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Abstract. The concept of global statistical information in the classical statistical experi-
ment with independent exponentially distributed samples is investigated. Explicit formulas
are evaluated for common exponential families. It is shown that the generalized likelihood
ratio test procedure of model selection can be replaced by a generalized information proce-
dure. Simulations in a classical regression model are used to compare this procedure with
that based on the Akaike criterion.
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1. INTRODUCTION

We consider the standard model of asymptotic statistics, i.e. a sequence of
parametrized product probability spaces (2", ™, P}: 68 € O) for © ¢ R™. In
the family (Py: 8 € ©) of distributions corresponding to the sample size n = 1 all
distributions are supposed to be defined by densities pg = dPs/dA.

This model describes a statistical experiment producing a sequence of data vectors
X, =(X1,...,X,) with observations X} i.i.d. by Ps, where g is the true parameter
from ©. In regular models the Fisher formula specifies the amount of information
Iy, contained in one observation from this experiment. As is well known, the Fisher
information measures the sensitivity of the distributions Fy to variations of parameter
# in the neighborhood of 8. This information is local in the sense that Iy, cannot be
affected by modifications of the distribution P, outside open neighborhoods of 8.

! Supported by the Czech Academy of Sciences grant 175402 and by GA CR grant
201/96/0415.
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In this paper we are interested in global measures of information reflecting the
structure of the whole family (F,: 8 € ©). Intuitively we would like to express
the amount of evidence per observation provided by the experiment in favour of
the hypothesis that the true value is in a given subset S C ©. Similarly as in the
local case, this amount of evidence is called briefly information about S. In order
to distinguish this information from the previously mentioned local information, we
call it global information.

Vajda (1997) introduced the global information I(S) = Iy,(S) as the difference of
asymptotic expected maximum likelihoods achieved on S and its complement, i.e. he
congidered

n

lz:lnpe(Xk)-

1 n
I9,(S) = lim Esup — 1 Xi)— lim E su
80(S) P Z n pg(Xi) L eeegsnkﬂ

n—oo QES n 1
He showed that if

Eglelglnpe(Xﬂ >—oc0 and Elnpg(X;)<oo forallfe®

then this information is well defined by the above formulas for all 8, € © and all
nonvoid open or closed proper subsets S C ©. He also proved that then, moreover,

sup ﬁ po(Xk)

(1) Iog(S) =lim L1 288ks1 4
" sup [T pe(Xx)
#eSe k=1

and that one has at one’s disposal simple necessary and sufficient conditions for
consistency of maximum likelihood estimators (MLE’s) and generalized likelihood
ratio tests (GLRT’s) in cases when Iy, (S) is available for 6, € © and appropriate
open or closed subsets S C ©.

In this paper we show by using (1) that in models with exponential densities
one can obtain explicit formulas for I, (S) when 6y is arbitrary and S is a set of
parameters with reasonably simple boundary 8S. In Section 3 we prove that the
global information is the minimal Kullback divergence I{fo,8) achieved by 8 € 85,
with the sign + or — depending on whether 6y is in S or not. In Section 4 we present
formulas for the divergences I(#y,6) in all common exponential families. If ® C R
then these formulas provide the global information simply by Euclidean projections
of Gy on 95.

In Section 5 we show that in exponential models the generalized likelihood ratio
test of a hypothesis S C © can be formulated as a global information test based on
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the statistic I; (S) where 6, is the MLE of 6,. By using this, we show in Section 6
that the “bottom to top” strategy of model selection using the likelihood ratio tests,
applied previously in special statistical models (cf. e.g. Potscher (1983) and Bauer
et al (1988)), can in the case of an arbitrary exponential model be based on the
global information statistics /; (S1),...,1; (Sm) where subsets S; C--- C Sy = ©
represent possible submodels. The global information selection criterion formulated
at the end of Section 6 in fact differs from the likelihood ratio test criteria, and
also from other familiar “information criteria” (cf. Akaike (1973), Schwartz (1978),
Rissanen (1979), Sahamoto et al (1986), Nishii (1988), Speed and Yu (1993), Berlinet
and Francq (1994), Rydén (1995), Vieu (1995)). We compare this criterion with the
Akaike criterion by means of simulations in a classical nonlinear regression model.
Note that the growing need for new information-theoretic methods of reduction of
complexity of regression models has been stressed not long ago e. g. by E. Ronchetti
in his talk at the 12th Prague Conference, cf. Ronchetti (1994).

2. BASIC CONCEPTS AND RESULTS

Exponential families of distributions on £~ are described by the densities
Po(z) = a(6) b(z) ™ A

with respect to a dominating measure A on £ where @: ® — R™ is continuous
and invertible, T: & — R™ is measurable, and ! denotes the vector transpose
(cf. Lehmann (1986)). These densities can be simplified by the reparametrization
Q(#) — 0 and modification of the dominating measure and the density factor b(z)
into the form

T(z)§*
(@) po(z) = <o

where c(0) = 1/a(Q~1(8)) for the new parameter # € R™ called a natural parameter.
The function ¢(#) is then given by the simple formula

c(9) = /z T8 ga(z),

where A is the new dominating measure.
By Hslder’s inequality, c(8) is convex (even logconvex, i.e. Inc(f) is convex).

Therefore, the set
{95 Rm:0</ e”'d,\<oo}
&

is convex.
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We assume that © is nonvoid open and consider the experiment with & = (P:
# € ©) where Py is defined by the density (2) w.r.t. a o-finite measure A. This
experiment is regular in the sense of Brown (1986). Moreover, we assume that for
different 6, € © and 65 € © there is no real ¢ with the property

Mz e Z:T(x) (0, —62)" #c}) =0.

