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(covariance matrix) of the unbiased estimator. In this connection Perlman
{1972) provides necessary and sufficient, condition for the existence of & real
a € (0, 1) such that a shrinkage of an unbiased vector-valued estimator would
result in an improvement in MSE. Bibby (1972) and Bibby and Toutenburg
(1977, 1978) discuss biased eslimation procedures and estimators that result
from unbiased procedures and estimators. Kleffe (1985) uses a general result
duc to Perlman to derive uniformly better cstimators. Furiher results which
relate to the improvement of the estimator of the population mean are given
in Searls (1964), Khan (1968), Gleser and Healy (1976}, Arnholt and Hebert
(1995). In the current paper we concentrate on certain members of the one-
paramcter exponential families. Under the assumption that the coefficient of

variation is known a priori we derive estimators for the mean with minimum
MSE.

A Review of some Results

Suppose that a univariate variable X ~ D(u,0?%), i # 0, where D is any
distribution, and that the coefficient of variation v = o/ or the noise-to-
signal, of|u|, p < 0, is known. As a conscquence the variance of X can
be written as ¢ = v*u?. It is not uncommon that experience and resulls
obtained from applications justify the assumption of known v. The prior
information about » can be incorporated in distribution models, For example,
in the case of the exponential distribution v = 1. The statistical literature

provides some results that relate to this topic.

Suppose that an iid sample X = (Xy,---, X,,)’ is available. Based on the

assumption that v is known Searls (1964) shows that an iimprovement of es-

Avf

timation of the mean is possib
Cla)

According to Khan (1968), ir
Cla,1—a)={T{X)|T

(see Examples below) the wei
of T\ (X) or T2(X) in MSE
distribution is known. Glese

to a wider ¢lass
C(Gl,ff—‘z) = {T(X) lT(:

(see Examples below) that ¢
Ti(X) and T3(X) of the me:
that has minimum MSE. Tt
ther enrichment to the abo
cstimators. This paper stud
discusses intervals on which

one-parameter exponential f
Example 1 [Searls (1964

Suppose X = (Xp,-++, Xq)
mean i, g ¥ 0, and varia
ey, Xi,a€(0,1),as an e
the purpose here is a real m

The optimal a is
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Hence, the estimator of the mean p with minimum MSE is 7% (X) = o*T{(X).
Example 2 [Khan (1968)]

Suppose X = (X, -+, X,) is an iid random sample from A (g, v2u?), p # 0,
and the coeflicient of variation v is known. Khan considers two unbiased
estimators for u, namely the sample mean 71(X) = X and a linear function

of the square root of the total sum of squares S,
I 2
= m\[Z X? }'] - CnSn »

where the constant

~12 T((n — 1)/2)
— pl/2(9) 12 .
S %)
The variances of the two cstimators are
VarT\(X) = n=~h%?
and
—1 I#{{n — 1)/2)}
2 T%(n/2)
The weighted swm of the unbiased cstimators 7,(X) and T5(X) belongs to the
class C(a, 1—a) given above with VarT(X) = a*VarTy(X)+(1 — 0)*VarTi(X)

VarTy(X) = pf(—1+ 2

This last result is given purely as the sum of two variances hecause the two
estimators 71(X) and 75(X) are uncorrelated. In fact, by normality, they

are independent.

That value of @ which minimizes VarT(X) is

VarT (X)
VarTy(X) + VarTy(X)

'—

=v{{v+n[-1 -1-.??'—1 x F(n-1) )/2)

2 I%(n/2) D }

The resulting nubiased estin
each one of T3 (X) and T3(X

any other unbiased estimato
Example 3 [Gleser and I

An extension of the resull
they consider a wider class

necessarily a weighted lineas
(a]_, az) T {T( |T

where T1(X) and T3(X) arc

They show that a shrinkage
s(v,n) = (d,

where d, = —1 + v{n — 1)

with uniformly minimurm M

Example 4 [Arnholt anc

Suppose X = (X, , Xp)
and that the coefficient of
median. Note that in this
where ,, is the variance of 1
oplimal biased estimator o
M, given by
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with
MSE(T,, (X)) = (anzuz + D{kp? + -t

Comparison of the MSE(M,) and MSE(T, (X)) shows that T (X} is the

more cfficient. of the two estimators.

