ber of states, w

hich is applicable therefore to
finite chains.

T
he present developm

ent of the theory of finite hom
ogeneous M

arkov
chains is no m

ore than an introduction to the subject, as the reader w
il now

realise; it deals, further, only w
ith ergodicity problem

s, w
hereas there are

m
any problem

s m
ore probabilistic in nature, such as the C

entral Lim
it

T
heorem

, w
hich have not been touched on, because of the nature of the

present book. O
ur approach is, of course, basically from

 the point of view
(really a consequence) of the Perron-Frobenius theory, into w

hich elem
ents

of the K
olm

ogorov approach have been blended. T
he reader interested in a

som
ew

hat sim
ilar, early, developm

ent, w
ould do w

ell to consult D
oeblin's

(1938) paper; and a sequel by S
arym

sakov (1945).
T

he subsection on "absorbing chain techniques" has sought to give an
elem

entary flavour of the approach to finite M
C

 theory proposed by M
eyer

(1975, 1978) and espoused by B
erm

an and Plem
m

ons (1979). A
 m

atrix
approach to the theory of finite M

e's grounded in the elem
ents of linear

algebra, w
ith heavy em

phasis on spectral structure, has recently been given
by F

ritz, H
uppert and W

illem
s (1979).

Som
e further discussion pertaining specifcally to the case of countable,

rather than finite state space (or, correspondingly, index set) w
ill be found in

t
h
e
 
n
e
x
t
 
c
h
a
p
t
e
r
.

E
X
E
R
C
I
S
E
S
 
O
N
 
§
4
.
2

(A
ll these exercises refer to hom

ogeneous M
arkov chains.)

4.1.
Let P

 be an irreducible stochastic m
atrix, w

ith period d =
 3. C

onsider the
asym

ptotic behaviour, as k -- co, of p3k, p3k+
 1, p3k+

 2 respectively, in relation
to the unique stationary distribution corresponding to P. E

xtend to arbitrary
period d.

H
int: A

dapt T
heorem

 1.4 of C
hapter 1.

4.2.
Find the unique stationary distribution vector v for a random

 w
alk betw

een
tw

o reflecting barriers, assum
ing s is odd. (S

ee E
xam

ple (2) of §4.1.) A
pply the

results of E
xercise 4.1, to w

rite dow
n lim

k~
 '" p2k and lim

k~
 '" p2k+

 i in term
s of

the elem
ents of v.

"-
U

se either the technique of A
ppendix B

, or induction, to find pk for arbitr'uy k,
w

here (stochastic) P
 is given by

4.3.(i) (P
1 ai).

P
i ai '

(ii) (1 ° 0)
° 1 ° ;
i
 
1
 
1

'
3
 
'
3
 
'
3

(iii) (0 1 0)
a ° P

 .
°
 
1
 
°

E
x
e
r
c
i
s
e
s
 
o
n
 
§
4
.
2
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4.4. C
onsider tw

o urns A
 and B

, each of w
hich contains m

 balls, such that the total
num

ber of balls, 2m
, consists of equal num

bers of black and w
hite m

em
bers. A

ball is rem
oved sim

ultaneously from
 each urn and put into the other at tim

es
k =

 1, 2, . ...
E

xplain w
hy the num

ber of w
hite balls in urn A

 before each transfer form
s a

M
arkov chain, and find its transition probabilities.
G

ive intuitive reasons w
hy it m

ight be expected that the lim
iting/stationary

distribution rv¡l of the num
ber of w

hite balls in urn A
 is given by the hyper-

geom
etric probabilities(m

~i)(7)
V
i
 
=
 
(
~
)
 
,

i =
 0, 1, 2, ..., m

and check that this is so.

4.5. L
et p be a finite stochastic m

atrix (i.e. a stochastic m
atrix all of w

hose colum
n

sum
s are also unity).

(i) Show
 that the states of the M

arkov chain corresponding to P are all
essentiaL

.

(ii) If P is irreducible and aperiodic, find lim
 pm

 as m
 -- co.

4.6. A
 M

arkov chain rX
 k)' k =

 0, 1, 2, . . . is defined on the states 0, 1, 2, ..., 2N
, its

transition probabilities being given by

(
2
N
)
(
 
j
 
)
i
(
 
j
 
)
2
N
-
i

Pi.i =
 i 2N

 1 - 2N
 '

j, i =
 0, 1, . . ., 2N

. Investigate the nature of the states.
Show

 that for m
 ~ 0, j =

 0, 1, 2, ..., 2N
,

Ø
"
(
X
m
+
i
/
X
m
 
=
j
)
 
=
j
,

a
n
d
 
t
h
a
t
 
c
o
n
s
e
q
u
e
n
t
l
y

Ø
"
(
X
m
+
 
i
/
X
o
 
=
 
j
)
 
=
 
j
.

H
ence, or otherw

ise, deduce the probabilities of eventual absorption into
the state 0 from

 the other states.

4.7.
(
M
a
l
é
c
o
t
,
 
1
9
4
4
)

A
 M

arkov chain is defined on the integers 0, 1, 2, . . . , a, its transition probabili-
ties being specified by

1
 
(
a
 
-
 
i
 
-
 
1
)

P
i, i+

 i =
 2 a _ i '

1 (a - i +
 1)

Pi,i-i=
2 a-i '

i =
 1, 2, ..., a - 1, w

ith states 0 and a being absorbing.
Find the m

ean tim
e to absorption, m

¡, starting from
 i =

 1, 2, ..., a _ 1.
H
i
n
t
s
:
 
(
1
)
 
T
h
e
 
s
t
a
t
e
 
a
 
-
 
1
 
i
s
 
r
e
f
l
e
c
t
i
n
g
.
 
(
2
)
 
U
s
e
 
t
h
e
 
s
u
b
s
t
i
t
u
t
i
o
n

z
;
 
=
 
(
a
 
-
 
i
)
m
,
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4.8.
L

et L
 be an (n x n) m

atrix w
ith zero elem

ents on the diagonal and above, and
U
 
a
n
 
(
n
 
x
 
n
)
 
m
a
t
r
i
x
 
w
i
t
h
 
z
e
r
o
 
e
l
e
m
e
n
t
s
 
b
e
l
o
w
 
t
h
e
 
d
i
a
g
o
n
a
L
.
 
S
u
p
p
o
s
e
 
t
h
a
t

p i =
 L

 +
 U

 is stochastic.
(i) Show

 that L
 =

 0, and hence (w
ith the help of probabilistic reasoning, or

otherw
ise), that the m

atrix P 2 =
 (I - L

 t i U
 is stochastic.

(ii) Show
 by exam

ple that even if P i is irreducible and aperiodic, P 2 m
ay be

reducible.

shall be concerned w
ith the asym

ptotic behaviour of the forw
ard producti

r

T
O

,r=
PiPz"'Pr=

 D
Pk

k=
 i

4.10.
U

se the definition of regularity and the result ofthe preceding exercise to show
that a necessary and suffcient condition on the m

atrix P for ergodicity is that
there is only one eigenvalue of m

odulus unity (counting any repeated eigen-
values as distinct).

a
s
 
k
 
~
 
0
0
.

N
aturally, both T

heorem
s 3.3 and 3.7, for exam

ple, are applicable here,
and it is natural to begin by exam

ining their im
plications in the present

context, w
here, w

e note, each T
p, r is stochastic also.

U
nder the conditions of the first of these, as r ~

 00, for all i, j, p, s

t~P, r)
~
 
~
 
W
p
)
,
 
?
 
0

t(p, r) " J
J, S

4.9.
T

heorem
 4.7 m

ay be regarded as asserting that a sufficient condition for ergodi-
city is the regularity of the transition m

atrix P. Show
 that regularity is in fact a

necessary condition also.

(
K
a
u
c
k
y
,
 
1
9
3
0
;
 
K
o
n
e
c
n
ý
,
 
1
9
3
1
)

w
here the lim

it is independent of s. P
ut for sufficiently large r,

t~P, r)
~
 
_
 
u
n
p
)
 
(
.
.
 
)

t
(
,
P
.
 
r
)
 
-
 
r
r
 
I
,
 
j
 
+
 
t
:
 
i
,
 
J
,
 
s
,
 
p
,
 
r
 
.

J. S

4.11. Show
 that any inessential state leads to an essential state.

H
i
n
t
:
 
U
s
e
 
a
 
c
o
n
t
r
a
d
i
c
t
i
o
n
 
a
r
g
u
m
e
n
t
,
 
a
s
 
i
n
 
t
h
e
 
p
r
o
o
f
 
o
f
 

L
e
m
m
a
 
1
.
1
 
o
f
 

C
hap-

t
e
r
 
1
.

T
hus, using the stochasticity of T

p, r
n
 
n

1 =
 ¿ t~;~r) =

 W
l;) +

 ¿ t);~r)t:(i, j, s, p, r)
s
=
 
i
 
s
=
 
i

4.12. Show
 that if an n-state M

C
 contains at least tw

o essential classes of states, then
any w

eighted linear com
bination of the stationary distribution vectors corre-

sponding to each such class, each appropriately augm
ented by zeros to give an

(
n
 
x
l
)
 
v
e
c
t
o
r
,
 
i
s
 
a
 
s
t
a
t
i
o
n
a
r
y
 
d
i
s
t
r
i
b
u
t
i
o
n
 
o
f
 
t
h
e
 
c
h
a
i
n
.

4.13 D
enote by M

j the class of (n x n) stochastic m
atrices P such that for som

e
pow

er k, and hence for all higher pow
ers, pk has itsjth colum

n positive. D
enote

b
y
 
G
 
i
 
t
h
e
 
c
l
a
s
s
 
o
f
 
r
e
g
u
l
a
r
 
(
n
 
x
 
n
)
 
s
t
o
c
h
a
s
t
i
c
 
m
a
t
r
i
c
e
s
.
 
S
h
o
w
 
t
h
a
t

G
i =

 U
i=

i M
j, w

hile ni=
i M

j is the set of prim
itive (n x n) stochastic

m
atrices. (S

ee E
xercise 3.12.)

4.14. S
uppose P

 is irreducible and stochastic, w
ith period d, and v its unique station-

a
r
y
 
d
i
s
t
r
i
b
u
t
i
o
n
 
v
e
c
t
o
r
.
 
L
e
t
 
R
 
=
 
l
i
m
k
~
o
o
 
p
d
k
.
 
S
h
o
w
 
t
h
a
t

w
here also 0.. tt~

r) ~
 1. Letting r ~

 00, it follow
s that the additional

assum
ption has led to:

1
 
=
 
W
!
p
)
,

i. J'
all i, j, p,

s
o
 
t
h
a
t
 
t
h
e
 
r
o
w
s
 
t
e
n
d
 
n
o
t
 
o
n
l
y
 
t
o
 
p
r
o
p
o
r
t
i
o
n
a
l
i
t
y
,
 
b
u
t
 
i
n
d
e
e
d
 
e
q
u
a
l
i
t
y
,

although their nature still depends on r in general. Indeed w
e m

ay w
rite

t
(
p
,
 
r
)
 
t
(
p
,
 
r
)
 
_
 
t
(
,
P
,
 
r
)

~ _ 1 =
 " S J, S ~ 0

t
(
p
,
 
r
)
 
t
(
p
,
 
r
)

J
.
 
S
 
J
,
 
S

as r ~
 00, w

hich on account of the present boundedness of tt~
r) im

plies

t~
P

, r) - t(p, r) ~
 0 (4.2)

i
.
 
S
 
J
.
 
S

d
-
i
 
p
k

R
 ¿

 -d =
 Iv'.

k=
O

(H
int: C

onsider P in canonical form
, and use the m

ethods of §1.4.)

as r ~ 00, for each i, j, p, s. T
his conclusion is a w

eaker one than that
preceding it, and so w

e m
ay expect to obtain it under w

eaker assum
ptions

(although in the present stochastic context) than given in T
heorem

 3.3. In
fact, since this kind of assertion does not involve a ratio, conditions im

posed
in the form

er context, to ensure positivity of denom
inator, inter alia, m

ay be
expected to be subject to w

eakening.
U
n
d
e
r
 
t
h
e
 
c
o
n
d
i
t
i
o
n
s
 
o
f
 

T
heorem

 3.7, in addition to the present stochasti-
city assum

ption, w
e have, sim

ply, that
4.3 Finite Inhom

ogéneous M
arkov C

hains
and C

oefficients of E
rgodicity

t~p,r) ~ V
j'

" J
I =

 1, 2, ..., n
(4.3)

In this section, as already foreshadow
ed in §4.1 of this chapter, w

e shall
a
d
o
p
t
 
t
h
e
 
n
o
t
a
t
i
o
n
 
o
f
 

C
hapter 3 except that w

e shall use Pk =
 tPij(k)) instead

of H
k =

 thij(k)), i, j =
 1, ..., n to em

phasize the stochasticity of Pb and w
e

w
here v' =

 tV
jJ is the unique invariant distribution of the lim

it prim
itive

m
atrix P.

i B
ackw

ards products of stochastic m
atrices are of interest also: see §4.6,
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,

(4.2) and (4.3) are m
anifestations of w

eak and strong ergodicity respec-
tively in the M

C
 sense.