This assumption means that & is not overparametrized (the experiment is minimal
in the sense of Brown (1986)). This implies in particular that all distributions in &
are different and that In ¢(6) has a positive definite Hessian matrix on ©.

If we denote

A

dO) =lnc(®), To=To(Xn) = = S T(Xs)
k=1

then the function
(3) fa(0) =d(0) =T, 0% ie fu(8,X,)=dB) — Tn(X,)6"
is convex and the expression behind lim in (1) reduces to

Anf, fn(6) — inf £.(6),

where S¢ = © — 5. We will be interested in the random variables f,,(S) = fn(S, X,)
defined by

fn(s) = inf fn(a)

feS

for various subsets S C ©. By means of these variables (1) can be rewritten into the
form

(4) Iy (8) = H(fu(S%) = fa(S)) a.s. for S#0, S#6.

As is well known (cf. Brown (1986)), (3) is not only convex but also analytic in the
variable # € ©. We draw several useful consequences of this. First, (3) is continuous
on O so that inf over S can be replaced by inf over a dense countable subset of S.
This implies that f,(Xn,S) is measurable in X,,, i.e. f,(S) is a random variable for
all sets S considered in (4). This formally justifies the definition (4).

The following assertion follows directly from (4). Note that we extend formulas
(5), (6) in this assertion to all subsets S C © by the convention I,(0) = oo,
Iy, (8) = —oo0.
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Theorem 1. If for some § # S # © there exist constants I (S) and Is,(S°)
satisfying (4) then

(5) 19, (5°) = —1g, ().
If for @ # S1 C Sa # © there exist constants Ig,(S1) and Iy, (S2) satisfying (4) then

(6) Ioo(sl) < I00(82)‘

We will also need some facts concerning the mazimum likelihood estimator (MLE)
b, = én(Xn) = arg min f,(6).
The maximum likelihood equation V f,(8) = 0 takes on the form
(7) r(0,) =T, for 7(8) =Vd(9)
where V = (8/86,), ...8/88,, stands for the gradient. As follows from (2),
(8) 7(80) =ET, = ET.

The assumption of strict convexity of d(6) implies that 7(6) is invertible and, by
Theorem 3.6 and formula (2) on p. 145 in Brown (1986), there exist unique solutions
6,, € © of equation (7).

Let us express the Fisher information m x m matrix by

Iy = VEr(8) = VEVd(8).

By what has been said above, . as the Hessian of In ¢(#) must be positive definite on
©, and its elements are obviously continuous on ©. By applying the Taylor theorem
we get from the maximum likelihood equation

A

9) 0n=90+7€_7—1-+o,,(—\;_;) for n = 00

where ¢ is N(0, Z;.").
Throughout this paper we denote for any set S C © by S and S° the relative
closure and interior of S in the subspace © of R™, by S¢ the above introduced

relative complement and by
05=5-5°

the relative boundary.
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In the next lemma we consider the straight line L = L(6,, 6>) passing through two
different points 8;,8; € R™, i.e. we consider the linear subspace of R™ defined by

L={61(1-y)+6y:y € R}
We say that a subset 5 C O separates #; and 05 if §; € S and 65 € S°.

Lemma 1. The set LNAS is nonempty for every subset S C R™ which separates
0, €©and b, € O.

Proof. If 6; or 6 belongs to 35 then the statement holds. Otherwise one of
the points, say ;, belongs to the relative interior S° while 8> belongs to the relative
complement ()¢ of the relative closure S, i.e.

(10) LNS°#0 and LNS#LNO.

Suppose now that L N 8S is empty, i.e. LN (S — S°) = @ or, equivalently,
LNS°=LnS§S.

Since L N S° is relatively open and A 2INnTSis relatively closed in the subspace

LN O of R™, the last assumption implies that A is simultaneously relatively open

and closed in L N ©. Therefore

A=0 or A=LNO,

which contradicts (10). O

By the strong law of large numbers,
(11) lim f,(8) = f(#) forall@ €@,

where
f(6) =d(6) — (ET) 6" = d(6) — 7(6o) 6*.

It follows from here for every nonvoid proper subset S C © that
limsup fa(S) < £(S) for f(S) = inf £(6).

We can prove a stronger result.
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Lemma 2. Forevery S C ©,S #0, S # O, and the above defined f(S),

lim £a(8) = £(S).

Proof. (I) It suffices to prove
liminf f,(S) > f(S) —¢

for all .S under consideration and all € > 0. To this end we need the fact that the
convergence in {11) is uniform on bounded sets, which follows from the relation

fa(0) — f(6) =6(T, —ET), 6€0.

In fact, for bounded S the assertion of Lemma 2 follows directly from here.

(II) For unbounded S we assume for simplicity the existence of points

0* = argmin f(f) and 6 = argmin f,(8).
s s

Modification of the proof in the case that the infima of f(#) and f,(@) are not
attained on .S will be obvious. Consider a sphere S, = S,.(6*) C R™ of radius r > 0
centered at §*. Put

A=0S5,={0e€0: |0 =r}

Since S, separates 8* and any 6 € S¢, Lemma 1 implies that for every 8 € S¢ there
exists 8. € A and y > 1 such that

0=6"(1-y)+6.y.
Moreover, the convexity of f, implies
@1 —y) +0.y) > [r(6°) (1 —9) + fa(6) y.
Thus if f,(6*) < mjn fn(0) then
fn(0) 2 fa(6%) (1 —y) + fa(6%) y = fn(67) forall 6 € S5

It follows from here that 8}, € S¢ implies f,.(6*) > mjn fn(6). Taking the limits on
both sides and using the uniform convergence in (11) established in part (I), we get

£(6°) > min £().
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But the last minimum strictly exceeds f(6*) due to the strict convexity of f at 6*.
Therefore, all but finitely many 8 are a.s. in the sphere S,. If however this happens
then

hmnlnf fn(6r) 2 hfln sl,.rrlwfe fn(6) = sl,,lrlwfe f(6),

where the second relation follows from the above mentioned uniform convergence in
{11). The last infimum can be made greater than f(8*) — ¢ for any € > 0 by taking
the diameter sufficiently small. 0

In the rest of the paper we consider the I-divergence of distributions Py, Ps
(information divergence, Kullback—Leibler number, see Kullback (1959) or Liese and
Vajda (1987))

166:6) = [ poo(@)in %((—;2 dA(@).

