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Abstract. Belief propagation (BP) algorithm has been becoming in-

creasingly a popular method for probabilstic inference on general graph-
ical models. When networks have loops, it may not converge and, even if
converges, beliefs, Le., the result of the algorithm, may not be equal to
exact marginal probabilties. When networks have loops, the algorithm is
called Loopy BP (LBP). Tatikonda and Jordan applied Gibbs measures
theory to LBP algorithm and derived a suffcient convergence condition.
In this paper, we utilize Gibbs measure theory to investigate the dis-
crepancy between a marginal probabilty and the corresponding belief.
Consequently, in particular, we obtain an error bound if the algorithm
converges under a certain condition. It is a general result for the accu-
racy of the algorithm. We also perform numerical experiments to see the
effectiveness of the result.

i Introduction

Belief propagation (BP) algorithm has become a popular method of solving in-
ference problems exactly for probabilistic networks without loops (e.g., Bayesian
networks) in a finite number of times. It has the origin in the probabilistic expert
system theory proposed by Pearl et al. ¡6J. Similar algorithms appear in several
applications, such as Viterbi algorithm in hidden Markov models, iterative algo-
rithms for Gallager codes and turbocodes, Kalman filter and the transfer-matrix
approach in physics. .'

It is also widely applied to networks with loops. In that case, the algorithm
is called loopy BP (LBP). LBP algorithm, however, may not converge and, even
if it does, the solution may not be equal to the target marginal probabilities.
Nevertheless, applications of the LBP algorithm are reported to be remarkably
good such as in the coding theory (d. Frey ¡1J, McEliece et al. ¡4j and Murphy
et al. ¡5J).

Weiss ¡9j discussed the LBP algorithm on networks with a single loop and
Weiss and Freeman ¡lal discussed the LBP algorithm on Gaussian networks.
A basic idea of Weiss is the fact that the calculation of the LBP algorithm
is equivalent to that on a corresponding infinite tree called the computation
tree. Tatikonda and Jordan ¡Sj pursued his idea and formulated the convergence
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problem as that of Gibbs measures on the computation trees. They showed a
relationship between the convergence of LBP algorithm and the phase transition
phenomena on the associated computation trees in their paper.

So far, some studies were reported for the general convergence property of
LBP algorithm. However, there are few general discussions of its accuracy.

In this paper, we use Gibbs measure theory to measure the discrepancy of
marginal probabilities and the corresponding beliefs of LBP algorithm using the
concept of the computation tree.

We give a review of the BP algorithm in Sect. 2. In Sect. 3, we introduce Gibbs
measure theory and review the application results for LBP algorithm. In Sect. 4,
we introduce the concept of measuring discrepancy of two probability measures
developed in Gibbs measure theory, apply it to the LBP algorithm with pair

potentials, ~hd show some results. In Sect. 5, we report numerical experiments
done to see the effectiveness of obtained results. In Sect. 6, we give a conclusion
and some remarks.

2 BP Algorithm and Computation 'fees

The BP algorithm used in this paper is as follows. Let G be a connected and
undirected finite network. Let consider an associated set of random variables
X = tXi, i E Gl and its observations Y = tYi, i E Gl. The state space Ei of Xi
is finite. Some Yi may be missing. We consider a probability function on G of
the form

p(X I Y) == P(X = x I Y = Y) = ~ II Øij(Xi,Xj) II (lYxi,Yi) ,i~j iEG
where rv denotes the neighborhood relationship, and the first product extends
over all neighboring nodes (i, j). Here i EGis said to be a neighbor of j E G if
there exists an edge between i and j in G. We call (G,p) a probabilistic network
with the network G and the joint distribution p. Throughout this paper, Z stands
for normalizing constants and are not always the same. Usually, the existence
of a data Yi restricts the state space Ei to tYiÌ effectively. We wil adopt this
convention and, further, suppress the dependencies of øi's on tYiÌ. Therefore, it
takes the form

1
p(x) = z II Øij(Xi,Xj) II Øi(Xi) .

i~j iEG
(1 )

It is the basic assumption of this paper that Øij (- .) and Øi (- are all positive.
For each pair of neighboring nodes (i,j) and each state Xj EEj, we consider

the message m~;) (Xj), n = 1,2,. ... These messages obey the following update
rule called the belief propagation (BP):

m~;+i)(Xj) = ~ L Øij(Xi,Xj)Øi(Xi) II m~~)(xi)'
xiEEi kEåi\Ü¡
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,here ai denotes the set of all neighboring nodes of i. In the following, ¡AI for
, set A means its cardinality. All messages are initialized as m~~) (Xj) == 1. If

