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as m tends to infinity. In section 2 we generalize Bickel’s result to the case of a
weighted quadratic loss function (@ is a diagonal matrix) and the case where
the parameter space is a p-dimensional cube or an infinite dimensional cube.
QOur main result in this extension is a relationship between the Fisher informa-
tion and the minimum eigenvalue of the Dirichlet problem for an elliptic partial
differential equation in the parameter space. Finally, in section 3 using a suit-
able transformation from the decomposition C'QC = D = diag(Ai, ..., A},
the problem of estimating # where 6 varies in a sphere or a p-dimensional
cube under a general quadratic loss function L(8,8) = (§ — #)'Q(6 — ) can be
simplified to the problem of a weighted quadratic loss function.

2. Minimax estimation for a weighted quadratic loss function

Let X be a p-variate normal distribution with mean vector 6 = (64, ... , 6,)
with a covariance matrix I. First we assume that

L(3,6) = i X (8:(F) — 6;)?
i=1

where X\; > 0, ¢ = 1,2,...,p. We denote the risk of an estimator §(Z) by
R(5,0) = EyL(4,0). The Bayes risk with respect to a probability distribution
G(0) is given by r{G,d) = fR(S, 6)dG(9). Denote the Bayes estimator, i.e.
the estimator which minimizes 7(G, d) by d(*, G), and its corresponding Bayes
risk 7(G, 6(%, G)) by r(G). The minimax risk for estimating §, provided that
6 € Q, is given by p,(m) = inf sup R(6, d).

€D ge

Preliminary lemmas. Let ©() = (11(&),%2(F),... ,d)p(ﬁ;)), and §(Z) =
7 — t(&). By Theorem 1 of Stein [9] we have

2 P ?
17}
_ . . 207} — . b T
R(5,6) = ;Zl A+ ,-E=1 /\,E(Q/;i @) -2 1-221 NE {&Ei 1,/),(18)} . (2.1)
Hence the Bayes risk with respect to a proper prior G(é)‘ is equal to

P 2 - - = OYi(ZE) , .\ ..
T(G’ 6) - i=1 AZ N i=1 /\2 /I;P ll’b'l (m)fG( )d ? i=1 A /I;P axz fG( )d(z 2)

where
llz—81?

N e 2 <
fa(@) = /Qm Wda(@).

SOME PROBL

From formula (3.3) of [9] with
estimator is the posterior mea

(3

Moreover, §(%,G) is also the B
v-1 A (Gi(Z) —0:)? ([3], page
risk becomes

r(G) = i A,
i=1

Let F' be a distribution functi
J. We define

I(F) =
With this definition, (2.3) becc
r(G)

where & is the c.d.f. of multi
covariance I, and * denotes con
then I(F) becomes I(F) in [4].

The following lemma gives

LeMMA 2.1. Let H F, and H,
and h, respectively.
1. IfH(Z) = F(&, 22,
2. Under the assumptions
1 f, 3%1} are continu
(i) I(F) < oo,
if H, — 3§, (point mass

The parameter space is a s:
minimax risk for the case Q,,
lemmas given next.

(o]

Let. W7 (1) be the Sobol
boundary 80; and whose first
by L=XA1Zz +...+ Ap 2y the
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LEMMA 2.2. There exists f1, € W3 (1) such that g1p = flzp minimizes 1(Q)
subject to fm g1p(3)dz = le L (#)dT = 1 and fi1,(Z) = 0 on ON,. Further-
more, I(G1,) = 4v where v is the minimum eigenvalue of the Dirichlet problem
in £y for the operator L,

Lu) = —yu ulaq, = 0.

LEMMA 2.3. Let Gy, be the distribution on Q with density 91p(01,62,...,6p)
and Gy be the corresponding distribution scaled up to Q,,, with density given
by
1 6, 8 6,
gmp(gl,éz,.. . ,9;,) = mglp(a, E,. .. ,E)
Then we have

P
4
(Gmp) = Z)\i - E’% +o(m™%) as m — oco.

=1

ProOOF. From (2.4) we have

23
r(Gmp) = > _Ai = [(& % Grp).
=1

Using property 1 in Lemma 2.1, r(G,,p) becomes

d j:(é m*Gl )
r(Gmp) = Z)"' _ ___11_”12____’2__
=1

Property 2 in Lemma 2.1 together with the fact that (G mp) = 4 gives

I
4
T(Gmp) = 5 Ap — —n% + 0(2:_2) as m — 0o. O
=1

Lemma 2.3 shows that 7(Gnp) = 3.0, A — %} + o{z~?) is a lower bound
of the minimax risk p,(m). This conclusion follows from the fact that every
Bayes risk is a lower bound of the minimax risk. p,(m) indeed will equal to

? X — L2 4 o(m2) by constructing an estimator whose maximum risk is
(S m g
equal to 7(Gpmp).
Suppose, {a,} is a sequence of positive numbers such that 1 > a,, { 0,

m2a2, — oo, n = 72— and v(Z) = g1p(%) = f},(%). Let
. “32??)(57) R p .
zpi(m)zw if ||z|| <1—ab,, i=1,2,...,p

We define 6, (Z) =& — £ [v1 (£),...,¢p (%)]i

SOME PROBLI]

