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Abstract. In this paper, we propose a family of surrogate maximization (SM) al-
gorithms for multi-class logistic regression models (also called conditional expo-
nential models). An SM algorithm aims at turning an otherwise intractable maxi-
mization problem into a tractable one by iterating two steps. The S-step computes
a tractable surrogate function to substitute the original objective function, and the
M-step seeks to maximize this surrogate function. We apply SM algorithms to
logistic regression models, leading to the standard SM, generalized SM, gradient
SM, and quadratic SM algorithms. Compared with Newton’s method, these SM
algorithms dramatically save computational costs when either the dimensionality
or number of data samples is huge. Finally, we demonstrate the efficacy of these
SM algorithms and compare their empirical performance on text categorization.

1 Introduction

In machine learning and statistics, many problems involve maximization or minimiza-
tion and hence optimization techniques are very important for solving them. An objec-
tive function that has been widely used in the optimization process is the log-likelihood
function. Since it is closely related to convex (or concave) functions, convexity often
plays a central role. For example, the well-known expectation maximization (EM) algo-
rithm [9] can be derived by using either Jensen’s inequality or concavity of the logarithm
function [15]. Another example is the optimization transfer algorithm [15] (also known
as the surrogate maximization (SM) algorithm [18]), which optimizes a function serv-
ing as a surrogate for the original objective function. This surrogate function is often
constructed by invoking convexity arguments.

The SM algorithm is very effective because it can make an otherwise intractable
or complicated optimization problem tractable or significantly simpler. For example,
it can decouple the correlation among parameters so that one can estimate the param-
eters in parallel, or it can avoid the computational burden of inverting large matrices
often associated with Newton’s method. Moreover, the SM algorithm enjoys the same
local convergence properties as the standard EM algorithm. In this paper, we attempt to
demonstrate the power and potential of SM algorithms in machine learning, by using
logistic regression models as a specific example.

In particular, we address two major issues in devising SM algorithms, namely, how
a surrogate function is defined and how the resultant surrogate function is maximized.



On the first problem, there exist three main approaches, namely, by using Jensen’s in-
equality, first-order Taylor approximation, and the low quadratic bound principle. The
first two approaches follow readily from properties of convex functions, while the third
uses a quadratic function to approximate the original objective function. On the second
problem, in general different maximization methods are required for different surrogate
functions. In this paper, this leads to the standard SM, generalized SM, gradient SM,
and quadratic SM algorithms as will be detailed in the sequel.

Logistic regression models, also called conditional exponential models in the ma-
chine learning community, are closely related to the maximum entropy principle [2, 8].
Recently, they have been successfully applied to data mining and information retrieval
problems. An appealing characteristic of logistic regression models is that they can pre-
dict the class labels by combining evidences from many correlated input features. To a
certain extent, this resembles boosting, which improves the accuracy of a given learning
algorithm by combining many weak learners to form a powerful committee or ensem-
ble. In fact, the pioneering work of [10] established a relationship between boosting and
logistic regression models, which was then further developed in [16].

Given a training data set, we consider in this paper the problem of finding an op-
timal logistic regression model using different SM algorithms. One popular solution is
the use of generalized iterative scaling (GIS) [7] and its variants, such as improved iter-
ative scaling (IIS) [1] and faster iterative scaling (FIS) algorithms [12]. The basic idea
of these methods is to approximate the intractable log-likelihood function of the condi-
tional exponential model by an auxiliary function, in which the model parameters are
decoupled. Consequently, it becomes tractable to optimize the auxiliary function rather
than the log-likelihood function. We can see that surrogate functions play the same role
as auxiliary functions in iterative scaling. However, the difference lies in the fact that an
auxiliary function is used to approximate the difference of the log-likelihood function
values computed based on the parameters in two consecutive iterations. Recently, some
optimization methods based on the Bregman distance have been proposed [5, 8, 13].
Bregman distance-based optimization algorithms work with the first-order Taylor ex-
pansion of a convex function, the argument of which is itself also a function. Therefore
these algorithms share some common principles with SM algorithms.

The rest of this paper is organized as follows. Sections 2 and 3 give brief overviews
on the SM algorithms and logistic regression models, respectively. In Section 4, we then
devise different SM algorithms for the logistic regression models. Section 5 presents the
experimental results and the last section gives some concluding remarks.

2 The Surrogate Maximization Algorithm

We consider the general problem of maximizing an arbitrary function L(6) w.r.t. some
parameter 6. Given an estimate 0(t) at the ¢th iteration, the SM algorithm [15,17]
consists of the following two steps:

Surrogate Step (S-Step): Substitute a surrogate function Q(0 | 8(t)) for L(8),
such that

L(6) = Q6] 6()) (D
for all 0, with equality holding at 8 = 6(t).