L message m~;\xj) converges, its limit is denoted by mij(Xj)' For these limit
nessages, a belief for each node i is the normalized product

1
MXi) = Z(/JXi) II mki(Xi), Xi E Ei .

kEai

(f a probabilistic network has no loops, i.e., tree-like, it is known that all the
messages t m~;) (Xj n converge after a finite number of the BP updates and that
the belief biO is equal to the marginal probability PtXi = .) for each i E G,
see Jensen l3J. On the other hand, for networks with loops, the messages may
not converge and, if converge, the beliefs may not be equal to the marginal
probabilties. In particular, for a probabilistic network with loops, this algorithm
is called loopy belief propagation (LBP). To study the properties of the LBP
algorithm, Weiss 19J introduced a concept of unwrapped networks (computation
trees in Tatikonda and Jordan l8D, which are associating infinite trees Tk, kEG.
Tk is the limit of increasing finite trees tT~n)), n = 1,2, . . ., defined as follows,
see Fig. 1.

1. Let Ni = 0, i =I k, and Nk = 1. For convenience, let T~O) = tk(l)) where

k(l) is a copy of k.
2 L t r.. 1. - ak N. - N. - ... - 1 d -(1) -(1) b . f - .. e 1.i,J,"'J - , i - J - - an i ,J ,... ecopieso i,J,...

respectively. The first computation tree T~l) consists 
of nodes k(1), i(l), j(l), . . .

and corresponding edges (k(l), i(1)), (k(l) ,j(l)),....
3. If the n-th computation tree T~n) is defined, the next computation tree

T~n+l) is defined to be T~n) augmented by new nodes and edges repeating
the following steps:

(a) For each edge (r(t), s(rn)) of T~n) with r(f) tf T~n-1), let i, j,..., be the
nodes ar \ t s) (if non-empty).

(b) Let Ni f- Ni + 1, Nj f- Nj + 1, . .. and i(Ni), j(Nj), ..., be new copies
of i, j, . . . respectively. Add new nodes i(Ni), j(Nj), . . . and corresponding
edges .
(i(N;), r(t)), (j(Nj), r(t)), ... to T~n).

The state space Ei is associated with each node i(n) E Tk and let Øi(n) j(m.) =

Øij and Øi(n) = Øi' If G has no loops, Tk is the same as G except labeling of

nodes. It is easily seen that the message m;~) (Xk) which is the result of the
n-th BP update with the parallel update rule on G starting from k is equal toT(n) (n)
m/1)k(1) (Xk), the result of the n-th BP update of messages performed on Tk '

that is, on Tk starting from k(l). Therefore, the limiting message heading for

k, if exists, is the same for both G and Tk, a key idea why we consider the
computation trees besides the original probabilstic networks.
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Fig. 1. A netwQrk G and the corresponding computation tree for the root node 1 with
depth 4 ¡

.j

3 Gibbs Measures and LBP Algorithm for Pair Potentials

In this section, we introduce Gibbs measure theory briefly and review the rela-
tionships with LBP algorithm.

Let S be a finite or infinite site set. A discrete and finite state space Ei is
associated with each i E S. A configuration n is defined by the set of all possible
configurations. Specifically, n == ES = fliES Ei. Its restriction to a subset A c S

is denoted by nA. Let J be the set of non-empty finite subsets of S. A a-field of
n is denoted by 9". An interaction potential (or simply a potential) is a family
iP = (iP A) AEJ offunctions iP A : n f- iæ with the following properties; (i) for each

A E J, iP A is 9" A-measurable. Here 9" A is the restriction of 9" to A. (ii) For all

A E J and wEn, the series L AEJ ,AnAlØ iP A (w) exists.

A Gibbs specification for a potential iP is a system t'A(' I ç-) : A E J, ç- E ES)
of probability measures defined by

'ìA(xlç-) = Zl expf - L iPA(XA) - L iPA(XAA,Ç-AAC) 1.A,ç 1. AcA AnAlØ f
for all A E J and X E EA, where ZA,ç is the normalizing constant called the
partition function and AA = A\A. The measure 'ìA(X I ç-) is called the Gibbs
distribution in A with boundary condition ç-. It is noted that 'ìA(X I ç-) is de-
pendent on ç- only through Ç-aA. A probability measure tJ on (ES, ':) is called a
Gibbs measure for iP if it satisfies the following DLR (Dobrushin-Lanford-Ruelle)
equations:

tJ(X I ':S\A = ç-) = 'ìA(X I ç-), ç- E EaA, (2)

for all A E J, where x E EA is canonically embedded into ES as x x ES\A. Since
p.(x I ':S\A) = tJ(x i ':aA), such tJ is also called a Markov random field.