Improved Estimation and Intervals
A Generalization of the Result by Searls

Suppose X = (X,,---, X,,)’ is an iid sample from D(u, o) , u £ 0, and that
on the basis of the sample there exists an unbiased estimator, say T(X), for u.
Let the variance of 7'(X) be Var{T(X)} = ¢(n)o®, where c{n) is a function of
the sample size n. If we consider biased estimators of x from the cluss Cla) =
{aT(X}la € (0,1)}, we have E[aT(X)] = ap, Var[aT(X)] = c{n)a’o?, and
hence MSET (X)) = c(n)a®o® + (a — 1)*u® Since (d/da){MSE(aX)) =
2c(n)ac? + 2(a — 1)¢* and (&2/du®)[MSE(aT(X))] = 2e(n)o® + 2u2 > 0, it
follows that the biased estimator with minimum MSE in the class Cla) is

1

T X Z{B**TX “w_ o
X) X), e cln)v? 4+ 1

Hence MSE[I**(X)] = c(n)o?(c(niv® + 1) < c(n)o?, from which it is
evident that the relative efficiency of T**(X) in relation to T{X), defined as
Vor[T(X))/MSE[T™(X)}, is e(n)1? + 1. Since e(n)v? + 1 > 1 the estimator
T**(X) dominates the unbiased 7'(X) .

Note that the result by Searls is a special case of the above with ¢(n) = 1 /n.

The Improvement Inter:

An issue closely associated
of regions of improvement,
domination in terms of the
whilc considering this poin

improvement interval lead t

As a consequence of the ger

which improvement, is gaine
I(c(n),v) = {a €

We observe that when v is
to diminish, and therefore tl
will not be of great interest
then all values of v betweer

mean.

In the following section we .

pertinent matters about on

One-Parameter Ex

The family of distribution
parameter exponential fam
on B, real-valued {unctions

functions p(x,8) of Fy may

plz,8) = A{z)
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Note that the functions v, B and T are not unique (Bickel and Doksum,
2000, p. 49).

The families of distributions obtained from cne-parameter exponential fam-
ilies are also themselves one-parameter exponential families. Suppose X =
(Xy,-++, X,) is an iid sample with common distribution Py where Fs lorm
a one-parameter exponential family. If {Pg(”)} is the family of distributions

and p(z,0) are the corresponding density (frequency) functions, we have

L n

p(z.0) = [] Mz exp @T (as) = B6) = ([] e eaplot®) 3-Tw) — nB(0)

a=1 =1

where © = (zy,-+-,z,) . Therefore, the {_Pg(“)} form a one-parameter expo-

nential family.

We obtain a re-parameterization of the exponential family by letting the
model to be indexed by # rather than § (Bickel and Doksum, 2000, p. 52).
‘The exponential family then has the form

q(z,n) = h(z) exp [T (2} — Aln)), € X CRP

where A(n) = log f--- [ h(z) exp[yT(z}}dx in the continuous case and the
integral is replaced by a sum in the discrete case. If # € ©, then A(n) musi
be finite. The model g(x,7n) with n ranging over the space £ is called the
canonical one-parameter exponential family generated by 7' and h. The space
£ is called the natural parameter space and T is called the natural sufficient
statistic. As in the case of p(z,8) for an iid sample X1, .-+, X, we have

a(z,m) = ([T i) eapln' S Ta) - nA(n))

=1 i=1

For example, for the Poisson distribntion we have

p(z,0) = ;:l—le:cp [log(8)YI'(x) - 6], z=0,1,---:0>0,

with h(x) = 1/z!, n(8) = lc
g(z,m)

where h{z) = 1/z!, n = log

The re-parameterized cano
with @ = (u,0®) ., # 0,

8 = (e, ), and the negati
of the cascs the statistic 3.
the mean by a ¥ X,, 0 € |

the normal), and n, o, anc

Morris (1982} gives a char:
mial and negative binomis
tions enjoy wide applicatio
because they are natural .
functions. In ihese cases, t

mean u. This latter relati

02

where the constants (g, (1,

It can be shown that the
variance function), {; =
G, = | (linear), ¢, = 0},

0,¢{; = 1/a%), the binomis
0,6 = 1,( = —1/n){with
p=rq/p, glu) =r4/p* =
of the natural exponentia.
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that the assumption that o2, A, n, @, and 7 will remain constant while
estimating the mean still holds. Based on the foregoing we now give the
coeflicient of variation for the respective distributions in the order they are

presented above: v = a/u, A7V, a7V2 q/(np)"/? and (r¢)='/2, respectively.

Hence, with the pertinent choice of v, the resulting improvement interval has
the form

1—1?
1+ 92

This interval is a special case of I(c(n),v) where c(n) = 1. In fact, it is the

I{w)={a e Ry| <a<lve(01)}

interval of improvement given by Bibby and Toutenburg (1977).