D
efinition 4.4. W

e shall say that w
eak ergodicity obtains for the M

C
 (i.e.

sequence of stochastic m
atrices PJ if

t!p, r) - t(p, r) ~
 0

i
,
 
S
 
J
.
 
s

as r ~ 00 for each i, j, s, p. (N
ote that it is sufficient to consider i =

1 j.

T
his definition does not im

ply that the ti;~r) them
selves tend to a lim

it as
r ~

 00, m
erely that the row

s tend to equality (=
 "independence of initial

distribution") but are still in general dependent on r.

D
efinition 4.5. If w

eak ergodicity obtains, and the t!;~) them
selves tend to a

lim
it for all i, s, p as r ~ 00, then w

e say strong ergodicity obtains.
H

ence strong ergodicity requires the elem
entw

ise existence of the lim
it of

T
p. r as r ~

 00 for each p, in addition to w
eak ergodicity. It is clear from

D
efinition 3.4 and L

em
m

a 3.5 that the definition of strong ergodicity here is
com

pletely consistent w
ith that given in the m

ore general setting.

A
 stochastic m

atrix w
ith identical row

s is som
etim

es called stable. N
ote

that if P is stable, p2 =
 P, and so pr =

 P.
T
h
u
s
 
w
e
 
m
a
y
,
 
i
n
 
a
 
c
o
n
s
i
s
t
e
n
t
 
w
a
y
,
 
s
p
e
a
k
 
o
f
 

w
eak ergodicity as tendency to

stability.
A

s in C
hapter 3, a convenient approach to the study of both w

eak and
strong ergodicity is by m

eans of an appropriate contraction coeffcient; such
coefficients in this stochastic setting are m

ore frequently called coefficients of
ergodicity. In contrast to C

hapter 3, w
e shall first introduce som

e general
notions for this concept, then specialize to those w

e shall use in the sequel. It
w

ill be seen that the notions of stochastic m
atrices w

ith a positive colum
n,

and the quantity i-1(P
) already encountered, interalia, w

ithin the context of
T

heorem
s 3.1 and 2.10, are central to this discussion.

D
efinition 4.6. W

e call any. scalar function i-(') continuous on the set of
(n x n) stochastic m

atrices (treated as points in R
n2) and satisfying

o :: i-(P) :: 1, a coeffcient of ergodicity. It is then said to be proper if

i-(P
) =

 0 if and only if P
 =

 tv'

w
here v is any probability vector (v :: 0, v't =

 1): that is, w
henever P is

stable.

L
em

m
a 4.1. W

eak ergodicity offorw
ard products is equivalent to

i-(T
p,r)~

O
, r~

oo, p::O
w

here i-(' ) is a proper coeffcient of ergodicity.
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P
R
O
O
F
.
 
T
a
k
e
 
p
 
f
i
x
e
d
 
b
u
t
 
a
r
b
i
t
r
a
r
y
,
 
a
n
d
 
s
u
p
p
o
s
e
 
i
-
(
1
;
 
r
)
 
~
 
0
,
 
r
 
~
 
0
0
.
 
S
u
p
p
o
s
e

then t¡;~
r) - tt~

r) ~
 0 for aì. i, j, s as r ~

 00 is false. T
hen there is a sub-

s
e
q
u
e
n
c
e
 
r
k
r
)
,
 
r
:
:
 
1
,
 
o
f
 
t
h
e
 
p
o
s
i
t
i
v
e
 
i
n
t
e
g
e
r
s
 
a
n
d
 
a
n
 
6
 
:
:
 
0
 
s
u
c
h
 
t
h
a
t
 
t
h
e

E
uclidean distance betw

een T
p, k, and every stable m

atrix is at least 6. S
ince

1
;
 
k
"
 
r
:
:
 
1
,
 
i
s
 
s
t
o
c
h
a
s
t
i
c
 
a
n
d
 
t
h
e
 
s
e
t
 
o
f
 
s
t
o
c
h
a
s
t
i
c
 
m
a
t
r
i
c
e
s
 
i
s
 
c
o
m
p
a
c
t

(
b
o
u
n
d
e
d
 
a
n
d
 
c
l
o
s
e
d
)
 
i
n
 
R
n
2
,
 
w
e
 
m
a
y
,
 
b
y
 
s
e
l
e
c
t
i
n
g
 
a
 
s
u
b
s
e
q
u
e
n
c
e
 
o
f
 
t
q
 
i
f

necessary, assum
e T

p, k, ~ p* w
here p* is stochastic, and by the assum

ptions
on i-, i-(T

p, d ~
 0 =

 i-(P
*), w

hence p* is stable, and hence a contradiction
r
e
s
u
l
t
s
.
 
T
h
e
 
c
o
n
v
e
r
s
e
 
f
o
l
l
o
w
s
 
e
a
s
i
l
y
 
b
y
 
c
o
n
t
i
n
u
i
t
y
 
o
f
 
i
-
(
'
 
)
.
 
0

T
heorem

 4.8. S
uppose m

(' ) and i-(' ) are proper coeffcients of ergodicity and

f
o
r
 
a
n
y
 
r
 
s
t
o
c
h
a
s
t
i
c
 
m
a
t
r
i
c
e
s
 
p
U
)
,
 
i
 
=
 
1
,
 
.
.
.
,
 
r
 
w
i
t
h
 
e
a
c
h
 
r
:
:
 
1
:

r
m
(
p
(
1
)
p
(
2
)
 
'
"
 
p
(
r
)
)
:
:
 
n
 
i
-
(
P
U
)
)
.

i
=
 
1

(4.4 )

T
hen w

eak ergodicity of forw
ard products1 T

p, rform
ed from

 a given sequence

r
P
k
)
,
 
k
:
:
 
1
,
 
o
b
t
a
i
n
s
 
i
f
 
a
n
d
 
o
n
l
y
 
i
f
 
t
h
e
r
e
 
i
s
 
a
 
s
t
r
i
c
t
l
y
 
i
n
c
r
e
a
s
i
n
g
 
s
e
q
u
e
n
c
e
 
o
f

positive integers rksÌ, s =
 0, 1, 2, ... such that

00

¿
 
u
 
-
 
i
-
(
1
k
,
.
k
'
+
l
-
k
,
n
 
=
 
0
0
.

s=
O

(4.5)

PR
O

O
F. (Sim

ilar to T
heorem

 3.2; E
xercise 4.15).

o
E

xam
ples of proper coeffcients of ergodicity are (in term

s of P =
 rPiiÌ; see

T
heorem

 3.1) evidently:

1
 
n
 
n

i-1(P) =
"2 m

ax ¿ !Pis - Pjsl =
=

 1 - m
in ¿ m

in (Pi., PjS);
i
,
j
 
s
=
1
 
i
,
j
 
s
=
1

a(P
) =

 m
ax m

ax /P
is - P

js/ ;
s i, j

b
(
P
)
 
=
 
1
 
-
 
s
t
1
 
(
m
/
n
 
P
i
S
)
.

A
n exam

ple of an im
proper coeffcient of ergodicity is

c(P
) =

 1 - m
:x ( m

iin P
iS

)'

w
here 

2

a(P
) :: i-1 (P

) :: b(P
) :: c(P

)
(4.6)

1 For the analogous result relating to backw
ards products see T

heorem
 4.18,

2 S
ee E

xercise 4.16.
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w
ith c(P) -c 1 if and only if P has a positive colum

n. T
heorem

 3.1 enables us
t
o
 
d
e
d
u
c
e
 
a
 
c
o
n
c
r
e
t
e
 
m
a
n
i
f
e
s
t
a
t
i
o
n
 
o
f
 
(
4
.
4
)
,
 
f
o
r
 
i
f
 

w
e substitute in it w

 =
 (w

jl

w
ith w

j =
 t~r:~ri, P =

 P p+
 b w

e have from
 (3.4)

m
ax I ttP

, r) _ t(I?, r) I -c. (P
 ) m

ax I t\P
+

 1, r- 1) - t\'l+
 1, r- 1) I

h,S h.s - 1 p+
l J.s J,S

h. h' j, j'
s
o
 
t
h
a
t

a(T
p, r) :: .1 (p p+

 da(T
p+

1, r- 1)'

M
ore generally for any sequence (P(il, i ~ 1, of stochastic m

atrices, and each
r
 
~
 
1
,

a
(
p
(
l
)
 
p
(
2
)
 
.
.
.
 
p
t
r
)
)
 
:
:
 
.
1
 
(
p
(
1
)
)
a
(
p
t
2
)
 
.
.
.
 
p
t
r
)
)

:
:
 
.
1
(
p
t
1
)
)
.
1
(
P
(
2
)
)
 
.
.
.
 
.
1
(
P
t
r
)
)
.
1
(
1
)

w
here I is the unit m

atrix; i.e.
r

a
(
p
t
1
)
 
p
(
2
 
.
.
.
 
p
t
r
)
)
 
:
:
 
f
1
.
 
1
 
(
p
(
i
)
)

i
=
 
1

(4.7)

since .1(1) =
 1. B

y (4.6) it follow
s that (4.4) also holds w

ith m
 =

 a, and. =
 b

(or. =
 c, taking into account the C

orollary to T
heorem

 4.8). A
 "hom

ogen-
eous" inequality of form

 (4.4), in that both m
(' ) and .(. ) are the sam

e, m
ay

be obtained analogously to (3.7) by considering a m
etric d(x', y') on the sets

of probability row
 vectors.

L
em

m
a 4.2. For a m

etric d on the set D
 =

 (z'; z ~ 0, z'l =
 1j the quantity,

defined 
for any (n x n) stochastic m

atrix P by
d(x'P, y'P)

.(P) =
 sup d(' ')

,,',Y
'E

D
 x,y

""Y

satisfies the properties

(
i
)
 
.
(
p
t
1
)
p
t
2
)
)
 
:
:
 
.
(
p
t
1
)
)
.
(
p
t
2
)
)
,
 
p
(
1
)
,
 
p
(
2
)
 
s
t
o
c
h
a
s
t
i
c
;

(ii) .(P) =
 0 for stochastic P if and only if P is stable.

P
R

O
O

F
. T

he only non-obviolÍs part of this assertion is .(P
) =

 0 =
 P

 =
 lv'

w
here v' E

 D
. N

ow
 .(P) =

 0 =
 (x - y)' P =

 0' for any tw
o probability vectors

x, y, and (x - y)l =
 O

. T
aking x =

 /;, y =
 Jj, i f j, w

here fk is, as usual, the
vector w

ith zeroes everyw
here except unity in the kth position, it follow

s that
the ith and jth row

s of P are the sam
e, for arbitrary i, j. D

T
his lem

m
a provides a m

eans of generating coeffcients of ergodidty,
providing the additional constraints inherent in their definition, of continu-
ity and that .(P) :: 1, are satisfied for any P. T

here are a'lum
ber of w

ell-
know

n m
etrics defined on sets of probability distributions1 such as D

, and

1 ~
pp F

yp.rr:i¡¡p. 4 17
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other candidates for investigation are m
etrics corresponding to any vector

n
o
r
m
 
1
1
.
1
1
 
o
n
 
R
n
,
 
o
r
 
C
n
 
(
t
h
e
 
s
e
t
 
o
f
 
n
-
I
e
n
g
t
h
 
v
e
c
t
o
r
s
 
w
i
t
h
 
c
o
m
p
l
e
x
 
v
a
l
u
e
d

entries), i.e.

d(x', y') =
 Ilx' - y'll.

(4.8)
O

bvious choices for investigation here are the lp norm
s

, J n p (lip
iix lip =

 trllxil J
(1Ix'll", =

 m
~

x Ixd)
w

here x' =
 (xil.

For any m
etric of the form

 (4.8) the definition of .(P) according to
L

em
m

a 4.2 is

.(P
) =

 sup II(x - y)'P
II

,,', Y
'E

D
 II(x - y)'11

,,#0 Y

=
 sup II¡)'P

II
ii.i/i =

 i

since any real-valued vector ¡) =
 (b;j satisfying ¡) f 0 ¡)'l =

 0 m
ay be w

ritten
in the form

 ¡) =
 const (x - y) w

here x and yare probability vectors, x f y,
a
n
d
 
c
o
n
s
t
 
=
!
 
