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Preface

These lecture notes are based on a series of lectures which I gave at the
Advanced Research Institute of Discrete Applied Mathematics (ARIDAM
VI) in June 1991.

The lectures were addressed to an audience of discrete mathematicians
and computer scientists. I have tried to make the material understandable
to both groups; the result is that there are introductions to topics such as
the complexity of enumeration, knots, the Whitney /Tutte polynomials and

! various models of statistical physics.
The main thrust throughout is towards algorithms, applications and the

interrelationship among seemingly diverse problem areas. In many cases I
have only given sketches of the main ideas rather than full proofs. However, I

, have tried to give detailed references. I have assumed some familarity with
~ the basic concepts of computational complexity and combinatorics, but I

1 have aimed to define anything nonstandard when it is first encountered.
,1 My notation in both cases corresponds to standard usage, such as Garey
IJ and Johnson (1979) and Bollobás (1979).

ii Since the lectures I have rewritten the notes to incorporate some of the
- new developments but the basic material is the essence of what was pre-

sented. Much of the work was done when I held a John von Neumann
Professorship at the University of Bonn. I am very grateful for the oppor-
tunity this offered, and to my friends at the Forschungsinstitut für Diskrete
Mathematik, where the facilties and atmosphere make it such a stimulating
place to visit.

I thank Larry J. Langley of the Department of Mathematics and Com-
puter Science at Dartmouth College who took notes of my ARIDAM lec-
tures and Brenda Wiloughby who spent so much time producing them. I
am also very grateful to James Annan and Kyoko Sekine for their criticisms
of those parts of the text which I have used in graduate lectures at Bonn
and Oxford.

It is a pleasure also to acknowledge the assistance of many friends who
have done their best to answer my many queries when writing these notes.
I owe a particular debt to Geoffrey Grimmett, Tony Guttmann, François
Jaeger, Mark Jerrum, Peter Kronheimer, Raymond Lickorish, James
Oxley, Paul Seymour, Morwen Thistlethwaite, Dirk Vertigan and Stuart
Whittington.

Finally, I must thank the urganisers and sponsors of the ARID AM



vii Preface

meeting; the United States Air Force Offce of Scientific Research under

AFOSR-89-0512A and AFOSR-90-0008A, and most of all, Peter Hammer
and Nelly Segal who spent so much time and effort in organising the meeting
and making it a success.

Dominic Welsh
December 1992

i The Complexity of Enumeration

1.1 Basics of complexity

The basic notions of computational complexity are now familar concepts
in most branches of mathematics. One of the main purposes of the theory
is to separate tractable problems from the apparently intractable. Deciding

. whether or not P = N P is a fundamental problem in theoretical computer
science. We wil give a brief informal review of the main concepts.

We regard a computational problem as a function, mapping inputs to
solutions, (graphs to the number of their 3-vertex colourings for example).
A function is polynomial time computable if there exists an algorithm which

\ computes the function in a length of time (number of steps) bounded by a
polynomial in the siz of the problem instance. The class of such functions
we denote by F P. If A and B are two problems we say that A is polynomial

. time Turing reducible to B, written A ex B, if it is possible with the aid of
j a subroutine for problem B to solve A in polynomial time, in other words

1 the number of steps needed to solve A (apart from calls to the subroutine, for B) is polynomially bounded.
1 Th~ diference between the widely us~d. P and the class F P is that, strictly
j speaking, both P and NP refer to decision problems.
~ A typical member of N P is the following classical problem known as
~.'. SATISFIABILITY, and often abbreviated to SAT.

~ SATISFIABILITY

I Instance: Boolean formula in conjunctive normal form, Ci A. . . A Cm, where

the Ci are clauses in the literals Xi, ...,xn,xi, ...,xn.
il. Question: Is there an assignment of truth values to the vaiables Xi which

satisfies the formula?

It is clear that verifying that a given assignment of values satisfies the

clauses can be done in time which is a polynomial function of the input
size.

This is the essence of N Pj it is the class of decision problems which have
solutions which can be checked in polynomial time. A formal definition wil
be given later but perhaps the easiest way to think of it and one which is
Paricularly pertinent to counting problems is as follows.

Visualise a nondeterministic Turing machine (ndtm) as an ordinary Tur-
ing machine with an additional input which can contain a certificate or
witness. This certifcate wil be used in the verification process, which is an



2 The complexity of enumeration

read write head

work tape

write only head

output

Figure 1. 1. A nondeterministic Tuing machine

ordinary Tuing machine computation except that it is allowed to use the
information in the certifcate. This is the model used in Garey and Johnson
(1979) and ilustrated in Figure 1.1.

Thus in the case of SATISFIABILITYifthe input x is a Boolean formula
F, the certifcate y might be a particular assignment oftruth values and the
working of the Tuing machine is just the checking that with these values
F is satisfied.

As another example, consider the language of composite integers. For-
mally this might be described by

?COMPOSITE INTEGERS j
Instance: Integer n expressed in binary. ~ì

,,~Question: Is n composite? . ~
The witness h.ere might be a factorisatio? ~f n. The process of checki~g ~ii.:.,.

would be to verify that these factors multiplied together gave n, and this f
can be done in time which is bounded by a polynomial function of the size
of the input, which in this case is riognl Thus COMPOSITE INTEGERS,
belongs to N P. It is not obvious that the complementary language of ,

PRIME INTEGERS belongs to NP. That it does, follows from a very
nice paper of V. Pratt (1975) with the appealing title "Every prime has a
succinct certifcate" .

The fundamental theorem of Cook (1971) is that N P has the hardest
problems, known as the NP-complete languages. They are characterised
by,

(i) LEN P,
(ii) if there exists a polynomial time algorithm for deciding L, then

NP=P.
In other words, L is NP-complete if it belongs to N P and for every óther

i

1.2 Counting problems 3

L' E NP, L' ex L. There are now many hundreds of examples of NP-

complete languages, including SATISFIABILITYand most of the diffcult
problems of graph theory such as deciding whether a graph G is k-colourable

(k ~ 3) or has a Hamilton circuit.
A problem 7r is NP-hard if the existence of a polynomial time algorithm

for 7r would mean there exists a polynomial time algorithm for some N P-
complete language. Thus a language L is NP-complete if it is NP-hard
and it belongs to NP.

Polynomial space, usually denoted by PSPACE consists of all languages
recognisable by deterministic Tuing machines which use an amount of space
bounded by some polynomial function of the input size. It clearly con-
tains N P, just run through all possible certifcates, and the containment is
thought to be strict.

Between NP and PSPACEis what is known as the polynomial hierarchy.
This is the computational analogue of the Kleene arithmetic hierarchy of
recursive function theory. A formal definition of it is found in Garey and
Johnson (1979) but we can capture the set of languages in the polynomial
hierarchy with the following definition. Define the class of languages PH
by,

00

PH = U L~
j=I

where the L~ are defined recursively by,

Lò=P,
~p LPLlk+l = NP k

and where we are using standard notation for oracles. For a class Y of lan-
guages, N pY denotes the class of languages accepted by a nondeterministic
polynomial time Tuing machine with an oracle for any language in the class
Y.

The containment relationships among these classes is shown in Figure
1.2, where EXPTIME denotes the class of decision problems solvable in
time bounded above by 2p(n) for some polynomial p.

Apar from knowing that P is a proper subset of EXPTIME, none of the
other containments shown in Figure 1.2 is known to be strict.

1.2 Counting problems

The type of counting problem with which we shall be mainly dealing is of
the following type.

For a given "universe" , whether it be a d-dimensionallattice, graph, group
or whatever, and a paricular well defined "object" such as path, colouring,

polygon, or automorphism on that universe, how many objects of given size
are present?
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EXPTIME

Figure 1.2.

In particular we shall be concerned with whether the associated counting
problem can be done in time which is a polynomial function of the size of
the universe or whether the problem is provably hard in some well defined

sense.
We wil not be concerned with problems such as the following.

(i) How many topologies are there on a set of size n?
(ii) How many nonisomorphic graphs are there on n vertices?
Nor wil we be much concerned with the sort of enumeration problems

covered in the monograph of Stanley (1986) where in most cases there is
some hope of an answer in closed form.

Rather, we shall be concerned with the class #P of enumeration problems
in which the objects being counted can be recognised in polynomial time.

Since, if objects cannot be recognised it does not seem wise to try and
count them we regard this property as justifying our calling #P the class
of "sensible" counting functions.

Example. Let I be the function which maps any Boolean formula to its
number of satisfying assignments. Then I is a member of #P.

To see this, construct the ndtm M which, on input of a Boolean formula x,
checks that a given assignment (or witness or certificate) y is an assignment
of variables which makes x satisfiable. Thus M is a machine which can be
interpreted as a function g : ~* X ~* -+ to, Il, in such a way that

(X ) = t 1 if Y is a satisfying assignment to x Jg , y 0 otherwise',

and also g is computable in polynomial time.

r
II
II

I In other words #P is the class of functions that count the accepting paths
i of nondeterministic polynomial time Thing machines.

I Valiant's original definition of #P in 1979 was as follows.
i A counting Turing machine is a standard nondeterministic Thing ma-

chine with an auxliary output device that (magically) prints, in binary
notation, on a special tape the number of accepting computations induced
by the input. It has (worst-case) time complexity ten) if the longest accept-

ing computation induced by the set of all inputs of size n takes ten) steps
(when the Thing machine is regarded as a standard non-dete~ministic ma-
chine with no auxliary device).

1.2 Counting problems 5

(1.2.1) Definition: #P is the class of functions which can be computed
by counting Thing machines of polynomial time complexity.

Another (equivaent) definition is given below. Its structure is appealing
because it highlights the structural similarities between #P and the decision
classes NP and RP (random polynomial time).

Consider first the following definition of nondeterministic polynomial time
NP.

(1.2.2) Definition: A language LEN P if there exists a polynomial p
and a polynomial time algorithm, which computes for each input x
and each possible certifcate (= guess) (= witness) y of length p(lxl)
a value R(x, y) E to, Il such that

(i) if x (t L then R(x, y) = 0 for all y,

(ii) if x E L then R(x, y) = 1 for at least one possible certifcate y.

(1.2.3) Definition: The class RP = random polynomial time is defined
by replacing "at least one" in (ii) by "at least half of the possible
certifcates" .

Then we can define #P to be the class of functions I : ~* -+ N, such
that there exists LEN P and associated p, R as defined above, such that

I(x) = ItY: R(x,y) = III x E ~*.

Yet another formulation of #P is the following.

(1.2.4) Definition: Given the computation tree of a nondeterministic

polynomial-time machine M, let acCM(X) be the number of accept-
ing computations of M on input x. Then

o
#P = U : ~* -+ N such that I = aCCM for some polynomial time

non deterministic machine Ml.
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The language class p#P
We emphasise that #P is a class of functions, whereas the more familar

classes P and N P are classes of languages or sets. Thus, strictly speak-
ing, #P is not directly comparable with the more familar classes P and

N P. Hence it is often more convenient to consider the associated class of
languages p#P defined by

p#P = i L : L can be recognised in polynomial time by a Tuing

machine equipped with a#PoracleJ.

Until the recent results of Toda (1989), to be discussed below, not much
more was known about the class p#P than that:

(1.2.5) pNP ç p#P ç PSPACE.

Proof: An oracle which counts the number of satisfying assignments of
a Boolean formula is obviously at least as strong as an oracle which decides
whether a Boolean formula is satisfiable. Thus pNP ç p#P. To show that
p#P ç P SPACE we note that an exhaustive search and check of all possible

satisfying assignments can be carried out in polynomial space. 0

1.3 # P-complete problems

We now define the class of #P-hard (complete) functions in a way which is
completely analogous to the familar concepts NP-hard (complete).

Recall that F P is the class of functions which can be computed by deter-
ministic polynomial time Tuing machines.

(1.3.1) Definition: A problem 7r is #P-hard if #P ç Fp7r; it is #P_
complete if it is #P-hard and it belongs to #P.

Having defined #P and the concept of completeness and hardness for this
class, it remains to exhibit some natural members. An obvious approach is
to mimic the way in which NP-complete (hard) languages were found; this
works, though as we shall see, a certain care has to be taken.

The strategy is to start with the counting counterpart of the generic N P-
complete problem introduced by Cook (1971) in his seminal paper, and
then to proceed in the same way as in N P-reductions but to ensure that
the reductions in question preserve the number of solutions.

Accordingly we define:

# TM-COMP: (Tuing machine computation.)
Instance: Polynomial time nondeterministic Tuing machine M, together
with input x E ~*.

Question: How many accepting computations has M(x)?

(1.3.2) Theorem: # TM-COMP is #P-complete.

r
i Proof. Fir sbow # TM-COMP E #P. 'l do this we ne to exbit
- a nondeterministic machine N such that given any pai (M, x), with M a

ndtm and x an input to M, wil verify that M accepts x. This is clear,
since N just simulates the computation M(x, y) where y is a witness to
the acceptabilty of x. Since M is polynomially bounded, the length of the
computation is bounded by a polynomial in I x I.
Now consider any other function in #P, call it g. Then by definition

there exists a nondeterministic machine Mg such that for all x E ~*,

1.3 # P-complete problems 7

liy: Mg(x,y) = 111 = g(x).

Thus clearly
#P ç F p#TM-COMP

o

We can now quickly build up a collection of #P-complete problems as
follows.

Take one of the standard NP-complete problems such as SATISFIABIL-
ITY (SAT) or HAMILTON CIRCUIT and define # SAT and # HAMIL-
TON CIRCUIT as follows:

# SAT

Instance: Boolean formula F in conjunctive normal form.

Question: How many satisfying assignments has F?

# HAMILTON CIRCUIT
Instance: Graph G.

Question: How many Hamilton circuits does G have?

(1.3.3) # SAT is #P-complete.

Proof: It clearly belongs to #P and Cook's original reduction which

showed that SAT is NP-complete is easily checked to preserve the numberof solutions. 0
As pointed out first by Simon (1977) and Valiant (1979a), it seems to be

the case that between most of the standard NP-complete languages there
exist polynomial time transformations which preserve the number of solu-
tions. In this way the original N P-completeness transformations developed
by Karp (1972) show that the "natural" associated counting problem is
also #P-complete. Thus by tracing these transformations (and occasion-
ally modifying them) we get for example:

(1.3.4) # HAMILTON CIRCUIT is #P-complete.

(1.3.5) #k-COLOURINGSis #P-complete for k 2: 3.
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I We ilustrate the proof technique by showing the easy reduction between
i SAT and 3SAT-(instances of SATISFIABILITYin which each clause has 3
j literals).
2

~

'i

i

(1.3.6) # 3-SAT is #P-complete.

Proof: Suppose F has a clause with i ~ 4 literals. In this clause replace
any two of these literals, say Xj, Xk, by a new vaiable y and form

F' = F 1\ C((Xj V Xk) == yJ

where C((Xj V Xk) == yJ is the conjunctive normal form for (Xj V Xk) == y.
Then F' has exactly the same number of solutions as F and the added

clauses wil have at most 3-literals per clause. The result follows by induc-ila 0
Thus, the reduction above is a parsimonious reduction, in that it preserves

the number of solutions unlike the easier Turing reduction between SAT and
3-SAT given in Cook's original paper.

A slightly tedious, but probably worthwhile exercise is to go through
the reductions between the classical N P complete problems and to check
whether they preserve the number of solutions.

For those which are not, it is normally not too difcult to produce mod-
ifed reductions which have this property. As a result we are able to make
the following slightly vague claim.

(1.3.7) The counting versions of the classical NP-complete problems sèem
usually to be #P-complete.

However we urge caution here, there is no canonical definition of "classi-
cal" nor of the concept of a "natural" NP-complete problem. It is certainly
not known to be true "that the counting counterpar of all natural N P-
complete problems are #P-complete" .

As a fuher note of caution we emphasise that the idea of "natural count-
ing problem associated with an NP-complete language" is not a well de-
fined concept; consider, for example, the decision problem HAMILTON
CIRCUIT.

The "natural" nondeterministic Turing machine M for testing whether G
is Hamilonian wil use as a certifcate of membership a Hamilton circuit of
G and check its existence.

However an equally good nondeterministic machine M' wil take a path

of length say n-(lognJ in G (where n = IV(G)I) and check (by exhaustive
search) whether it can be extended to a Hamilton circuit. This also can
be done in polynomial time and (apar from at the intuitive level) it is not
easy to say why M' is less natural than M.

Despite this caveat we shall (wherever we think there is no confusion)

adopt the notation #(A, x) to denote the number of "natural" witnesses to

,
1.3 # P-complete problems 9

x belonging to the language A. Thus for example, #(SAT, F) wil denote
the number of assignments to the vaiables of F which make it satisfiable.

At this stage we formally define a notion which has been pervaive in this
c, discussion.

(1.3.8) Definition: A parsimonious transformation from problem A to
problem B is a polynomial time transformation f such that if #(A, x)
denotes the number of solutions of problem A with instance x, then
#(A, x) = #(B, f(x)).

Berman and Harmanis (1977) have used padding arguments to show
the existence of parsimonious transformations between most of the natural

1 search problems associated with the classical NP-complete sets. As men-
;1 tioned earlier Simon (1977) and Valiant (1979a) noted that the reductions
~ between the early classical NP-complete sets were (or could be easily modi-
f~ fled so as to be) parsimonious. However, as we shall show in a later section,
¡j it is not true that there are parsimonious reductions between all pais of
i natural NP-complete languages.

i It turns out that very few of the counting problems which arise naturally
~ are known to have. polynomial time algorithms. Indeed more can be said,

I. in that most counting problems seem to be hard (or complete) for the class#P. Thus they wil not have polynomial time algorithms unless #P = F P

I and this would be much more surprising than N P = P.

We close this introduction by listing some of the, relatively few, nontrivial
counting problems which are known to have P-time algorithms.

(1.3.9) Spanning trees of a graph. Counting the number of spanning trees
in an undirected graph G reduces to evaluating any cofactor of the
Kirchhoff matrix of G.

(1.3.10) Spanning arborescences of a graph. A rooted arborescence of a
digraph r is a subgraph H which when undirected is a tree and which
has a distinguished vertex v, the root, such that all edges of H are
directed away from v. The number of spanning arborescences origi-
nating at any root of r is given by T(r) = det Kr(r) where r is any
vertex and Kr(r) is the Kirchhoff matrix of r.

(1.3.11) Eulerian cycles. The number of Eulerian cycles in a digraph r
with vertex set t1, ...,m) is given by

m
C(r) = IT (dj - l)!T(r)

j=1

where dt is the outdegree of vertex j and T(r) is the number of
spanning arborescences originating at a vertex.
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(1.3.12) Perfect matchings of a planar graph. Kasteleyn (1967) gives a
polynomial-time algorithm which computes the number of perfect
matchings of any planar graph. This is in terms of a Pfafan and
is based on his earlier solution of the dimer problem in classical sta-
tistical physics.

The method also extends to the classes of graphs a) not containing
K3,3 as a minor and b) what are described as Pfafan graphs. How-
ever, since it is not known how to decide if Gis Pfafan this extension
has limited use. For a beautiful discussion of this problem see Lovász
and Plummer (1986).

1.4 Decision easy, counting hard

It is not difcult to find examples of problems where finding a solution is

very easy but counting the number of solutions is #P-hard. Here are some i:¡
examples of vaying degrees of interest. f~

l~

i
g

!

I

# UNSAT
Instance: Boolean formula F in conjunctive normal form.

Question: How many assignments of the variables make F false?

(1.4.1) # UNSAT is #P-complete.

Proof: It is clearly in #P. But if there are n variables in F, the number
of unsatisfying assignments when subtracted from 2n gives an algorithm for#UT 0

A less trivial exaple is the following:

# MONOTONE BOOLEAN FORMULA
Instance: Monotone Boolean formula F (that is it contains no negated
variable).

Question: How many satisfying assignments has F?

Clearly finding a satisfying assignment to a monotone Boolean formula is
trivial. However the counting problem is hard as we now see.

(1.4.2) # MONOTONE BOOLEAN FORMULA is #P-complete.

Proof. Any Boolean formula F may be rewritten in the form

F = G /\H

where G and H are both monotone.
Then, counting the number of solutions of G /\ H and of G gives the

number of solutions of F.

,
¡

1.5 The Permanent 11

The rewriting of F consists of replacing each unnegated variable Xi in FC by a new variable Yi and each negated variable Xk by Zk and conjoining F

with

(/\i(Yi V Zi)) /\ (-, Vi (Yi /\ Zi)).

Since the function obviously belongs to #P it is #P complete. o

Note: The transformation above is parsimonious.
Another example in the same spirit of triviality as # UNSAT is:

# NONCLIQUE
.... Instance: Graph G on n vertices.

:iJ Output: The number of sets of r nj2l-vertices which are not cliques in G.

Finding such a "non clique" is trivial - just look for an edge. Counting
them is obviously equivalent to counting cliques of size r nj21 and is therefore
#P-hard.

Another example which wil be made more use of later is the following:

#DNF
Instance: Boolean formula F in disjunctive normal form.

Question: What is the number of satisfying assignments of F?

It is trivial to find a solution to such an F, however counting such solutions
is hard as we now prove.

(1.4.3) Counting the number of satisfying assignments to a Boolean for-
mula in disjunctive normal form is #P-complete.

Proof. Given an instance F of #SAT, it is not difcult, using de Morgan's
laws, to transform it into a formula of polynomially equivalent length for -,F,
the complement of F. Then note that the number of satisfying assignments
of F plus the number of satisfying assignments of -,F equals 2k where k is
the number of variables occurring in F. 0

All the examples discussed in this section have had a certain aura of

unreality or triviality about them. In the next section we consider a more
signifcant example, which was aleady of interest in its own right in diverse
areas of mathematics.

1.5 The Permanent

The permanent of an n x n matrix A is denoted by per (A) and is defined
by

per (A) = E alu(1)a2u(2)'" anu(n),
uE Sn
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where Sn denotes the symmetric group of order n. In other words the

permanent has the same expansion as the determinant but there is no prob-
lem over signs. Curiously, whereas the determinant is easy to evaluate the
striking result of Valiant (1979b) is the following

(1.5.1) Theorem. Evauating pereA) is #P-hard, even for matrices in
which every entry is 0 or 1.

Before proving this we note another interpretation.
Let G be a (not necessarily simple) bipartite graph, with biparition

(U, W) and with IUI = IWI = n. Let A be the biadjacency matrix of
G, that is Aj equals the number of edges joining Ui to Vj. Then

,.1
¡

per (A) = w(G);)
t~where w(G) is the number of perfect matchings in G. ~

Recall that a matching of G is a set X of edges which have the property tj
that no two members of X share a common vertex. It is a perfect matching I
if every vertex of G is the end point of some edge of X. .,.

Thus in order for G to have a perfect matching it is necessary that IV (G) I
be even. Deciding whether G has a perfect matching and if it has, finding
one, can be done in polynomial time. Matching theory has a huge range of
applications from optimisation theory to statistical physics; a comprehensive
and beautifully written treatise on the subject is that of Lovász-Plummer
(1986). Here it is just worth mentioning in paricular the connection with
the dimer problem of mathematical physics. Let .en denote an n x n section
of the toroidal square lattice.

Then let 'l( n) denote the number of ways of placing dimers on the edges
so that each vertex is covered by exactly one dimer.

A classical result of statistical physics due to Fisher (1961a) and Kasteleyn
(1961) says that

lim 'l(2n)ln = exp(29/,rr)
n-+oo

00

where 9 = ¿(-1)k(2k+ 1)-2 = 0.915965594... (Catalan's constant).
k=O

This is about 10% lower than 2, which is the number of ways (per lattice
site) in which a free dimer can be placed on the lattice.

We now turn to the proof of Theorem 1.5.1.

Proof. Sketch: The main steps of the proof are as follows.

(i) There is a function 9 E F P which maps propositional formulae in
conjunctive normal form to matrices with entries from i -1,0,1,2,31, and
such that for all F,

per g(F) = 42t(F)-c(F)#F
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where t(F) is the number of occurrences of literals in F, c(F) is the number
of clauses in F and #F is the number of assignments satisfying F.

(ii) There is a transformation h, computable in time polynomial in m
and the order of the matrix, that maps matrices with entries from the set
to,1,...,m1 to (0,1)-matrices, such that for all A,

pereA) = per h(A).

(ii) If A is an n x n integer matrix with each entry bounded in magnitude
by ¡., then

Iper(A)I :: ¡.nn!

(iv) To compute pereA) it is sufcient to compute its value mod Pi for
each Pi in some set tPb ...,Pt1 of distinct prime numbers satisfying

PiP2 . . . Pt )0 2¡.nn!

This is a useful technique in counting problems. It is basically a special case
of the Chinese remainder theorem.

(v) For any prime P, if A mod P is the matrix with (i,j) entry equal to

Aj mod P then pereA) mod P = pereA mod p).
Combining (i)-(v) proves the theorem. D
As an immediate corollary, if we regard computing as permanent as count-

ing perfect matchings (see the dimer problem described earlier), we get:

(1.5.2) Counting perfect matchings in a bipartite graph is #P-complete.

When it was first proved, this aroused interest because it was a first
nontrivial exaple where the decision and construction problem was easy
(that is in P) but the associated counting problem was hard. Since then
there have been found many other exaples of this phenomenon. Perhaps
two of the simplest, in the sense that existence is absolutely trivial, are the

following.

(1.5.3) Counting the number of forests in a bipartite planar graph is #P-
complete.

Note: a forest is any subset of edges containing no cycle, thus they always
exist.

(1.5.4) Counting the number of linear extensions of a finite parial order
is #P-complete.

Note: again every parial order has at least one linear extension.
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1.6 Hard enumeration problems not thought to be #P-complete I to be the function which, for arguments x E E*, takes a value equal to the
Not every hard counting problem is captured by the class #P. Consider for i number of accepting computations of M with oracle A when the input toexample: I M is x.
# HAMILTONIAN SUBGRAPHS

Instance: Graph G.

Output: Number of Hamiltonian subgraphs of G.

The status of this problem in the complexity hierarchy is interesting and
not clear.

First note that it is a straightforward exercise to show:

(1.6.1) # HAMILTONIAN SUBGRAPHS is #P-hard.

However it does not appear to be #P-complete. The reason for this is
that it does not seem easy to show that it is in #P. The "obvious" method
fails as the natural "certifcate" of the associated decision problem is a pai
(H', C) where H' is a subgraph of G and C is a Hamilton circuit of H'. The
number of such certifcates is not the number of Hamilonian subgraphs of
G.

These are problems which are at least as hard as #P-complete problems.
We now turn to a counting problem which is hard but which probably isn't
N P- hard.

One of the outstanding open problems in the theory of N P-completeness
is whether it is N P-hard to decide if two graphs are isomorphic.

The associated counting problem is:

# ISOMORPHISM
Instance: Graphs G, H.

Output: Number of isomorphisms between G and H.

(1.6.2) Theorem (Mathon 1979) # ISOMORPHISM E FpNP.

More precisely, Mathon shows that equipped with an oracle to decide if
two graphs are isomorphic, one can count isomorphisms in polynomial time.

This shows that counting isomorphisms is not signifcantly harder than
deciding isomorphism. This could be regarded as further evidence that the
isomorphism question is not N P-hard.

The class #N P
This is a class of functions introduced by Valiant in 1979 but which until

recently seems to have received little attention. It is defined as follows.
Given a ndtm M and a set A define

aCCM(A) : E* -- N

(1.6.3) Definition : f E #N P ~ f = accM(A) for some language A E
N P and M polynomially bounded.

The prototype member of #N P is the following.

#NSAT

Instance: Boolean formula F in vaiables Xl, ..., Xn together with an assig-
nation of values to Xi for i E J where J ç p, ..., nì.
Output: The number of assignments of values to the remaining variables
which make F satisfiable.

Valiant pointed out that:

(1.6.4) #NSAT is complete for #NP.

This is the typical problem of the class which we call counting extendible
configurations. Another is the following.

# N3COL

Instance: Graph G and a subset X ç V(G).

Question: How many 3-colourings of X are there which can be extended to
a full 3-colouring of G?

Clearly this is #P-hard; since an algorithm for doing this wil give an
algorithm for counting 3-colourings (take X = V(G)).

However it is not at all clear that this function belongs to #P. Probably
it does not, for what we can show is:

(1.6.5) Counting extendible 3-colourings is complete for #N P.

Proof: The standard transformation between 3-colourabilty and SAT is
parsimonious and this sufces since NSAT is complete for #N P. 0

Now it is trivial that

(1.6.6) #P ç #N P.

To see this just take M with no oracle in the definition of #N P. It turns
out that a consequence of some remarkable work of Toda (1989), which we
discuss later, is that the gap between #P and #NP is not as great as was
imgined. We return to this in §1.8.
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1.7 Self-avoiding wals J (1.7.3) Problem: Is SELF-AVOIDING WALK complete in #P?
Many questions in statistical physics are of the following type. '¡

Let F be some well described family of patterns or confgurations on a r~ I believe it is not, but obviously showing it is likely to be impossibly
d-dimensionallattice £'. Let Fn be the set of members of F having size n m difcult.
- (here size is measured in some well recognised format). Then a typical) The diffculty with discussing this sort of problem in the language of
problem is of the following type: .'.~ standard complexity is that "there are too few inputs". The temptation

î is to replace the lattice £, by an arbitrary graph. But now we are just
¡ counting non-intersecting paths of length n in a graph and this reduces to

This is usually much too hard for even moderate values of n. The lesser .~ # HAMILTON PATH and so is #P-complete.
problem is: .. This led to the introduction by Valiant (1979a) of the peculiarly in-

; tractable class #Pi. The typical problem of the class #Pi is of the following
.' type. Let 7l be any property of graphs:

TI~~

n
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(i) How many patterns are there in Fn?

(ii) Find the limiting value of some suitably normalised function of Fn,
1

such as IFni", as n - 00.

Even this is usually too hard, though there have been some notable results
such as the dimer solution mentioned in §1.5. Here we ilustrate this idea
with one well known classical problem of statistical physics and polymer
chemistry, namely that of counting the number of self avoiding wals or
polygons having n steps and rooted at the origin. For example, consider

the square lattice with origin 0 and let en denote the number of self avoiding
wals starting at 0 and having exatly n edges. Thus Ci = 4, C2 = 12,...
and in general it is known that

(1.7.1) As n - 00, Cn = e"'n+O(v'

where /' is known as the connective constant of the lattice. An exact vaue
of /' is not known, though there are very accurate numerical estimates.

On any reasonable interpretation of "diffculty" this should be regarded
as a hard problem, and of course in a sense it is. For we know that fen)
is exponential in n and hence needs exponential time in order just to print
the answer. In order to make the question more sensible we stipulate that
the input should be an integer in unary.

