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On Uniform Contraction
Generated by Positive Matrices

Maciej Wojtkowski

ABSTRACT. It is shown that the Hilbert's metric in the positive
orthant is the only Finsler metric that makes the action of any
positive matrix into a contraction. The volume element defined by
the Hilbert's metric is introduced and the contraction of this
volume element is used in estimating below the spectral radius of
a product of matrices or the maximal Lyapunov exponent of a
product of random matrices. The connection between the
contraction of the volume and the factorization of a positive
matrix into diagonal, doubly stochastic and diagonal matrices is
established.

In the study of products of positive matrices Hilbert's projective
pseudometric ([Birk]) is a useful device (see [Sen] and the bihliography
therein). Its impartance comes from the fact that positive matrices act as
contractions in the space of rays in the positive orthant with the Hilbert's
metric.

Hilbert's metric is a Finsler metric, which allows for infinitesimal
methods in dealing with it, Let us recall that a Finsler metric on a manifold
15 by definition a continuous family of norms in the tangent spaces; it allows
the introduction of the length of a smooth curve and the metric in the
ordinary sense as the infimum of the lengths of piecewise smooth curves
connecting two points (this construction is analogous to the one in the
Riemannian geometry using a Riemann metric). Actually the space of rays in
the positive orthant with the Hilbert's metric is fsometric with a normed
linear space so that this Finsler metric is "flat."”

We will prove that the Hilbert's metric is the only, up to a scalar
factor, Finsler metric which makes the action of any positive matrix on the

space of rays in the positive orthant into a contraction., Hilbert's metric is
not Riemann so in particular there is no Riemann metric with the ahove
property.

Hilbert's metric can be defined in the context of a cone in a linear
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space ([Birk]). In this context Xohiberg and Pratt ([Koh-Pratt]) proved a
general theorem on the unique role played by Hilbert's metric from which our
Theorem 1 follows easily. Nevertheless we feel that our proof gives valuahle
insights into the special case of the positive orthant; in particular the
Finsler character of the Hilbert's metric is not mentioned in [Koh-Pratt]
{actually it is not mentioned in any of the recent papers in which Hilbhert's
metric is used or in the monograph [Sen]).

Let us introduce some notation. By 0, 1 we will denote vectors in R"
or the n = n matrices with all entries equal to 0 and 1 respectively. For
two n x n matrices {or vectors in R") A, B, A >R (A > B} means that
every entry of A is bigger (bigger or equal) than the respective entry of R,
Let u; = (v ¢ Hn|u > 0} and let

P = (A e GL(n,R)|A > 0},P" = (A ¢ GL(n,R)|A > 0)

éD = the group of diagonal matrices in g}{i.e. with positive diagonals).

+ + . "
For v = {vl. cees ¥V ) E ﬂn‘ u = {ul. .uny un] £ ﬂn the Hilbert's

n
projective pseudometric is given by the following formula:

V.U,
d(v,u) = max In i (1)
i MY
d{v,u} depends only on the rays passing through v and u so that it
defines a metric on PD:::RP"'1~ the set of rays in the pnsitive orthant n*

L
as a subset of the projective space rp=1,

Theorem 1 Hilbert's metric on Pn; is a Finsler metric and it is the

only, up to a scalar factor, Finsler metric on Pﬂ: such that the action of
any A e ?+ on P{]; is a contraction,

Proof Let d(.,.) be a Finsler metric on Pﬂ; such that any A E|5>+
acts on Pﬂ: as a contraction. By continuity then the action on Pﬁ; of any
Ae @ s non-expanding. We have that the action of D ¢ and n'l e d) on
PD; is non-expanding. Hence D ¢ & acts on PD: as an isometry.