It follows from (2) that for the exponential models under consideration
(12) I(606) = f(6) — f(6o) = d(8) — d(B) — 7(60) (6 ~ 6o)".
By combining (12) with Lemma 2 and (4) we obtain the following result.
Lemma 3. For every parameter set S
Iso(S) = inf 1(60;6) — gelgl(ﬂo;@)
_ {o‘§§c 1(6y;68) if6s €S
—;22[(6’0;9) iffp € 5°,
where I(64;8) is given by (12) and inf § = oo.
The next assertion can obviously be applied in Lemma 3.

Lemma 4. If # S C © and 0 € 5S¢ then the boundary 8S is nonempty and

52];](00,9) = G1Enafsl(90;9).

Proof. Consider an arbitrary 6, € S. It suffices to prove that there exists
g* € 8S such that
1(90;9*) 2 1(90; 9*)
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Since S separates 6y and 6., Lemma 1 implies that the set L = L(6o,0.) has a
nonvoid intersection with the relative boundary 8S. Thus there exist 8* € LN 8S
and 17 2 1 such that

0. =0(L—n)+6%n.

Further, since I(fp;8) is convex in the variable § € O,
©(y) = I(60;60(1 —y) + 6" y)

is convex in the domain y 2 0 with ¢(0) = 0. Therefore

1(80,6.) = o(n) 2 9(0) (n — 1) + (1) n 2 p(1) = I(60,8").

Now we can summarize the previous auxiliary results as follows.

Theorem 2. For every subset S C © different from § and O, the global informa-
tion Ig,(S) is equal to

+ nf I(60;6) = + [inf £(8) - f(60)]
=+ [ inf (d(6) - 7(60)6") - (d(60) — 7(60) 60")],

where the sign + takes place if 8, € S and — in the opposite case, and 85 is nonempty.
Proof. Clear from Lemmas 3 and 4. a

Note that the boundary 85 coincides with the boundary 8(.5¢) of the complement.
Thus the global information Iy, (S} is zero if and only if Iy,(S¢) is zero and this
is equivalent to 8y € 8S. If 6y is in the interior S° then the global information
is positive, and if 8y is in the interior (S¢)° of the complement then the global
information is negative.

Conclusions. The global information Iy, (S) characterizes the likelihood as
to whether the unknown parameter 8g is in the set S. Within its range [—o0, +00],
this information respects the intuitively appealing monotonicity and skew-symmetry
rules of Theorem 1. It can be computed by means of Theorem 2.
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3. EXPLICIT FORMULAS

In this section we evaluate the I-divergence (12) for the common exponential
models. For univariate parameters these formulas enable us to evaluate explicitly
the global information by employing the following result.

Theorem 3. If ® C R and
(13) 61 = argmm |90 - gl
a5
minimizes the distance between 0y and the boundary 35 then

(14) Io,(8) = {1(00;01) if6o € S

—1(00;91) 1f00 € .5°.
Proof. If 8 is real-valued then the convexity of ¢(8) = I(6y;6) implies that

0(6) = p(6o) _ 0(6)
0 -8y 09— 6y

»(6) =

is increasing in the domain © — {#p}. Thus ¢(8)/(8 — 6p) is increasing in the domain
8 > 8y and ¢(8)/(6q — #) decreasing in the domain § < 8y. In other words, the
functions

#(8) = 1(60;6) and |6 — 6o

are isotone on the whole domain ©. Consequently, the minimization of Euclidean
distance means the minimization of the I-divergence and vice versa. This together
with Theorem 2 implies (14). O

Note that some formulas are listed below also for bivariate 8 = (¥5,792). In
the multivariate case, /(fp;6) usually, but not always, increases with the Euclidean
distance |6 — 85}]. Therefore in this case Theorem 3 with |8y - 8] in (13) replaced
by || — 6]| need not be true, and the formulas given below have to be inserted into
Theorem 2. If the boundary 35 is defined by means of a differentiable function, then
these formulas can be combined with the Lagrange multipliers method.

Binomial model with a natural parameter § € R. Here )\ is supported by
Z ={0,1,...,n}. Foreveryz € &

o=
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and

eoa: . i g
po(x)-(l-i-eo)n_p (1—p) forp—1+eo
From (12) we obtain
o [(80 —0) e 1+ef
T8;6) = n [ 1+ efo Tt et

and

1-—
I(poip) =n [Po In 22 + (1~ po)In po] .
p 1-p

Poisson model with a natural parameter § € R. The support of X is 2" =
{0,1...} and for every z € 2 we have

and

— _T o
pg(:r)—-—-—eT for 7 = &%,

By (12) we infer
I(80;8) = (80 — 8) e +¢® — e
and

I(r;7) =10 <%—1—lnl>'

To

Geometric model with a natural parameter 8 > 0. Here A is counting with the
same support 2~ as above. For every x € & we have

po(z) =(1—-e e =(1-p)p° forp=e?,

It follows from (12) that

66 1—e P
1(80;6) = —> +1n €

-1 1—e?

and

1-—-
Ionip) = (min 2 4+ (1 o) 0 T72) /(1= o).
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Negative binomial model with a natural parameter 8 > 0. The space Z is as
before and, for every z € &,

Mz) = (r * i - 1>, polz)=(1— e 9)revz,

where r > 0 is given in advance and fixed. The common parameter p is the same as
in the previous example. We obtain from (12) that

e"f)--l_i-ln 1—e?