Maximization Step (M-Step): Obtain the next parameter estimate 6(t + 1) by
maximizing the surrogate function Q(0 | 8(t)) w.r.t. 0, i.e.,

O(t+1)= argmng(O | 6(t)). 2)

Clearly, construction of the surrogate function is key to the SM algorithm in turning
an otherwise intractable optimization problem into a tractable one. On the one hand, the
closer is the surrogate function to L (@), the more efficient is the SM algorithm. On the
other hand, a good surrogate function should preferably have a closed-form solution in
the M-step. By invoking convexity arguments, a general principle providing guidelines
on constructing surrogate functions, as well as some specific examples for special cases,
have been discussed in [15] and [18]. Depending upon the context, this often relies on
three important techniques, namely, Jensen’s inequality, first-order Taylor approxima-
tion, and the low quadratic bound principle [4]. Combinations of these methods can
also be used [18].

Depending on the surrogate functions obtained, different SM algorithms can be
devised accordingly. In the standard SM algorithm, a closed-form solution for 6(¢ + 1)
in the M-step exists. Then, as

LO(t+1)) = QO + 1)|6(1)) = Q(6(1)[0(t)) = L(6(1)),

the standard SM algorithm enjoys the same local convergence properties as the standard
EM algorithm.

However, it is not always possible to obtain a closed-form solution for 8(¢ 4 1) in
the M-step. In the same spirit as the generalized EM algorithm [9], we can devise a
generalized SM algorithm. That is, instead of maximizing Q(0|6(t)), we only attempt
to find a @(t+1) such that Q(8(t+1)|0(t)) > Q(0(t)|0(t)). Obviously, the generalized
SM algorithm is also locally convergent. Alternatively, in the same spirit as the gradient
EM algorithm [14], we may also devise a gradient SM algorithm, as

0t +1) = 0(t) — (V*Q(8(1)6(1)) "' VL(O(1)).

Finally, application of the low quadratic bound principle mentioned above leads to the
quadratic SM algorithm.

3 Logistic Regression Models

In a logistic regression model, the conditional likelihood p(y|x) is usually given by

plub) = s exp (oA fi ). @

where f;(x,y) stands for the jth feature extracted from input x and output class label
y, Aj is a real-valued weight! measuring the importance of feature f;(x,y), and Z(x)

! Technically, \; can be considered as a Lagrange multiplier corresponding to f;(x,) in a
certain constrained optimization problem.



is the normalization term that enforces the sum of p(y|x) over different class labels y’s
to be unity. In other words,

X) = Zexp (i)\jfj(x,y)).

In this paper, we focus on the multi-class problem. Let 7 = {(x1,¥1),- -, (Xn, ¥n)}
be a finite set of training examples, where each instance x; comes from a domain or
instance space X’ and yi, € {1,2,...,c} is the corresponding class label (from one of
the ¢ possible labels). We also assume that we are given a set of real-valued feature
functions, f1,..., fm, on X. Along the line of [12], we assume that all classes share
the same set of features { f;(x)}, leading to the following simplified parametric model

p(yr = ilxk, A) = p(ilxi, A) = Z(ik) exp (Z)‘ijfj(xk)), ©)
=1

where A = {\;;}. In the sequel, we will also write A in matrix form, as A = [)\ij} excm”

The training procedure aims at finding a set of weights {\;;} that maximizes the
log-likelihood of the training data. Given the empirical joint density p(x,y) estimated
from the training data, the log-likelihood of p(y|x) w.r.t. p(x, y) can be expressed as

A) = Zﬁ(xka Z) lnp(i|xk, A)
ki

= Zﬁ(xkai)ZAijfj(xk Zp X)) (Ze i /\ijfj(x;c)>
k.1 j=1
- Zp x5 )p(i]xk) )\ f(xz) Zp x;;) In (Ze)\i f(xk)>’ )

where p(x) is the empirical density for input x, A\; = (Xi1,..., \im)?, and f(x) =
(1), - ()7 Denote Li(4) = 32, plilxe) AT £xx) — In (32, €A 100)).
Then L(A) = 3, p(xx)Li(A).