It should be noted that, for a certain potential iP, there is a possibilty that
the Gibbs measure tJ which satisfies (2) is not unique. Let 9.: denote the set of
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all Gibbs measures for a potential ¿P. Also, the notation 9 ('l) for a specification 'l
is often used in particular when one is conscious of the conditional probabilities
rather than the potentiaL. In terms of Gibbs measure theory, it is said that a
phase transition occurs if 19q¡1 / 1 (i.e., 19b)! / 1).

Tatikonda and Jordan ¡SJ applied the theory of Gibbs measures to study the
property of the LBP algorithm through the concept of computation tree in pair
potential case, i.e., the potential ¿p is defined by i¿Pi,¿Pijf where i¿Pd and i¿Pijf
are certain I-body and 2-body potentials.

In fact, the properties of Gibbs measures defined on general tree networks
had already been discussed in Gibbs measure theory. In that discussion, the
concept of boundary law is utilized as an important concept. Tatikonda and Jor-
dan showed the relationship between the convergent messages and the boundary
law for the associated Gibbs measure on the corresponding limit computation
tree. As a result, they concluded that the uniqueness of boundary law guaran-
tees the convergence of the LBP algorithm. They also introduced an uniqueness
condition called Simon's condition of Gibbs measure theory as a convergence
condition of the LBP algorithm.

Recently, Taga and Mase ¡7J discussed the difference of convergence ratio
between so-called sequential and parallel update orders using Gibbs measure
theory. In their paper, they showed sequential update order always converges

faster than parallel one under the condition of absence of phase transitions.
They also showed sequential update order is expected to converge faster generally
through numerical experiments.

4 Comparison Between Marginal Probabilties and
Beliefs

We show another application of Gibbs measure theory in this section to measure
the discrepancies between marginal probabilities of probabilistic networks with
pair potentials and the corresponding beliefs. First, we need to introduce some
concepts which can be used for Gibbs measures on general networks. In the
following, we only give a brief introductions and reviews of notations. More

precisely, see Georgii ¡2J.

Let E and ë be some state space and the arbitrary (J-field respectively. Then

(E, ë) is a measurable space. Let Pi and P2 be two probability measures on

(E, ë). We define a distance IIPi - P21i of Pi and P2 by

IIPi(- - P2(-11 == max IPi(A) - P2(A)1
AEë

It is clear that I I . I I is one half of total variation distance. Let S be an arbitrary
(not necessarily tree) site set and D be a set of all possible configurations on S.
Let'l be a specification on D. For each pair of sites i,j E S, we define

Cijb) = sup IhiCI() - 'li('lr¡)11 .
(,7)ED,(s\Ul=7)S\tn

T Error Bounds Between Marginal Probabilities and Beliefs of LBP Algorithm 191

The matrix Cb) = (Cij b) )i,jES is called Dobrushin's interdependence matrix
for 'l A real function f on D is called a cylinder function or a local function if f
is 3" A-measurable for some finite A where 3" A denotes the (J-field of DA, i.e., the
restriction of D to A. A function f : D ~ ff wil be said to be quasilocal if there
is a sequence (fn)n?i of local functions fn such that limn--oo SUPwED If(w) -

fn(w)1 = O. We write r for the set of all bounded quasilocal functions. Let p(f)
denote the expectation of f with respect to a probability p. A specification 'l is
said to be quasilocal if 'lA(fI.) is quasilocal for each A E J and fEr.

We introduce here a well-known condition for absence of phase transition. It
is said that a specification 'l satisfies Dobrushin's condition if 'l is quasilocal and

/
-l

cb) == sup L Cijb) .( 1 .
iES jE8

Let f E£ and j E S be given. The oscilation of f at j is defined by,

6j(f) = sup If(() - f(r¡)1 .
(,7)ED,(s\tn=7)S\Ul

(3)