I
d
b
d
 
=
 
I
i
 
b
t
 
=
 
-
 
I
i
 
b
i
-
 
w
h
e
r
e
 
a
+
 
=
 
m
a
x
 
(
a
,
 
0
)
,
 
a
-
 
=

m
i
n
 
(
a
,
 

0).
T

he follow
ing result provides another concrete m

anifestation of (4.4), and
establishes.1 (. ) as an analogue, in the present stochastic setting, of. B

(' ) of
C

hapter 3.

Lem
m

a 4.3. F
or stochastic P

 =
 (P

ijl

1
 
n

sup 11¡)'P
lll =

.l(P
)=

 -m
ax IIP

is-P
jsl

IW
II=

1 2 i,j s=
l

.i' =
0

so that. 1 (. ) is a proper coefficient of ergodicity satisfying

.
1
(
p
t
l
)
p
(
2
)
)
:
:
 
.
1
(
p
t
1
)
)
.
1
(
P
(
2
)
)
,

for any stochastic p(1), p(2).

PR
O

O
F. B

y L
em

m
a 2.4, any real ¡) =

 (b;j satisfying II¡)'II =
 1, ¡)'l =

 0 m
ay be

w
ri tten

¡) =
 I (tli' j)Y

(i, j)
(
i
,
j
)
E
5
 
2

w
here

tli. j :: 0,
"
 
n
.
 
,
=
 
1

¿ "il,) ,
(i,j)E

5
y(i, j) =

 /; - Jj

a suitable set J =
 J(b) of ordered pairs of indices (i, j), i, j =

 1, ..., n.
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I
l
i
5
'
P
l
l
i
 
=
 
L
 
I
I
 
(
j
r
P
r
s
j
 
S
 
I
 
.
 
~
 
(
~
i
)
 
I
P
i
S
 
-
 
P
i
s
 

I
s
 
r
 
s
 
(
i
,
 
J
)
 
E
 
5

T
heorem

 4.9. W
eak ergodicity obtains for forw

ard products form
ed from

 a
s
e
q
u
e
n
c
e
 
t
 
P
 
d
,
 
k
 
¿
 
1
,
 
o
f
 
s
t
o
c
h
a
s
t
i
c
 
m
a
t
r
i
c
e
s
 
i
f

H
ence

1
s2n:axIIPiS-Pisl

i, J

=
 T

 i(P
),

W
e m

ay construct a 15 such that 1IO
IIi=

1, 15'1=
0, Ili5'plli=

T
i(P) as

follow
s:

00

I
 
P
 
-
 
c
(
P
k
)
)
 
=
 
0
0
.

k=
 i

PR
O

O
F.

r

T
i
(
T
¡
r
)
 
S
 
r
i
 
T
i
(
P
p
+
;
)

i
=
 
1

by L
em

m
a 4.3;

suppose
1

T
i(P)=

2IIPiO
S-Piosl,

s

io =
!jo,

r

S
 
r
i
 
c
(
P
p
+
;
)

i=
 i

by (4.6) and the assertion of the theorem
 is tantam

ount to

and take 15 =
 1(.(;0 - fjo)' T

he final part of the assertion follow
s from

 L
em

m
a

U
 
0

00

r
i
 
c
(
P
;
)
 
=
 
0
,

i=
 i

so
C

orollary. W
eak ergodicity offorw

ard products of a sequence of(n x n) stoch-
astic m

atrices is equivalent to

T
i(T

p,r) -- 0,
r
 
-
-
 
0
0
,

P¿ 0.

T
i
(
T
p
,
r
)
-
-
O
 
a
s
r
-
-
o
o
,
 
p
¿
O
.

T
he conclusion follow

s from
 L

em
m

a 4.1.
o

C
orollary 1.

4.4 S
ufficient C

onditions for W
eak E

rgodicity
r

!Y
(T

 ) =
 m

ax m
ax I t(p, r) - t(p, r) I ~

 ri c(P
 .)

p
,
r
 
i
,
s
 
J
,
S
 
-
 
p
+
i

S
 
i
,
 
j
 
i
=
 
1

In this section w
e apply the general notions of §4.3 and earlier chapters toi

o
b
t
a
i
n
 
c
o
n
d
i
t
i
o
n
s
 
f
o
r
 
w
e
a
k
 
e
r
g
o
d
i
c
i
t
y
.
 
(

D
efinition 4.7. A

n (n x n) stochastic m
atrix P is called a M

arkov m
atrix if\

c(P) ~ 1, i.e. at least one colum
n of P is entirely positive. W

e shall also need
repeatedly the notion of a regular stochastic m

atrix (D
efinition 4.3), and

s
h
a
l
l
 
d
e
n
o
t
e
 
t
h
e
 
s
e
t
 
o
f
 
s
u
c
h
 
(
n
 
x
 
n
)
 
m
a
t
r
i
c
e
s
 
b
y
 
G
i
 
(
a
s
 
i
n
 
E
x
e
r
c
i
s
e
 
4
.
1
3
)
.
 
T
h
e

class of (n x n) M
arkov m

atrices is denoted by M
; obviously M

e G
i. W

e
shall introduce further classes of stochastic m

atrices, G
i and G

3 in the course
o
f
 
t
h
i
s
 
s
e
c
t
i
o
n
.

(T
his follow

s from
 (4.6), since a(P

) S
 T

 i (P
)).

C
orollary 2. If c(Pk) s C

o ~ 1, k ¿ 1, (i.e. all Pk are "uniform
ly M

arkov")
then w

eak ergodicity obtains at a rate w
hich is at least geom

etric w
ith par-

am
eter C

o (for every p ¿ 0).

T
he follow

ing sequence of argum
ents including T

heorem
 4.10 parallels

that leading to T
heorem

 3.7.

T
h
e
 
f
o
l
l
o
w
i
n
g
 
t
h
e
o
r
e
m
 

is the oldest, and in a sense the m
ost fundam

ental
(as w

e shall see from
 the sequel) result on w

eak ergodicity, w
hich w

e shall
treat w

ith m
inim

al recourse to T
 i ( . ), w

hich how
ever w

ill playa subsÌàntial
role, analogous to that of T

 B
( . ) in C

hapter 3, in the discussion of strong
ergodicity. It w

as initially proved by direct contractivity reasoning.i

L
em

m
a 4.4. If P and Q

 are stochastic, Q
 E

 G
i and PQ

 or Q
P has the sam

e
incidence m

atrix as P
 (i.e. P

Q
 ~

 P
 or Q

P
 ~

 P
), then P

 E
 M

.

PR
O

O
F. Since Q

 E
 G

b Q
k E

 M
 for som

e k. A
ssum

ing first PQ
 ~ P, it follow

s
P

Q
k ~

 P
, so P

, like P
Q

\ has at least those colum
ns positive that are positive

in Q
k. If w

e assum
e Q

P ~ P, it fol1ow
s that Q

k P ~ P and that P, like Q
kp, w

ill
h
a
v
e
 
a
t
 
l
e
a
s
t
 
o
n
e
 
c
o
l
u
m
n
 
p
o
s
i
t
i
v
e
.
 
0

1 S
ee E

xercise 4.18.
L

em
m

a 4.5. If T
p, r E

 G
i, p ¿ 0, r ¿ 1, then T

p, rE
M

 for r ¿ t w
here t is the

num
ber of distinct incidence m

atrices corresponding to G
 i.
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P
R

O
O

F
. F

or a fixed p, there are som
e num

bers a, b satisfying 1 :s a ~
b :s t +

 1 such that

Pp+
1Pp+

Z
'" Pp+

aPp+
a+

1 ... Pp+
b ~ Pp+

1Pp+
Z

'" Pp+
a

since the num
ber of distinct incidence m

atrices is t. H
ence

T
p,aT

p+
a.b-a~

 T
p,a'

Since T
p+

a. b-a E
 G

1, by L
em

m
a 4.4, T

p, a E
M

. T
hus T

p, n r 2: a, has a strictly
p
o
s
i
t
i
v
e
 
c
o
l
u
m
n
 
(
n
o
t
 
n
e
c
e
s
s
a
r
i
l
y
 
t
h
e
 
s
a
m
e
 
o
n
e
 
f
o
r
 
e
a
c
h
 
r
)
.
 
D

T
he follow

ing result is analogous to T
heorem

 3.3 of C
hapter 3.

T
heorem

 4.10. If T
p. rE

G
 i. p 2: 0, r 2: 1, and 1

m
in +

 pij(k) 2: Y
 ? 0

(4.9)
i, j

uniform
ly for all k 2: 1, then w

eak ergodicity obtains, at a uniform
 geom

etric
rate 

f
o
r
 
a
l
l
 
P
 
2
:
 
O
.
 
(
I
n
 
p
a
r
t
i
c
u
l
a
r
,
 
(
4
.
9
)
 
h
o
l
d
s
 
i
f
 

t
h
e
 
s
e
q
u
e
n
c
e
 
~
P
k
l
 
h
a
s
 
e
a
c
h
 
o
f
i
t
s

elem
ents selected from

 a num
erically finite set of stochastic m

atrices.)

P
R
O
O
F
.
 
C
o
n
s
i
d
e
r
 
P
 
f
i
x
e
d
 
b
u
t
 
a
r
b
i
t
r
a
r
y
 
a
n
d
 
r
 
"
l
a
r
g
e
"
:
 
t
h
e
n

T
p, r =

 T
p, t T

p+
t, i T

p+
 Z

i. I ... T
p+

(k-1)I, I 1(P. r) =
 T

p. kt 1(p, r)

w
here k is the largest positive integer such that kt :s r, t has the m

eaning of
L

em
m

a 4.5, and 1(p, r) is som
e stochastic (possibly the unit) m

atrix. Since by
L

em
m

a 4.5, T
p+

it. i is M
arkov, from

 (4.9)

c
(
T
p
+
i
t
.
 
I
)
 
:
s
 
1
 
-
 
y
1
.

B
y
 
C
o
r
o
l
l
a
r
y
 
1
 
o
f
 
T
h
e
o
r
e
m
 
4
.
9
 
a
n
d
 
t
h
e
 
l
a
s
t
 
e
q
u
a
t
i
o
n
 
\

k-1
a
(
T
p
,
 
r
)
:
S
 
1
1
 
c
(
T
p
+
i
t
.
 
I
)
 
:
s
 
(
1
 
-
 
y
l
)
k
 
:
s
 
(
1
 
-
 
y
i
y
r
1
t
)
-
1

;=
0

i.e.

a
(
T
p
.
 
r
)
 
:
s
 
(
1
 
-
-
 
y
l
t
 
1
t
(
1
 
-
 
y
t
)
1
1
I
1
'
,

and letting r -+
 00 com

pletes the result, since y ~ 1.

T
he assum

ption that T
p, rE

 G
i. P

 2: 0, r 2: 1 in T
heorem

 4.10 is a restric-
tive one on the basic sequence Pk, k 2: 1, and from

 the point of view
 of

utility, conditions on the individual m
atrices Pk are preferable. T

o thi~ end,
w
e
 
i
n
t
r
o
d
u
c
e
 
t
h
e
 
c
l
a
s
s
e
s
 
G
z
 
a
n
d
 
G
3
 
o
f
 
(
n
 
x
 
n
)
 
s
t
o
c
h
a
s
t
i
c
 
m
a
t
r
i
c
e
s
.
 
'

i R
ecall that m

in +
 is the m

inim
um

 over the positive elem
ents, W

e m
ay call (4,9) condition (C

)

in accordance w
ith (3.18) of C

hapter 3.

o

4.4 S
uffcient C

onditions for W
eak E

rgodicity
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D
efinition 4.8. (i) P E

 G
z if (a) P E

 G
1; (b) Q

P E
 G

1 for any Q
 E

 G
1; (ii)

P
 E

 G
3 if r 1 (P

) ~
 1, i.e. if given tw

o row
s r: and ß

, there is at least one colum
n

y
 
s
u
c
h
 
t
h
a
t
 
P
~
y
 
?
 
0
 
a
n
d
 
P
p
y
 
?
 
0
.
1

If P
 E

 G
3 , P

 is called a scram
bling m

atrix; the present definitions of such
m

atrices is entirely consistent w
ith the m

ore general D
efinition 3.2. It is also

clear from
 the definition ofthe class G

z that if Pk E
 G

z, k 2: 1, then T
p, r E

 G
i.

P
 
2
:
 
0
,
 
r
 
2
:
 
1
.

T
heorem

 4.11. M
 c G

3 C
 G

z C
 G

1.

PR
O

O
F. T

he im
plication M

 c G
3 (any M

arkov m
atrix is scram

bling) is
obvious, and that G

z c G
1 follow

s from
 the definition of G

z.
T

o prove G
3 c G

z, consider a scram
bling P

 in canonical form
, so its

essential classes of indices are also in canonical form
 if periodic. (C

learly the
scram

bling property is invariant under sim
ultaneous perm

utation of row
s

and colum
ns.)