THEOREM 2.4. The estimator

Proor. We will show that
]
sup { lR(G,Jm(i)) - 2

flefl<m iz

from which the theorem follow

We recall that if ||z]| < 1 -

%)
8m¢

Pi(E) =2
For [|z|| < 1 — a2, we have

r
DA (®)
i=1

Now the theorem is equivalent

14
I1
sup f{E)Aiw? =, ..
||os|5m[ rRe L3 (”

. —‘—-“‘1——6_% E?::l
(+/2m)p/2

By virtue of (2.5) we have

P 1

Hence (2.6) is equivalent to

sup [ /
oll<m L Jilzli>m(1+am)

= sup P [‘
el <m 1
=P“j—m
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Case when the parameter space is a cube. Now we assume that
fes,= {é lréx%xp [8:] < m}.
LEMMA 2.5. Let G1,(8) be the distribution on %, with density
glp(é) = cos? g—@l ... cos? ggp, fex,.
Then G, minimizes I(F) subject to

/ g1p(0)df =1 and g1p(8) =0 on 8.

P

Moreover, f(G1p) =730 AL

LEMMA 2.6. Let Gpp(8) be the distribution G, scaled up to X, with density
given by

27('01

~ 1 o Ty
Grmp(0) = 5 COST 5 — ... cos” 5= 8 € X,

K
™m
Then we have

P

9 P
T _
™(Gmp) = E As — ) E i +o(m™%),
i=1 =1

In the next theorem we will construct an estimation whose maximum risk
achieves the above lower bound.
THEOREM 2.7. Let {a,} be a sequence of positive numbers such that

m
1>aml0, ma, 00, and n=

(1- am) )
We define
0m (@) = (61(&),. .. ,6p(&))
where
- K T .
0:(%) = = — Eta»n*z-g e m(i4om)m4am)] (@i)s 1=1,2,...,p.

The estimator 6,,(Z) is second order asymptotically minimaz in the sense that

P P
sup { ]R((Sm(:i),é) = M+ ;—ZZAi
i=1 2=1

Be3,,

} = o(m™?) as m — oo.

S3O0ME PROB

Now we will extend the 1
observation.

Let z; be N(6;,1), i =1
(81,62, ...) under the weight

L(4,64) = Ni(6:
=1

It is assumed that

(§d620

THEOREM 2.8. Let pg(m) be

pa(m) -
Then we have

pa(m) =Y X — -

In addition, the estimator Sd
totically minimaz.

Proor. Step 1: Sug
density given by gmi(0:) = &
dent. Let Gp = [[52; Gmi bs
G is guaranteed by Ash ([2,

Since (8;,z;), (z1,...,Z4

262], we have
E(O,-]a:l, [N
It turns out that
E(8;]
wherefa, (i) = ¢ * gmi(T;).
It can be seen that the F

each 7, have Bayes risk equal

A
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Consequently, with respect to prior Gy, the Bayes risk is equal to

oo 9 o0

J— Kis —

r(Gp) = ;)\i Y] ;/\i +o(m™2) < pa(m). (2.7)
= 1=

By showing that the maximum risk of 84(Z) asymptotically achieves the lower

bound in {2.7), the inequality becomes equality.

Step 2 : Let
~ mw T4 .
’lpl(.’lf) = ;taniz— 1[—m(1+o:m),m(1+am)] (iEz) 1= 1,2,3, cee e

Then if follows that
_ o0 oo , ~ a ~
Rm,80) = > N+ S NE; [wf (z) — 25—@-(1-)] .
i=1 i=1 Ti
From Theorem 2.7 we have

5 8 . 72 )
Y2(E) — 2598 = —— lemtan) matam)(@)  1=1,2,3,... .
1

Hence the asymptotic minimaxity of d4(%) is equivalent to

o<

1 1 2

Xi sup ez @m0 gy = o(1) as m — co. (2.8)
; —m<hi<m |z | >mi+am) V2T

The left hand side of (2.8) is equal to > ;0 A;[1 — ®(ma.m) + ®(—man)] which

tends to 0 as m — co. O

3. Application to an arbitrary quadratic loss function

In this section we will present a method to transform the case of an arbi-
trary quadratic loss function to that of a weighted quadratic loss function so
that the problem can be solved by using the results of section 2. This method
uses the singular value decompaosition of the positive definite matrix to reduce
to the case of a diagonal matrix.

Let X, be N,(8,I) and assume that

P
5€Qm={§eﬂ¥? :ZG?SmZ} orééE,,:{éeRp: sup lgilgm}
= 1<i<p
It is desired to estimate 8 using an estimator §(Z) under an arbitrary quadratic
loss function L(8,6) = (§ —8)'Q(6 —6), where Q is a known symmetric positive
definite matrix. To transform the above loss function we use the singular value
decomposition ([1], p. 84) which is given in the next theorem.

SOME PROB]

THEOREM 3.1. Given B pos:
exists a nonsingular matriz F

F'E

F'A

where Ay > ... 2> A, (> 0) arc

If B is positive definite, t

Using Theorem 3.1 above

C'Q

where A\; > 0,4 =1,2,...,p,
Then,

YV ~ N(

Furthermore,
L(3,8) = (Cé(5) — C
= (8(3) — 6)

From the above result it
mates based on an arbitrary |
case of a weighted quadratic 1
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