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Abstract

Many standard methods for modeling interaction in two way ANOVA require mn interaction
parameters� where m and n are the number of rows and columns in the table� By viewing the
interaction parameters as a matrix and performing a singular value decomposition� one arrives
at the Additive Main E�ects and Multiplicative Interaction �AMMI� model which is commonly
used in agriculture� By using only those interaction components with the largest singular values�
one can produce an estimate of interaction that requires far fewer than mn parameters while
retaining most of the explanatory power of standard methods�

The central inference problems of estimating the parameters and determining the number
of interaction components has been di�cult except in �ideal	 situations �equal cell sizes� equal
variance� etc��� The Bayesian methodology developed in this paper applies for unequal sam

ple sizes and heteroscedastic data� and may be easily generalized to more complicated data
structures� We illustrate the proposed methodology with two examples�
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� Introduction

Many standard analyses of interaction in the twoway Analysis of Variance �ANOVA� model begin
with the relation

yijk 
 � � �i � �j � �ij � �ijk �
�

where i 
 
� � � � � m� j 
 
� � � � � n� k indexes the observations within each cell� �i and �j are the
main e�ects� �ij are interaction parameters� and �ijk is independent N��� 	�� random error� The
�ij parameters form a m� n matrix � with mn parameters� Our goal in this paper is to describe
a method for analyzing the interaction that is more parsimonious than using mn parameters but
retains most of the explanatory power�

Parsimonious modeling of the interaction is achieved by taking the singular value decomposition
� 
 �T�� and retaining only the �rst few singular values� where � is a diagonal min�m�n� �
min�m�n� matrix� � is a min�m�n��m matrix with orthonormal rows� and � is a min�m�n�� n






matrix with orthonormal rows� If � 
 �T��� then �ij 

PT
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t�ti�tj and thus equation �
�
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 � for all r �
 s �the �

and � vectors form orthonormal matrices in the singular value decomposition��
This reparameterization� originally considered in Gollob �
����� has already been used in a

variety of contexts� such as genetics �Elkind and Cahaner 
����� infrared spectroscopy �Isakkson
and Naes 
����� latent variable models in education �Muthen and Satorra 
���� and analysis of crop
yield data �Zobel� Wright� and Gauch 
���� Cornelius� Crossa and Seyedsadr 
���� hereafter CCS��
Some related work appears in Tukey �
����� Maransinghe and Johnson �
����� Yochmowitz and
Cornell �
�	��� and Rao �
��	�� Within agriculture equation ��� is known as the Additive E�ects
and Multiplicative Interaction �AMMI� model� The central advantage of the AMMI formulation
is that T may typically be chosen small and still retain much of the explanatory power of the full
interaction model �
�� Instead of mn parameters� one uses T �m � n � 
� parameters�

The central di�culties in using the AMMI model are estimating the parameters of the model
and determining T � Typically the AMMI parameters are estimated by an iterative least squares
method �see CCS� where one computes least squares estimate of the main e�ects and then performs
a singular value decomposition on the residuals� Estimation of T is performed by approximate F
tests� These methods� however� are insu�ciently �exible to handle heteroscedastic data and unequal
cell sizes� The contribution of this paper is to provide a set of tools that are su�ciently �exible to
be applied to heteroscedastic data and unequal cell sizes�

In section ��
 we describe the our prior distribution� As the values of the 
t are particularly rel�
evant in determining T � the number of interaction components� we derive the conditional posterior
means of 
t� With the exception of the � and � vectors� posterior computation is straightforward�
However� � and � are de�ned as coordinate axes� and thus computation is nontrivial and described
in section ����

In section � we describe a method for evaluating the �t of the interaction components based
on model embeddings from Viele �
����� The goal of the method is to determine the number of
components required to produce a reasonable approximation of the data� The proposed method is
�exible enough to allow the investigator to determine the functional de�nition of what is �reason�
able�� We provide a default measure based on Kullback�Leibler �KL� information and calculations
for implementing the KL measure� KL information is fundamental to determining the complexity of
a model �van Emden 
�	
� and hence is used is many model selection criteria such as AIC �Akaike