It is now
 easily seen that if there is m

ore than one essential class the
scram

bling property fails by judicious selection of row
s r: and ß in different

essential classes; and if an essential class is periodic, the scram
bling property

fails by choice of r: and ß in different cyclic subclasses. T
hus P E

 G
1.

N
ow

 consider a scram
bling P

 =
 (P

ijl, not necessarily in canonical form
.

T
hen for any stochastic Q

 =
 (qijl' Q

P
 is scram

bling, for take any tw
o row

s
r:, ß and consider the corresponding entriesn

L
 
q
~
k
P
k
j
,

k
=
 
1

L
 qprPrj

r
=
 
1

in the jth colum
n of Q

P. T
hen there exist k, r such that q~k ? 0, qpr ? 0 by

stochasticity of Q
. B

y the scram
bling property of P, there exists j such that

Pkj ? 0 and Prj ? O
. H

ence Q
P is scram

bling, and so Q
P E

 G
 1 by the first part

of the theorem
.

H
ence, putting both parts together, P E

 G
z. D

C
orollary. For any stochastic Q

, Q
P is scram

bling,for fixed scram
bling P.

T
his corollary m

otivates the follow
ing result.

L
em

m
a 4.6. If P is scram

bling, then so are PQ
 and Q

P for any stochastic Q
.

T
he w

ord" scram
bling" m

ay be replaced w
ith" M

arkov".

I

P
R
O
O
F
.
 
I
n
 
v
i
e
w
 
o
f
 
w
h
a
t
 
h
a
s
 
g
o
n
e
 
b
e
f
o
r
e
 
i
n
 
t
h
i
s
 
s
e
c
t
i
o
n
,
 
w
e
 
n
e
e
d
 
p
r
o
v
e
 

only

that P
 E

 G
3 =

 P
Q

 E
 G

3 for any stochastic Q
. S

ince P
 =

 ~
P

ijl is scram
bling,

for any pair of indices (r:, ß) there is a j =
 j(r:, ß) such that Paj ? 0, Ppj ? O

.
T

here is a k such that qjk ? 0 by stochasticity of Q
. H

ence the kth colum
n of

PQ
 has positive entries in the r:, ß row

s. 0
i
 
S
e
e
,
E
x
e
r
c
i
s
e
 
2
,
2
7
.
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Lem
m

á 4.8. If P
 has incidence m

atrix of form
 P

 =
 i +

 C
 w

here C
 is an

incidence m
atrix (such P

 are said to be " norm
ed "), and Q

 E
 G

 i. then Q
P

 and
PQ

 E
 G

1. (In particular, if also P E
 G

i. P E
 G

i.J

P
R

O
O

F
. S

ee E
xercise 4.20.

D

reasoning. T
he statem

ent of T
heorem

 4.8 is in essence due to D
oeblin

(1937); our proof follow
s H

ajnal (1958). T
he coeffcient of ergodicity b(' ) is

likew
ise due to D

oeblin (1937); w
hile a( . ) and r 1 (- ), via T

heorem
 3.1, are

already im
plicit in M

arkov (1906)-see B
ibliography and discussion to

§§3.1-3.2. L
em

m
as 4.2 and 4.3 are largely due to D

obrushin (1956) (see also
H

ajnal (1958) and Paz and R
eichaw

 (1967)). For a historical survey see
S

eneta (1973b).
T

heorem
 4.9 and its C

orollaries are due to B
ernstein (1946) (see B

ernstein

(1964) for a reprinting of the m
aterial). It is know

n in the R
ussian literature

as " M
arkov's T

heorem
"; B

ernstein's reasoning is by w
ay of the contractive

result presented as our E
xercise 4.18 w

hich, the reader w
il perceive, is ob-

tained by the sam
e argum

ent as (M
arkov's) T

heorem
 3.1.

Lem
m

as 4.4, 4.5, 4.7, and 4.8, and T
heorem

 4.10 are all due to S
arym

sa-
kov (1953a; sum

m
ary) and Sarym

sakov and M
ustafin (1957), although the

sim
ple proof of L

em
m

a 4.5 as presented here is essentially that of W
 olfow

itz

(1963). Lem
m

a 4.6 (also announced by S
arym

sakov, 1956), and a num
ber of

o
t
h
e
r
 
p
r
o
p
e
r
t
i
e
s
 
o
f
 
s
c
r
a
m
b
l
i
n
g
 
m
a
t
r
i
c
e
s
 
a
r
e
 
p
r
o
v
e
d
 
b
y
 
H
a
j
n
a
l
 
(
1
9
5
8
)
.
 
T
h
e

introduction of the class G
i is again due to Sarym

sakov and M
ustafin. T

he
elegant notion of a scram

bling m
atrix w

as exploited by Sarym
sakov (1956)

and H
ajnal (1958).

W
eaker versions of T

heorem
 4.10, pertaining to the situation w

here each
P
k
 
i
s
 
c
h
o
s
e
n
 
f
r
o
m
 
a
 
f
i
x
e
d
 
f
i
n
i
t
e
 
s
e
t
 
K
,
 
w
e
r
e
 
o
b
t
a
i
n
e
d
 
b
y
 
W
o
l
f
o
w
i
t
z
 
(
1
9
6
3
)
 

and
Paz (1963, 1965). T

he substantial insight into the problem
 due to Sarym

sa-
kov and M

ustafin consists in noting that the theory can be developed in
term

s of the (at first apparently restrictive) notion of a M
arkov m

atrix, and
m

ade to depend, in the end, on (B
ernstein's) T

heorem
 4.9.

In coding (inform
ation, probabilistic autom

ation) theory, w
here the term

SIA
 is generally used in place of regular, the situation is som

ew
hat different

to that considered above (see P
az, 1971, C

hapter 2, §§3-4) in that, instead of
considering all products of the form

 T
p, r form

ed from
 a given sequence Pb

k ¿ 1, of stochastic m
atrices, one considers all possible sequences w

hich can
be form

ed from
 a fixed finite set (" alphabet ") K

, and the associated forw
ard

products ("w
ords'd) T

o,,, r ¿
 1, (T

o,r is said to be a w
ord of length r) for

each. T
he analogous basic assum

ption (to T
p, rE

G
 i. p ¿ 0, r ¿ 1) is then that

a
l
l
 
w
o
r
d
s
 
i
n
 
t
h
e
 
m
e
m
b
e
r
 
m
a
t
r
i
c
e
s
 
o
f
 

the alphabet K
 be regular (in w

hich case
all forw

ard products form
ed from

 any particular sequence are uniform
ly

w
eakly ergodic by T

heorem
 4.10.) B

y L
em

m
a 4.5, a necessary condition for

all w
ords to be regular is the existence of an integer ro such that all w

ords of
length r ¿ ro are scram

bling; this condition is also suffcient (E
xercise 4.28);

and indeed, from
 L

em
m

a 4.5, there w
il then be such an ro satisfying ro :: t.

T
h
u
s
 
i
n
 
t
h
e
 
p
r
e
s
e
n
t
 
c
o
n
t
e
x
t
 
t
h
e
 
v
a
l
i
d
i
t
y
 
(
o
r
 
n
o
t
)
 
m
a
y
 
c
e
r
t
a
i
n
l
y
 

be verified in a
finite num

ber of operations, and substantial effort has been dedicated to
obtaining bounds on the am

ount of labour involved. B
ounds of this kind

w
ere obtained by T

hom
asian (1963) and W

olfow
itz (1963), but a best pos-

sible result is due to P
az (1965) w

ho show
s that if an ro exists, then the

M
atrices in G

3 thus have tw
o special properties:

(i) it is easy to verify w
hether or not a m

atrix E
 G

3;
(ii) if all Ì\ are scram

bling, then T
p, k is scram

bling, p ¿ 0, k ¿ 1, and in
particular T

p, kE
G

 l'

L
em

m
a 4.7. P, Q

 E
 G

i ~ PQ
, Q

P E
 G

i.

P
R

O
O

F
. S

ee E
xercise 4.20.

D

T
hus G

 i is closed under m
ultiplication, but G

 1 is not.1

T
his result perm

its us to dem
onstrate that G

3 is a proper subset of G
i. A

stochastic m
atrix P w

hose incidence m
atrix is

L
1
 
1
 
0
 
0
)

P
=

 1 1 0 0
1
 
0
 
1
 
0

o
 
1
 
0
 
1

evidently satisfies the condition of L
em

m
a 4.8 and is clearly a m

em
ber of G

i.
so P E

 G
i. H

ow
ever, the 3rd and 4th row

s do not intersect, so P is not
scram

bling.
T

o conclude this section w
e rem

ark that another generalization of
scram

bling m
atrices useful in a certain context in regard to verification of

the condition

T
p
,
 
r
 
E
 
G
i
.
 
p
 
¿
 
0
,
 
r
 
¿
 
1

is given in the follow
ing B

ibliography and D
iscussion.

B
i
b
l
i
o
g
r
a
p
h
y
 
a
n
d
 
D
i
s
c
u
s
s
i
o
n
 
t
o
 
§
§
4
.
3
-
4
.
4

T
he definition of w

eak ergodicity is due to K
olm

ogorov (1931), w
ho proves

w
eak ergodicity for a sequence Pk, k ¿ 1, of finite or infinite stochastic

m
atrices under a restrictive condition related to the B

irkhoff coeffci~
nt of

e
r
g
o
d
i
c
i
t
y
 
r
B
O
 
(
s
e
e
 
S
e
n
e
t
a
,
 
1
9
7
9
)
,
 
r
a
t
h
e
r
 
t
h
a
n
 
c
o
e
f
f
c
i
e
n
t
s
 
o
f
 
t
h
e
 
k
i
n
d
 
d
i
s
-

cussed here. (See also Sarym
sakov (1954), §4, for a repetition of K

olm
ogorov's

1 S
ee E

xercise 4.21.
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sm
allest value it can take satisfies

m
in r ~ .1(3n - 2n+

 1 +
 1)

0-2
and the bound is sharp. T

hus one needs only check all w
ords of lengths

progressively increasing to this upper bound to see if for som
e specific length

all w
ords are scram

bling (by L
em

m
a 4.6 all w

ords of greater length w
il be

scram
bling). It is clear that a large num

ber of w
ords m

ay still need to be
checked.

T
he question arises w

hether by restricting the set K
 to particular types of

m
atrices, the basic assum

ption is m
ore easily verifiable. T

his is the case if
K

 c G
3 (L

em
m

a 4.6, T
heorem

 4.11); and m
ore generally if K

 c G
z (L

em
m

a
4.7, T

heorem
 4.11). A

 substantial, but not w
holly conclusive, study of the

c
l
a
s
s
 
G
2
 
o
c
c
u
r
s
 
i
n
 
S
a
r
y
m
s
a
k
o
v
 
a
n
d
 
M
u
s
t
a
f
i
n
 
(
1
9
5
7
)
,
 
a
s
 
d
o
 
s
t
u
d
i
e
s
 
o
f
 

related

classes of m
atrices. O

f interest therefore are several possible conditions on
the elem

ents of the set K
 such that any w

ord of length (n - 1) is scram
bling

(
t
h
e
n
 
a
l
l
 
w
o
r
d
s
 
a
r
e
 
r
e
g
u
l
a
r
,
 
b
y
 
E
x
e
r
c
i
s
e
 
4
.
2
8
)
.

O
n
e
 
c
o
n
d
i
t
i
o
n
 
o
f
 
t
h
e
 
k
i
n
d
 
m
e
n
t
i
o
n
e
d
 
i
s
 
a
n
n
o
u
n
c
e
d
 
b
y
 
S
a
r
y
m
s
a
k
o
v

(1958), and proved, rather lengthily, in Sarym
sakov (1961). Suppose P is a

stochastic m
atrix w

ith the property that if A
 and Ã

 are any tw
o disjoint

non-em
pty sets of its indices than either P

(A
) (ì P

(Ã
) =

F
 ø

; or P
(A

) (ì
P
(
Ã
)
 
=
 
ø
 
a
n
d
 
#
 
(
P
(
A
)
 
u
 
P
(
Ã
)
)
 
;
:
 
#
 
(
A
 
u
 
Ã
)
.
 