Let 3" be a (J-field of D. Then we are ready to introduce a tool used to measure
discrepancy of two probability measures defined on (D, 3"). Let two probability
measures ¡. and p, on (D,3") be given. A vector a = (ai)iEs E ¡a, 00)8 is called
an estimate for ¡. and p, if

l¡.(f) - p'(f) I S; L aj 6j (f)
jE8

( 4)

for all f E £. We state two basic facts known about the estimates. First, the
constant vector a == (I)iE8 is always an estimate. Second, let fix two specifica-
tions'l and i, and let ¡. E 9b) and p, E 9(i) be given. Suppose a is an estimate
for ¡i and p,. Define ai by

ai = L Cijb)aj + p,ßi)

jE8

for every i E S, where ßi : D -- ¡a, 00) is a measurable function such that

(5)

II'liClw) - ii('IW)11 S; ßi(W) . (6)

Then a = (ai)iE8 is an estimate for ¡. and p,.
In the following, we try to derive some properties specific to the LBP algo-

rithm. It is noted that the beliefs are, if message update converges, the marginal
probabilities of a single site of an associated Gibbs measure on the corresponding
computation tree ¡SJ. On the basis of this fact, we look at a certain indicator

fuction f as follows:

Proposition 1. Fix Xi E Ei for some i E S. Let f : D ~ iO, If be defined by

f(w) = ItXi¡,(wi). Then fEr, and following two corollaries hold.
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Corollary 1. tL(11:Xi)) is the marginal probability for Xi = Xi,

Corollary 2. OJ(11:x;)) = 1 if j = i, otherwise O.

Proof. First corollary is trivial so that we only show the other. We write a
configuration W = WjWS\U) separating with respect to a site j E S and the

other sites S\UJ-. Fix a site i E S and Xi E Ei. Then we can write eq. (3) with
f(w) = 11:x;) (Wi) as

OJ(f) = sup If(() - f(17)\
(,7)ED ,(S\ Ur =7)S\ Ur

= sup sup If(xws\w) - f(yws\w)1
wED x,yEEj

\ sup 111:Xi) 

(X) - 11:xi)(Y)! if j = i ,
_ x,yEEi
- sup 111:Xi)(Wj) - 11:Xi)(Wj)1 otherwise,

Wj EEj

f1ifj=i,
- L 0 otherwise .

The proof is thus complete.

We think of tL and ¡i shown above as the probability of a target probability and

the associated Gibbs measure and try to measure the discrepancy between their
marginal probabilities. The following two propositions are necessary for this.

Proposition 2. Let G be the network of a probabilistic network and T be the

associated computation tree. Assume G' is the network such that G' = t i(l); i E
GJ- and G' has an edge between i(l) and j(1) if there exists an edge between i
and j in G. Then one can construct a certain network S such that G' c Sand
T c S. We will call S a common space of G and T. \

Proof. Let By denote the edge set of T. There exist edges such that k(1)i(n) for
n :: 2 in By, i.e., the neighboring sites such that one of it has 1 as superscript

and another has n ? 1 as superscript. For every such k(l) i(n), if k(l) i(l) (t By,
add k(l) i(l) to By. The resulting site set (T, By) is the common space S. 0

We give an example of a common space in Figure 2.

Proposition 3. Suppose the joint distribution P of a probabilistic network (G,p)
has the form (1). Let iPi = logqii, iPij = logqiij for i,j E G. Let BG, By be
the edge set of G and the cqrresponding computation tree T . We define two

interaction potentials iP and iP for the common space S of G and T as follows.

iP == t iPiCl) = iPi; i E GJ- U t iPi(1) jCl) = iPij; ij E BG J-

UtiPiCk) = iPi(k)j(!) = 0; k or L :: 2J- ,

Æ == tÆil = iPi; i' E TJ- U tÆi1jl = iPij;i'j' E By J- U tÆi1jl = 0; i'j' 1- By J- ,

where ij stands for the edge between i and j. Then the systems of conditional
probabilities for iP and Æ are the Gibbs specifications defined on S.

o
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ìxìj k~/
i~L~

/r(::,!K~(\
k lmjlm j kil

Fig. 2. A network G (left) and the common space S (right) with depth 2 from the root
node i. The superscripts of the indices in S are ignored. Dotted lines correspond to the
lines added to the computation tree T in the construction of S.

It should bainoted that the transformation of potentials makes no difference to

the margilal probabilities for original space; in particular, for tL E 9(iP) and
¡i E 9(Æ), tL(Xi) and p,Xi) for each i E G' are equal to P(Xi) of the target
probability and the corresponding belief (if exists) respectively.

We let 'Y and i denote the specifications for above iP and Æ respectively. 'Y
and i have the following property.

