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Boolean function manipulation is an important component of
computer science. This thesis presents results related to Boolean function
representation and minimization. The Boolean function minimization
problem is re-defined. A new Boolean function classification theory based
on permutation and extension is developed. More efficient Boolean
function minimization algorithms can be derived based on the
classification theory. The thesis also examines the complexity issues and
graph structures of OBDDs of some special Boolean functions.
Moreover, some new data structures for Boolean functions are reported in
this thesis. Some functions are found to have constant complexity in the
new data structure while having exponential complexity in existing data
structures.
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Chapter 1 Introduction

In this chapter, the motivation and objective of the research is outlined, together with

the overall organization of the thesis.

§1.1 Motivation and Objectives

Boolean functions are a part of the foundation of computer science. Boolean function
manipulation is an important component of many algorithms including logic optimization,
logic verification of combinational and sequential circuits, and logic synthesis. Many
problems in artificial intelligence and combinatorics can also be expressed as a sequence of
operations on Boolean functions [1]. Unfortunately, many problems on Boolean functions,
such as the satisfiability problem and the tautology checking problem, are NP-complete or
co NP-complete problems [32]. Often the degree of difficulty of the problem depends on
the size of the Boolean function representation. For functions with large representations,
algorithms for tautology checking or satisfiability will take much time.

For n variables, there are 22" Boolean functions, which form the function space F(n).
The idea of a function is a mathematical concept. To manipulate functions in computers,
they must be represented. When n is not small, functions generally have large
representations {10], [11], [13]. Therefore much effort has been put into the study of
Boolean function representations. This work has had three aspects: (1) finding new data
structures; (2) for a specific data structure, finding the representation with minimal cost;
and (3) studying the lower and upper bounds of the representation. The first aspect is

research on new data structures. The second aspect is studied under the name of
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minimization such as two level logic minimization [4], multi-level logic minimization [5],
and OBDD minimization. The third aspect is studied in complexity theory.

There are many data structures for Boolean functions. In general, they can be classified
as table based, formula based, and graph based. Boolean functions can be represented by
truth tables, or equivalently Binary Decision Trees. However the exponential size of truth
tables and Binary Decision Trees makes them impractical for functions with many
variables. Other traditional formula-based Boolean function representations include two-
level logic expressions (SOP and POS forms), multi-level logic expressions (factored
forms), and Reed-Muller expansions. It is widely recognized that there are two important
criteria for evaluating data structures: (1) compactness, and (2) canonicality. SOP, POS,
factored forms, and Reed-Muller expansions fail on both criteria. Truth tables and Binary
Decision Trees are canonical, but not compact. Therefore these data structures are not ideal
for Boolean functions.

In 1986, a graphic data structure of Boolean functions, Ordered Binary Decision
Diagrams (OBDD), was developed by Bryant [1]. Compared with truth tables and Binary
Decision Trees, OBDDs are usually much more compact. A wide range of Boolean
functions have polynomial size OBDD representations [1]. The reduced OBDD of a
Boolean function is unique for any variable ordering. Because of these properties, OBDDs
have been applied to many areas including verification, minimization, and testing. Now
OBDDs are considered as the state of the art data structure for Boolean function
manipulation.

For any of the above data structures except the truth-table, a Boolean function may
have more than one representation in the same data structure. For example, a Boolean
function may have many different SOP representations. For the OBDD data structure, a
different variable ordering may induce a different graph and the size of the reduced OBDD
for a Boolean function may depend on the variable ordering. Some functions have linear

size OBDDs for one variable ordering and exponential size OBDDs for another variable



ordering [1]. The role of minimization of Boolean functions for a specific data structure is
to find the representation with minimal cost to represent a Boolean function. The
minimization of Boolean functions has been studied extensively including two-level logic
minimization {4] [48], multi-level logic minimization [S], and OBDD minimization [17] [2]
[18] [19] [20] [21] [22].

Traditionally, in order to find the absolute minimal representation, Boolean function
minimization algorithms search all the possible representations in the given data structure
and find the minimal cost one. This is the approach for OBDD minimization [19], for two-
level logic minimization, and for multi-level logic minimization. However, due to the large
search space, these algorithms are impractical even for modest n. It is very useful to
identify some filters to reduce the complexity of the search space and therefore speed up the
minimization process. In the literature, the Essential Prime Implicants (EPIs) and connected
components [39] are such filters. In two-level logic minimization, the identification of EPIs
can greatly reduce the search space. However, the EPI concept does not carry over to data
structures other than the SOP (Sum of Product) forms. The connected component concept
sometimes fails for SOP minimization. Generally, filters that work for all data structures
are not known.

Boolean function minimization can reduce the complexity of the representation for
Boolean functions. However, for some functions, the effect of minimization is very
limited. For example, many functions, such as the FHS-function [12], integer
multiplication, hidden weighted bit function (HWB) [2], or indirect storage access function
[12], are proven to have exponential size OBDDs under any variable ordering. Further
understanding about the data structure and the functions can be gained from complexity
theory point of view. It is proven in the literature that almost all functions have exponential
size OBDDs [10], [11], [13]. In order to efficiently represent those hard functions, many
new graphic data structures such as FBDD have been proposed, notable are [9], [10], [11],

(12], [13}], [15], [16], [35], [36], [37]. [38].



In this thesis, we study the above three problems, i.e., data structures, minimization,
and complexity issues.

Firstly, we re-define the Boolean function minimization problem. The new
minimization is defined over the permutation equivalent classes of functions instead of
single functions. This definition is broader than the traditional Boolean function
minimization problem and thereby opens up new avenues for minimization. The OBDD
minimization problem is reformulated as well. It is proven that functions in the same
permutation equivalent class share the same minimal OBDD. Consequently, any variable
ordering will generate equivalent OBDDs for symmetric functions. Therefore OBDD
minimization is not needed for symmetric functions.

Secondly, we identify useful filters (heuristics) for Boolean function minimization with
respect to any data structures. In the literature, the supporting variable concept is a useful
filter for Boolean function minimization with respect to any data structures. The complexity
of a function depends on the number of supporting variables. Functions with more
supporting variables are more complex, and their minimization is harder. Though the
importance of supporting variables has been known for some time [9], no rigorous theory
about supporting variables has been formulated. In this thesis, a formal theory about
supporting variables and the dimension of Boolean functions is presented. Moreover,
supporting variables are further distinguished as single-faced variables and double-faced
variables. It is proven that single-faced variables are a useful filter for Boolean function
minimization.

Thirdly, we define a new Boolean function classification theory, called the single-faced
function classification. In the literature, many forms of Boolean function classification have
been studied. [7] studies the number of equivalent classes under group actions. Some
specially identified functions divide F(n) into different classes such as symmetric versus
non-symmetric functions and monotonic versus non-monotonic functions. Those

classifications are helpful in understanding the complexity and structure of Boolean



functions. They are also helpful in finding the most suitable solutions for each special class
of functions and are therefore important in practice {4]. Recently, Boolean function
classification has played a role in FPGA architecture design [44]. In this thesis, Boolean
functions are classified as single-faced and double-faced functions. Single-faced functions
are obtained by single-faced function extensions. Single-faced functions commonly occur.
For n variables, there are 2*""' complete single-faced functions, a class of functions with
very simple structures. Except for the odd and even parity function, all other double-faced
functions contain some single-faced functions as restrictions.

The fourth result is the complexity of the OBDDs of complete single-faced functions
and symmetric functions. It is proven that complete single-faced functions have linear size
OBDDs. For symmetric functions, their OBDD has a lower bound of n?.

The fifth result is the study of the structures of OBDD:s. In particular, we study the
structure of OBDDs of the single-faced functions and symmetric functions. The structure of
symmetric functions consists of triangles and grids as shown in Chapter 5.

Finally, we define some new data structures for Boolean functions. These newly
defined data structures are dramatically different from all previously proposed data
structures, yet they unify all existing data structures as special cases. Some functions are
found to have no compact representation in OBDD or other graphic data structures while

having compact representation in the new data structure.

§1.2 Overview of the Thesis

This thesis is organized into three parts:

Part I Background.
Chapter 2 We present the basic notations and general concepts. The most
important concepts are permutations, Boolean functions, and traditional data

structures for Boolean functions. Boolean function minimization is also defined.



Chapter 3 We define OBDDs. Related properties about OBDDs are defined in
this chapter. The OBDD minimization problem is reformulated.

Part II Boolean function classification, minimization, and application.
Chapter 4 We present our result on function minimization and the Boolean
function classification theory. We also study the structure of the single-faced
functions.
Chapter § As an application of the single-faced function classification theory, we
present our result about symmetric functions. In particular, we present the structure
of symmetric OBDDs. An algorithm for symmetry detection is also presented.
Experiment results show the advantage of the new algorithm over previous
algorithms.

Part III New Data structures.
Chapter 6 We present examples which OBDDs fail to represent efficiently. Other
data structures such as FBDD are introduced.
Chapter 7 We further propose some new data structures for Boolean functions
based on integer list representation. Moreover, we show the new data structure can
unify all known data structures. BDDs and SOP forms are special cases of the new
data structure. Some functions are found to have compact representation only in the
new data structure.

Part IV Conclusion of the thesis.



Part I Background

In this part, we define notation for permutations, Boolean functions, and
their representations. We also define the Boolean function minimization

problem.



Chapter 2 Boolean Functions, Their
Representations and Minimization

In this chapter, we introduce the basic notation and concepts about permutations,
Boolean functions, the traditional data structures for Boolean functions, and the Boolean
function minimization problem. The Reduced Ordered SOP form is a new concept

developed by the author.
§2.1 Permutation

For any finite set S, |S| denotes the number of elements in S. The character n and m
represent natural numbers. The notation [m, n] denotes the set of integers m<x<n. The
conventional notation for sets, such as M, U, and <, are also used in this thesis.

For two finite sets A and B, a map P:A — B is a correspondence such that for any

element ae€ A, P(a) c B. The set P(a) is the image of a. The set A is the input domain.
The set B is the output domain. The set P(A)= U P(a) is the image of P. The inverse map

a€A

of P is the map P™ : P(A) = A such that P™(x)={alP(a)= x}. Given a set of maps
S={P:A—> Bliel}, S(A)=JP().

iel
The map P:A — B is onto if P(A)=B. P is a function if for any ae€ A, |P(a)l=1.
Otherwise, P is a relation. The map P is one-to-one if both P and its inverse are functions.
A one-to-one and onto map P:A — A s called a permutation over A. The composition of
twomaps B :A— B and P,: B— C isdefined tobe (£, ¢ B)(a) = B (B(a)).
For a finite variable set L, ={x,,---,x,}, a one-to-one andontomap M, ,: L, —> L, is

a permutation over L . A permutation M, over the set L, = {x,,---,x,} can be written as



XXy o0 X,
( ik ) where for /5j<n, M, ,(x;)=x, . The set of all such permutations M, , is

denoted by E,,. An ordering of L, is an arrangement of variables such that
x;, <x, <--<x . The setof all orderings over L, is denoted by Or(n) or Or( x;,---,x,).
The standard ordering is the ordering x, <x,<---<x,. There is a one-to-one
correspondence between the set Or(n) and E, , i.e., every ordering is induced by a

permutation. More specifically, the ordering x, <x, <--<x, is induced by the

X, X5 X,

n

TS

x" 1 -ri 2 n

permutation ( ) Therefore we do not distinguish between orderings and

X X500 X,

X. X. "X,

Yy Vi [

permutations of variables. For an ordering P=[ ] over L, and a variable subset

S < L,, the minimal variable of §, denoted by min(S), is min(S)= P(x;)= X; s where

j = min{kl P(x,) € S}.

We define some operations on the set E_: the inverse permutation and the product of

two permutations.

The inverse permutation of M, , is the map M,‘;""(x,.l y=x, it M, (x;)=x, .
. . . )

The product of two permutations is a new permutation, denoted as A * P, = B, such
that B(x;)=(h * B)(x;) = R(PA(x,)).

E, , is closed under these two operations and forms the permutation group with identity
X Xo oo X000 X,

" |, which maps each element to itself.
XXy o X Xy

1

as the permutation [ =(

We define pairwise permutation of two variables {x;,x;} to be of the form

(a\r,xz---)c,.---,\fj--'x,l

XXy X XX

J. When x; and x; are adjacent, i.e., j=i+/, the pairwise permutation

n

is called a basic permutation.



10

§2.2 Boolean Functions and Their Representations

Let B = {0,1}. The n-dimensional Boolean space B" = {(x,,:+-,x,)|x, =0,1} is the n-
fold product of B. A variable is a symbol representing a single coordinate of the Boolean
space B”.For the n dimensional Boolean space B", there are n variables {x,,x,,-:-,x,} to
represent the n coordinates. A literal is a variable x; (positive literal) or its negation X,
(negative literal). The positive literal x; and the negative literal X; are said to be opposite

literals. We use x; to represent either a positive or negative literal while X, is its negation.

A minterm is a an instance of B". The distance between two minterms is the number of
coordinates in which the two minterms differ. For example, the minterm (0, 0, 0, 0) and
minterm (1, 0, 0, 1) have distance 2. Two minterms are said to be adjacent if their distance
is 1. The weight of a minterm is the number of 's in the minterm.

A product term is a product of literals. A product term can be represented by the literals
that form the product such as x;x;. If a product contains both a variable and its negation,
then it is a null product. A product term in B” can also be represented by the cubical
notation, which is a string consisting of n characters. If the product term contains the literal
x; (X;), then the izh position of the string is 1 (0); otherwise, the ith position is represented
by "-". For example, in BJ, the product term x,x; is represented as 1-1 in the cubical
notation.

The n-dimensional Boolean space B” is an n-dimension hypercube. Each product term

is called a subcube or a cube. A literal x; represents those minterms whose i-th coordinate
is 1, its negation X; represents those minterms whose i-th coordinate is 0. They are both 7n-
I dimensional hypercubes, and are called a face of B". Moreover, B" = x; U X;. A product
term represents the intersection of the minterms represented by each literal in the product
term. A null product term does not represent any minterm. The dimension of a product

term is the dimension of the hypercube it represents. For a non-null product P, its
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dimension is n-k, where k is the number of different literals in P. A minterm is a 0
dimensional product term.

Two product terms are said to be disjoint if the minterm sets they represent have empty
intersection. Two product terms are disjoint if and only if there is at least one variable such
that the variable and its negation are contained in the two product terms, respectively. A
product term B is said to be contained in a product term C, denoted by B< C, if every
literal of C is in B. If for a cube B, Bc C, then every minterm in B is also in C. Two
product terms are adjacent if, excepting one literal, all literals are the same for the two
product terms. For the different literal, the literals in the two product terms are opposite

literals.

Definition 2.1 A Boolean function of n variables {x,,---,x,} is a function
f(x): B" —> B, where x=[x,--,x,] is the argument. The complement of function f,
denoted by f(x), is defined as f(x) =0 < f(x)=1 and f(x) =1 & f{x)=0.

The set of all Boolean functions f{x): B*— B is denoted by F[ x,,---,x,], or by F(n) if

variables are not being considered.

There are many data structures for representing Boolean functions. In general, they can
be classified as table based, formula based, and graph based. Boolean functions can be
represented by truth tables, or equivalently the Binary Decision Trees. Other traditional
formula-based Boolean function representations include two-level logic expressions (SOP
and POS forms), multi-level logic expressions (factored forms), and Reed-Muller
expansions. Recently there are many graphic data structures have been developed.

A Boolean function f can be represented by a truth-table which lists all the input
minterms and the function values for those minterms. Two Boolean functions which have
the same truth-table are identical. Therefore the truth-table is a canonical representation for

Boolean functions.
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A truth-table can be represented by a complete binary tree. Each vertex in the tree
represents a variable. The two children of the vertex represent the cases where the variable
has value O and 1. This binary tree is called a decision tree.

Definition 2.2 ([3]) A Binary-Decision Tree (BDT) is a rooted binary tree consisting
of two types of vertices: non-terminal vertices and terminal vertices. Each non-terminal
vertex v is labeled by a variable index(v) and has arcs directed toward two children: lo(v)
corresponding to the case where the variable is assigned 0 and hi(v) corresponding to the
case where the variable is assigned to 1. Each terminal vertex is labeled O or 1.

Binary Decision Trees can be reduced to form the well-known Ordered Binary Decision
Diagram, which will be introduced in the next chapter.

Example 2.1 The following BDT represents the function shown in the truth table,

where the left child of vertex v is the lo(v). The terminal value is the function value of the

minterm represented by the path reaching the terminal node.
X

3
”
w
)

o landl SN ) Tl (o) (e )} (e
I e e B Y e 1=
ol 12 fanl 1] Lol (=] (=] f)

Figure 2.1 Truth table and the corresponding complete binary decision tree
Both truth tables and Binary Decision Trees are of exponential size in the number of
variables. Therefore they are not efficient representations for Boolean functions. In the
literature, many formula based Boolean function representations, which are more efficient
than the truth tables and BDTs, have been developed. Those representation mainly focus on

the set (1) instead of B". The set f™(1) is called the on-set of f. Alternatively, we

can re-define Boolean functions.

Definition 2.3 A n-variable Boolean function fis a set of minterms, i.e, f < B".
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For formula based representations, the following concept plays an important role.
Definition 2.4 Given the variable set L ={x,x,, --,x,} over B® (n>0) and a
product term P= X, X, --X, , where i, <i, <---<i, for any function f:B" — B, the
function restriction of f with respectto Pis afunction f,=f, ,
*ntn 8
fe=r

fi,l,i:,:---.i,‘ V1o Yui) = f(xlv"'v"i,-hzi, s i e s X —10 Ly s Xy 107 s Xy 0 & 5 Ky + %)

) defined as follows.

:B"* S B

0¥ty

ft

where {y,---y,_.} = {xlv"’vxi.—l’x'.ﬂv’"v' i =10 %

i i+l

P ATS SUPRILE 4 2,",-/ =0 if .i:-l =X ;
Zil =l lf x,-l =xl-l .

The above definition has been defined in different forms in the literature and is called

cofactor and restriction [5].

In terms of minterm sets, f, = f, . = fN P, ie., the set of minterms in the
t

Tt ok,

intersection of the on-set of fand P. A product term P is an implicant of a function f if
fp=fnP=l1, i.e., Pc f. For two product terms P ,Q and a Boolean function f,
Fro=(frlo-

When the product term is a single literal x; or X;, we have f, (fz) denoting the
positive (negative ) cofactor of f with respect to variable x;, i.e., the function resulting
when constant 1, (0) is substituted for x;. For any function f, f=xf, +X.f: .

Definition 2.5 For an n (n>0) dimensional Boolean space B" with variable set
L, ={x,-,x,},avariable x; € L, is asupporting variable of fe F(n)if f, # f;.Fora
literal x; in an implicant P= xx,---x, of function f, x; is a redundant literal of P if
X; €SUp(fy...x_ v ..x, ) If an implicant of a function does not contain any redundant literal,
then this implicant is a prime implicant (PI).

This definition also holds for product term P= x, x, ---x; . The same convention holds
for the next few definitions where we only define the case P= x,x,---x, .

Proposition 2.1 A literal x; of an implicant P = x;x,--~x;---x, of fis redundant iff

P, = x,x,---X;---x, is an implicant of £ In this case, Py = xjX5 - X;_1X;4 "X, (P, D P), is
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also an implicant of f. For a prime implicant A, there is no other implicant of fthat contains

A.