H
e
r
e
 
f
o
r
 
a
n
y
 
s
e
t
 
o
f
 

indices B
,

P(B
) is the set of "one-step" consequent indices (in line w

ith the definition
and notation of §2.4); # denotes the" num

ber of indices in". C
learly,

scram
bling m

atrices satisfy this condition, since these are precisely the stoch-
astic m

atrices for w
hich P(A

) (ì P(Ã
) =

F ø for all A
, Ã

. T
o see very sim

ply
t
h
a
t
 
a
 
p
r
o
d
u
c
t
 
o
f
(
n
 
-
 
1
)
 
m
a
t
r
i
c
e
s
 
o
f
 

t
h
i
s
 
k
i
n
d
 
i
s
 
s
c
r
a
m
b
l
i
n
g
,
 
n
o
t
i
c
e
 
t
h
a
t
 
i
f
 

any

tw
o row

s intersect in P, then they intersect in PQ
, for any stochastic Q

 (proof
as in L

em
m

a 4.6). N
ow

 suppose there are tw
o row

s w
hich do not intersect in

a
 
p
r
o
d
u
c
t
 
o
f
 
(
n
 
-
 
1
)
 
m
a
t
r
i
c
e
s
 
e
a
c
h
 
s
a
t
i
s
f
y
i
n
g
 
S
a
r
y
m
s
a
k
o
v
'
s
 
p
r
o
p
e
r
t
y
:
 
c
a
l
l

these A
, Ã

; and w
rite (as earlier) pk(B

) for the set of kth-stage consequents of
any non-em

pty set B
 (i.e. after m

ultiplying the first k m
atrices together).

T
hen our supposition is ø =

 pn-1(A
) (ì pn-1(Ã

), so

#
 
(
p
n
-
1
(
A
)
 
U
 
p
n
-
 
l
(
Ã
)
)
 
;
:
 
#
 
(
p
n
-
 
2
(
A
)
 
U
 
p
n
-
 
Z
(
Ã
)
)
;
:
 
.
.
.
 
;
:
 
#
 
(
A
 
u
 
Ã
)
 
=
 
2
;

i
.
e
.
 
#
(
p
n
-
1
(
A
)
 
u
 
p
n
-
1
(
Ã
)
)
;
:
 
n
,
 
a
 
c
o
n
t
r
a
d
i
c
t
i
o
n
 
t
o
 
t
h
e
 
s
u
p
p
o
s
i
t
i
o
n
.
 
T
h
u
s
 
i
f

K
 consists of a (finite num

er of) m
atrices of Sarym

sakov's class, the basic
assum

ption w
il be satisfied. H

ow
ever, to verify for a particularP

 that it does
not belong to this class, the num

ber of pairs of sets A
, Ã

 w
hich need to be

checked is, by the partition argum
ent of Paz (1971, p. 90), again

1(3n-2n+
1 

+
 1
)
.
 
,

A
n
o
t
h
e
r
 
c
o
n
d
i
t
i
o
n
 
o
n
 
K
 
e
n
s
u
r
i
n
g
 
t
h
a
t
 
a
n
y
 
w
o
r
d
 
o
f
 
l
e
n
g
t
h
 
(
n
 
-
 
1
)
 
i
s
 

not

only scram
bling, but is, indeed, a M

arkov m
atrix, is given by A

nthonisse and
T

ijm
s (1977).

R
ecent contributions to the theory of inhom

ogeneous M
arkov chains

relevant to §§4.3-4.4 have also been m
ade by P

az (1971), Iosifescu (1972,

1977), K
ingm

an (1975), C
ohn (1976), Isaacson and M

adsen (1976), and
Seneta (1979). T

reatm
ents w

ithin m
onographs are given by B

ernstein (1946,
1964), P

az (1971), S
eneta (1973), Isaacson and M

adsen (1976) and Iosifescu

(1977); these provide references additional to those listed in this book.
A

lthough all our theoretical developm
ent for w

eak ergodicity has been
f
o
r
 
a
 
s
e
q
u
e
n
c
e
 
P
b
 
k
;
:
 
1
,
 
o
f
 

stochastic m
atrices w

hich are all (n x n), w
e have

m
entioned earlier (in connection w

ith the Pólya U
rn schem

e) that som
e

inhom
ogeneous M

arkov chains do not have a constant state space; and in
general one should exam

ine the situation w
here if P

k is (nk x nk+
 ¡), then

P
k+

 1 is (nk+
 1 x nk+

 z), k;: 1. It is then still possible to carry som
e of the

theory through (the argum
ent of E

xercise 4.18 stil holds, for exam
ple).

W
ritings on finite inhom

ogeneous chains of the R
ussian school (e.g. B

ern-
s
t
e
i
n
,
 
1
9
4
6
;
 
S
a
r
y
m
s
a
k
o
v
,
 
1
9
5
8
,
 
1
9
6
1
)
 
h
a
v
e
 
t
e
n
d
e
d
 
t
o
 
a
d
h
e
r
e
 
t
o
 
t
h
i
s

fram
ew

ork.
W

e have not considered the case of products of infinite stochastic
m

atrices here; the reader is referred to the m
onographs cited.

E
X
E
R
C
I
S
E
S
 
O
N
 
§
§
4
.
3
-
4
.
4

4.15. P
rove T

heorem
 4.8.

4
.
1
6
.
 
P
r
o
v
e
 
(
4
.
6
)
 
(
S
e
e
 
E
x
e
r
c
i
s
e
 
3
.
8
 
f
o
r
 
a
 
p
a
r
t
i
a
l
 
p
r
o
o
f
.

4.17. Fam
iliar m

etrics on the set of probability distributions are the P. L
évy distance

and the suprem
um

 distance. Show
 that if these are considered w

ithin the set D
(of length n probability vectors), then the coefficient of ergodicity ,(P) (defined
in Lem

m
a 4.2) generated is identical to that generated by the 100 norm

. (D
etail

on this coefficient m
ay be found in Seneta, 1979.)

4.18. Suppose ° =
 rc:iJ is a real vector satisfying 0=

10, 0'1 =
 0, and 0* =

 (c:n is
d
e
f
i
n
e
d
 
b
y
 
(
0
*
)
'
 
=
 
o
'
P
 
f
o
r
 
s
t
o
c
h
a
s
t
i
c
 
P
.
 
L
e
t
 
~
 
=
 
I
 
l
o
d
 
=
 
1
1
°
'
1
~
 
1
,

~ * =
 I I c:t I =

 II (0)' 111, and j' denote a typical index for w
hich c:j 2' O

. Show
t
h
a
t
 
1
~
 
*
 
=
 
I
k
 
(
\
(
I
i
'
 
P
k
i
'
)
'
 
a
n
d
 
p
r
o
c
e
e
d
 
a
s
 
i
n
 
t
h
e
 
p
r
o
o
f
 
o
f
 
T
h
e
o
r
e
m
 
3
.
1
,
 
w
i
t
h
 
c
:
k

playing the role of U
k and Ii' Pki' playing the role of W

k to show

1~* :: 1~ m
ax I (Pii' - Phi') :: 1~'1(P),

i, h j'
s
o
 
t
h
a
t
 
~
*
 
:
:
 
~
c
(
P
)
.

U
se this last inequality to prove T

heorem
 4.9; and the inequali' r

~
* :: ~

'l(P
)

to prove (c.. Lem
m

a 4.3)'1 (p(l) p(2) :: '1 (p(l)), 1 (p(2).

4
.
1
9
.
 
I
n
 
t
h
e
 
n
o
t
a
t
i
o
n
 
o
f
 
t
h
e
 
s
t
a
t
e
m
e
n
t
 
a
n
d
 
p
r
o
o
f
 
o
f
 
T
h
e
o
r
e
m
 
4
.
1
0
,
 
s
u
p
p
o
s
e
 
(
4
.
9
)
 
d
o
e
s

not necessarily hold, but continue to assum
e T

p., E
 G

 1, P
 2' 0, r 2' 1, and intro-

duce the notation Y
h=

 m
int i pij(h). S

how
 that

k-l k-l/ t \
a
(
T
p
.
,
)
:
:
 
I
l
 
c
(
T
p
+
i
t
,
 
t
)
:
:
 
I
l
 
\
1
 
-
 
J
J
/
P
+
i
t
+
i
/
'



148
4 M

arkov C
hains and Finite Stochastic M

atrices
4,5 Strong E

rgodicity for Forw
ard Products

149

'" i
I
 
n
 
'
Y
p
+
i
i
+
j
 
=
 
0
0
,

i
=
O
 
j
=
l

P
 '2 0,

4.30. Let us can a stochastic m
atrix P

 =
 ~

P
ij) quasi-M

arkov if for a proper subset A
of index set !/ =

 U
, 2, ..., n)

so that if

w
eak ergodicity obtains.

4.20. P
rove Lem

m
as 4.7 and 4.8.

,Ipij;:O
,

J E
 A

for each i E
 !/.

4.21. S
how

 by exam
ple that the set G

 i is not closed under m
ultiplication. S

how
,

how
ever, that if P E

 G
i, Q

 E
 G

i then either both or neither of PQ
, Q

P E
 G

i.

4.22. S
how

 by exam
ple that it is possible that A

, B
, C

 E
 G

 b such that A
B

, B
C

,
A

C
 E

 G
b but A

B
C

 rt G
b although B

A
C

 E
 G

i. (C
ontrast w

ith the result of
E

xercise 4.15.)

(A
 M

arkov m
atrix is thus one w

here A
 consists of a single index).

Show
 that a scram

bling m
atrix is quasi-M

arkov, but (by exam
ples) that a

quasi-M
arkov m

atrix rt G
i (i.e. is not regular) necessarily.

H
int: U

se the approach of E
xercise 4.26.

4.5 Strong E
rgodicity for Forw

ard Products
(Sarym

sakov, D
53a)

4.23. Suppose that w
eak ergodicity obtains for a sequence t P¡J of stochastic m

atrices,
not necessarily m

em
bers of G

i. Show
 that for each fixed P '2 0, there exists a

strictly increasing sequence of integers tm
¡J, i'2 1, such that

T
m
;
,
m
;
+
i
 
E
 
M
,
 
i
 
'
2
 
0

W
e have already noted that the definition of strong ergodicity for forw

ard
products T

p, r =
 ttl;j')~

, p 2: 0, r 2: 1, of stochastic m
atrices form

ed from
 a

sequence Pb k 2: 1, is subsum
ed by that of the m

ore general context of row
allow

able m
atrices considered in §3.3. T

hus here the forw
ard products are

said to be strongly ergodic if for all i, j, P
w

here m
a =

 p.
r-+

 00

4.26. Show
 that, for n =

 4, a scram
bling m

atrix P =
 tpd is "nearly M

arkov", in that
there is a colum

n j such that P
ii, j ;: 0, P

ii. j:C
 v, P

i,. j ;: 0 fo1' distinct i 1. i i, i 3.
E

xtend to n ;: 4.
H

int. F
or an n x n scram

bling m
atrix there are n(n - 1)/2 distinct pairs of

(row
) indices, but only n actual (colum

n) indices.

4.27. Show
 that if pk is scram

bling for som
e positive integer k, then P E

 G
i.

(
P
a
z
,
 
1
9
6
3
)

t~p,.r) -- dp)
i, J J

i
n
d
e
p
e
n
d
e
n
t
l
y
 
o
f
 
i
.
 
T
h
e
 
l
i
m
i
t
 
v
e
c
t
o
r
 
v
p
 
=
 
t
V
~
P
)
~
 
i
s
 
a
g
a
i
n
 
e
v
i
d
e
n
t
l
y
 
a
 
p
r
o
b
a
b
i
-

lity vector, and, as in §3.3, is easily show
n to be independent of p.

Indeed virtually all the theory of §3.3 goes through w
ithout changes of

proof for som
etim

es slightly m
ore general structure of quantities being con-

sidered, to com
pensate for the stochasticity of the underlying sequence Pb

k 2: 1. W
e shall generally not need to give anew

 form
ally either definitions or

proofs as a consequence. Firstly asym
ptotic hom

ogeneity here reduces to the
existence of a probability vector D

 such that D
'Pk ~ D

' as k ~ 00, and
condition (C

), as already noted (4.9) to 0 -0 Y
 :: m

in +
 pij(k).

(S
arym

sakov (1953a); S
arym

sakov &
 M

ustafin (1957))
H

int: A
 row

 of an n x n stochastic m
atrix has at least one entry '2 n-i.

4.24. D
iscuss the relation betw

een M
, G

i and G
3 w

hen the dim
ensions of the stoch-

astic m
atrices are n x n, w

here n =
 2,3. D

iscuss the relation betw
een G

i and G
3

w
hen n '2 5.

4.25. Show
 by exam

ples that a M
arkov m

atrix is not necessarily a "norm
ed " m

atrix
of G

i (i.e. a m
atrix of G

i w
ith positive diagonal); and vice versa. T

hus neither of
these classes contains the other.

Lem
m

a 4.9. S
trong ergodicity ofT

p, r' P
 2: 0, r 2: 1 (w

ith lim
it vector v) im

plies
a
s
y
m
p
t
o
t
i
c
 
h
o
m
o
g
e
n
e
i
t
y
 
(
w
i
t
h
 
r
e
s
p
e
c
t
 
t
o
 
v
)
 
o
f
 

the sequence Pb k 2: 1.