Finally, having given the interval above we can conclude that those values
of a from the open interval (0,1) satisfying the condition in J(v) can be
taken as shrinkage factors; the value v = 1 gives a lower bound zero of
the interval, and this bound is exactly zero. One particular case for which
v = 1 is the exponential distribution. Thus, for the exponential distribution,
all shrunken estimators with shrinkage factors a € (0,1) are improvements
against the unbiased cstimator of the mean, namely X = 1 Y7 X;. The
best among these is * = 1/(n+1). The resulting improved biased estimator
(n+ 1780 X = (nX)/(n+ 1} has a smaller MSE than the variance of
X.

Applications

In this section we provide optimal shriukage factors for the sufficient statis-
tic 3, X; a5 an improved estimation against the unbiased estimator of the
mean. Assume that X ~ F(u,0%), u > 0, where F is any of the five distri-

butions from the one-parameter exponential families we discussed above. We

use the general relationshir
Then for any real valued o
result in each of Lhe cases t

a is the solution of the equ:
1. The Poisson distribu

Suppose X ~ P(A}, A > 0,

and Var{aX) = a®A/n, ME

2(a — 1)A% + 2aA/n and (¢
(d/da)[MSE[aX]] =0, we
showing that the optimal s

1

2. The Exponential dist

Suppose X ~ (M), A > 0,
follow E(aX) = a/X and
a2/ X°n, (d/da)|[MSE(aX)]
2/X%2 4+ 2/X%n > 0. The sc
a =nf(1+n). Thus, the o

3. The Binomial distrik

Suppose X ~ B{n,p),0 <
np, Var{X) = npg; E{aX
(o — 1)’n?p* + a’npq, (d/d
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(d*/da®)[MSE(aX)] = 2n%p®+2npg > 0. The equation (d/da)[M SE(aX)] =
( has the solution ¢ = n”p*/(n?p* + npq). Thus, the optimal shrunken esti-
mator of the mean np is

4 i3

T'(X)=——3X

np? +pq 5

4. The Normal distribution

Suppose X ~ M{p,0°%), p # 0 and 0% is fixed. E(aX) = au and Var(aX) =
ato?/n, MSE(eX) = (a — 1)*u*+a20?/n; (d/da)[MSE(@R)] = 2(a—1)u?+

2a0? froand (& /da®)[MSE(aX)] = 2u®+20%/n > 0. Solving (d/da){MSE{aX)] =!

(0 for a gives the solution ¢ = nu®/(np® + o?) giving the optimal shrunken
estimator
T*(X) =

EX

i’ + np? + o -

for p.

5. The Gamma distribution

Suppose X ~ G(o, §), o, 8 > 0. We assume that the scale paramcter o is
held constant. From E(X) = af, Var(X) = of® follows E(aX) = aaf
and Var(aX) = a?af?/n, MSE(@X) = (a - 1)*a?8 + a®af?/n. Hence
(d/da){MSE(aX] = 2(a — 1)0?5* + 20032 /n and (d?/da®)[MSE([aX)] =
207 4+ 203*/n > 0. We get the solution o = na /(1 + na) for the equation

(d/da){M SF(aX)) = 0 thereby giving the shrunken estimator

o i3
>3 X,
l+no i

as the optimal estimator of the mean /7 in the sense of MSE. Qbserve that

™X) =

if @ =1 we have the exponential distribution in which case the optimal

shrinkage is attained at 1/(1 4+ n)as shown above.

6. The Negative Binomit

Suppose X ~ NB(r,p), r -
that the parameter + (numb
distribution E(X) = rq/p,
arq/np?, MSE(aX) = (a -
2a—1)r2g?/p* +2arg/ng?, a
0. The first derivative set ec

The minimum MSE estimat.
T’

It is known that the geome
tive binomial with r = 1 fo

estimator of the mean ¢/p i
7

We note that the shrinkage

In conclusion we have so f;
optimal shrinkage factors a
Poisson (v? = 1/A), expon
(v? = 0*/p?), gamma, (v* =
course of the sample sizc n
to zero in which case it bec
large g, 18 useful provided

with the exception of the ¢
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unknown parameters because the MSE is itseif a function of the distribution
parameters. And as such they are relevant from the theoretical point of view.
However, whenever prior information about the size of #? is available the
shrunken estimator with minimum MSE is determined precisely. In that case
the shrunken minimum MSE estimalor becomes the operational substitute
for the unbiased estimator X, especially for small sample sives, although X

is UMVUE within the class of linear unbiased estimators of the mean.
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