Proof If x; is redundant in P = xx, - x;--x;, then x; &sup(f, ..., .x,)- Therefore

g
fx.---x.<.x.x...-~vx. = [ it =1, i.e., P, =xx,---X;---x; is an implicant of . The
converse is also true. Therefore we can see the conclusion.

These prime implicants can be generalized to the case in which variable sets are
ordered. In the following definition, min(sup(f)) denotes the minimum element of the
ordered variable set sup(f). Without losing generality, we assume the ordering is the
standard ordering.

Definition 2.6 For an ordered variable set L ={x,---,x,}, an implicant P =
X1x5---x, of function fover L, is said to be ordered implicant (OI) of fif for 1<i<k,
x; Smin(sup(f,.... )), X Smin(sup(f)). A literal x; in an OI P= x;x,---x, of fis a

redundant literal if x; < min(sup(f, ..., )).Ifan OI does not contain any redundant literal,

then it is an ordered prime implicant (OPI) of f.
If a literal x; is a redundant literal in an OI P= x.x,---x, of function fover L, then

x; < min(sup(f,,..., )), which implies that x; sup(f, ..., ). Therefore redundant literals

in Ols are redundant in the normal sense.
By definition, a product term P= x;x,---x, is an OPI of a function f iff for all
l<i<k, x; =min(sup(f, .., )), x, =min(sup(f)), therefore an OPI may not be a PI of

the function. The literal x; in an OPI is determined by the supporting set of f, ... . It has

to be min(sup( fx.---x.-.))' However it is possible that x; is a redundant literal in normal

sense, i.e., x; €sup(f, .. . ..)-

Example 2.2 Suppose a function is given by the minterm set of f = x,x, + x;x,. The
ordering is the standard ordering x, < x, < x; < x,. The product term : x,X,x,x,. is an OPI
of fsince x;, = min(f), X, =min(f, ), x; =min(f, ; ), x, =min(f, ;, ), while xX,xx,

is not a prime implicant of f.
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Corollary 2.1 If P= xx,---x, is an OPI of £, then x,---x, is an OPI of function

Proposition 2.2 For an OI P of f, the following two results are true.

(1) If P is an OPI, then there no other OI of f can contain P.

(2) Conversely, if no other OI of f contains P, P is an OPL

Proof (1) If P= x,x,---x, is an OPI, then for any 1<i<k, x; =min(sup(f, ., ).
and x;,,>x;. If there is another product term B = x,---x,_.x,,,---x, is an OI of f, then

X, S min(sup(f, .., ))=x, we have a contradiction. Therefore the result is correct.

(2) This result is a direct conclusion of the following lemma.

Lemma If a literal x; of an OI P=xx,---x;---x, is redundant, then

B =x%, X, XX,

i+l

-x, 1san Ol, sois P, =x,x, - - X;_ 1 X, " " X -

Proof If a literal x; ofan Ol P=x,x,---x;---x, is redundant, x; €sup(f, ., ), then
Sooxoin, = foon iz, therefore I=f . =f .z, . Which implies that
X, X, XX, ---x. is also an implicant of f Moreover, for all I<j<k, j#i,
x; < mjn(sup(f,!,,.jl_l ), X <min(sup(f, .. )). Therefore P, =x.x,--x,_ XX, X 1S
an OI. Since both P and P, are implicants of £ P+ P, = P, = XX, X;_|X;,,***X, IS an
implicant of f. For all lsj<i, x; <min(sup(f, .., )). For i<j<k, sup(f, ..., k) =
SUP(fy e eiorr, ) = SUP(fy cs, ). therefore, x; Smin(sup(f, ... )=
min(sup( f-r;mx.-.x...mr,-. )).So P isan OL

Corollary 2.2 Two different OPIs are disjoint.

Proof This can be proven by induction on the number of literals in the OPIs. Suppose
the OPIs both have only one literal, then they have to be opposite literals and therefore
disjoint. If one of them has one literal and another one has more than one literals, then they
have to be disjoint as well since the first literals of them, which are the literals of the

minimum variable in the supporting set of the function, have to be different. Otherwise they

could not be both OPIs by the above proposition. Now for general case, suppose

R=xx,~~x, and P, =yy,- -y, aretwo OPIs, then either x, =y, or X, =y, If X, =y,
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then the conclusion is right. If x, =y, then y,---y, and x,---x, are two OPIs of the

function f, , they must be disjoint by induction. Therefore the conclusion is right.

Corollary 2.3 For any OI, there is one and only one OPI that contains this OI.

Proof Because two OPIs are disjoint, there are no two OPIs that contains this OI. On
the other hand, if this Ol is not an OPI, then there is another OI contains it. Therefore it is
contained in an OPL

This OPI can be found by deleting all the literals x; < min(sup(f, .., )).

Implicants, ordered implicants, prime implicants, and ordered prime implicants can be
used as the building blocks for the formula based Boolean function representation.

Definition 2.7 A Boolean function is in SOP form if it is a sum of implicants.

A Boolean function can be represented by many different SOP forms.

Definition 2.8 Given an ordered variable set L, ={x;,---,x,} and a SOP form f over

L, f is an ordered SOP form (OSOP) if every product term in fis an OI of f. An

ordered SOP form fis irredundant if there are no two product terms C and D in f such that
C o D. If an OSOP form has every product term to be an OPI, then the SOP form is called
a reduced ordered SOP form (ROSOP).

[t is easy to see that a ROSOP form has any two product terms disjoint from each other.

Proposition 2.3 With respect to any variable ordering, the ROSOP representation of
any Boolean function consists of all the OPIs and only all OPIs of the function. Therefore
the ROSOP form is unique for any function with respect to a variable ordering.

Proof It is obvious that two different Boolean functions have different ROSOP
forms. On the other hand, every Boolean function has only one ROSOP representation,
because every minterm of the function is an OI, and every Ol is contained in only one OPL

Example 2.3 Suppose the function is given by the minterm set of
f =x,%, + X3, + x5x. The ordering is the standard ordering x, < x, < x; < x; < x5 < X,
Using the algorithm described in [33], we can derive the OPIs as xx,,x X, x;x,,

X Xp X3 Xy XX Xy Xy X3 X5 X 5 Xy X3 X4, Xy X3 X X X, X, X3X5 X . Therefore in terms of OPIs,
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[ = x5+ X030, + X X0X3X,X5Xg + 60 X3Xs5X + T X530, + X3 X, X5Xg + X X3 XX
A SOP form is a special factored form. General factored forms are defined as follows.

Definition 2.9 A factored form f of Boolean function is one of the following: (1) a
constant | or 0, (2) a literal, (3) X f,,or (4) [lf,, for iel, f, are factored forms.
iel el

[

The factored form representation of a Boolean function has some attractive properties.
A factored form represents both a function and its complement by duality [29]. There is a
tree structure isomorphic to the factored form. Each internal node of the tree is an AND or
OR operator and each leaf is a literal or constant. Some special factored forms play
important roles in the data structure of Boolean functions. One of them is the function
expression, f=xf +Xf., which is called the Shannon expansion of function f. More
formally we have the following definition.

Definition 2.10 Given a variable set L ={x,,-~,x,}, a Shannon expansion fis
defined to be of the form: (1) constant 1 or 0, or (2) f=x,f, +X,f;, where both f, and
f5 are Shannon expansions.

Example 2.4 From the ROSOP form f =uxux,+xX,Xx, +XX,X;X, X X5 +
X, X, X3 X5 X+ X1 X3X, + X1 X3X,X5Xg + X X3X5Xg, WE can arrive at the Shannon expansion as
follows, using algebraic factorization:

S =x{xs + X[ x3(x4 + XyX5X6) + Ty xsx6 1} + X [x3( x5 + Xyx5%5) + X3x5%6 ] .

Shannon expansions play an important role in Boolean function manipulation. The
well-known logic minimization algorithm ESPRESSO in [4] is based on Shannon
expansions. Shannon expansions are also the basis for the OBDD and other Decision
Diagram data structures such as FBDDs.

One more formula based Boolean function representation is the Reed-Muller expansion
[46]..

Definition 2.11 A Reed-Muller expansion is defined to be an EX-OR sum of product

terms.



18

Example 2.5 The odd parity function can be represented by x, @ x,®---@x,. This

function evaluates to O if there is even number of variables equal to 1, and evaluates to | if
there is odd number of variables equal to 1.

Reed-Muller expansions and SOP forms have their own strengths and weaknesses. For
example, the above odd and even parity function need exponential number of product terms
if the SOP form is used. However, it is linear in the Reed-Muller expansion.

There are some common problems with the various representations of Boolean
functions we have introduced. First, certain common functions require representations of
exponential size. For example, the even and odd parity functions serve as worst case
examples in SOP and factored forms. Second, while a certain function may have a
reasonable representation, performing a simple operation such as complementation could
yield a function with an exponential representation. Finally, none of these representations
(except ROSOP forms) are canonical forms, i.e., a given function may have many different
representations. Consequently, testing for equivalence or satisfiability is difficult [1]. Due
to these characteristics, most programs that process a sequence of operations on Boolean
functions have rather erratic behavior. They proceed at a reasonable pace, but then
suddenly "blow up", either running out of storage or failing to complete an operation in a
reasonable amount of time. To overcome those problems, a new data structure called
Ordered Binary Decision Diagrams (OBDD) was introduced. We review the OBDD:s in the
next chapter.

For all those representation forms except truth-tables, we have the following problem.

Representation Minimization Problem I Given a Boolean function data
structure, for any function f € F(n), find the minimal cost representation of f.

In the literature, the Representation Minimization Problem [ has been intensively
studied under different names such as two-level logic (SOP) minimization and multi-level
logic minimization. SOP minimization is the tradition logic minimization problem, for

which some well-known solutions exist [4]. The multi-level logic minimization problem is
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also an active research area [5]. The OBDD minimization problem is also defined for single

functions in the literature.

§2.3 Permutations on Boolean Functions

Permutations on the variable set of Boolean spaces induce permutations in the Boolean

spaces. They also induce permutations over the function space F(n).

: . X X" X,
Definition 2.12 For a permutation of n variables M, ' J over the
X X, X

(TR 23

variable set L, ={x,,~,x,}, the induced Boolean space permutation is defined as: for any

minterm X, X, -+,

n?

M, (xx,---%,)= )E,.lfc,.: xl .

This induced map over Boolean spaces is also denoted by M, .

XXy oo X,

Definition 2.13 For a permutaticn M,,.,,=( J and a function f € F(n), the

X; X;, =X
function M, (f) is defined as M, (f)(x, -, x,)=f(M,  (x,---.x.))= f(x; .-, x; ).
This function is called a permutation of function f. Two functions f, € F(n) and f, € F(n)
are permutation equivalent if there is a permutation M, , € E,, such that fi=M,  (f,).
For a function f € F(n), the set of all functions which are permutation equivalent to f is
denoted by E, . (f), which is an equivalence class of f. A function is symmetric if E,, (f)
has only one element. The set of all equivalence classes of functions in F(n) is denoted by
k..

Example 2.6 f(x,,x,,x;)=x +x,X; is equivalent to function g(x;,x,,x;)=x,

+ X,x; under the variable permutation M;,(x,,X,,X;) =(X,,X;,X,).

The set of permutation equivalent classes of functions F (% is very important. In

n.n
particular, Representation Minimization Problem I can be extended into the following

problem.
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Representation Minimization Problem II Given a Boolean function data

structure, for a function class E, ,(f) € F (’% , find the minimal cost representation of
n.n

E..(f).

Representation Minimization Froblem II defined here is broader than the minimization
encountered in the literature, which is usually Representation Minimization Problem I. In
this thesis, we will address this problem with the OBDD data structure. It will be shown
that the OBDD minimization problem is indeed the Representation Minimization Problem I

for the OBDD data structure.



Chapter 3 OBDD Review

In this chapter, we introduce OBDD related concepts. We also introduce new concepts

about OBDD permutations. The OBDD minimization problem is re-formulated.
§3.1 OBDDs

[n Chapter 2, we reviewed the traditional data structures for Boolean functions and
pointed out their limitations. Those limitations are the driving force for people seeking new
data structures. Among them, Ordered Binary Decision Diagrams (OBDDs) are considered
to be the state of the art in data structures for Boolean functions. In practice, OBDDs are
found to be more compact for Boolean function representation. Examples in the later
section will show that some functions require exponential size SOP representations while
requiring only linear size OBDDs. OBDDs can be considered as the graphic representation
of Shannon expansions with sharing of common subexpressions. It can also be viewed as
being obtained from BDT by removing some duplicated subtrees. The formal definition of
OBDD is given below.

Definition 3.1 Given an ordered variable set L, ={x,,---,x,}, an Ordered Binary
Decision Diagram (OBDD) is a rooted directed graph with vertex set V containing two
types of vertices. A non-terminal vertex v has as attribute an argument index index(v)e

L, ={x,,-,x,} and two children lo(v), hi(v). A terminal vertex v has as attribute a value

value(v) € {0,1}.
Furthermore, under the ordering < over L, = {x,,---,x,}, we require that for any non-
terminal vertex v, if lo(v) is also non-terminal, then we must have index(v)< index(lo(v)).

Similarly, if hi(v) is non-terminal, then we must have index(v)<index(hi(v}) .
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The function represented by an OBDD follows the following rule, which will give us

the Shannon expansion of the Boolean function represented by the OBDD.

Definition 3.2 An OBDD with root vertex v denotes a function f, defined

recursively as:
(1) If v is a terminal vertex, then f =value(v).
(2) If v is a non-terminal vertex with index(v)=x;, then f, is the function
[0 %) = X o (K70 X, )+ X friny (X005 X,)
Example 3.1 The OBDD in the following figure represents the function f, , where

the ordering is the standard ordering x, < x, < x; < x, < x; < x¢. For a vertex V,, the right

child is Ai(V;) , while the left child is lo( V).
Vl

’@ fv, =X 1+% - 0=1x

fv, =xsfy, +Xs-0=x5x¢

fv,=x4 - 1+ %, Sfv, = x4+ X4x5x¢

fv, =% fy, + X3 fy, = X3(x + X4 X5X) + X3X5%

fv, =% 14 % fy, = X% + Tlx3(xy + TyXsX ) + X3 x5%6]
fv=xfv,+% [y,

= x5 {% + X [x5 (x4 + Xyx5x5 ) + Xy x5xg ]} + X [x3(xy + Xgx5x6) +X3x5X6]

Figure 3.1 OBDD of f, = xx, + x3x4 + X5X¢
Expanding f,, into SOP form, we have
fv, = XX, + XXy X3 X, + X Xy X3 X XX + XXy Xy XX + X, X3 X, + X, X3 X, XsXg + X X3 X5Xg
which is exactly the ROSOP form of f, =x,x; + X3x4 + X5X.
The above result is not a coincidence. Using the following concept, we can directly
arrive at the SOP form of the Boolean function represented by the OBDD.
Definition 3.3 A path in an OBDD is a sequence of connected vertices starting from

the root of the OBDD and ending with a terminal vertex. The literals associated with all
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vertices in the path form a product term. This product term is the associated product term of
the path. The right-most path of an OBDD is the path in which all edges are of the form
(v, hi(v)).

The function represented by an OBDD is the sum of the product terms associated with
all paths ending with the | terminal vertex.

Example 3.2 For the function f, =x.x,+x3x, +X5%5 and its OBDD shown in
previous example, all the associated product terms of the paths ended with the 1 terminal
vertex are as follows x;x,,x,X5X3X, , X1 X5 X3 X, X5Xg, X Xp X3 X5 X6, X X3X 4, X X3X 4 X5Xg, X X3X5Xge

Definition 3.4 Two OBDDs G and G' are isomorphic, denoted by G=G’, if there
exists a one-to-one function ¢ from the vertices of G onto the vertices of G’ such that for
any vertex v if o(v)=v’, then either both v and v’ are terminal vertices with
value(v)=value(v’), or both v and v’ are non-terminal vertices with o(lo(v))=lo(v’),
o(hi(v))=hi(v’), and index(v) =index(v’).

In other words, two OBDDs are isomorphic if their roots have the same variable
attributes, and the corresponding children are isomorphic as well. Two terminal vertices
that have the same value are isomorphic.

Definition 3.5 An OBDD G is reduced if it contains no vertex v with lo(v)=hi(v),
and it does not contain distinct vertices v and v’ such that the subgraphs rooted by v and v’
are isomorphic.

Theorem 1 ([1]) Given a variable ordering, for any Boolean function f, there is a
unique (up to isomorphism) reduced OBDD denoting f . Any other OBDD denoting f
contains more vertices.

This proposition is one of the key properties that make OBDDs widely useful. OBDDs
are more compact than truth tables. This compact structure is canonical. Therefore
verification can be more easily done.

Proposition 3.1 For a reduced OBDD, every path ending with the 1 terminal vertex

represents an OPI of the function.
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Proof of this proposition can be found in [33], where it is shown how to obtain the
ROSOP form of a function from its truth-table. By factoring the ROSOP form, we can
obtain the Shannon expansion of the function. Furthermore, Shannon expansions can be
represented by OBDDs. Since ROSOP is a unique representation for a function, therefore it
serves as a new proof for the canonicality of the OBDDs, which is different from the proof
in [1].

Definition 3.6 For a given variable ordering P, a Boolean function f of n variables

has a unique reduced OBDD. The reduced OBDD of a function f is denoted by
OBDD, ,(f). If the ordering is the standard ordering, then the notation can be simplified to

OBDD,(f). In the rest of the thesis, OBDD refers to the reduced OBDD unless otherwise
stated. For an OBDD of the form OBDD, .(f), IOBDD,,.,,( f)| denotes the number of

vertices in the graph.

§3.2 Partial-OBDDs

In this thesis, we study the structure of OBDDs for some specific functions. In order to
do so, we simply the OBDD structures. OBDDs can be reduced to partial-OBDDs [33]. In
simple terms, a partial-OBDD is a graph obtained from an OBDD by deleting all the O-
terminal vertices and edges connected to O terminal vertices. After some edges and terminal
vertices are deleted in an OBDD, some vertices in the graph may have only one child. In
order to represent this one child, vertex labeling is not enough. Therefore, partial-OBDDs
have labeled edges instead of labeled vertices. Formally, we have the following definition.

Definition 3.7 Given a variable set L =({x,---x,}, apartial-OBDD is a rooted
directed graph with two types of vertices: non-terminal vertices and terminal vertices. All
terminal vertices have value 1. Each non-terminal vertex can have one child or two
children. Each edge e ={v,,v,} in the graph has an index(e)e{x,---x,.X,---X,}. If a

vertex has two outgoing edges, then the two edges have opposite literals as indexes.
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Furthermore, we impose a total ordering < over the set of variables (both the positive
and negative literal of the same variable are of the same order) and require that for any three
adjacent vertices {v,,v,,v;} connected by edges {v,v,} and {v,,v;}, index({v,,v,})
< index({v,,v5}).

The function represented by a partial-OBDD follows similar rules as the representation
rule for OBDDs. Moreover, we have the path concept for partial-OBDDs as well.

Definition 3.8 A path in an partial-OBDD is defined to be a sequence of adjacent
vertices { v,,--+,v, } from the root of the graph to the terminal vertex. The literals associated
with all edges in the path form a product term. This product term is the associated product
term of the path.

The Boolean function represented by a partial-OBDD is the sum of the product terms
associated with all paths.