- . e—fo
1(6656) =+ (Gt + 1 =7 )

and

o) = Po _ 1-po _
I(PmP)—’"(Poln p +(1-po)in 1—p)/(1 Po)-

Now we turn to continuous exponential models. The simplest of these models is

given for § > 0 by the density
fz

po(z) =be”
with respect to the restriction A of the Lebesgue measure on 2" = (0,00). This is
the common ezponential distribution. Here (12) implies
g g

1(90,6) = '0—0—1—111'0—0.

Normal model with natural parameters (1;,9z) € R x (0,00). The dominating
measure A is the Lebesgue one on & = R and, for every z € R,

191:0—'(92:02 s—p)2
(z) = ° - U for - o= !
p61 ,02 - '%.6%79%/192 - /2" 7[-0' y‘ - 2,'921 - /——202 .
2
By (12),

Vo1 (Vo1 — V1) Jo1 1

I((Yo1; 1 (01,92)) = - Ygg — ¥

((Fo1; Yo2); (F1,72)) 200s + 500 s (Yoz — ¥2)
+ .1_1 QQ?_ + _12%_ —_ _l’i(ﬂ-_

so that \ , \
1 - o o
(i, 00) () = 5 | L2hE + % -1 - ]
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Here ir>n; I((po,00); (1, 0)) is attained at 02 = (u — po)? + o and
o

. i _1 (1 = po)®

(15) i 1o, 0ol o)) = 31 (14 L),

Remark 1. It follows from the invariance of the I-divergence with respect to

sufficient transformations that the I-divergence in the model (P, T-1: § € @) for

the one-to-one mapping 7'(z), € £, coincides with that in the model (Py: ¢ € 9).
This is illustrated by the following model.

Lognormal model with natural parameters (J;,92) € R x (0,00). The domi-
nating measure A is concentrated on S = (0,00) where it has the density 1/z with
respect to the Lebesgue measure. For every z € S,

9 log z—9a2> 2
e 1 _(logz—~p) 9 1
= e 20 fory=—, o=

z) = = ’
Po1,92(7) \/:9_,:;64119;/192 V2o 29, V29,

Here I((901;%02); (¥1,92)) and I((po,00);{p,0)) are the same as in the normal
model.

Gamma model with natural parameters (9;,9;) € (—1,00) x (0,00). Here A is
the Lebesgue measure restricted to the same % as above and, for every z € S,

e191 logz—vdox 7
T + 1)/ T T(n)

Po;,0,(2) " e forn=9,+1, T=17,.

It follows from (12) that

0 9
I{(61,%02); (91,92)) = (¥ + 1) (502; —1-1In 5{%)

I((n,m0);(n, 7)) =n (1 -1 —lnI—) .

Beta model with natural parameters ¥;, ¥2 > —1. Here ) is the restriction of
the Lebesgue measure on the interval 2" = (0,1) and, for every x € 2,

) = e?1 log z+92 log(l—2) _ ge—1 (1 — :L‘)b_]
Pﬁ,,ﬂg(m = B(191+1,’l92+1) - B(a,b)

fora=30,+1, b=9,+ 1.
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We obtain from (12)

B(a,b)

1{(ao, bo); (a,b)) = In B(ao, bo)

+ B; (ao, bo) (ao - a) + B;(ao, bo) (bo - b)

where Bj(z,y) = dB(z,y)/0z and Bj(z,y) = 0B(x,y)/0y. Consider the so-called
digamma function defined by

Plz) = (% Inl'(z), =>0,

and satisfying the relation

P(z) - =(z~y) ]ZJ-HC G +9) z,y>0

(see Spanier and Oldham (1987)). By virtue of the formula B(z,y) = I'(z) T'(y)/r{z+
y) and the function
> 1

o(2,9) =y§0 GTaGTeTy)

the I-divergence of two Beta distributions can be expressed as

B{a,b)

In o
B(ao, bo)

~ B(ao, bo) [¢(ao, bo) (a0 — @) + ¢(bo, ao) (bo ~ b)].
The I-divergences in the next three models can be obtained from the formula for
the Gamma model with n = 1, 1 and 2, by using Remark 1 for T'(z) = \/z.

Modular model with natural parameter § > 0. The dominating measure is the
Lebesgue one on £ = (0, 00) and

—622/2
[+
po(x) = =

20

1/(6 0
I(05:0) = 1— —
1(60;9) = <00 1“90>

Rayleigh model with natural parameter § > 0. Here the dominating A has
density x with respect to the Lebesgue measure on the same 2~ as above,

and

po(z) =00 /2
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and
9 é
I1(64;6) = % - 1—ln%.

Maxwell model with natural parameter § > 0. Here the density of the dominat-
ing measure is 22 on £ = (0, 00),

-62%/2
[
Po(z) = —7=
263
and 370 9
1(6y;6) = 3 (% -1 —h’laa) .

4. TESTING OF HYPOTHESES

In this section we consider a hypothesis and an alternative
H:0€S and &:0p€S¢

being tested on the basis of data X, in the general exponential model (2). The set
S of parameters is supposed to be arbitrary, different from ¢ and ©. By Lemma 4,
the boundary 05 is then nonempty.

We investigate the global information test (GIT) based on the global information

statistic . X
inf 1(6,,6) ifé, €S

Tp=1I; (5) = 0€dS )
" — inf I(6,,0) otherwise,
0€as

where 8, = §(X,,) is the MLE defined by (7), which is rejecting # if and only if
(16) ', € €n.