�	�� and ICOMP �Bozdogan and Haughton 
�����

Two examples are shown in section �� reanalyzing data on a soybean yield experiment from
Zobel� Wright� and Gauch �
���� and a tomato softness study from Oman �
��
�� The tomato
dataset with unequal variances demonstrates the �exibility of the Bayesian approach in analyzing
data with heteroscedasticity or random e�ects� The results qualitatively agree with the frequentist
analysis in estimating the parameters� The examples also provide additional analyses evaluating
the �t of the interaction terms in the model� Further discussion of the method is provided in section
��

�



� Prior Distribution and Computation

��� Prior Distribution

The parameters of the model are �� 	�� the additive parameters � and �� and the interaction
parameters 
� �� and �� The purpose of this section is to describe a prior distribution on these
parameters that obeys the constraints of the model�

We place a normal prior on � and a half normal prior N����� 	
�
�� on each 
t� de�ned as

the distribution proportional to a N���� 	
�
�� distribution for the nonnegative real numbers and �

elsewhere� This is a conjugate prior that assures the length parameters will be nonnegative� Either
distribution may be made approximately �at by choosing large variances�

The � and � vectors are constrained to sum to � to avoid confounding with �� The prior on
the � vector �the prior on � is similar� is the multivariate normal distribution

Nm

�
�� 	��

h
I � �
�m�

T

i�
�

which is the conditional distribution of m independent N��� 	��� random variables given the sum is
� �Schervish 
���� section ������� Although the covariance matrix is singular� it has the advantages
that the generated �i sum to � and all the �i are exchangeable� In practice� we avoid di�culties
with the singular covariance matrix by including only ��� � � � � �m�� as parameters and then de�ning
�m 
 ���� � � � �� �m����

The vector �� ��� is similar� must have zero sum and unit length� The constraint that �� must
sum to � is equivalent to �� being orthogonal to the 
 vector� These vectors form a hyperplane
in IRm� The constraint of unit length corresponds to the vectors on the unit sphere in IRm� The
intersection of these subspaces is an m � � dimensional sphere in IRm� In three dimensions� this
corresponds to intersecting the sphere x� � y� � z� 
 
 with the plane de�ned by x � y � z 
 ��
The intersection of these subspaces is a circle� We place a uniform prior over the possible values
of ��� which we write SUNI� For the current discussion we assume the subspace is understood� We
describe the details of sampling from this distribution in section ����

Additional axes ��� ��� � � � �similarly for ��� ��� � � �� must be orthogonal to all previously generated
axes� After �� has been generated� �� is in the intersection of the hyperplane of vectors orthogonal
to 
 and �� and having unit length� This subspace is an m�� dimensional sphere in IRm� Additional
axes reside in lower dimensional spheres� If the model speci�es a full rank interaction� then either
the �nal � or � �depending on whether m or n is smaller� is supported on only two vectors which
are additive inverses of one another� In two dimensions� the intersection of the unit circle with the
line x � y 
 � results in two solutions x 
 �y 
 
����� and �x 
 y 
 
������ The conditional
prior distribution of each �t given the previous axes is a spherical uniform on the correct subspace�
For the �nal axis this results in a Bernoulli�
��� distribution on the two possible vectors�

The complete scheme is the following set of independent prior distributions�
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	� � InvGamma�a�� b��

���

This prior may then be restricted to satisfy whatever assumptions one chooses for identi�ability
of the interaction components� such as using only a half sphere for �t if �t� is constrained to be
nonnegative� Unequal variances across rows may be included in the model by placing separate
inverse gamma priors on each 	�i �

��� Conditional Posterior Means

Though the AMMI model may be formulated in considerable generality� in the following the focus
is on the special case where T 
 
 and the errors �ijk are independent and distributed according
to N��� 	�i �� In addition assume� without loss of generality� that K 
 