Example 3.3 The OBDD and the partial-OBDD of function x,x, + x;x, + x;x, are

shown in Figure 3.2.

Figure 3.2 The OBDD and partial-OBDD of x,x, + x3x, + x5x,
Definition 3.9 Two partial-OBDDs are isomorphic if their roots have the same

number of children, the edges to the children are labeled by the same literals, and the
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corresponding children are isomorphic. If the two graphs contain only terminal vertices,
then they are identical. We denote two isomorphic partial-OBDDs G, and G, as G, = G,.

Definition 3.10 A partial-OBDD is reduced iff there is no vertex in the graph such
that the two children of the vertex are isomorphic, and the graph does not contain distinct
vertices v and v’ such that the subgraphs rooted by v and v’ are isomorphic.

Similar to OBDDs, partial-OBDDs are canonical representations for Boolean functions.
From now on, the term partial-OBDDs refers to the reduced partial-OBDDs, unless stated
otherwise. For a reduced partial-OBDD, each associated product term of a path is an OPI of
the function [33].

Definition 3.11 A non-terminal vertex v of a partial-OBDD is unate if v has only
one child. Vertices are binary if they are not unate. If a vertex v is a unate vertex, the edge
starting from this vertex is a unate edge. Edges are binary edges if they are not unate edges.

Definition 3.12 A layer of a (partial-) OBDD is the set of edges labeled by literals of
the same variable. Layers are ranked by the ordering of the variables. The root graph of an
(partial-) OBDD of a variable x is the graph consisting of layers less than or equal to the
variable x.

Vertices in the root graph are called rerminal vertices if they have no child in the root
graph. Among them, those which are not terminal vertices of the original partial-OBDD are
called N-type terminal vertices. A vertex is a semi-terminal vertex if it is connected to a
terminal vertex. A vertex is an N-type semi-terminal vertex if it is connected to a N-type
terminal vertex. For a terminal vertex v, the set of all semi-terminal vertices connected to v
is denoted by semi(v). Edges in the root graph are called trerminal edges if they have one
terminal vertex as one vertex. Among them, those which have one N-type terminal vertex

are N-type terminal edges.
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§3.3 Permutation and Minimization of OBDDs

For OBDDs, the Boolean function representation minimization problem is the OBDD
minimization problem. Since the reduced OBDD has the least number of vertices, the object
of minimization of OBDD:s is not to find the reduced OBDD with respect to a given variable

ordering. Rather the problem is to find the best variable ordering for the function.

Definition 3.13 For a Boolean function f, a variable ordering M, , € E,, is called
the minimal ordering if the condition |OBDD, ,, (f )I =min {IOBDD,I o(f)
- PeE,, ’

} is satisfied.

The size of the reduced OBDD for a Boolean function may vary greatly with the
variable ordering. Some functions have linear size OBDDs for one variable ordering and
exponential size OBDDs for another variable ordering. To see the importance of OBDD
minimization, let us first look at some examples.

Example 3.4 In the following figure, we show the reduced OBDD of the function

X X, + x;x, + x5x¢ under two different variable orderings. The first ordering is the standard
ordering x, <x,<x;<x,<Xx;<x, the second ordering is the ordering

X < X3 < X5 <X <Xy < Xg.

Figure 3.3 The OBDD of x,x, + x,x, + x5x, under different variable orderings.
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The first graph has only 8 vertices while the second requires 16 vertices. Generalizing

this to functions of 2n arguments, the function x,x,+---+x,,_x,, is denoted by a graph of
2n+2 vertices X, <X,--*< X,,_, <X,,, while the ordering x <x,, <x,<x,,,<
---< x, < Xx,, requires 2" vertices. Consequently, a poor initial choice of input ordering
can have very undesirable effects [1].

Example 3.5 In this example, we represent a minterm by its corresponding integer
value. The function F(k) is a Boolean function of 2k variables, which is defined by the on-
set consisting of 2* minterms F(k)= {21&*2“* +f2d;,;x,.*2"‘"" lx, = 0,1}. In other words, the
integers in the minterm set of F(k) are of the form x,_,---xyx,---x,_,. This example also
serves an example function whose SOP form is of exponential size while the optimal
OBDD is of linear size, therefore it also shows the advantage of OBDDs over SOP forms.

For k=3, the function F(3)={000000, 001100, 010010, 0111110, 100001, 101101,
110011, 111111). There are 2° =8 minterms in this function. The partial-OBDD of

function F(3) under the standard ordering is shown in the following Figure 3.4.

X3 x3

X4 X X

X6

1

Figure 3.4 Partial-OBDDs of F(3) under different orderings
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Proposition 3.2 Function F(k) has 2k product terms if F(k) is in SOP form.
Moreover, any permutation equivalent function of F still has 2* product terms in SOP
form.

Proof It is obvious that F(k) has 2* minterms. However, the distance between any
pair of minterms is greater than 1. Therefore no two minterms can form a product term.
Therefore if F(k) is in SOP form, it has exactly 2 product terms.

Furthermore, for any two minterms, any permutation does not change the distance
between them. Therefore the function F(k) has 2* product terms in SOP form for any
permutation.

Proposition 3.3 Function F(k) has 2**' +2* —1 nodes in the OBDD under the
standard ordering. However, the optimal OBDD of F(k) requires only linear size OBDD.

Proof Under the standard ordering, the partial-OBDD of F(k) consists of two parts as
shown in the left side of Figure 3.4. Each part is a complete k- variable binary decision

tree. Therefore there are 2°*' +2* —1 nodes in the OBDD.

Suppose the 2k variables are denoted by x,_;---XgYp"**y;_» then the minterms in the
function F(k) has the property that y, = x;. Therefore we have the proposition that
fry, =fzz =fk=1), fi5 = fz, =0. Therefore under the ordering x,_; < y;_;"** %o < Yo
the partial-OBDD of F(k) is of the form shown in the right side of Figure 3.4. It is of linear
size in the number of variables.

OBDD minimization has been studied by many people. Many heuristics have been
developed to find an ordering under which functions can have smaller size OBDDs ([17],
(2], [18], [20], [21], [22]). Some absolute OBDD minimization algorithms have also been
reported [19]. The basic approach of OBDD minimization algorithms is to search
permutations of n variables and find the ordering under which a function has the smallest

OBDD. The efficiency of the algorithm is determined by the size of the search space.

Techniques for reducing the search space are useful. In the next chapter, we introduce a
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new Boolean function classification theory. The newly defined single-faced variables will
be a useful filter to reduce the search space for OBDD minimization.

Definition 3.14 The sensitivity of a function f is the quotient of the size of a reduced
OBDD with respect to a worst variable ordering and the size of a reduced OBDD with
respect to a best variable ordering [11].

Theorem 2 [11] The fraction of Boolean functions whose sensitivity is larger than
1+ O(n*2™""*) is bounded by 0(2™"***) for § >0.

Based on this theorem, the effect of variable ordering is not important for almost all
Boolean functions. In this thesis, we prove that for symmetric functions, their sensitivity
is 1, i.e., with respect to any variable ordering, the OBDDs have the same size.

Next we show the relationship between OBDD minimization and function permutation,
which was defined in Chapter 2.

Definition 3.15 Two OBDDs G and G’ have an identical graph if there exists a one-
to-one function ¢ from the vertices of G onto the vertices of G’ such that for any vertex v if
o{v)=v’, then either both v and v’ are terminal vertices, or both v and v’ are non-terminal
vertices with oflo(v))=lo(v’) , andothi(v))=hi(v’) .

The identical OBDD graph property is different from OBDD isomorphism. For OBDDs
with identical graph, we only require there is a correspondence between the two graphs, no
requirement about the labeling of the corresponding vertices. For OBDD isomorphism, we
require that the corresponding vertices be labeled by the same variables.

Example 3.6 The two OBDDs shown in Figure 3.5 have identical graphs, but are
not isomorphic.

XX,
Definition 3.16 A permutation of n variables M, , =[xl . ] induces a map on

OBDD:s as follows: for an OBDD,(f), M, ,(OBDD,(f)) is an OBDD which has the
identical graph as OBDD,(f) with a permutation over the labeling of vertices. For a vertex

v with index(v) in OBDD,(f), the new OBDD M, ,(OBDD,(f)) has the index as
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M, ,(index(v)).

0 1{|o 1

Figure 3.5 OBDDs with identical graphs which are not isomorphic
Proposition 3.4 M,  (OBDD,(f))=0BDD, M., (M, .(f)), therefore

0BDD, ,,_ ()| =|0BDD, (M (£,

Symmetric functions have identical graphs with respect to any variable ordering.

Proof The function represented by M, ,(OBDD,(f)) is the function M, ,(f). This

is true because for every path (and therefore the associated product term), the permutation

has been performed. The function represented by an OBDD is the sum of all the product

terms associated with all paths ending with 1.

Xj
X
” 3
X
X X x
X2 X2 X2
X X
X
0 1

Figure 3.6 Permutation of OBDDs

X2

Example 3.7 The OBDD of f =xx, + x,x5 + x,x, under the standard ordering is

denoted by OBDD,(x,x, + x,Xs + X;x¢). Suppose the permutation M; ¢ is of the form

X, X, X3 X4 X Xg
M, =( , then

X, X3 X5 X5 X, Xg
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M, (OBDD,(x,x; + X,x5 + X35)) = OBDDG_(;.::;‘?.?? )(M“,(x,x4 + x,05 + X3X))

= OBDDG_(hX:-\'JJAIsIa )(x, x—l + xlx_‘ + x5x6 ) .

X X3 Xg XX g Xg

Both OBDD,(x,x, + x,x; + x;X,) and OBDD6 (o,

)(xlxz +x3x, + XsXx5) are

shown in Figure 3.6.
Proposition 3.4 shows that the variable ordering can be translated into the permutation
of the functions. Therefore we can always assume the variable ordering for the OBDDs are

the standard variable ordering.

Proposition 3.5 For a function g=M, (f), where M, €E, , IOBDDn(g)|=
min {OBDD,(h)|} if and only if IOBDD"’M,,.. f )|= rngn loBDD, , ()]}
- pek,,

heE, ()

Proof [0BDD, (g)| =|0BDD, (M, ,(f))|=|0BDD, ;= (f)|. On the other hand,
|oBDD, (g)|= min ((OBDD,(h)]} = min {OoBDD,(P())t = min l0BDD, ,m ()]}
heE, ,(f) €k, , €k, ,

= min{|OBDD, ,(f)]}. Therefore |0BDD, ;... (f)|= min (0BDD, »(f)]}-

PeE, ,

Definition 3.17 A function g @E  (f) is a minimal function of E, ,(f) if

|OBDD,(g)| = min {{OBDD,(h)|}. This is denoted by g=minE, ,(f).
hek, . (f)

Based on Proposition 3.5, one class of functions E_ ,(f) share the same minimal

OBDD function, therefore they also share the same minimal OBDD ordering. The
minimization of OBDDs are defined over the set F ('%- . The efficiency of OBDDs

comes from the choice of E,, (f). Accordingly, one would expect two level logic

minimization may have better results if we allow minimization over the set F (% . This
n.n

new insight points to a new direction for traditional logic minimization problems, which

should be addressed in future research.
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Part 11

Boolean Function Classification,

Minimization, and Application

In this part, we define a Boolean function classification
theory and study minimization algorithms. Structures and
complexity of OBDDs of single-faced functions and

symmetric functions are also studied.



34

Chapter 4! Single-Faced Boolean Functions
and the Structure of Their OBDDs

The Boolean function minimization problem is well defined in Part II. In this chapter,
we introduce a useful search space filter for Boolean function minimization, which is based

on a new Boolean function classification theory. The theory is well defined over the set
F(n) A

n.n

. However, for clarity of presentation, we only state the result over the set F(n).

The structure of the OBDDs of single-faced functions is studied. A complexity result on the

size of the OBDDs of single-faced functions is presented.
§4.1 A Boolean Function Classification Theory

Definition 4.1 The dimension of f & F(n), denoted by dim(f), is defined as

dim(f)=|sup(f)| i.e., the number of variables in the supporting variable set. Moreover, we

define the following sets, where m<n.
C(n)=(f € F(n)|dim(f) = n}
L(n)={f € F(n)|dim(f) < n}
F,(m) = {f € F(n) | dim(f) = m}
C(n) (L(n) ) is written as C[ x,,---,x,1 (L[ x,,---, x,]) when variables are considered. It is
n-1

n-—|
easy to see that for n>0, L(n) = UF,,(m), L(n)#3, and F(n)=C(n)( UF,,(m)).

m=0 m=0

Definition 4.2 Given a function f:B" — B with sup(f)= {x; . X; +-- %, }, where
iy <iy <---<i,,n>m, the function restriction map R, :F,(m)— C(m) (n>m20) is
defined as R, ,(f)(Yi> s Ym) = Fepox, itk t oot gt Ky Xig o0 Xi )

Proposition 4.1 R,  (F,(m))cC(m)

I'This chapter is based on the paper "Boolean Function Minimization and Classification", which has been
submitted to J. of ACM.
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The function restriction map R, , maps functions of n variables to functions with

fewer variables. On the other hand, there are well-defined maps from the function set C(m)

to the function set F,(m) (n>m=20).
Definition 4.3 For two variable sets L, =[x,,---,x,} and L, ,, ={x,--,x,,X,,,}, 2

I-1 map M,

n+l.n

:L,— L, is a basic extension of n variables. The set of all basic

extensions of n variables is denoted by E

n+l.n

. Among them,themap N, .: L, = L, is

called the natural extension of n variables if for I<isn, N,,, ,(x;)=x;. We can choose

other basic extension as the natural extension as well; such choices do not affect the results

presented in this thesis.

For n>k2m>0, a sequence of variable sets {x,,---,x,}, and a sequence of basic
extensions, M, , ., the composition of n-m basic extensions M, ., , is a n-m variable

extension, which is denoted by M, ., ie., M, =M,  _ oM o ..o M A

N4 = n.n- n—ln-2 m+1.m"*
x,xz e X,

variable extension M, , can be written as [ J where for Isjsm, M, . (x;)=x, .

x’l x": ot xi..

The set of all such M, , form the set E ,. Among them, N,,=N,, _ oN, °

n-l.n-2

-.-o N

m+l.m

is the n-m natural extension of m variables. In other words, the n-m natural
extension of m variables is of the form N, :{x,--.,x,}—={x,--,x,} such that

N,

a.m(Xi) = X

Proposition 4.2 An n-m variable extension M, : L — L, is a one-to-one map.

Moreover M, =M, N,

nam?*

where M, €E, ., ie., every variable extension is the

n.nr*

composition of the natural extension and some permutation.

The above proposition shows the important role the natural extension plays. The natural

extension of n variables N,,,, : L, = L ., induces a Boolean space map from B" to B"*'

+l.n
as N ,(X X%y X,) = {( Xy~ X, X, 1), (X %y --- X, X, )}. The induced map is called the
natural extension of B". A variable extension M, , also induces a Boolean space map
M, : B" — B". The result of such a map can be obtained by the composition rule of

maps. The Boolean space map induced by a variable extension M, ,, is called a Boolean
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space extension of B"™ into B", or simply an extension. Notice here the extension is still
denoted by M, ..

A Boolean space extension M, , is an onto map. For any ye B”, M _,(y)isan-m

dimensional Boolean space, where n=m>0. The inverse map of a Boolean space extension
M__ is called a projection map. When m=1, the projection map is a Boolean function.

a.m

Definition 4.4 For a function fe€ Flx,---,x,], the natural direct extension of

function £, induced by the natural extension N,,, . denoted by NZ,  (f), is defined as

n+l n(f))(x!’ * n*l) = f(Nr‘l’:-vl n(xl’”.’xn’xn«fl)) = f(xl'"."xn)'
Based on the composition rule of maps induced by Boolean space extensions, for
Mn+l.n = Mn+l.n+an+l n € En+l n ?

M1 (X X X)) = (Ml i N, »"’(f)(x.,---,xn,xm
= n+l,n+l(N:+l.n(f))(xl""’ X)) = Nt My (X103 Xs X))
Similarly, a Boolean space extension M,, :B™ — B" (n2m20) induces a map
M,‘i . F(m)— F(n). M,j'_ . is called a direct extension of functions. The set of all such
direct extensions is denoted by E? .

Proposition 4.3 For n>m>0, if feC(m),then M! (f)e F,(m); moreover,
Rm.n(M:‘.m(f)) € Em.m(f)'
XXy X

Proof For a direct extension M? induced by M. _= ST, let {x,oe.x, )
n.m y n.m X. X o0 X 1 n

—{x; XX Y= X L Xyt X K e X 0 X s X = D1 Y )y O
any function f € F(m) and a cube y,--y,_,. . M:m(f).\'-.--'.\'-.-.. = M,‘,",,,(f),.l_.,_\.___‘=

Proposition 4.4 For a function f € F,(m) (n>m=20), there exists an extension M,‘,{ m
such that M?, (R, ,(f))=f. Therefore E! (C(m))-F (m).

Corollary 4.1 (1) For n>0, F(n)=C(n)u( UF(m)):C(n)u( UE:',,,(C(m)))

2) E, (m/ —Rax_, C(m) / E'"’"' F.(m /E is one-to-one and onto.

This proposition provides a well-defined classification of Boolean functions in terms of

function dimensions and function equivalent classes.



37

Example 4.1 The following is the classification of 2-variable functions.

F(2) = {xl @xz,xl @ xz,xlx-_),xlfz,flxz,flf-_;,xl +x2,x1 +f‘_)_9f| +x2,f[ +f29x|’x21-?25f|9071}
C(2)=1{x; @ x5, X, D Xy, XX, X, %, X X3, X} + X0, X1 X0, Xy + X0, X + X3, X + X}
L(2)= {x[vxzrf‘va[,O-rl}

L(2) = K1) U F(0)
B() = {x, %, 5. 5 }
F(0) = {0,1}

§4.2 A Refined Classification Theory

In the above we developed a function classification based on the dimension of
functions. We refine the classification of the set C(n) in this section.

A function value is determined by its supporting variables. However supporting
variables have differing roles such as the distinction of “"control” inputs and "data" inputs

[3]. Some supporting variables alone can determine the function value. For example, if

f(xpye %, )= x8(x5,-+,x,), and the variable x, has value 0, then fhas value O no matter
what the other variable values are. However, if g € C(n—1), then all variables x,,---,x, are
supporting variables. In the following, we study differences between supporting variables.

Definition 4.5 Given a function f € Cfx,,---,x,], a variable x; is a O-single-faced
variable of f if f. =0. In this case, x; is a O-single-faced literal . Similarly, a variable x; is
a l-single-faced variable of f if f, =1. In this case, X, isa l-single-faced literal .

Both O-single-faced variables and 1-single-faced variables are single-faced variables. A
function is single-faced if it has a single-faced variable. All n dimensional single-faced
functions form the set S(n). A function f € C(n) is double-faced if f & S(n). The set of all
double-faced functions is denoted by Df{ x,,---,x,], or D(n} if variables are not considered.
The distinction of S(n) and D(n) provides a refined classification of C(n). Functions in

S(n) have behavior similar to functions in the set L(n), which will be shown below.

It is easy to see that if f & C(n) has a O-single-faced literal x,, then f= ¥, f; and

fi, € C(n—1). Similarly, if f € C(n) has a |-single-faced literal %, then f= X, +x.f. and
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f; € C(n—1). The term "single-faced"” refers to the fact that the function is constant on one
face of the n dimensional hypercube B".

