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Abstract

Science involves learning from data. Herein this process of learning or information
processing is considered within the context of optima information processing, asin Zdlner
(1988, 1991, 1997). Information criterion functionds are formulated and optimized to provide
optimd information processing rules, one of which is Bayes theorem. By varying the inputs and
using dternative sde conditions, various optima information processing rules are derived and
evduated. Generdly output informeation = input information for these rules and thus they are
100% efficient learning rules. When different weights or costs are associated with dternative
inputs, “anchoring” like effects, much emphasized in the psychologica literature are the results
of optimal information processing procedures. Further, dynamic information processing results
are reviewed and extensons noted. Lagt, some implications of the information processing
approach for learning from data will be discussed.
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1. Introduction

In past work, Zellner (1988, 1991, 1997) scientific inference thet involves learning from
data and experience has been viewed as information processing. Input information contained in
alikdlihood function and in aprior dengty has been consdered in relation to the information in
an output dengity for parameters and amargina dendty for the observations. Since we wish to
have the output information as close as possible to the input informetion, a criterion functiond,
namey output information minus input informeation, was minimized with respect to the choice of
an output dengity for the parameters and it was found that the optimal information processing
ruleisBayes theorem. Also, when Bayes theorem is employed, output information = input
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information and thus the processis 100% efficient in the sense that no information islost in the
information processing procedure, an information conservation property of Bayes theorem. In
this past work, entropic measures of information have been employed and Jaynes (1988)
commented as follows on the above gpproach and results: “. . . entropy has been a recognized
part of probability theory since the work of Shannon 40 years ago, and the usefulness of
entropy maximization as atool in generating probability digtributions is thoroughly established. . .
This makes it seem scandalous that the exact relation of entropy to the other principles of
probability is till rather obscure and confused. But now we seethat there is, after al, aclose
connection between entropy and Bayes theorem. Having seen this start, other connections may
be found, leading to a more unified theory of inference. Thusin my view Zdlner'swork is
probably not the end of an old story, but the beginning of anew one.” (pp. 280-281) Seeaso
Hill (1988), Soofi (1996, 1997) and Bernardo and Smith (1994) for further comments on
optima information processng and Bayes' theorem.

In the current paper, the information processing approach will be reviewed and extended.
For example, information processing when asingle input, say alikdihood function is employed
will be andlyzed. Note that Fisher in hisfiducid inference gpproach was interested in just
inputting a likelihood function and not a prior dengity in his effort to perform inverse inference,
that isto obtain post data densities for parameters of likelihood functions.  Further, we shal
condder information processing when the input information is aweighted average of the
information in a prior dengty and the information in alikelihood function. It will be seen that
when the weights are far from being equd, “anchoring” effects are observed that are optimd in
an information processing sense. Also, it is possible to get optimal information processing
solutions when the input information is just moment sSde conditions on parameters, asin the
Bayesian method of moments approach described and applied in Green and Strawderman
(1996), LaFrance (1998), Tobias and ZdIner (1999), Zellner (1994, 1996, 1997), and ZdIner,
Ryu and Tobias (1999). From results so obtained, it is possible to see how much information is
logt relative to the case in which the input information utilized isthat in a prior dendty and a
likelihood function. Note that Hill (1988, p. 281) pointsto “sze-based sampling” asa
procedure, among others, “. . . whereit isroutine for some statisticians to violate the likelihood
principle, and thus aso the conservation property, without ever changing themodd.” Findly,
the case of initid ignorance, that islittle or no initid information will be considered and related to
earlier work on rationa behavior under ignorance by Arrow and
Hurwicz (1972), Cohen and Jaffray (1980), Hogarth and Einhorn (1992) and others.

Above, we have consdered “satic” information processing. The dynamic formulation of
information processing put forward by aformer graduate student in notes for my course will be
reviewed and extensions noted. He showed that traditional Bayesian tempora updating of
posterior dengties to incorporate new sample information is optima from an information
processing point of view using a dynamic programming approach. However, with costs of
change and other dynamic sde conditions introduced, traditional Bayesian updating will not be
optima. Asinmany fidds, solutionsto dynamic problems often differ from solutions to satic
problems.