� Thus the model under
consideration is

yij 
 � � �i � �j � 
�i�j � �ij

This special case is adequate to address heteroscedasticity in the error �Oman 
��
�� The
following discussion extends to the general case with T 
 
 or K 
 
� To insure the parameters
are uniquely de�ned assume

P
�i 


P
�j 


P
�i 


P
�j 
 �� and that �� and �� are nonnegative�

This is equivalent to the usual assumptions of 
 
 � and �� 
 �� The assumption 
 � � is
customary because it facilitates the interpretation of the magnitude of the interaction� However�
leaving 
 free with a N���� 	��� prior facilitates theoretical calculations and still allows evaluation
of the magnitude of the interaction by j
j�

The formulation in equation ��� does not permit closed form expressions for the posterior means
�Bayes estimates� of the parameters� However� one can gain considerable insight into the estimators
of �� �� and 
 by computing the posterior means conditional on the remaining parameters 	�i � ��
and ��

For simplicity� let the prior variances for �� �� and 
 be su�ciently large to be approximately
uniform� Letting �yi� 
 n���yi� � � � � � yin�� it is easy to see that the joint likelihood of y can
be factored into the likelihoods of �yi� and wij 
 yij � �yi�� Thus �y��� � � � � �ym� are independent with
�yi� � N��� �i� 	

�
i �m� and wij is normal with mean �j � 
�i�j �

The posterior mean of � � �i� conditional on 	�i � is easy to obtain and is the familiar �yi� when
the priors are approximately �at� The posterior means of �j and 
 �denoted ��j and �
� conditional
on 	�i � �� and � are also easy to derive when the prior variances are large� They are given by the
equations
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Solving these equations we get
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wij�j � this equation reduces to
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The numerator can be interpreted as the covariance between Z and � with respect to the
probability distribution 	��i �

P
	��i � while the denominator is the variance of � with respect to the

same measure� The entire quantity is therefore the weighted regression coe�cient of Z on ��

��� Sampling from the Spherical Uniform Distributions

The supports of the � and � vectors are not easily expressible in terms of the standard basis� so in
this section we describe how to sample from the spherical uniform distributions with the correct
supports� This method is used in the Gibbs Sampler in section ���� We describe the method for ��
the method for � is identical� We construct a latent variable �	t that has a uniform prior on the the
unit sphere in IRm�t� We then construct a basis of IRm where the support of �t is easily expressed
and transform �	t to the correct subspace to generate �t�

To generate from a uniform distribution on a d dimensional unit sphere� generate d N��� 
�
random variates and retain their direction� If ��� � � � � �d are the random variables� then de�ne the
vector � by �i 
 �i��

P
��i �

���� The � vector has unit length� We refer to the distribution of �
as a spherical uniform distribution of dimension d which we write SUNId� The vector �	� has the
distribution SUNIm���

Although �	� has the same dimension as ��� it is not supported on the same sphere� If m 
 ��
then �	� would be generated on the circle x� � y� 
 
 with z 
 � which is not the intersection
of x� � y� � z� 
 
 and x � y � z 
 �� We transform �	� to �� by constructing a basis of IRm

where one of the basis vectors is the 
 vector� The remaining vectors of the basis are calculated by
Gram�Schmidt orthogonalization of the �nal m � 
 standard basis vectors to 
� The result is the
columns of the m�m matrix B	� with entries

brc 
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While di�cult to clearly describe in symbols� the pattern should be apparent from the matrix B	�
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De�ne A	� to be the matrix with the columns of B	� normalized to have unit length� so arc 

brc��b��c� � � ��b�mc�

���� The columns of A	� form an orthonormal basis of IRm� with A	� the change
of basis matrix from the standard basis� De�ne �	� to be the vector ��� �	��� � � � � �	��m����

T and let
�� 
 A	��	� � The vector �� has unit length because A	� is orthonormal and �	� was constructed
with unit length� Since the �rst coordinate of �	� is � by de�nition �corresponding to the coe�cient
of the 
 vector��

P
��i 
 �� so �� satis�es the constraints of the model� Furthermore� since A	� is

orthonormal �� has a spherical uniform distribution on the correct subspace�
A convenient basis for the subspace supporting �� is constructed by the vectors 
� ��� and

the Gram�Schmidt orthogonalization of the �nal m � � standard basis vectors� These form the
columns of a matrix B	� � which are then normalized to generate A	� � Generate �	� as SUNIm���
de�ne �	� 
 ��� �� �	��� � � � � �	��m����� and let �� 
 A	��	� � By the same reasoning that �� obeys
the constraints of the model� �� has unit length� zero sum� is orthogonal to ��� and is uniformly
distributed within the correct subspace� This procedure may be iterated to generate as many
�t as the model speci�es� For example� �� would be generated by constructing a basis by Gram
Schmidt orthogonalization of the �nal m�� standard basis vectors to 
� ��� and ��� then generating
�	� � SUNIm�� and de�ning �	� 
 ��� �� �� �	��� � � � � �	��m����� and �� 
 A	��	� �

��� Gibbs Sampler

The posterior distribution of the parameters may be estimated through Markov Chain Monte Carlo
�MCMC� techniques �Gelfand and Smith 
���� Tierney 
����� The complete conditionals for ��
�i� �j � 
t� and 	� may be computed using the conjugate property of the prior distributions� As
discussed in section ��
� we avoid singularities in the covariance matrix of the � and � vectors by
using only ��� � � � � �m�� and ��� � � � � �n�� as parameters and de�ning �m 
 ����� � � ���m��� and
�n 
 ���� � � � �� �n����

Updating the coordinate axis parameters � and � requires use of the Metropolis algorithm
�Metropolis et al 
����� Because the � vectors are fairly rigidly constrained with respect to one
another� care must be taken in updating the set� If a full rank interaction is speci�ed� one cannot
update the vectors one at a time� The conditional distribution of �t given the remaining � vectors
is supported on only two vectors as described in section ��
� so the chain will not move except to
change the signs of the components� A near full rank interaction would not be as severe a problem�
although it seems reasonable that a near full rank interaction will produce a chain that moves
slowly� Alternatively� one could consider moving all the axes as a group� However� it is unclear if
the chain mixes properly� For example� if all the axes are changed by a particular angle at each
iteration� the estimated variances of all the axes will be equal since all moves are of equal distance�
Clearly the posterior variances may be di�erent for di�erent axes� Axes corresponding to 
t near
� have large variances around the sphere� since they provide only small changes to the estimated
means�

We therefore chose to update the � vectors instead of the actual interaction components� The
� parameters have no constraints between them so the actual Metropolis chain should have better

�



mixing properties� The � vectors may be initialized by subtracting the empirical main e�ects from
the model� performing a singular value decomposition on the residuals� and converting the largest
eigenvectors to � parameters�

To update each �	t � we construct a random walk Metropolis Chain �Tierney 
���� by starting
with the current vector � cur	t � adding a Nm�t��� 	

�

Im�t� random vector� then normalizing the result

to generate a candidate � can	t vector� This creates a symmetric random walk so the acceptance
probability is the ratio of posterior densities for the current and candidate vectors� This ratio is
further simpli�ed since we are using a uniform prior� so the acceptance probability is the ratio of
the likelihoods for the observed Y values�

To compute the likelihood ratio� use the method from section ��� to compute all the �curt and
�cant vectors from the � values �updating �	t changes all the �g with g � t�� The chain should be
moved from � cur	t to � can	t with probability

min

�

�

Q
ijk N�� � �i � �j �

P
t 
t�

can
ti �tj � 	

���yijk�Q
ijk N�� � �i � �j �

P
t 
t�

cur
ti �tj � 	���yijk�



���

The Metropolis chain may be run for multiple iterations to provide extra mixing for the �
vectors� In the examples in section �� we ran �� Metropolis steps within each Gibbs iteration�
Should the model specify a full rank interaction� the �nal interaction component has a Bernoulli
complete conditional with probability determined by the likelihood ����

The step width 	�
 should be chosen carefully� If 	�
 is too large� the chain will produce almost
uniformly distributed candidate vectors around the sphere� If the posterior distribution is relatively
concentrated� few of these candidate values will be accepted and the chain will converge to the
posterior distribution slowly� If 	�
 is too small� then the chain will move slowly� also resulting
in slow convergence� A simple method for choosing 	�
 is to run preliminary chains to determine
the proportion of candidate values that are accepted� and then increase or decrease 	�
 until the
acceptance proportion is reasonable �proportions between ��� and ��� should all be e�ective��

After running the Gibbs sampler� one has a large list of samples from the posterior distribution�
The sample means may be used to obtain estimates for most of the parameters� The interaction
components are an exception� Because they are supported on spheres� sample means are usually
neither unit length nor orthogonal� We suggest �nding the sample means of the � vectors� nor�
malizing them to have unit length �this retains the direction�� and then transforming them to get
estimates of � and ��

In implementing the Gibbs Sampler� we did not constrain the parameters to be identi�able as
noted in sections 
 and ��
� Nonidenti�ability of the AMMI model occurs because of sign changes
in the interaction components� These changes are not easily permitted by the updating scheme� so
are extremely unlikely to occur� The chain randomly picks a set of signs and sticks with them�

� Evaluating Fit of Interaction Components

We approach evaluating �t from the assumption that the model is not exactly correct �although it
may be extremely close� and formulate a method for quantifying the inaccuracy� While models with
more parameters usually have greater predictive power� if the increase in predictive power is small
then more parsimonious models may be preferred� This section describes a method for quantifying
the increase in predictive power from using a particular number of interaction components� An
alternative approach would be to compute Bayes Factors �Kass and Raftery 
���� for the interaction
components� which we discuss brie�y in this section�

	



Carota� Parmigiani� and Polson �
���� �CPP� and Viele �
���� discuss methods of evaluating
�t based on model embedding that may be used for the AMMI model� Let Fq be an AMMI model
with q components for which we are evaluating �t� We refer to the distribution for a particular
cell of the table as Fq�i� j�� We evaluate �t by computing the posterior distribution of the model
Fp with p 
 q and then determine if the Fq model adequately predicts the data compared to the
model Fp�

Suppose we incorrectly use an Fq model to approximate a particular Fp model with K observa�
tions in each cell� The posterior distribution of the parameters for the Fq model will converge to
the parameter values that minimize

�mn���
X
ij

KL�Fp�i� j�� Fq�i� j���

the averaged KL information across the cells in the table �Berk 
����� Let �Fq be the minimizing
model� The parameters of �Fq are random variables since the Fp parameters are unknown� We
evaluate �t by looking at the posterior distribution of d�Fp� �Fq� as the Fp model parameters vary
across their posterior distribution� where d is a measure of distance between distributions� This
method follows Viele �
����� CPP�s measure for this example would correspond to looking at the
KL information between the prior and posterior distributions of the q � 
 through p interaction
components� This would involve computing the KL information for the � and � parameters� which
is di�cult because of their supports�

Ideally� the investigator has a clear idea about how closely the individual cell means should be
estimated by the model� which might then be elicited and used as the distance d� If such a d is
unavailable� CPP and Viele �
���� recommend KL information as a default choice� CPP provide a
detailed list of references concerning the use of KL information for similar purposes� Letting d be
the average of the KL informations across the cells� we �nd the posterior distribution of

�mn���
X
ij

KL�Fp�i� j�� �Fq�i� j��� ���

To compute the posterior distribution of ���� we use the Gibbs sampler output for an AMMI
model with p interaction components� Each iteration is a sample from the posterior distribution of
Fp� For each iteration� we evaluate the minimizing parameter values for �Fq and compute the KL
information ��� for those values� The resulting KL informations are a sample from the posterior
distribution of ���� Proposition ��
 describes the details of performing the calculation�

This distribution estimates how well an Fq model predicts data from an Fp model� where the
Fp model is unknown� Heuristically� KL information measures how many observations are required
before one can tell the Fq model is not exactly correct� If P and D are �xed distributions �no
unknown parameters� and B is the Bayes factor for testing between the two models when data is
generated from P � then E lnB! 
 nKL�P�D�� A KL information of � corresponds to both models
having exactly the same predictive power� If the distribution of ��� concentrates around small
values� then this indicates it would require a large amount of data to determine Fq is not accurate�
so the Fq model may be a useful approximation� If the distribution concentrates around larger
values� the Fq model is insu�cient to predict the data and more axes should be included�

If� for some a 
 �� the posterior distribution contains negligible probability for values of KL � a�
this is evidence of a statistically signi�cant axis since KL 
 � corresponds to H� " 
q�� 
 � � � 


p 
 �� Staying with our idea of testing for #practical signi�cance�� a Bayes Factor for comparing
H� " KL � a against the hypothesis H� " KL 
 a may be computed by determining the ratio of the

�



posterior and prior masses of KL values less than a� Negligible posterior probability for KL � a
corresponds to the Bayes Factor favoring H�� If a is small� however� the posterior distribution may
still concentrate around a small value� indicating the extra axes may be #statistically signi�cant�
but not #substantively meaningful�� With large samples� it is quite possible an axis may be found
to be signi�cant although if provides minimal predictive power� The proposed KL method allows
one to calibrate the increase in predictive power� If one does want a Bayes factor for comparing
the point null H� " KL 
 � to H� " KL 
 �� then a may be decreased to � and the Bayes factor
may be found using the Savage�Dickey density ratio �Verdinelli and Wasserman 
�����

Since the observed Y have normal distributions� it is useful to calibrate the KL information
in terms of normal distributions to determine exactly what values are large or small� A N��� 
�
distribution and a N��� 
� distribution have a KL information of ����� If the KL information is ��
then this is the same KL information as normal distributions ������� standard deviations apart�
References for other methods of calibrating the KL information may be found in CPP�

Proposition ��� Let Fp be a �xed AMMI model with p interaction components� where

Yijk � Fp�i� j� 
 N�� � �i � �j �
pX

t��


t�ti�tj � 	
��

The parameter values for �Fq are �� 
 �� ��i 
 �i� ��j 
 �j� �
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t� ��i 
 �i� ��j 
 �j� and
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 	� � �mn���
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�t

The KL information ��� at these parameter values is
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�Pp
t�q�� 
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Proof

The parameter values that achieve the in�mum in ��� may be determined using Berk�s �
����
result� Suppose we observe data from Fp and we assume �correctly or incorrectly� that an Fq model
is correct� Berk�s result states that for any prior �with certain regularity conditions� on Fq� the
posterior distribution will converge �as K approaches in�nity� to a point mass at the parameter
values that minimize ���� For normal models� the MLE corresponds asymptotically to the posterior
mean� We therefore assume data is generated from Fp and compute the limiting value of the
MLE to �nd �Fq� Those asymptotic values may then be used to compute ���� The results are not
approximations nor do they require large sample sizes� This is a calculation device to �nd �Fq �

The MLEs for the �� �� and � parameters are the empirical row and column e�ects and are
consistent� so �� 
 �� ��i 
 �i� and ��j 
 �j � Conditional on those MLEs� the log likelihood is

�mnK ln 	��������
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Rewriting yijk as yijk � �yij� � �yij�� it may be seen that maximizing this for �
� ��� and �� is equivalent
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Equation ��� is a scalar multiple of the Euclidean norm between two m � n matrices� both
expressed in terms of their singular value decomposition� The Euclidean norm is minimized by
choosing �
�� � � � � �
q to be the q largest eigenvalues of 
�� � � � � 
p and choosing �� and �� to be their

corresponding eigenvectors �Horn and Johnson 
���� example 	������� so �
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The averaged KL information across the table is
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If the variances are not equal� the analysis becomes more complicated because the log likelihood
is no longer expressed as the Euclidean norm between two matrices� In principle� however� one could
compute asymptotic MLEs and determine the KL information� which we do not pursue here�

If one is interested only in examining the �t of the additive model with separate variances for
each column� the analysis still proceeds smoothly� Even for unequal variances� the MLEs for the
row and column e�ects converge to �i and �j � The conditional MLE for each row variance converges
to
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The KL information is
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� Examples