Suppose we present this as a computational problem in standard format.

SELF-A VOIDING WALK
Instance: Integer n in unary.

Output: Number of self-avoiding wals on the square lattice having length
n.

(1.7.2) SELF-AVOIDING WALK is contained in #P.

Proof. Consider the ndtm M which accepts lattice paths if they are
self-avoiding. This works in time polynomial in n in unary and therefore
the associated counting function belongs to #P.

The question which we cannot answer is the following:

l
1.8 Toda's theorems 17

, I

; Input: Integer n in unary.

Question: How many graphs are there having property 7l and having n
vertices?

Formally we make:

(1.7.4) Definition: #Pi is the class of functions which can be computed
by counting Turing machines which have only a unary input alphabet

and which have polynomial time complexity.

It is known that #Pi has complete members but it is fai to say that
iJ by any reasonable standard they are not natural. An explicit example of
8 a naturally occurring complete problem for #Pi would be extremelyI,; interesting.
i4

q(j 1.8 Toda's theorems1-

m Unti recently the relation between #P and its related counting classes
¡'j and the more studied decision classes P, N P, PH was far from clear. For
i'ì example, there was a folklore belief that a #P-oracle was about as powerful",.1

I~ as an oracle for a low level of the polynomial hierarchy such as L3. This
i; was shown to be almost certainly false by some remarkable results of Toda
i"

i~ (1989).
j; Toda's proofs are difcult, they use a theory of operators which is stil

11 being developed, in particular see Toda and Watanabe (1992) and Köbler,
Ii Schöning and Toran (1989). Here we can do no more than outline the main
,1

11 ideas.

:'i First we need to introduce the probabilstic class P P. This is the set of

¡¡languages accepted in polynomial time by a Turing machine equipped with

l~ the abilty to toss a fair coin. It is easy to see thatl:

~ (1.8.1) NP ç PP ç PSPACE.



Furthermore, it is not difcult to show that a P P oracle is roughly equiv- ~ 1.9 Additional notes
alent in strength to a #P-oracle. In other words, ...... Classical texts on complexity are Garey and Johnson (1979) and Balcázar,

:* Diaz and Gabarró (1988). An invauable compact source is the catalogue
~ of Johnson (1990). I first met the definitions of N P and RP as given in
i'~ §1.2 in Lovász (1979b). Proofs of the counting results (1.3.9)-(1.3.11) can be
¡~ found in Tutte (1984) and Lovász (1979a). Kasteleyn's (1967) algorithm for

which means that any functio~ computable in po~ynomial ti~e ,,hen pro-i ~; counting perfect matchings in the planar case is based on his (1961) paper
vided with an oracle for #P is also computable in polynomial time by a . counting dimer confgurations (see also Fisher (1961a)). A very interesting
machine equipped with an oracle for P P. Toda's first theorem is the fol- account of the relation between the Pfafan problem and other algorithmic

lowing. ¡j questions is given in Lovász and Plummer (1986) and Thomassen (1992).
The results (1.4.2) and (1.4.3) on the hardness of counting solutions to
DNF and monotone Boolean formulae are from Valiant (1979a) which also
contains several other examples of decision easy/counting hard problems.

The #P-completeness results (1.5.3) and (1.5.4) are from Vertigan and
Welsh (1992) and Brightwell and Winkler (1991) respectively. The existence

of the connective constant of self-avoiding wal theory is due to Hammersley

(1957). The bound (1.7.1) is from Hammersley and Welsh (1962) but it is
widely believed that the asymptotic formula en = e"n+O(1ogn) ought to hold,

see Hammersley (1991). For more on the theory of self-avoiding wals see
the remarkable paper of Hara and Slade (1991).

A somewhat simplifed proof of Toda's theorem is given by Babai and
Fortnow (1990) who also characterise #P-functions in terms of straight line
programmes of multivariate polynomials.

For an account of recent developments in the structural complexity of
counting classes see Schöning (1990).
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(1.8.2) Fp#P = FpPP,

(1.8.3) Theorem. The polynomial hierarchy is contained in pPP.

An immediate corollary is that P P is at least as powerful as an oracle for
any language in the polynomial hierarchy, This in turn, in view of (1.8.3)
means that the following holds.

(1.8.4) Corollary. FpPH ç Fp#P.

In other words:

(1.8.5) Any #P-complete function is at least as difcult to compute as any
problem from the polynomial hierarchy.

Thus the difculty of computing a #P-complete function is somewhere

between PSPACE complete languages and the hardest PH-functions in the
hierarchy of difculty. Thus, to describe a problem as #P-complete must
mean it is extremely intractable.

A fuher consequence of Toda's theorems is the following statement:

(1.8.6~ Fp#P = Fp#NP.

The inclusion one way is obvious. However if one considers the following
question it is clear that the reverse conclusion is surprising.

(1.8.7) Question: Given an oracle for counting Hamilton cycles, construct

a polynomial time algorithm for counting Hamiltonian subgraphs.

A second of Toda's theorems relates the diffculty of parity computations,
with the polynomial hierarchy and we wil consider this in §7.6.

'"
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2 Knots and Links

2.1 Introduction

Some of the first work on knot theory was motivated by its applications. For
example an early result of Gauss (1833) concerned the magnetic field which
a knotted wire would produce if it carried an electric current. Kelvin and
others tried to understand atoms as knots hoping that the table of knots
would reproduce the regularities of the table of elements.

In the last ten years there has been an upsurge of interest due in some

part to other applications of knots in such subjects as biology (enzyme

recognition), chemistry (polymer theory) and physics (statistical mechan-
ics). Molecular knots have long been the subject of speculation and in 1989,

Dietrich-Buchecker and Sauvage succeeded in synthesising the trefoil knot
with molecular threads and thus produced the world's smallest knot.

Here I shall attempt to give an introduction to combinatorial knot the-

ory with the emphasis on classification, applications and the complexity of
recognition problems.

Classical knot theory is concerned with embeddings of a circle (I-sphere)
81 into Euclidean 3-space R3 or the 3-sphere 83, as ilustrated.

If X, and Y are Hausdorff spaces a mapping j : X -- Y is called an
embedding if j : X -- j(X) is a homeomorphism.

A knot is an embedding j of 81 into 83, though it is usually identifed
with its image j(81). In other words a knot is a subset of R3 which is

homeomorphic to a circle.
A link with k components is a subset of R3 which is homeomorphic to

the disjoint union of k circles.

Trefoil Figure-eight knot

Figure 2.1.
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Figure 2.2.

Two knots K, L are ambient isotopic if there exists a homotopy ht
83 ~ 83 (0 :: t :: 1) such that ho = 1, each ht is a homeomorphism and
hi(K) = L.

As R.H. Fox in his paper entitled "A remarkable simple closed curve"

(An. Math. 1949) pointed out, topological embeddings of 81 -- 83 may
have strange features. In paricular there exist knots which have no piece-
wis linea representation. A knot K is said to be tame if it is ambient
istopic to a simple closed polygon in 83. A knot is wild if it is not tame.

Henceforth when we refer to a knot we shall assume it is tame. Conse-
quently we can always regard it as having a piecewise linear representation.

With this representation in mind we can think of ambient isotopy as be-
in any topological operation which deforms a polygon made up of vertices
joined by "rubber band" edges and anything is allowed except cutting edges,
subject to the proviso that distinct edges do not share points, except possi-
bly end points, and vertices remain distinct.

A knot is usually described by a projection onto a plane. A projection of

K Is a regular projection if

. (a) it contains only finitely many multiple points

(I)) all multiple points are double points and these are transverse points
(that is crossing points).

Given such a regular projection, provided each crossing point has spec-

ifedwhich is the over/under crossing the projection determines the knot.
Usualy this information is conveyed by leaving a gap in the string of the

uÌdercrossing, this then constitutes the knot diagram.

~ampie. Two knot diagrams representing the same knot, the trefoil, are
shown in Figure 2.2.

-To knot diagrams are called equivalent if they are connected by a finite

~iience of moves shown in Figure 2.3 or their inverses. In each case, away
frmthe local area of the move, the diagrams are unchanged. Any such

'~mpve is called a Reidemeister move.
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Figure 2.3.

Figure 2.4.

The fundamental theorem of Reidemeister (1935) is:

(2.1.1) Theorem. Two knots are ambient isotopic if and only if any dij
agram of one is equivalent to any diagram of the other under Reidei

meister moves.

The proof of this fundamental theorem is based on the idea of knot
being combinatorially equivalent. This concept, as described in Burde an
Zieschang (1985), is in turn based on the notion of two polygonal knot:

K, L, in R3 being related by a Li-move if L can be obtained from K b:
replacing a straight line segment u of K by the two other sides of a triangli
D having sides u, v, Wj it being assumed that K and D intersect only in t .
segment u. We ilustrate this move in Figure 2.4.

If L is obtained from K by a Li-move then the reverse process is a Â-.
move. Then say that two knots are combinatorially equivalent if one can bi
obtained from the other by a finite sequence of Li- and Li -I-moves. .

The major step in the proof of Reidemeister's theorem is proving:

(a) Two knots K, L are ambient isotopic if and only if they are combi
torially equivaent.

Then, it is relatively easy to show that:

Ii:

I

i
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Figure 2.5.

(b) Two regular projections of the same simple closed polygon are con-
nected by a finite sequence of Reidemeister moves.

It remains only to prove:

(c) Each Li- and Li -I-move induces Reidemeister moves on the projection.

For a full proof we refer to Burde and Zieschang (1985).
A link is oriented if each of its components is given an orientation. We

shall be principally concerned with unoricnted knots but point out that
tllere is an oriented version of Reidemeister's theorem. In this case the
allowable moves must include all possible orientations of the strings.

The two fundamental algorithmic problems about knots are a) the un-
knotting problem, namely how to decide whether a knot really is knotted and
b) the recognition problem, namely, given two links how to decide whether
they are (ambient) isotopic. Algorithms exist for both of these problems,
se Hemion (1992), however their status in the complexity hierarchy seems
very unclear.

.2.2 Toot colourings

Given any link diagram D it is easy to prove that we can colour the faces
bla and white in such a way that no two faces with a common edge are

the same colour. By convention, we colour the boundary faces black, and
thi is the checkerboard or Tait colouring of the diagram D.

From this we can get a canonical signed graph S(D), its vertices are the
bla faes of the Tait colouring and two vertices are joined by a signed

édge if they share a crossing. The sign of the edge is positive or negative
j.lcording to the (conventional) rule shown in Figure 2.5.
~iExample. The Tait colouring and associated signed graph of the diagram
'~,~e ilustrated. in ,Figure 2.6. . .
~..... Clealy S(D) is a plane graph. Moreover, it is easy to prove that every
t~iged plane graph can arise in this way. More precisely we have:
~;~~~:..: '

~'
,~r~:2.1) Proposition: There is a 1-1 correspondence between link dia-
. ... grams and signed plane graphs.

iJ_"-~ ~._~
i~P:roof. It remains only to show that given any signed plane graph S we
~associate with it a link diagramD such that S(D) = S. Given any plane
~r,',
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graph G, the medial graph m(G) has vertices at the midpoint of each edge
of G and two vertices are joined by an edge in m( G) if they are consecutive
edges of a face (including the infinite face). Thus m(G) is 4-regular. The
vertices of m( G) are going to be the crossings of the link diagram Dj the
sign of the underlying edge of 8 determines which string goes over/underin D. 0

In the same way as infinitely many link diagrams can represent equivalent
links, for any link L there are infnitely many signed plane graphs which
represent it.

It is routine to check that the Reidemeister moves (I) - (III) can be trans-
lated into the local moves on signed graphs shown in Figure 2.7.

Thus an equivalent formulation of Reidemeister's theorem is:

(2.2.2) Theorem. Two plane signed graphs 81 and 82 represent the same
link if and only if 81 can be transformed into 82 by some finite sequence
of the moves (I') to (III') and their inverses.

A very easy observation is the following.

(2.2.3) If G is any plane signed graph and G* is its plane dual with the
signs of the edges multiplied by (-1) then the links L(G) and L(G*)
are isotopic.

The proof is an easy consequence of the star triangle transformationj"
alternatively it can be seen by considering the two representations of the
associated links on a sphere.

This leads naturally to the concept of the mirror image of a link L, defined
in the obvious way to be that link L obtained from any link diagram D of
L by interchanging the over/under nature of the strings at each crossing.

In other words, the signs of 8(D) are multiplied by (- 1). A link is called
amphicheiral or achiral if it is isotopic to its mirror image.

No good (that is fast and infallble) test of amphicheirality is known.

2.3 Classifying knots 25

~ + 0 , ¿- ,

XJ~ , , ~

-A , , ~ ~
~ , *u v w ,

III'

Figure 2.7.

2.3 Classifying knots

Two link diagrams which have diferent numbers of components obviously
represent nonisotopic links. This is probably the simplest exaple of link
invaiant and is used as a first subdivision of links in the various tables of
links, see for example Thistlethwaite (1985), Rolfsen (1976) or Burde and
Zieschang (1985).

A less trivial invariant is the crossing number which is defined as the min-
imum number of crossings in any diagram representing the link. Determin-
ing the crossing number seems to be difcult; certainly no good (polynomial
time) algorithm is known.

All knots with crossing number less than or equal to 7 have the property
that they can be represented by a link-diagram in which the crossings are
alternately over/under/over... . Any link with this property is called
alternating, they are an important, but relatively small subclass of the class
of links. It is easy to see that:

(2.3.1) A link L is alternating if it has a signed graph representation in
which all edges have the same sign.
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A fundamental operation on knots K1 and K2 is to "tie them together"
and then to join their loose ends to form a closed string. The resulting kno
is called the product of K1 and K2 and is denoted by K1 #K2.

A knot is prime if it is not the unknot and cannot be expressed as th
product of two nontrivial knots,

In classifying knots it is usual to list only those which are prime, bu
again this has the drawback that it is not easy to decide if a knot is prime,.

The knot complement
It is easy to see that :
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This can be restated in the following form.

(2.3.2) If two links are ambient isotopic then their complements are home-I (2.3.6) If 
two knots have homeomorphic complements then they are equiv-

omorphic. alent under Reidemeister moves and taking mirror images.
Proof. If K is ambient isotopic to K' under h then the restriction of hi

to the complement is a homeomorphism.
Also we have:

(2.3.3) A link and its mirror image have homeomorphic complements.

It is also possible for pairs of links which are some way from being ambientl
isotopic to have homeomorphic complements. This follows from a famoWi
example of Whitehead (1937), who observed:

(2.3.4) If In (n E Z) denotes the link with diagram shown in Figure 2.

then hn has a complement homeomorphic to that of 10 for all n E ZÎ
but I2n is not ambient isotopic to 12m if n =I m.

However Gordon and Luecke (1989) have obtained the very import ani

result that for knots as against links the following is true.

(2.3.5) Theorem. If two knots K, K' in 83 are such that their comple-i
ments are homeomorphic then there exists a homeomorphism h : 83 -i,
83 such that h(K) = K'.

The knot group
The knot group is the fundamental group of the knot complement. Its

objects are the homotopy classes of paths in the knot complement, with
the product of two closed paths a and ß from an arbitrary point 0 in the

complement, being the path 'Y consisting of a followed by ß.
There is an easy way to construct and describe the knot group; we wil

first give the recipe to produce what is known as the Wirtinger presentation
and then give the motivation.

An arc or segment of a knot is the portion of string which begins at one
under crossing and continues until the next undercrossing. First note that

if we start at some arbitrary crossing and label the segments as we traverse
an oriented knot K, calling the successive segments ai, then:

(2.3.7) A knot diagram with n crossings has exactly n segments.

We associate an element Xi of the knot group with each segment ai,

1:: i:: n.

Moreover at each crossing there wil be 3 segments as shown.
These induce the relation shown. Note that this relation depends only

on the orientation of the jth segment and is based on the 'left hand screw'
rule.
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Figure 2.11,

The Wirtinger presentation of the knot group consists of the presentatio

(Xi,X2,...,Xn I rl,r2,...,rn)

where the ri is the relation at the ith crossing and is typically represente

in the shorthand form exemplified by Xi;IXjXiXjl (= e) or Xi;IXjIXiXj i
the two cases above.

One of the relations in the Wirtinger presentation wil always be redun
dant and one can play with different presentations, making substitutio
and the like to find some non-obvious presentations. For example we leavi
it as an exercise to show:

(2.3.8) The trefoil has a presentation (u, v; u3 = v2).

Again, like the knot complement, the knot group is a strong invariant.,
Obviously knots having homeomorphic complements wil have the sam
group. However, the group is not as strong as the complement in the fol.
lowing sense.
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t give tw finitely presente knot groups, how do we test whether they
~e isomorphic.

As far as the unknot question is concerned we can use the following fun-
damental theorem of Dehn-Papakyriakopoulos.

(2.3.11) Theorem. The trivial knot is the only knot having a single gen-
erator and no relations as its group.

However, even this does not settle the unknotting problem since there

seems no easy way of determining whether a knot group is equivalent to
that of the trivial knot.

Markov properties of groups
Let 'I be a property of finitely presented groups which is preserved under

isomorphism. Then 7r is a Markov property if:

(i) there exists a finitely presented group with 7r;

(ii) there exists a finitely presented group which cannot be embedded in
any finitely presented group which has 7r.

The following result of Adyan (1958) and Rabin (1958) shows that almost
nothing about finitely generated groups is decidable.

(2.3.12) Theorem. If 7r is a Markov property then 7r is undecidable.

Proof Idea: Use the knowledge that the word problem for finitely gen-
erated groups is undecidable. Show that any Markov property algorithmwould solve the word problem. D

However a deep theorem proved by Waldhausen in 1968 is the following.

(2.3.9) There exist knots with the same group but with different compie-I (2.3.13) Theorem. The (fundamental) group G of any (tame) knot has aments. solvable word problem.
Example. Take the granny knot and the square knot shown in Figure 2.11.
One is the product of the left and right trefoils, the other is the product 0
right trefoils, Their groups are therefore isomorphic but their complement:
can be shown to be not homeomorphic.

However these knots are not prime; for prime knots we have what 0

known as Whitten's Rigidity Theorem.

(2.3.10) Theorem. Prime knots with isomorphic groups have homeomor:
phic complements.

This stil leaves us with two big problems - how to test whether a knot ~
prime and a second problem which is of a group theoretical character. ThO

For a discussion of this and related problems see Waldhausen (1978).

2.4 Braids and the braid group
A braid on m strings is constructed as follows.

Take m distinct points Pi,. . . , P'T in a horizontal line and link them to
distinct points Qi,. . . , Q'T lying in a parallel line by m disjoint simple arcs
(strings) Ii in R3, with Ii starting at Pi and ending at Q1T(i) and where 'I
is a permutation of (1,2,..., m). The Ii are required to "run downwards"
as ilustrated in the example shown in Figure 2.12.

The collection of strings constitutes an m-braid. The map i 1- 7r(i) is
the permutation of the braid. The braid wil be closed by joining the points

P¡Qi as ilustrated in Figure 2.12(b).
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(a)
(b)

Figure 2.12.

(2.4.1) Each closed braid defines a link of J. components, where J. is th
number of cycles in the permutation 7r.

The oriented link formed by closing the braid Q wil be denoted by 6.,
The trivial m-braid is a confguration in which no crossing of strings occurs"

For example Figure 2.12 shows a braid on 3 strings representing a link 0
two components and having crossing number:: 5. Hence trivially, every¡
closed braid is a link. The converse also holds.

(2.4.2) Theorem (Alexander). Every link can be represented as a closedl
braid.

There is an obvious way in which braids on the same number of strings¡
can be composed. Namely, if z is a braid having end points Q1,... , Qm
and z' is a braid having initial points Pl,. . . , P:T, their composition zz' is,
obtained by identifying Qi with PI for 1 :: i :: m; the resulting braid hasi
initial points Pi, . . . , Pm and endpoints Q; , . . . , Q~. It is straightforward to,
check:

(2.4.3) Under the above composition the isotopy classes of m-braids for
a group, called the braid group Bm.

It is also clear that the braid group Bm is generated by the elementa
braids ai, ail (1 :: i :: m - 1) representing simple interchanges.

Defining relations for Bm were proved by Artin to be

O'iO'j = O'jO'i if Ii - jl ~ 2

and
O'iO'i+10'i = 0'i+1 O'iO'i+1 .
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Also, there exists a "Reidemeister type" theorem for braids due to A.A.
Markov. This is in terms of moves of the following kind:

Markov moves

TYPE I: Replace braid Q E Bm by a conjugate 'lQ'l-1 E Bm with "I E Bm.

TYPE II: Replace Q E Bm by QO'm E Bm+1 or QO':;l E BmH.

TYPE ii-I: Replace a braid of the form QO'm E BmH, respectively QO':;l E
BmH, by Q E Bm, provided Q is a word in the generators 0'1,..., O'm-1
only.

(2.4.4) Theorem. Two braids have closures which are equivalent as links
if and only if they are connected by a finite sequence of elementary
moves of type I, II and ii-I.

A proof of Markov's theorem is given in the book of Birman (1974).
A given link can be represented in infinitely many diferent ways over

many diferent braid groups and if Q E Bm and ß E Bn have isotopic
closures then the sequence of Markov moves transforming Q to ß may be
long and go through several diferent braid groups.

Pictorially, Markov's moves are easy to understand. The conjugacy re-
lation represented by a type I move is nothing more than the observation
that the closure of the braid 'lQ'l-1 is isotopic to â since closing the braid
allows "1-1 to cancel out the effect of "I.

The type II moves are the moves representing the introduction of a new
string (or its inverse). However it is these moves which cause difculties,
because they change the number of strings and thus stop the problem being
just a conjugacy problem. Although deciding conjugacy in a given braid
group is difcult, there do exist algorithms due to Makin (1968) and
Garside (1969).

2.5 The braid index and the Seifert graph of a link
As we have seen, each link in 3-space has many diferent representations as

a closed braid. The minimum number of strings in any braid representation
of L is known as the braid index of L and is denoted by ß(L). In other
words ß(L) is the smallest m for which there exists Q E Bm with â isotopic
to L.
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The braid index characterises the unknot in the following sense:

(2.5.1) K is the unknot if ß(K) = 1.

Thus any polynomial time algorithm which determines the braid ind
would be of great interest.

A classical theorem about links is the following.
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I Proof (sktch). Planty is obvious; to show tha it is biparite as
- ume there is an odd circuit. This forces a contradiction on the clock-

ise/anticlockwise orientations of the Seifert circles. D
Other properties of the Seifert graph pointed out in Murasugi and Przy-

,ycki (1991) are the following:

(2.5.4) If the Seifert graph is nonseparable it uniquely determines the un-
derlying link.

(2.5.5) The Seifert graph of a closed m-braid is the block sum of m - 1
graphs, each consisting of parallel edges. Thus the "natural diagram"
of a closed m-braid has exactly m Seifert circles.

An immediate consequence of this is:

(2.5.6) Every link L has at least one diagram Do for which the number of
Seifert circles s(Do) equals the braid index ß(L).

In 1987, S. Yamada proved the following striking result:

(2.5.7) Theorem. For any diagram D of L, seD) ~ ß(L).

Combining this with (2.5.6) gives

(2.5.2) Any oriented link L is the boundary of a compact connected or.' . ( 8)entable surface. 2.5.
A canonical way of constructing such a surface, was given by H. Seifert'

(1934) and the resulting surface is known as a Seifert surface. The key stei
in the construction of a Seifert surface from an oriented link diagram D
to "split" each crossing of D in the obvious way shown in Figure 2.14 aD!

then to glue the resulting set of disjoint discs together using twisted ban
to preserve orient abilty. For more details see Kauffman (1987b).

The genus g(K) of a knot is the minimum genus of an oriented surface
in S3 which has K as its boundary. Thus, by taking any Seifert surface
a knot K and then determining its genus we can obtain an upper bound 0

g(K). Moreover this can be done quickly (and easily). However determin'
g(K) seems to be hard. It is certainly as hard as the unknotting proble
since it is clear that g(K) = 0 if and only if K is equivalent to the unknO'

The Seifert graph reD) of an oriented link diagram D is a signed grap:,
whose vertices are the Seifert circles (or discs) constructed in the abO'

splitting process and with signed edges joining two circles whenever th

share a crossing. The sign of the crossing is determined by the conventio

shown in Fig. 2.15.
An easy property of reD) is that:

(2.5.3) Any Seifert graph is planar and bipartite.

ß(L) = mins(D)D

where the minimum is taken over all diagrams D representing L.

Example
An extension of Yamada's theorem has recently been obtained by Mura-

sugi and Przytycki using the following combinatorial concept. Define the
cycle index or index, ind(G), of a graph G by:

(2.5.9) ind(G) = max IXI : IX n Cl 0( ICI/2, for all circuits C of G.XÇE(G)

The index of a link diagram D is the index of the unsigned version of

reD) and is denoted by ind(D).
This is not the original definition of Murasugi and Przytycki but for bi-

parite graphs it is equivalent to it by a theorem of Traczyk (1991).
They show that:

(2.5.10) Theorem. For any link diagram D of a link L,

ß(L) :: seD) - ind(D).

Since ind(D) is nonnegative, this extends Yamada's theorem, and more-
Over it is conjectured that
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D

splitting at each crossing
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Figure 2,16.

(2.5.11) Conjecture. For an alternating link diagram D of an (alternat
ing) link L,

ß(L) = seD) - ind(D).

From the complexity point of view this is interesting, for if we suppo
that the conjecture is true, then determining the braid index of an alter,
nating link L given an alternating diagram representing L, reduces to th
problem of finding the index of a planar bipartite graph. Having tried un
successfully to develop such an algorithm it did not seem unreasonable ti
make the conjecture that finding the index of a bipartite planar graph'
NP-hard.

Fraenkel and Loebl (1992) now have a proof of this and thus if Conjectur
2.5.11 is true it would mean that:

(2.5.12) Determining the braid index of an alternating link L, even whe
presented with an alternating diagram, is N P-hard.

However, there is a curiosity here, in that Frank (1989) had previous!
found a polynomial time algorithm which wil solve the following problem

(2.5.13) maxlXI : iX n ei ~ iei /2 for all circuits e of G.

Thus this is an interesting example of a situation where a very small

change in the constraints has a drastic effect on the difculty of an optim~
sation problem.
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2.6 Enzyme action
An interesting application of knot theory is what has been described as
"the topological approach to enzymology". The object is to unravel the
secrets of enzyme action. As there is no known direct method of observing
enzymes in action, one approach suggested is to observe the change that the

enzyme causes in the topological state of the molecule on which the enzyme
is acting.

The DNA molecule can be regarded as a polymer which is long and
threadlike, and one of the reasons why knot thmry is useful in the study of
DNA is that various naturally occurring, enzymes (called topoisomerases)
alter the way in which the DNA is embedded in R3, see for exaple
Wang (1982). These alterations include increasing the "coilng", passing
one strand through another by an enzyme induced break in the molecule,
breaking strands and rejoining to different ends (recombinant enzymes).
Linear DNA is a natural substrate for em;yme action, however this is not of
much help to an experimentalist since there can be no interesting observ-
able topology change in an unconstrained linear piece of string. The idea

is therefore to get the enzyme to operate on circular DNA molecules. This
can be done, and then the reaction product should give (by its knot/link
structure) a description of the operating enzyme. In other words, the aim
is to be able to characterise enzymes by the family of knots which they
produce when reacted with unknotted circular substrate. Figure 2. i 7 shows
the local changes which diferent enzymes cause.
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Figure 2.19. The knot 62

The first thing to notice is that the action induced by Topo I, namely th
switching of a crossing, can lead to the creation of any knot. However, i
his very interesting survey Sumners (1987) reports how other enzymes c
be characterised by the family of knots (or links) which they produce. Fa
example Phage À produces only certain types of torus knots.

An extension of this idea was used by Wasserman, Dungan and Cozzare
(1985) to test a recombination model for a recombinant DNA enzyme, Tn
resolvase.

Tn3 resolvase is an enzyme which operates on circular DNA. If two re:
olution sites occur on the same circular duplex DNA molecule they can b
oriented either in parallel or in antiparallel, giving rise to links or knot:

upon recombination. A typical effect of one encounter (or strand exchange)1
is shown in Figure 2.18.

As a test of the model, the effect was observed of allowing successivi

encounters of unknotted circular DNA with Tn3.
The experiment achieved four successive strand exchanges on 11 occasio

and in each case the knot type produced was the 62 knot shown in Figil
2.19. This is exactly the outcome that is predicted by the modeL.

Since there are 8 distinct 6-crossing links it. is argued that the probabilt:
of the outcome achieved in their experiment being by chance is (1/8)11 ,.1
1.2 x 10-10. Since their model explained all the observations the authors
concluded it was correct.
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Figure 2.20. The Perko pair

2.7 The number of knots and links
The enzyme classifcation discussed in the last section leads naturally to the
question of how many prime knots and links have crossing number n?

Over time, knot theorists have listed all prime knots with not more than
13 crossings, see Thistlethwaite (1985). However this is an extremely dif-
cult task. For example it was not until 

1974 that the Perko pai, shown in

Figure 2.20, and until then thought to be different knots with 10 crossings
were shown to be the same knot.

Let k(n) and l(n) denote respectively the number of prime knots (links)
with crossing number n. By counting the 2-bridge knots of n crossings,
Ernst and Sumners (1987) showed that k(n) grows at least exponentially.
Their bound gives

(2.7.1) liminf k(n)l. ~ 2.n-+oo

Clearly k(n) :: l(n) and in Welsh (1991) it is shown that

(2.7.2) 4:: liminfl(n)l. :: limsupl(n)l. :: 27/2.n-+oo n-+oo
However the problem of showing that the limit exists is open. It would

follow from (2.7.2) and the following:

(2.7.3) Conjecture. Both k(n) and l(n) are supermultiplicative functions,
that is,

k(m + n) ~ k(m)k(n)

l(m + n) ~ l(m)l(n).

2.8 The topology of polymers

One of the reasons why self-avoiding walks on regular lattices are used as
models of linear polymers is that the repulsive interaction between pais of
individual monomers is modelled by forcing the walk to be self-avoiding. In
the same. way, ring polymers can be modelled by self-avoiding polygons in
regular lattices.
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Knots are interesting to polymer scientists for the following reason,
Highly crystalline polymers are made by crystallising polymers from so.
lutions and as the polymers move through the solution they may become
tangled, in other words, knotted. If this tangle is preserved in the crystalline
process this may produce defects in the crystal.