Example 4.2 The following is the classification of 1-dimensional functions.
C() = {x,x}

D=9
S() = C() = {x, X}

Example 4.3 The following is the classification of 2-dimensional functions.
C(2)={x; @ x3,X; D@ X3, X X5, X X0, X X2, X1 X, X| + X, X + X, %) + X5, %) + X, }

D(2) = {x; @ x5, X D x>}

SQ2) = X123, X%, X X0, X X, Xy + X, X + X, Xy + X0, X + X5}

Proposition 4.5 If a function f € C(n) has a O-single-faced literal x;, i.e., f=x.f, ,
then the O-single-faced variables of f; are also O-single-faced variables of f. Similarly, if a
function f € C(n) has a 1-single-faced literal x,, i.e., f= X, +X, f; , then all the 1 single-

faced variables of f: are also 1-single-faced variables of f.

Proof The case for O-single faced case is easy. We prove the case for 1-single-faced.
Letf= x + X fz (X2, %) If fz(x2.0.%,) =X + X5 f5 (03.7--, X, ), then
=X +X2 + 53, fzz (X3, X,) = X + X + 5% fzz (X3,707, ;).
Proposition 4.6 If a function f € C(n) has a O-single-faced variable, then all other
single-faced variables of f are O-single-faced. Similarly, if a function f e C(n) has a -
single-faced variable, then all other single-faced variables of f are 1-single-faced.
Proof If x, is a O-single-faced variable of f; without losing generality, we assume
f=xf, . In this case, f; =0.If at the same time, f has a 1-single-faced variable x,, we

can assume f is of the form X, +x,f, , then f;; =1 implies f; # 0. Therefore, f could

not have any |-single-faced variables. The same argument can prove the second part of the
proposition.
Corollary 4.2 Suppose a function f e C(n) has k O-single-faced variables

{%,---.x;}, then f= x---x.g(x,,,,--.x,). If feC(n) has k 1-single-faced variables
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(X, %), f= X+ +X + % - X.8(X,,,, " X,), where g(x,,,.,---,x,)e C(n—k) , and
n2k>0.
Definition 4.6 The map SR, : C(n) — D(m) is defined as follows, where n-k>m.
SR.(f)= f if fe€ D(n). Otherwise,
SR, (%) X 8(Xgyya2 X)) = SR (8(xp v+ %,));
SR, (% + -+ X + X - X 8(Xp 10 X)) = SR, (8(Xpyps -0 X))
For f e C(n), SR,(f) is a double-faced function and it is called the double-faced core
SJunction of f. We let the set S, (i) denote the set of single-faced functions which have an {

n-1
dimensional double-faced core function. It is easy to see that S(n)= US,,(:'); S ()=
=0

since D(1) = . In order to make the notation consistent, we assume D(0) is well defined.

D(0) =F(0)={1, 0}, S(0)=3. Functions in §,(0) are complete single-faced functions.

Example 4.4 For 2 dimensional single-faced functions,
S(Z) = Sz(o) = {xlxz,xlfz,flxz,:x—lfz,xl + x:,xl +4?2,f| + Xz,fl +f2}

(=L

Proposition 4.7 For n variables, there are 2?""' complete single faced functions.

Proof Suppose for m variables, where m> [, there are N(m) complete single-faced
functions, then N(m+1)=4N(m). For a complete single-faced function, each variable can be
a 0-single-faced variable or 1-single-faced variable. For both O-single-faced and [-single-
faced variables, there are also two choices to make the positive literal or negative literal as
the single-faced literal. Therefore there are 4 choices for each variable. Moreover, we have
N(1)=2. Therefore we have the conclusion.

The number of complete single-faced functions is higher than the number of symmetric
functions, which is equal to 2". What makes the single-faced functions even more
important is the following result.

Definition 4.7 A function fis a complete double-faced function if for any product

term P of dimension greater than I, f, is a double-faced function.
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Proposition 4.8 If a function fis a complete double faced function, then it has to be
the odd or even parity function.

Proof Let OP(n) denote the n-bit odd parity function. Given the function f, we
prove the proposition by induction on the number of variables.

For n=2, the set D(2)={x, ® x,, X, ® x,} consists of only complete double-faced
functions. Therefore the conclusion is right.

Assume the conclusion is correct for k<n. Now we assume k=n+/. Since fis a

complete double-faced function, therefore for any product term P =x,---x,_,, fp is a
double-faced function, i.e., fp € D(2). Therefore either f,=x,®x,,, or f,=x, ® x,,,.
We define a function F(x,,---,x,_,) of n-1 variables as: for any minterm P=x--X, _,,
F(P)=0 if f,=x,®x,,,; F(P)=1 if f,=x,®x,,,. We have the relation that
f= O, n) 9 (6 @ X )+ Fl e, %) (5, 8 x,00) = Fl3pe,2, ) @ (%, @ X,0)
The new function F(x;,---,x,_,) is also a complete double faced function. If there is a
product term Q of dimension greater than | such that F), is a single-faced function, then the
function f,, . is a single-faced function, and the dimension of Q-x, -x,,, is greater
than [. We armrive at a contradiction. By induction, F =0OP(n-1) or F= OP(TI_)
Therefore either f=x, @ x,, POP(n—1)=0P(n+1) or f=x,@x,, @ OP(n—1)
=OP(n+10).

Corollary 4.3 For a non-complete double-faced function f, there exist product terms
P whose dimension is higher than | such that the restrictions with respect to those product
terms f, are single-faced functions.

Example 4.5 Consider the function f = x;x, + x3x, + X5Xx¢. f is not a single-faced
function. However, f, is a single faced function forall x;.

The above proposition shows that single-faced functions are commonly encountered.
Even if a function is a double-faced function, some of its restrictions may be single-faced.
The only complete double-faced functions are the odd and even parity function. For a

single-faced function, its double-faced core function again contains some single-faced
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restrictions.

The map SR, : C(n) — D(i) maps S,(i) to D(i), resulting in functions with fewer
variables and therefore less complexity. Next we show how to obtain the set S, (i) from

D(i).
Definition 4.8 For a function f e D[x,,---,x,], the natural O-single-faced extension

of f, induced by the natural extension N,

n+l.n

Hx - x, = (x50 x,,x,,,}, denoted by
Nr?ﬂ-n(f)’ is defined as Nr?H.n(f)(xl"“’xn’xm»l) =X, f(x,---,x,). The natural 1-single-

faced extension of is defined as N.,,  (f)(X,, "%, X0, ) = %puy + X, f (X000 X,).

Both the natural O-single-faced extension and the natural 1-single-faced extension are

=N° or N

n+l.n rH-l.n)'

natural single-faced extensions (denoted by N}, ,.i.e., N;

n+l.n

The natural O (1)-single-faced extension can be combined with permutations to form

basic single-faced extensions.

Definition 4.9 A basic single-faced extension is defined to be M, .. N., .(f),

where M, .. €E

n+l.n+1"

It is denoted by M

n+ln*

All the basic single-faced extensions

s
Mn+l.n

:D(n) = F(n+1) formthe set £

+ln*

Generally, the composition of a sequence of basic single-faced extensions
M, (=M, _(M,_ (M, ..(f)-)) is an n-i single-faced extension. The set of
all such extensions is denoted by E;, ..

Proposition 4.9 For a function f €S§,(m) (n>m20), there exists an extension M, ,

such that M, (SR, (f))=f. Therefore E;, (D(m))=S,(m).
n-1 n-1
Corollary 4.4 For n>0, S(n)=|]JS,()={J(E. (D).

=0 =0
This formula classifies the set S(n} in terms of the dimension of the double-faced core
functions. Applying this formula to the classification of Boolean functions, we have a
refined Boolean function classification as follows.

Proposition 4.10 For n>0, the set of Boolean functions can be classified as

follows: F(n)= L'IJLMJ E! ES (D] .

m=0i=0
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This proposition gives the complete classification of Boolean functions in terms of their
double-faced core functions. For any functions, their double-faced core functions are
important. This result can be applied in many areas such as logic minimization, testing,

symmetry detection and so on.

§4.3 The Structure of Single-faced Functions.

In this section, we study the structure of single-faced functions. We first consider the
0O-single-faced function xA(x,---,x,_,,X,,,.>**,X,), h€ D(n—1). This function has only
one single-faced variable x;, we investigate the edges labeled by x,. The term partial-
OBDD is simplified as p-OBDD. The variable ordering here is always the standard
ordering.

Proposition 4.11 The root graph of variable x;, in the reduced p-OBDD of
Xh(x,, X, 3 X0 00X, ), h€ D(n—1) , has the following properties:

(1) all terminal edges are labeled by the single-faced literal x;.

(2) every semi-terminal vertex is a unate vertex.
(3) every terminal vertex v has only one semi-terminal vertex semi(v).
Proof Because the function represented by a p-OBDD is the sum of all the product

terms associated with all paths in the p-OBDD, all paths in the p-OBDD of
Xh(x,,+, X;_|, X;,,,"*»X,) (h € D(n) ) have to contain an edge labeled by x,. Therefore all
terminal edges in the root graph of variable x; are labeled by x;. If an edge is not labeled by
x;, then it is labeled by a variable less than x;. In the original p-OBDD, this edge must be
connected to an edge labeled by a literal greater than x; or it is not connected to any edge
anymore. Therefore we have a path in the p-OBDD which does not contain the single-faced
variable x;.

If a semi-terminal vertex has two children, one of the two edges is labeled by X,

contradicting the condition that x; is O-single-faced literal.
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Furthermore, if two semi-terminal vertices v, and v, have the same child terminal I
vertex, then the graph rooted in these two vertices are isomorphic. For reduced p-OBDD,
this can not happen.

Example 4.6 The following figure shows the root graph of the p-OBDD of

x,-h(xl,---,x,._l,x.+l,---,x,‘).

L}

Figure 4.1 The root graph of the p-OBDD of a O-single-faced function

Root graphs for 1-single-faced functions are more complicated.

Proposition 4.12 If an OPI P of function f=x, +X,[A(x, " X, s X, s "+ X, )]
contains the single-faced literal x;, then it does not contain any literals of variables greater
than x,. On the contrary, if P contains a literal of a variable greater than x, , then it must
contain the literal x,.

Proof For the function f, f; =1, therefore f, . . =l,ie., sup(f, ., ;)}=9. If
an OPI P of f contains the single-faced literal x;, then it does not contain any literals of

x;

variables greater than x,. Suppose the OPI is of the form x,---x;,_ x,,---x,, where literals

x,---x;_, are all less than x,, and literals x,,, ---x, are all greater than x;, in this case, the

i-1

function restriction f, ., . has an OPI x,,,---x,, which is not right. Therefore if an OPI

contains a literal of a variable greater than £, , then it must contain the literal X,.
Proposition 4.13 All paths in the p-OBDD of f=x; + X,[A(X,,-= X,_;» X,. 15 = X, )]

h € D(n), can be divided into three different sets:
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(1) the path has all edges labeled by literals of variables less than x,.
(2) if a path has one edge labeled by x;, then all other edges in the path are labeled by

literals of variables less than x;.

(3) if a path has one edge labeled by a variable greater than the single-faced variable x,,
then it must contain an edge labeled by %, .

Example 4.7 These three cases are shown in the following example figure, where
X, < X, < x;, and x; is the I-single-faced literal.

X} X1

Figure 4.2 Three kinds of paths in the OBDD of a 1-single-faced function
Proposition 4.14 The root graph of variable x, in the reduced p-OBDD of

%+ X,[h(x., s X,y X, p0st 5 X, )], B € D(n) , has the following properties:

(1) all the edges in layers less than x; in the root graph are binary edges.

(2) all edges labeled by x; are terminal edges in the p-OBDD.

(3) all the N-type terminal edges are labeled by *..

(4) every N-type semi-terminal vertex is a binary vertex in the p-OBDD. Moreover, it is
connected to one distinct N-type terminal vertex. This edge is labeled by x,.

Proof (1) If there is a unate edge in layers less than X, then there is a path of the
form xX,---X, (k<i) contained in the p-OBDD of the complement function. Therefore
XKy XX, © f L XXy X, X c f, neither x, c f nor X, < f is correct.

(2) by (2) in Proposition 4.13 .

(3) This is a direct corollary of (2).
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(4) If it is not a binary edge, then there is a path that contains the literal ¢, in the

complement function. If N-type terminal vertex are not distinct, then the p-OBDD is not
reduced.
Example 4.8 The following figure is the root graph of the p-OBDD for

xX; + X, [h(x,, -, x;_,, x;

i+h?

--,x, )], where variable x, < x,, z <x;. The children of ¢, is

connected to semi(t;).

Figure 4.3 The root graph of the p-OBDD of a l-single-faced function

Based on Proposition 4.11 and Proposition 4.14, algorithms for detecting single-faced
variables can be derived.

Moreover, the OBDDs of complete single-faced functions can be determined. The
optimal OBDD of a function f € 5,(0) consists of n non-terminal vertices and two terminal
vertices. If a variable is a 0-single-faced variable, then one edge from the vertex labeled by
this variable points to O terminal vertex, and another edge points to its non-terminal child. If
a variable is a 1-single-faced variable, then one edge points to the 1 terminal vertex while
another edge points to its non-terminal vertex. The size of the optimal OBDD of a complete

single-faced function is always n+2.



46

Figure 4.4 An example OBDD of a complete single faced function

§4.4 Minimization of Single-faced Functions

Single-faced variables play an important role in Boolean function minimization. We will
prove that for SOP representation, factored form representation, and OBDDs, the single-
faced function minimization problem can be simplified into the minimization of their
double-faced core functions. Based on experience with ESPRESSO [4], the speed of
minimization heavily depends on the number of variables. The double-faced core function
has fewer variables than the original functions. Therefore the resulit here can be used to
increase the speed of ESPRESSO [4].

We first consider the SOP and factored form minimization problems. Let MSOP(g)
denote the minimal SOP representation for function g, MF(g) the minimal factored form
representation. We have the following proposition. Here the minimal cost is defined to as
minimal number of product terms for SOP, and minimal number of literals for factored
forms.

Proposition 4.15 Suppose a function f e F(n) and M? e E!’

n.m?*

M, .eE, . such
that f=M? M: .(g), where ge D(i); then we have

(1) MSOP(f) = M! M: (MSOP(g)).

) MF(f) = M ,M; ,(MF(g))
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Proof Result (1) can be easily proven by the observation that a |-single-faced literal is
an EPI; while for a O-single-faced literal, every product term has to contain this literal.
Therefore (1) is true.

To prove (2), we prove that for any factored form g of the l-single-faced function
f=x +Xfz(x5,--,x,), we can find a new factored form h=x, + X @ Tr(g) with less
literals and representing the same function f. The factored form Tr(g) is obtained by the

following algorithm.
Tr(0)=0

Tr()=1

Tr(x,eg +g,)=Tr(g)+Tr(g,)
Tr(x,0g +g)=Tr(g,)

Tr(g, +8,)=Tr(g)+Tr(g,)
Tr(g,*g,)=Tr(g,)*Tr(g,)

The factored form 4 has fewer or equal number literals than g. Because g contains the
literal x, and X, while 7r(g) does not, Tr(g) has at least 2 literals fewer than g. Expanding
the factored form g and Tr(g) into SOP form, let SOP(g) denote the expanded SOP form
of the factored form g, then we have SOP(g) = X,  (SOP(Tr(g))+ x,. Therefore # and g

represent the same function f. The 0-single-faced case can be proven similarly.

According to the result in Chapter 3, the OBDD minimization problem is equivalent to
finding the minimal function such that its OBDD is of the minimal size under the standard

ordering. We therefore study the minimal functions for single-faced functions in the set

S, (7). In particular we look at §,,,(n). Results about general cases of S,(/) can be obtained

from the results about S, ,,(n) by induction. For clarity, we redefine some notation here.

5

The variable sets are L, = {x,,---,x,} and L, ={x4,x,*-,x,}. The notation N, , refers

to N°

1 . . . . -
weln OF N, ., which are defined as X, f(x;,--,x,) or x,+X,f(x;,"--,x,)

accordingly.
Theorem 3 Let f € D(n) , minE 41 (Nprin(f) = Npyy p(min E, ().
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Proof The set E, ., ., can be divided into two disjoint subsets £, ,(x,) and D,,,. A

XoXp-"-X
permutation Pe E , (xy) if P(xy)=x,. fPe E,  (x;), P=(x0x' ; J induces a map
04, "t

-r co-x
P, =( ! "' J F, , € E, . One can see the 1-1 correspondence between E, ,(x,) and

.r‘,l o _t‘n

En.n' Thcrefore’ min{ [En.n(xo)](N:H.n(f))} = min{En,n(N:H.n(f)) }=Nr‘:+l.n (rmn Eﬂ.ll (f))'

On the other hand, we consider O-single-faced extensions as an example. For any

XoXy X
01 n
P = eD ..,
n+ln+l X, X; or X; n+l

o™ h

P

n

) - XosXps s Xy 4o X wpn™ s Xy
permutation P, = , then
. BN I AT T 7
1 (23 o (] iy

+l.n+l(N;:-q-l‘,,(f))(xovxp’“,xn) = B.+l,n+|(—fof(x|,' X, )) = 'i'fof(xf. " ",Xin ) We define a

P

n

Let Qn+l.n+l =[

st (N2 () (xgs X500, X)) = X [0 )= iio[i)n.a(f)(xovxl"”’xio—l’xi,,-v-l"”'xn )]
XosXps® s Xj s Xj s Xj 41577 Xy
P 2 i:,xo,x‘,oﬂ,...’x" ]’ then Q1,1 ® sy ne1(X0)= Xg-
Moreover, Q.. 51 ® Frstnst(Npsr 2 () = J'co[I—’,,‘,,(f)(xl,- XX Xip 41 0 X )]
Lemma 1 For any function s € D(n),
|OBDD, , (%, [h(xg, %, Xy Xy %)D| 2
|OBDD, ., Gio[A(x,\ XKooy s X Xy %)D)-
Similarly,
|OBDD,,,(%; + % lh(xg. 1+ Xy Xy X)) 2
|OBDD, (g + Tolh(x(, Xp =0 X0 X g0+ 0 X))
Based on this lemma, let k=5, ,(f), we have |OBDD,,,Q,,, 111 ® Bos1 st (N1 . ()]
s |OBDDn+le+l,n+l(N;+l.n (f))l, where Q.41 ® Fivinn € Enq(xo). Therefore
min(E, 41 (Npsp o () =min([E, ,(x5) U Dy ANy £ ()}
= min{[E, ,(xo)J(Npi1n (N} = Npy n(min{E, . (SID).

Now we prove the lemma for the 0-single-faced case and |-single-faced case.
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Proposition 4.16 Suppose the root graph of variable x; in the reduced p-OBDD of
Xh(xy, X, X,y Xi a0 X, ), € D(n), has root vertex v,, the set of terminal vertices is
{t,,---,t,}, ¢ has semi(t;) as its semi-terminal vertex. The edge from semi(t;) to ¢, is
labeled by variable x;, then the p-OBDD of the function x,[A(x,,---,x,_;,%.X;,,,"--,X,)] can
be obtained by the following procedure.

(1) Create a new root vertex v, label the edge connecting vto v, by x,.