Further, we consider the generalized likelihood ratio test (GLRT) based on the statis-
tic

sup (T 6 — d(9)) sup eT—d(®) \"
A =S _|_s

sup e"(Tn 6* — d(6)) sup eTnt—d(6)
e

bl

where T, = T,,(X,,) is the same as in (3), which is rejecting J# if and only if
(17) An € .
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Unless otherwise stated, &, and \,, are arbitrary real sequences.

Lemma 5. For every S under consideration,

1 ifb, €8
J— R
entn  iff, € S¢.

Proof. By definition, (7) and (11) we have
sup o7 () 8" —d(0)

Ap)t/m = 2 —
(An) sup e () 8¢ —d(8)
)

sup o7 (6.) 8 —d(0)

S
e"(én) éﬁl"d(én)

sup ef »)=1(0) = gyp e~ 1(6:0)
S S

—inf 1(5,,;9).

The desired equality follows from the fact that [ (9n; én) = 0 minimizes I (én; 8) on
S and that, by Lemma 2,

—@H&&:%@)H&eﬁ

O

Remark 2. This lemma implies that the global information statistic I',, con-
tains in some sense more information about the unknown parameter 8y than the
GLR A,. Namely, A,, = ¥,.(T',) where

Tn(y) =e"Y1(—e0,0)(¥) + 1j0,00)(¥), Y ER,

while [',, cannot be obtained from A,, when A, = 1, i.e. the nonnegative values of
I', cannot be reconstructed from the statistic A,.

The next result implies that GIT can always be at least as good as the well known
GLRT. We see that €, given by (18) is from the subset [—00,0)U{oo} of the extended
real line. In fact, the critical values &, € {0, 00] are of a limited practical importance
since they lead to unpleasant behaviour of probabilities P(I'», < &,) for 8y close to
the boundary of S. This is reflected in Theorem 5 below, where only negative e, are
allowed. Therefore the advantages of GIT over GLRT mentioned in Remark 2 and
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Theorem 4 are interesting rather from the theoretical than from the practical point
of view.

Theorem 4. (i) If
1
(18) Ep = —0O0 1(_00_0](/\n) + 1(0'1)(/\,1) ;; Ini, +© 1[1’00)(/\,1)

then GIT and GLRT coincide in the sense that the event (17) is equivalent to (16).
(ii) Ife, € [0,00) then GLRT cannot coincide with GIT, i.e. (17) is for no —oco £
An € 00 equivalent with (16).

Proof. If A, € (0,1) then (18) implies

En = lln)\n or A\, =e""

n
and it follows from Lemma 5 that (16) holds, if and only if (17) takes place, i.e. in
this case (i) holds, too. If €, € [0, 00) then (17) is not equivalent (16) in the models
with P(T",, > 0) > 0, and such models obviously exist. Thus (ii) holds as well. O

The following fact is well known for many particular exponential models and com-
mon hypotheses S, like intervals or rectangles. GLRT’s of one-sided or two-sided
hypotheses about the mean of normal model, with known or unknown variances, are
perhaps the best known examples.

Corollary. The generalized likelihood ratio statistic is, for every S under consid-
eration and for the MLE 6,,, given by the formula

A, = exp{—n oiélgs 1(0,; 9)}

= exp{-—n[iglsf (d(8) — 7(Bn) 8*) — (d(8n) — 7(8,) 62)]}

unless 6, € S, in which case A,, = 1.
Proof. Clear from Theorem 2 and Lemma 5. [

The next result is not principially new, either. It follows by the equivalence in part
(i) of Theorem 4 from the familiar consistency of GLRT (cf. e.g. Lehmann (1986)).
What might be of interest is the full generality of the model and hypothesis and a
relatively simple proof. Recall also that the consistency of tests is considered in this
paper in a slightly stronger form than in Lehmann (1986). By the consistency of
GIT we mean that the asymptotic power of the test (16) is 1, i.e.

(19) limn, =1 if6y € S°
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for
n = P(Lr < €4),

and the asymptotic size is zero, i.e.
(20) limm, =0 iffy €S
7

In Lehmann (1986), the limit condition of (20) is replaced by limsup 7, < o for a
given0<a<1. "

Theorem 5. Ife, 10 and ne, — —0c0 as n — oo, then the GIT is consistent for
all hypotheses ¢ with S relatively closed in the subspace © C R™. More precisely,
en 10 implies (19) and ne,, — —oo implies (20).

Proof. In the trivial cases S = () or S = © the statement is obviously true.
Let us therefore suppose S # @ and S # ©. (I) The strong law of large numbers
together with (7) and (8) implies the strong consistency of the MLE 6. Further, by
Theorem 2 we have in the notation of Lemma 1

15, (S) = 16, (S)] < |fn(3S) = F(BS)| + | £(bn) = f(B0)!.
Lemma 1 and the strong consistency of 6, now imply
(21) lim I; (S) =Ip,(5) a.s.

(II) Since S° is relatively open, 6 € S¢ implies I5,(S) < 0 so that (19) follows for
all &, = o(1) from (21).
(ITI) By the Bayes formula we obtain

7o =P (I;,(8) < enlfn € S) Phn € )
+P (L, (S) <enlbne 5°) P(ba € 5°),

n

where 5 (S) =2 0 for 6, € S so that the first probability is zero and
m =P (1,;”(5) <enlbn € SC) P, € S°).

(IV) Let us suppose 8y € S. If §; is in the interior S® then the consistency of én
implies lim P(d, € S¢) = 0 so that (20) holds. Let us therefore suppose 8y € 8S. If

fr € S then I; (S) >0 and
P(L;,(9) <en) =0.
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I£ 6, € S° then I; (S) = = inf_I(6n;6) > ~I(6;6o) and

P (1,(5) < en) <P (~1(Bnif0) <en)
=P (I(én;eo) > —en) .