A long standing conjecture of Frisch and Wasserman (1968) and Delbruckl

(1962) can be loosely described as "long ring polymers are almost surelyl
knotted". This was put on a rigorous footing in the recent work of Pippenger
(1989) and Sumners and Whittington (1988) who prove the following result,

(2.8.1) Theorem. For even n 2 4, let 71" denote the probabilty that a
random self-avoiding polygon of n steps on the 3 dimensional cubic
lattice is unknotted. Then there exists a constant C -c 1 such that

lim 711/" = C.
n-+ 00 n

The key idea in the proof is the following very beautiful result of Kesten
(1963).

A pattern is any finite self-avoiding walk, say W. It is a K -pattern if there
exists some self-avoiding wal on which the pattern W appears three times.
Thus if Wi, W2, Wa are distinct appearances of W in some longer wal S it
must be possible to get out from the end of Wi to the start of W2 and back
into the beginning of Wa. Kesten's result is:

(2.8.2) Theorem. For any K-pattern W, let cn(t, W) be the number ofn-
step self-avoiding wals on which W appears at most m times. Then
there exists t )0 0 for which

limsupn-Ilogcn(t, W) -( "',
n-+ 00

where", is the connective constant.

In other words, Kesten's theorem says that every K-pattern wil appear
with positive density on almost all self-avoiding walks.

It is not difcult to extend this to polygons.

(2.8.3) Let Pn(t; W) be the number of self-avoiding polygons on which the

K - pattern W appears at most m times. Then there exists t )0 0 such
that

limsupn-Ilogpn(f, W) -c "'.
n-+oo
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We now turn to the proof of Theorem 2.8. i.
Proof idea: Let P~ denote the number of unknotted self-avoiding poly-

gons. Then the usual concatenation argument used in self-avoiding wal
theory, namely stick the "bottom left" corner of one m- polygon on to the
"toP right" corner of the other n-polygon to get an (m + n)-polygon which
is stil self-avoiding, shows

lim (pO)I/n = e"'o = ß
n-+oo n

exists. Now take any fixed knot, such as the trefoiL. Embed it in the cubic
lattice so tightly (minimally) that the rest of the wal cannot pass through
the "centre of this wal" and untie it.

Pippenger (1989) gives an explicit example of such a construction of a
wal W = WeT) with the following properties:

(a) it starts at (0,0,0) and ends at (4,1,0),

(b) apar from (0,0,0) and (4,1,0) it visits all and only lattice points
inside the box

1 7
B = t(x,y,z) : 2 :: x:: 2'

3 5
-- -( y -( -
2 - - 2'

3 3
-- -c z -c - 1.
2 - - 2J,

(c) it intersects the boundary of B at two points, and does so transversally,

(d) if the portion of the wal lying inside B is closed by a path lying in
8B the resulting polygon is knotted.

Now using Kesten's theorem, the number of self-avoiding polygons of
length n that do not contain at least m occurrences of this wal is at most
(ß - t)n. Hence the number of self-avoiding polygons is at most (ß - t)n,which proves the result. 0

Early Monte Carlo studies on the probabilty of random self-avoiding
polygons on Za by Vologodskii et al. (1974) conclude:

(2.8.4) For small n the probabilty of being knotted, 1 -7In, grows linearly

with n with

1 - 71140 = 0.365 :: 0.023.

This gives an estimate of 0.9968:: 0.0034 for C.
A major difculty in this and later Monte Carlo work is how to gener-

ate self-avoiding wals (polygons) uniformly at random. We return to this
problem in §8.3.

Whittington (1992) reports that recent data are well described by the
relation
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Figure 2.21. Embedding of trefoil in cubic lattice

7rn ~ 1 - Ce-Oin

where a ~ (5.7:i 0.5) X 10-6 with C being close to 1 as suggested by thel
earlier work described above. This is based on walks of size up to n = 1600.

In terms of the complexity of the algorithm, for this problem the largest
component is not the recognition of knottedness but detecting crossings! 6.
But of course this is due to the large number of steps needed to repre-

sent a knot in Z3. For example, the smallest (minimum number of edges) '0
representation of the trefoil in Z3 is shown in Figure 2.21. It has 24
edges.

It suggests the following:

(2.8.5) Problem: For a knot type K, let r(K) be the minimum number
of edges in a representation of K in the cubic lattice. Thus for the i..
unknot U, r(U) = 4 and r (Trefoil) = 24. Show that finding r(K) ~
from a link diagram representing K is N P-hard. .

2.9 Additional notes

An invaluable source for the classical theory of knots is Burde and Zieschang
(1985). Apart from this I am also heavily indebted to the articles of Fox ~
(1962), Thistlethwaite (1985) and Kauffman (1988). An early and useful
paper on properties of the Tait graph is Yajima and Kinoshita (1957). A f
clear introduction to the knot group is Crowell and Fox (1977) and the fj
monographs of Stilwell (1980) and Lyndon and Schupp (1977).

Hansen (1989) gives a good introduction to braids; the questions discussed
in §2.5 are from Murasugi and Przytycki (1991), Welsh (1992c).

For a recent proof of Yamada's theorem (2.5.7) on the braid index and
an improved method of transforming knots into braids see Vogel (1990).

Additional notes 41

Section 2.6 is based on Sumners (1987a). An interesting treatment in
terms of tangles is given by Ernst and Sumners (1990).

For an extension of the ideas of §2. 7 to examining entanglements in Z3 see
Soteros, Sumners and Whittington (1992). The representation of the trefoil
in Z3 shown in Figure 2.21 is from Janse van Rensburg and Whittington
(1990) and a recent unpublished result of Y. Diao shows it is minimaL.
For more on the applications of knots in polymer chemistry see Sumners
(1987b), and Whittington (1992).
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3 Colourings, Flows and Polynomials

3.1 The chromatic polynomial

In 1946 G.D. Birkhoff and D.C. Lewis proposed a quantitative approach
to the Four Colour Problem. This concerned properties of the function
P(G; À), defined as the number of À-colourings of a graph G, the hope

being that by examining the behaviour of P(G; À), not only for positive
integer À but for arbitrary complex values it might be possible to study the

Four Colour Problem by applying methods of real or complex analysis.
For positive integer À, a À-colouring of a graph G is a mapping of the

vertex set V (G) into the set h. = p, 2, ,.., À 1 such that if e = (i, j) is any
edge of G, cl(i) f cl(j). The members of h. are the À colours. We then
define P(G; À) to be the number of such mappings cl.

Elementary observations are the following.

(3.1.1) If G has n vertices and no edges, then P(G; À) = Àn.

(3.1.2) P(Kn; À) = À(n) = À(À - 1).., (À - n + 1).

(3.1.3) If G is the union of two subgraphs Hand K such that the inter-
section H n K is the complete graph Km, then

P(G; À) = P(H; À)P(K; À)
P(Km; À)

(3.1.4) If e is not a loop or an isthmus (= coloop) of G then

P(G; À) = P(G:; À) - P(G~; À)

where G: and G~ denote respectively the deletion and contraction of
e from G.

Using these, it is easy to give inductive proofs of the following statements,

(3.1.5) If G is a loopless graph with n vertices, then P(Gj À) is a polynomial

in À of degree n having integral coeffcients.

Accordingly, P(G; À) is now commonly known as the chromatic polyno-
mial of G.

Other properties of P(G; À) for any loop less G, which are easily proven,
are the following.
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(3.1.6) If P(G; À) = 'EajÀj then aj is non-zero if and only if k(G) :: j ::
W(G)I where k(G) is the number of components.

(3.1.7) aj = 1 when j = W(G)I.

(3.1.8) The non-zero coeffcients aj alternate in sign.

(3.1.9) If G is loopless and À ot 0, then P(Gj À) is non-zero with sign
(_l)IV(G)I.

A longstanding conjecture about these coeffcients, due to Read (1968) is
that:

(3.1.10) Conjecture: The sequence of coeffcients of the chromatic poly-
nomial is unimodal.

A stronger conjecture due to Hoggar (1974) is:

(3.1.11) Conjecture: The sequence of coefficients is log-concave.

The ii golden identity"

There is a huge literature on chromatic polynomials. For planar graphs
there are several catalogues in existence, though as we wil see, except in
very special cases (that is for very special classes of graphs) the computing
problem is #P-hard.
I can only skim the surface here, but in order to whet the appetite I

highlight a remarkable and mysterious property which was discovered by
W.T. Tutte in 1970. It is stil not fully understood, nor have its connections
with statistical physics been fully worked out.

A triangulation is a loopless graph G embedded in the plane in such a
way that each face (including the external face) is bordered by exactly 3
edges.

A very curious property of triangulations is summarised in the following
statements which combine experimental mathematics/computing with some
beautiful theory.

(3.1.12) No example has been found of a triangulation G such that P(G; À)
has a real zero in the range 1 ot À ot 2 and À 2: 4.

(3.1.13) There always seems to be a real 7-ero near 1 + 7 where 7 = ¥.

(3.1.14) Theorem. If G is a triangulation with n vertices then

o ot IP(G; 1 + 7)1 :: 75-n.
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(3.1.15) The "Golden Identity": If G is a triangulation with n vertices!
then

P(G; 2 + T) = (2 + T)T3n-10 p2(G; 1 + T).

For more on this fascinating topic see Tutte (1984) and also a recent pap
of Woodall (1992) in which he proves.

(3.1.16) Theorem. The chromatic polynomial of a triangulation has ni
non-integer real zero less than 2.546602 ...

3.2 The Whitney-Tutte polynomials

In this section we consider 2-variable polynomials which can be regardedl

as natural extensions of the chromatic polynomiaL. However, they have
much richer structure, contain many other invariants as specialisations and!
are of fundamental importance in the later applications to knot theory and
statistical physics.

There is some obscurity in the literature concerning the history andl
nomenclature of these polynomials, see for example Tutte (1984).

First consider the following recursive definition of the function T( G; x, y)
of a graph G, and two independent variables x, y.

If G has no edges then T(G;x,y) = 1, otherwise for anye E E(G);

(3.2.1) T(G; x, y) = T(G~; x, y) + T(G~; x, y), if e is not a loop or isthmus,

(3.2.2) T(G;x,y) = xT(G~;x,y) e an isthmus,

(3.2.3) T(G;x,y) = yT(G~;x,y) e a loop.
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(3.2.5) The Tutte polynomial T(G; x, y) can be expressed in the form

T(G;x,y) = L (x - ir(E)-r(A)(y - 1)IAI-r(A).
AÇ;E

This relates T to the Whitney rank generating function R(Gj u, v) which
is a 2-variable polynomial in the variables u, v, and is defined by

(3 2 6) R(G' U v) = " ur(E)-r(A)vIAI-r(A). . "L.AÇ;E , .
Using these diferent interpretations it is not usually too difcult to obtain

many of the results which follow. We ilustrate the two diferent methods
by proving the following statements.

(3.2.7) For any connected graph G, T(G; 1, 1) counts the number of span-
ning trees of G.

Proof. Substituting the values x = 1, y = 1 into the right hand side of
(3.2.5), the only terms which count are those for which r(A) = r(E) = IAI.These are exatly the spanning trees of G. 0
(3.2.8) For any graph G, the chromatic polynomial P(G;)") is given by

P(G;)") = (-lr(E)).k(G)T(G; 1 -).,0),

where k(G) is the number of connected components of G.

Proof. Verify that with an appropriate weighting P(G;)") satisfies therecursions (3.2.1-3). 0
Far less obvious is the following statement

. From th~s, it is easy to show by inducti~n that T is a 2-variable polynomial (3.2.9) For any graph G, T(G; x, y) = Etijxiyj where the coeffcients tij
II x, y, which we call the Thtte polynomial of G. are non-negative integers.

In other words, T may be calculated recursively by choosing the edges
in any order and repeatedly using (3.2.1-3) to evaluate T. The remarkabl Tutte (1984) proves this by giving a combinatorial interpretation of the
fact is that T is well defined in the sense that the resulting polynomial is tij. Comparison with the expansion in terms of powers of x-I and y - 1
independent of the order in which the edges are taken. This phenomenon given in (3.2.5) makes the property even more surprising.
wil be a recurrent theme in the development of the various knot polynomial A convenient way of representing T is as a rectangular array with ij entrylater. .~ tij.
Alternatively, and this is often the easiest way to prove properties of T, . .

we can show that T has the following expansion, ,1 Example. In the case of K5 the array is given by
First recall that if A ç E(G), the rank of A, r(A) is defined by

(3.2.4) r(A) = IV (G) I - k(A),

where k(A) is the number of connected components of the graph G : AI
having vertex set V = V (G) and edge set A.

It is now straightforward to prove:

1 Y
y2 y3 y4 y5 y6

1 0 6 15 15 10 4 1

x 6 20 15 5 0 0 0
x2 11 10 0 0
x3 6 0
x4 1 0 0
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3.3 Tutte Gröthendieck invaiants

It is easy and useful to extend these ideas to matraids. The great advantage
of matroids is that it enables us to extend the concepts of duality of planar

graphs to graphs which are not planar.
Those unfamilar with matroids may think of M as a planar graph, E as

its edge set and M* as its dual plane graph on the same set of edges E,
identifed in the natural and obvious way. -

A matroid M is just a pai (E, r) where E is a finite set and r is a
submodular rank function mapping 2E -+ Z and satisfying the conditions

(3.3.1) a :: r(A) :: IAI AÇE,

(3.3.2) A ç B '* r(A) :: r(B),

(3.3.3) r(A U B) + r(A n B) :: r(A) + r(B) A,BÇE.
The edge set of any graph G with its associated rank function as defined

by (3.2.4) is a matroid, but this is just a very small subclass of matroids:-

known as graphic matroids.
Given M = (E, r) the dual matroid M* = (E, r*) where r* is defined by

(3.3.4) r* (E\A) = lEI - r(E) - IAI + r(A).

We now just extend the definition of the Thtte polynomial from graphs
to matroids by,

(3.3.5) T(M;x,y) = L (x _lr(E)-r(A)(y _1)IAI-r(A).
A!;E(M)

Much of the theory developed for graphs goes through in this more general
setting and there are many other applications as we shall see. For example,

routine checking shows that

(3.3.6) T(M;x,y) = T(M*;y,x).

In paricular, when G is a planar graph and G* is any plane dual of G,
(3.3.6) becomes

(3.3.7) T(G;x,y) = T(G*;y,x).

The operations of deletion of an edge and contraction of an edge in a
graph can be described purely in terms of the rank function.

(3.3.8) For the deletion, G~ (or M~), has rank function

r' (A) = r(A), A ç E\e.
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(3.3.9) For the contraction, G~ (or M~') has rank function r", given by

r"(A) = r(A U id) - r(A), A ç E\e.

These are dual operations in the sense that

(M~)* = (M*)::

(M~')* = (M*)~.

A minor of M is any submatroíd N which can be obtained from M by
successively deleting and contracting elements.

The direct sum Mi E9 M2 of Mi, M2 on disjoint sets Ei, E2 has rank
function ri + r2 where ri is the rank function of Mi.

A set X is independent if r(X) = lXi, it is a base if it is a maxmal
independent subset of E. An easy way to work with the dual matroid M*
is not via the rank function but by the following definition.

(3.3.10) M* has as its bases all sets of the form E\B, where B is a base
ofM.

We ilustrate these concepts with two examples which highlight the much
larger class of matroids.

(3.3.11) Example. Uniform matroids. Take E to be any finite set of
cardinality say n, and let k be an integer, 0 :: k ~ n. Then U~ is the uniform
matroid of ran k if its bases are all subsets of cardinality k. Elementary
calculation shows

T(U~; x, y) = Î1 ( ~ ) (x - l)k-r + r1i ( ~ ) (y - ir-k.

It is evident from this that T(U::; x, y) = T(U;:-k; y, x) thus ilustrating the
duality principle (3.3.7).

(3.3.12) Example. Take any vector space V(m, q) of dimension mover
the field GF(q). The natural matroid has as its independent sets just those
subsets which are linearly independent. This gives a matroid on any subset
of vectors; it is a natural vehicle for looking at codes over GF(q) and as we
see below, the weight enumerator of a linear code is a special case of theTutte polynomial. D

We close this section with what we call the "recipe theorem". Its crude
interpretation is that whenever a function f on some class of matroids can
be shown to satisfy an equation of the form f(M) = af(M~) + b(M:) for
some e E E(M), then f is essentially an evaluation ofthe Thtte polynomiaL.
More precisely it says:
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(3.3.13) Theorem. Let e be a class of matroids which is closed under
direct sums and the taking of minors and suppose that f is well defined on-
e and satisfies

(3.3.14) f(M) = af(M~) + bf(M~/) for e E E(M) not a loop or coloop,
(3.3.15) f(Mi EB M2) = f(Mi)f(M2)

then f is given by

f(M) = aIEI-r(E)br(E)T(Mj ~, Y;)

where Xo and Yo are the values f takes on coloops and loops respectively.
Any invariant f which satisfies (3.3.14)-(3.3.15) is called, a Tutte-

Gröthendieck (TG )-invariant,
Thus, what we are saying is that any TG-invariant has an interpretation

as an evaluation of the Tutte polynomiaL.

3.4 Reliabilty theory

Reliabilty theory deals with the probabilty of points of a network being

connected when individual links or edges are unreliable, Early work in the
area was by Moore and Shannon (1956) and now it has a huge literature,
see for example Colbourne (1987). Here we shall just give a glimpse of its
connections with other problems we have been studying.

Let G be a connected graph in which each edge is independently open

with probabilty p and closed with probabilty q = 1 - p. The (all termina0
reliability R( Gj p) denotes the probabilty that in this random model there
is a path between each pair of vertices of G. Thus

(3.4.1) R(G;p) = LpIAI(1- p)IE\AI
A

where the sum is over all subsets A of edges which contain a spanning tree
of G, and E = E(G).

It is immediate from this that R is a polynomial in p and a simple condi-
tioning argument shows the following connection with the Tutte polynomiaL. .'

(3.4.2) If G is a connected graph and e is not a loop or coloop then

R(G;p) = qR(G~;p) + pR(G~;p),

where q = 1 - p.

Proof. Condition on the events r e is present), r e is absent 1 and this
gives the right hand side. 0

Using this with the recipe Theorem 3.3.13 it is straightforward to check
the following statement.
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(3.4.3) Provided G is a connected graph,

R(Gjp) = qIEI-ivl+ipiv1-iT(G; 1, q-i).

3.5 Flows over an Abelian group

Take any graph G, orient its edges arbitrarily. Take any finite Abelian
grOUP H and call a mapping ø : E( G) -- H\ f 0 1 a flow (or an H-flow) if
Kirchhoff's laws are obeyed at each vertex of G, the algebra of course being
that of the group H.

Note: Standard usage is to describe what we call an H-flow a nowhere
zero H-flow.

The following statement is somewhat surprising.

(3.5.1) The number of H-flows on G depends only on the order of Hand
not on its structure.

This is an immediate consequence of the fact that the number of flows is
a TG-invariant. To see this, let F(Gj H) denote the number of H-flows on
G. Then a straightforward counting argument shows that the following is
true.

(3.5.2) Provided the edge e is not an isthmus or a loop of G then

F(G; H) = F(G~j H) - F(G~; H).

Now it is easy to see that if C, L represents respectively a coloop (=
isthmus) and loop then

(3.5.3) F(C; H) = 0 F(L; H) = o(H) - 1

where o(H) is the order of H.
Accordingly we can apply the recipe theorem and obtain:

(3.5.4) Theor~m: For any graph G and any finite Abelian group H,

F(G; H) = (_1)IEI-IVI+k(G)T(G; 0, 1 - o(H)).

The observation (3.5.1) is an obvious corollary.
A consequence of this is that we can now speak of G having a k-flow to

mean that G has a flow over any or equivalently some Abelian group of
order k.

Moreover it follows that there exists a polynomial F(Gj À) such that if
H is Abelian of order k, then F(G; H) = F(G; k). We call F the flow
polynomial of G.

The duality relationship (3.3.8) gives:
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(3.5.5) If G is planar then the flow polynomial of G is essentially the chro.
matic polynomial of G*, in the sense that

).k(G) F(Gj).) = P(G*; ).).

A consequence of this and the Four Colour Theorem is that:

(3.5.6) Every planar graph having no isthmus has a 4-flow.

Note: the restriction "no isthmus" is the dual of the statement "no loop"

for colourings.

What is much more surprising is that the following statement is believed
to be true:

(3.5.7) Tutte's 5-Flow Conjecture: Any graph having no isthmus has
a 5-flow.

Indeed it is far from obvious that there is any universal constant k such
that graphs without isthmuses have a k-flow. However Jaeger (1976) and

Kilpatrick (1975) showed that every such graph had an 8-flow by giving a

very elegant argument to show that they had flows over the group Z2 x Z2 X

Z2. More recently Seymour (1981), with a more diffcult argument, showed:

(3.5.8) Theorem: Every graph having no isthmus has a 6-flow.

For more on this and a host of related graph theoretic problems we refer
to Jaeger (1988a), here we relate it to a problem of statistical physics.

3.6 Ice models

The simplest ice model concerns the number of ways of orienting the edges
of a 4-regular graph in such a way that there are exactly 2 edges oriented

inwards and 2 oriented out at each vertex.
This is a more general version of the specific ice problem studied by

physicists, when the graph is the m x n portion of the toroidal square
lattice. If Zmn denotes the number of such ice configurations the quantity
of interest is
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The factor 6/16 comes from the argument. t.hat out of a possible 16 ice
confgurations at each vertex, only 6 are allowable.

The factor 22N counts all possible assignments of orientations to the 2N
edges of an N vertex 4-regular square lat.tice.

In 1967 Lieb showed that:

(3.6.1) For the square lattice W = (~) ~ = 1.5396007.....

Lieb's argument is based on transfer matrix arguments and is a beautiful
piece of applied mathematics, see Percus (1971).

However it is intriguing that Pauling's approach gave such a close approx-
imation to the true answer. We might also observe that Pauling's argument
works equally well for any 4-regular graph.

The connection between ice confgurations and nowhere zero flows is the
following easily checked statement.

(3.6.2) The number of ice confgurations on a 4-regular graph G is given
by F(Gj 3).

Proof. Given G orient it arbitrarily. Now establish a bijection between
flows over the group Z3 on any oriented version of G with reorientations
which correspond exactly to ice configurations. 0

3.7 A catalogue of invariants
We now collect together some of the naturally occurring interpretations of
the Tutte polynomiaL. Many of these wil not have been encountered yet
and all we can do is give a forward reference, Throughout G is a graph, M
is a matroid and E wil denote E(G), E(M) respectively.

(3.7.1) At (1,1) T counts the number of bases of M (spanning tree in a
connected graph).

(3.7.2) At (2,1) T counts the number of independent sets of M, (forests in
a graph).

(3.7.3) At (1,2) T counts the number of sImnning sets of M, that is sets
which contain a base. When G is planar T(Gj 1,2) counts the forests
of the dual G*.

lim (Zmn) ";n = w.m,n-+oo: (3.7.4) At (2,0), T counts the number of acyclic orientations of G. Stanley
Here it is assumed that the limit exists in the thermodynamic sense. ' (1973) gives interpretations of Tat (m,O) for general positive integer

Pauling (1935) made a rough estimate of W by the following argument. m, in terms of acyclic orientations.
Assume the orientations of the edges at each vertex are independent con- (3 7 5) A h . ( )

fi t. Th.f th N t..' .. not er interpretation at 2,0, and this for a diferent class ofgura ions. en i ere are ver ices, . .matroids, was discovered by Zaslavsky (1975). This is in terms of

counting the number of diferent arrangements of sets of hyperplanes
in n-dimensional Euclidean space.ZN ~ 22N C66)N = (ÐN
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(3.7.6) T(G; -1, -1) = (_1)IEI(_2)d(B) where B is the bicycle space od
G, see Rosenstiehland Read (1978). When G is planar it also haS
interpretations in terms of the Arf invariant of the associated knot I

(link) and the number of components of the link, this is an evaluation,!
of the Jones polynomial of the associated link, see Lickorish (1988).

(3.7.7) The chromatic polynomial P(G;.x) is given by

P(G;.x) = (-lr(E) .xk(G)T(G; i -.x, 0)

where keG) is the number of connected components.

(3.7.8) The flow polynomial F(G;.x) is given by

F(G;.x) = (_l)IEI-r(E)T(G; 0, 1 - .x).

(3.7.9) The (all terminal) reliabilty R(G: p) is given by

R(G;p) = qIEI-r(E)pr(E)T(G; 1, l/q)

where q = 1 - p.

In each of the above cases, the interesting quantity (on the left hand side)
is given (up to an easily determined term) by an evaluation of the Tutte
polynomial. We shall use the phrase "specialÚies to" to indicate this. Thus
for example, along y = 0, T specialises to the chromatic polynomial.

It turns out that the hyperbolae Ha defined by

Ha = f(x,y) : (x -l)(y - 1) = C¥)

seem to have a special role in the theory. We note several important spe-
cialisations below and they wil have further relevance in §6.2.

(3.7.10) Along Hi, T(G;x,y) = xIE1(X _ly(E)-IEI.

(3.7.11) Along H2; when G is a graph T specialises to the parition func-r;
tion of the Ising model, see §4.2.

(3.7.12) Along Hq, for general positive integer q, T specialises to the par- ~
tition function of the Potts model of statistical phyaics see §4.3.

(3.7.13) Along Hq, when q is a prime power, for a matroid M of vectors
over GF(q), T specialises to the weight enumerator of the linear code
over GF(q), determined by M. Equation (3.3.6) relating T(M) to
T(M*) gives the MacWiliams identity of coding theory.

3.8 Additional notes 53

(3.7.14) Along Hq for any positive, not necessarily integer, q, T specialises
. . to the parition function of the random cluster model introduced by

Fortuin and Kasteleyn (1972). We return to this in §4.5.

(3.7.15) Along the hyperbola xy = 1 when G is planar, T specialises to
the Jones polynomial of the alternating link or knot associated with
G. This connection was first discovered by Thistlethwaite (1987) and
wil be explained in detail in §5.2.

A host of other more specialised interpretations can be found in the survey
of Brylawski and Oxley (1992).

3.8 Additional notes

The origins of chromatic polynomial theory go back at least as far as Birkhoff

(1912). More details on the chromatic and Tutte- Whitney polynomials can
be found in the books of Aigner (1979), Biggs (1974), Tutte (1984), Welsh
(1976). A very detailed survey including many applications is Brylawski and
Oxley (1992). However care has to be taken with the parametrisation; there

is notable confusion between the dichromate and dichromatic polynomial.
Oxley (1992) is a comprehensive up to date account of matroid theory.

Proofs of the golden identity and related theorems can be found in Tutte

(1984) or Lovász (1979a).
Crapo (1969) extended the Tutte polynomial to matroids, Brylawski

(1972) introduced the Tutte-Gröthendieck approach, the (recipe) Theorem
3.3.14 is from Oxley and Welsh (1979).

Fortuin and Kasteleyn seem to have been the first to recognise the con-
nection between the statistical physics models and the Whitney- Tutte poly-
nomial, but see also Essam (1971), Baxer (1982) and Temperley (1979).
The relationship (3.7.13) with linear codes was noticed by Greene (1976).
For an extension of some of these concepts to signed objects with paric-

ular reference to knots see Kaufman (1989), .Jaeger (1992), Murasugi and
Przytycki (1991), Traldi (1989), SchwärÛer and Welsh (1993), Zaslavsky
(1992).



4 Statistical Physics

4.1 Percolation processes

As its name suggests, percolation theory is concerned with flow in random

media. Its origin, in 1957 in the work of Broadbent & Hammersley, was as
a model for molecules penetrating a porous solid, electrons migrating over
an atomic lattice, a solute difusing through a solvent or disease infecting a

community. Here we shall attempt to introduce the main concepts of classi.
cal percolation theory and also to relate it with other topics such as the Ising
model of ferromagnetism, the reliabilty problem in random networks, the

Ashkin- Teller and Potts models of statistical physics and random clusters.
For ilustrative purposes we shall be principally concerned with the two

dimensional square lattice L. However the basic ideas apply to any regular
lattices in arbitrary dimensions.

Suppose that there is a supply of fluid at the origin and that each edge

of L allows fluid to pass along it with probabilty P, independently for each
edge. Let Pn(P) be the probabilty that at lenst n vertices of L get wet by
the fluid. Thus

Pi(P) = 1

P2(P) = 1 - (1 _ p)4
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Figure 4.2.

PN(P) 2: PN+i (p)

and hence we know that Pep) exists where

(4.1.) Pep) = lim PN(p)
N -HXJ

and it represents the probabilty that fluid spreads an infnite distance from
the origin.

Broadbent & Hammersley (1957) showed that (for a wide class of lattices)
there exists a critical probability PH such that

and in theory PN(P) can be calculated for any integer N. However, the
reader wil rapidly find it prohibitively time consuming. Obviously I (4.1.2)

i p

Figure 4.1.

P .: PH =? P(p) = 0
p:; PH =? P(p) / 0,

and Monte Carlo simulations suggest that for all the well-known lattices the
behaviour of Pep) is roughly the same in the qualitative sense as is shown
in Fig. 4.1.

Atom or site percolation
.~ Historically, the subject of percolation had statistical mechanics overtones,
and in this area 'bond' is usually used to denote an 'edge' of a graph,

similarly 'site' or 'atom' denotes a 'vertex'. We shall use these terms inter-
changeably.

In atom percolation on L instead of each edge of L being randomly blocked
with probabiltty 1 - p or open with probabilty p the vertices of L are
blocked with probabilty p or open with probabilty q = 1 - p. Again we are

interested in the probabilty of fluid spreading locally or an infnite distance.



(4.1.5) PT :: PH.
Sykes & Essam (1964) in a very ingenious paper, obtained some precise
results about a quantity PE which they call the critical probabilty but which
is defined in terms of singularities of functioiis giving the mean number of

where IV(A)I denotes the number of vertices in A, and ( ) denotes thlclus.ters on the lattice. For example, for bond percolation on the square
expectation operator over all black-and-whit.e paintings. Thus Sm(P) is thllattice L, they proved that
average number of vertices in a white cluster, It is known that 1

PE(L) = "2

Jand for the triangular lattice T and hexagonal 
lattice H they showed that

where ). is an undetermined function of p, and Temperley & Lieb (1971
have related the problem of enumerating clusters (ofat least one white edgel(4.1.7) PE(T) = 2sin(7fj18) = 1 - PE(H).
with graph colouring problems, and have shown that as m ~ 00, I It seems to be extremely difcult to relate p¡; with either of the other two

ritical probabilties PH and PT, and physically it does not appear (from its
efinition at least) to be as natural an object as PH or PT. Exact rigorous
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Exactly analogous results hold for atom percolation as for bond percal
tion, though of course the numerical values of the critical probabilties ani
percolation probabilties Pep) difer.