(2) Connect all the child or children of vertex r, to vertex semi(s;). If ¢, is a terminal
vertex in the p-OBDD, then change semi(¢;) to a terminal vertex.

(3) Increase the labeling of layers O to layer i-/ by 1.

Proof This can be proven by enumerating all the paths.

Example 4.9 The above process can be shown by the following figure, where Figure
4.5 () is the p-OBDD for x;A(xg,X;, ", X;_;, Xiy 10" = X, ) - Figure 4.5 (I) is the p-OBDD for

XolA(xys s X, s X X0t X, )

3
]
]
’ [ 1
L}
T
[}

semni(t;) . \
ﬁ>x ; - semi(t,) semit )
4
L e, ©4 em S+l
(I

Figure 4.5 The p-OBDDs of different O-single-faced variables

By counting the number of vertices in the above figures, Lemma 1 for O-single-faced

functions follows easily.

Proposition 4.17 Suppose the root graph of variable x; in the reduced p-OBDD of

%, + 5 [h(Xg, X0 2 X,_ s X, yyo > X, )], h € D(n) has root vertex v,. The set of N-type
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terminal vertices is {f,,---,f,}. For each ¢, its semi-terminal vertex is semi(z;). The edge
from semi(z,) to t, is labeled by literal x,, then the following procedure creates the p-
OBDD for the function X + Xo[A(X;, X34+, X0 Xip 0 X))

(1) Create a new root vertex v, the edge connecting v to v, is labeled by literal x,.
The edge connecting v to the terminal vertex is labeled by x,.

(2) Delete the children of semi(¢;), and connect the children of ¢, to semi(z,).

(3) In the root graph, delete all unate edges and edges that have one unate vertex,

(4) Increase the labeling of layers O to layer i-/ by 1.

Example 4.10 The above process can be shown in the following figure, where
Figure 4.6 (I) is the p-OBDD for x; + X;[h(xq, X[, " X;_» X415 > X, )]. Figure 4.6 (II) is the
p-OBDD for x, + X,[h(xq, X, ", X;_;» X;41.-* "+ X, )], where variable x, < x;. In Figure 4.6
(II), the unate edge labeled by x, is deleted, so the edge labeled by 7 since this edge
contains one unate vertex, where z is a variable less than x;. The children of ¢ is

connected to semi(t;).

Vo
X X0
v V2
. \
l' ‘\
’ \
’ \
I A Y
’ Y
. l’ '
semi(t;)
Xk X . z
semi(t semi(t )=t
Xj

(I

(D
Figure 4.6 p-OBDDs of two different 1-single-faced variables
By counting the vertices in Figure 4.6 (I) and Figure 4.6 (II), Lemma 1 for 1-single-

faced functions can be proven. Therefore Theorem | is proven.
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Based on Theorem 3, better algorithms for OBDD minimization can be developed. For
a single-faced function, the best ordering is always to select the single-faced variable as the
least variable. This is the theoretical realization of the experience in [3] that "it is generally
wise to pick a variable ordering that places the control input variables before the data input

variables". Single-faced variables can be viewed as control variables.

In this chapter, we have shown that single-faced variables can be used as a filter for
SOP minimization, factored form minimization, and OBDD minimization. A Boolean

function classification theory based on single-faced variables is also developed.



(9]
18]

Chapter 52 OBDD Structure and Complexity of

Symmetry Boolean Functions

In this chapter, as an application of the single-faced function classification, we study
the OBDD structure of symmetric functions. A new algorithm for symmetry detection is
also presented. The structure of symmetric OBDD can also be used to obtain the size of the

OBDD of symmetric functions.
§5.1 Introduction

Symmetry is a useful property in logic synthesis, logic optimization, and technology
mapping. For symmetric functions, there are special logic synthesis procedures that can
improve the results of the design [24], [25], [30]. Symmetry also improves the efficiency
of technology mapping and equivalence testing [23], [26], [27].

In order to effectively use symmetry, one has to detect symmetry fast. A naive method

for symmetry checking is to test equality of the function restrictions f, ; = f; . for all

variables x; and x;. In this algorithm, all the function restrictions have to be generated.

Although this method is popular, creating the necessary cofactor functions is very time
consuming [28].

Symmetry of functions represented by OBDDs can be detected more efficiently by
preprocessing based on the structure of the OBDDs [28] [43]. The symmetry detection
algorithm in [28] avoids generating OBDDs using preprocessing. Using properties of

counting the satisfying set or the structure of the OBDDs, asymmetric pairs of variables are

2 This chapter is based on the paper "Algorithms for and structure of symmetric OBDD", which has been
submitted to IEEE. Trans. on Computers.
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detected. However the drawback of this method is clear. It does not avoid use of the naive
method, i.e., the generation of new OBDDs to test symmetry.

In this chapter, we study the OBDD structure of symmetric functions. Single-faced
functions play an important role in the structure of the symmetric functions. A new
algorithm for symmetry detection is also presented. The algorithm eliminates the generation
of new OBDDs. Symmetry is detected by the structure of the OBDDs. The complexity of
the algorithm is equivalent to a depth-first search of the OBDD. The structure of symmetric

OBDD can also be used to obtain the size of the OBDD of symmetric functions.

§5.2 The Structure of Symmetric Functions

Proposition 5.1 If a single-faced function is a symmetric function, then it has to be
of the form: x, e---e¢x or x +---+x,, i.e., a symmetric single-faced function is a
complete single-faced function.

Proof First we consider a O-single-faced function f. Suppose fis of the form

x,f(x,,--,x,) . Because the function is symmetric, for any variable x,, it has to be the
form X, f(x,,---,X_;»X;,1» ", X, ). Therefore it has to be the form x, e---e x .
Similarly we can prove that a 1-single-faced function has to be the form x, +:--+x,.
Proposition 5.2 A function fis a symmetric function of n variables if and only if it
is one of the following three cases.

(1) the constant O or 1.
(2) One function restriction f, or fz isconstant O or 1, i.e., fcan be of the form

Xy Xy II"'x‘n ’

X +---+x,0r X;+---+X,.
(3) Neither of the function restrictions f, or fy is constant, then
() fxx, = fxx,-and

(ii) both fy and f5 are symmetric on n-/ variables {x5,--,x,).
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Definition 5.1 An OBDD is called an n-triangle if it is as shown in Figure 5.1. An

n-triangle consists of n non-terminal nodes labeled by variables x,,,---x, .. Al non-

terminal vertices have edges labeled by c (either O or 1) pointing to one terminal, and all

other edges are connected according to the increasing ordering of the variables. The path

Xi - X, 1S called the n-boundary of the n-triangle. The single edge from x;,, to the

terminal vertex is called the /-boundary of the triangle. The vertex x;,, is the top of the

triangle. A I-triangle is just one variable.

Figure 5.1 n-triangle and l-triangle

Proposition 5.3 The OBDD of single-faced symmetric functions x;::-x,, X ---X,,
X ++--+x,, and X| +---+ X,, are n-triangles with top vertex labeled by x,.

The rest of this section focuses on the structure of the OBDD of symmetric functions.
Single-faced symmetric functions and »n- triangles play an important role in determining the
structure of the OBDD of symmetric functions.

Definition 5.2 In an OBDD, if a vertex is the root of an n-triangle, then the vertex is
called a single-faced vertex. Vertices are double-faced vertices if they are not single-faced.

Every path in the OBDD of a symmetric function contains at least one single-faced
vertex.

Definition 5.3 For an OBDD of a symmetric function f, the first (least) single-faced
vertex in the right-most path represents a single-faced symmetric function. This function is

called the right single-faced function of f.
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The right single-faced function of a symmetric function f impacts on the structure of
the OBDD of f.

Definition 5.4 An (m,k) 0-1 grid is a directed graph consisting of m*k vertices with
coordinate (x,y) satisfying the conditions /<x<m and /<y<k. Moreover, the vertex (x, y)
is connected to (x+1, y) for I<x<in-I and (x, y+1) for I1<y<k-1I. All the edges from (x,
y) to (x+1, y) are labeled by O, and all the edges from (x, y) to (x, y+I) are labeled I.
Moreover, each vertex (x,y) is labeled by a variable x; such that i=x+y—-2+1i,, where

X, is the label for the node (1,1).

We define those vertices where x=/ or m, or y=/ or k as boundary vertices. Among
them, (m, y) form the x=m boundary, and the (x, k) form the y=k boundary. Similarly
we can define the x=/ and y=/ boundary. The vertex (m,1) is called the left-corner,
vertex (1, k) is the right corner.

Example 5.1 The Figure 5.2 shows the (6,6) 0-1 grid in different positions.

nghiCorner y=6

Left Comner,
X= Right Comer
1 j
O o
X, 0 Left Corner

Figure 5.2 (6,6) 0-1 grid.
0-1 grids can be connected to m-triangles to form new graphs. An m-triangle can be
connected to a 0-1 grid in two ways.
Definition 5.5 The first kind of connection of an (m,k) 0-1 grid with an m-triangle
is defined by a map from the y=k boundary of the grid to the m-boundary of the triangle,
such that the vertices have a 1-1 correspondence, and the right corner of the grid is mapped

to the top of the triangle.
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Definition 5.6 The second kind of connection of a 0-1 grid with an m-triangle is
defined by a map from the y=k boundary of a (2, k) grid to the /-boundary of the
triangle, such that the vertices have a 1-1 correspondence, and the right corner of the grid is
mapped to the top of the triangle.

Example 5.2 Figure 5.3 shows the first kind of connection of a (6,6) 0-1 grid with a

6-triangle.

Left Corner, 6 Eop
Right Corner

Figure 5.3 First kind of connection.
Example 5.3 The second kind of connection between a (2, 6) O-1 grid and a 2-

triangle is shown in Figure 5.4.

Top
&
Right Corner

Figure 5.4 Second kind of connection
Definition 5.7 Graphs formed by connecting O-1 grids together with m-triangles are
called connection graphs. The left corner of the connection graph is the left-corner of the O-

1 grid. The x=m boundary of the 0-1 grid is the left-boundary of the connection graph.
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Definition 5.8 An OBDD is said to contain a DAG if every node and edge in the
DAG is contained in the OBDD.

Proposition 5.4 For an n variable symmetric function with an m dimensional right
single-faced function, its OBDD contains the connection graph of an (m, n-m+1) 0-1 grid
and an m-triangle, or the connection graph of a (2, n-m+1) 0-1 grid and a m-triangle.

This connection graph is called the connection graph of the OBDD.

From the connection of the grid and triangle, one can see that the nodes inside the grid
all have two children pointed to fixed directions. The only vertices that have only one child
are the vertices on the left boundary of the connection graph. The remaining structure of the
OBDD is determined by the children of the vertices in the left boundary of the connection
graph. One further step can show the children of the vertices in the left boundary are totally
determined by one subgraph. We need the following concept.

Definition 5.9 For an OBDD of a symmetric function f, the O-child of the left-corner
of the connection graph represents a symmetric function. This function is called the left tail
function of f.

Proposition 5.5 If a symmetric function has an m dimensional right single-faced
function, then the left tail function is an n-m dimensional symmetric function, or an n-2
dimensional symmetric function.

Proposition 5.6 Suppose the vertices in the left boundary of the connection graph in

the OBDD are labeled by variables x;,--,x,, , while the right-most path of the OBDD of
the left tail function consists of vertices labeled by variables x,,,,-+,X,, , then the OBDD of
the symmetric function can be obtained by the following means: connect the nodes x; in the
left boundary to the node x,,, in the right-most path, or to a terminal node if x;,, does not
exist in the right-most path.

Example 5.4 Figure 5.5 shows the connection.
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ft Boundary of the
Connection graph

Right Most Path of the
Left Tail Function

Figure 5.5 The connection of the left-tail function with the connection graph.
The above process shows that the OBDD of a symmetric function can be constructed by
the OBDDs of the left tail function and the right single-faced function. Therefore the OBDD
of a symmetric function is totally determined by its right single-faced function and its left
tail function.
Example 5.5 The construction of the parity function by the right single faced

function and the left tail function.
Left Corner

N

Left Tail
Function

Right Single
Faced Function

Figure 5.6 The Odd-even parity function
In Figure 5.6, the node marked by C is isomorphic to the node marked by A, B is
isomorphic to D, and E is isomorphic to F. Therefore the reduced OBDD is actually as

shown in Figure 5.7.
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ght Single
aced Function

T3

Figure 5.7 The reduced OBDD

The final result in this paper regards the size of OBDDs of symmetric functions.
Proposition 5.5 also implies the following result.

Proposition 5.7 There are symmetric functions which need Q(n?) nodes in the
OBDD.

Proof Every symmetric function can be represented by a not necessarily reduced
binary decision diagram of size O(n*). This result was mentioned in [1]. On the other
hand, the connection graph contained in the OBDD can have at least m*(n-m+1) nodes.

When m=n/2 or m=(n+1)/2, the size m*(n-m+1) > "2/4. Therefore the proposition is

correct.

§5.3 Symmetry Detection Algorithm

Proposition 5.2 plus Proposition 5.3 gives the following symmetry detection
algorithm, where B is the OBDD we want to test for symmetry, and n is the number of
variables. BDD_Then(B) is the right branch of B. BDD_Else(B) is the left branch of B.
The algorithm returns true if B represents a symmetric function.

Algorithm SDet-2 (B, n)
t/=BDD_Then(B);
t2=BDD_Else(B);

If both ¢t/ and 2 are not constant
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If(BDD_Else(t/)==BDD_Then(:2) )

Else

If SDet-2(¢1, n-1) && SDet-2(:2, n-1)

Return(True);

Else Return(False);

Return(False).

Else Verify ¢/ or 2 is the n-boundary of an n-triangle.

This algorithm is a one-pass search of the OBDD. Once a non-symmetric branch is

found, the result is returned.

We have implemented Algorithm SDet-2 within the SIS package [31]. Tests were done
on LGSynth91 benchmarks using a SPARC 10 machine. Results are summarized in Table
I. Time is measured in seconds. The time is that required to test the symmetry of OBDDs

after their construction. For those benchmarks not listed in the table, the time is always less

than one second.

Table 5.1 CPU Time

Name | Time | Name | Time Name Time
C1355 1.3 dalu 0.1 _pair 0.5
C1908 0.5 des 0.4 parity 0
C432 0.7 i8 0.1 rot 0.3
C499 1.3 i10 19.3 too_large 0.1
C5315 0.5 k2 0.1
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Part III New Data Structures

In Part I, we introduced various data structures for Boolean functions and
defined the Boolean function minimization problem. In Part II, we showed
a useful filter for Boolean function minimization for many data structures.
However, we will show in Chapter 6 that in general Boolean function
minimization does not make much difference. Almost all Boolean functions
have exponential size OBDDs. Therefore we propose some new data
structures in Chapter 7. The new data structures can unify many existing
data structures. Some functions with exponential size BDDs and SOPs have

constant size representation in the new data structure.



Chapter 6 Some Hard Examples and

More Data Structures

§6.1 Hard Examples

OBDDs have proven to be a very successful data structures. Many practical Boolean
functions possess compact (polynomial size) OBDD-representations. On the other hand,
however, there are many important functions without such succinct representations. For
example, there exist Boolean functions such as the FHS-function [12], integer
multiplication, hidden weighted bit function (HWB) [2], and indirect storage access
function {12] that, for no variable ordering, can be represented by OBDD's of polynomial
size. In the following, we show some of those examples.

Example 6.1 The function f, has 2n+[log(n)] inputs, corresponding to variables

Ags 2@,y by, o6, and mux, .-, mux

11

oem]: S =& if value(mux,,--,muxc . .1 =i,
where function value( mux,,---, mux ) returns the integer value of the input bin
| [log(m)] g P ary

n—-|
combination. The function g; is defined as g = 3.(a;8;.moan) fOr Osi<n. Each function
j=0

g; has n product terms. There are n such functions, and each function is ANDed by an

input combination over the mux,'s, resulting in the f function having n® product terms.

When n=4, the function is of the form:
fi =Xy(ayb, + a,b, + a,b, + ab,) + Xy(ayb, + ab, + a,b; + a,b,)

+xy(ayb, + a,b; + a,by + a;b)) + xy(ay,b, + a,b, + a,b, + a;b,)
Proposition 6.1 ([8]) The OBDD of function f, has Q(2"?) vertices under any

possible variable ordering.

The function f, also serves as the example of functions with polynomial size SOP

form and exponential size OBDD representation. In Chapter 3, we showed examples with



63

exponential size SOP form representation and linear size OBDDs. Therefore SOP form and
OBDD are not totally comparable, though statistically considering the application
encountered in VLSI design, OBDDs have better performance.

Example 6.2 The hidden weighted bit function is an example that requires an OBDD

of exponential size, but has a VLSI implementation with low area-time complexity. This
function has n inputs: L, ={x,,---,x,}. For input assignment x = x,~-x,, define "weight"
to be the number of inputs set to 1. That is wi(x) = ili' ;- The hidden weighted bit function
X, = wt(xj)-> 0

selects the ith input, wh HWB(x) =
e l put, where (x) {O,wt(x)=0

Proposition 6.2 ([3]) Any OBDD representation of HWB requires €(1.14")

vertices.

Example 6.3 (multiplier function) The multiplier function is defined as below. We

assume x,,---,X,_, are binary values. We write < x,_,,-**,X, > to denote the n-bit unsigned

*n-1
n—1
integer ZZix,. . Given input variables {x;} and {y;}, define {z;} such that
=0

S Zopopp 2%y =< X, 2 Xg 2 X< Yo » %Yo 2>

-l
Then < ZyppettrZy >= ZZ'X XA YK A Yz " X AYp >
i=0

We denote the function z; of the n-bit multiplier as M(n,i)(x,_;, ", Xgs Yuo1s* "+ Yo )+
Proposition 6.3 ([3]) For the function M(n, n-1), any VLSI implementation has

area-time complexity Q(rn?), and any OBDD representation has €(1.09") vertices.

Besides those special functions, in general, we have the following theorem.
Theorem 4 [11] The fraction of Boolean functions whose reduced OBDD size with

respect to the standard variable ordering differs more than O(2°*) from S(n) is bounded
by OQ™*), where S(n)= $2*(1-(1-272")), i.e., almost all functions have

0<isn—-|

exponential size OBDDs.



§6.2 Free BDDs

In the last section, we showed that almost all general random functions have
exponential size OBDDs. Therefore OBDDs are not efficient enough in general cases. In
this section, we introduce one more new data structure developed in the literature.

The following FBDD is a generalization of OBDD, which is more efficient than OBDD.

Definition 6.1 [(2] A Binary Decision Diagram (BDD) over a set L, = {x,-~,x,} of
Boolean variables is a directed acyclic graph with one source and at most two sinks labeled
by O and 1. Each non-sink node v is labeled by a Boolean variable [, € L,, and has two
outgoing edges, one labeled by O and the other labeled by 1. The computation path for an
input a = (a,,---,a,) starts at the source. At an inner node with label x;, the outgoing edge

with label a; is chosen. The BDD P represents a Boolean function f if the computation path

for each input a leads to the sink with label f{a).

A BDD is called a Free Binary Decision Diagram (FBDD) if, on each path, each
variable is tested at most once. An OBDD is an FBDD with the property that on each path
the variables are tested in a fixed order.