The group D is isomorphic with the additive group of R" and it acts
freely and transitively on 0 and on PO,

; by the formula:
i=1, ..., n. These

Let us introduce coordinates n = {nl sesesy nn} in 0

. -
if v = {vl, ey un} £ ﬂn then ng = In Vi

coordinates introduce identification of D: with R™ and the action of & on
n h_\l'
translations. Pn: is naturally identified with the gquotient linear space
R"/L where L = {al ¢ Rn|a e R} . The action of L on PU; becomes under
this identification the action of R" on the quotient space R™/L hy

+
ﬂn becomes under this identification the action of R" on R

+
translations. Hence our Finsler metric on Pﬂn defines a translationally

invariant Finsler metric on the linear space R"/L, Translationally invariant
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Finsler metric on a linear space is nothing else but a norm. A norm on R"/L
defines a pseudo-norm on R" which is equal to zero exactly on the subspace
L. Let us denote such a pseudo-norm on R", defined by our Finsler metric,
by 1-i.

Llet for A @, i:En+R

A
coordinates. The fact that %4 is non-expanding with respect to the pseudo-

f be the action of A on 0; in n-

metric defined in R" by the pseudo-norm y«§ can be expressed

infinitesimally as: for every n ¢ R"  and avery £ e R"
IﬂniAEI < IEL (2)

where D ‘ﬁ is the differential of ¢, 6 at n.
n
-1

A
n W ﬂ; 5 U* W n

N is the composition K =+ n R"  where H:U; + R is the
change of coordinates M(v) = (In v, ,..., In v ). S0 it is easy to see that
: " n
DH*A = D,AD, where D,, D, ey, Uy = diag(e ~ ,..., & )},
] ¢ M§y -1 ; "3yl
DZ = d1ag[{J§1 alje ) ,...,{JEI anje )} 7). Clearly U,AD; s a

stochastic matrix from SC' so that (2) for every A ¢ ¥ is equivalent to: for
every stochastic matrix P ¢ @
sPE? < 1e1 for all ¢ ¢ ™, (3)

In particular we get that for any permutation matrix 1

imer = g1 for all g e R,
By continuity (3) rust be true for an arbitrary stochastic matrix (not
necessarily nondegenarate).
Let us introduce a basis {f,, ..., f.} in R™ by
! " k4l k=1
f = (ékﬂ_"'f a8 "".FRJ where a = - —— and B * for
k=2 ,0.., n and fi = 1. In particular f1 1s orthogonal to

n
fo veeus f For any & = (g) +..s §,) ¢ R* we have

.
n
£ = {1zlﬁi]f1 tle, = 6))f, 4 (g5 - g,))f5 + ool e, -6 )f .

Let 'Pk_ k=1, 2 ,... ,n =1 be the following special stochastic
matrices.

P = {pij} where pyy =1 for 1 <1 <k, Psp= 1 for k+1ctqn

and all the other entries are zero. For any ¢ ¢ R"
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Pee = (key + (n - kde)fy + (6 - 5y)f g

Since the value of 1£1 1is preserved under a permutation of components
of ¢ we can assume without loss of generality that ¢ = {51, cans En],
§1 € £ S wee € £ We have then

REQ = '{EE' El}f2 tous +[£" - ﬁn-l]fn' a)
< {52 - 51]|f2| + ..t {an - gn_ljlfnl
Un the other hand
1En 2 |Pk£| = {En - El]lfkl. (5)

Putting ¢ = fm in (5) we get |fm|.h 'fk'
=q >0, Now (4) and (5) yield u{gn . 51} < JER € u{gn - 51]. Finally we
obtain that for arbitrary £ ¢ R" 10 = a max (Ei - Ej].

1,5

Putting « = 1, we obtain for n, £ ¢ R"  the distance defined hy the

s0 that lle T .. = Ifnl

above pseudonorm to be in - Ep = mag{ni + Ej - £,

-+
. nj} Going hack to Dr1

1,]
we get for v, u ¢ ﬂ;, n = W{v), & =Wu), d(v,u) =max {1In v, + In s
1,]
- Tnu; - In uJ] which is the Hilbert's pseudometric (1). Ll
Remark 1 The use of the pseudonorm §£1 = max (51 - ﬁj} in the study of

14
stochastic matrices goes back to A.A, Markov, Moreover, for a stochastic
P o= ,

(7 4]

oy def iPes _ 1 A
T (P) = sup el 2 X I lpss - pja‘

Erngn>0 1,) s=l
(6)
n
=1 =min § min{p,..p:.)
1. s is™"]s

see [Sen], in particular Theorem 3.1, P being stochastic preserves the
subspace LC R" and so can be factored to the quotient space R"IL.