It can be argued that atom percolation is the more important, on t
grounds that any bond percolation problem on a lattice L can be turn
into an atom percolation probl~m on a related lattice L, obt~ned by lettinl
each edge of L be a vertex in L and joining two vertices of L if and only'"
the corresponding edges of L are incident.

For any regular latice, if pA(P), pa(p) represent respectively the ato
and bond percolation probabilties then

(4.1.3)
pA(p) :: pB(p) O.c p.c 1,

for details see Fisher (1961) and Hammersley (1961).

The cluster problem

Intimately related with percolation theory is the study of the distribution 0'
white and black clusters when the edges (or vertices) of a graph are paint,
white with probabilty P and black with probabilty q = 1 - p.

Again we shall concentrate on the edge problem for the square lattiC!
A black (white) cluster is a maxmal connected subset of black edges 0

the lattice where isolated vertices are regarded as clusters. The two m .
quantities of physical interest are: (a) the average number of white cluster
(b) the average number of vertices in a white cluster.

To be more precise let Lm denote a square section of the square latt,
containing m2 vertices and hence 2(m-1)2 edges. If w denotes a paricul

black/white painting of Lm then let c.(w) denote the number of whi
clusters and let its average value over all paintings w be denoted by Km(P).

Similarly if we let the distinct clusters under w be labelled Ai, ..., Ac(w)
we define

Sm(P) = (¡V(Ai) 1+... +1 V(Ac(w))I cm(w) )

(4.1.4) Km(P) "- m2).(p) as m~oo

(1 2Km -) "- O.098m .
2
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!tis rather curious that their methods do not seem to extend to P l !.
. Roughly speaking the quantities Km(P) and Sm(P) are reciprocal, and it
is straightforward to use the FKG inequality to prove that

Sm(p) 2: m2 / Km(P).

For P greater than the critical probabilty Pii we have positive probabilty
of an infnite white cluster. Hence a fortiori as P ~ PH the average size of
a cluster tends to 00. Numerical evidence suggests that as p approaches PH
from below there exists constants C and 'Y snch that as m ~ 00, Sm(P) ~
s(P) where

S(P) "- C(Pii _ p)-'Y

and where moreover 'Y is an invariant depenrling only on the dimensionality

of the lattice. For a very good discussion of this area see Grimmett (1989)
Chapter 7.

The critical probability or probabilities
As stated earlier, PH, the critical probabilty, is defined to be the criti-
cal value below which there is zero probabilty that fluid from a source at

the origin spreads to infnitely many points. At least two other 'critical
probabilties' occur in the literature and there is stil confusion about the
relationship between them. The first, PT, is defined to be the critical value
of p above which the expected number of points wet by fluid from the origin
becomes infnite. Now if there is a positive probabilty that infnitely many
points are wet then a fortiori the average number of points wet is infnite.
Thus for any lattice,

(4.1.6)
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bounds for PH and PT on general lattices seem diffcult to obtain. How,
ever, for the bond percolation problem on tlit~ square lattice, Kesten (1980)
showed that PT = PH and that this common value was 1/2. Wierman (1981)

extended Kesten's argument and proved a similar result for the hexagon~'
and triangular lattices thus verifying the earlier result of Essam and Sykes,

For rigorous elegant accounts of the very considerable progress made on

percolation problems see the monographs of Kesten (1982) and Grimmett

(1989). We return to percolation in §4.5 but close this section by stating
two outstanding open problems.

(4.1.8) Problem: Find good bounds or better stil, exact values for the
critical probabilties of a) site percolation on the square lattice and b)

bond or site percolation on the 3 dimensional cubic lattice.

4.2 The Ising model

We now consider a classical model of statistical physics, namely the Ising
model.

In the general Ising model on a graph or lattice G each vertex i of G is
assigned a spin eri which is either +1 (called 'up') or -1 (called 'down'). An

assignment of spins to all the vertices of G is called a configuration or state
and is denoted by er.

In addition each edge e = (i,j) of G has an w.¡sociated interaction energy

Jij, which is constant, but may vary from edge to edge. It measures the
strength of the interaction between neighbouring pais of vertices.

For each state er = (er, ..., ern) define the Hamiltonian H = H(er) by

(4.2.1) H(er) = - ¿ JijerWj - ¿ Meri,
(ij)

where M is the energy due to the external field.
The Hamiltonian H(er) measures the energy of the state er.
In a ferromagnet the Jij are positive; this means, that a confguration of

spins in which nearest neighbour pairs have parallel spins (eri = erj) has a
lower energy than a non-magnetised state in which spins are arbitrary.

The external field M has an effect of aligning spins with the direction of
the field, thus again favouring states of low energy.

The partition function Z = Z (G, ß, J, M) is defined by

(4.2.2) Z = '" e-ßlI(~)~J ,
~

where the sum is over all possible spin configiiations er with eri E .¡ -1,11,
and ß = l/kT is a parameter determined by the temperature T (in absolute

degrees) and where k is Boltzmann's constant. The importance of Z is
that it is assumed that the probabilty of finding the system in a state or
confguration er, is given by

(4.2.3) Pr(er) = e-ßH(~) /Z.
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___Thus we see that

(i) lIigh temperature =? low vaue of ß =? probabilty distribution of states
becomes more flat.

(ii) Low temperature =? high ß =? greater probabilty to low energy states.
Entropy and fre energy

For any finite probabilty distribution (pI, ...,PN), the entropy h(pI, ...,PN)

is defined by
h = - ¿Pk log2Pk

k

and is a measure of the uncertainty (or randomness) in the system.
in the case of the stochastic Ising model we have:

h(ß,G) = - ¿Pr(er) log2 Pr(er) ,

Thus,

u

which afer substituting from (4.2.3) gives

h(ß, G) = (~(ßIOg2e)rH(er)e-ßlI(U)) + log2Z.

But

~ i Z _ .! az _ _ '" H(er) -ßH(~)
aß og - Z aß - ~ Z e .

a
h(ß, G) = -(ß log2 e) âß log Z + log2 Z.

Thus

(4.2.4)

The quantity
a

U =--logZ
aß

is called the internal energy, and the fr energy F is defined to be log Z.
Thus the entropy h can be represented as a sum

h(ß, G) = (ßlog2e)U(G) + (log2e)F(G).

The main problem of the Ising model on a given lattice is to find a closed
expression for

(4.2.5) lim F(Gn)/n = lim n-1logZ(Gn)n-+oo n-+oo
where Gn is a sequence of graphs approaching (in some reasonable sense)
the infnite lattice graph. There is no guarantee that the limit in (4.2.5) is
well defined or even when well defined wil exist. On the assumption that

it does, it is called the fre energy per lattice site.
Another interesting quantity is the pair or two-point corrlation function

(eri,erj) = (rerierjeXP(-ßH(ern) /Z.

This is a natural measure of disorder in the lattice and as we shall see in
§4.5 is closely related to percolatory behaviour in the random cluster modeL.
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4.3 Combinatorial interpretations
1

Tun now to a combinatorial analysis of the Ising model on a finite graph
G = (V, E). We wil assume first that:

(i) there is no external magnetic field, thus M = 0;

(ii) the interaction energy is constant for each edge and equal to J.
In this case the parition function Z reduces to

(4.3.1) Z = Z(G,ß,J) = Le-ßll(CT)
CT

where
(4.3.2) H(a) = - L Jaiaj.

ijE/';

Now consider a given spin confguration a, it can be regarded as a partition
of the vertex set Y into Y+, the set of i for which ai = + 1, and Y-, the set
of i for which ai = -l.

Thus if E+(E-) denote respectively the sets of edges having both end-
points in Y+(Y-), then the energy ofthe state a is given by

H(a) = -J(IE+I +IE-I) + J(ló(Y+, Y-)I)
= +J(-IEI + 2IÓ(V+, Y-)I),

where Ó(Y+, Y-) is the set of edges of the bipartition of G induced by
Y+,Y-.

A bipartition of a graph G = (V, E) is a suugraph B = (Y, E') which is
biparite.

Each biparition B of G wil correspond to exactly two spin confgurations

(depending on which side is +ve or -ve). However the contribution to Z
wil be the same in both cases and given by

H(a) = H(BCT) = -J IE(G)I + 2J IE(B)I.

Thus we see

Z = L e-ßH(CT)
CT

2 L e+ßJIE(G)I-2ßJIE(B)1

B

where the sum is over all biparitions B. Therefore

Z(G) = 2eßJ1E(G)1 Le-2ßJIE(B)I.
B

Thus if bm is the number of bipartitions of G with m edges, we can write
() = e-2ßJ and then

(4.3.3)
i"wni

Z(G) = 2()-¡R(G)I/2 L bm()m.
m=O
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An Eulerian expansion for Z
It was observed by van der Waerden (1941) that in the absence of an external
magnetic field the partition function has an expansion in terms of Eulerian
subgraphs, that is subgraphs in which every vertex degree is even.

To see this let G be finite and take K = -ßJ so that we can write ZG(K)
in the form

ZG(K) Lexp(K L aiaj)CT ijEE
L II exp(KaiO'j)
CT ijEE

L II cosh(Kaiaj)¡l + tanh(Kaiaj))
CT ijEE

L II cosh(K)¡1 + aiaj tanh(K))
CT ijEE

using the fact that ai, aj E i -1,11. Thus

Z = (cosh(K)) 
lEI L L II (aiaj tanh(K))

CT AÇE ijEA

(cosh(K)) 
lEI L (tanh(K))IAI L II aiaj.

AÇE CT ijEA
Now if C is the set of Eulerian subgraphs of Gj then we see

(4.3.4)

A ~ C =? L II aiaj = OJ
CT ijEA

A E C =? II aiaj = L.
ijEA

Thus

(4.3.5) (cosh(K)) 
lEI L (tanh(K))IAI2JVI

AEC

(cosh(K)) I ";IZJVICo(tl1nh(K))

Z(G)

where CG(x) is the generating function of the number of Eulerian subgraphs
ofG.

The Ising model and the Tutte polynomial
It is not difcult to show that in the absence of an external magnetic field,

and with Je = J for all edges e, then whenever e is not a loop or coloop of
G,

(4.3.6) Z(G) = eßJZ(G~) + 2sinh(ßJ)Z(G"e).
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Also consider the graphs C consisting of a single edge and L consisting
of a single loop. Then

Z( C) = 2eßJ + 2c-ß'i = 4 cosh(ßJ)

Z(L) = 2eßJ.

Thus, applying the recipe theorem (3.3.14) we get the result

(4.3.7) Z(G) = (2e-ßJ)IEI-rCE)(4sinhßJrCE)T(G; cothßJ, e2ßJ).

Thus we have obtained three distinct expansions for Z.

Dealing with an external field
So far we have been considering the restricted case where the external field
is zero. Here we show how determining the partition function of the Ising
problem with a non-zero field on G, can be transformed into a zero field
problem on an augmented graph â.

The construction of â from G is easy, just adjoin an additional vertex Vo
to G and let additional edges VOVi (1 S; i S; n) have constant interaction

energy X. Then the partition function it of â with no external field but
with interaction energies inherited from G can be written as

(4.3.8) it = LC-ßI-EJijCTiCTj)(C-ßl:XIT; + C+ßEXITi)

CT

where the sum is over all states (7 on V (G) and the additional multiplying
factor comes from the spins :11 on the new vertex Vo.

Now consider the expression (4.3.6) for 2Z(G) obtained by pairing to-
gether the states

(7 = ((71, ..., (7n) and - (7 = (-(71, -(71, ..., -(7n).

This gives

(4.3.9) 2Z(G) = Le-ßI-EJijCTiCTjl(c-ßMEIT; + eßMECTi)
CT

Comparing (4.3.6) and (4.3.7) shows that by taking X = M gives equality
and thus we have proved our original assertion.

4.4 The Ashkin-Teller-Potts model

There is a straightforward generalisation of the Ising model in which each
atom can be in Q different states (Q ~ 2). In this model introduced by
Ashkin and Teller (1943) and Potts (1952) the energy between two inter-
acting spins is taken to be zero if the spins arc the same and equal to a
constant if they are diferent. If we now denote this constant associated
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. with an edge (ij) by Kij then in state (7, the Hamiltonian H((7) is defined

by H((7) = LKij(l- c5((7i,(7j))
Cij)

where c5 is the usual Kronecker delta function.
The partition function Z is again defined by

(4.4.1)
Z = Lexp(-H((7))

IT

where the sum is over all possible spins a. Thus in a lattice of n vertices
the sum in (4.4.1) is over Qn possible states.

Note: We are assuming a zero external magnetic field. Otherwise Z is
modifed as in the case of the Ising modeL.

Suppose now that we parition the edge set E into E+ U E- where E+
(E-) respectively denotes the sets of edges whose endpoints are the same
(diferent) under a given state (7.

Then the contribution of (7 to the Hamiltonian wil be 2K(E-) where

K(E-) = L Kij.
ij:ITioFCTj

In the particular case where Kij is constant over the edges, and comparing
with the corresponding expression for the Ising model, we see that if we

take Kij = -2Jij then Z ,-E.liiZPotts = (~ IHillK

where in both cases we assume we have zero external field.
For the rest of this discussion we wil assume Jij = J is constant, so that

we can write K = 2ßJ and then

(4.4.2)

Z(G)Potts = Lexp( -H(a))
IT

= Lc-KI/..CIT)I.
IT

As we now see this is just another specialisation of the Tutte polynomial.

The monochrome polynomial
Let bi(À) be the number of À-colourings of the vertex set V of a graph G, in
which there are i monochromatic or bad edges, that is they have endpoints
of the same colour.

Consider the generating function

11'1

B(G; À, s) = L sibi(À),
i=O

Clearly bo(À) is the chromatic polynomial of G and like PG(À) we see that
the following relationships hold.
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(4.4.3) If G is connected then provided e is not a loop or coloop,

B(G;)", s) = B(G~;)", s) + (s - 1)B(G~;)", s).

(4.4.4) B(G;)", s) = sB(G~) if e is a loop.

(4.4.5) B(G;)", s) = (s +). - 1)B(G~) if e is a coloop,

Combining these, we get by using the recipe theorem (3.3.14)

(4.4.6) B(G;)", s) = ).(s - 1)IVi-T(G; S~~~l, s).

Consider now the relation with the Potts modeL. From (4.4.2) we can
write

ZPotts (G) E e-K!E- (0") I
0"

e-K1E(G)1 E eKIE+(O")1
0"

e-K1E1 L bj(Q)(eK)j
Q-colourings

e-K1E1B(G; Q, eK).

Then using the relationship (4.4.6) we get,

(4.4.7) ZPotts (G) = Q( eK _ 1) IVI-l e-K1E1T (G; eK ~ Q - 1, eK) .e - 1

It is not diffcult to verify that T( G; x, y) can be recovered from the

monochrome polynomial and therefore from the Potts partition function
by using the formula

1
(4.4,8) T(G;x,y) = (y_1)IVI(x_1)B(G;(X-1)(y-1),y).

Note that this formula highlights again the special nature of the hyperbolae

Hex == (x - 1)(y - 1) = 0:, in this theory.

4.5 The random cluster model
The general random cluster model on a finite graph G introduced by Fortuin
and Kasteleyn (1972) is a correlated bond percolation model on the edge

set E of G defined by the probabilty distribution,

(4.5.1) lleA) = Z-l (ii pe) (ii (1 - pe)) Qk(A)
eEA egA

(A ç E),
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where k(A) is the number of connected components (including isolated ver-
tices) of the subgraph G : A = (V, A), Pe (0 :- Pe :- 1) are parameters
associated with each edge of G, Q;: 0 is a parameter of the model, and Z

is the normalising constant introduced so that

L lleA) = 1.
AÇE

We wil sometimes use w( G) to denote the random confguration produced
by ¡i, and P¡i to denote the associated probabilty distribution.

Thus, in paricular, lleA) = P¡irw(G) = Al. When Q = 1, ll is what
Fortuin and Kasteleyn call a percolation model and when each of the Pe are
made equal, say to P, then lleA) is clearly sæn to be the probabilty that
the set of open edges is A in bond percolatloil.

For an account of the many diferent interpretations of the random cluster
model we refer to the original paper of Fortuin and Kasteleyn or to Soka
(1989).

Here we shall be concentrating on the percolation problem when each of
the pe are equal, to say P, and henceforth this wil be assumed.

Thus we wil be concerned with a two parameter family of probabilty
measures

ll = ll(p, Q) where 0:- P :- 1 and Q ? 0

defined on the edge set of the finite graph G = (V, E) by

lleA) = pIA1qlg\AIQk(A) /Z

where Z is the appropriate normalising const.ant, and q = 1 - p.

The reason for studying percolation in the random cluster model is its
relation with phase transitions via the two-point correlation function. This
was pointed out first by Fortuin and Kastcleyn and given futher prominence
recently by Edwards and Soka (1988) in connection with the Swendsen-
Wang algorithm (1987) for simulating the Pot.t.s modeL. We describe briefly
the connection.

Let Q be a positive integer and consider the Q-state Potts model on G.
The probabilty of finding the system in the state (J is given by the Gibbs

distribution

Pr((J) = e-H(O") jz.

The key result is the following:

(4.5.2) Theorem. For any pair of sites (vertices) i,j, and positive
integer Q, the probabilty that (Ji equals (Jj in the Q-state Potts model is
given by

1 (Q-1)P.fi'Vj)+ . i'lQ Q
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where P¡i is the random cluster measure on G given by taking Pe = 1_
exp( - Jij) for each edge e = (ij), and (i "' jJ is the event that under ~
there is an open path from i to j.

The attractive interpretation of this is that the expression on the right

hand side can be regarded as being made up of two components.
The first term, 1/Q, is just the probabilty that under a purely random

Q-colouring of the vertices of G, i and j are the same colour. The second

term measures the probabilty of long range interaction. Thus we interpret
the above as expressing an equivalence betwc'cn long range spin correlations
and long range percolatory behaviour.

Phase transition (in an infinite system) occurs at the onset of an infinite
cluster in the random cluster model and corwsponds to the spins on the
vertices of the Potts model having a long range two-point correlation.

Thus the random cluster model can be regarded as the analytic continu-
ation of the Potts model to non integer Q.

In order to be able to calculate or even simulate the Gibbs state prob-

abilties it seems to be necessary to know (or be able to approximate) the
partition function Z. In the case of ordina.ry percolation, Q = 1, and Z = 1,

but in general, determining Z is equivalent to determining the Thtte poly-
nomial, as it is not diffcult to show.

(4.5.3) For any finite graph G and subset A of E(G), the Gibbs probabilty
t. is given by

(~)IAI Q-r(A) ,
t.(A) = (iŠf(E) T(G; 1 + 9¡,~)

where T is the Thtte polynomial of G, where q = 1- p, and where r is given
by k(A) = IV(G)I- reA),

A first consequence of this is that, as we sc'c in §6,5, determining the

Gibbs probabilty t. is an intractable problem for most Q and most graphs,
An obvious quantity of interest is the probabilty that a particular set is

open, We call this the distribution function, nenote it by À, and note that
it is given by

À(A) = L I),(X),
X:X~A

The sort of questions we need to be able to answer are, how does À vary

with p and Q and how diffcult is it to calculate À?
A very useful result which follows easily from an extension of the FKG

inequality by Holley (1974) is the following.
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(4.5.5) Proposition. Provided 1 ~ Qi ~ Q2, for any fixed p, 0 ~ p ~ 1
and any nondecreasing function f : 2E -- R,

(J)¡ii ~ (J)¡i2

where ¡ii and ¡i2 are the random cluster mcasures induced by p and Qi, Q2
respectively.

A special case of this gives

(4.5.6) Corollary. For fixed p, the distribution function À is a monotone
nonincreasing function of Q, for Q ~ 1.

A question which seems difcult is the following.

(4.5.7) Problem. How does À vary with Q when 0 -: Q -: 1?

4.6 Percolation in the random cluster model
Consider a random cluster model t. = I),(P, Q) on E the edge set E of a
planar graph G and let G* be the dual plane graph with edge set also E
identifed in the natural and obvious way.

Now define the dual measure p, of 1£ = 1),(11, Q) to be the random cluster
measure MP, Q) where

qQ~ -,
p = p + qQ

Q=Q,

Thus

( )IAI
p,A) ex. qc; Q-r(A).

(4.6.1) Proposition. For any plane graph G and random cluster measure

¡i

P¡i~w(G) = Al = P¡L~w(G*) = E\Al.

(4.6.2) Corollary. If G, G* are dual planar graphs, p, on G* produces
white confgurations with exactly the same probabilty distribution as ¡i
produces black confgurations on G.

Proof.

(Q )IE\AI
P¡L~w(G) = E\Al ex pq Q-r*(E\A)

.IAI
ex ( ~ ) Q-r(A)
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by using the duality formula (3.3.4) for rank functions. Ol
We now turn to the specific case of the square lattice. We adopt thef' -

terminology of ordinary (Q = 1) percolation as much as possible and in;
paricular follow the notation of Grimmett (W8!J).

Let An denote the box on the square lattice having corners (::n, :in),
Let p, Q be fixed and let Mm = Mm(P, Q) be the sequence of random cluster
measures induced by Am, as m runs through the positive integers.

The events in which we have a particular interest are of type to ~ ôn)
denoting the event that there is an open' path from 0 to ôn, the boundary

of the box An.

(4.6.3) For Q 2: 1 and m 2: n,

Mm+dO~ an) 2: JJ,mtO~ an)'

This is just a special case of the following:

(4.6.4) Proposition. Let G be a finite graph and let H be a subgraph
of G on the same vertex set. If Me and MH denote the random cluster

measures induced by G, H respectively for any fixed p and Q 2: 1, then for
any monotone nondecrea.iing f on the edge set of G, if the value of f is
determined by the state of the edges of H, then

(f)¡iH ~ (f)¡ic'

Since the quantities in (4.6.1) are probabilties and thus bounded, we can
therefore define

On(P, Q) = lim MmtO ~ an).
m-+oo

Now for m? n, it is trivial that

MmtO ~ an) ~ JJ,mfO~ a..-d.

Consequently

O..(P, Q) ~ 0..-1 (p, Q)

and we define

O(p, Q) = lirn O..(p, Q)
TI-+ DO

to be the percolation probability of the modeL.

Note that when Q = 1, O(p, Q) is essentially the same quantity as Pep)
defined in §4.1. Accordingly, for Q 2: 1, we can define the critical probability
Pc( Q) by

694.6 Percolation in the mndom cluster model
'il

fJ(p,Q)

Pc = 1/2

Figure 4.3.

Pc=~i+ý'
p

We know from Theorem (4.6.2) that:

Pc(Q) = infp: O(p,Q)? O.

(4.6.5) For Q 2: 1, Pc(Q) is monotone lioIlkereasing in Q.

In Welsh (1992c) it is shown that the following is true.

(4.6.6) For Q 2: 1, the critical probabilty Pc(Q) satisfies

VQ
~ p,,(Q).

It would be natural to expect that for any Q 2: 1, the quantities O(p, Q)
looked roughly like Pep). In other words, the situation is as sketched in

Figure 4.3.
I believe that the following Q-extension of Kesten's Theorem is true.

(4.6.7) Conjecture. For Q 2: 1, the critical probabilty Pc(Q) equals
JQ/(1 + VQ.

The conjecture is certainly true when Q = 1 by Kesten's theorem that
the critical probabilty of the square lattice is ~. It is also true when Q = 2
because using the relation p = 1 - e-J, when Q = 2, this corresponds to a

critical value of sinh-1 1 = 0.88137 for the erll.kiil exponent J, agreeing with
the Onsager solution to the Ising model, st.'C Hammersley and Mazzarino
(1983).

For integer Q 2: 3 the critical value of Pc( Q) given by the conjecture
agrees with the critical points of the Potts lIodel located by singularity
based arguments see for example Baxter (1!J82) or Hintermann, Kunz and
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Wu (1978). However it does not appear easy to make these arguments
rigorous in this context, and the situation seems not dissimilar from that

in ordinary percolation when it took 16 years before Kesten (1980) and

Wierman (1981) were able to give rigorous justifications of the exact values
obtained by Sykes and Essam (1964).

4.7 Additional notes

Section 4.1 is just an extremely brief introduction to what is now a vibrant
area of applied probabilty. There exist excellent texts, in particular Kesten
(1982), Grimmett (1989). The treatment of the Ising model is based on
Thompson (1972) and Cipra (1987). Detailed surveys of the Potts model
and related problems are given by Wu (1982) and (1984). The inversion
formula (4.4.8) is contained in Tutte (1984), though not in this form. Fortuin
and Kasteleyn in their original paper pointed out the connection between

their model and the Tutte polynomiaL. A detailed discussion of the random
cluster model is given by Aizenmann, Chayes, Chayes and Newman (1988)
and Bezuidenhout, Grimmett and Kesten (1992). The treatment given here
follows Welsh (1992c). A good account of Holley's theorem and the FKG
inequality and their relation to problems of statistical physics is given in
Preston (1974). A remarkable paper by Laanit et al. (1991) shows that

Conjecture 4.6.7 is true for suffciently large Q, while a treatment of the
general cluster distribution problem for a wide range of Gibbs probabilty
distributions is given by Gandolfi, Keane and Newman (1992).

5 Link Polynomials and the TaIt

Conjectures

5.1 The Alexander polynomial

One classical invariant of knots which we have not yet discussed is the
Alexander polynomial, introduced by J.W. Alexander in 1928, and much
used as a separator of knots.

The Alexander polynomial is an inwu'lanl. of oriented knots and was tra-
ditionally defined as an evaluation of !1 determinant of a matrix determined
by the knot diagram. However, in 1969 J. Conway introduced a polynomial
invariant of oriented links which turned out to be essentially the same as the
Alexander polynomiaL. This leads to a recursive definition of the Alexan-
der polynomial as we now show, To each oriented link L is associated a

x x ) (
Figure 5.1.

polynomial 'i L(Z) belonging to the polynomial ring Z¡zj. Equivalent knots
and links receive the same polynomial which satisfies the following recursive
rules.

(5.1.1) If L rv U, the unknot, then 'i L(Z) = 1.

(5.1.2) If links difer at the one crossin~ as shown in Figure 5.1 but are
otherwise the same, then

'i L ( X ) = 'i L ( X ) + z'i L ( ) ( ).

We call 'i dz) the Conway polynomial of L.
The relationship shown in Figure 5,1 is an example of what is known as

a skein relation. These are recursive relations relating invariants of links
which are identical except in local regions of t.he link diagram.

The Alexander polynomial of L written D. f, is defined in terms of the
Conway polynomial by 1
(5.1.3) D.L(t) = 'i L(.J - .¡).

The Alexander polynomial is well understood, in contrast to later poly-
nomials we wil consider.
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One classical invariant of knots which we have not yet discussed is the
Alexader polynomial, introduced by J.W. Alexander in 1928, and much
used as a separator of knots.

~. The Alexader polynomial is an inwu'laiit. of oriented knots and was tra-
ditionally defined as an evaluation of u dctcrminant of a matrix determined
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polynomial \l L(Z) belonging to the polynomial ring Z(z). Equivalent knots
and links receive the same polynomial which satisfies the following recursive
rules.

(5.1.1) If L rv U, the unknot, then \l Lcz) = 1.

(5.1.2) If links differ at the one crossin!! as shown in Figure 5.1 but are
otherwise the same, then

\l d X ) = \l d X ) + z\l d ) ( ).
We call \l L(Z) the Conway polynomial of L.
The relationship shown in Figure 5.1 is an example of what is known as

a skein relation. These are recursive relations relating invariants of links
which are identical except in local regions of t.he link diagram.

The Alexander polynomial of L written ß f, is defined in terms of the
Conway polynomial by . 1
(5.1.3) ßL(t) = \l Lc Vt - .¡).

The Alexander polynomial is well understood, in contrast to later poly-
nomials we wil consider.
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First we show that if L is a split link or is splitt able in the sense that it
consists of 2 non empty parts which can be separated by a 2-sphere then its
Conway polynomial is zero. The argument follows Kauffman (1987b).

(5.1.4) If L is splittable then \7 L = O.

Proof. If Lis splittable with say L = Li U L2,then it can be oriented as

shown.

L

Li L2
Now note that if M and N are constructed from L as shown then M is
isotopic to N and thus \7 M = \7 N. By condition (5.1.2) \7 L must equal
zero.

M XII. "' 17

N =
x~.,.,.,.."'..

""-~'-:,;--:,,-'c=':_":'-__: .'..
:::;_.:ë'!'

/ "-c.,.'."-". '- "oo ".-" .-"~

o
Using (5.1.4) and the recursive definitions it is algorithmicaIIy straight-

forward though time consuming (exponentially slow) to obtain the Conway
polynomial of a link by a succession of switches as we now ilustrate.

Example. Consider the trefoil T

QJ
which by (5.1.2) yields \7T = \7 L + z\7 M where

hK)
M
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=lx xl:--
Figure 5.2.

L is the unknot so \7 L = 1. Using (5.1. 2) again we have \7 M = \7 Mi + z\7 M2

Mi M2

But Mi is split, so \7 Mi = 0 and \7 M2 = \7 u = 1.
Combining these relations gives

\7T(Z) = 1 + Z2.

To obtain the Alexander polynomial ofthe trefoil use (5.1.3) to get

ßT(t) \7T(Vt -l/Vt)

11+t-2+-
t

which on normalisation (as is usual) gives

ßT(t) = 1 - t + t2.

Q

Proof of invariance
In order to show that a given polynomial is in fact a knot/link invariant, it is
necessary and sufcient to show that the invariant in question is unchanged
under each of the three Reidemeister moves.

In the case of oriented knots/links, we allow any consistent orientation
of the link diagrams, for example, the oriented version of the third move
would allow the move shown in Figure 5.2 We wil ilustrate this in detail
in the next section.

First note that it is not difcult to find nontrivial knots which have

the same Alexander polynomial as the Ilnknot - one such example is the
pretzel knot (- 3,5,7). Figure 5.3 shows the general pretzel link which is
parametrised by (ci, C2, ..., Cn) where Ci is the niimber of crossings in the ith
tassle, where if Ci is negative the crossings am In the opposite sense.
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~8~........ .-Cc,Q "Q .. . . . . .. 8X'n. .
r-~. ... . . ... .~

Figure 5.3.

It is easy to prove that for any knot, b.(1) = ::1 and then the usual
convention is that b. is normalised so that it is of the form

b.(t) = ao + ait + . . . + antn

with b.(1) = 1.
Well known properties of b. are the following:

(5.1.5) its coeffcients form a palindromic sequence, that is b.(t) = tdegßb.