Example 6.4 Figure 6.1 shows the FBDD and OBDD of the function

Fx, %y, X5,X,) = X505 + XXX, + X, XX, + XX, X5,

Compared with OBDDs, FBDDs provide more freedom of variable ordering, and
therefore result in more compact representations. The FBDD of the function F, in Example
6.1 is shown in Figure 6.2. The FBDD works well for Example 6.1. The HSB function
also has a compact FBDD representation, which is not shown in the thesis. It is not known
whether or not the multiplier function has a compact FBDD.

Even for those hard examples, FBDD are efficient. In general, we have the following
result about the complexity of FBDDs.

Theorem ([!1]) For a random n e {2',---,2"*' -1}, the probability that the following

property P holdstendsto | as [ — e,
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P: the fraction of Boolean functions whose minimal read-once branching program size

is less than W(rn)(1—-o(1)) is bounded by O(2°""3*%) for an arbitrary 8 > 0; where

W(n) =3 W(i,n), W(i,n)=min{2",2*""}.
=1

(a)
Figure 6.1 Example of an FBDD and an OBDD for the same function f.

X
y y
ag aO a
b bi b b3
a aj a; a
by b 3 b
s 22 2 a
b b b
b bo b b
0 1]]o 1 {lo 1o 1

Figure 6.2 FBDD of F, in Example 6.1
Therefore in general cases, the FBDDs still have exponential size for almost all Boolean

functions. However, no function has been proven to have exponential size FBDD. In the
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next chapter, we will show some hard examples which have exponential size FBDDs. We
also propose some new data structures for Boolean functions. Those hard examples for

FBDD have constant size representation in the new data structure.
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Chapter 7: A Unified Data Structure

In Chapter 6, we presented some hard example functions which OBDDs fail to
represent in compact forms. Graphic data structures other than OBDDs were also
presented. In this chapter, we propose new data structures for Boolean functions called D-
lists. D-lists provide a unified framework for previous data structures. Product terms and
OBDD, though different in representation, are special cases of D-lists. The primary result
about the efficiency of SOP or BDD, and the D-lists is that if a Boolean function has
polynomial size SOP form or BDDs, then it has polynomial size D-list representation.
However, on the other hand, we find examples with exponential size SOPs and BDDs
while having constant size D-lists.

D-lists are special integer lists. In the literature, discrete domain problems have been
converted into binary domain problems [44] [45]. However the result in this chapter shows
that the contrary approach may work better. The true limitation of the traditional data
structures and the power of the list representation are clearly shown in this chapter.

The data structures for integer list representation developed in this chapter is closely
related to data compression techniques [49]. Actually, almost all non-statistical techniques

in [49] are special cases of the data structures developed in this chapter.

3 This chapter is based on the paper "Integer lists - a unified data structures for Boolean functions"”.
which has been submitted to IEEE. Trans. on Computers.
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§7.1 Introduction

From what we have presented in this thesis, we can see that the representation of
Boolean functions and discrete functions is a hard problem. Up to now, we have
introduced many data structures for Boolean functions such as two-level logic expressions
(SOP and POS forms), multi-level logic expressions (factored forms), and Reed-Muller
expansion; Ordered Binary Decision Diagrams (OBDD), and FBDDs. However, there are
still many functions that can not be represented efficiently by any of those data structures.

In this chapter, we present some new and dramatically different data structures. In the
literature, discrete functions are translated into Boolean functions and represented by
Boolean function data structures [45]. In this chapter, we take the opposite approach.
Boolean functions are translated into discrete domains and treated as integer sets and lists.

Many data structures for integer lists are developed in this chapter. To represent an
integer list, in order to avoid to enumerate all the integers in the list, the most important
method is to identify identical sublists and avoid multiple occurrences of such identical
sublists. This purpose can be achieved by special operators and by graphic data structures.
However, a monotonic list does not have any identical sublist. We use a new list, called the
first order difference list which is obtained by taken the difference between adjacent
integers in the original monotonic list, to represent the original monotonic list. Such
difference lists have well-defined canonical forms. Boolean operations between difference
lists are also well-defined. If the first order difference list L is again a monotonic list, then
we can take the difference list of L, which is called the second order difference list of the
original list, to represent the original list.

Boolean functions are treated as monotonic integer lists or the concatenation of
monotonic integer lists and therefore can be represented by difference lists. Product terms
and OBDDs are all special representation of the first order difference lists. If a function has

polynomial size BDDs or SOPs, then it has a polynomial size first-order difference list. On
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the other hand, example functions are found which have exponential size BDDs and SOPs
but constant size second-order difference lists. This unification of data structures not only
opens up many new ways to represent Boolean functions but also points out the limitation
of traditional data structures. For functions with monotonic first order difference lists,
BDDs and SOP forms fail to represent them in any compact way.

The rest of this chapter is organized as follows. In Section 7.2, we study integer list
representations in detail. In Section 7.3, we study the integer list representation of Boolean
functions. It is informally shown in this section that product terms and OBDDs all
correspond to some special difference lists. In Section 7.4, we show some examples which
require exponential size BDDs and SOP forms while they have constant size second order
difference lists. In Section 7.5, we develop the operation rules for Boolean functions

represented in difference lists. Finally in Section 7.6, we conclude the chapter.

§7.2 Integer Lists and Their Representations

[n this section, we introduce various data structures for integer lists.
§7.2.1 Integer Lists

Definition 7.1 Let N denote all natural numbers, an integer list L of length n is a
map L:[l,n]— N, such that for all { €[1,n], L(i) € N. In this chapter, integers are written
in both binary and numerical form.

The i-th element of L is L(i). The integer list L is denoted as {L(/), L(2),..., L(n)},
where 7 is the length of the list. The first element L(/) is the head, the list {L(2),..., L(n)}
is the tail. The empty list is denoted by &. The list L is bounded by the interval [min(L),

max(L)], where min(L) is the minimum element of L and is called the lower bound,

max(L) is the maximum element of L and is called the upper bound of L. iL(i) is called

i=l

the sum of the list L. The number max{L) -min(L) is the distance of the list L.
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There are some special lists.

Definition 7.2 If a list L satisfies the condition that L(/)=L(2)=...=L(n), where n is
the length of the list L, then L is a flar list. If every element in a list occurs only once in
the list, then this list is a simple list. A list L is monotonic if the head L(!/) is the minimum
integer of L, and the tail T is also a monotonic list. The empty list is a monotonic list. A
monotonic list is a simple list.

A list of length 1 is called a single-term list. Single-term lists are flat and monotonic.

Example 7.1 The list {1, 1, 1} is a flat list. The list {1, 2, 4, 6} is a monotonic list.

We mainly consider the set of lists L which satisfy the condition ny < min(L) <

max(L) <2" —1+n,, where n and n, are some integers. This set is denoted by A.

Among them, the set of monotonic lists is denoted by A.

Some operations can be defined in A. The most important operation is the
concatenation. One integer list can be appended to another to form a new list. The set A is
closed under concatenation of lists.

Definition 7.3 The concatenation (@) of two lists L, and L, is defined as
@:AXA—>A

@(L,,L,) = {L(1), -, Li(n,), Ly(1), -+, L, (m,)}
where n; (n,) is the length of L, (L,). Normally, @(L,,L,) is written as L, @L,. Under
this notation, an integer list L can be represented as {L(1)}@{L(2),---,L(n)}. It is easy to
define the concatenation of several lists as well.

Definition 7.4 A list is piecewise flat if it is the concatenation of several flat lists. A
list is piecewise monotonic if it is the concatenation of several monotonic list. A monotonic
list can be viewed as a piecewise monotonic list as well.

A non-trivial piecewise flat list is a the concatenation of several flat lists which are not
all single-term lists. A non-trivial piecewise monotonic list is the concatenation of several
monotonic lists which are not all single-term lists. A list is a non-monotonic list if it is not

piecewise monotonic. The set of all piecewise monotonic lists is denoted by A’.
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Another operation of integer lists is the separation operation. While the concatenation
combines two or more lists into one, the separation operation separates one list into several
lists.
Definition 7.5 The separation (@) of a list is the operation that separates the list

L, @L, into two lists L, and L,. The formal definition is as follows.
@:A— AXxA

@(L@L)=(L,L,)

We denote the pair (L;,L,)= L, 1L,. Based on the separation of one list into two lists,
k

the separation of one list into several lists can be defined as well. We denote A" = A XA
and define L, 1L, L---1[, similarly as for L,1L,. LL1L,1---1L, is called a multiple list.

A list can be separated into a multiple list; on the other hand, several lists can be
combined to form one list using the concatenation operator. The reason for doing those

operations is to find the best representation for the lists.

§7.2.2 The Representation of Single Non-monotonic Lists

The simplest way to represent a list is to enumerate all the element in the list as {L(/),
L(2),..., L(n)}. However such notation often resuits in long list and therefore impractical.
In the following, we study the representation of lists. The representation of non-monotonic
lists is different from the representation of monotonic lists. To represent a non-monotonic
list, we mainly decompose a list into several sublists so that some of them are identical or
reverse lists, then we introduce new notations to represent such relationships, which result
in short representations.

Definition 7.6 Two lists of the same length are identical if their head are the same
integer; moreover, their tails are identical as well. Two identical lists are denoted as
L =L, Foralist L, ={m,,---,m.}, the list L, ={m,,---,m,} is called the inverse list of L,,

i.e., L, =L, For two lists L, and L, of length n, and n, respectively, where n,<n,, if
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there is an index { such that forindex i +1 < j<i+n,, L,(j)=L/(j—1i), then the list L, is
a sublist of L,.

Definition 7.7 For two lists L, and L,, thelist L, @L, @L, is a reflective list with
respect to L,. This list is denoted by < L;,L, >. In the case L,=3, the list L, @ D@L, is
shorten as < L, > and is called the reflective list of L,.

In the case L, ={x} has only one element x, the list L, @{x}@L, can be shorten as
< L,,x >, and the list is called the reflective list of L, with respect to x.

Example 7.2 Consider the list D={1, 11, 1, 1011, 1, 11, 1}. Using the reflective
list, it can be represented as <{1, 11, 1}, 10i1>=<<<l>, 11>, 1011>. Therefore D=
<<<I>, I1>, 1011>. The list <I, 2, 3, 1, 3, 2, I> can be denoted as <{1,2,3}, I>.

Besides reflective lists, we can also introduce new notations for identical sublists.
Among identical sublists, flat lists are of particular importance. A flat list has only one
distinct element. A non-flat list can be decomposed into the concatenation of several flat
sublists. In the following, we focus on the representation of lists based on the
decomposition of identical sublists. Traditional data structures for Boolean functions are
mainly related to such representations.

Definition 7.8 For a list of the form D @D,, if D, =D,, then we denote
D, @ D, =2* D,. Similarly we can define the notation n* D, to represent the concatenation
of n-copies of the list D,. As a special case, the flat list of length n can be represented as
n*{s}, where s is the only integer in the list. The operator * is called the counter operator.

Proposition 7.1 Every list L can be represented as the concatenation of several flat
lists, i.e., L=L, @L,@.---@L, suchthateach L, is a flat list.

Definition 7.9 If a list is represented by the concatenation @ and the counter
operator * of sublists, then this list is said in /-form. If the * operator is only used of the
form n*{s/, then the list is said in the F-form.

Example 7.3 The list L={ 2, I, 1, 1, 2} can be represented as {2}@{l,1,1}@{2},
which in turn can be denoted as {2} @3 *{l}@(2}. {2}@3 * {1} @{2} is the F-form of L.
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A list may have many I-form representation. The following is such an example.

Example 7.4 The list L={ 2, 3, 3, 3,4, 2,3,3,3,4,5, 2,3, 3, 3,4, 5}=2*%(2, 3,
3, 3,41@{5, 2, 3, 3, 3, 4, 5}=2*({2}@3*{3}@(4]}))@({5,2}@3*{3}@(4, 5}={(2, 3, 3,
3, 4}@2*(2, 3, 3, 3, 4, 5}.

For such list, we need to define some canonical forms and minimization procedures. It
turns out that there are many possible canonical forms for a list in I-form.

Definition 7.10 The first level canonical form of a list in I-form is the form that
every flat sublist is written in the * operator, i.e., its F-form.

Example 7.5 For the list in above example L={ 2, 3, 3, 3,4,2,3,3,3,4,5, 2,3,
3, 3,4, 5}, the first level canonical form is as L= {2}@3*{3}@({4}@{2}@3*{3}@ {4}
@{s5l@e{2}@e3*{3}@{4}@{ 5}.

Definition 7.11 The second level canonical form of a list in I-form is obtained from
the first level canonical form by replacing the largest identical sublist by * operator, starting
from the beginning of the list.

Example 7.6 The second level canonical form of L= {2}@3*{3}@{4}@{2}@
3*{3j@{4}@S}@{2]1@3*{3}@{4})@{5} is 2*({2}@3*{3}@({4})@{5}|@(2}@3*
{3l@{4}@(5].

We can continue to define such canonical forms. The more we reduce, the fewer
number of integers we need to use to represent the list. This process will eventually stop
because the list is of finite length.

Besides the above defined canonical forms, we can also define graphic structures to
represent a list. This is of particular interest because of the popularity of the OBDD, which
is a graphic data structure.

Definition 7.12 A binary graph is a rooted directed graph with vertex set V
containing two types of vertices. A non-terminal vertex v has two children {(v), r(v). The
edges (v, r(v)) and (v, I(v)) are labeled by integers. A terminal vertex v has no children

and is labeled by an integer list.
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For the node v, with two children v, and v,, each child represents an integer list, and
the integer list represented by v, is definedby L, =(e, * L, )@(e, * L, ), where ¢, and ¢,
are the integer labels of the edge (v,, v,) and (v,, v,) respectively. The list represented by
a terminal node is the integer list label of the node.

Example 7.7 The following is a binary graph representation of the list 3*(3*{4}
@4*{1})@16*{1}. The edges without integer labels shown in the figure are labeled by 1.
For a node v, the left child is the /(v), and the right child is the (v).

L ={4}

L, =4*{l)

Ly=16*({1}

fv,=L@L,

fo.=2*%L,@f, =3*L@L,=3*{4)@4*(1)
fv: =fv,@L3

fy, =2%f, @f, =2*f, @f, @16*{1}=3*f, @16*{l}

Figure 7.1 Binary Graph Representation of an Integer List
When the labeling of the edges are restricted to the form 2', the binary graph
corresponds to the OBDD data structure for Boolean functions. This correspondence will
be shown in later section. However, we can remove the 2‘ restriction and have edges
labeled by any integers. The following Figure 7.2 shows another binary graph representing

the same list in above example while the edges are labeled differently.

Figure 7.2 Another Binary Graph of an Integer List
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Similarly we can define graphs with multiple children rather than restricted to two
children to represent integer lists. Therefore among list representation graphs, OBDDs
correspond to a very restricted class of graphs. This understanding can help us define new

graphic structures for Boolean functions. {33].

§7.2.3 The Representation of Muitiple Non-monotonic Lists

For multiple non-monotonic list of the form L1L,1.--1L, , we develop one more
notation.
Definition 7.13 We define the notation L,_T_L_,, where L, ={L(1),---,L,(n,)},
L1L, =(L(H@L)L(L(2)@L)L - L(L(n)@L,).
Example 7.8 (1,2,3,4}.1(5.2,3,4}1(6,2,3,4} = {1,5,6}1(2,3,4}.

§7.2.4 Representation of Piecewise Monotonic Lists

The above techniques can reduce the length of the representation for non-monotonic
lists. For a monotonic list, the above techniques do not work at all. For example, when a
monotonic list is in the F-form, every sublist has to be a single-term list. We need new
ways to represent non-trivial piecewise monotonic lists. In this section, we introduce ways
to represent piecewise monotonic lists. We first look at the monotonic lists. Recall A is the
set of lists L satisfying n, <min(L) <max(L)<2" -—1+n,; AcA is the set of
monotonic lists.

Definition 7.14 The operator D:A — A is defined as: for a monotonic list
L={m,m,,---,m,}, D(L)={m,m,—m,m,—m,,---,m, —m,_}. The list D(L) is called
the first order difference list (D-list ) of L. The operator D is called the difference operator.

Example 7.9 The list L={13, 14, 15, 16} has D(L)={13, 1, 1, 1}={13}@ 3*{1}.

For a monotonic list, its difference list is just a general integer list. On the other hand,

general integer list can be seen as a difference list of a monotonic list. The corresponding
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monotonic list is generated by the following proposition.

Proposition 7.2 If a monotonic list L has the integer list M ={m,.d,.4,,---,d,} as

its difference list, then L is of the form: L = {mg,my +d,,mq +d, +dy,--,my+ ¥ d;}.
i=1

Definition 7.15 The correspondence from M={m,.d,.d,,---,d,} to

L={my,my+d,, my+d +d,, - my+3d} isdenotedby D, ie., D:A — A is defined
i=l

as D(M)= L . Therefore monotonic lists can be represented by their difference lists.

For a monotonic list, its difference list may not be monotonic anymore. Therefore the
techniques for non-monotonic lists can be used to represent the difference list.

Difference lists can be extended into piecewise monotonic lists. Therefore piecewise-
monotonic lists can be represented by their difference lists as well.

Definition 7.16 For a piecewise monotonic list, its difference list is a multiple list
obtained by the operator D":A” — A" defined as D' (M, @---@M, )= D(M,)L---LD(M,).

Example 7.10 The integer list L={36, 37, 38, 39, 44, 45, 46, 47, 52, 53, 54, 55,
60, 61, 62, 63} is a piecewise monotonic since L = {36, 37, 38, 39} @ {44, 45, 46, 47}
@{52, 53, 54, 55,} @{60, 61, 62, 63}. The list D(L)= {36}@3*{1} 1L44@3*{1} 152@
3*%{1} L60@3*{1}=(36, 44, 52, 60} L3*{1}.

In the case that the difference list of a monotonic list is still a monotonic list, then the
difference list representation is still not enough since it can not use any technique for the
representation of the non-monotonic list at all. In this case, we need to apply the difference
operator recursively until we get a non-monotonic difference list. More formally, we have
the following definition.

Definition 7.17 For the difference operator D:A — A, if alist L has D(L)e A ,
we can apply the operator D to D(L) again. The result is denoted as D*(L). D*(L) is
the second order difference list of L.

k
Example 7.11 Consider the list L,={1, 1+2, 14243, ..., ¥i}. D(L)={(1, 2, ---,
i=!

k} which is still a monotonic list. Therefore we can represent L, by D*(L)=(k-1)*(1}. If
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k=2", then Dz(Lk) is of constant size while L, and D( L, ) are of exponential size. In later

section, we will prove that for functions similar to L,, its OBDD and FBDD are both of

exponential size. Therefore the power of the difference list over OBDD or FBDD is clearly
shown.

For piecewise monotonic lists, if we have the form D(L)= L, LL,, if either L, or L, is
a monotonic list again, we can apply the D operator again. The following is such an
example.

Example 7.12 Consider the list in the example L={36, 44, 52, 60} 1L3*(1}. If we
apply the difference operator D to the list {36, 44, 52, 60} again, then we get a list
representation D(L) = ({36} @3 *({8})L3*{1}.

In summary, piecewise monotonic lists can be represented by their difference lists,
either first order difference lists or higher order difference lists, which generally results in

more compact r epresentation.

§7.3 Integer List Representation of Boolean Functions

In this section, we establish the relationship between Boolean functions and integer
lists.