By applying the Taylor theorem to (11) we get for all 81, 6, € ©
1
1(61;62) = 5(91 = 6) F5(6: - 62)",

where % is the Fisher information introduced in Section 2 and # is a point between
61 and 6,. By inserting (9) in the last formula we get for n — co

N 1 1
H0ri60) = 5 € 506 +0, (1)

L) ()10 1)

where 1, is chi-square distributed with m degrees of freedom. We see that if ne, —
—oo then
lim P(I(6p;60) < —€n) = 1.

It follows from the last proof that if

_Xa(l-0o)

En =
m

where x2,(1 — ) is the (1 ~ a)-quantile of x2,, then the GIT is asymptotically a-level
in the sense that §y € S implies limsup 7, < @. If the term 0,(1/n) is of stochastic

order 1/n uniformly for all 6, € § (in fact, for all §, € 85 only) then the GIT is
asymptotically uniformly a-level in the sense

lim sup sup Py, (I,; < sn) < o,
n do€S -

where Py, denotes the dependence of P on the true parameter 8y € ©. By Theorem 6,
this test is then also unbiased in the sense that §p € S° implies

lim inf [wn — sup ﬂn} >0.
n #oES
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Example 1. Let us consider in the normal model with unknowns py and og
the hypothesis ##: ug € c. Here the MLE 8,, = (2,,, §,) is given by the formulas

1 1 «
fin = — X 52 = — )('i"“n.2
i n; and &2 n;( fin)
and 89 is the halfline {y,0: p = c and ¢ > 0}. By (15),

. PN _1 (fon = ¢)?
B T, 52); (4.0)) = 51 (1+ ).

Thus J# is rejected by the GIT with a negative ¢, if and only if

N 1 (fin — 0)2
fn>c¢ and iln (1 + T > —e, (cf. (16)),

i.e.
V1 (fin = c)
Sn

fn>c and > K,

where

n—1

Sp = \‘ L Z(Xi —fn)? and K, =+/(n—1)(e"2~ - 1).
i=1
Since /n (fin — ¢)/sn < T, for every po < ¢ where T, £ V(i — t0)/8n 18 t-
distributed with n — 1 degreees of freedom, the choice of the (1 — a)-quantile
Kn = tn_l(l - 0{)

guarantees for every n the test size «, and the asymptotic power 1. The GIT rejection
rule becomes

V(i —¢) 2 sntp-1(l —a) forall0<a<1/2,

and the test is (nonasymptotically) uniformly a-level and unbiased.
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5. SELECTION OF MODELS

As is well known, all dominated statistical models with densities regular in the
Dynkin sense can be approximated by an exponential model of sufficiently high
dimension m. In this section we apply the results of Section 4 in order to obtain
statistical rules enabling us to reduce the dimension m of exponential models, or the
scope of the parameter space O, or simultaneously both. In order to avoid confusion
with terminology developed in other areas of statistics, we speak in this section about
decision rules instead of selection rules.

For j =1,...,M let us consider a sequence of hypotheses

L%fi:a()ESj, where S, CS; C---C Sy

are subsets of © relatively closed in ©. Put Sg = 0 and Sps4; = © . We are interested
in measurable decision rules ®: 2™ — {1,..., M + 1} where (X,,) = j decides on
the submodel (pg: 8 € S;). For every 6y € © the decision ®,, = ®(X,,) is errorless if

and only if
M

$,, = min {] 6o € Sj} = Z 13]9(90).
j=0

Thus the probability of error is given by the formula
M

(22) P(@,05) =P (2, # 3 15;(60))
j=0

for all rules ® and true parameters o € ©.
A decision rule @ is said to be consistent if

lim P((I)n,eo) =0 forall 8y € O.
n

Consistent decision rules for selection of reduced models have been studied under
special assumptions by several authors, cf. Bauer et al (1988), Nishii (1988) and
others cited in Section 1. In this section we show that the selection criteria based
on the GLRT’s applied subsequently to the hypotheses J#, ..., #y, with critical
values A, determined by the penalty terms, can in the case of exponential models
be interpreted, and also practically realized, as information criteria using the global
information statistics.
Let
Lhj= Ié"(Sj), ji=0,....,.M
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be the global information statistics introduced in the previous section, satisfying the
obvious inequalities

—00 = Fn,O < I‘n,l RN Pn,M+1 = 0.

We will be interested in the global information rules (GIR’s), defined by means of
real valued sequences ¢, as follows:

(23) ¢, =max{j: 'n; S en}+1=min{j: n; >en}.

This means that the GIR decides on the first of the hypotheses 4%, 4, ..., %+
which is not rejected by the GIT rule (16). Since J% is always and 5%, never
rejected, the GIR is well defined by (23).

Theorem 6. If ¢, satisfies the assumptions of Theorem 5 then the GIR (23) is
consistent.

Proof. Let 6y € © be arbitrary, define
M
k= 1s:(6o)
J=0

and consider the events

Ap = {Pn,k-—-l > 5n},
{ {Tor <en} k<M

Bn=
0 if k=M +1.

The order in the statistics ', ; implies that the events A, B, are disjoint and, for
69 and ®,, under consideration,

(24) P(®5,600) = P(Az) + P(Bn).

If 7, is defined as in Section 4 then there exists 1 < j < k such that 1 — P(A,) is
the power 7, of the GIT (16) for J& = &, i.e.

P(An)=1-m, forS=3S5;, 6 €5;,
and P(B,,) is the size of the GIT (16) for J# = J4, i.e.
P(B,) =n, for S =Sk, 6y € Sk.
By Theorem 5, it follows from here that the sum (24) tends to zero asn — co. O
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Example 2. In the model of Example 1 let M =1 and S; = {y,0: p < ¢}
Let us first consider 8y € S1. Then P(A,) = 0 and it follows from Example 1 that

\/ﬁ(/:"n — Uo)

Sn

P(B,) <P (

> VeF D= 1)) .