P
R

O
O

F
. A

s for Lem
m

a 3.6 (condition (C
) is not needed). 0

4
.
2
8
.
 
L
e
t
 
P
 
i
,
 
.
.
.
,
 
P
k
 
b
e
 
a
 
f
i
n
i
t
e
 

set of stochastic m
atrices of the sam

e order.
S
h
o
w
 
t
h
a
t
 
i
f
 

there is an ra such that an w
ords in the Ps of length at least ra are

scram
bling, then each w

ord in the Ps E
 G

i.
H

int: U
se E

xercise 4.27.

T
h
e
o
r
e
m
 
4
.
1
2
.
 
I
f
 
a
l
l
 
P
b
 
k
 
2
:
 
1
,
 
c
o
n
t
a
i
n
 
a
 
s
i
n
g
l
e
 
e
s
s
e
n
t
i
a
l
 
c
l
a
s
s
 
o
f
 

indices, and
condition (C

) is satisfied, then asym
ptotic hom

ogeneity of the Pk (w
ith respect

to a probability vector D
) is equivalent to

ek~e
(k ~ 00)

(4.10)
(
P
a
z
,
 
1
9
6
5
)

4.29. L
et tPi) be a w

eakly ergodic sequence of stochastic m
atrices, and let det,,JP¡)

d
e
n
o
t
e
,
 
a
s
 
u
s
u
a
l
,
 
t
h
e
 
d
e
t
e
r
m
i
n
a
n
t
 
o
f
 
P
i
'
 
S
h
o
w
 
t
h
a
t
 
'

(
S
i
r
a
z
h
d
i
n
o
v
,
 
1
9
5
0
)

w
here ek is the unique stationary distribution vector corresponding to Pb and e

is a lim
it vector. In the event that either (equivalent) condition holds, D

 =
 e.

P
R

O
O

F
. A

s for T
heorem

 3.4, w
ith the change that w

e take ß
 k to be m

em
bers

of the finite set of all incidence m
atrices ß(j), j =

 1, . .., t containing a single
essential class of indices (and reference to irreducible m

atrices is generally
replaced by reference to m

atrices of this kind). 0

'"I
 
(
1
 
-
 
I
 
d
e
t
 
W
i
)
!
 
=
 
0
0
.

i=
l
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C
orollary. U

nder the prior conditions of T
heorem

 3.4, if strong ergodicity w
ith

l
i
m
i
t
 
v
e
c
t
o
r
 
v
 
h
o
l
d
s
,
 
t
h
e
n
 
(
4
.
1
0
)
 
h
o
l
d
s
 
w
i
t
h
 
e
 
=
 
v
.
 
0

W
e conclude this section w

ith a uniform
ity result analogous to T

heorem
3.8.

T
h
e
o
r
e
m
 
4
.
1
3
.
 
A
s
s
u
m
e
 
a
l
l
 
P
b
 
k
 
¿
 
1
,
 
c
o
n
t
a
i
n
 
¡
;
 
s
i
n
g
l
e
 
e
s
s
e
n
t
i
a
l
 
c
l
a
s
s
 
o
f
 

indices
and satisfy condition (C

); and

'i(T
p,r):;;ß, 

1
 
(
4
.
1
1
)

for all r ¿ t (for som
e t ¿ 1), uniform

ly in p ¿ O
. T

hen asym
ptotic hom

ogeneity
is necessary and suffcient for strong ergodicity.

PR
O

O
F. A

s for T
heorem

 3.5, m
utatis m

utandis. In particular w
e use, i (. ) in

place of 'B
( . ) and the corresponding distance generated by II. Ili in place of

the projective distance, and do not need the strict positivity of vectors and
m

atrices inherent in the use of the projective distance. 0

T
heorem

 4.16. Suppose .s is any set of stochastic m
atrices such that.s c G

 i
and each m

atrix satisfies condition (C
). For H

 E
.s let e(H

) be the unique
stationary distribution vector, and suppose x is any probability vector. T

henfor
r ¿ t, w

here t is the num
ber of distinct incidence m

atrices corresponding to G
 i,

I
l
x
'
H
r
 
-
 
e
'
(
H
)
l
l
i
 
:
:
 
K
ß
r
/
1

w
h
e
r
e
 
K
 
~
 
0
,
0
:
:
 
ß
 
'
 
1
,
 
b
o
t
h
 
i
n
d
e
p
e
n
d
e
n
t
 
o
f
 
H
a
n
d
 
x
.

PR
O

O
F. Proceeding as in the proof of T

heorem
 4.10 and by (4.6), for r ¿ t

C
o
r
o
l
l
a
r
y
.
 
I
f
 

(4. 
1
1
)
 
h
o
l
d
s
,
 
a
n
d
 
e
k
 
k
-
+
"
,
 
I
 
e
f
o
r
 
a
 
s
e
q
u
e
n
c
e
 
e
b
 
k
 
¿
 
1
,
 
o
f
 

station-
a
r
y
 
d
i
s
t
r
i
b
u
t
i
o
n
 
v
e
c
t
o
r
s
 
o
f
 
t
h
e
 
s
e
q
u
e
n
c
e
 
o
f
 
s
t
o
c
h
a
s
t
i
c
 
m
a
t
r
i
c
e
s
 
P
b
 
k
 
¿
 
l
,
f
o
r

som
e lim

it vector e, then strong ergodicity holds.

T
heorem

 4.14. If Pk -+
 P (elem

entw
ise) as k -+

 00, w
here P E

 G
i (i.e. P is

r
e
g
u
l
a
r
)
,
 
t
h
e
n
 
s
t
r
o
n
g
 
e
r
g
o
d
i
c
i
t
y
 
o
b
t
a
i
n
s
,
 
a
n
d
 
t
h
e
 
l
i
m
i
t
 
v
e
c
t
o
r
 
v
 
i
s
 
t
h
e
 
u
n
i
q
u
e

stationary distribution vector of P.

PR
O

O
F. A

s in the proof of T
heorem

 3.6; again w
e use, i (. ) in place of, B

(' ),
p
o
s
i
t
i
v
i
t
y
 
o
f
 

m
atrices is not needed, and the proofis som

ew
hat sim

pler. Since
P is regular, there is a jo ¿ 1 such that pio is M

arkov. N
ow

 for p ¿ 0

'i(T
p,r) =

 'i(T
p,r-iO

 1;+
r-iO

,iO
):: 'i(T

p+
r-iO

,io) (4.12)
f
o
r
 
r
¿
j
o
.
 
A
s
 
'
i
(
1
k
,
i
o
)
-
+
'
i
(
p
i
o
)
 
a
s
 
k
-
+
o
o
,
 
b
y
 
t
h
e
 
c
o
n
t
i
n
u
i
t
y
 
o
f
'
i
,
 
w
h
e
r
e

'i(PJO
) 

, 
1
 
s
i
n
c
e
 
p
J
O
 
i
s
 
s
c
r
a
m
b
l
i
n
g
,
 
s
o
 
f
o
r
 
k
 
¿
 
(
;
0
'
 
s
a
y
,
 
'
i
(
1
k
,
i
o
)
:
:
 
ß
,
 
1
.

H
ence for r ¿ jo +

 (;0' =
 t, say, from

 (4.12)

, i ( 1; r) :: ß ' 1
for all p ¿ O

. T
his is condition (4.11) of T

heorem
 4.13 A

s in the proof of
T

heorem
 3.6, it is easy to prove that the conditions of the C

orollary to
T

heorem
 4.13 are otherw

ise satisfied (w
ith e being the unique stationary

distribution of P
, and also-by Lem

m
a 4.9-the lim

iting distribution v in
the strong ergodicity). 0
T
h
e
o
r
e
m
 
4
.
1
5
.
 

If T
p, r E

 G
i, p ¿ 0, r ¿ 1, and condition (C

) is satisfied, asym
p-

totic hom
ogeneity is necessary and suffcient for strong ergodicity.i

PR
O

O
F. From

 T
heorem

 4.13, w
e need only verify that (4.11) holds, since

T
p,r E

 G
10 P ¿ 0, r ¿ 1 ~ Pk E

 G
10 k ¿ 1. From

 L
em

m
a 4.5, T

p,r E
 M

 for
r ¿ t, and for such r by (4.6) and condition (C

)

'i(T
p,r):: 'i(T

p,I):: c(T
p,t):: 1 - yL, 1. 0

k-i
'
i
(
T
p
,
r
)
:
:
 
n
 
'
i
(
T
p
+
i
t
.
t
)

i=
O

k-i
:: n C

(1;+
il, I) :: (1 - ylt iw

 - yi)i/ty
i=

O

w
h
e
r
e
 
t
 
i
s
 
t
h
e
 
n
u
m
b
e
r
 
o
f
 
d
i
s
t
i
n
c
t
 
i
n
c
i
d
e
n
c
e
 
m
a
t
r
i
c
e
s
 
c
o
r
r
e
s
p
o
n
d
i
n
g
 
t
o
 
G
 
1
0

w
here k is the largest positive integer such that kt :: r. H

ence for any H
 E

 .s

'
i
(
H
r
)
:
:
 
(
1
 
-
 
y
t
t
i
ß
r
/
1

w
h
e
r
e
 
ß
 
=
 
(
1
 
-
 
y
l
)
.
 
H
e
n
c
e

I
l
x
'
H
r
 
-
 
e
'
(
H
)
l
l
i
 
=
 
I
l
x
'
H
'
 
-
 
e
'
(
H
)
H
'
l
l
i
:
:
 
'
i
(
H
'
)
l
l
x
'
 
-
 
e
'
(
H
)
l
l
i

by L
em

m
a 4.3;

,2'i(H
r).

H
e
n
c
e
 
t
h
e
 
r
e
s
u
l
t
 
f
o
l
l
o
w
s
 
b
y
 
t
a
k
i
n
g
 
K
 
=
 
2
(
1
 
-
 
y
l
t
 
i
.

o

B
i
b
l
i
o
g
r
a
p
h
y
 
a
n
d
 
D
i
s
c
u
s
s
i
o
n
 
t
o
 
§
4
.
5

T
his section has been w

ritten to closely parallel §3.3; the topics of both
sections are treated in unified m

anner (as is m
anifestly possible) in S

eneta
and Sheridan (1981). T

heorem
 4.14 is originally due to M

ott (1957) and
T

heorem
 4.15 to Seneta (1973a). It is clear that, in T

heorem
 4.16, t can be

taken as any upper bound over (n x n) P E
 G

i for the least integer r for
w

hich pr has a positive colum
n; according to Isaacson and M

adsen (1974),
w
e
 
m
a
y
 
t
a
k
e
 
t
 
=
 
(
n
 
-
 
1
)
(
n
 
-
 
2
)
 
+
 
1
 
=
 
n
2
 
-
 
3
n
 
+
 
3
 
(
c
f
.
 
T
h
e
o
r
e
m
 
3
.
8
)
.

O
ne of the earliest theorem

s on strong ergodicity is due to F
ortet (1938,

p. 524) w
ho show

s that if P is regular and

i
 
T
h
i
s
 
r
e
s
u
l
t
 
i
s
 
a
 
s
t
r
o
n
g
 
e
r
g
o
d
i
c
i
i
y
 
v
e
r
s
i
o
n
 
o
f
 

T
h
e
o
r
e
m
 
4
.
1
0
,
 
a
n
d
 
t
h
e
 
a
n
a
l
o
g
u
e
 
o
f
 

T
heorem

 3.7.
I
 
I
I
P
k
 
-
 
P
I
I
"
,
 
'
 
0
0

k
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w
here

IIA
lloo =

 m
~

x (r laijl ¡

4.34. Show
 that if w

eak ergodicity obtains for the forw
ard products T

p, r, P ;: 0,
r;: 1, form

ed from
 a sequence Pb k ;: 1, of stochastic m

atrices, then asym
pto-

tic stationarity is equivalent to strong ergodicity.

(
K
o
z
n
i
e
w
s
k
a
,
 
1
9
6
2
)

4.35. If Pk =
 P, k ;: 1, (i.e. all Pk's have com

m
on value P), show

 that w
eak and strong

e
r
g
o
d
i
c
i
t
y
 
a
r
e
 
e
q
u
i
v
a
l
e
n
t
.

(
K
o
z
n
i
e
w
s
k
a
,
 
1
9
6
2
)

w
i
t
h
 
A
 
=
 
(
a
i
j
~
'
 
i
,
 
j
 
=
 
1
,
 
.
.
.
,
 
n
,
 
t
h
e
n
 
a
s
 
r
 
-
+
 
0
0
,
 
l
i
m
 
(
r
 
-
+
 
0
0
 
)
T
p
.
 
r
 
e
x
i
s
t
s
,
 
P
 
:
2
 
0
;

t
h
i
s
 
r
e
s
u
l
t
 
i
s
 
s
u
b
s
u
m
e
d
 
b
y
 
T
h
e
o
r
e
m
 
4
.
1
4
.
 