§7.3.1 Integer Lists and Boolean Functions

Definition 7.18 An n,-based integer map is defined as a map I:B" = {(x,,---, x,)I

a-i
x; =0,1} = [ny,2" — 1+ n,y] by the rule I(x,,---,x,)= X2’ x; +n,, where (x;,---,x; ) is a
j=0 I 1 n

permutation of the variable (x,,---,x,), n, is an integer.

The straight map I,(x,,---,x,)=¥2""x, maps a minterm (x,,--,x,) to the integer

=1

x,-+-x, (binary form). The integer map /,(x,,---,x,)= iZ““x,-i-l is the standard map,
i=1

which maps a minterm (x,,---,x,) to the integer x,---x,+1. The following Figure 7.3
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shows the correspondence between the set of minterms into integer sets under straight and

standard map.

000 0 I
001 1 2
010 2 3
011 3 4
100 4 5
101 S 6
110 6 7
111 7 8

Figure 7.3 Straight Map and Standard Map
Recall A is the set of all integer lists bounded by [n,,2" —1+n,], A" <A is the

subset of piecewise monotonic lists, and F(n) the set of n-variable Boolean functions.

Definition 7.19 Let I' denote the set of all subsets of the interval [ny,2" — 1 +n,].
Given an integer map I:B" ={(x,,---,x)lx; =0,1} = [ny,2" — 1+ n,], I induces a map
[:F(n) — T which is defined as to map a minterm set into its corresponding integer set.
The induced map I:F(n) > I' is 1-1 and onto. For a function fc< B", I(f) is the
associated integer set of f.

Once an integer map is given, we do not need to distinguish between Boolean functions
and integer sets. Integer sets are represented by integer lists. Integer lists are different from
integer sets. The ordering of elements in an integer set is not important. Moreover, every
element can appear once in an integer set. However, there is a well defined map from the
set A totheset I'.

Definition 7.20 The map S:A — I' is defined as: for an integer list L, its associated
integer set S(L) is the set consists of integers in the list. Two integer lists which have the
same associated integer set are said to be equivalent.

The combination of S and / maps each integer list to a Boolean function as
follows: A—-— " «<— F(n) Therefore each list represents a Boolean function. On the
other hand, a Boolean function can be represented by many different integer lists. We will

use some special integer lists, mainly monotonic and piecewise monotonic lists, to
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represent Boolean functions. The reason for doing so is that monotonic and piecewise

monotonic lists are easy to manipulate.

§7.3.2 Default Representation of Boolean Functions

When monotonic lists are used to represent Boolean functions, we call it the default

representation.

Definition 7.21 Given an integer map /, there is a well-defined map [ :F(n)—> A.
For a function f, I'(f) is the sorted (monotonic) list of I(f). I (f) is called the default
list of f. The minimum integer of /(f) is denoted by min(f), and the maximum integer of

I(f) is denoted by max(f).

Example 7.13 Consider a Boolean function f(x,,x,,x;,x,) defined by the minterm
set {1100, 1101, 1110, 1111}, where 1100 represents the minterm x,x,X,X,, similar rule
holds for other minterms. It is easy to see that f(x,,x,,x;,x,)=xx,. Under the standard
map, f(x,,x,,x;,x,) has the default list as {13, 14, 15, 16}.

Definition 7.22 Given an integer map I, the default list /"(f) is a monotonic list.
Combining with the map D:A — A, we have a map DI :F(n) = A defined as DI (f)
=D(I"(f)) € A. The list D(I"(f)) is called the difference list of Boolean function f. The
reader is reminder that the difference lists defined here is totally different from the
difference lists used in Prolog as a programming technique.

When Boolean functions are represented by their difference lists, it is called the
difference list (D-list) representation of Boolean functions.

Different integer maps can result in different D-list for Boolean functions. Consider the

following example.

Example 7.14 The function x.x, + x,x, represents the set of minterms {0011, 0111,
1011, 1100, 1101, 1110, 1111}. Its difference list can be reduced as {3} @2*{4}@4*{ 1}
if the straight map is used. However, if we use the standard map, then the function has the

D-list as 3*{4}@4*{1}, which is simpler than the straight map based D-list. From now
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on, we assume the integer map is the standard map.
Difference list representation of Boolean functions is very powerful. Product terms
have special difference lists. OBDDs and other BDDs can be viewed as graphic
representation of first order difference lists as well. Therefore if a function has polynomial

size SOP form or BDDs, then it has polynomial size D-list representation.

Proposition 7.3 In an n-dimensional Boolean space B" ={x,---,x,}, the product
term x,---x, has difference list as D( x,---x,)={ x,---x,0---0+1 } @ (2"* = 1) * {1}, i.e., its
D-list is mainly a flat list.

However, flat difference lists are more general than product terms x;---x,. If the length
of the flat D-list is not of the form (2" — 1), then the corresponding function can not be
represented by a product term.

Example 7.15 Consider the function with the D-list {2} @6*{1}, in traditional sum
of product form, this function is x; + x, + x; + x,.

General product terms also have regular difference lists, the size of such difference lists

are bounded by the number of variables.

Example 7.16 The product term x, ———x, — —— has the D-list {137} @ (2° - 1) *
(2P-D*{1j@¥H @ —1)*{l}. In general, for 2i variables, the product term
x,—+~x,,—-— can be represented as {10---010---0}@ (2" —1)*((2""' - 1) *{l}
@2’ +1)H @2 - 1) *{1}.

Reflective lists can also be used to represent general product terms.

Example 7.17 Consider the D-list D={101010+1}@{1, 11, I, 1011, I, 11, 1}. Its
corresponding function is the product term x, - x, - x;—. Since{l, 11, 1, 1011, [, 11,
l}=<<<l1>, 11>, 1011>, therefore D= {101010+1}@ <<<l1>, 11>, 1011>.

It can be proven that the D-list of a product term is a reflective list. However, reflective
lists are more general than product terms. There are reflective lists that can not be
represented by a product term.

Example 7.18 Consider the odd-even parity function of four variables L={0001,
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0010, 0100, O111, 1000, 1011, 1101, 1110}. The D-list D(L) is {2}@{1, 2,3, 1, 3, 2,
1}={2}@ <{1,2,3}, I>.

The OBDD of a Boolean function corresponds to the binary graph representation of the
D-list of the function. In the following, we show such correspondence by examples.

Example 7.19 Consider functions x,x; + x,x5 +x;x, and x,x, + x;x, + x,x,. Their
difference lists are of the form: {1001+1}@3*{2}@2*{3, 1}@2*{2, 1, 1}@{5, 1, 1, 1}
@2*{2}@4*{1}@{3, 1}@4*{1}@(2, I, 1}@4*{1} and 3*(3*{4}@4*{1}) @16 {1}.
Represented by binary graphs of lists, these two lists have their binary graph as shown in
Figure (I) and Figure (II) of Figure 7.4, where edges are labeled by 1 if there is no other
label shown in the graph for the edge. For a vertex v, the left child is the /(v) and the right
child is the r(v).

Figure 7.4 OBDDs and Binary Graphs of D-lists
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[n Figure (I), L =(100L2,2,2);L, =(3,1hL, = (2L, = (L1} Lg={5 L11}L, =
(2,2};L; ={1,L,L1}. In Figure (II), L, ={4};L, =4*{1};L, =16 *{1}. The Figure (III) and
Figure (IV) show the corresponding OBDD:s.

It is not hard intuitively to see the correspondence between OBDDs and the binary
graphs of the difference lists. The complete rule of the correspondence between OBDDs
and the binary graphs of the D-lists of Boolean functions is lengthy to state. Therefore we
leave this material out. However, from the correspondence of the figures, we can still see
some simple rules which would be true in general cases.

Vertices in an OBDD are translated into different objects in the corresponding binary
graph of the D-list. If the vertex v, in the OBDD has two non-terminal children v, and v,,
then the vertex remains in the binary graph, moreover, the edge (v,,v,) is labeled by the

integer 2', where the vertex v, is labeled by x;, and v, is labeled by x; For example,

o Hi+1*”
the edge (x,,x,) is labeled by 2'=2. If a vertex v, in the OBDD has two children as

terminal vertices, then this vertex is replaced by a terminal vertex in the binary graph. If a

vertex v, inthe OBDD has one child v, as the 1 terminal vertex, then we add one terminal

vertex in the binary graph to represent an integer list. This terminal integer list is determined

by the labeling of the vertex v, and the edge (v,,v,). In the Figures, the list L, corresponds

to the edges E,. This correspondence shows that if a function has polynomial size OBDD,

then it has polynomial size D-list representation.

§7.3.3 Piecewise Monotonic Representation of Boolean Functions

While the difference list representation of Boolean functions is powerful, it has it own
problems. One problem is that the number of redundant variables can affect the

representation of the same product term.

Example 7.20 The function xx, + x,x, has the default list {0011, 0111, 1011,

1100, 1101, 1110, 1111}. Its difference list is 3*{4}@4*{1} if the function is in B*.
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However, if the function is in B°, then the same function has a very different difference list
{13}@3*{1}@{13}@3*{]1}@{13}@20*(1})=3*({13}@3*{1}))@17* {1}.

To overcome this problem, we use piecewise monotonic lists and their difference lists
to represent Boolean functions instead of default lists.

Example 7.21 The integer set of the product term 1—-—1—- can be represented by
the piecewise monotonic list {37, 38, 39, 40}@ (45, 46, 47, 48 }@({53, 54, 55,
56}@{61, 62, 63, 64}. By definition, the difference list of this piecewise monotonic list is
L={37,1,1,1} L {45,1,1,1} L{53,1,1,1} L{61,1,1,1}={37}@3*{1} L{45}@3*(1}L{
53}1@3*{1} L{6l}@3*{1 }=[37,45,53,6l}l3*{1}. If we apply the difference operator
recursively, we will have D(L)= ({37} @3 * {8})13 *{1}.

In general, for 2i variables, the product term x,—--—x;,,—--— has the recursive D-list
as (a@(22 -1)*{2™*'}))1(2""2 — 1) *{1}, where a is an integer. When the number of
variables change, the only change need to make is the count i, therefore, this representation

is close to the cubical representation of the product term.

In summary, a Boolean function can be represented by the difference list of the default
list of the function, or by the difference list of a piecewise monotonic list of the function.
When the difference list is written in [-form, it is a generalization of the product term
structure. When the difference list is represented by binary graphs, then it corresponds to

the OBDD of the function.

§7.4 The Power of Difference Lists

In the last section, we have shown that SOPs and OBDDs are special cases of first
order difference lists. Therefore if a function has polynomial size SOPs or OBDDs, then it

has a polynomial size difference list representation.
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In the literature, example functions are constructed to demonstrate some theory such as
in [8]. In this section, we take similar approach. We show examples which require
exponential size FBDDs and SOP forms, while their second order D-lists are of constant
size. These examples are important because they give concrete insights into the difference
lists and show the limitations of data structures such as SOP and BDDs.
We define some Boolean functions by defining their integer sets. We can also refer an

integer as a minterm.

f)={0,1,1+ 2,---,2_‘2'}}

2t

flk+1) = fl)u({Si, Ti+25 +1, Zz+(2"+1)+(2" +2),- §i+2:$_'__|(2" + /)
i=0 =0 Jj=1

gk)= flk+1)— flk)={3i, Zt+2"+121+(2"+1)+(2"+2) §i+2§[(2*+j)}
i=0 j=l

=0 =0

t 2‘ 2[;]
W) = (50, 5i+2t +1, Zz+(2"+l)+(2‘+2) LS+ S 25+ )
=0 j=l

=0 =0

We have the following equalities.
k k

. P A
(1) Zz = *2‘ *(2* -1 =2""*2*-1)=001---110---0
(2) 27" *(2* +1)=010---010---0
2 2% L e2f-n ] kel el A
B) Ti+ TR +j)= i ==—*2+02 _p=111.--100---0
=0 =l i=0 2
The minterms in function g(k} and h(k) have 2k+/ bits. Therefore they can be viewed
as Boolean functions with 2k+/ variables. We introduce some propositions of A(k) (g(k)).
Proposition 7.4 The function g(k) contains 2* minterms. The distance between
any two minterms are greater than 1. The last k bit of all minterms are different.
Proof If two minterms n, and n, have the same last & bit string, then n, mod 2* =n,
mod 2" i. e ., m—n,=m*2* for some integer m. On the other hand, we have

):j_ z,(z,+1), n2=§',j=%i2(i._,+l), where 2*<i<2*', 2*<i <2,
j=0
therefore we have n, —n, =%i,(i, + l)—%zll(i2 +1)=%([1 — L) +i, +1).

If %(i1 L)+ L+ D) =m*2% then (i —iy)(i, +i, + 1) = m* 2"
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Since (i, —4L)+(, +5,+1)=2i +1, one of (§ —4i) and (i +i +1) has to be odd,
which implies that 2**'|(i, —4,) or 2**'|(j +i +1). However, 2**'>(j, —-i,), 2*2'<
L, +i,<2*2*!' Therefore 2“*' can not divide (i +i, +1) or (i —i). We arrive at a
contradiction. Therefore there are no two minterms with the same last £ bit string.

Similarly, if two minterms have distance 1, then n, —n, =2’ for some i, which implies
that (i, —5)( +5, +1) = 2! Since (G =)+ +5L,+1)=2i+1, one of (j—L) and
(i, +i, + 1) has to be odd. Suppose (i, +i, + 1) = 2i, + 1, then (i, —i,)(2i, +1)=2""', which
is impossible. Therefore the distance between any two minterms is greater than 1.

Proposition 7.5 For the function A(k), there are no two pairs of minterms (n,,n,)
and (n,,n,) inh(k) suchthat n,—n,=n,—n, .

Proof Suppose there are two pairs of minterms (n,,n,) and (n,,n,) in h(k) such that

n, —n, =n; —n,. Suppose n, = %j, n, = on n; = ioj n,= io_] We can assume that
j= = i= j=

n, >n, > n; >n,, which implies that i > i, >i; > i,.
This is true because we can always assume n, > n,, n; >n,, and n, >n,. In this case,

n, > n, , because if n, < n,, we will have a contradiction.
We can further assume n, > »,. In the case n, <n;, we can switch the position of n,

and n,, i.e., we will have n, —n, =n, —n, and m >n, >n2 >n,.

—-n, = ZJ ZJ— ZJ»

j=i +1

n; = ”4“}2"1 :E:J" }EJ

jEig+l

if n,<n;, then i <i; Z_]— Z] implies that Z]—i— 2_]— zj+ ZJ.

j=ia 1 j=ig+l j=ia+l j=iy+1 j=ig+l j=ia +l

i i
Therefore Zj= Zj, ie, m—ny=n,—ng,and n,>n,>n, >n,.
jmig+l  j=iy+l
Let i, —i, =m,, i —i, =m,. We have m<m,. Moreover,
iy—my ]

n,—n,= ZJ— i+ Xj.m-nm= >

J=ig+t =i+l J=iy—m+1 j=ia+l
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Yi= Yi- i =3+ )-Xl-m+ =36+ ) —m+))
jRigHl jsiyrl jEh-mel =1 i= J=

=S —b) = my G — i)
/:

It is always true that i, +1>2*. Therefore we have ) j>2*, ie., m (i —§)> 2*.

J=ig+l

L3 L3
Therefore, m, + (i, — ) > \E"— > 2M. On the other hand, §{ =& —m,)+m, + (i, —)> 2[ZJ

iy 2t BJ ¢ 2'[%]
J~ n=23j> ):i+22 (2* + j). Since 2Zi+ T (25 + )
i=0

j=0 =0  j=i j=l

k
+i3—ml2i4+l+2[5J22‘+1+21

(SR

is the maximum integer in A(k), we arrive at a contradiction. The proposition is proven by

contradiction.

Based on the above two propositions, we study the representation of the function h(k).

Proposition 7.6 The size of the SOP form of g(k) is 2*. The size of the SOP form
of h(k) is 2ng Every product term of grk) and h(k) is a minterm.

Definition 7.23 If a Boolean function f does not contain any product term other than
minterms, then the function is called a sparse function. Functions g(k) and h(k) are sparse.

Next we study the FBDD of the function A(k).

We are interested in the FBDD with only one sink 1. A non-sink node can have one or
two children. If a node has two children, then the two outgoing edges are labeled by O and

1 respectively. Otherwise, the node has one child and the outgoing edge can be labeled

either by O or by L. From now on, an FBDD means so defined FBDD.

Definition 7.24 In an FBDD, a partial-path starting from v, and ended with v, is a
sequence of vertices [vg,u,, .4, ,v,} such that (vy,%,), (%) ,and (4,v,) are edges of
the FBDD. When the v, is the root, and v, is the sink, the partial-path is a path of the
FBDD. A path is a complete path if the set of variables {x,,---,x,} are all used to label the
vertices in the path. A vertex v, is the descent node of v, if there is a partial path from v,

to v,.
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The literals associated with the edges in the path form a product term, which is called
the associated product term of the path. A complete path has a minterm as the associated
product term.

Definition 7.25 The p-indegree of a node v in an FBDD is defined to be the
number of partial-paths from the root of the FBDD to v. The node v is shared if its p-
indegree is greater than 1. The p-outdegree of a node v is the number of partial-paths from
v to the sink. The node v is nontrivially shared if both its p-indegree and p-outdegree are
greater than 1.

Every node in an FBDD has a partial path reaching the sink. Moreover, every node is
reachable from the root of the FBDD. Otherwise this node can be deleted without affecting
the function represented by the graph. Therefore the p-indegree and p-outdegree of any
node in an FBDD has to be greater than 0. If a node v has p-outdegree equals to I, then
all its descent nodes have p-outdegree 1.

Proposition 7.7 For a sparse function f, the paths in its FBDD are all complete
paths. Such FBDDs are called sparse FBDDs.

Proposition 7.8 If a sparse FBDD contains a nontrivially shared node v , then the
function represented by the graph contains at least two pair of minterms (q,,a,) and (b,,b,)
such that a, —a, = b, —b,.

Proof If the node v is nontrivially shared, then there are at least two partial path U,
and U, from the root v, to v, and there are at least two paths U, and U, from v to the
sink. Since the FBDD is sparse, therefore, the connection of U, and U, with U, and U,
form four complete paths (U\U,, U,U,, U,U;, U,U,). These four paths represent four
minterms, which are denoted by U\U,, U U,, U,U,, U,U,. Weclaim that |UU, -UU,l=
\u,u, -u,U,l

First we have that the set of variables in U, and U, must be the same, because they
both can be connected to U, to form a complete path. The same result holds for the set of

variables in U, and U,. Therefore [U,U,—-U/U,! is equivalent to letting the set of
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variables in U, be 0. The same result holds for |U,U; —U,U,l, therefore we have
U, -uvu,l=1u0,Uu, -0,U,l
This proposition would be true for non-sparse FBDDs. However, we do not prove this
result here. This proposition shows that BDDs are based on identical difference lists.
Corollary 1 The FBDD of h(k) does not contain any nontrivially shared node.
Proposition 7.9 The FBDD of 2(k) has exponential size.

k
Proof Any FBDD of h(k) contains 2[2J complete paths because each complete path
represents a minterm. Let O denote all the paths of the FBDD, V denote all the nodes in the
FBDD, we define a map M:Q — V such that for any node v € V, there are at most two
k

paths O, €Q , @, € Q, and M(Q,)= M(Q,) = v. Therefore IVIZIM(Q)I=> 2[5J*', where (V1

is the number of elements in the set V.
For a path P, if P does not have any node with p-indegree greater than 1, let the last

node before the sink P be v,, we define M(P)= v,. Since the p-indegree and p-outdegree
of v, are both |, P is the only path such that M(P)= v,.