1,(P) is the norm of the corresponding linear map of R"/L into itself with
respect to the norm on R"/L induced by the pseudonorm isi.

Remark 2 Let for any non-negative allowable A (allowahle = with no

zero rows or columns)

d{Av, Au)

rB[A] = SUP, —aTvoT)
v.UEﬂn

.o, rﬂ{A} is the coefficient of contraction of the Hilbert's metric under

+
the action of A on PO , Let further for a given A and .
n J "EU: D1£$‘
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n n
" "'1 -1
= di a T ER)
Dy dlag[vl,....vn]. N, ¢ P 0y d1agL(j;1a1jvj] ,....[jélanjuj] 1o

From the proof of Theorem 1 it follows that tlfﬂzﬁnl} is the infinitesimal
coefficient of contraction of the Hilhert's metric at v ¢ D: . Hence

TB[H = 5up+11fﬂzﬂn1]. (7)

velD
n

Explicit formula for TH[A} in terms of entries of A 1s well known ([Birk],

a. a.
[Sen]): tB(A] = (1 - /o(A))/(1 + /4(A)) where 4(A) = min BRLLIA LT
i,d.k,0 22k

A >0 and 4(A) = 0 otherwise. It follows from {6) and (7) that the formula
for s is equivalent to the following formula: for any a, b ¢ Dn‘ a# 0,
h 2 0

n a_v b v —
inf, ) min [——;5—5—- , ————%—5 ] = ~—EL% if a>0 and b>0 (8)
veD s=1 1+/¢
n LAy, L bsv,
i=1 i=1 0 otherwise
a b
where 4 = min ﬁkhl.
kK, ¢k

It would be interesting to have an independent proof of (8); it would
provide an alternative proof of the formula for Tae

Let r(A) denote the spectral radius of A, For nonnegative A r(A) is
by Perron-Frobenius theory equal to the maximal positive eigenvalue of A,
The coefficient of contraction of the Hilbert metric rH{A] can be used in
estimating the gap between r{A)} and the absoclute value of any other
eigenvalue ([Birk], [Sen] which contains the extensive bihliography). More
precisely if Ays seey A are eigenvalues of a nonnegative allowable A,

r(A) = ay > lhzi 3 see » llnl' then r{A)zg(A) > Ilk‘ K = 2, veas N

n-1 detA
As a consequence (r(A)rg(A)) > Ilz...lﬂl s lFTETl so that

r{A) » [tEEﬁ])]-n+1;n|detﬂ|lfn (9)

It 1s clear that we will obtain a more precise estimate of r(A) if we
use the contraction of the volume element in PD: induced hy the Hilbert
metric instead of the contraction of the Hilbert metric itself,

Any Finsler metric on a manifold defines a volume element hy the
condition that unit balls in every tangent space have unit volume, If the
Finsler metric 1s contracted under some diffeomorphism then the volume is also
contracted. Our next goal is to express analytically in homogeneous

" +
coordinates vyival ... v, the volume element o in Pﬂn induced by the
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Hilbert metric.

Let ::D; » Pﬂ: be the natural projection and V be the vector field in
+

n

n;. V(v) = (v{, +e., v ). Let further u, be the standard volume in 0

| +
foee wy = dv,A.LAdY and F‘ﬂh + R, F(v) = Vit e Voo

Proposition 1. If 4 15 the vﬂlune ETenEnt in PD: induced by the
P
Hilbert metric then gs*u = const -?rj-k l{ 1} vkdvlfx..,xﬂ dvk;m _..;h.dvn

~
= h h i - !
const LT_} F”U where means that we omit corresponding 1- form and

i is the interior derivative of W by V.