Corollary 3. There exists a non-empty set S' of indices i E S such that

'Yi(Xilw) = ii(Xilw) (7)

for all Xi E Ei and wEn.

Proof. In deed, the node in S corresponds to the root node of the computation
tree is such a site. The other i E S can be such a site if i is originated from
G and all the edges connecting with i in S are originated from both T and G.
Each such site can be shown to satisfy (7) by direct calculations of conditionalprobabilities of two specifications. D
According to the above property, it is clear that

II'Yi(.lw) - ii(.lw)11 = 0, i E S' ,

for all wEn. Thus we can put ßiO == 0 in (6) for each i E S'. We are now
ready to give the following results.

Theorem 1. Let bi 0 be a convergent belief for i E G of a probabilistic net-
work (G, p). Let 'Y be the specification corresponding to the probabilistic net-
work and C ('Y) be the Dobrushin's interdependence matrix for 'Y. Define Ci ( 'Y) =

LjEG Cij("). Then
Ip(Xi) - bi(xi)1 :: mint1, Ci(")J

for all Xi E Ei.

Proof. We consider the computation tree T with the root node i. Suppose S is

the common space of G and T. Let i be the specification corresponding to the
associated computation tree. Let 9(i) be the set of all Gibbs measures for i and
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fix a Gibbs measure p, E 9(-1') for 1'. With f(w) = ll:Xil(Wi) and Corollary 2, we
can write eq. (4) as

3

1¡.(ll:Xil) - P,(ll:xd) I :: ai .

for some Gibbs measure ¡. E 9h) for T Using the trivial estimate a = (l)iES,
we can obtain ai from eq. (5) as

,0

ai = ¿ Cijh) + P,(ßi) = ¿ Cijh) = cih) .
jES jEG' -3 "'3

Here we took ßi (w) == 0 since i is the root node of computation tree. The second
equation comes from the fact that Cij h) = 0 for i, j, such that i rf j for 'l,
and i is the site at which (7) is satisfied. It should be noted that a' such that
a~ == mint ai, ad = mintl, cihn and a~ == 1 for k #- i is also an estimate. The
marginal probabilities ¡. and p, are in fact that of p and the belief for the node
corresponding to root node respectively. Thus the proof is complete. D

If there is at least one site i such that cih) .: l, its factor of an estimate ai can
be taken less than 1. On the other hand, when a site j has a neighbor i such that
ai .: l, its factor of the estimate aj may be taken less than 1 even if cjh) ~ 1
using (5) with ai .: 1. Conversely, if aj decreases, ai becomes smaller using (5)
with aj again. Such a mutual improvement can be utilized below.

Corollary 4. Let 'l and l' be the specifications corresponding to a probabilistic

network and the corresponding computation tree defined on a certain common
space respectively. Let Ch) be the Dobrushin's independence matrix for the spec-
ification'l and p, E 9(1'). Let a(n) = (a¡n))iES, n = l, 2,...,. be defined by

3

o

-3

Fig. 3. Error bounds between one-variable marginal probabilities and the correspond-
ing beliefs ¥' Ising models on the complete graph network with four vertices. The left
(right) figure is obtained using Theorem 1 (Corollary 4). Contours are imposed.

Here the second summation is taken with respect to all pairs of tl, 2, 3,41' The
corresponding computation tree is called the Cayley tree of degree 2 in Gibbs
measure theory and the associated Gibbs measures are Ising models on it. Let
CT(2) denote the Cayley tree of degree 2. For Ising models on Cayley trees, all
factors of the Dobrushin's interdependence matrix are same and it is easy to
calculate. In particular, for CT(2), the constant c(h, J) for each h, J is written
by

sinh(2lJI) _Cijh) = g(h,J) +cosh(2J) = c(h,J) ,

where g(x,y) = cosh2(lxl + IYI) if ixi :: Iyl, otherwise cosh2(lxl- 2Iyl). Then
cih) shown in Theorem 1 wil be 3c(h, J). In calculation of (8), we need to fix
ß(w) = (ßi(W))iECT(2) and to obtain the expectation P,(ß) = (p,ßi))iECT(2)' The
left side of (6) is clearly bounded by l, so that we put here ßi(W) == 1 for each i.
Then all the factors of the expectation P,(ß) wil be l; we use this in calculation
of (8). In Fig. 3, we summarize the results.