If the node v, is the first node in P with p-indegree greater than 1. The parent of v, in
P is v,. Then we define M(P)= v,. We claim that at most there is one more path P’ such
that M(P')= v,.

Suppose M(P')=v,, and v, is the first node in P ' with p-indegree greater than 1, then
v, is the child of v,. Since any FBDD for h(k) does not have any nontrivially shared
node, therefore the p-outdegree of v, and v, is 1, i.e., there is only one partial path from
v, (v;) to the sink. Moreover, there is only one partial path from the root to the node v,

therefore P and P’ are the only two paths contain the node v,.



Figure 7.5 Two paths share node v,

§7.5 Operations on D-Lists

We have defined many integer list data structures such as the I-form and binary graphs,
which can represent Boolean functions. In this section, we focus on the default list
representation of Boolean functions and derive Boolean operation rules for difference lists.
In order to do so, we have to formalize the D-list representation. Then basic operations for
D-lists are defined. Operations for OBDDs are special cases of those basic operations.

Definition 7.26 A D-list L is defined recursively by the following equation:

L=3
L={s},s20
L=L @L,
L=n*L,

For a D-list L={m,,---,m,}, the associated list of L, denoted by D (L), is the

monotonic list with L as the first order difference list, which can be obtained by the
operator D defined in Table 1, where the operator + is defined as m+{L(1),-,L(n)} =

{m+ L), ,m + L(n)}. D(L)={m,,m, + mz,---,Zmi}. The range is the maximum integer of

i=l
D (L), i.e., the upper bound, which can be obtained by the operator R also defined in

Table 1. Recall the difference operator D maps a monotonic list L = {m,,---,m,} to the
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difference list D(L)={m,,m,—m,,---.m —m, _}. We have D(D(L))=L and

D(D(L))=L.
Table 7.1
R:L>N D:L—>A
R(@)=0 D(@)=02
R({s})=s D({s}) = (s}
2(11*@1-2_)=;(zq)+k(14_) D(L, @L,)= D(L) @(R(L)*+ D(L,))
(n* L,)=nR(L,) D(n*L)=D((n-1)*L)@((n—1)R(L)+ D(L,))
for n>1

An integer n, can be used to cut the associated list D(L) of a D-list L into two lists: one
consisting of integers less than n,, one consisting of integers greater than n,. Their
corresponding difference lists can be obtained directly from L by the operators I(n,,L) and
S(n,,L).

Definition 7.27 For a list L and an integer n,, the list I(n,,L) and S(n,,L) are two

lists obtained by the following rules.

Table 7.2
I:NxXL—>L S:NxXL—->L
I(n, D)=, S(n,, D)=
I(n,.{s})={s}, if s<n,. S(n, {s}) ={s}, if s>n,
= J, otherwise. = O, otherwise.
I(n,L,@L,)=1I(n,L), S(n,, L, @L,) =,
if n, <R(L,). if n, > R(L))+ R(L,)
— L| @1(‘"[ - R(l‘l)s[’z)v = S(n],R(LI)@L-.‘_),
if R(L)<n, < R(L)+ R(L,) if R(L)<n, <R(L)+ R(L,)
= (L) @(L,), otherwise. = S(n,, L) @L,, if n, < R(L,))
I(n,n*Ly=(k—-1D)*L@I(n —(k—1)R(L),L), |{S(n,,n*L)=S(n,{(k—-1)R(L)}@L)@((n—k)* L)
where (k—1DR(L)< n, <kR(L). where (k—1)R(L)<n, < kR(L).

I(n,,L) and S(n,,L) can be obtained in linear time in terms of the length of the list L,
be it in the I-form or in graphic representation. The essential idea for defining I(n,L) is
that if the first element L(/) of L is less than n,, then L(!) mustbe in I(n,,L). At the same
time, we need to find the tail list as I({L(2), ..., L(n)}, n,-L(1)}. The following is an

example of finding I(n,,L). S(n,,L) is similar.
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Example 7.21 If we have the D-list {1, 2, 3, 4}, which represents the monotonic list
{1, 3, 6, 10}, then I({1, 2, 3, 4}, 5) = (1} @I({2,3.4},.4)=(1, 2} @I({3, 4},2)={1, 2}.

Proposition 7.10 Let [0,n] be the set of integers less than », and greater than O,
[n, +1,¥] the set of integers greater than n,, then we have the following equations.

I(n,,LY@S(n,,LY=L; D(I(n,,L))= D(LYN[0,n,]; D(S(n,,L))=D(L)"[n, +1,0].

The operators I(n,,L) and S(n,,L) are the key to defining Boolean operations between
lists L, @L, and L, @L,. Boolean operations (conjunction A and disjunction v) are
interpreted as set operations (union and intersection) between integer lists. For two lists of
the form L @L, and L; @L,, their associated lists can be similarly represented as
L', @L,and L'y@L, suchthat L', has L; as the difference list. Boolean operations
between L, @ L, and L, @ L, are actually set operations between L', @L', and L'; @L',.
Moreover, we want to maintain the monotonic property of the result list of set operations
between L', @L, and L';@L,. Suppose L'; is bounded by R(L;). Therefore, all
integers in L', are less than R(L)), all the integers in L', are greater than R(L) and less
than R(L,)+ R(L,). In order to perform set union or intersection between L', @ L', and
L ; @ L', and maintain the monotonic property at the result list, we need to reorganize the
list L', @ L, into the form L', @L"", such that all the integers in L'*, are less than R(L,),
all the integers in L'', are greater than R(L,). Therefore we have to use the number R(L,)
to cut the list L', @L',. We can do so using the operators S(n,,L) and I(n,,L) on the
difference list L, @ L, directly. Boolean operations can be performed when we recursively
apply the above idea. This procedure is formally described in the following proposition.

Proposition 7.11 For two D-lists of the form L, @L, and L; @L, and a Boolean
operator OP (conjunction A or disjunction v ), we have the following recursive algorithm.

OP(L, @L,, L, @L,) = (OP(I(R(Ly), L, @ L,),L;)) @ OP(S(R(L;). [, @L,), L,))

If the integers in L, and L, are bounded in the same intervals, i.e., R(L;)= R(L,),
then we have I(R(L,),L, @L,)=L, and S(R(L;),L, @L,) = L,. Therefore the operation
rule can be simplified as OP(L, @ L,,L, @L,) =(OP(L,, L;)) @ OP(L,,L,)).
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A n-variable OBDD graph G, represents a function of the form % f; +xf, .Under the
standard integer map, all the minterms in the set ¥,f; are less than 2""'. Therefore, G, can
be represented by a D-list of the form G, =L, @ L,, where L; correspondes to the D-list of
% fz . and R(L) =2""'. If there is another n-variable OBDD graph G, represents a function
of the form xg; +xg,,, its corresponding D-list is of the form G,=L;@L,, where
R(Ly) =2""'. Therefore R(L,)=R(L,)=2"", based on the operation rules for the D-lists,
we can derive the OBDD operation rules as special cases.

Similarly, we can define an operation to detect the equality of two D-lists using the /
and S operators. When the lists are represented in binary graphs, the complexity of the
operations are polynomial in the size of the graphs.

The base case of the recursive algorithm is defined as follows.

Table 7.3
ALXL—L v:LXL—> L
AND,Ly=9D v(S,L)y=L
A(S,.85,)=9,if 5, %5, v(s,,5,) =(5) @(s, —5,), if 5, <5,
A(sy,8,) =35, if 5, =5, Vv(s5,,5,) =(5,) @(s, —5,), if s,>5,
v(s,5,) =35, if 5, =y,

§7.6 Conclusion

In this chapter, we studied integer list representation and Boolean function
representation. Many data structures for integer lists are developed. Boolean functions are
treated as monotonic lists or piecewise monotonic lists. Integer list representation provides
a unified framework for data structures for Boolean functions, which is more flexible and
compact as well. If a function has a polynomial size BDD and SOP, then it has a
polynomial size difference lists. On the other hand. examples are found with exponential
size SOPs and BDDs and with constant size second-order difference lists. Boolean

operations are well defined for Boolean functions represented in D-list forms.
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The results also explain why BDDs do not work well in general cases. BDDs are
basically a method to share identical sublists in the difference lists of Boolean functions. If
a difference list is a monotonic list, then it does not contain any identical sublists. In this
case, the BDDs tends to be big, and we need new methods such as the second-order

difference lists to represent the functions.
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Chapter 8 Conclusion

This thesis studies the three problems identified in Chapter 1, i.e., the data structures,
minimization, and complexity of Boolean functions.

The Boolean function minimization problem is re-defined. In the minimization problem,
Boolean functions have been treated as permutation equivalent classes instead of single
functions. The OBDD minimization problem is reformulated. It is proven that functions in a
permutation equivalent class have the same minimal OBDD. Therefore for symmetric
functions, OBDD minimization is not needed. Moreover, based on a new classification
theory, new algorithms for Boolean function minimization are proposed.

A new Boolean function classification theory is proposed. This classification
generalizes the traditional supporting variable concept. Supporting variables are
distinguished as single-faced variables and double-faced variables. Single-faced variables
have similar behavior as redundant variables. Functions are classified as single-faced
functions and double-faced functions. Furthermore, it is proven that except for the odd and
even parity functions, all other double-faced functions contain some single-faced function
restrictions Therefore single-faced functions commonly occur.

New data structures for Boolean functions have been proposed in this thesis. In
Chapter 2, the ROSOP form, as a special SOP form, was proposed. In Chapter 7, the
difference lists (D-lists), was proposed. Moreover, the newly proposed D-lists can unify
many existing data structures for Boolean functions. This approach has many potential
applications in discrete domains. Many different representation for integer lists generalized
known techniques for data compression.

Many algorithms proposed in this thesis. New minimization algorittms for SOP

minimization, factored form minimization, and OBDD minimization, a new algorithm for
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detecting single-faced variables, was proposed in Chapter 4. In Chapter 5, a new algorithm
for symmetry detection was proposed.

New complexity results are proven. In Chapter 4, it was proven that the optimal
OBDDs of complete single-faced functions are of linear size. In Chapter 5, it was proven
that the OBDDs of symmetric functions have lower bound Q(n?).

The structure of the OBDD of symmetric functions are shown in Chapter 5, which is
totally determined by its left-tail function and its right single-faced function. New
implementation and experiment results are also shown in Chapter 5, where the symmetry

detection algorithm was implemented and the experiment results were reported.



96

References

(1]

(2]

(3]

(4]

[5]

(6]

(71

(8]

[9]

[10]

R. Bryant, “Graph-Based Algorithm for Boolean Function Manipulation”, IEEE
Trans. on Computers, Vol. C-35, No. 8, August 1986, pp. 677-691.

R. Bryant, “On the Complexity of VLSI Implementations and Graph
Representations of Boolean Functions with Application to Integer Multiplication”,
[EEE Trans. on Computers, Vol. C-40, No. 2, February 1991, pp. 205-213.

R. Bryant, “ Symbolic Boolean Manipulation with Ordered Binary-Decision
Diagrams”, ACM Computing Surveys, Vol. 24, No. 3, September 1992.

R. K. Brayton, G. D. Hachtel, C. T. McMullen, and A. L. Sangiovanni-
Vincentelli, “Logic Minimization Algorithms for VLSI Synthesis", Boston, MA:
Kluwer Academic, 1984.

R. K. Brayton, G.D. Hachtel, and A. L. Sangiovanni-Vincentelli, "Multi-level
Logic Synthesis”, Proceedings of the IEEE, Vol. 78, No. 2, February 1990.

C. Halatsis and N. Gaitanis, "Irredundant Normal Forms and Minimal Dependence
Sets of a Boolean Function", IEEE Trans. on Computer., Vol. C-27, No. 11,
November 1980, pp. 1064-1068.

A. Mukhopadhyay, "Recent Developments in Switching Theory"”, Academic Press,
1971.

S. Devadas, “Comparing Two-Level and Ordered Binary Decision Diagram
Representations of Logic Functions”, IEEE Trans. Computer-Aided Design, Vol.
12, No. 5, May 1993, pp. 722-723.

S. Chakravarty, "A Characterization of Binary Decision Diagrams", IEEE Trans.
on Computers, Vol. 42, No. 2, February 1993.

M. Heap and M. Mercer, "Least Upper Bounds on OBDD sizes", IEEE Trans. on
Computers, Vol. 43, No. 6, June 1994



Ry

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

97

I. Wegener, "The Size of Reduced OBDD's and Optimal Read-once Branching
Programs for Almost All Boolean Functions”, [EEE Trans. on Computers, Vol.
43, No. 11, November, 1994

J. Gergov and C. Meinel, "Efficient Boolean Manipulation with OBDD's can be
Extended to FBDD's", IEEE Trans. on Computers, Vol. 43, No. 10, October 1994
H. Liaw and C. Lin, "On the OBDD-Representation of General Boolean
Functions", IEEE Trans. on Computers, Vol. C-41, No. 6, June 1992, pp. 661-
664.

I. Wegener, "The Complexity of Boolean Functions”, Wiley-teubner series in
computer science. New York: Wiley. 1987.

R. Bryant, Y. Chen, "Verification of Arithmetic Functions with Binary Moment
Diagrams”, DAC-95.

D. Sieling and I. Wegner, "Graph driven BDDs - a New Data Structure for Boolean
Functions", Theoretical computer science, 1994.

C. L. Berman, “Circuit Width, Register Allocation, and Ordered Binary Decision
Diagrams”, IEEE Trans. Computer-Aided Design., Vol. 10, No. 8, August 1991,
pp. 1059-1066.

K. M. Bulter, D.E. Ross, R. Kapur and M. R. Mercer, “Heuristics to Compute
Variable Orderings for Efficient Manipulation of Ordered Binary Decision
Diagrams”, Proc. of 28th Design Automation Conf. pp.417-420, 1991.

S. J. Friedman and K. J. Supowit, “Finding the Optimal Variable Ordering for
Binary Decision Diagrams”, IEEE Trans. on Computer., Vol. C-39, No. 5, May
1990, pp. 710-713.

S. Malik, A. Wang, R. Brayton and A. Sangiovanni-Vincentelli, "Logic
Verification using Binary Decision Diagrams in Logic Synthesis Environment”,

DAC-88. pp. 624-628.



(21]

[22]

[23]

[24]

(25]

[26]

[27]

[28]

[29]

(30]

B31]

98

M. Mercer, R. Kapur and D. Ross, “Functional Approaches to Generating
Orderings for Efficient Symbolic Representation”, Proc. of 29th Design
Automation Conf. pp.40-45, 1992.

R. Rudell, “Dynamic Variable Ordering for Ordered Binary Decision Diagrams”,
Proc. of ICCAD-93, pp. 42-47.

D. I. Cheng and M. Sadowska. "Verifying Equivalence of Functions with
Unknown Input Correspondence”. Proceeding of EDAC, pp. 81-85, February
1993.

S. L. Hurst. "Detection of Symmetries in Combinatorial Functions by Spectral
Means.", Electronic Circuits and Systems, 1(5): 173-180, 1977.

B.G. Kim and D. L. Dietmeyer. "Multilevel Logic Synthesis of Symmetric
Switching Functions". IEEE Trans. on CAD. Vol. 10(4):436-446, 1991.

Y.-T. Lai, S. Sastry, and M. Pedram. "Boolean Matching using Binary Decision
Diagrams with Applications to Logic Synthesis and Verification”. Proceeding of the
ICCD92, pp. 452-458, October 1992.

J. Mohnke and S. Malik. "Permutation and Phase Independent Boolean
Comparison", Proceedings of EDAC, pp. 86-92, February 1993.

D. Moller, J. Mohnke, and M. Weber. "Detection of Symmetry of Boolean
Functions Represented by ROBDDs", [CCAD-93, pp. 680-684.

R. Brayton, “ Factoring logic functions”, IBM J. Res. Develop. Vol. 31, No. 2,
March 1987, pp. 187-198.

M.H. Young and S. Muroga. " Symmetric Minimal Covering Problem and Minimal
PLA's with Symmetric Variables”, IEEE Trans. on Computers, Vol. C-34, No. 6,
June 1985.

E. Sentovich, et al, "SIS, A System for Sequential Circuit Synthesis", Electronics

Research Laboratory, Memorandum No. UCB/ERL M92/41. May, 1992.



[32]

(33]

[34]

[35]

(36]

[37]

(38]

[39]

[40]

[41]

[42]

[43]

99

M. R. Garey and D. S. Johnsom, "Computers and Intractability: a Guide to the
Theory of NP-completeness. New York: Freeman, 1979.

Y. Wang, "New Data Structures for Boolean Functions”, Technique Report of
University of Saskatchewan, May 1994.

Y. Wang, "A New Boolean Function Classification Theory" , Technique Report of
University of Saskatchewan, June 1994.

P. Ashar, A. Ghosh and S. Devadas, *“Boolean Satisfiability and Equivalence
Checking Using General Binary Decision Diagrams”, Proceeding of ICCD 1991,
pp- 259-264.

J. Burch, "Using BDDs to Verify Multipliers", Proceeding of DAC 1991, pp. 408-
412.

S. Jeong, B. Plessier, G. Hachtel and F. Somenzi, "Extended BDD's: Trading off
Canonicity for Structure in Verification Algorithms", Proceeding of ICCAD 1991,
pp. 408-412.

A. Shen, S. Devadas, and A. Ghosh, "Probabilitstic Construction and
Manipulation of Free Boolean Diagrams”, ICCAD-93, pp. 544-549.

A. Natapoff, "Irreducible Topological Components of an Arbitrary Boolean Truth
Function and Generation of Their Minimal Coverings", J. of ACM, Vol. 14, No.
2, April 1967, pp. 376-381.

D. Goldberg, "Computer Arithmetic", Appendix A in [41], 1990.

J. L. Hennessy and D. A. Patterson, "Computer Architecture: A Quantitative
Approach", Morgan Kaufmann Publisher, 1990.

S. Panda, F. Somenzi, and B. Plessier, "Symmetry Detection and Dynamic
Variable Ordering of Decision Diagrams", [CCAD-94, pp. 628-631.

C. Lin, M. Marek-Sadowska, and D. Gatlin, "Universal Logic Gate for FPGA
Design", ICCAD-94, pp. 164-168.



100

{441 R. L. Bahar, E.A. Frohm, G. M. Gaona, D. Hachtel, E. Macii, A. Pardo, and F.
Somenzi, "Algebraic Decision Diagrams and Their Applications”, [CCAD-93, pp.

188-191.
[45] A. Srinivasan, T. Kam, S. Malik and R. Brayton, “ Algorithms for Discrete Function

Manipulation *“, Proceeding of ICCAD 1990. 92-95.

[46] A. Friedman and P. Menon, "Theory and Design of Switching Circuits", Computer
science press, 1975.

[471 S. Friedman. "Data Structures for Formal Verification of Circuit Design", Ph. D.
thesis, Dept. of Computer Science, Princeton Univ. Jan. 1990.

(48] Y. Wang and C. McCrosky, "A New Algorithm for Miniterm-based Logic
Minimization", in prepatation.

[49] G. Held, "Data Compression-Techniques and Applications Hardware and Software

Considerations”, John Wiley & Sons, 1983.