The plan of the paper isasfollows. In Section 2, the information processing approach is
presented and used to provide results using various informationa inputs and side conditions.
Reative measures of output information are derived and compared. Then in Section 3, dynamic
formulation is reviewed and extended. Lagt, in Section 4, asummary of results, comments on
their implications and some suggestions for future research are presented.

2. Thelnformation Processng Approach to L earning from Data
2.1 Bayes Theorem as a lear ning model

Learning from data and experience is an important activity in science. Some learn informally
while others use Bayes theorem as alearning mode. The Bayesian learning modd utilizes two
informationa inputs, aprior dengty and alikelihood function and two output dengties, a post
data dengty for the parameters and amargind dengty for the observations.  In past work, the
following informetion criterion functiona was employed in analyzing information processng:

Dgg(a|D g=Outputinfo- Inputinfo (1)
where g(q|D) isa proper probability density functionfor ¢ 1 Q, avector of parameters

given D, the observed data, y, and prior information 1, thet is D= (y, I). Since we wish to have
the output information as close as possible to the input information, the functiond in (1) was
minimized with respect to the choice of g, subject to its being a proper density and the result
obtained is Bayes theorem, namely:

9’ (@|D) =p(@|hi|D)/hey|1) @

where p(q|l) = p istheprior density, I(q|D) =! isthelikelihood function and h(y|l )= his

the margind dengty of the observations. Explicitly, the criterion functiona that was minimized to
obtain theresult in (2) is

D(g9)=gIngdg+ cglnhdg - cglnpdg - cpinldg (3.8
= opIn{g/[pl/h}d (3b)

In (38) the information in adengty is represented by its expected log height relative to uniform
measure. On combining the termsin (3a), (3b) is obtained that is the Jeffreys-Kullback-Lebler
(JKL) distance messure between g and g* givenin (2). Sincethe JKL measureis known to be
non-negative, taking g = g* in (3b) providesaminima vaue such that input information = output
information. Thusthe Bayesan information processing rule (IPR) in (2) is 100% efficient. No
information islost or added when (2) is employed, an information conservation property.

Further, it should be recognized that the above optimization problem can be solved subject
to moment side conditions, that is, c‘g‘g(h =m,i =0,1,2,...,m by useof Lagrange multipliers



toobtan g u pl exp{é ¢q'}, wherethe ¢’s are Lagrange multipliers. Also differential
equation side conditions can be employed, eg. dIng/dg = gq)/ 4q), resutinginthe
optima solution, g 1 plexp{c[q@)+ z'(q)]}, wherecisaLlagrange multiplier. If gand z are
given particular forms, the side condition implies that g is a member of the Pearson class of
dengties, see, e.q., Jffreys (1998) for a thorough discussion of the differentid equation that
yields the Pearson system of probability dendty functions. Further, the following “anchoring”
side conditions can be used, cglog(g/p,)dg=a and/or cglog(g/l)dg =b, withgivena
and b denoting the distances between gand p and g and |, respectively. Thusinformationina
variety of sde conditions can be introduced, as in generd maxent problems, see e.g., Golan,
Judge and Miller (1996) to obtain information processing rules that incorporate such
informetion.

2.2 Quiality of prior and sampleinformation

In past work, Zellner (1988a, 1991, 1997, p. 171), it was recognized that the quality of the
input prior and sample information may vary and thus quaity adjusted priors and likelihood
functions were introduced, namédly, p, = q,(p) and I, =g, (I) and employedin place of p
and | inthe criterion functiond in (38). On minimizing it with repect to the choice of g subject
to its being proper, theresult is:

9. H Pl =P )() (4)

For example, in connection with (4), the following may be assumed, namely, g,(p) 1 p*®
and g, (1) i 1° with aand b having valuesin the closed interval 0to 1. Note that raising a
dengty to afractiona power will in many casesresult in its being more spread out. If a=0,
indicating that the prior information is of very low qudlity, g is taken proportiond to the
likelihood function raised to the power b, i.e. g, u I°. If the sample information is considered
of very low qudity, b=0,and g, p p°. Toillustrate, in the casein which we haven
independent observations, each with mean g and variance=1 and employ anormal prior with
mean q and variance = 1/h, the quality adjusted output density is:

9. M exp{-ah(@ - q)* /2y exp{-bS(y; - 9)*/2} p exp{- h'Q- )"/ 2},

with h' = ah+bn and the post datamean = q,, = (ahq +bny)/(ah+ bn), where yisthe
sample mean. It is seen that the values of aand b affect the precison and location of the post
datadengity. With a=b =1, the standard results are obtained.