Let Bh,J, Bh,J be the error bounds obtained based on Theorem 1 and Corol-
lary 4 for each (h, J) respectively. For all hand J, it is shown that B'h J :: Bh,J.
This means that the use of (8) are effective for obtaining better resu'lts in this
case. Nevertheless, seen from the experimental results for Ising models reported
in ¡7j, the region where one can get the good error bound is restrictive. It should
be noted that the region (J, h) where Bh,J .: 1 is very close to the region where
Dobrushin's condition is satisfied.

a¡n+1) = mintl, a¡n), (Ch)a(n) + p,ß)kL i E S , (8)

where a¡O) = l,i E S, and p,ß) = (p,ßi))iES, Then a(n) has a limit a* and each

error bound between the marginal probability and the belief for i is given by ai.

Proof. For each i, a¡n) clearly does not increase with n. It is also clear that a¡n)
has a lower bound 0 since a¡O) = l, i E S, and all factors of Ch) and P,(ß) are

non-negative. Then a(n) has a limit. The result follows from the fact that eacha(n) can be an estimate. D
5 N umerIcal Experiments

In the preceding section, we showed error bounds between marginal probabilities
and the corresponding beliefs. In this section, we give numerical experinients so
as to see the effectiveness of error bounds based on Theorem 1 and Corollary 4.

We now use following Ising models on complete graph with four vertices.

6 Conclusion and Remarks

We applied Gibbs measure theory to LBP algorithm with pair potentials to ob-
tain error bounds between marginal probabilities and the corresponding beliefs.
We showed a nontrivial error bound can be obtained under a certain condition
for each site if the algorithm converged. We also gave a procedure which has
a potential for improving the error bounds. We gave numerical experiments top(x) ex exp( h. ¿ Xi + J¿XiXj)

i=1,2,3,4
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check the effectiveness. In some cases, such as Dobrushin's condition is satisfied,
the error bounds and the improvement procedure seem effective. Nevertheless,
the region where one can obtain good bounds seems restrictive.

We give some remarks in the rest of this section. First, the concept of estimates
we used in this paper was developed for general Gibbs measures, so that there
may be a possibility of improvements in application to LBP. Second, we used
i as the factors of P,(ß) in the numerical experiments. However, the precise

assessment of P,(ß) surely has an influence for obtaining a good error bound. The
last remark is about higher-order potential case. In fact, there is another version
of LBP algorithm called LBP on factor graphs, with which one can treat higher-
order potentials. Similar to the pair potential case introduced in this paper, one
can think the concept of computation trees for LBP on factor graphs. Under
the computation tree for LBP on factor graphs, the result shown in this paper
would be valid for probability function with higher-order potentials.
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Abstract. In this paper, we pursue application of Gibbs measure theory

to LB)' in two ways. First, we show this theory can be applied directly to
LBP..for factor graphs, where one can use higher-order potentials. Con-
sequently, we show beliefs are just marginal probabilities for a certain
Gibbs measure on a computation tree. We also give a convergence cri-
terion using this tree. Second, to see the usefulness of this approach, we
apply a well-known general condition and a special one, which are devel-
oped in Gibbs measure theory, to LBP. We compare these two criteria
and another criterion derived by the best present result. Consequently,

we show that the special condition is better than the others and also
show the general condition is better than the best present result when
the influence of one-body potentials is suffciently large. These results
surely encourage the use of Gibbs measure theory in this area.
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i Introduction

Inference problems using graphical models are important in various application
fields. The belief propagation (BP) algorithm is an effcient method for com-
puting marginal probabilities of probabilstic networks without loops. BP can
be formally applied also to networks with loops (LBP). However, if networks
have loops, the algorithm may not converge and beliefs may not equal to exact
marginal probabilties. Nevertheless, applications of LBP algorithm have been
reported to be remarkably useful such as in the coding theory ¡i,4,6J.

In analysis of LBP, Tatikonda and Jordan ¡SJ applied Gibbs measure theory
using the concept of computation trees, which was first introduced by Weiss ¡9J.

They also gave a suffcient convergence criterion based on Simon's condition

of Gibbs measure theory. Nevertheless, to use this theory seems not to be so
popular.

In this paper, we pursue Gibbs measure approach. This paper is composed
of two parts. First, we show that this theory can directly be applied to general
potentials case. The concept of computation tree is important to apply Gibbs
measure theory to LBP. However, it is discussed only for pair potential case and
it is stil unclear how to construct it where higher-order potentials exist. We
give a construction of computation trees according to the LBP for factor graphs.
Second, we show the effectiveness of Gibbs measure approach. Tatikonda and
Jordan derived a criterion based on Simon's condition of Gibbs measures theory