F
o
r
 
a
 
s
e
q
u
e
n
c
e
 
o
f
 

uniform
 M

arkov
m

atrices P
b k :2 1, T

heorem
 4.15, w

hich is the strong ergodicity extension of
the Sarym

sakov-M
ustafin T

heorem
 (T

heorem
 4.10), w

as obtained by B
ern-

stein (1946) (see also M
ott (1957) and E

xercise 4.32). T
he notion of asym

pto-
tic hom

ogeneity is due in this context to B
ernstein (1946, 1964). Im

portant
early w

ork on strong ergodicity w
as also carried out by K

ozniew
ska (1962);

a presentation of strong ergodicity theory along the lines of B
ernstein and

K
ozniew

ska w
ithout use of the explicit notion of coeffcient of ergodicity

m
ay be found in Seneta (1973c, §4.3), and in part in the exercises to the

present section. T
he interested reader should also consult the papers of

H
ajnal (1956) and M

ott and Schneider (1957); and the books of Isaacson
and M

adsen (1976) and Iosifescu (1977) for further m
aterial and references.

T
here is also a very large literature pertaining to probabilistic aspects of

non-hom
ogeneous finite M

arkov chains other than w
eak and strong ergodi-

city, e.g. the C
entral Lim

it T
heorem

 and Law
 of the Iterated Logarithm

.
T

his w
ork has been carried on largely by the R

ussian school; a com
prehen-

sive reference list to it m
ay be found in Sarym

sakov (1961), and an earlier
one in D

oeblin (1937). M
uch of the early w

ork is due to B
ernstein (see

B
ernstein (1964) and other papers in the sam

e collection).

4.6 B
ackw

ards Products

A
s in §3.1 w

e m
ay consider general (rather than just forw

ard) products
H

 p, r =
 (hl~

Y
)~

, P
 :2 0, r:2 1, form

ed from
 a given sequence P

 b k:2 1, of
s
t
o
c
h
a
s
t
i
c
 
m
a
t
r
i
c
e
s
:
 
H
 
P
.
 
r
 
i
s
 
a
 
p
r
o
d
u
c
t
 
f
o
r
m
e
d
 
i
n
 
a
n
y
 
o
r
d
e
r
 
f
r
o
m
 
P
 
p
+
 
1
,
 
P
 
p
+
 
2
,

..., P
p+

r' F
rom

 Lem
m

a 4.3, it follow
s that

r

'
1
(
H
p
,
r
)
:
$
 
f
1
 
'
1
(
P
p
+
;
)

i
=
 
1

a
n
d
 
i
t
 
i
s
 
c
l
e
a
r
 
f
r
o
m
 
§
§
4
.
3
-
4
.
4
 
t
h
a
t
 
a
 
t
h
e
o
r
y
 
o
f
 
w
e
a
k
 
e
r
g
o
d
i
c
i
t
y
 
f
o
r
 
s
u
c
h

arbitrary products m
ay be developed to som

e extent. 1
O
f
 
p
a
r
t
i
c
u
l
a
r
 
i
n
t
e
r
e
s
t
 
f
r
o
m
 
t
h
e
 
p
o
i
n
t
 
o
f
 
v
i
e
w
 
o
f
 
a
p
p
l
i
c
a
t
i
o
n
s
 
i
s
 
t
h
e
 
b
e
h
a
-

viour as r -+
 00 of the backw

ards products

E
X

E
R

C
ISE

S O
N

 §4.5

4.31. W
e say the sequence of stochastic m

atrices P
b k ;: 1, is asym

ptotically station-
ary if there exists a probability vector D

 such that

U
 
-
 
f
u
(
P
,
 
T
n
 
-
 
P
 
.
 
.
.
 
P
 
P

p,T
 - 1. i,j f - P+

T
 p+

2 p+
1,

P
 
:
2
 
0
,
 
r
:
2
 
1

l
i
m
 
D
'
T
p
.
 
r
 
=
 
D
'
,

p
;
:
 
O
.

for reasons w
hich w

e now
 indicate.

A
 group of individuals, each of w

hom
 has an estim

ate of an unknow
n

quantity engage in an inform
ation-exchanging operation. T

his unknow
n

quantity m
ay be the value of an unknow

n param
eter, or a probability. W

hen
the individuals are m

ade aw
are of each others' estim

ates, they m
odify their

ow
n estim

ate by taking into account the opinion of others; each individual
w

eights the several estim
ates according to his opinion of their reliabilities.

T
o obtain a quantitative form

ulation of the m
odel, suppose there are n

individuals, and let their initial estim
ates be given by the entries of the vector

F
o =

 (F
?, F

~
, ..., F

~
). Let P

ij(1) be the initial w
eight w

hich the ith individual
attaches to the opinion of the jth individuaL. A

fter the first interchange of
inform

ation, the ith individual's estim
ate becom

es

T
~O

O

Show
 that (i) asym

ptotic stationarity im
plies asym

ptotic hom
ogeneity; and,

m
ore generally: (ii) asym

ptotic stationarity im
plies

l
i
m
 
D
'
T
p
.
 
r
 
=
 
D
'
,
 
r
;
:
 
1
.

p~oo

(K
ozniew

ska, 1962; Seneta, 1973a)

4.32.
If the sequence of stochastic m

atrices P
b k;: 1, is uniform

ly M
arkov (i.e.

c(Pd :: C
o .; 1, k;: 1), show

 that asym
ptotic hom

ogeneity is necessary and
sufficient for strong ergodicity. (H

int: yß k :: Pk :: 11' w
here y =

 1 - C
o and ß k

is one of the m
atrices V

i, j =
 1, 2, ..., n.)

(
B
e
r
n
s
t
e
i
n
,
 
'
1
9
4
6
)

F
~

 =
 '" p..(I)F

f!
i
 
L
.
 
i
i
 
J
'

j
w

here the P
ij(1)'s can be taken to be norm

alized so that
4.33. U

se the results of E
xercises 4.31 and 4.32 to show

 that for a sequence of
uniform

ly M
arkov m

atrices, asym
ptotic hom

ogeneity and asym
ptotic station-

a
r
i
t
y
 
a
r
e
 
e
q
u
i
v
a
l
e
n
t
.

¿ Pij(1) =
 1,

j
i
 
=
 
1
,
 
.
.
.
,
 
n
.

(
B
e
r
n
s
t
e
i
n
,
 
1
9
4
6
)

1 S
ee E

xercise 4.36.
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C
learly, the F¡'s m

ay be elem
ents of any convex set in an appropriate linear

space, rather than just real num
bers; in particular, they m

ay be probability
distributions. N

ow
 w

rite Pk =
 tPij(k)J, k ¿ 1, i,j =

 1, ..., n, w
here PiA

k) is the
w

eight attached by the ith individual to the estim
ate of the jth individual

after k interchanges of inform
ation, properly norm

alized. If Fk is the estim
ate

vector resulting, then

F
k
 
=
 
P
k
F
k
-
1
 
=
 
P
k
P
k
-
1
 
.
.
.
 
P
1
F
o
 
=
 
U
o
,
 
k
F
O

w
here the Pb k ¿ 1, are each stochastic m

atrices. T
he interest is clearly in

the behaviour of U
o, k as k -+

 00, w
ith respect to: (1) w

hether consensus tends
to be obtained (i.e. w

hether the elem
ents of Fk tend to becom

e the sam
e),

clearly a lim
ited interpretation of w

hat has been called w
eak ergodicity; and

(ii) w
hether the opinions tend to stabilize at the sam

e fixed opinion, a lim
ited

interpretation of w
hat has been called strong ergodicity, for backw

ards
products.

O
ne m

ay also think of the set Pb k ¿ 1, in this context as one-step
transition m

atrices corresponding to an inhom
ogeneous M

arkov chain
starting in the infinitely rem

ote past and ending at tim
e 0, Pk being the

transition m
atrix at tim

e -k, and U
p,r =

 Pp+
r'" Pp+

2Pp+
1 as the r-step

transition m
atrix betw

een tim
e - (p +

 r) and tim
e - p. In this setting it

m
akes particular sense to consider the existence of a set of probability

vectors V
k, k ¿

 0, such that

v
~
+
p
U
p
,
r
 
=
 
v
~
,
 
P
 
¿
 
0
,
 
r
 
¿
 
1
,
 
(
4
.
1
3
)

t
h
e
 
s
e
t
 
V
b
 
k
 
¿
 
0
,
 
t
h
e
n
 
h
a
v
i
n
g
 
t
h
e
 
i
n
t
e
r
p
r
e
t
a
t
i
o
n
 
o
f
 
a
b
s
o
l
u
t
e
 
p
r
o
b
a
b
i
l
i
t
y
 
v
e
c
-

t
o
r
s
 
a
t
 
t
h
e
 
v
a
r
i
o
u
s
 
"
t
i
m
e
s
"
 
-
 
k
,
 
k
 
¿
 
O
.
 
W
e
 
s
h
a
l
l
 
g
i
v
e
n
 
t
h
e
m
 
t
h
i
s
 
n
a
m
e
 
i
n

general.
Finally w

e shall use the definitions of w
eak and strong ergodicity analo-

g
o
u
s
 
t
o
 
t
h
o
s
e
 
f
o
r
 
f
o
r
w
a
r
d
 
p
r
o
d
u
c
t
s
 
(
D
e
f
i
n
i
t
i
o
n
s
 
4
.
4
 
a
n
d
 
4
.
5
)
 
b
y
 
s
a
y
i
n
g
 
w
e
a
k

ergodicity obtains if

for r ¿ r o(p), uniform
ly for all i, j, s =

 1, ..., n. Since

U
p,r+

i =
P

p+
r+

1U
p,,,

n
 
n

¿
P

hA
p +

 r +
 1)(u!;/) - e):: ¿

P
hA

p +
 r +

 l)u)~
/)

j
=
l
 
j
=
l

n

:: ¿ PhA
p +

 r +
 1)(u!;~r) +

 e)
j
=
 
1

i.e.

u
!
p
,
 
r
)
 
-
 
e
 
.
;
 
u
(
p
,
 
r
+
 
1
)
 
.
;
 
U
(
p
,
 
r
)
 
+
 
e
.

i, S
 - h, S

 - i. s
B

y induction

u
!
;
~
 
r
)
 
-
 
e
 
:
:
 
u
i
~
'
s
r
 
+
 
k
)
 
:
:
 
U
!
;
~
 
r
)
 
+
 
e

for all i, s, h =
 1,..., n, p ¿

 0, r ¿
 ro(p), k ¿

 O
. P

utting i =
 h, it is evident that

u
(
p
,
 
r
)
 
i
s
 
a
 
C
a
u
c
h
y
 
s
e
q
u
e
n
c
e
 
s
o
 
l
i
m
 
(
r
 
-
+
 
o
o
)
u
!
p
,
 
r
)
 
e
x
i
s
t
s
.
 
0

I,S , i. s
H

ence w
e need only speak of ergodicity of the U

p. r, and it is suffcient to prove
"w

eak ergodicity" (4.14). W
e m

ay, on the other hand, handle w
eak ergodi-

city easily through use of coefficients of ergodicity as in §§4.3-4.4, since scalar
relations in term

s of these, such as (4.4), (4.7), and that given by L
em

m
a 4.3,

are" direction-free".

T
heorem

 4.18. Suppose m
(') and ,( . ) are proper coeffcients of ergodicity

satisfying (4.4). E
rgodicity of backw

ards prodùcts U
p, r form

ed from
 a given

s
e
q
u
e
n
c
e
 
P
b
 
k
 
¿
 
1
,
 
o
b
t
a
i
n
s
 
i
f
 
a
n
d
 
o
n
l
y
 
i
f
 

there is a strictly increasing sequence
of positive integers tksJ, s =

 0, 1, 2, ... such that

co

¿
 
U
 
-
 
,
(
U
k
s
.
 
k
s
+
i
-
d
J
 
=
 
0
0
.

s=
O

u!p, r) _ u(P. r) -+
 0

i
.
 
S
 
J
.
 
s

as r -+
 00 for each i, j, s, p and strong ergodicity obtains if w

eak ergodicity
obtains and the u!;/) them

selves tend to a lim
it for all i, s, p as r -+

 00 (in
w

hich case the lim
it of u!;~r) is independent of i; but not necessarily, as w

ith
forw

ard products, of pl). T
he reason for the inform

ality of definitions is the
follow

ing:

(4.14)
P
R
O
O
F
.
 