The above example illugtrates the effects of introducing qudity congderationsin making
inferences about amean. It isthe case that the above adjustments for qudity lead to sample
and prior information being down weighted and to a posterior dengity for the mean with greater
dispersion rddive to the situation in which prior and sample information are of very high qudlity,
i.eea=b=L



When we have aform for g, such asthat given in (4), that differs from g* in (2), we can
compute the information loss using the KL information measure, g™ log(g /g,)dq =0 or
Elogg* > Elog g, , that is, the expected log height of g* is grester than expected log height
of g, for g** g,. Such cdculations can reved theloss of information associated with the use
of low qudity inputs or the use of just one input, say alikelihood function, rather than the usua
two inputs, namdy prior and likelihood functions. Further, if two forms of aprior dengty are

under consideration to be combined with a given likelihood function, the information in their
associated post data densities can be computed using the KL information measure.

2.3 Weighting the prior and sample information

In some circumstances, it may be gppropriate to weight the prior information and the sample
information differently using non-negative weights, w, and w, that can reflect the costs of
departing from a uniform prior dengty and a uniform dengty for the observations given the
parameters. Then the criterion functiond in (3) becomes:

D(g) = ¢ploggdq + g loghdg - w; cglogpdq - w, ¢y logldg (5
And minimization with respect to the choice of g subject to its being proper, yidds.
g up"™ (6)
Thereault in (6) isamodified verson of (2) and Smilar in form to (4).

Asregards (6), if w, =0 and w, =1, we areinputting just the information in the likelihood
function and not inputting the information in the prior, just as Fisher wished to do in hisfiducid
inference gpproach and we obtain an optimal post data dengity for the parametersthat is
proportiond to the given likelihood function. Also, this results when we input a uniform prior for
the parameters dong with the information in the likelihood function. If we just input a prior
density and no likelihood function, then the optimal post data dengity for the parametersisthe
prior dengity. If the prior is diffuse, the output dengity will be diffuse in line with the precept,
nothing in nothing out. Then too, if oneis*deeply attached” to a prior, he/she can choose the
vaueof w, accordingly, an example of an “anchoring” effect. Also, the KL messure as well

as the measure of the information provided by an experiment, ZdIner (1997, pp. 149-153) can
be employed to compare the information content of various solutions.

2.4 Rational behavior under ignorance

Arrow and Hurwicz (1972) and Cohen and Jaffray (1980), provide results on “rationa
behavior under ignorance’ that usudly involve going to extremes. Cohen and Jaffray (1980)
write: “The axioms of Arrow and Hurwicz imply that the decison maker’ s preferences can teke
into account only the outcomes yielded by the acts, and in fact, among these outcomes, only the
extremd vaues" (p. 1289) and “ A property worthy of note exhibited by these criteria [for



rationa behavior under ignorance] is that, in afirs-order gpproximation, they depend on the
sole comparison between the extremd vaues of acts. . . Our results concern only complete
ignorance. They nonetheless succeed in casting a doubt on the existence of persond
probabilities in the case in which the decision maker possesses little information on events [that
is, isignorant]” (p. 1296). Thusit appears that given these authors definition of ignorance,
rationa behavior under ignorance will involve “going to extremes’ and can not involve the use of
persond probakilities to maximize expected utility or minimize expected loss in solving problems
“rationdly.”