(el);

(5.1.6) it has even degree;

(5.1.7) I b. ( - 1) i, is called the determinant ofthe knot and is an odd integer,
it was one of the first invariants studied;

(5.1.8) if K is an alternating knot, b.K is an alternating polynomial and
its degree is twice the genus of the knot.

There is also a conjecture that for

. 1
1 :S i :S "2degb., lai-ll:S lai i .

It is interesting to compare this with the corresponding unimodality con-
jecture for chromatic polynomials see (3.1.10).

A rather striking result, for a proof see Burde and Zieschang (1985), is
the following theorem.

(5.1.9) Theorem. If p(t) is any polynomial satisfying p(l) = 1 and
p(l/t) = p(t)tdegp then p is the Alexander polynomial of infinitely many
inequivalent prime knots.

The hard part of proving this theorem is finding the first knot with poly-
nomial equal to p. From this knot it is easy to construct many others by
inserting smaller knots (or tangles) into the diagram.
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5..2 The Jones polynomial and Kauffman bracket

It is somewhat surprising (paricularly with hindsight) that it was not un-
til 1984 that the Jones polynomial, formally very little diferent from the
Alexander polynomial, was discovered and sparked off the discovery of a
host of similar polynomial invariants such as the Kaufman bracket, Homfy
and Dubrovnik polynomials. There exist sevcral cxcellent, easily accessible
surveys of what has been done in this field over the last few years, see for
exaple Lickorish (1988) or Kaufman (1990), so here we wil just concen-
trate on aspects of knot polynomial theory which are of paricular interest
in combinatorics. This is because of its intimate relationship with classical
combinatorial concepts such as the chromatic and flow polynomials.

Although it is not the way in which this polynomial was originally con-
ceived, the polynomial V can be defined recursively and computed from the
following rules:

(5.2.1) t-IVK( X) - tVd X) = (t1/2 - el/2)VKO n

(5.2.2) Vu = 1

(5.2.3) V is an invariant of ambient isotopy.

Note that V, as defined, is a Laurent polynomial in the variable t1/2;
this is just an historical accident, and tl/2 should merely be regarded as a
symbol whose square is the symbol t.

We now concentrate on the Kauffman bracket polynomiaL. This is very
close to the Jones polynomial and also to polynomials aleady familar in
combinatorics.

The bracket polynomial (DI of a link L is obtained from any link diagram
D of L by applying the equations

(5.2.4) (/' I = A(:: I + B() C I,

(5.2.5) (D UI = d(DI,
(5.2.6) (UI = 1,
locally. It is not difcult to show that (DI is well defined on link diagrams
and is a polynomial in the 3 variables A, B I1nd d, which are assumed to
commute.

As it stands it is not an invaiant of isotopy. However, suppose that

we consider the second Reidemeistcr move. A pplying the bracket rules we
obtain the following formula.

(~I = A(/-I+B(/QCI

AB(::I + A2() C I + n2() C I +BA() 0 ( I

(A2 + n2 + ABd)(") C 1-1- An(:: I.
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But in order for the bracket to be invariant under isotopy, it certainly must
satisfy

¡ ?- J = ¡:: J

and this forces the relations

AB = 1, A2 + B2 + ABd = O.

Thus if we specialise the bracket by insisting that

B = A-I, d = _(A2 + A-2)

we have shown that the new one variable bracket of D, denoted by (D), is
invariant under Reidemeister move II.

We now use this to show that the bracket is also invariant under Reide-
meister move III. For notational convenience we leave out the bracket signs.

ì\ ~
-t(,

= A + A-I--
A V + A-' -t(,----

Using Reidemeister II equivalence,

~Ä-
V- A ,A- + A-' ) ~---
V

A-' ) ~A +- ----
again using Reidemeister II equivalence. This shows

ì\ = -Ä--
and hence ( ) is invariant under Reidemeister II and III, in other words isan invariant of regular isotopy. D

It is not an invariant under Reidemeister move I. However, provided that
the link is oriented and then suitably normalised, Kauffman (1987a) showed
that the resulting invariant is in fact the Jones polynomial of the link. More
precisely, define the writhe w(L) of an oriented link L to be the sum of the
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x x
+ve -ve

Figure 5.4.

signs at crossings, calculated according to the convention shown in Figure
5.4, and then define a (Laurent) polynomial I on oriented link diagrams by

ID(A) = (_A3)-w(D) (D)

where weD) is the writhe of D and where ( ) for an oriented diagram is
obtained by forgetting about the orientation.

(5.2.7) Proposition. The polynomial I is invariant under Reidemeister
moves I, II and III.

Proof. The writhe is unchangcd by moves II and III. Hence since the
bracket is also invariant under these moves, so is I. Consider now move I.
Let D be a link diagram with a portion HS shown

D ìO
and let D' be obtained from D by removing the loop. Then

(D) = A( ~ ) + A-I( ) 0 )
(A + A-I( _A2 - A-2))(D')
-A-3(D').

However, no matter which way we oricnt thc string in D the writhe of the
crossing is -ve. ~ ~

-ve -ve

Hence w(L) = w(L') - 1. Thus I(L) = I(L'). The proof for the other loopis analogous. D
But now it is immediate that I is nothing more than the Jones polynomial

with a change of vaiable. In other words we can prove

(5.2.8). If K is an oriented link, and D an oriented diagram of K, then

VK(t) = ID(CI/4).

This leads immediately to:
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(5.2.9) Theorem The Jones polynomial V¡,t) of an oriented link L is
given by

T T (t) - ( t)-3tl(T_)/1 (L)VL - - A=t-I/4.

Proof. Just verify that fv(rl/1) sntisnes the defining conditions ofVK. 0
Thus, for most purposes, the Kauffman bracket is as good an invariant

as the Jones polynomiaL.
For example:

(5.2.10) If L1 and L2 are isotopic then (L1) = A"'(L2), for some integer 0:.

In paricular:

(5.2.11) A necessary condition that L be isotopic to the unknot is that (L)
is a power of A.

Another way of looking at the bracket poJyiiornial, and one which is cer-
tainly easier in hand calculations is using signed graphs. Given a Tait
colouring of a link diagram D form the associated signed graph as in §2.2.
Now notice the actions on the graph corresponding to the operation of the
bracket rules.

The rule

( ~ )=A( ~ )+A-i( Ii ~),
on the link diagram corresponds to

(G) = A(G~) + A -1 (G~)

on the Tait graph of G. Here G~, G~ denote the usual deletion and con-

traction of the edge e from G, where e is the edge corresponding to the
crossing.

Also consider the evaluation of ( ) for a positive coloop and loop.

(~)= A(~)+A-I()O)

A+ A-'(-A:.- A-2) (~)

_A-3. ( ~)
Similarly

( V~), ):~ A( _A2 - A--2) + A-I (:J)

_A3. (~)
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Thus the bracket rules are equivalent to

(5.2.12) (G)=A(G~)+A-1(G~) ifeispositive

(5.2.13) (G) = A(G~) + A-1(G~) ifeis negative,

where e is the edge joining the black faces in each case.
Combining these two rules with the rules (C+) = _A-3, (C-) = _A3,

(L+) = _A3, (L-) = _A-3 where Cl:,Ll: represent the positive (negative)
signed isthmus (loop) respectively and we see that the bracket polynomial
can be regarded as a "Tutte polynomial" on signed graphs.

This idea was made precise by Thistlethwaite (1987) and was one of the
keys to his proof of Taits conjecture as we see in §5.5.

In particular, we know from (2.3.1) that if L is an alternating link it
has a representation as a link diagram in which each edge has a positive
sign. Hence, comparison of the equations (5.2.12)-(5.2.13) with the defining
relations of the Tutte polynomial given in §3.2 show that we have proved:

(5.2.14) Proposition. If L is an alternating link then its bracket poly-
nomial is given by the relation

(L) = A2IV(G)I-IE(G)I-2T(G; -A-\ _A4)

where G is the unsigned graph of any positive link diagram representing L.

Example 1. The left hand trefoil, has positive graph G as shownG=~
Since T(G; x.y) = x + y + y2 the left hand trefoil has bracket given by

A7 _ A3 _ A-5.

Thus for the left hand trefoil with orientation as shown in Figure 5.5,
note that weD) = -3, so

VeL) (_A)9(A7 _ A3 _ A-5)

_A16 + A12 + A4.

Using A = r1/4, we get

VLct) = _C4 + t-3 + C1.

o
Example 2. The right hand trefoil has associated graph G shown in Figure
5.6. It is easy to check that

T(G;x,y) =x2+x+y,
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cr
Figure 5.5.

CI ~
Figure 5.6.

Hence

(Right trefoil)A = A6-:I-:.(+A-H - A-4 _ A4)

_A5 _ A-3 + A-7.

In other words, its bracket polynomial equals that of its mirror image, theleft trefoil, evaluated at A = A-I. 0
This is a special case of the general result.

(5.2.15) The bracket polynomials of a link and its mirror image are related
by

(L; A) = (L; A-I).

It is useful to give an alternative 8tate8 'fwild representation of (L) in

terms of concepts more familar in combinaLorlcH. This is contained in the
following.

(5.2.16) Proposition. Let D be any link diagram representing the link
L and suppose that the associated signeò graph G = G(D) is connected.
For any subset A ç E(G), let A+ aiid A- denoLe the positive (negative)

signed part respectively. Then with r denoting the ran function in G we
have

(5.2.17) (D) AIE-I-IE+I(_A2 _ A-2rCG) x

x :E A4CrCX)-lx-I)(_A4 _lrCGJ+IXI-2r(X)
XÇE

AIE-I-IE+I+2r(G) X

X :E A-4Cr(x)-Ix-ll)(_A-4 _lr(GJ+IXI-2r(X).
XÇE
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Proof: See Schwärzler and Welsh (1993). o

We consider now some elementary evaluations of the bracket polynomiaL.
Equation (5.2.17) gives

(D; A = 1) = :E (_2tCGJ+IXI-2r(X),
XÇE(G)

which equals T(G; -1, -1), where G Is the unsigned version of G. Using
the known evaluation of the Tutte polynomial at this point (3.7.7) we get:

(5.2.18) The evaluation of (D) when A = 1 is independent of signing
and is given by

(Dj 1) = (_lr(G)2dim(cnC"),
where C, C. are respectively the cycle space and co cycle space of G.

When G is a planar graph it is known that T(Gj -1, -1) = (_I)IE(G)1
(_2)k(m(G))-I, where m( G) is the medial graph of G. As a corollary we get

the following property of the Jones polynomial:

(5.2.19) For any link L, VLcl) = (_2)c(i')-i, where c(L) is the number
of components of L.

Other basic properties of the Jones polynomial VL(t) are the following.

(5.2.20) VL( -1) = ßL( -1) where ß is the normalised Alexander polyno-
mial satisfying ß(I) = 1 and symmetrle iii t and t-I.

(5.2.21) If L is a knot then VL(e21ri/:I) = 1.

(5.2.22) If K is a knot then dVK(t)ldti=i = O.

(5.2.23) If L denotes the mirror image of L then

V¡)t) = V¡, ilt).

(5.2.24) The connected sum Li #L2 of Li Ii.nÒ L:. is given by

VLi#L2(t) = VLi (t)VL2(t).

¡Note: a certain care with orientations is needed here.J

We close by emphasising that there arc many exaples of knots hav-

ing the same bracket (and Jones) polynomial but which are not isotopic.
Indeed there are links with the same Jones polynomial and diferent Alexan-
der polynomials, see for example Anstec, Priytycki and Rolfsen (1989). A
stronger invariant is the 2-variable Homfly polynomial which we discuss in
the next section. It contains both the Alexander and Jones polynomial as
specialisations.
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5.3 The Homfly polynomial

The discovery of the Jones polynomiallei-to the discovery of several other
such invariants. In this section we describe briefly two of these, for more

details we refer to Kauffman (1990) and Lickorish (1988). Our description
is in terms of their defining "skein relations". These relations are the knot
counterpars of the contract/delete formulae of matroids and graphs, and in
each case represent local changes at a crossing of the knot or link which can
be carried out in an arbitrary order to give the same polynomial. Moreover
each of these changes wil have been designed so as to preserve equivalence
under the Reidemeister moves, so that links which are ambient isotopic have
the same polynomiaL.

The Homfiy polynomial peL; l:!l, rn:!l) is a 2-variable Laurent polynomial
in l:!l, rn:l and defined for oriented links hy:

(i) P (unknot) = 1,

(ii) If L+, L_, Lo are defined by

X X ) (
L+ L_ Lo

then
lP(L+) + i-1 P(L_) + rnP(Lo) = O.

(ii) P is well defined on ambient isotopy classes.

Example: As a very easy example consider the diagrams

co óò00
L1 L2 L3

lP(L1) + i-1 P(L2) + rnP( L:i) = O.

Therefore since both L1 and L2 are ambicnt isotopic to the unknot,

P(L3) = -rn-1i - rn-1i-1.

o
Other basic properties of P which are ea."ìily proved from the definition

are the following.
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(5.3.1) If L' is obtained from L by f(~v(~rHlng the orientation of each com-
ponent then peL') = peL).

(5.3.2) If L is the mirror image of L thcn
pel; l, rn) = peL; l- 1, rn).

The Homfy polynomial is a good hut not infallible test of amphi-
cheirality. There exist knots with crossing number 9 which are not
achiral but have the same polynomiaL.

(5.3.3) If L1 U L2 denotes the disjoint union of L1, L2 then

P(L1 U L2) = -(l + i-1)rn-1 P(L1)P(L2).

(5.3.4) Tlie connected sum L1 #L2 ha."ì Homfly polynomial given by

P(L1 #L2) = P(L1 )P(L-2).

(5.3.5) The Alexader polynomial is given by

~Lct) = peL; i, i( ie/2 - it-1/2))
where i2 = -1.

(5.3.6) The Jones polynomial is given by

VL(t) = peL; iC1, i(C1/2 - e/2)).

Note. Calculating the Homfy by "switching to the unknot" by a succes-
sion of switches is time consuming but it is esscntially the only known way
of calculating it.

Mutants and tangles
A tangle is a portion of a link diagram from which there emerge just 4 arcs
pointing in the compass directions NW, N E, SW, S E, as typifed in Figure

5.7. Tangles were first introduced by Conway (1969) and have led to a very

beautiful algebraic theory based on their laws of composition. Mutation of a
link is obtained by locating a tangle, and in the words of Anstee, Przytycki
and RoIfsen (1989) "flipping it over like a pancake, or rotating it 180°". A
precise definition is given in Lickorish and Milett (1987), but the idea can
be seen from the example shown in Figure 5.8.

Mutants can be formed in 3 ways from a given tangle/link diagram pair
and correspond to the graph operation of "Whitney twist" by which pairs
of 2 isomorphic graphs are related.

A straightforward application of the recursivc definition of the Homfy
polynomial shows:

(5.3.7) If L' is obtained from L by mutation thcn peL') = peL).
An immediate consequence is that:

(5.3.8) Mutants have the same Alexander and Jones polynomial.
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Figure 5.7.

Figure 5.8. Famous mutants: the Conway and Kinoshita- Terasak knots
which both have trivial Alexander polynomiaL.

5.4 The Kauffman 2-varIable polynomial
Kaufman's 2-variable polynomial A(D; a, z) E Z¡a:ii, z:iiJ is a Laurent
polynomial of regular isotopy of a diagram D of an unoriented knot or
link. In other words it is invariant under Reidemeister moves II and III. It
is defined by the following formulae.

(5.4.1) For a simple closed curve 0, A(O) = 1.

(5.4.2) a-i A(C+) = aA(C_) = A(Co) where the Ci are as shown

K) K)
C+ c_ Co
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(5.4.3) A(D+) + A(D_) = z(A(Do) + A(Doo)) where the Di are as shown.

x x ) (
\./"

D+ D_ Do Doo

To ilustrate how A is computed we wil obtain some of its elementary
properties.
(5.4.4) A(O 0) = (a+a-l)z-i_1.

Proof.

A(CX)+A(OO) =zA(O O)+zA( C))

Hence
zA(O 0) =a-1 +a-z.

which proves (5.4.4). D

(5.4.5) A(K U L) = (a-I + a - z)z-i A(K)A(L).

Proof. By induction on the number of crossings.

(5.4.6)

(5.4.7)

A(Ki#K2) = A(Ki)A(K2),

A(K; a, z) = A(K; a-i, z).

Example: We leave out bracets when there iF; no chance of confusion.

A CO +A CO
=z(AOQ +A CO )

= z(a-iA 0 +aA 0 )

= za-i + za.

Now

A(Li U L2)

A(Li #L2)
((a-i + a)z-I - 1)A(Li)A(L2)

A(Li)A(L2).

Hence
A( m ) = za-i + za - (a-i + a)z-I + 1. D
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Exercise. Show that A of the left handed t.refoil is

_2a-i - a + (1 + a2)z + (a-I + a)z2.

o

The 2-vaiable Kaufman polynomial F(L; a, z) of oriented isotopy is then
defined by

F(L; a, z) = a-w A(D; a, z),

where w is the writhe of the oriented link L formed by the orientation of D.
Recall that the wrthe w of an oriented link is t.he sum of the signs of the

crossing points, according to the convention shown in Figure 5.5.
Note 1: There is no "easy" known proof of the fact that this is an

oriented link invariant.
Note 2: F is sometimes called semi-oriented because, on changing the

orientation of one component to get L * ,

F(L*) = a4)' F(L)

where), is the linking number of the component with the rest of L.
The relationship between A or (almost. equivalent.ly) F and other polyno-

mials we have aleady considered is summarised in

(5.4.8) CD) = A(D; _A3, A + A-i).

(5.4.9) VL(t) = F(L; -t3/4, ri/4 + ti/4).

Elementary properties of F are the following:

(5.4.10) F(Li#L2) = F(Li)F(L2) where L1#L2 is any connected sum of
Li and L2.

(5.4.11) F(L; a, z) = F(L; a-I, z).

(5.4.12) If L2 is a mutant of Li, then F(Li) = F(L2).

It should also be emphasised that there exist non-isotopic links with the
same Horny polynomial but different Kauffman polynomials and vice versa.

However, although F and A are quit.e st.rong Invariants of links it is known
that there are links which are not hmt.opic but which have the same Kauf-
man polynomial, though of course even more strongly than for the Jones
polynomial the following question is open

(5.4.13) Question: Does there exist a knot K which is not equivalent to
the unknot and for which A(K) = I?
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Figure 5.9.

Finally we mention an interesting onc varlahle specialisation of A, this
is the Q-polynomial invariant of unoriented links introduced by Brandt,
Lickorish, Milett and Ho and which we wil definc by

(5.4.14) QL(X) = A(L; l,x).
This was not the way it was originally conceived, indeed it could well be
regarded as the I-variable predecessor of A.

A very useful result of Kidwell (1987) is the following

(5.4.15) Theorem. If D is a connected link diagram for L then the degree
of QL is not more than n - beD), wherc n is t.he number of crossings and
beD), the bridge number, is the maximum number of consecutive overpasses
which occur anywhere in D.

5.5 The Toot conjectures

We now use the representation ofthe bracket obtained in §5.2 to settle some
problems which have remained open since the la.'lt century and have come to
be known as the "Tait conjectures". For an account of their history we refer
to the aricles of de la Harpe, Kervaire and Weher (1986) and Thistlethwaite
(1985).

(5.5.1) Theorem. If a link L lu.1 an alternating diagram D which is
reduced and has n crossings then there is no diagram representing L which
has fewer than n crossings.

A diagram is reduced if it has no crossing of the type shown in Figure 5.9.

In other words; given an alternating reduced diagram D of L we know
that the crossing number of L is the number of crossings in D.

Proof. The key idea of the proof is to notice that since (A3)-w(D) CD)
is an invariant of isotopy, we know that. span CD) is also an invariant of
isotopy. (The span of a Laurent polynomial is the difference between its
maxmum and minimum degrees.)

Now since D is an alternating link diagram, we may assume that the
black face graph G defined by its Tait colouring, has only positive edges.
Otherwise take the dual.

But using the representation

CD) = A"T(G; _A-4, A4)
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Figure 5.10. Alternating and nonalternating representations of the same
knot.

and the representation of T as a rank polynomial it is easy to verify that

span (D) 4(r(E) + r*(E))

41EI,

provided that G has no loops or coloops. This is exactly the condition that
the coeffcients tr,o and to,r' are non-?'ero. In other words, provided D is
reduced
(5.5.2) span (D) = 4IE(G)1

which in turn equals the number of crossings of D. But span (D) is an
invariant of ambient isotopy. Hence (5.5.2) must hold for any reduced alter-
nating representation of the link L. This proves Taits First Conjecture. 0

A stronger version of Theorem (5.5.1) is the (()Howing.

(5.5.3) Theorem. Suppose that L is an alt.ernating prime link. Then any
nonalternating diagram representing L has crossing number strictly greater
than the span of VL.

To see that the property of being prime is needed above, consider the two
representations of the granny knot as the direct sum of the right and left
trefoil shown in Figure 5.10

This construction can be extended using any pair of alternating knots
Ki, K2. All one does is to obtain two alternating representations of K2, one
having a positive Tait graph G2 the other having a negative Tait graph G;,
the plane dual of G2. Now form Ki #K2 in two distinct ways, corresponding
to this direct sum. The one from Gi, G.i wílue an alternating representation
the other from Gi,G; wil be nonalternl1t.ng.
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Tait's Evenness Conjecture

Tait and his coworkers of the ninetc'Cnth century seemed to discount the
existence of amphicheirallinks of odd crossing number. It is stil not known
whether any exist.

What does follow from the above is the following statement.

(5.5.4) Theorem. Every alternating amphicheirallink has even crossing
number.

Proof. If L is isotopic to its mirror image, then since (L; A) = (I; A-I),
span (L) is an even integer. But for alternating links, we have just shown
that span (L) is the crossing number. 0

Another obvious consequence of Theormn ú.ú.1 is:

(5.5.5) If VK(t) = 1 and K is alternating, then K is the unknot.

Hence any link with VK(t) = 1 and K not the unknot must be non-

alternating, moreover since all nonalternating links on fewer than 14 cross-
ings are known to have nontrivial .loncs polynomial, any example which
shows that VK(t) = 1 does not characterise the unknot must have 14 or
more crossings.

Tail's Flyping Conjecture
In contrast to the two previous conjectures whose proofs (with hindsight)

are relatively easy, Taits Flyping Conjecture which we now address is of a
diferent order of magnitude.

A ftype is a move on a tangle (with 2 input and 2 output strings) obtained
by rotating the tangle by 180°.

180 deg~
Figure 5.11. A Hype.

The ftyping conjecture of Tait, made at the end of the last century, is that
any two reduced alternating projections of the same link can be obtained
from each other by a sequence of Hypes.

Now Thistlethwaite (1988) observes thl1t if L, K are two alternating links
related by a Hype then their positive graphs G(L) and G(K) satisfy

(5.5.6) T(G(L);x,y) = T(G(K);x,y).

In other words the Tutte polynomial is invariant under Hypes. This is an
immediate consequence of the following fact.



90 Link polynomials and the Tait conjectures

(5.5.7) If K and L are related by a flype then G(K) and G(L) are 2-
isomorphic.

In 1990 L. Schrijver constructed a proof that Taits flyping conjecture

was true for links which had well connected link diagrams. A diagram is
well connected if it has no 2-edge cut set and the only 4-edge cut sets are
those consisting of the edges incident with a common vertex. This was a
major advance and it was not too surprising when the full flyping conjecture
was proved correct in 1991 when Menasco and Thistlethwaite announced
their proof. Neither of these proofs is easy, they involve intricate geometric
reasoning and not even a sketch is given here.

5.6 Thistlethwaite's nontriviality criterion
Thistlethwaite (1988) has found a striking combinatorial relation linking
the 2-variable Kauffman polynomial A of a link L with the chromatic and
flow polynomials of certain minors of the checkerboard graph G = G(D),
where D is any diagram of the link. This also leads to a powerful test of
nontriviality.

In order to be able to present the result we first need some pre-

liminaries.

(5.6.1) If D has n crossings and

A(Dj a, z) = L ursar Zs

then Urs =I 0 =? n + r + s is even.

Proof. Induction on the ordered pair (n, k) of D, where n is the number
of crossings and k is the number of switches needed to change D to the
unlink. These pairings are ordered lexicographically and the inductive step
is achieved by the switching relation for A. 0

(5.6.2) If Urs =I 0 then Irl + s :: n where n is the number of crossings
of D.

Proof: See Thistlethwaite (1988).

Using just (5.6.2) it is convenient to ilustrate the scope of A by a "trian-
gular" array.

Now define the two outer polynomials of D by

cPt(t) = UO,n + Ul,n-it + u~ n_2t2 + . . . + un,otn,

cPD(t) = UO,n + U-l,n-it + U-2,n-2e +... + u_n,otn.
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If we now let G+, G_ denote the subgraphs of G obtained by restricting to
the sets of positive (respectively negative) edges of G, then we can state
Thistlethwaite's theorem.

(5.6.3) Theorem. For any link diagram D, the outer polynomials are
given by

cPt(t) = T(G+; 0, t)T(G~; 0, t)

cPD(t) = T(G~j 0, t)T(G_; 0, t)
where G is the signed graph G(D).

Alternatively, in the terminology of graph minors

cPD+(t) = T(G I E+; 0, t)T(G.E-j t, 0)

cPD-(t) = T(G I E-jO,t)T(G.E+;t,O)
where G I A, G.A denote respectively the deletion and contracion of the
edges of E(G)\A.

Using (3.7.8) and (3.7.9) we can restate Theorem 5.6.3 in the form

(5.6.4) Corollary. The outer polynomials of the link diagram D satisfy

cPD+ (t) = k+ F(G I E+j )')P(G.E-j).)

cPD(t) = k- F(G I E-; )')P(G.E+j).)

where F and P are the flow (chromatic) polynomials, ). = 1- t, and k;l are
easily determined constants.

An immediate consequence is:

(5.6.5) Corollary. Let D be a link diagram with at least one non-nugatory

crossing, then if either

(5.6.6) P(G+; t)F(G-; t) l 0

or
(5.6.7) F(G+; t)P(G-; t) l 0,
then D represents a nontrivial link.

Note. This is a remarkably effective test inasmuch as all :: ll-crossing
knot diagrams satisfy it. However there does exist a 12-crossing (nontrivial)
knot which has no 12-crossing diagram satisfying either of these criterion.

It is tempting to conjecture from what has gone before that P(G+j t)
F(G-j t) might be a link invariant. This is not the case.

It should also be noted that (5.6.5) leads directly to the following easily
checked sufcient condition for nontriviality. . A graph has non-zero chro-
matic polynomial unless it has a loop, sImilarly it has non-zero flow poly-
nomial provided it has no isthmus. Hence t.he conditions (5.6.6-7) reduce
to the following
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(5.6.8) A link diagram represents a nontrivial link if its graph G is such
that either

(i) G I E- has no isthmus and G.E+ has no loop,
or

(ii) G I E+ has no isthmus, and G.E- has no loop.

These turn out to correspond to the notions of adequacy and semiadequacy
introduced by Lickorish & Thistlethwaite (1988), see also Schwärzler and
Welsh (1992).

5.7 Link invariants and statistical mechanics
There is a clear similarity between the state representations of the various
knot polynomials and the parition functions of statistical mechanics dis-
cussed earlier. This has been heavily exploited over the last few years, see
for example Jones (1989), Thaev (1988) and Witten (1989). There is now
considerable literature in this area and all I aim to do here is to give an in-
troduction to the basic ideas. We wil coTlsiikr what I think is the simplest
example as presented in Jones (1989).

(5.7.1) Definition: A spin model S = r e, w::) is a set e of n "spins" and
functions w::(a, b), a, bEe such that for all a, b, c E e,

(5.7.2)

(5.7.3)

(5.7.4)

w::(a, b) = w::(b, a),

w+(a, b)w_(a, b) = 1,

L w_(a, 
x)w+(x, c) = nc5(a,c)

xEe
where c5 is the Kronecker delta,

(5.7.5) L w+(a,x)w+(b,x)w_(c,x) = vnw+(a,b)w_(b,c)w_(c,a).
xEe

Given a signed graph G = (V, E) define a state a to be any function
a : V 1- e and the partition function zg is defined by

( 1 )ivi-i
zg = ¡; L ri wee)

yri n "EN

where the sum is over all states a and if e = (i,j), wee) = w:i(a(i), a(j))
depending on the sign of e.

In paricular if G is the plane signed Tait graph of the link diagram D
we write zfi for Za.

(5.7.6) Theorem. For any spin model S, and connected link diagrams,
D1 and D2, if the corresponding links £1 and £2 are regularly isotopic, then
Zs -zsDi - D2'
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The proof is straightforward and depends iipon noticing that the condi-
tion (5.7.5) is designed to capture star-trian~le equivalence, shown below
which by Theorem 2.2.3 is equivalent to Heidemeister III.

a

Ybc

aVb
c

The normalisation factor (1j.jIVI is to account for the change in the
number of vertices of the Tait graph under Heidemeister III. The condition
(5.7.4) forces Reidemeister II to hold.

The idea now is to find solutions in w of the equations (5.7.2)- (5.7.5).
These wil then give invaiants ofregiiln.r iAotoJlY and as has been emphasised
by Kaufman in his series of papers, this Is the (:riielal component of ambient
isotopy.

Jones points out, for example, that:

(5.7.7) When n = 2 or 3 the only invariants obtained are the evaluations
VL(i) and VL(ei'//3) of the Jones polynomiaL.

(5.7.8) When n = Q and w+ is given by

f 1 if a = bw+(a, b) = 1. _r1 if a i= b,

we get a solution provided t satisfies the equation

2 + t + r1 = Q.

In this case the resulting invaiant is essentially the Kauffman bracket
polynomial.

(5.7.9) Metaplectic invariants: Suppose t.iat e is a group H and we look
for solutions satisfying the additional condition that w+(a, b) is a function
of ab-1. Then a solution is

f(P) = Ke'/ip2ln

where K-2 = " e2'/ia2 In~aEZlnZ .
There is a correspondence between spin models and what are known as

IRF Models in which the energy of a state is the sum of the energies of each
face, and the energy of a face is determined by the states of its vertices.

In turn, IRF models are closely related to what are known as vertex mod-
els in which spins (or colours) are assigned to the edges of an oriented link
diagram and the resulting conditions of regular isotopy of oriented Reide-
meister moves which correspond to (5.7.2) - (5.7.5) above are essentially
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equivalent to the Yang-Baxer relation. Tho oalllltions become much more
complicated, see for example Witten (HJ8!J). However the basic idea remains
the same, namely that integrabilty of a lattice model, invariance under Rei-
demeister moves and satisfying Yang-Baxer are very closely related.