Since e~ — 1 = 2|e,| + o(en), lirrlnn|sn| — oo assumed in Theorem 5 implies
that also the limit of (24) is zero. If 8y € S, i.e. wo > ¢, then P(B,) = 0 and
P(A,) < P, € S1) = P(iin < c), where the last probability tends to zero by
the law of large numbers. Thus again the limit of (24) is zero. If the problem is
reformulated for Sy = {4,0: p = 0,0 > 0} or Sy = {p,0: p = 0,0 > 0} then
we have a problem of dimension reduction. Here again the decision rule (23) is
consistent.

Let us now consider M = m —1 and let S; be the subspace {0 = (¢1,...,9;) € O:
Yj41 = -+ = ¥, = 0} so that the reduced model (ps: 6 € S;) is of dimension
j, 1 £ j < m. If there exists 1 € j < m such that the true parameter values 8
are restricted to the subspace S; (i.e. if #y € Sm—1), then the rule described by
Theorem 6 leads to the simplest possible reduced model with the asymptotically
negligible error.

But even if the hypothesis J#,_1: 8p € S, -1 is false, the viewpoint of model
simplicity leads to the need to consider the reduced models of dimensions 1 € j < m.
A submodel (Py: 8 € Si) is acceptable if the true value 6y is in a close neighborhood
of Sk (the hypothesis J£*) and if all similarly defined hypotheses 77", 1 < j < k,
are false.

We adopt this approach, with the global informations Ig,(S;) serving as measures
of proximity of , and S;. Therefore we consider for a small 7 > 0 the hypotheses

G Igy(S;) < —7 forl<jg<m—1.
These hypotheses coincide with the above considered J; for S; replaced by
S;={0€0: I(S;) < -7}
Further, (12) implies for every 6y, 6 and 8
1(61;6) — 1(62;6) = I(61;62) + (7(62) — 7(61)) (0 — 62)"

so that ||#; — 82| — O implies ||argming I(6;;6) — argming I(62;8)|| — 0 for convex
sets S = §; = 8S;. It follows from here that the sets S} are relatively closed in ©.
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Thus Theorem 6 implies that the criterion of dimension reduction defined by (23)
with I',, ; replaced by
T =14,(57)

is asymptotically errorless provided that e, figuring in (23) satisfy the assumptions
of Theorem 5.

An open problem in the just formulated criterion is the numerical evaluation of
I;. (SJ’!‘). Since the boundaries S} are not as simple as 85j,

g’g‘f’; 1(6,;0) = :l:Io*" (S;)
are less easily evaluated than
inf I(6n;0) = —I; (S;) a.s. for 6 € Sg,_;.

Therefore we formulate an alternative criterion based just on the statistics I; (S;).
In the rest of the paper we use the notation

. Al
(25) Li=To(S)l, Alj=1Ii=Iin, ¢(j) ="
J
and
. AT, ;
(26) Tnj =53, (S)l, Alng =Taj—Tagrr, 9(j) =
n,J

Since we restrict ourselves to §p € S7,_;, functions I; and I',, ; are decreasing in the
domain1 < j<m—2.
Let us first consider for some 4,, > 0 the decision criterion
(27) ®, =min{j: p; <7+d,} (cf (23)).
By (22), probability of error is defined by the formula
P(®,,00) =P(®, #max{j: I; > 1})

and Theorem 6 implies the following result.

Theorem 7. If the sequence e, = —9d, satisfies the assumptions of Theorem 5
then
lim P(®,,600) =0 foreveryfy € S;,_,.
n
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The disadvantage of this information criterion is that the decisions ®,, depend very
strongly on the parameter 7 > 0, so that the models chosen for, say, 7 = 10~! and
7 = 102 are often different. Therefore we make precise a variant of this criterion
using local minima of the relative increments ¥(j).

Let ¥(j), 1 € j € m — 1 be the function defined by (26). If this function has
no local minimum in the subdomain 1 < § < m — 1 then we put &, = m — 1.
Otherwise ®,, equals the largest local minimum point 1 < j < m — 1. This is the
global information criterion (GIC) to which we refer in the sequel.

If1 <k <m—1is alocal minimum of ¥(j) then the values I, ; decrease rapidly
(exponentially) in the domain j; € j < k and slowly in the domain & < j € j2 where
1< /i <kandk < js €£m—1 are the closest local maxima of ¢(j). This means
that if &£ is the largest local minimum then I', ; can be expected to be small. By
(21), for large n this means that with a high probability I; will be small, i.e. that
the hypothesis J£* with a small 7 > 0 will be very likely.

The GIC obviously differs from the information criterion proposed by Akaike
(1973) (AIC, see also the references given in Section 1). It also differs from the
other familiar criteria mentioned in Section 1. In the rest of section we consider an
example serving for the demonstration of properties of the AIC throughout the book
of Sahamoto et al. (1986). We will see that in this example the decision of GIC
coincides with that of AIC.