The above authors are concerned with “ persona” probabilities and do not consider
Jeffreys (1998) well known use of unbounded measures in his representation of ignorance
about parameters vaues. For example, if we use an improper prior for alocation parameter
q,p(g) 1 const.,- ¥ <gq< ¥ ,wehavePr (a<q<b) =0 and Pr (c<q<d)=0, and the ratio of
these probabiilities is indeterminate, which for Jeffreys (1998) is a representation of ignorance.
Also, see Rényi (1970) for an axiom system for probability theory that accommodates such
unbounded messures. Assgning vaues of O to the above probabilitiesisindeed rather extreme
behavior asis aso the indeterminate odds statement. Note too that with Jeffreys improper
priors, it is not possible to minimize, say, the expectation of a quadratic loss function since the
needed moments don't exist. Asregards information processing, if a Jeffreys improper prior is
the only input information and we minimize the associated JKL information measure, the optimal
vaue of g istheimproper prior. That is*no information in,” “no information out”. On the other
hand, if we are not totally ignorant, e.g., we might know the mean of a non-negetive parameter,
say Eq =m. Then usng this Sde condition, the optimd vauefor g = (1/ m)exp{-q/n} .
Such Sdeconditionsarisewhen y. =q +¢, i =1,2,..., n, where the y’ s are given obsarvations,

say timesto fallure, and the € sare redized error terms. On summing both sides, dividing by n
and taking the expectation of both sdes, Y = Eq + EE where E is a subjective expectation

operator. If there are no outliers or missing variables and the functiond form of thereationis
satisfactory, it can be assumed that E€ = 0 and then Eq =y, amoment Sde condition and the

dengity that minimizes the KL information measure relative to uniform measure or maximizes
the entropy is the exponentid density, g = (1/ Y)exp{- q/ y} , aBayesian Method of Moments

(BMOM) result; see the references given at the end of the paper for applications of the BMOM
approach to many problems that can be given this information processing interpretetion.

Above the exponentid density was obtained as the output of an information processing
problem given just the information stated above. It isobviousthet if there isignorance about
outliers being present in the sample of data, the mean may take on an extreme, unusua vaue.
Thusin this and many other problems, ignorance about properties of the datamay, asiswell
known, result in “optimal” mean vaues that assume “ignorant” extreme vaues. Seelzan
(1980) for andlysis of past empirica studies that neglected to take account of outliers. The
same can be said in cases in which one “ignorantly” uses modelsin which there are left out
variables or other problems with an assumed functional form for arelation. For analyss of such
an example, see Zdlner and Moulton (1985) wherein it was pointed out that use of c = a+ by +
u, isan ingppropriate relaion to employ for permanent consumption, ¢ and permanent income'y
in order to test the hypothesisthat a= 0. Note that O<c<y, and thusgiveny, aand b, uisnot



normdly distributed. Further, if under the aternative hypothesis, a0, then & very low levels of
Y:

Ec|y, a,b can belarger thany, which isan “ignorant” extreme implication. By using the
functiona form, suggested in ZdIner and Sankar (1967), log [z/(1+2)] =a+ b logy + €,

with z = cly, the above difficulties are avoided. Thus, asiswel known, ignorance about the
inputs to information processing can result in absurd, extreme, “optima” outputs.

2.5 Some comments on static information processing

To guard againgt such extreme, absurd outputs, diagnostic checking and predictive testing of
models, using new data, have long been recommended. In diagnostic checking, many times
some dternative model, as mentioned in the previous paragraph is available,

Then the information in the dternative models produced by aternative optima information
processing rules can be compared and evauated. In prediction, new data become available
and rather than gtatic information processing, we have to consider tempord, sequentia, dynamic
information processing procedures.

3. Dynamic Information Processing

In this section, we shdll briefly review the analys's of dynamic information processng
brought to my attention by a student in my course in the early 1990s" and then consider
additiond problems. In the formulation of dynamic information processing, the problem isto

choose an optima sequence of functions, QJ(q|Dt 1) °g(,t), where D, =(Y,,Y,,---, ¥,), the
avalable data a timet, that minimizes the following criterion functiond:

é. ¢F @.t)log[P @ t)Ht)/P(a.t- HT(q D ]dg ()

subjectto: (P (g,t)dq =1 fordl tand P (q,0) agiven prior at t=0 and where

pt)° p(DJt), f@.t) ° f O]a,t)and P(a,t)° P @|D,.t), the post data density for q at
timet given data up to timet, denoted by D,.