5.8 Additional notes

The treatment of the Alexander polynomial is buscd on Kaufman (1987b)
and Thistlethwaite (1985). There are several different representations of
the Alexander polynomial as a determinant. These use the Wiringer pre-

sentation or the Bureau representation of the associated closed braid. For
details see Burde and Zieschang (1985) or Crowell and Fox (1977). Thus
the Alexander polynomial can be computed in polynomial time, in con-
trast to each of the other polynomials considered here whose computation
is inherently exponentiaL.

The discovery of the Homfy polynomial was made independently by dif-
ferent researchers shortly afer the discovery of the Jones polynomial, see

the announcement by Freyd, Yetter, Hoste, Lickorish, Milett and Ocneanu
(1985). The parametrisation which we use follows that of Lickorish (1988),
the transformation L = it-I, m = ix where i2 = -1 gives the vaiables used

by Jones (1987). The term "pretzel knot." ~()(~H hack to Reidemeister (1935).
Note that we have not given prootH that the Homfy and Kaufman 2-

variable polynomial are invariant under isotopy. These can be found in the
original papers - in particular Lickorish and Milett (1987) and Kaufman
(1990).

The first Tait conjecture Theorem 5.5.1 Wll'i proved independently and
by diferent methods by Murasugi (HJ87) and Thistlethwaite (1987). The
latter's proof is given here. There exist several ot.her link polynomials which
for reasons of space we have not even ment.ioned here. The Akutsu- Wadati
polynomials are of paricular signifcance since they are an exaple of new
knot invariants derived from exactly solvable models in statistical mechan-
ics. For details of these and a very clear treatment of the relationship

between knot polynomials and statistical mechanics see the very recent sur-
vey of Wu (1992). Atiyah (1990) is a beautiful account of more advanced
topics on this frontier between geometry and physics. Jones (1991) is a con-
cise elegant account of the relationship between knot polynomials, Hecke
algebras and the theory of subfactors.

6 Complexity Questions

6.1 Computations in knot theory
One of the earliest reported applications of computers to knot theory con-
sisted of calculating Alexander polynomials of knots with up to 10 crossings
by Anger (1959), see Trotter (1969). Nowadays it is possible to obtain
Alexander polynomials of very large knot diagrams. However, because of
the #P-hardness results to be described later there is little hope of being
able to compute the Jones polynomial of similar size diagrams unless they
have some special features.

For example Jones (1987) shows that given a closed braid representation
of L, say L = o, where a E Bm, then PL can be computed quite rapidly by
the following method.

Write the braid a as a word in the OJ and expand the product in terms of
the basis of the associated Hecke algebra H(q, m). From this representation

one can calculate the trace tr(a) in time which is a linear function of the
length of the word representing a. Then use the fact that the Homfy
polynomial is given (up to an easily obtained factor) by tr(a).

The snag in this method is that the Heeke algebra H(q, m) has dimension
m! Thus this approach wil be pract.ical only liir links presented as braids
with not too many strings. For example, Murton and Short (1990) have

implemented a version of the above algorithm on an IBM 3083 which wil
deal with 8-string braids of up to 150 crossingS. This restriction to braids
of "narrow width" is reminiscent of similar restrictions for computing the
Tutte polynomial in Oxley and Welsh (1992) and of the general theory of
Robertson and Seymour which can be loosely dcscribed as "almost every-
thing which is computable, is computable in polynomial time for structures
of bounded tree width" .

We wil explain below why, unless something quite unexpected is the
case, such as, that #P = FP, computing the Jones, Homfyand Kaufman
polynomials is an inherently exponential process.

Finally, it is worth highlighting again the problem of putting an upper
bound on the number of Reidemeister moves needed to reduce an n- crossing
diagram of the unknot to one with zero crossings. The fundamental question
is the following:

(6.1.1) Problem. Find a function j such t.hat if D is an n-crossing link
diagram of the unknot then D can be trimiformed to a diagram with zero
crossings in fewer than j(n) Reiderreist.cr rroV(~s'l
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As for the general question of knot cquivl1lcnec, Paterson and Razborov
(1991) have recently proved the following result which may have some im-
plications. Consider the computational problem:

NON-MINIMAL BRAIDS
Instance: A braid group B and a word w, in the standard generators of B.
Question: Is there a shorter word w' which is equivalent to w in B?

(6.1.2) Theorem: NON-MINIMAL BRAIDS is NP-complete.

Note: Unlike the majority of N P-complcteness results, perhaps the more
surprising aspect of this result is that NON-MINIMAL BRAIDS belongs to
N P. Arin's original algorithm for the word problem in the braid group

involves generating a canonical form whieh iH m:ponential in the length of
the original word. However, due to recent (as yet unpublished) work of
Thurston (1988) there is a polynomial time algorithm for the word problem
in the braid group and this can be used to show that NON-MINIMAL
BRAIDS belongs to N P.

6.2 The complexity of the Tutte plane
We have seen that along different cnrves of the x, y plane, the Thtte-
Whitney polynomial evaluates such diverse quantities as percolation proba-
bilties, the weight enumerator of a linear code, the parition function of the
Ising and Potts models of statistical physics, the chromatic and flow poly-
nomials of a graph, and the Jones and Kauffman bracket polynomials of an
alternating knot. Since it is also the case that for particular curves and at
particular points the computational complexity of the evaluation can vay
from being polynomial time computable to being #P-hard, a more detailed

analysis of the complexity of evaluation is needed in order to give a better
understanding of what is and is not computationally feasible for these sort
of problems. The section is based on the paper of Jaeger, Vertigan and
Welsh (1990) which wil henceforth ho referrcd \'0 I1 ¡JVW.

First consider the problem:

1I1¡Cj: TUTTE POLYNOMIAL OF CLASSC
Instance: Graph G belonging to the class C.
Output: The coeffcients of the Tht.e polynomial of G.

We note first that for all but the most restricted classes this problem wil
be #P-hard. This follows from the following observations.

(6.2.1) Determining the Thtte polynomial of a planar graph is #P-hard.

Proof. Determining the chromatic polynomial of a planar graph is #P-
hard and this problem is the evaluation of the Thtte polynomial along theline y = o. 0
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It follows that:

(6.2.2) If C is any class of graphs which contains all planar graphs then
111 ¡Cj is #P-hard.

However it does not follow that it may not be easy to determine the
vaue of T( G; x, y) at particular points or along paricular curves of the
x, y plane. For example, the evaluation of the Thtte polynomial at (1,1)
gives the number of spanning trees of the undellying graph and hence the
Kirchhoff determinantal formula shows:

(6.2.3) Evaluating T(G; 1, 1) for general graphs is in P.

Due to our interest in knots and the evaluation of the Jones polynomial,
we are paricularly interested in the evaluation of the Thtte polynomial of
planar graphs along the hyperbola xy = 1. Accordingly we are led to the
formulation of two further problems.

1I2¡C : Lj TUTTE POLYNOMIAL OF CLAb'S C ALONG CURVE L

Instance: Graph G belonging to the Cb1HH C.

Output: The Thtte polynomial along the curve L as a polynomial with
rational coeffcients.

1I3¡C: a, bj TUTTE POLYNOMIAL OF CLASS C AT (a, b)

Instance: Graph G belonging to the claBS C.

Output: Evauation of T(G; a, b).

Note: There are some technical difculties here, inasmuch as we have to
place some restriction on the sort of numbers on which we do our arithmetic
operations, and also the possible length of inputs. Thus we restrict our
arithmetic to be within a field F which is a finite dimensional algebraic

extension of the rationals. We also demand (for reasons which become
apparent) that F contains the complex numbers i and e27ri/3. Similarly we
demand that any curve L under discussion wil he a rational algebraic curve
over such a field F and that L is given in standard parametric form. For
more details see (JYWj and for more on this genmal question see Grötschel,
Lovász and Schrijver (1988).

Now it is obvious that for any claSH C, if cVl1luating T at (a, b) is hard
and (a, b) E L then evaluating T along L is hard. Similarly if evaluating T
along L is hard then determining T is hard. In other words:

(6.2.4) For any class C, curve L and point (a, b) with (a, b) E L,

1I3lC; a, bj ex 1I2lC; Ll ex 1IdCl.
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Two of the main results of (JVW are that except when (a, b) is one of a
few very special points and L one of a special class of hyperbolae, then the
reverse implications hold in (6.2.4).

Before we can state the two main theorems from (JVW we need one more
definition. Call a class of graphs clo.~ed if it is closed under the operations
of taking minors and series and pamllel oxtollHions. That is C shall remain
closed under the four operations of deletion nrid contraction of an edge
together with the insertion of an edge in series or in parallel with an existing
edge.

The first result of (JVW relates evaluations in general with evaluation
along a curve.

(6.2.5) Theorem. If C is any closed class then the problem 7li (C) of deter-
mining the Tutte polynomial of members of C is polynomial time reducible
to the problem 7l2(Cj L) for any curve L, except when L is one ofthe hyper-
bolae defined by

Ha == (x - l)(y - 1) = a a i= 0,

or the degenerate hyperbolae

H~ == Hx,y) : x = Il

Hõ==Hx,y):y=l).

We call the hyperbolae Ha special hyperbolae nnd an immediate corollary
of the theorem is:

(6.2.6) Corollary. If L is a curve in the x, y plane which is not one of the
special hyperbolae, and 7li (C) is #P-hard then 7l¡ (C; L) is #P-hard.

Proof (sketch). Given a curve L and a class C we need to show that the

existence of a polynomial time algorithm for determining T(Gj L) for G E C
would lead to a polynomial time algorithm for determining the coeffcients
of T(G; x, y). To do this we use a "tensor product" of matroids introduced
by Brylawski (1980) to transform ME C to its tensor product MrSN, where
N is also chosen so as to make M rS N E C. In the case considered here
C wil be a closed class of graphic matroids but the argument is general.
The tensor product M EB N corresponds to "glueing" a copy of N to each
element of M. The relation

T(M rS N; x, y) = aT(M; X, Y)

with a an easily determined quantity and

X=((x-1)f+g)/f
(6.2.7)

Y=(J+(y-l)g)/g
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give the value of the Tutte polynomial of M at a succession of points in the
plane as N vaies.

The functions f, g depend on x, y, N and a paricular point d of N and
are given by the solutions to

(x - l)f + g = T(N\d; x, y)

f + (y - l)g = T(N/d; x, y).
Thus by suitably varying N we can obt.niii evnllll1tions of T(M; X, Y) at a
succession of points in the plane and then uHirig Lagrange interpolation we
can recover T everywhere. This method wil work for all curves L except
when L is one of the special hyperbolae; the reason for this being that
inspection of (6.2.7) shows that it transforms the special hyperbola Ha intoitself. 0

The second main theorem of (JVW rell1tes the complexity of determining
the Tutte polynomial along a curve with determining its value at a paricular

point on the curve.

(6.2.8) Theorem. The problem 7l3(C; a, b) of evaluating T(G; a, b) for mem-
bers G of C (a closed class) is polynomial time reducible to evaluating T
along the special hyperbola through (a, b) except when (a, b) is one of the
special points (1,1),(0,0),(-1,-1),(0,-1),(- 1,0),(i, -i), (-i, i) and (j,j2), (j2,j)

where i2 = -1 and j = e21fi/3.

In other words unless a point is one of these 9 special points evaluating
the Tutte polynomial at that point is no easier than evaluating it along the
special hyperbola through that point.

Proof (outline). The underlying idel1 is similar to that used in proving
Theorem (6.2.5). The transformations (6.2.7) are used to obtain the vaue
T(G;x,y) at a series of points along the hyperbola He, where c = (a-
1) (b - 1). Thus provided the transformation moves ( a, b) to enough points
of the curve we wil be able to recover the evaluation along the whole curve
by Lagrange interpolation. The reason why t.he Ilgument does not work
for the 9 special points listed in the statement of the theorem is that the
transformation switches them amongst themselves for all choices of N. 0

The full details of this proof are rather technical and we refer to (JVW.
As an ilustration of the applicabilty of these results we state without

proof the following theorem from (JVW.

(6.2.9) Theorem. The problem of evaluating the Tutte polynomial of
a graph at a point (a, b) is #P-hard except when (a, b) is on the special
hyperbola

Hi == (x - l)(y - 1) = 1
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or when (a, b) is one of the 9 special points (1,1),(-1,-1),(0,-1), (-I,O),(i, -i),
(-i,i), (j,j2) and (j2,j), where j = e2rrij:l. In each of these exceptional

cases the evaluation can be done in polynomial time.

The planar case

As far as planar graphs are concerned, there is a significant diference. The
technique developed using the Pfafan to solve the Ising and dimer problems
for the plane square lattice by Fisher (1966) and Kasteleyn (1961) can be
extended to give a polynomial time algorithm for the evaluation of the Thtte
polynomial of any planar graph along the special hyperbola

H2 == (x - 1)(y - 1) = 2.

Thus this hyperbola is also "easy" for planar graphs. However it is easy
to see that H3 cannot be easy for planar graphs since it contains the point
(-2,0) which counts the number of :J-colouriii¡.s IUld since deciding whether
a planar graph is 3-colourable is N P-hard, we know that this must be at
least N P-hard. However it does not seem easy to show that H4 is hard for
planar graphs. The decision problem is afer all trivial by the four colour
theorem. The fact that it is #P-hard is just part of the following extension
of Theorem (6.2.9) due to Vertigan (199 La).

(6.2.10) Theorem. The evaluation of thc Tiitte polynomial of a planar
graph at a point (a, b) is #P-hard except when

(a, b) E Hi U H2 U HI, 1), (-1, -1), (j,j2), (j2,jH

when it is computable in polynomial time.
More recently this has been further strengthened in the following result

of Vertigan and Welsh (1992)

(6.2.11) Theorem: The conclusion of Theorem (6.2.10) holds for the class
of biparite planar graphs.

This suggests the natural question of wliei.IiCl' by further restricting the
class of objects more points in the "Thtte plane" can have polynomial time
evauations. From the following result of Oxley and Welsh (1992) there is
not much room for manoeuvre since a special ca.'le of the main result of that
paper is:

(6.2.12) Theorem. The Thtte polynomial of l1 series parallel network can
be evaluated in polynomial time at any algebraic point (a, b) of the plane.

6.3 The complexity of knot polynomials
As we mentioned earlier the algorithmic question of deciding whether two
knots are ambient isotopic seems to be difcult. Reidemeister's theorem
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gives no bound on the number of (Rcidemcister) moves needed to decide
whether or not a given knot diagram on n crossings represents the unknot.
The known algorithms, S(''e Haken (19m) und IIcmion (1979), are not based
on Reidemeister moves but on more complicated topological operations. As
a result good knot invariants are extremely valuable as a means of separating
non-equivalent knots.

The first polynomial invariant, the Alexander polynomial has long been
of fundamental importance. It is easy to ohtain, being just the expansion
of a determinant. The later polynomials, such as the Homfy and 2-variable
Kaufman bracket polynomial whose discovery followed from that of the
Jones, are by their bivariate nature more time consuming than the Jones
to calculate and it was shown by Jaeger (1988b) and Thistlethwaite (1987)
that determining the Homfy polynomial of a knot was N P-hard. Both of
these polynomials contain the Jones polynomial as a I-variable specialisa-
tion, as do most of the other more recently discovered knot polynomials.

Accordingly it was an open question whether or not the Jones, a single
vaiable polynomial, was like the Alexander and computable in polynomial
time or had the same characteristic as its bivariate extensions and was com-
putationally hard. This is answered in the following theorem from Jaeger,

Vertigan and Welsh (1992).

(6.3.1) Theorem. Determining thc .JOIICH polynomial of an alternating
link is #P-hard.

Proof. From §5.2 we know that determining the Jones polynomial of
a link given an alternating link diagram D(L) representing L is Tuing
equivalent to determining the Thtte polynomial of its under lying graph G (L)
along the hyperbola xy = 1. Since xy = 1 is not a special hyperbola as
defined in Theorem (6.2.5), and since the set of underlying graphs associated
with alternating link diagrams is the set of all planar graphs, it shows that
determining the Jones polynomial is #P-hard. D

It is now natural to consider the evaluations of the Jones polynomial at
paricular values of the argument. In order to do this we recall that we
are operating in the class of planar graphs, and since the hyperbola xy = 1
intersects the set of "easy points" listed in Vertigan's Theorem (6.2.8) in
just eight points, we have

(6.3.2) Theorem. Evaluating the Jones polynomial VK(t) of an alternating
link at any point t is #P-hard except wheii t takes one of the eight special

values 1, -1, -j, -j2, i, -i,j,j2 when It, cim be evnluated in polynomial time.

Other knot polynomials
Both the Homfy polynomial P and the Kàuffman polynomial F contain
the Jones polynomial as specialisations, namely

(6.3.3) VK(t) = PK(L; it-i, i(C! - Ò)),



102 Complexity questions

and

(6.3.4) VK(t) = FK(L; ri, -(r l -I ti)).
Hence, they must be at least as hard to evaluate as the Jones polynomial.

This means that there is unlikely to be a positive answer to the question
raised by Lickorish and Milett (1988), namely can either the P or F poly-
nomial be determined in subexponential time? From Theorem 6.3.1, we
know that the answer to this is negative unless any problem in #P can be
done in subexponential time, and this is most unlikely.

Vertigan (1991b) has carried out a detailed analysis of the points at which
the Homfy and Kaufman polynomials have easy evaluations and obtained
results analogous to those obtained in Theorem 6.3.2 for the Jones polyno-
mial. In each case there is a finite collection of special curves and points
for which the evaluation is easy. These include the curve corresponding to
the Alexader polynomial and the easy points already found for the Jones.
Almost all have known interpretations in the knot theory literature, though
one slightly surprising feature is that in the case of the Kaufman polynomial
there is a curve which is easy for knots but #P-hard for links.

Vertigan's methods involve extremely intricate constructions and it is not
possible to do more than present the lUiUll,H liere.

(6.3.5) Theorem. Evaluating the Homfly polynomial peL; l, m) is #P_
hard at all points (l.m) unless L =:fi or m = :I(l + l-l) or

(l, m) E H:f1, :f1), (:f1, :fV2), (:féi1r/6, :f1)J

where all the :f signs are independent. In each of these cases P is polynomial
time computable.

(6.3.6) Theorem. Evauating the Kauffman polynomial F(L; w, z) is #P_
hard unless w = :fi or

(i) (w,z) = (_q::,q+ q-l) where ql6 = 1 or q24 = 1 but q #- :fij

(ii) (w,z) = (q::,q+q-l) where q8 = 1 or ql2 = 1 but q #- :fi;

(ii) (w, z) = (-q:!i, q + q-l) where q16 = 1 but q #- :fi;

or

or

or

(iv) (w, z) = :f(1, q + q-l) where q5 = 1.

In all these exceptional cases the polynomial is polynomial time computable.

What is paricularly interesting about these results is that, like the earlier
results in Theorem (6.3.2) about the Jones polynomial, all the points at
which the relevant polynomial is polynomial time computable, are points at
which knot theorists aleady had known interpretations.
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Subexponential knot invariants

We conclude this section with a brief discussion of what is, in theory, prac-
tical when discussing knot invariants.

First note, that provided one accepts that #P is unlikely to equal F P,
then it could be argued that the Alexander polynomial is better value as
a knot invariant than any of the link polynominls which contain the Jones
polynomial as a special case.

However, in a recent paper Przytycka and Pr:iytycki (1992) have come up
with the idea of using not the full Jones (or Homfly) polynomial as an invai-
ant, but parial invariants which are provably computable in subexponential
time.

For example, they show that the following is true.

(6.3.7) Theorem. If V1,(t) is the Jones polynomial of L derived from a
link diagram having m crossings then

VLCt)mod((t - 1r)

can be computed in time OemS).

Similarly, they show, that the following holds.

(6.3.8) If peL, a, z) and F(L; w, z) denote the Homfy (respectively Kauf-
man) polynomial of L derived from a diagram of m crossings then

peL; a, z)mod(z")

and
F(L; w, z)mod(zS)

can be computed in OemS) time.

We close this section by considering .a question which if answered nega-
tively would have profound consequences for the unknotting problem.

Recall first that the exact status in the computational complexity time
hierarchy of the following problem is far from clear.

THE UNKNOTTING PROBLEM
Instance: A link diagram Don n crossings.

Question: Is D the link diagram of the unknot?

Probably the most important algorithmic question about the Jones poly-
nomial is the following.

(6.3.9) Problem: Is there a nontrivial knot; K for which VK(t) = 1, other
than the unknot?
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If there were no such knot, we would have an algorithm for the unknotting
problem, namely just calculate the Jones polynomiaL. By the standards of
the existing algorithms this would be a major advance.

Note also that until this question is settled, none of the other knot poly-
nomials which specialise to the Jones can char8.terise the unknot.

Using the relation between the Jones polynomial of an alternating link L
and the Thtte polynomial of any associàted graph G (L) it is easy to prove:

(6.3.10) If L is an alternating link and VL(t) = 1 then L is the unknot.

Thus the unknotting problem for alternating links is clearly contained in
exponential time.

However there is stil a problem; suppose L Is presented as a nonalternat-
ing link diagram. If we calculate VL(t) and find VL(t) f= 1 then L is not the
unknot; however if VL(t) = 1 we are faced with two possibilties, either Lis
the unknot or L is a nonalternating knot with the same Jones polynomial
as the unknot.

This prompts the following algorithmic qiicstion

(6.3.11) Problem: What is the statiis in the complexity hierarchy of the
following question?

ALTERNATING KNOT
Instance: A link diagram D.

Question: Is D the link diagram of an alternating knot?

Clearly from what has gone before, we have

(6.3.12) UNKNOTTING ex ALTERNATING,

but it seems dilcult to say much more.

6.4 The complexity of the Ising model
We turn first to the case of the Ising partition function. It turns out that
there is a surprising dichotomy which hinges on the structure of the under-
lying graph or lattice.

(6.4.1) Theorem. Computing thc Ising purtition function for a general
graph is #P-hard even in the ferromagnetic case where each interaction

energy .Ie = +1, and there is no external magnetic field.

This follows from Theorem 6.2.9 because the Ising partition function is
an evaluation of the Thtte polynomial along the hyperbola H2. However we
wil give a direct proof due to Jerrum and Sinclair (1990) as it highlights a
useful method;
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Proof. We know from §4.3 that we ca.n express Z in the form

lEI
Z = L b(k)ßCIEI-2k)

k=O

where b(k) is the number of cuts of sb',e k. Hence

Z = 2ßll~lp(4-ß)

where
lEI

p(x) = L b(k)xk.
k=O

Suppose the value of p is known at points ß = 0,1,2, ..., lEI; that is at
the points x = 1,4-1,4-2, ..., 4-IEI. Then using Lagrange interpolation we
could recover the coeffcients b(k) in polynomial time. ¡Note: using Newton's
formula this process can be carried out using only rational arithmetic and
the numerators and denominators remain polynomially bounded.) But the

leading coeffcient in p is twice the number of mii.imum cut-sets in G. Anddetermining this is #P-hard. D
However, in what is probably the most diffcult of the known polynomial

time counting algorithms, Kasteleyn (1967) proved the following theorem.

(6.4.2) Theorem. There is a polynorriial time algorithm which wil de-
termine the Ising parition function of any planur graph when there is no

external field.

Because of its importance and widespread application, there is a large
literature on this algorithm. It is not easy; a very good treatment may be
found in Lovász-Plummer (1986 Chapter 6) and it would be pointless to
repeat this here.

Computing ground states of spin systems
A ground state of any spin system is a state of minimum energy. Since the
energy of a state a is

H(a) = -'E.Jijaiaj - 'EMai,

it is easy to see that the following is true.

(6.4.3) When M = 0 and .Iij :2 0, findin¡! u ground state is equivalent to
finding an edge cut of maxmum weight, and this is a known NP- hard
problem.
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When G is planar an edge cut in G maps into an Eulerian subgraph in
the dual planar graph G*. This brings us to the following question.

The Chinese postman problem is that of finding the minimum number of
edges to double in a graph G in order to make it Eulerian. It can be solved
in polynomial time, see Edmonds and .Iohmion (1973).

An easy observation is that if q( G) IH t.ho mllilliuII number of edges which
have to be doubled in G in order to miike G Eulerian, then q( G) equals the
minimum number of edges which need to be deleted from G in order to
make it Eulerian. Moreover if E' c E( G) is the set of edges of G which are
doubled in an optimal Chinese postman tour, then the removal of E' from
G gives a maxmum cardinality Eulerian imbgraph of G. This shows that
finding a maximum cardinality Eulerian suligraph of a graph can be done
in polynomial time.

In other words:

(6.4.4) For the ferromagnetic Ising model on a planar graph with zero
external field the ground state can be found in polynomial time.

Tuning now to the antiferromagnetic case, it is clear from (6.4.3) that
the following holds.

(6.4.5) When there is no external magnetic field and Jij :: 0, then deter-
mining the ground state is the problem of finding a cut of minimum
weight.

But by the max flow mincut theorem, this Is well known to be in P for
all graphs, not just for planar graphs.

We summarise all these observations in the following theorem.

(6.4.6) Theorem. 
When there is no magnetic field, finding a groundstate

in the antiferromagnetie case is in P but III the ferromagnetic case the

problem is N P-hard for general graphs but is in P for planar graphs.

We now turn to the case where there is an external field.
Firiding the ground state of a planar Ising model in a non-zero magnetic

field is clearly at least as hard as the following problem:

Instance: Planar graph G = (V, E).
Output: Minimum value of

L (Ti(Tj + L (Ti
(i,j)EE iE V

where (Ti E f -1,1) for each i E V.

This corresponds to planar spin glllSH wit.h ii.l its interactions antiferro-
magnetic (Jij = -1 for all (i, j E E)) and a magnetic field F = 1.
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We follow Barahona (1982) and reduce this to the following N P-hard
problem.

Instance: Planar graph G, regular of degree 3.
Output: Maxmum cardinality of a stable set.

(6.4.7) Theorem. If there is an external magnetic field, determining the
ground state is NP-hard even in the planar case and where all J = -1.

Proof: Let G = (V, E) be the cubic planar input.
Associate a variable Xi E fO, 1) to eaeh vertex i E V. There is a stable set

of cardinality k if there is an asslgnrrmit. of values f Xi : i E V) satisfying

L = LXi - L XiXj ~ k.
iEV (i,j)EE

Setting (Ti = 2Xi - 1 we obtain

L = (-~ L (Ti - ~ L (Ti(Tj) + IVI 18.4 iEV 4 (i,j)ELJ

Hence there exists a stable set of cardinality k in G if there is an assignment
f(Ti) such that H:: (IVI 12) - 4k. 0
6.5 Reliabilty and other computations

Of the various complexity questions associated with counting those concern-
ing reliabilty were among the first to be considered, see in paricular Ball
(1977), Valiant (1979a), Jerrum (1981) and Ball and Provan (1983).

The original proofs of hardness were based on Lagrange interpolation
methods. However, in view of the fuel. (Hoe fi3.4) that we can represent
the all terminal reliabilty in terms of the 'l'il.t.e polynomial evaluated along
X = 1, we have immediately from Theorem 6.2.11 the result:

(6.5.1) Determining the all terminal reliabilty of a graph is #P-hard even
if it is biparite and planar.

A closely related quantity is the two terminal reliability R(G; s, tiP) which
represents the probabilty that under the same conditions, two specifed

vertices s and t are connected in G. This was shown to be #P-complete for
general graphs by Valiant (1979a), a stronger result due to Provan (1986)
is:

(6.5.2) Determining the two terminal reliabilty of a planar graph of max-
imum degree 3 is #P-hard.
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An interesting result of Provan and nall (1983) concerns the difculty
of finding approximations to the two terminal reliabilty and is stated as
follows.

Given a .: 1, 0 :: P :: 1, find a number r such that
rar': R(G; s, tiP) .: -.a

They show that finding such an r is #P-hard.
We return to questions of approximation and in paricular to approxi-

mating reliabilty in §8.
Another result of Provan (1986), highlights how diffcult reliabilty calcu-

lations can be. It concerns reliabilty in directed networks.

(6.5.3) Theorem. Computing the source-sink reliabilty even in acyclic
directed planar graphs of maxmum degree three is #P-hard.

It is clear that the computational problems involved in carrying out perco-
lation calculations are of very much the HlUn/1 nn.ture as those for reliabilty.
The main diferences are that in percolation one tends to be more concerned
with regular lattices.

For general graphs, it follows immediately from our earlier Theorem 6.2.11
that almost every computation concerned with the random cluster model is
likely to be hard. To see this, note that. since the partition function Z(p, Q)
of the random cluster model is a specialisation of the Thtte polynomial along
the hyperbola HQ == (x - 1)(y - 1) = q, we have as a corollary of (6.2.11):

(6.5.4) Unless Q = 1 or 2, determining the partition function Z(p, Q) is
#P-hard even in the biparite planar case.

A consequence of this, observed by Annan (1993), is the following state-
ment.

(6.5.5) In the random cluster model with Q =1 1, even determining the
probabilty that an edge is open is #P-hard.

Other consquences of Theorem 6.2.11 and of some of the specialisations
listed in §3.7 are the following statement.s.

(6.5.6) For bipartite planar graphs t.he problem of counting each of the
following is #P-hard: a) forests b) acyclic orientations c) k-colourings for
k 2: 3.

(6.5.7) Determining the weight enumerator of a linear code is #P-hard.

(6.5.8) Counting the number of regions into which hyperplanes divide Rn
is #P-hard.

Many other such results follow from applying Theorem 6.2.11 to the va-
ious other interpretations of T to be found in Brylawski and Oxley (1992).
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6.6 Additional notes

Hemion (1992) gives an up-to-date account of t.he knot classifcation prob-
lem. Tables of knot polynomials of primn knots lip to 10 crossings can be
found in Jones (1987). An example whldi would show that the Jones poly-
nomial does not characterise the unknot wil have at least 14 crossings. The
complexity of questions such as 6.3.11 are considered in Welsh (1992b).

An interesting collection of #P-complete problems is given by Linial
(1986) and a rich source of information on algorithmic questions in this
area is Lovász and Plummer (1986).