Proof. Let us transport o to RnIL (see the proof of Theorem 1) via

v¥0

the change of variables W. We get the volume element  in R"/L which is
transltationally invariant, hence it must be up to a scalar factor equal to the
standard Lebesgue volume, Let v be the standard Lebesgue volume in RM,
vg = ﬂ"fﬁ"‘“d"n and p:Hn > H"fL be the natural projection. We have

n

. + ~
p*y = const 1,v, = const ¥ [-1]k ldn.h...ﬁdn A, . JAdn
1°0 E=1 1 K n
dvi
Since W 1s defined by n; = In vy then dn1 =y 1 =1, ..., n and we
i

get

. k41 ~
¥ = const F{_T T (=1) v, d?lﬁh..ﬂdvkh...ﬁdvn.

By the definition of the interior derivative we have then

1

— e .

w* = const F(v) VO 0

Let us introduce the coefficient of contraction of the volume element w
under the action of A ¢ Y on PU;T

W

X -compact
Let further for any nonnegative matrix A

1/n
o(R) = inf, [fé%ﬂi) .

UEU

Proposition 2, ofA) = ldet A| {p(A}}_"
Proof [t is easy to see that

w'm[Au}{Av'.....Av"'l
() (v'ye.. ™)

)

oA} = sup, sup 4

n
UEnn H ,Jli’v ER

By Proposition 1 we get
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-1
{ﬂu,ﬂu'.....hvn )
Flu) |*0 Flu)
ol(A) = sup SUp TR - = |det A| sup TIME
UED+ v*ui--rvn-lﬂﬂn u_}— uﬂ{“.?',..,,?n 1} UEU+ A
f “oQa

It follows from the above computation that the infinitesimal coefficient
+
of contraction of w at a ray passing through ge O is equal to

|dEt A' ;%%%T; alAY is its supremum over all v ¢ Dn .

On the other hand if A ¢ ‘? is irreducible then it has the positive
eigenvector Uy € ﬂ: with the eigenvalue r(A). The infinitesimal coefficient
of contraction of «» at wuy 1s clearly equal to

J:‘uE' o lln' ) ldE_t_ AJ_
e (r(a))"
and it does not exceed glA) 1i.e,

JJ’—E'L-"}% < |det Al (p(aA))™
(r(A))

As a consequence
r(A) » o(A) (10)

for irreducible A e?.

[Wojt 1] contains a straightforward proof of (10) valid for an arbitrary
non-negative matrix A without reference to the Hilbert metric., It is also
proved there that for A ¥ o(A) » |detA|1f" if and only if there are no
permutation matrices Tys Ty such that n1An2 is a triangular matrix.

Clearly for non-negative A,B n(AB)>3p{A)p(B) so that (10) can be applied
in estinating from below the spectral radius of a product of non-negative
matrices or the maximal Lyapunov exponent of a product of random non-negative
matrices. Indeed, if Ay,....Ay are non-negative matrices then

r{Al ‘e Aﬂ} > p(hl} ‘e ﬂ{ﬂﬁl

Further if Al' AE' ... 15 @& stationary ergodic process with values in non-

negative natrices then the maximal Lyapunov exponent is equal to

Nid X

] 1 & l
= Jim <=1n |A soshi ] > 1im supTin r{A ...A.)
K+t K I k 1| T ) k K 1

Ymax

where the limit exists almost surely ([0sel]) at least if E(]nlnlgj ¢ 4w S0
we get

In p[A1]+...+|n pf.ﬂk}
> lim n = E(1In p{ﬂl]] (11)

1]
ma x
a K+ tm

by the eryodic theoren,
In case a of 2 x 2 matrix Ae ¥ ofA) = t,(A) and (11) yields, also in
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view of (9), if A e ¥
by > 3(E(In[detA ) - E(1neg (A)))) (12)