The objective function in (7) isadynamic verson of that used in ZdIner (1988) and the
optimization problem is a dynamic programming problem. The optima first and subsequent
periods solutions are obtained by backward induction and use of Belman's principle of
optimdity. Surprisngly, the optima sequentia solution is the usud Bayesian updating
procedure. That is, for periodt, t = 1,2, T, the solution is;

! The student did not provide areference for the results reported below. |f anyone hasthisinformation,

please send it to the Editor and author.



P (@t =P @.t- Df(a 1)/ pt) (8)

an optima information processing rule relaive to the objective function in (7). Note that (8) is
the usud updating rule usng Bayes theorem that permits investigators to combine information
from more than one samplein alogical, optima fashion. Further, period-by-period the value
function, evauated using the optimal solution in (8) is equa to zero. That is, period-by-period,
input information = output information and thus the dynamic information processing procedure is
100% efficient.

Asinthe ddtic case, it ispossible to alow for differing qudity of the prior and sample
information or to weight the sample and prior information differently and solve for the optima
sequentia solution using the dynamic programming approach. Solutions will be similar to those
obtained in the gatic case. Further in the case that the information is valued, asin (7) above, in
the dynamic formulation discounting can be introduced to value net information obtained in the
future. That is, adiscount factor, say b(t) =1/(1+r)', wherer isthe discount rate, would be

used in the summation in ( 7) and the modified criterion functiond can be employed to obtain
sequentid solutions. Thus, many problems can be recast in adynamic programming framework
and solutions obtained using sandard dynamic programming techniques.

In Hogarth and Einhorn (1992), their “belief adjustment modd” is explained and shown to
be useful in interpreting experimenta data rdating to belief updating. Their mode, a*“partid
adjustment” mode, given in their equation (1), makesthe changein beliefs, S - S_; equa toan
adjustment “weight” w,, 0£ w, £1, times the difference between the subjective evaugtion of
current information, s(x,) minus a“reference point”, R, “againg which the impact of the t'th
piece of evidenceisevauated.” (p.8). That is, their belief adjustment modd is given by:

S-S =ws(x)- Rl ©)
To derive a“partid adjusment” equation in the information processing framework that can
be compared to the Hogarth-Einhorn equation the following dynamic loss function,

incorporating a“target” function and a.cost of changing beliefs is minimized by choice of the
fomof g,@[D)° g,,

L[ = (gt - gt*)2+ Ct(gt - gt-1)2 (10)
where g, * istarget function given in (2), which is an optimal solution given no costs of change.

Of course, other target functions can be utilized. On minimizing the integral of (10) with respect
to choiceof g,,thesolutionis

9. = (9, +¢9..)/(1+c) (11a)

or
9. - 9:=a(9,*- 9.1) (11b)



with the “adjustment parameter” a, =1/(1+c,) . While the solution in (11) is a one period
solution, it is possible to get solutionsto the T period problem, given initia conditions, a dynamic
quadratic programming problem. Further, (10) isjust one possible form of the loss function.
One could replace it with a JKL distance loss function and obtain the associated solution. That
the solution in (11b) isSmilar in form to the Hogarth-Einhorn equation is noteworthy.

4. Summary and Conclusions

In this paper, it has been shown that learning or information processing rules can be
derived andyticaly by optimizing information criterion functionas. Bayes' theorem or

information processing rule was shown to be an optima rule both in datic and dynamic learning
contexts. On varying the conditions surrounding the learning process, e.g., dlowing for cost of
changing beliefs or weighting prior and sample information differently, new learning models were
derived, one of them closein form to the “belief adjustment” model of Hogarth and Einhorn
(1992). That solutions to more generd learning problems differ in form from Bayes' theorem or
information processing rule is not an indication of irrationdity or ignorance. Rather they reflect
differing assumptions regarding the information processing problem to be solved. Such
differences arise in many fidds, eg. in economics when the forms of the utility functions or profit
functions are changed. The empiricd task is to determine which rules work well in solving
specific information processing problems.  Future work will involve solving specific information
processing problems using aternative assumptions and usng data to eval uate predictions yiel ded
by dternative information processing rules, the usud procedure for evauating dternative
procedures and models. It is hoped that the results in this paper will be useful to those who
wish to pursue further work on information processing rules.
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