Complexity questions from statistical physics are considered in Jerrum
(1987) and Welsh (1990). For more on the complexity of 

reliabilty questions
see Colbourne (1987). An entirely different approach to the "complexity of
a knot" may be found in Soteros, Sumners and Whittington (1992).
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7.1 Unique solutions

Deciding whether or not a problem hils It lJlllqlW solution, such as whether a

graph has a unique Hamilton circuit, might sC'em to be easier than deciding
whether there is any solution, This does not seem to be the case and

questions concerning uniqueness are among the most subtle in complexity
theory. The two main complexity classes, US and UP, which are associated
with uniqueness questions have a status In the complexity hierarchy which

is far from clear, even though they have bc'Cn well established now for about
10 years, The more interesting cla.'ls, UP, has intimate connections with the
existence of one-way functions and hence with cryptography, however as we
shall see, it is almost totally devoid of known natural members,

Blass and Gurevich (1982) introduced the following class of languages
which they called UNIQUE SOLUTION, abbreviated to US, It is defined
as follows:

(7.1.1) L E US ~ :3 a polynomially bounded polynomial time relation
R : ~* x ~* -- iO,1/ such that x E L ~ :3 unique y satisfying

R(x, y),

In other words;

(7.1.2) L E US ~ :3 a polynomial-time ndtm M such that x E L if and
only if M, on input x, has exactly one accepting computation path.

For example consider the problem:

UNIQUE-SAT
Instance: Boolean formula F in conjunctive normal form.
Answer: "Yes" if F has exactly one satisfying a.'lsignment.

Now recall the fundamental NP-complete problem TM-COMP defined
in (1.3), Since the reduction T M-COM P ex SAT given by Cook is parsimo-
nious, it follows immediately that US has complete members and moreover:

(7.1.3) UNIQUE-SAT is complete for US.

Proof: Take the relation R(x, y) to be "x is a Boolean formula and y is
a truth assignment satisfying it". 0
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Similarly we see that if A is any N P complete language and UNIQUE-A
is the associated uniqueness question, then if there exists a parsimonious
reduction between A and SAT, then the corresponding uniqueness question
is complete for US, Thus for example:

(7.1.4) UNIQUE HAMILTONIAN is complete for US,

(7.1.5) For k 2: 3, UNIQUE k-COLOURABILITYis complete for US.

A fundamental observation is the following due to Blass and Gurevich
(1982),

(7.1.6) Proposition UNIQUE-SAT is NP hard,

Proof: Let E = E(xi,..., xn) ue a Boolean expression in conjunctive

normal form Ci Â , , . A Cm.
Define l(E) as follows:

If E(I, 1, .", 1) = 1 then define l(E) to be any non-satisfiable expression.
If E(I, 1, ..., 1) = 0 introduce a new variaule y and set

l(E) = (Ci V y) Â (C2 V y) A.., Â (Cm V 71) Â (Xi V y) A... A (xn V y).

l(E) has a solution Xi = 1, X2 = 1, .." XN = 1, Y = 1 and this is the only

possible solution with y = 1. Hence, # isolutions of l(En = #isolutions
of EÌ + 1, since any solution x of E gives a solution (x,O) of l(E), and
conversely any solution (x, 0) of l(E) gives rise to a solution of E.

Thus E is not satisfiable if l(E) is uniquely satisfiable, 0

Now let us consider the place of US in the complexity hierarchy, First,
note that it is easy to modify the last proof to get:

(7.1.7) co-NP ç US.

Proof: Let L E co-N p, Then x c T, -r':O x has no solution. Let g be
a reduction of ~*\L to SAT so tha.t :1: E )~*\L ~ g(x) is satisfiable. Now
consider the function l defined in the proof of (7,1.6): g(x) is a Boolean
expression and is not satisfiable if and only if l(g(x)) is uniquely satisfiable,
Since x -- l(g(x)) is polynomially bounded, this shows that L E US. 0

The difference class DP
Next we compare US with the class DP introduced in Papadimitriou and
Yannakis (1984), DP is an abbreviation for DIFP and is defined by

DIFP = iLi\L2: Li,L2 E NPÌ
= iLi n L2: Li E NP, L2 E co-NPÌ.

Example: UNIQUE-SAT E DP.
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Proof: Take Li = rx : x is a Doulel1l1 l(ll'llull1 with at least i distinct
satisfying assignmentsJ, For each fixed i, Li E NP, and UNIQUE-SAT= Li n (~*\L2)' 0

A modifcation of this idea shows

(7.1.8) US ç DP.

The 'obvious' complete problem for DP is:

SAT- UNSAT
Instance: Two formulae Ei, E2 in conjunctive normal form.
Question: Is Ei satisfiable and E2 not satisfiable?

Equivalently, take any NP-complete language such as 3-COLOURABIL-
ITYand define the following problem:

3-COLOURABILITY - NON 3-COLOURAnILITY
Instance: Two graphs G, H,
Question: Is G 3-colourable and H not 3-colourable?

This, and any similarly defined problem is complete for DP,

Other problems known to be in f)Ji Hlid /lot, t,liought to be in N Pare:

EXACT CLIQUE
Input: Graph G and integer k,
Question: Is the maximum clique in G of si7,e exactly k?

CRITICAL NONHAMILTONIAN
Input: Graph G,
Question: Is every single edge extension of G Hamiltonian?

An intriguing question is the following:

(7.1.9) Open Problem, Is NP ç US?
In other words;

(7.1.10) If LEN P, does there exist a polynomial time nondeterministic
machine M such that

x E L ~ accM(x) = 1?

This seems unlikely, as do the equivalences shown in the following propo-
sition,

(7.1.11) Proposition. The following statements are equivalent

(a) NP ç US
(b) US = DP
(c) UNIQUE-SAT is complete for DP.

The proof is easy,
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7.2 Unambiguous machines and one-way functions
A nondeterministic Turing machine is unambiguous if no input has more
than one accepting computation,

UP is the class of languages which are accepted by unambiguous ndtms
which are polynomial time bounded, Clearly every deterministic machine
is unambiguous and thus an immedil1t.e COIlHClliience is:

(7.2.1) P ç UP ç NP,

The importance of UP is due to the following theorem which relates it
with functions which are easy to compute but hard to invert, the so called
one-way functions,

(7.2.2) Theorem. One-way functions exist if and only if P ¡. UP,

Loosely speaking, I is one-way if it is computable in polynomial time but
it is difcult to solve equations of type I(x) = y for given values of y. This
may be for the rather trivial reason that ixl is very much larger than IYI,
Thus we are led to the notion of defining I as honest if there is a polynomial
q such that for all y E range (I) there exists x E dam (I) such that I(x) = y
and ixl :: q(lyl).

A function I is said to be one-way if it is computable in polynomial time,
is one-one, is honest and i-i is not computable in polynomial time,

The relation between UP and US iH HubUe. UP is the class of problems

(languages) for which there exists .wnne N P-machine on which they have
unique witnesses, That is L E UP if there exists a polynomial time ndtm
M accepting L and for all inputs x, accM(x) :: 1. Hemachandra (1987)

calls these machines categorical.
Consider for example, the following problem:

DISCRETE LOGARITHM
Instance: A prime integer p, a primitive root a modulo p, and an integer y,
0.: y ':p.
Output: The discrete logarithm of y with respect to p and a. That is, the
unique integer x, 0 :: x .: p, such that aX = y mod p,

As presented, DISCRETE LOGARITHM is not a recognition problem
and cannot possibly be a candidate for UP, However if we extend the
notion of UP to include functions, so that FU P denotes the class of parial

functions computable by polynomial time unambiguous Tuing machines, it
becomes a likely candidate for membership of FU P\F p, This is because
in a cryptographic context it is regarded a.'î one of the stronger problems on
which to base a cryptosystem, see for example Welsh (1988).

As pointed out by Johnson (l!JHf)), tlilH problem is almost in the class
FUP. However, as it stands, the domain of the function is improper. There
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is no known method of "uniquely verifying" either that p is prime or that
a is primitive mod p, However Johnson (1990) claims that the following is
an example of a function belonging to FUP and not known to be in FP.

A UGMENTED DISCRETE LOGARITHM
Input: p, a, y as above, together with short proofs that p is prime and that .'
a is primitive mod p,
Output: The discrete logarithm of y with respect to p and a,

By the result of Pratt (1975) there exist succinct certificates for primality,
and Pratt's techniques also enable one to verify primitivity in polynomial

time, Thus, we know that the augmpnt(~d vprsion above belongs to FU P,

However, showing it did not belong to PP would Hhow N P =l P.

7.3 The Valiant- Vazirani theorem
The following result of Valiant and Va7irani (1986) is probably the most
important result in the theory of uniqueness,

(7.3.1) Theorem Let A be any NP-complete problem to which SATISFI_
ABILITYis parsimoniously reducible. Let #A(x) denote the number
of solutions to instance x, For each Boolean predicate Q, define the
problem U AQ by

f 0 if #A(x) = 0

UAQ(x) = 1 if #A(x) = 1
Q(x) if #A(x)? 1.

If UAQ E RP for any Q, then NP = RP.

The theorem can be better appreciated when Rtated more loosely in the
following form.

(7.3.2) Theorem. Suppose 
that A is parsimoniously 

reducible to SAT, andthat there exists a polynomial time algorithm which On all instances of A
having 0 or 1 solutions give the correct answer, but is completely arbitrary
on all other inputs, Then N P = RP,

First we briefly review the notion of It randomised reduction, We say that
a problem A is reducible to B by a randomised polynomial-time reduction if
there exists a probabilistic (coin flipping) polynomial time Turing machine
T and a polynomial p such that Vx E E.,

(i) if x (j A then T(x) (j B

(ii) if x E A then T(x) E B with probabilty at least P(I~/)'

., - ,',., ',""~t',,~,; '0'';' ','~
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Not~, The s~andard defini~ion is to requi,r? 1/2 instead of l/pOxD in (ii)
but it is a straightforward piece of probability to see that (ii) as given is
sufcient,

It is easy to prove the following:

(7.3.3) Proposition. If A is reducible to ß by It randomised polynomial
time reduction and BE RP then A E RP,

(7.3.4) Corollary. If an N P complete problem A is reducible to B by a
randomised polynomial time reduction and B E RP then NP = RP,

Proof of the Valiant- Vazirani theorem,
We wil regard truth assignments to the variables Xi, .." Xm as vectors

from the vector space F2", For u, v E F2" we denote by u. v their inner
product over F2.

First we observe:

(7.3.5) Lemma. If I is a CNF formula in Xi, "" Xm and Wi, ..., Wk E (F2)m

then one can construct in linear time a formula It. whose solutions v satisfy
E and also the k equations

V,Wi = V,W2 =". = V.Wk = 0,

Fuhermore, one can construct a polynomial-size C N F formula Ik in vai-
ables Xi, .", Xm, Yi, "., Ym' for some m' such that there is a bijection between
solutions of Ik and It., defined by equality on the Xi, "" Xm values.

Proof. It is clearly suffcient to prove the lemma for k = 1. Then

f' == Ii A (Xii EB Xi2 EB, , . ED Xij EB 1),

where EB is exclusive-or, and ii, i2, .", ij are the indices of those Xi that have
the value 1 in w, Also Ii is the CNF equivaent of the formula

I A (Yi ~ Xii EB Xi2) A (Y2 +- Yl EB Xi3) A , , .

1\.,, A (Yj-l ~ Yj-2 EB Xij) 1\ (Yj-i EB 1), 0

The key to the proof of the main theorem is the following idea,
Let 8 be an arbitrary non empty subset of ~O, lln, Let Wi, "., Wn be

independently chosen random vectoni froll f 0, 1) n,
Let

Hi = ~w: V,Wi = 0)

Define the nested sequence 80 :J 81 :Jso that Hi is a hyperplane in F:i.
S2 ' . , ;2 8n by,

80 = 8, 81 = 80 n Hi,

Then the claim is the following:

82 = 81 n H2,."
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(7.3.6) Lemma. The probabilty that for some i, IS;I = 1, is at least 1/2,

There exist several purely combinatorial proofs of this, Two, due to M,
Jerrum and M, Rabin may be found in the paper of Valiant and Vazirani.

So how do we use this randomised reduction from SAT to USATQ?
We suppose A is our algorithm which works for instances of USATQ.
Suppose we are given an instance f of SATin variables Xi,...,Xm, Our

aim is to construct a new instance g such that:

(i) if I is satisfiable then there is a "reasonable probabilty" that g has
exactly one satisfying assignment,

(ii) if I is non-satisfiable then g is not satisfiable.

We now use these lemmas to prove Theorem 7.3,1. Given an instance I
of SAT, in variables Xi, ...,xm, randomly choose k from p, ..., mJ, randomly
choose k vectors WI, .." Wk E to, 11m and construct Ik as above, Then from

(7,3,6) it is easy to prove:

(7.3.7) PrUk is satisfiable I I is satisfiablel ~ 1/2 m,

Also since Ik is not satisfiable if I is not, we have the required randomisedreduction. 0
We now show some applications of the above ideas,
It is natural to conceive of situations where, in building an algorithm, a

major par of the difculty is deciding what to do when confronted with

choice, This line of thought might suggest that for problem instances which
are guaranteed to have exactly one solution there might be fast algorithms
for finding that solution, even though the general problem remains hard,
Steepest descent and greey algorithms are two common techniques in op-
timisation which come to mind and have this flavour. However this does
not seem to be the general situation 118 we now ilustrate.

Suppose that A is a polynomial time algorithm which given as input a
uniquely 3-colourable graph wil find its 3-colouring,

We define the function U A as follows, For any input x, apply A and

if it produces an 3-colouring check that it is correct, clearly this checking
process can be done in polynomial time, Define

U A( ) = r 0 if A(x) does not produce a 3-colouringx 1. 1 if A(x) produces a correct 3- colouring,

Then U A(x) satisfies the conditions of the Valiant- Vazirani theorem, Since
by Berman and Hartmanis (1977), 3-COLOURING is parsimoniously re-
ducible to SAT we have proved:

(7.3.8) If there exists a polynomial time algorithm which wil find a 3-
colouring of a uniquely 3-colourable graph then N P = RP,
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Now the role of 3-colouring in the above argument is one of motivation,
The argument clearly extends to more general situations and proves the
following useful result,

(7.3.9) Theorem. For any N P language which is parsimoniously reducible
to SAT, finding a solution, even for those inputs which are guaranteed to
have exactly one solution, can be done in polynomial time only if N P = RP.

Since this is regarded as most unlikely, what we are saying is that knowing
there is exatly one solution is not much help,

7.4 Hard counting problems not parsimonious with SAT

Recall that a parsimonious transformation between a problem X and a
problem Y is a polynomial time transformation I such that if #(X, x) is the
number of solutions of problem X with input x, then #(X, x) = #(Y, I(x)).

It appears to be the case that parsimonious transformations can be found
between most of the "classical" NP-complete problems, However, there
can be no hope of a general result of this nature, since as we now show there
is also a plethora of NP-complete problems between which no parsimonious
transformations can exist,

Consider first the following, somewhat arifcial, example,

DOUBLE-SAT
Instance: Boolean formula F in conjunctive normal form with an additional
clause of the form ty v:il where y is a vaiable which does not appear in
any other clause.
Question: Is F satisfiable?

It is easy to see that DOUBLE-SAT is NP-complete, since it is trivially
in NP and obviously SAT reduces to it. However, because of the additional
clause, we see that for any instance F, of DOUBLE-SAT, the number of
satisfying instances is even. But since SAT itself can have instances with
an odd number of satisfying assignments, we have shown:

(7.4.1) DOUBLE-SAT is an NP-complete problem which is not parsimo-
niously reducible to SAT.

Nevertheless, despite the absence of a parsimonious transformation we
see:

(7.4.2) Counting solutions to DOUBLE-SAT is #P-complete.

Proof: Given any instance X of SAT we may transform X to Ø(X) by

Ø(X) = X A ty v:il
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where y is not one of the variables of X. Now obAcrve that Ø(X) is a valid
input to DOUBLE-SAT and Ø(X) has exactly twice the number of solutions
a. X, so that #DOUBLE-SAT is #P-hard, But #DOUBLE-SAT clearly
belongs to #P so it must be #P-complete. 0

A more natural problem which is NP-complete but for which the natural
witness set is not parsimoniously transformable to SAT is the following

CHROMATIC INDEX
Instance: A k-regular graph G,
Question: Does there exist a k-colouring of the edge set such that no two
incident edges are the same colour?

The 'natural witness' of such a k-colouring is a partition (Ei, ..., Ek) of
the edge set such that for each i, no two members of Ei share a common
vertex,

Holyer (1981) proved that when k = 3 this problem is NP-complete and
Leven and Gali (1983) showed that this result holds for general k, How-
ever a. pointed out in Edwards and Welsh (198~~), the a.sociated counting
problem cannot be parsimoniously transformable to SAT, The rea.on for
this is that the following problem is in p,

UNIQUE EDGE COLOURING
Instance: A k-regular graph G (k ~ 4),
Question: Does G have a unique edge colouring?

There is a linear time algorithm for this problem because of the following

theorem of Thoma.on (1978) which states that for k ~ 4, the only graphs
which have a unique edge colouring are the stars Ki,k'

Hence, if there were a parsimonious transformation from SAT to CHRO-
MATIC INDEX we could use this to obtain a polynomial time algorithm
for UNIQUE-SAT, Thus we would have shown that a complete problem for
US wa. in P and would have shown N P = p, To sum up:

(7.4.3) There is no parsimonious transformation from SAT to CHRO-
MATIC INDEX unless N P = p,

7.5 The curiosity of parity
There is no obvious relationship between the diffculty of counting the mem-
bers of a set and determining its parity, other than the obvious remark, that
if it is ea.y to count then it is ea."ìY to decide pmlty,

This is typified by the following statements.

(7.5.1) There is no known subexponential time algorithm which wil decide
whether the number of Hamilton circuits of a graph is even or odd,

(7.5.2) Although computing permanent is #P-hard there is a polynomial
time algorithm which wil decide whether it is even or odd,

1.5 The curiosity of parity
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The study of the complexity of questions concerning parity originated in
the paper of Papadimitriou and Zachas (1983), and ha. had great impetus
in the la.t few years due to the striking results of Toda (1989) which shows
that a parity oracle together with randomness is extremely Powerful and
at lea.t as strong as any problem in the polynomial hierarchy. '

P ARITY- P, denoted æp, is the class of languages L such that there exists
a polynomial time ndtm M with the prupel'ty that

x E L ~ acc (M,x) is odd,

As a class of languages, æP seems diffcult to analyse, It is not difcult

to show:

I,.

~;

(7.5,3) L E æP ~ E*\L E æP.

Proof: By definition there exists a relation R such that

x E L ~ I-£y: R(x,y) = 1)1 is odd,

Consider the relation R defined by

f 1 if R(x, y) = 0R(x,y) = L 0 if R(x,y) = 1.

Then /-£y: R(x,u) = 1)/ = 2p(x) -I1Y: R(x,y) = 1)1 for some polynomialp
and this proves (7.5.4),

Alternatively, and this may be easier to visualisej L E æP if and only if
there exists a polynomial time ndtm M accepting L in which the number
of accepting leaves is odd. Change M to M so that M accepts if M doesn't
and count the number of accepting configurations of lV, 0

Since UP is the class of languages accepted by polynomial time ndtms
with exactly one accepting computation it is trivial that UP ç ffP. There
is however a stronger result which relates UP to the slightly strange class
of languages, Few P, introduced by Allender (1985).

Few P is a natural generalisation of UP and consists of all languages
recognised by polynomial time ndtms for which the number of accepting
computations is bounded by a fixed polynomial in the size of the input.

Again, almost by definition, we have

(7,5.4) UP ç FewP ç NP.

We can now prove a recent theorem of Cai and Hemachandra (1989). Its
proof is elegant and gives a good insight into the character of æP.

(7.5.5) Theorem. Few P ç æp,
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Proof: Let M be a ndtm which witnesses that A E Few p,

definition, there exists a polynomial p, such that for all x,

A = L(M) and accM(x) ~ p(lxl),

Construct M', another ndtm as follows:
input x;
guess an integer k: 1 ~ k ~ p(lxl);
guess a sequence Y1, ...,Yk of computation paths for M on x such that

Y1 -( , , . -( Yk in the obvious lexicographic ordering,
In M on x with path Yi is accepting for all i, 1 ~ i ~ k, then M' halts

accepting, Else M' rejects,
Thus M' has zero accepting configllrntionA if :r rt A, but if x E A, then if

M on x has m accepting computations thcn M' has

f ( m ) = 2m - 1
k=l k

accepting computations, which is an odd number. Also since m ~ p(lxl),
M' works in polynomial time, Hence A E (JP. 0

The relationship of tIP to N P is not clear. However like N P and #P,
tIP has complete members, and the proof of this parallels our earlier proof
that #P has complete members.

To see this, define tI SAT to consist of those conjunctive normal forms
which have an odd number of satisfying assignments,

(7.5.6) PARITY-P has a complete language tI SAT, and also the par-
ity version of any NP-complete language which is parsimoniously re-
ducible to SAT,

Proof: Consider the generic problem TM-COMP. Let tI TM-COMP con-
sist of those instances with an odd number of accepting computations, Par-
simonious reductions clearly preserve parity. 0

Another way of thinking about NP, coNP and tIP is as follows.
Suppose that we regard ndtms as ordinary (deterministic) Tuing ma-

chines with an additional "free gate" fVi,
Counting machines, can be regarded as extended Turing machines with

domain the natural numbers and f + i,
Co-nondeterministic machines arc Turing machines with an additional

free gate f!\ i '
In a similar spirit, Parity machines have an additional gate .¡ tI).
All these machines accept if the final state is 1.
Goldschlager and Parberry (1986) study tIP in connection with circuit

complexity and asked the following question which remains unanswered,

(7.5.7) Problem. Does NPn coNP n tI P = P?
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Goldschlager and Parberry also ask whether there exists a "natural prob-
lem" which is tIP-complete? By implication, tISAT is not regarded as

natural and the real question here must be whether there exists a prob-
lem which is complete for tIP but which is not the parity version of some

standard NP-complete problem,

Arithmetic mod k
The Valiant- Vazirani theorem about unique solutions can also be exploited
to deal with counting mod k. The argument is very similar; suppose that
Ak is an algorithm which, given a Boolean formulae f, answers as follows:

if #f = Omodk,
if #f = Imodk,

otherwise,
A'CIl ~ t Q11l

Then Ak wil certainly answer correctly for those instances of SAT in
which there are exactly zero or 1 satisfying assignments, Hence by Theorem
7,3.1 we have proved:

(7.5.8) If A is any NP-complete lungungc pllHiinoniously reducible to SAT
then deciding whether #A(x) = 0 or 1 mod k is NP hard unless
RP= NP.

However it is not only N P-hard problems which give rise to hard parity
problems, as we now show,

(7.5.9) If there exists a polynomial time algorithm for computing perma-
nent mod k for any k which is not a power of 2, then N P = RP,

Proof, In his proof that computing the permanent is #P hard, Valiant
(1979b) gives a transformation from a SAT formula f to a (0, 

I)-matrix
B such that perm(B) = #SAT(f).4t where t = t(f) is polynomial-time
computable, Thus provided k is not a power of 2; #SAT(f) = 0 mod k *?
perm B = 0 mod k.

Thus, suppose A is a polynomial time algorithm for permanent mod k,
Then we could use the above transformation combined with A to give a

randomised polynomial time algorithm which answered correctly for all in-
stances of SAT having exactly zero or one solution, But by Theorem 7.3.1,this would imply NP = RP, D.
This is an exaple of a transformation which is not parsimonious but

it is weakly parsimonious in the sense of Johnson (1990), A reduction f
between problems A, B is called weakly parsimonious if f maps instances of
A to instances of B in such a way that if x is any input of A, the problem
of computing #(A, x) given #(B, f(x)) can be done in polynomial time,

What makes parity questions diffcult to analyse is that there are a sur-
prisingly large number of questions where although exact counting is #P-
hard, determining the parity is easy, that is polynomial time computable,
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A large class of such examples follows from the fact that although Tutte

invariants are, apart from the special points, #P-hard to evaluate, their
parity is easy to decide, More precisely we can prove the following result.

(7.5.10) Theorem. For integers a, band G any graph, the parity of
T(G; a, b) can be calculated in pulynuiilii1 t.rne,

Proof, Consider the representation

T(G;a,b) = LtijailJ,

where from (3.2,9) we know that the tij are nonnegative integers. Then it
is an easy exercise to check that if al = a (mod 2) and bl = b (mod 2) then

(7,5,11) T(G; a, b) mod 2 = T(G; a', bl) mod 2,

But depending on whether (a', bl) equals (1,1) (1,0) or (0,1) the right hand
side of (7,5,11) is given by T(G; a", b") where (a", b") equals (1,1),(- 1,0) and
(0,-1), But at each of these points T can be evaluated exactly in polynomialtime. 0
7.6 Toda's theorem on parity

We now turn to a major result linking ffP with other more well known
complexity classes. Loosely speaking it says that an oracle which wil decide
parity combined with an oracle which will produce random bits is at least
as powerful as an oracle for anything belonging to the polynomial hierarchy,

In order to state the result precisely we need to introduce the following
operators ff and BP.

(7.6.1) Definition. For any class C of sets CD.C is the class of sets L such
that for some set A E C, some polynomial p, and all x E L*,

x E L ~ Ifw E fO, 1Y(lxl) : x#w E A)I is odd,

Here x#w denotes the string x E L* separated from the string w E L* by
the special symbol #,

Thus for example L E (f.P iff there exists some p-relation R such that

x E L ~ Ify: R(x,yHI is odd.

It is therefore clear that,

(7,6.2) CD .r = CDP,

and we can therefore use both definitions of PARITY-P interchangeably,
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(7.6.3) Definition, For any class C of sets, BP.C is the class of sets L
such that for some set A E C, some polynomial p, some E ? 0, and all
x E L*,

t..I....1
I' ~
II

1
x E L =? Prtw E to, 1Y(lxl) : x#w E A) ~ '2 + E

1
x fl L =? Prtw E to, 1Y(lxl) : x#w E A) :S '2 - E,

Again it is fairly obvious that the operator BP applied to P gives the more
familar class BP P of randomised algorithm theory,

Toda's theorem is the following striking result,

(7.6.4) Theorem. The polynomial hierarchy PH is contained in the class
BP. (f p,

As an exercise in assessing the worth of this theorem, consider the ques-
tion of how to use a ffP oracle, but no randomness, to settle an N P-

complete problem, It is by no means clear that this can be done, However,
with the help of a source of randomness it, and a lot more, can be done,

7.7 Additional notes

A very good survey of problems connected with questions of uniqueness
is given by Johnson (1990), Grollmann and Selman (1984) point out the
relation between one way functions and cryptography, A recent survey is
Selman (1992). The survey of Schöning (1990) is an invaluable source for
structural questions.

Theorem 7,5.10 gives many examples of hard counting problems whose
parity version is easy. However Annan (1993) has shown that computing
Tutte invariants mod p for p # 2 can be N P hard or in F p,

For further results related to Toda's theorem (7.6.4) see Beigel (1990),

Beigel, Gil and Hertrampf (1990), Tarui (1991) and Toda and Ogiwara
(1992),

I
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8.1 Metropolis methods

Two classical applications of Monte Carlo methods are the evaluation of
high dimensional integrals and sampling the state space of a Markov chain,
using the so called "Metropolis method" .

Here we shall be concerned with both of these problems, and more par-
ticularly with questions of rates of convergence.

The basic idea is to construct an irreducible finite Markov chain whose
states are configurations on which we simulate a random wal. More specif-
ically, suppose that we are given some strictly positive probabilty measure
1f on a finite set n and we wish to ¡.eiieniÜi t.hls measure. The idea is to
construct an irreducible Markov chain with transition matrix P and state
space n and which has 1f as its stationary distribution. Carrying out a ran-
dom wal on this chain constitutes a randomised algorithm for generating
1f.

In order to construct such a chain we use the following very useful prop-

erty of Markov chains. This is, that a suffcient condition that the irreducible
stochastic matrix P has 1f as its stationary distribution, is that P satisfies
the detailed balance condition for 1f, namely:

(8.1.1) For each pai of states i,.1 E n,

1f(i)P(i,.1) = 1f(j)P(j, i).

To construct P we proceed as follows. Start with any irreducible stochas-
tic matrix A = A(i,.1) having state space n. Let G : R+ ~ (0,1) be any
function satisfying G(x) = xG(x-i). Define the matrix Q(i,.1), i,.1 E n, by

Q(' ') = G (1f(j)A(j,i)) .i,) (')A(' ')
1f 'f, i,j

Now modify A to P by

P(i,.1)
P(i, i)

A( i, .1)Q( i, .1)

1 - L P(i,.i).
Hi

It is easy to verify that we are choosing Q so that the resulting matrix P
satisfies the detailed balance condition for the distribution 1f.

i =1 .1,

8.1 Metropolis methods 125

As for finding G : R+ -- (0,1J satisfying G(x) = xG(x-i), this is easy.
Two of the many solutions are

G(x) = min(x, 1),

(this is the one usually called the Metropolis method) and
x

G(x) = -.1+x

(8.1.2) Example: Suppose we are aiming to simulate the ferromagnetic
Potts model by this method. We know from §4.4 that the stationary equi-
librium distribution we wish to achieve is

1f(a) = e-ßIl(a) jZ.

Choose our initial matrix to be the transition matrix which allows tran-
sitions between any pair of neighbouring states a "- a', where states are
neighbours if their spins differ in one pIneo, and all such neighbours are
equally likely. Then take G(x) = min(1, x) and it is straightforward to
check that the Metropolis algorithm is the following.

(i) If H(al) ~ H(a) then move to al.

(ii) If H(al) :; H(a) then move to al wIth probabilty e-ß(H(a')-H(a)).
This algorithm is essentially the single spin-flip process. Notice that because
al and a difer only in one site it is easy to implement and the rules can be
streamlined to

(ii) Choose site i at random, and state X E U, .", QJ at random and
change colour of i to X either if it does not increase the energy H or
if it does, do so with probabilty e-ßß(H) where !:(H) is the resultingincrease in H. 0

(8.1.3) Example. Random cluster modeL. Recall that in this system
we have a Gibbs probabilty on the subsets of edges of a graph G given by

peA) oc (pjq)IAIQ-r(A) A ç E.

Define an initial transition matrix which hus states consisting of all edge
sets A ç E(G), and in which transitions from A are uniformly distributed
among the neighbours of A. Here neighbour wil mean any set A' such that
A, A' difer in just one edge. Then it is straightforward to check that the
standard Metropolis algorithm consists of:

(i) if!: = (pjq)IA'I\IAIQr(A)-r(A') ~ 1 then move to A';

(ii) if!: 0: 1, move to A' with probabilty !: but otherwise stay at A. 0
In both of the above examples the method converges to the right answer.