The estimate (12) was used in [Wojt 2] in estimation from below of the metric
entropy of the billiard system in the stadium and in the asymptotic case of
the stadium close to a disk it is better than more conventional estimates.
Generally of(A) and p(A) are not readily computable. But there is an
interesting connection between p(A) and the factorization of A into
diagonal, doubly stochastic and diagonal matrices.
A is called fully indecomposable if there are no permutation matrices
(“1 J . .
Ty, Ty such that nEAﬂl *\g AL where Al 1s a kx k matrix,

2
lih‘n'li
For a fully indecomposable non-negative matrix A it was proved by
Djokovic ([Djok]) and by London ([Lond]) that Eé%yj attains minimum at a

unique ray passing through a vector vcﬂ; and moreover 1f

Uy = diag I:'H'l. veey ¥ } and

= diag( } a -I. very 17 3 .v.]-lj

0
j=1 13

rd

then Ehﬂ = is doubly stochastic. Hence

1/n Fiolp AD, 1} L/n

. (Au), /" F(Av D, D,
ﬂ{ﬁ] = inf {-F - = [._ }
00’ I UG (%) F0,1)

(13)

F(Dglpl} 1/n F{Déll} Lin
='P*F{hTTTI = P*?TﬁiTj} = Edet[]ﬂ2]

In [Djok] and [Lond] the minimization of F(Au) under the constraint
Flu)=1 was used as a technical device (without reference to the Hilbert
volume} to prove that a fully indecomposable non-negative A can be factored
into A=LPR where L, R e 2 are diagonal (L = DEI, R =D 55 and P 15
doubly stochastic (these papers contain the bibliography of the original
proofs of this fact). Moreover it was shown that L, P and R are unique
up to a scalar factor in L and R. Using the Hilbert volume in Pﬁ; this
factorization can be understood in the following way. For a fully
indecomposabie matrix A g Y the Hilbert volume in Pﬂ: is contracted least
at a unique ray in Pﬁ; passing through a vector v ¢ U;. For a fully
indecomposable doubly stochastic matrix (or its multiple) v =1, in

particular the ray has the direction of an eigenvector, Converseiy if for a
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fully indecomposable matrix A v is equal to the positive eigenvector then
A = 0D} where D = diag (vy, ..., v,), P {is doubly stochastic and A is
the eigenvalue. If additionally v =1 then A has to be a multiple of a
doubly stochastic matrix., Diagonal matrices preserve the Hilbert volume so
that DEADI contracts the volume least at the ray passing through 1 and also
1 is an eigenvector of DyAD, with the eigenvalue equal to 1. Hence D,AD,
mist be doubly stochastic.

For a fully indecomposahble nonnegative A = LPR we obtain from (10}
and (13)

(A} » (det LR)/™ (14)

Moreover we have equality in (14) if and only if r(A)} = p(A). For a fully
indecomposable A ¢ W it means that A contracts the Hilbert volume Teast
at the ray passing through an eigenvector j.e. L = AR'I, x> 0, (14) was
first noted in [Lond] and from the proof there it follows immediately that as
long as A is fully indecomposable we have equality in (14} if and only if
L = LH'I (without the nondegeneracy condition A ¢ @ ). 1t follows also from
[Lond] that (14) is valid whenever A allows the factorization A = LPR
where L, R are diagonal with positive diagonals and P 1s doubly stochastic
(A not necessarily fully indecomposable).

The analogue of (14) for the maximal Lyapunov exponent can be formulated
in the following way:

Theorem 2 Let A;, Ay, ... be a stationary, ergodic process with

values in n x n non-negative matrices which allow the factorization
Al = LPR, where L, R are diagonal matrices with positive diagonals and P
is a doubly stochastic matrix, then the maximal Lyapunov exponent

1
Umax 2 EE[1" det LR)

Proof The inequality follows from (11) and (13) at least when Ay are
fully indecomposable. Generally p{ﬁli > p(L)p(P)p(R) = det{LH]lxnp{P] and
p{P) = 1 for an arbitrary doubly stochastic matrix P (not necessarily
fully indecomposable) which follows from [Lond], 0
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