This section applies the methods in sections � and � to two previously analyzed datasets� a soybean
yield experiment described in Zobel� Wright� and Gauch �
���� �ZWG� and a tomato softness
experiment described in Oman �
��
�� In both examples� the prior distributions of �� �� �� and

 were made nearly �at by choosing the corresponding variances large� The prior density of 	� is

�	��

��� Soybean Yield Data

This dataset consists of approximately ��� observations of soybean yield� The �� rows are site�years
and the 	 columns are genotypes� with the observations measured in kg�ha� Most cells in the table
have � observations� although a few cells have � or � observations� We �t an AMMI model with
three interaction components to the data� Table 
 contains the data and the posterior means for

the parameters� The interaction terms are shown as 

���
t �ti and 


���
t �tj � following ZWG� so that

to determine a component�s contribution to a cell one can multiply the corresponding interaction
terms� The posterior means for the additive e�ects and interaction terms are almost identical to







the least squares estimates given in ZWG� who provide a discussion interpreting the parameter
estimates in the context of soybean planting�

The top row of �gure 
 shows the estimated posterior distributions of the three 
 parameters�
The posterior distributions of 
� and 
� both contain negligible mass near �� indicating that the
�rst two interaction components probably have nonzero length� The posterior distribution of 
��
in contrast� does contain mass near �� indicating that the data do not necessarily support a third
axis�

We calibrated the lengths of the axis using the method from section �� The �rst plot on the
bottom row shows the estimated KL information for using the additive model �q 
 �� compared
to using three interaction components �p 
 ��� As with ZWG� the interaction components play a
signi�cant role in prediction� The KL information has a posterior mean of ���	� corresponding to
normal distributions ��	�� standard deviations apart�

The second plot on the bottom row shows the estimated KL information for using a model
with 
 component compared with the � component model� This plot� as with its counterpart on
the top row� has negligible probability near �� indicating the �t is improved� but it is unclear the
improvement is worth keeping after calibration� The posterior mean for the KL information is
����� corresponding to normal distributions ���� standard deviations apart� Decisions regarding
the inclusion of this axis should be made on substantive grounds� Looking at the �� and �� vectors�
the largest components correspond to the HODG and S��� genotypes� The third plot on the bottom
row shows the KL information for comparing a two axis model with the three axis model� There is
considerable posterior probability near � with most of the posterior mass less than ����� indicating
the third axis provides little explanatory power�

The analysis in ZWG �nds only the �rst axis to be signi�cant� which qualitatively agrees with
the Bayesian analysis when the magnitude of the second axis is calibrated by the KL information�
The KL information provides more information than signi�cance� however� since it gives a way of
determining if the axis is signi�cant �by observing the amount of posterior probability near �� and
quantifying the predictive power of the axis�

The Gibbs Sampler also allows us to compute posterior variances for any of the parameters� For
example� the posterior standard deviations of the � and � components for the �rst axis are between
���� and ����� suggesting that a ��i or ��j should be considered statistically nonzero if they are
greater in absolute value than around ����� This includes 
� of the �� ��i and � of the 	 ��j � This
guides the investigator toward the signi�cant components of the interaction�

��� Tomato Softness Data

This example is based on the dataset from Oman �
��
�� The data consist of measures of tomato
softness as the force required to compress a given tomato ���mm� The �
 rows� indexed by j�
represent randomly selected mother plants and the � columns� indexed by i� represent genotypes�
The observed data clearly exhibit heteroscedasticity across the genotypes� Oman analyzed the data
with a random multiplicative heteroscedastic model of the form yijk 
 � � �i � bj�
 � �i� � �ijk
with bj � N��� 	��� and �ijk � N��� 	�i � to re�ect the random selection of the mother plants and
the heteroscedasticity�

We reanalyzed these data with the AMMI model with one axis� The goal here is to emphasize
the �exibility of the Bayesian method regarding unequal variances and random e�ects� Our model
is

yijk � N��� �i � �j � 
�i�j � 	
�
i ��


�



Figure 
" Evaluating Fit of Interaction Components for Soybean Data
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with nearly �at prior distributions as indicated in the beginning of this section� with one exception�
To account for the random plant e�ect� we placed a hierarchical prior distribution on �j with the
prior density on 	�� being nearly proportional to 
�	��� In frequentist analyses� �xed e�ects a�ect
the distribution of the response through the mean vector while random e�ects a�ect the covariance
matrix� In the Bayesian approach� �xed e�ects are estimated using the prior distribution described
in equation ���� This prior distribution induces a structure similar to a random e�ect� The variance
of the random e�ect may be estimated by looking at the posterior distribution of 	�� �

The results are shown in Table �� Our results are similar to Oman�s even though the models
are slightly di�erent� The posterior distribution of 	�� is shown in Figure �� The posterior mean

and variance of 	�� are 
�
� and ����� similar to Oman�s results �see Table �� Oman 
��
�� The

posterior distribution of 	�� is clearly shifted away from �� indicating that softness varies among the
mother plants� Moreover� the posterior means of � � �i are almost identical to Oman�s estimates�
Our estimates of 	�i � though comparable� are slightly smaller than Oman�s estimates�

Although multiplicative e�ects appear to be present from both the posterior distribution of 

and the KL information �	� shown in Figure �� the overall multiplicative e�ect is relatively small�
The mean KL information is ����
� corresponding to normal distributions ���� standard deviations
apart� This is also consistent with Oman�s results� who found a signi�cant� but not large� interaction
component in his model formulation�

� Discussion

Our goal in this paper has been to construct a Bayesian method for analyzing the AMMI model�
including both methods for estimating the model parameters and goodness of �t criteria useful for
determining the number of interaction components�

One interesting theoretical contrast between the Bayesian and frequentist analyses of the AMMI
model occurs for small cell sizes K� which occur often in practice� Many frequentist methods for
determining the number of components are based on asymptotics in K �see CCS and references
therein�� and thus require adjustments for small K� The Bayesian analysis allows exact calculation
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Figure �" Posterior Distribution of 	��
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of the posterior distribution� and thus replaces the uncertainty involved in the asymptotic approx�
imation with the uncertainty of determining how much in�uence the prior has over the posterior
distribution� We hope to investigate this issue further in future work�

From a practical perspective� the Bayesian analysis based on the Gibbs Sampler easily provides
information about the parameters or any functional of the parameters� and is �exible enough to es�
timate generalizations of the AMMI model such as unequal variances� To the best of our knowledge�
no one has attempted a complete frequentist analysis of heteroscedastic data� The expression for �

suggests a method for beginning such an analysis based on weighted regression� From a Bayesian
computational perspective� we have developed a prior for sampling coordinate axes and provided
an implementation using MCMC techniques� The proposed method is computationally intensive�
although it is unclear if there are intuitively appealing alternatives for estimating the axes directly
from the discussion in section ����

The proposed goodness of �t criterion allows �t of the interaction components to be examined
in two ways� Using the posterior distribution of either the individual 
 or the KL information it is
possible to visually determine if any particular axes are statistically signi�cant from �� This may
be formalized to a Bayes factor using the Savage�Dickey density ratio to provide a hypothesis test�
The posterior distribution of the KL information also allows interpretation of the magnitude of the
distance� It is possible an interaction component may be present� but may be small enough to ignore�
Ignoring the component allows a more parsimonious model while keeping the component allows
better predictions� The second axis of the soybean data provides an example� A second principal
component appears to be present in the data� but its actual e�ect seems small when calibrated by the
KL information� Whether the axis should be retained should be decided on substantive grounds�
The KL information therefore provides some calibration in determining whether a #statistically
signi�cant� axis is a #substantively meaningful� axis�
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Figure �" Evaluating Fit of Interaction Components for Tomato Data
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Table 
" Posterior means for the Soybean yield data� The posterior mean of 	� is ��	�
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Table �" Posterior Means for the Tomato Softness Data
Genotype � � �j �
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