However, there is no indication of the rate of convergence and it is this that
is important. We return to this in §8.4.
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8.2 Approximating to within a ratio
We know that computing the number of 3-eoloiiings of a graph G is #P_
hard. It is natural therefore to ask how well can we approximate it?

For positive numbers a and r ~ 1, we say that a third quantity â approx-
imates a within ratio r or is an r-approximation to a, if

(8.2.1) r-la:: â:: ra.
In other words the ratio â/ a lies in ¡r-1, rj.

Now consider what it would mean to be able to find a polynomial time al-
gorithm which gave an approximation within r to the number of 3-colourings
of a graph. We would clearly have a polynomial time algorithm which would
decide whether or not a graph is 3-colourable. But this is N P-hard. Thus
no such algorithm can exist unless N P = P.

But we have just used 3-colouring as a typical example and the same ar-
gument can be applied to any function which counts objects whose existence
is N P-hard to decide. In other words:

(8.2.2) Proposition. If I : E* ~ N is such that it is N P-hard to decide
whether i(x) is non-zero, then for any constant r there cannot exist a
polynomial time r-approximation to I unless N P = P.

However, in an important paper, Stockrneyer (1985) proves the following
result, which, in a sense, complements Toda's theorem (1.8.5) relating #P
with the polynomial hierarchy.

(8.2.3) Theorem. Let I E #P, and let d be a positive integer. Then
there exists a deterministic Turing machine M, which if equipped with a Er-
oracle, wil, on input (x, f), output g(x) which approximates i(x) to within
ratio (1 + € ixi-d). Moreover its running time is bounded by a polynomial
in ixl and cl.

We now turn to consider a randomised approach to counting problems
and make the following definition.

An €-8-approximation scheme for a counting problem I is a Monte Carlo
algorithm which on every input (x, €, 8), € ? 0, 8 ? 0, outputs a number Y
such that

Prf(1 - e)l(x) :: Y :: (1 + €)I(xH ~ 1 - 8.

It is important to emphasise that there is no mention of running time in
this definition but of course, ideally, one would like an algorithm which ran
in time which is a polynomial function of lxi, c i and 8-1.

The origin of this idea of approximation in counting problems seems to
be in the papers of Karp and Luby (1983) and Stockmeyer (1985), though
the idea of approximating objects such as the chromatic number goes back
much futher.
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Karp and Luby consider in some detail the DNF -counting problem. This
is the classic problem of counting the number of satisfying assignments of
a propositional formula F which is the disjunction of m clauses 01, ..., Om'
Each clause is a subset of literals from the n Boolean variables Xl, ..., Xn.

We know from §1.4 that this is a #P-complete problem. It is useful first
to consider the crude approach which amounts to little more than sampling
from a finite population. Let U be the set of 2n different assignments to the
Xi, regard F as a function F : U -. (0,1) and our goal is to estimate the

size of the "good" set G ç U, consisting of those 1L E U for which F( u) = 1.
The Monte Carlo algorithm consists of selecting N random elements Ui

from U, setting Yi = 1 if F(Ui) = 1 and 0 otherwise and letting

Y = EYijN.

Clearly E(Y) = J. = !G! / IU! and as N ~ 00, Y wil converge almost

surely to J.. However straightforward probabilstic inequalities show that
the following are true.

(8.2.4) Provided € :: 2, and N ~ 4In(2j8)/J.€2 the above algorithm is an
€-8 approximation scheme.

Thus in order for this approach to work in the sense of producing a

polynomial time algorithm we need

4ln G) s: J.€2poly(1F1)

where IF! denotes the length of the formiiln F. But J. = IGI j IU! and thus
this amounts to

IU\ / IGI s: poly(IFI).

Note that this is what we would expect; it demands that the number of
successes in sampling from U is not too small.

In general, obtaining a polynomial bound on IUI j IGI presents an insur-
mountable barrier - not least because it wil not exist.

However, using a more ingenious method, Karp, Luby and Madras (1989)
construct an €-8 approximation scheme for the D NF -counting problem which
has running time which is bounded by

O(nm€-2In(2/8)).

They apply this to problems such as the network reliabilty problem dis-
cussed earlier, however the transformation from two terminal network reli-
abilty to DNF is such that the number of clauses in the DNF formula is

the number of cut sets separating 2 vertices. This is usually exponentially
large, so this approach wil give a fpras for reliabilty only in a restricted
set of instances.
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Now let I be a function from input strings to the natural numbers. A
randomised approximation scheme for I is a probabilstic algorithm that
takes as an input a string x and a rational number f, 0 .( f .( 1, and

produces as output a random variable Y, such that Y approximates i(x)
within ratio 1 + f with probabilty 2: :l/4.

In other words,

r 1 Y ~ 3Pr --.( - .( 1 + f :; -.1 + f - I(x) - - 4
It is important to note that the probabilty space here is not the set of
possible inputs, but the 'random' computations.

Note also that the quantity 3/4 is not crucial and can be replaced by any
number strictly greater than 1/2.

A fully polynomial randomised approximation scheme (fpras) for a nmc-
tion I : L* -- N is a randomised approximation scheme which runs in time
which is a polynomial function of nand c1.

Suppose now we have such an approximation scheme and suppose fu-
ther that it works in polynomial time. Then we can boost the success

probabilty up to 1 - 8 for any desired 8 :; 0, by using the following trick of
Jerrum, Valiant and Vazirani (1986). This consists of running the algorithm
O(log 8-1) times and taking the median of the results.

We make this precise as follows:

(8.2.5)

(8.2.6) Proposition. If there exists a fpras for computing I then there
exists an f-8 approximation scheme for I which on input (x, f, 8) runs in
time which is bounded by O(log8-1)poly(x,c1).

Proof. Suppose 0 .( 8 .( 1 and that. A is a fpras for approximating
I. Suppose that for a given x, f, one runs t where t = 12 r -log 81 + 1,
independent simulations of the algorithm A, yielding t random variables
l', ..., yt each satisfying (8.2.5). Now if Ymcd denotes the median of these t
values the probabilty that Ymed fails to approximate I(x) to within ratio

1 + f is bounded above by t () .
L ~ ~. ~ t-ii=l(t+1) i (4) C)

By Chernoff's inequality this bound is less than e-t/12 and hence by choice
of t, Ymed is an f-8-approximation to I(x). 0

It is worth emphasising here that (8.2.5) shows that the existence of a
fpras for a counting problem is a very Ht.rong result, it is the analogue of
an RP algorithm for a decision problem and corresponds to the notion of
tractabilty. However we should also note, that by an analogous argument
to that used in proving Proposition (8.2.2) we have:
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(8.2.7) Proposition: If I : L* -- N is such that deciding if I is non-zero

is N P-hard then there cannot exists a fpras for I unless N P is equal to
random polynomial time RP.

Since this is thought to be most unlikely, it makes sense only to seek out a
fpras when counting objects for which the decision problem is not N P-hard.

8.3 Generating solutions at random
For many problems the diffculty of generating a solution, uniformly at
random, from the set of all SOlUtiOIlH t.o 11 given instance appears to be

roughly on a par with the diffculty of counting the solutions, or at least
approximating the number of solutions. The fundamental paper on this
topic is that of Jerrum, Valiant and Vazirani (1986) and it is on this that
this section is based.

First an informal summary of what we wil observe.

(8.3.1) Generating a random solution can be significantly harder than find-
ing a solution.

(8.3.2) Generating a random solution can be signifcantly easier than
counting all solutions.

To see that uniform generation may be easier than counting consider the
following example.

(8.3.3) Example: Associate with any input consisting of a Boolean for-
mula in disjunctive normal form (DNF) its set of satisfying assignments.
We know from §1.4 that counting the number of satisfying assignments
to a DNF is #P-complete. However, t.here Iii a method of generating a
random member of the solution set. It is baBed on the Karp-Luby (1983)
method of approximating their number, and its running time is bounded bya polynomial. 0

Not surprisingly, it is usually harder to generate a random member of a
population than to construct a single member of that same population.

It is easy to construct (= find) a directed cycle from a digraph whenever
such a cycle exists. However we have:

(8.3.4) Proposition. If there exists a polynomial time bounded machine
which constructs uniformly at random a directed cycle from a digraph
then NP = RP.

Another theorem of Jerrum, Valiant and Vazirani shows that if it is possi-
ble to effciently estimate the number of ways of extending a parial structure
to a complete structure, then there is an effcient randomised algorithm for
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generating structures at random. Conversely, if there is an effcient algo-
rithm for generating extensions of partial structures to complete structures
then it is also possible to effciently estimate the number of structures.

Finally, we mention the concept of approximate random generation.
We work with self reducible relations R : I;* x I;* The concept of self

reducibilty captures the idea that the solution set associated with a given

instance of a problem can be expressed in terms of the solution sets of a
number of smaller instances of the same problem.

Provided we are dealing with self reducible relations, a fast algorithm for
approximate counting exists if and only if there exists a fast algorithm for
almost uniform generation.

8.4 Rapidly mixing Markov chains

We return now to sampling procedures based on Markov chain simulation.
Although the mathematical analysis can he very diffcult the basic idea is
straightforward.

Identify the set of objects being sampled with the state space n of a finite
Markov chain constructed in such a way that the stationary distribution
of the Markov chain agrees with the probabilty distribution on the set of
objects. Now start the Markov chain at an arbitrary state and let it converge
to the stationary distribution. Provided the convergence is fast, we have a

good approximation to the stationary distribution faily quickly. However
the key to the success of this approach is that the time or number of steps
needed to ensure that it is suffciently close to its stationary distribution is
not too large.

To be more specifc, suppose that P is the transition matrix of an irre-
ducible aperiodic finite Markov chain (Xt; 0 ~ t -: 00) with state space
n. Suppose also that the chain is reversible in that it satisfies the detailed
balance condition of (8.1.1).

This condition implies that rr is a stationary or equilbrium distribution
for P and that

Prt lim Xt = i) = rri
t-+oo

for all states i E n.
Moreover, P has eigenvalues 1 = À1 ~ À2 ~ .., ~ ÀN ). -1 where N

is the number of states, and all these eigenvalues are real. The rate of

convergence to the distribution rr is determined by the quantity

Àmax = maxr.2,IÀNI).

More precisely we have the following proposition. Let Pij(t) denote
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PrtXt+h = j I Xh = i) and let

ßi(t) = ~ L I~j(t) - rr(j)I,
J

denote what is called the variation distance at time t. It is clearly a measure
of the separation from the stationary distribution at time t.

Now define, for € ). 0, the function Ti by

Ti(€) = mintt: ßi(8) ~ f Vs ~ t)

(8.4.1) Proposition (Sinclair (1991)). For f ). 0, Ti(€) satisfies

1 1 1
(i) Ti(€) ~, \ (In-(.) +In-);max rr i f

(ii) mFTi(€) ~ 2(1 ~m~:.v) ln (;J.

In order to achieve rapid convergence we need Ti(€) be small, for all i, and
thus we need Àmax to be "relatively small" .

Now Àmax, being dependent on two eigenvalues is a bit of a pain and it
is useful to note the following trick which concentrates the interest on À2.
Replace P by pi = ~ (I + P) where I is the identity matrix. This only
afects rates of convergence by a polynomial factor. All eigenvalues of pi
are non-negative, and the quantity À:rax of pi is ~Àmax, so that henceforth

we need only consider the second eigenvalue À2. Ideally we want 1 - À2 to
be large so À2 must be small.

The key idea of Sinclair and Jerrum (1989) was to relate this to the very
aptly named conductance tP of the chain. This is defined by

(8.4.2) tP = TM f L: P(i,j)rr(i) /L: rr(i) 1.
- 1 iES,jEU\S iES

But the bracketed term is just the conditional probabilty of leaving a set
S in the equilbrium state. In other words tP is a measure of the abilty of
the chain to escape from any subset of the state space n.

(8.4.3) Theorem. The second eigenvalue À2 of a reversible ergodic Markov
chain satisfies

1 - 2tP ~ À2 ~ 1 - ip2/2.

In other words, for fast approximation we need large conductance.
Returning to Proposition 8.4.1 we see that combining it with Theorem

8.4.3 gives
Ti(€) ~ poly(n),
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where poly(n) denotes some polynomial function of the input size, if and
only if

1ll). -
- poly(n)

The first major practical application of the theory seems to have been
in the work of Broder (1986) on approximating the permanent. The paper
of Jerrum and Sinclair (1989) which built on Broder's work was a major
advance, particularly in their idea of relating rapid mixing with conduc-
tance. They used this to show that there was a fpras for evaluating a dense
permanent. More precisely they proved the following theorem.

We say that an n x n matrix A with entries from to, n is dense if every
row and column sum is at least nj2. .1erriirl and Sinclair prove that

(8.4.4) Provided the matrix A is dense

1ll). -.
- 12n6

Using this in conjunction with (8.4.:!) gives

(8.4.5) Theorem. There is a fpras for computing the permanent of dense
matrices.

This stil leaves the question open for matrices which are not dense, and
resolving this is one of the more interesting open problems in this area. The
techniques used to prove Theorem 8.4.5 are similar to those used to prove a
similar result about the ferromagnetic Ising modeL. We wil consider this in
§8.6, but now turn to what is basically a more fundamental problem than
the permanent.

8.5 Computing the volume of a convex body
The mathematical problems involved Iii eOHlpiitlng areas and volume have
a long history, they go back at least as far H.'l 2000 B.C., (see for example
Dyer and Frieze (1991)). Here we are concerned with a special case of the
high dimensional integral discussed earlier, namely how to quickly compute
the volume of a convex region of Rn where n is reasonably large.

Before we consider the specific computational question, we should em-
phasise that there can be severe diffculties in even describing the convex
body. A good overview of the sort of problems which can arise is given in
the article by Lovász (1990); a complete discussion may be found in the
monograph of Grötschel, Lovász and Schrijver (1988). In the following very
brief discussion of the volume question we shall restrict attention to convex
bodies with algorithmically good descriptions.

First a negative result; we show that even when the region is a convex
polyhedron with facets defined by hyperplanes whose coeffcients are 0-1 the
problem of computing the enclosed volume is #P-hard.
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Let ~ be a partial order on the set InJ = P, 2, .", n1. Define the order
polytope P(~) to be the convex polyhedron in Rn consisting of the inter-
section of the unit hypercube en with

x : Xi :: Xj if i ~ j.

2 3

1

Figure 8.1.

Thus for example, if ~ is the partial order shown in Figure 8.1 the asso-
ciated polytope consists of x E R4 Hudi that.

0:: Xi:: 1

Xl :: X2 :: X4

Xl :: X;i :: X4.

Now let E(~) be the set of linear extensions of ~.

(8.5.1) Proposition. Volume (P( ~)) = #E( ~)jn!.

Proof. For any permutation 7r of 11, nJ let S7r= tX E en : X7r(I) :: X7r(2) ::
. . . X7r(n) 1. Then use the following two, easily checked, results.

(8.5.2) The S7r are pairwise disjoint.

(8.5.3) The convex polytope P(~) = U7rEEH)S7r'

Also note that since the volume of a simplex t: in Rn with vertices
PO,Pi, ...,Pn is given by the deterrninantal forrniila

11 1 ... 1 I
vol (t:) = Po Pi ... Pn

then we get that vol(S7r) = Ijn! which proves (8.5.1). D
In other words, computing the volume of the order polytope of a parial

order ~ reduces to enumerating the number of linear extensions of~.
Now we use the result of Brightwell and Winkler (1990) that counting the

number of linear extensions is #P-complete and we have the result:
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(8.5.4) Theorem. Computing the volume of a convex polyhedron even
when defined by (0-1) hyperplane constraints is #P-hard.

At the same time, it is shown by Dyer and Frieze (1988) that the following
is true.

(8.5.5) The volume of a convex polyhedron can be computed, to any poly-
nomial number of bits, in polynomial time using a #P-oracle.

An interesting question raised in Dyer and Frieze (1991) is the following.

(8.5.6) Problem. Suppose that a polyhedron is presented as a convex hull
of a set of m points Pi , ..., Pm ERn, with each Pi having 0-1 coordinates. Is
computing the volume #P-hard?

It is known that with general rational coordinates the problem is #P-
hard (see Dyer-Frieze (1988)), the above question is asking whether it is
strongly #P-hard.

In 1989, Dyer, Frieze and Kannan designed a fully polynomial time ran-
domised algorithm to approximate the volume of a convex body K ç Rn.
The original algorithm to find an t-approximation to vol(K) with t .. 1 and

error probabilty less than 6 demanded

O(n23(logn)5t-2log(e-l) log(6-1))

convex programmes.
Since then there have been improvements by Lovász and Simonovits

(1990) and Applegate and Kannan (1991) which resulted in algorithms
involving at most O(n10) membership tests (though we are ignoring the
additional terms in (log n) (log C 1) and the like.

More recently, Dyer and Frieze (1991) have refined the algorithm so
that currently computing the volume of K ç Rn by a fpras involves
O(n8c2log(njt) log 6-1) membership tests.

Each of these successive improvements has a common theme, though the
technical details are formidable. We attempt to give some insight into the
nature of the proofs.

Proof Idea

Let K be a convex body in Rn. Surround K by a ball B ç Rn whose
volume we know, and ideally with B, as close as possible to K. Then, even
though the volume of K may be much smaller than B, it can be shown that
there exists a sequence K = Ko ç Ki ç ... ç Km = B of convex bodies
where vol(Ki+i) :: 2vol(Ki) and m is only a polynomial in n. Thus provided
each of the ratios vol(Ki)jvol(Ki+d cl1n be estiml1ted, these estimates can

be combined to give an estimate of vol(K) = vol(Ko). In order to make
this work we need to have a method of generating a point randomly with
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uniform distribution in a convex body. The rough idea of an algorithm for
doing this is to construct a graph G, most of whose vertices are the lattice
points of a grid or mesh of Rn which are contained in K. (Recall that a
lattice point is a point in Rn having integral coordinates and a cube means
a unit cube whose centre is a lattice point and whose edges are parallel to
the axes.) Let V consist of those lattice points which are declared to be in
K by a weak separation oracle using error tolerance ~. The graph G has
edges formed by joining two lattice points of V if and only if their distance
apar is say d. G wil have exponentially many nodes (about vol (K)) and

maxmum degree 2n.
The idea now is to carry out a random walk on G and to use the con-

ductance results of Sinclair and Jerrum described earlier to show that the
associated Markov chain is rapid mixing.

To do this one needs good isoperimetric inequalities. However as Lovász

(1990) remarks "the main problem is that the random wals are slow in
getting to the distant parts of K". Thus at the moment, although in the-
ory the problem has a fully polynomial randomised approximation, from a
practical viewpoint the method needs to be speeded up.

However, the main and most important point is that the theoretical bar-
rier has been broken, and one would expect substantial improvements in
speed over the next few years.

8.6 Approximations and the Ising model

In §8.1 we have described a Metropolis type method for approximating the
. partition function of the random-cluster modeL. This includes the Ising

model but the method docs not convorgo f/lt.
We now describe another Metropolis algorithm which can be shown to

consist of a rapidly mixing Markov chain and hence converges in polynomial
time.

In order for the method to work we have to include a non-zero magnetic
field, so that the Hamiltonian H(a) is given by

H(a) = -J L aiaj - MLak'ijE E k
The idea is to construct a Markov chain whose states are spin confgu-

rations a E t -1, +f¡n where n = JV(G)I. Transitions occur only between
states which difer in one component. Transition probabilties are chosen so
that the stationary distribution 7r is given by

(8.6.1) 7r(a) = exp(-ßH(a))jZ.

However, in order to have a fpras we have to work in a diferent scenario

- what Jerrum and Sinclair (1990) call the "subgraphs-world". In this, the
basic confgurations are subsets of the edge set and the weight w(X) of a
given confguration X is calculated according to the formula:
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:- a multiplicative factor), for each edge of X
:- a multiplicative factor lL for each vertex of odd degree in X.

Then take a probabilty distribution

(8.6.2) Pr(X) = W(X)/Z' X ç E(G),

where Zi is the normalising factor. Taking

), = tanhßJ

lL = tanhßM

gives
Z = 2n(coshßM)n(coshßJ)IEIZI.

The method now is to set up a Markov chain whose states are confgurations
of this subgraphs world and whose stationary distribution is given by (8.6.1).

Transitions are allowed between states which difer in just one edge and
transition probabilties from a state X to a new state Xi are defined by the.

following modeL.

(8.6.3) Choose edge e E E uniformly at random and let Y = X EB tel.

(8.6.4) If w(Y) :? w(X) then set Xi = Y.

(8.6.5) If w(Y) 0: w(X) then with probabilty w(Y)/w(X) set Xi = Y
otherwise Xi = X.

The main result of Jerrum-Sinclair (1990) is the following:

(8.6.6) Theorem. The Markov chain on the subgraphs world is rapidly
mixing.

There are a few points to note about the above method:

(a) we need a non-zero external field in order to make the Markov chain
irreducible;

(b) we need J :; 0, in other words ferromagnetism, otherwise the quanti-

ties in question are not probabilties;

(c) the calculations involved at ellh transition are not severe, to deter-

mine the ratio w(Y)/w(X) we only need to carry out two multiplica-
tions since Y, X differ in just one edge.

We should note also that the relationship between the "subgraphs-world"
and the more familar "spins-world" of the Ising model goes back a long
way in the physics literature, at least as far as Newell and Montroll (1953).

We now try to give some indication of the proof of Theorem 8.6.6.
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Idea of Proof
As we have aleady indicated, the fundamental objective is to get good

lower bounds on the conductance el of the Markov chain M defined by (8.6.3-
5). To do this, the key step is to construct a canonical path ixy between each
ordered pai of states x, y in the graph G(M) (which represents the state
space of the Markov chain). Provided these canonical paths can be chosen in
such a way that no edge (transition) is overloaded by paths, then the chain
cannot contain a bottleneck (or constriction). This implies that el cannot be
too small, for if there were a bottleneck between Sand O\S then any choice
of paths would overload the edges in the bottleneck. Thus we have shifted
the problem from bounding eigenvalues, through conductances, to finding
a "good" set of canonical paths having the property that the maxmum
loading of an edge e = (u, v) of G(M), measured by

1
P = mp: Q(e) E 7r(x)7r(Y)

'Y7.l/

(8.6.7)

is not too large.
Here

Q(e) = Q(u, v) = 7r(u)P(u, v)
and the sum in (8.6.7) is over all canonical paths from x to y which use e.

The relationship between p and conductance is that it can be shown that

el :? 1/2p.

The difcult part is to find a good set of canonical paths.

In the case of the Ising problem on G = (V, E), a collection of canonical
paths is found for which

p:S 21EI /lL4.
This leads to a bound

el lL 4:;-
- 4/EI

and thus to
1),8),20: 1--.

- a:ii EI:l

which is enough to show rapid mixing. o
8.7 Some open questions

A natural question to ask, in view of the Jerrum-Sinclai fpras for the ferro-
magnetic Ising problem is whether there exists a fpras for the Q-state Potts
model, again restricted to the ferromagnetic ca.~e. Specifcally we pose

(8.7.1) Problem. Is there a fpras for the Q-state Potts model in the
ferromagnetic case for Q :? 31
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One might ask the more specific question whether the algorithm of
Swendsen-Wang (1987) is underpinned by a rapidly mixng Markov chain.
This seems hard to prove, even if it is true. However there is such a struc-
tural similarity betwL'Cn the Q-state Pol.s fi)r general integer Q and the Ising

special case (Q = 2) that an afrmative answer to (8.7.1) seems possible.
In the same way as Jerrum and Sinclair (1990) show that there is no fpras

for the antiferromagnetic Ising model unless N P = RP, it can be shown
that the following is true.

(8.7.2) There is no fpras for the antiferromagnetic Potts model for Q ~ 3,
unless NP = RP.

However, I have been unable to resolve the following related question.

(8.7.3) Problem. Does there exist a fpras for counting the number of
4-colourings of a planar graph?

A similar question about 3-colourings is easily answered. It is known to be
N P-hard to decide if a planar graph has a 3-colouring. Hence there cannot
exist a fpras for counting 3-colourings in a planar graph unless N P = RP.

A very interesting general question posed in Oroder (1986) and which is
related to some of the questions posed above is the following.

(8.7.4) Problem. Does there exist /l problem for which a solution can
be found in polynomial time, but for which approximating the number of
solutions is hard.

I believe that an answer to this may be found in 4-colouring planar graphs.
Finding a 4-colouring is in P by the method of proof of the Four Colour
Theorem. However I believe that it is N P-hard to approximately count the
4-colourings. In other words, I believe that the answer to (8.7.3) is negative
and go fuher by making, perhaps rashly, the following:

(8.7.5) Conjecture. For any fixed k ~ 4 there is no fpras for counting the
number of k-colourings of a planar graph.

Conjecture (8.7.5) is expressible in terms of flows rather than colourings
and in this connection the following result of Mihail and Winkler (1991) is
very interesting.

Let every vertex of G have even degree. Then an Eulerian orientation
of G is an assignment of directions to the edges so that for each vertex
the number of edges directed inward equals the number of edges directed
outward. Let e(G) denote the number or such orientations. This is clearly
closely related to the ice problem discussed in §:i.ü, and hence to the general
flow problem. The main results of Mihail and Winkler are the following.

(8.7.6) Computing e(G) is #P-complete.
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(8.7.7) There exists a fpras for determining e(G).

Now when G is regular of degree 4, it is clear that e( G) is just the number
of ice confgurations on G, in other words it is essentially the number of 3-
flows of G. Thus a special case of (8.7.6) and one which is of paricular
interest to us is the following.

(8.7.8) For the class of regular graphs of degree 4 there is a fpras for com-

puting the number of ice configurations.

For planar graphs the statement (8.7.7) CIll be dualised to give the fol-
lowing result.

(8.7.9) There exists a fpras for determining the number of 3-colourings of
a planar graph in which each face has 4 edges.

This is somewhat surprising, and imggests that it may be possible to
extend the arguments to answer positively the following question.

(8.7.10) Does there exist a fpras for counting 4-colourings of planar graphs
of bounded vertex degree?

The arguments of Mihail and Winkler are based on a transformation from
the matching arguments used to prove a fpras for dense permanent and do
not seem easy to modify to deal with (8.7.10).

Tuning now to a more practical question; this is whether the reliabilty
probabilty can be approximated.

Recall that this is essentially a realisation of the Tutte polynomial along
the degenerate hyperbola x = 1 and it would seem to be difcult to disprove

the following conjecture.

(8.7.11) Conjecture. There exists a fpras for computing the reliabilty
probabilty of a planar graph.

Indeed, there seems no reason to restrict the above conjecture to the
planar case except that it was much easier to prove hardness in the non-
planar case and so conversely it may be easier to deal with the planar case

first.
Dualising, a special case of (8.7.11) and one which seems to contain many

of the ingredients which make it a key problem in this area is the follow-
ing.

(8.7.12) Problem. Does there exist a fpras for counting the number of
forests in a (planar) graph?

A negative answer to this would certainly settle (8.7.11), a positive an-
swer to (8.7.11) would probably lead to a positive answer to the reliabilty

question.
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Figure 8.2. Map of Tutte plane and its specialisations.

A general conjecture which, if true, encompasses most of what has
gone before, is the following. Comiidcr the 'r'titte plane as ilustrated in
Figure 8.2

(8.7.13) Conjecture. There exists a fpras for computing the evaluation
of the Tutte polynomial of a graph at each (algebraic) point (x, y) of the
positive quadrant x ~ 1, Y ~ 1.

For technical reasons, based on a study of the random cluster model
and on a certain "well behaved log concavity" (see Seymour and Welsh
(1975)), I have greater faith in the truth of (8.7.13) for the region x ~ 1,

y ~ 1. However there is no clear obstacle to it being true in the whole
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positive quadrant. A borderline problem is the following which amounts to
an evaluation of T(G; 2,0).

(8.7.14) Problem. Does there exist a fpras for counting the number of
acyclic orientations of a (planar) graph?

Finally note that in many of the above cases I have highlighted planarity
as a possible separator between easy and hard cases.

The Robertson-Seymour theory of minors leads to the following conclu-
sions. Almost all problems are "easy", that is in P, for graphs of bounded
tree-width. The square lattice or "grid graph" is the minimal graph with
unbounded tree width. This suggests the possibilty that when the under-
lying graph is of lattice type the computational problems are only just the
wrong side of the feasibilty barrier.

Accordingly we are led to the following fundamental question.

x

(8.7.16) Problem. Let.en be the n x n toroidal square lattice. Is there a
constant c such that computing or finding a fpras for the Tutte polynomial
T(.en; x, y) for integer (x, y) can be carried out in time G(ne)?

Settlng this problem would be a major advance both theoretically and
practically.

8.8 Additional notes

The monograph of Hammersley and Handscombe (1964) gives a wide rang-
ing authoritative account of Monte Carlo methods.

The discussion on Monte-Carlo methods in §8.1 is based on Sokal (1989).
Example 8.1.3 is my attempt to simulate the random cluster process but
its convergence seems to be slow. The streamlined version of the stochas-
tic Potts described in Example 8.1.2 is very close to the model underlying
the colouring algorithm of Petford and Welsh (1989). Even though this
is a finite problem it displays "a critical phenomenon" but as a practical
colouring method seems to be very effective. For a discussion of reversibil-
ity see Kelly (1979). Aldous (1982) and Aldous and Diaconis (1986) are
good sources for the sort of questions discussed in §8.4. Proposition (8.4.1)
is an enhanced version of an earlier result of Sinclair and Jerrum (1989).
The #P- hardness of volume computation was first proved by Bárány and
Füredi (1986). Lovász (1990) gives an elegant account of the methods and
diffculties involved in computing volumes in his general survey of geometric
algorithms. This article and that of Dyer and Frieze (1991) are the basis of

most of the material in §8.5.

A Monte-Carlo approach to reliabilty is taken by Karp and Luby (1985);
this approach however depends on the failure probabilties being suffciently
smalL. Karpinski and Luby (1989) develop a fpras for the number of zeros of
a multivariate polynomial over GF(2); the exact counting problem is #P_
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hard even when restricted to cubic polynomials. This problem, is basically
a parity version of the DNF counting problem - the object is to count the
number of assignments which satisfy an odd number of terms.

Returning finally to a favourite problem, namely that of enumerating self-
avoiding wals on the square lattice. This is becoming a benchmark of com-
puter performance and algorithm design. Conway, Enting and Guttmann
(1992) have now counted wals up to 39 steps, as against 24, which was the
state of the art in 1972. Using this, Conway and Guttmann (1992) have
proved that elf 2: 2.62. This is less than 0.7% below the best numerical
estimate of 2.63815853, and ilustrates again, that even if the general case
may be #P-hard, good asymptotic results can be obtained.
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