A
s
 
i
n
d
i
c
a
t
e
d
 
f
o
r
 
T
h
e
o
r
e
m
 
4
.
8
.

o

T
heorem

 4.17. For backw
ards products U

p,,, p ¿ 0, r ¿ 1, w
eak and strong

e
r
g
o
d
i
c
i
t
y
 
a
r
e
 
e
q
u
i
v
a
l
e
n
t
.

PR
O

O
F. W

e need prove only that w
eak ergodicity im

plies strong ergodicity.
Fix p ¿ 0 and e )- 0; then by w

eak ergodicity

-
 
e
 
.
;
 
u
(
p
,
 
r
)
 
-
 
u
(
p
,
 
r
)
 
.
;
 
e

-
 
i
,
 
S
 
J
,
 
S
 
-

R
esults for backw

ards products analogous to T
heorem

s 4.9 and 4.14 for
w

eak and strong ergodicity of forw
ard products respectively, are set as

E
xercises 4.36 and 4.38. L

em
m

a 4.5 for forw
ard products has its analogue in

E
xercise 4.37, w

hich can be used to prove the analogue of T
heorem

 4.10

(w
eak ergodicity for forw

ard products) and T
heorem

 4.15 (strong
ergodicity).

T
h
e
o
r
e
m
 
4
.
1
9
.
 
I
f
f
o
r
 
e
a
c
h
 
p
 
¿
 
0
,
 
r
 
¿
I
,
 
U
p
,
r
 
E
 
G
1
 
a
n
d

m
in+

 pij(k) ¿ y )- 0
i, j

i
 
S
e
e
 
E
x
e
r
c
i
s
e
 
4
.
3
9
.

u
n
i
f
o
r
m
l
y
 
f
o
r
 
a
l
l
 
k
'
¿
 
1
,
 
t
h
e
n
 
e
r
g
o
d
i
c
i
t
y
 
o
b
t
a
i
n
s
 
a
t
 
a
 
u
n
i
f
o
r
m
 
g
e
o
m
e
t
r
i
c
 
r
a
t
e
 
f
o
r

all p ¿ O
. (T

his is true in particular if U
p, rE

G
 1, P ¿ 0, r ¿ 1, and the sequence
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B
i
b
l
i
o
g
r
a
p
h
y
 
a
n
d
 
D
i
s
c
u
s
s
i
o
n
 
t
o
 
§
4
.
6

157

(PkJ has its elem
ents selected from

 a num
erically finite set of stochastic

m
atrices.)

P
R
O
O
F
.
 
P
r
o
c
e
e
d
i
n
g
 
a
n
a
l
o
g
o
u
s
l
y
 
t
o
 
t
h
e
 
p
r
o
o
f
 
o
f
 

T
heorem

 4.10, w
ith the sam

e
m

eaning for t, w
e obtain

N
ow

 suppose strong ergodicity holds, so that
r-+

 00

U
p.r -- Iv~, p 2: 0,

and suppose V
k, k 2: 0, is any set of absolute probability vectors. T

hen

a(U
p,r):: (1 -ylt1((1 _yl)I/I1', r 2: t,

so that for all i, j, s, p, from
 the definition of a( . )

I
 
u
!
;
/
)
 
-
 
u
Y
'
.
~
r
)
 
I
 
:
:
 
(
1
 
-
 
1
'
1
t
 
1
(
(
1
 
_
y
l
)
I
/
I
Y
,
 
r
 
2
:
 
t
.

P
roceeding as in the proof of T

heorem
 4.17, for all i, s, h =

 1, ..., n, p 2: 0,
r2:t,k2:0

V
~
 
=
 
v
~
+
r
 
U
p
,
 
r
 
=
 
v
~
+
r
(
l
v
~
 
+
 
E
p
,
 
r
)
 
=
 
v
~
 
+
 
v
~
+
r
E
p
,
 
r

w
here E

p, r ~ 0 as r ~ 00, so, since v~+
r is bounded, being a probability

v
e
c
t
o
r
,
 
v
p
 
=
 
v
p
,
 
P
 
2
:
 
O
.

C
onversely, suppose there is precisely one set of absolute probability

vectors V
b k 2: O

. T
hen suppose U

: is a lim
it point of U

q. r as r ~
 00 for fixed

but arbitrary q 2: 0, so that for som
e subsequence rj,j 2: 1, of the integers, as

j
~
 
0
0
,

I
 
u
!
;
~
r
+
k
)
 
-
 
u
~
~
'
:
)
 
I
 
:
:
 
(
1
 
-
 
1
'
1
t
 
1
(
(
 
-
 
1
'
1
)
1
/
1
1
'
,
 
r
 
2
:
 
t
,

a
n
d
 
l
e
t
t
i
n
g
 
k
 
~
 
0
0
 
y
i
e
l
d
s

I
 
v
~
p
)
 
-
 
u
~
'
:
)
 
I
 
:
:
 
(
1
 
-
 
1
'
1
t
 
1
(
(
 
-
 
1
'
1
)
1
/
1
1
'
,
 
r
 
2
:
 
t
,

v
~
p
)
 
=
 
l
i
m
 
u
~
;
~
 
r
L
,

i =
 1, ..., n.

o

U
q,rj~U

;, (4.17)
N

ow
 use the sequence rj+

q, j 2: 1, from
 w

hich to ultim
ately select the sub-

sequence Si giving (4.16). Follow
ing through the earlier argum

ent, w
e have

V
x =

 Iv~
, x 2: 0, by assum

ed uniqueness of the set of absolute probability
d
i
s
t
r
i
b
u
t
i
o
n
s
.
 
B
u
t
,
 
f
r
o
m
 
(
4
.
1
7
)

U
:
 
=
 
l
i
m
 
U
q
,
 
S
¡
-
q
 
=
 
Y
q

i-+
 00

w
here

r-+
 00

T
he follow

ing result also gives a condition equivalent to ergodicity for
backw

ards products.

from
 (4.16),

T
heorem

 4.20. B
ackw

ards products U
p, r, P 2: 0, r 2: 1, form

ed from
 a se-

quence Pk, k 2: 1, of stochastic m
atrices are ergodic if and only if there is

only one set of absolute probability vectors V
k, k 2: 0, in w

hich case

=
 Iv~

.

H
ence for a fixed q 2: 0, the lim

it poin t is unique, so as r ~ 00

U
q,r~

 Iv~
,

q
 
2
:
 
O
.

o

r-+
 00

U
p
.
 
r
 
-
-
 
I
v
~
,

P
 
2
:
 
O
.

PR
O

O
F. W

e have for p 2: 0, r 2: 1, h 2: 1
B

ibliography and D
iscussion to §4.6

U
p+

r,hU
p.r=

 U
p,r+

h'
(4.15)

U
x, S

i-X
 ~

 V
x

(4.16)

T
he developm

ent of this section follow
s C

hatterjee and Seneta (1977) to
w

hom
 T

heorem
s 4.17-4.19 are due. T

heorem
 4.20 is due to K

olm
ogorov

(1936b); for a succinct rew
orking see B

lackw
ell (1945). In the special case

w
here the P

b k 2: 1, are draw
n from

 a finite alphabet K
, T

heorem
 4.19 w

as
also obtained by A

nthonisse and T
ijm

s (1977).
O

ur m
otivating m

odel for the estim
ate-m

odification process w
hich has

been used in this section is due to de G
root (1974), w

hose ow
n m

otivation is
the problem

 of attaining agreem
ent about subjective probability distribu-

t
i
o
n
s
.
 
H
e
 
g
i
v
e
s
 
a
 
r
a
n
g
e
 
o
f
 
r
e
f
e
r
e
n
c
e
s
;
 
a
 
s
u
r
v
e
y
 
i
s
 
g
i
v
e
n
 
b
y
 
W
i
n
k
l
e
r
 
(
1
9
6
8
)
.

A
nother situation of applicability arises in forecasting, w

here several indivi-
duals interact w

ith each other w
hile engaged in m

aking the forecast (D
elphi

m
ethod; see D

alkey (1969)). T
he schem

e

N
ow

, since the set of stochastic m
atrices is com

pact in R
n2, w

e m
ay use the

C
antor diagonal argum

ent. to select a subsequence of the positive integers Si
such that as i ~

 00

f
o
r
 
e
a
c
h
 
x
 
2
:
 
0
,
 
f
o
r
 
s
t
o
c
h
a
s
t
i
c
 
m
a
t
r
i
c
e
s
 
V
x
,
 
x
 
2
:
 
O
.
 
H
e
n
c
e
 
s
u
b
s
t
i
t
u
t
i
n
g

s¡ - p - r for h in (4.15) and letting i ~ 00 w
e obtain

V
p
+
r
U
p
,
r
 
=
 
V
p
,

P
 2: 0, r 2: 1,

so there is alw
ays at least one set of absolute probability vectors given by

/i V
k, k 2: 0, for any particular fixed j =

 1, ..., n (i.e. w
e use the jth row

 of
each V

b k 2: 0).
F

k =
 P

kF
k-1,

k
 
2
:
 
1
,
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represents an inhom
ogeneous version of a procedure described by F

eller

(1968) as "repeated averaging"; Feller, like de G
root, considers only the

case w
here all Pk are the sam

e, i.e. Pk =
 P, k ~ 1. In this special case,

T
heorem

 4.19 and E
xercise 4.38 are essentially due to de G

root.
For the rather com

plex behaviour of U
p, r as r ~ 00 in general the reader

should consult B
lackw

ell (1945, T
heorem

 3), Pullm
an (1966, T

heorem
 1);

and C
ohn (1974) for an explanation in term

s of the tail a-field of a reverse
M

arkov chain.
A

 further relevant reference is M
ukherjea (1979, Section 3).

PA
R

 T
 II

C
O

U
N

T
A

B
L

E
 N

O
N

-N
E

G
A

T
IV

E
M

A
T

R
IC

E
S

E
X
E
R
C
I
S
E
S
 
O
N
 
§
4
.
6

4.36. D
efining w

eak ergodicity for arbitrary products H
 p," P

 ;: 0, r;: 1, by

h
(
P
.
.
)
 
-
 
h
(
P
.
 
.
)
 
-
-
 
0

i
.
 
S
 
J
.
 
S

as r -- 00 for each i, j, s, P
, show

 that w
eak ergodicity is equivalent to

i-1(H
 P

..) -- 0 as r -- 00, P
 ;: O

. S
how

 that sufficient for such w
eak ergodicity is

D
'
°
=
1
 
'
(
1
-
 
i
-
i
(
P
k
n
 
=
 
0
0
.

4
.
3
7
.
 
S
h
o
w
 
t
h
a
t
 
i
f
 
U
p
.
.
 
E
 
G
¡
,
 
p
;
:
 
0
,
 
r
;
:
 
1
,
 
t
h
e
n
 
U
p
.
.
 
E
M
 
f
o
r
 
r
;
:
 
t
,
 
w
h
e
r
e
 
t
 
i
s
 
t
h
e

num
ber of distinct incidence m

atrices corresponding to G
 1. (H

int: Lem
m

as 4.4
and 4.5.)

4.38. Show
 that if Pk -- P (elem

entw
ise) as k -- 00, w

here PE
G

 ¡, then ergodicity
holds for the backw

ard products U
p." p ;: 0, r ;: 1. (H

int: Show
 that there

exists a Po and a t such that c( U
p. ,) :: C

o ~ 1 uniform
ly for p ;: Po, and use the

approach of the proof of T
heorem

 4.10.)

(
C
h
a
t
t
e
r
j
e
e
 
a
n
d
 
S
e
n
e
t
a
,
 
1
9
7
7
)

4.39. Suppose the backw
ard products U

p,,, p ;: 0, r ;: 1, form
ed from

 a sequence Pb
k ;: 1, of stochastic m

atrices, are ergodic, so that as r -- 00

U
p
.
 
.
 
-
-
 
I
 
v
~
 
,

p
;
:
 
0
,

w
here the lim

it vectors m
ayor m

ay not depend on p. B
y using the fact that

U
p. .lv' =

 lv' for any probability vector v', construct another sequence for
w

hich the lim
it vectors are not all the sam

e (i.e. depend on p).

4.40. A
n appropriate analogy for backw

ards products to the class G
i given by

D
efinition 4.8 in the G

'i of stochastic m
atrices, defined by P E

 G
'i if (a) PE

G
 1;

(b) PQ
 E

 G
1 for any Q

 E
 G

1. D
iscuss w

hy even m
ore useful m

ight be the class
G

i =
 rP

; P
 E

 G
1; P

Q
, Q

P
 E

 G
1 for any Q

 E
 G

i) =
 G

i (ì G
'i. S

how
 that G

i is a
strictly larger class than G

3, the class of (n x n) scram
bling m

atrices.