Example 3. Let us consider the sample space & = (0,1) X R and the expo-
nential density

po(z1,22) = e"lm-u=nal’/20% g = (g,a) € (0,00) x R?,
202
on this space, where a = (ag, a1, ...,02) and
10
pu(z,a) = ag + Z[agr_l sin(2nrz) + ag, cos(2nrz)].
r=1

The vector § from © = (0,00) x R?! C R?2 is assumed to be organized into 11
bivariate components 94, ...,9;1, where

91 = {(g,a0) € (0,00) x R

and
Orp1 = (azr_l,azr) €eR? forl < r< 0.
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By the result of the fifth example of Section 3, we have for 6y = (00,a0) and
8 = (0,a) that

1 _ 2 2
1(80;6) = %/ [(“(“’1’“0)02”(‘”1’“)) +8-1-m ;—] dz;
0

10

Z:O(G’O‘I‘ - ar) 0_2 o2
) S = SO SR

DO} =

Consider now the reduced models with parameter subspaces
Sj ={0€@:’l9j+1 =-"=1911 =0}E{a,a:a2j_1 =~--=a20=0}

for 1 < j <10and So = #,5;; = ©. These models are considered throughout
Chapter 4 in Sahamoto et al. (1986). For the same 8y = (09, ap) € @ — Sip and its
ML-estimate § = (&, &) based on n = 500 samples as considered on p. 60 ibid. (and
gwen in the bold letters in Tables 1 and 2 below), we have computed the vectors
8; = (5;,4;) € S; which minimize the /-divergence I (6,6) on 985 = 8.

If we define for every 1 € j £ 10

20
dj=(&0,"')a’2j—-2703---,0) and ~3-= Z d?+&2éA?+&2
i=2j-—1
then § = (#,&) € S;, and, by (28),
inf I j. = i I((&.a):
Jnf 10:6)= it I((6,4);(s,0)

1 [ 20530 - ai)® + Z,_2] , &2 + &2 52
- - -1 2 ~1=In—
>0, (a0,...,ap;-2)€RI~1 2 g

20
o1 = 2402 62 _
= inf 5 {Z’ 2 012 : —1-In EE] (attained at a = a;)
1 &2 +Z?E2j-1 a? 42 +Af . 9 x9
=3 In 5 =In o (attained at o? = 67)

The values 67 = &2 + A? and &2 are tabulated for 1 € j < 10 in Table 1 below,
together with the minimal I-divergences

Fn,l = ](9;91) > e > rn,m = l(é;élo)
and with quantities AT, ; and ¢ (j) defined by (26).
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J Ggj—1  G2j

Tn;

=ln\/g

AFn,_,- =
=1|13(8;)| Tn,j = Tnjta

¥(4) x 100

— el

T x 100

— 8.011
2.465 —3.847
2.249 -1.009
0.515 0.007
4 -0.139 —0.073
5 0.084 0.021
6 —0.060 0.044
7 —0.075 —-0.011
& 0.142 —-0.016
9 —-0.035 0.039
10 0.040 -0.089

w N = O

Table 1: Values of 8, and quantities depending on b,

00
1.722
1.047
0.161
0.041
0.028
0.025
0.022
0.018
0.007
0.006

0.675
0.886
0.120
0.013
0.003
0.003
0.004
0.011
0.001

39
85
75
32
11
12
18
61
14

We see from Table 1 and from the full line graph in Figure 1 that the GIC reduces
the dimension to j = 5, i.e. that the best in the stated sense is the exponential
submodel with the parameter space Ss. This submodel has also been calculated on

p. 75 in Sahamoto et al. (1986) as the best in the sense of Akaike’s AIC.

1001

501

—9(j) x 100
===(j) x 100

0

1

3 3 4 5 6 7 8 9 75

Figure 1. Graphs of the relative information distance increments #(j) and ¢(j).
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Jao2j—1  @og; 67 =0f + A2 I =14, (S;)| AL = I; = It ¢(5) x 100

(5% = 02) =ln\/§ = 5 x 100
0 — 8.000 1.000 00 — —
1 2.415 —3.806 27.13 1.650 0.691 42
2 2119 —-0.997 0.959 0.819 0.679 85
3 0.545 0.069 1.324 0.140 0.129 92
4 —-0.094 —0.078 1.022 0.011 0.007 67
5 —0.021 —0.065 1.007 0.004 2.7x 1073 64
6 —0.011 0.042 1.003 1.3x 1073 9.2 x 107* 71
7 —0.011 0.010 1.000 3.8 x10~* 1.1 x107* 29
8 0.020 —0.004 1.000 2.7 x 10~* 21x107* 77
9 0.002 0.001 1.000 6.1 x 1078 3x107¢ 4
10 —0.006 —0.009 1.000 5.8 x 1075 — —

Table 2: Values of §; and quantities depending on 6.

The values I, A, and ¢(k) defined by (25) and obtained by replacing in the
formulas above the maximum likely parameters § = (&, &) by the true values 8y =
(06, a0), are presented in Table 2 and Figure 1 (the interrupted line). We see two
local minima of ¢(j) in the domain 1 < j < 9. One at j = 5 as in the case of ¥(k),
and the other at j = 7. The relative loss of information caused by dropping out the
coordinate pair 87 = (ag,11,0,12) = {—0.011,0.042) is considerable, but the negative
information Iy, (Ss) = —I is still negligible, of order 10~3. Thus the submodel with
the parameter subspace S; does not seem to have much advantage over that with
Sg. Since the information distance Iy is of order 10~3 too, but I4 is already of order
10~2, the above considered GIC decision for S5 seems to be justified also by the direct
analysis of global information distance between 6y and the subspaces S;, 1 € j < 10.

The question is to what extent the above achieved coincidence of decisions by the
criteria GIC and AIC depends on the set of data randomly generated for the example
in Sahamoto et al. (1986). To answer this question, Nikolov (1996) simulated new
data of the same sample size n = 500 with the aim to compare the decisions by
GIC and AIC. The performances of both criteria were found to be similar, slightly
in favour of GIC. Namely, the average difference between decisions by AIC and
GIC observed in 2000 simulated samples was +0.485. Since it is known that AIC
overestimates the “quasitrue model” (see p. 402 in Nishii (1988)), this result favorizes
the GIC. Moreover, the observed dispersion of decisions by GIC was significantly
smaller.
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