Since it is intractable to directly optimize L(A) w.r.t. A, [1] proposed an improved
iterative scaling (IIS) algorithm, which is a modified version of the generalized iterative
scaling algorithm [7]. More recently, a faster iterative scaling (FIS) algorithm was also
proposed for this problem [12]. Let A = {\;;} and A = {\;;} be the parameter values
at two consecutive iterations. Both IIS and FIS proceed by replacing L(A) — L(A) with
a lower bound auxiliary function, which is then optimized w.r.t. A = {§;;}, where
8i; = Aij — Aij. Typically, the auxiliary function decouples the correlation among the
parameters {)\;;} and thus makes the optimization problem tractable. While in general
there exist many auxiliary functions that can be used, a reasonable criterion that has
been used successfully by FIS in choosing the auxiliary function is by measuring its
closeness to the original objective function.



4 SM Algorithms for Logistic Regression Models

In this Section, we employ the three surrogate function construction methods discussed
in Section 2 to devise SM algorithms for logistic regression models. Without loss of
generality?, we assume that f;(x;) > 0, Vi and

> filxe) <1 (©6)
i=1

4.1 Standard SM Algorithm

In this Section, we use a combination of Jensen’s inequality and Taylor approximation
to construct the surrogate function. First, using first-order Taylor approximation on the
concave function In(-), we have

i (DA < (DA O i, ) (¢ A7),

(7
Next, it follows from Jensen’s inequality on the convex function exp(-) that
(A=A ()T £ (xx) < Xij=Xij(t) L1 _ _ 8
€ fJ Xk + f] (Xk)' ()
j=1

Substituting inequalities (7) and (8) back to (5), this leads to the following surrogate
function for L(A):

w(AJA(t) Zp (X, wafj (xx) Zp (X IH(Z )
—Zm i, (t))mek)( 0 1), ©)
J=1

Alternatively, one may apply the Taylor approximation and Jensen’s inequality in
reverse order. First, it is easy to show that the log-sum-exp function In(}, "?) is con-
vex. Using Jensen’s inequality on this function, we then have

IHZ )\ f(xx)

lnz S £ ) =i (DA (DFGo)]+(1= 72y £ ) AT (D) |

i (xx) In (Ze[/\u*ku( +A] (0)F (xk)])
+(1- ; fix) ) In (;ekﬂt)f(xk)) 10

% Since the features f;(xx)’s are prespecified, these conditions can be easily satisfied by the
transformation f; (xx) < fi(xx)/ Zj Ji(xx).



We then apply the first-order Taylor approximation on the concave function In(-) and
obtain

In (Z eXii =i (t)+>\?<t>f<xk>]> <In ( S e>\?<t>f<xk>)
+ 3 plilxn, AE)) (e A0 — 1) (11)

Substituting (10) and (11) back to (5), this leads to the same surrogate function (9).
Next, we consider maximizing @ s (A|A(t)) w.r.t. A as required in the M-step. On
setting the derivative

0 (AJA(t o
% = 2 50) = 3P A )0

to zero, we obtain a closed-form solution and hence the M-step update can be given by

> POxi)p(E|xk) £ (Xk)

Aij(t+1) = Aij(t) + In S 505 p (i, A f (1)

12)

4.2 Generalized SM Algorithm

Note that using only either (10) or (11) leads to two other surrogate functions for L(A),
as

Q. (A[A(t) Zp Xk, 1 /\ f(xx) Zp X (1 — Zf] Xy, )ln (ZBA (t)f(xk))

ki N
_Zﬁ(xk Z Xk hl(z [Aij =i ( t)"")‘ () (xk) ) (13)
k j=1

and

Qr(A|A(t) ZP (X, )AL £ (xp) — Zﬁ(xk)1n<26)\f(t)f(xk))+l
k i

k,i
- Zp i) (i, A(t))e KA 000, (14)

However, closed-form solutions for arg max 4 @ j(A|A(t)) and arg max s Q7 (A|A(t))
cannot be found. Nevertheless, we have

L(A) =2 Q(A|A(1) = Qu(A|A(1)),

and
L(A) =2 Qr(AJA(t)) = Qu(A|A(1)).

As aresult, it is easy to show that

Qs (A(t+1)|A(®) = Qu(A(+1)[A(1)) = Qum(A(D)|A(1)) = L(A(L)) = Qu(A(H)[A(2)),



and

Qr(A(t+1)[A(t)) = Qu(A(+1)|A®1) = Qum(A®)|A(R)) = L(A(t) = Q7 (A(t)|A()).
Thus, the iterative algorithm in (12) is a generalized SM algorithm for either Q) ; (A|A(t))
or Qr(A]A()).

4.3 Gradient SM Algorithms

As mentioned in Section 2, instead of using a generalized SM algorithm for the surro-
gate functions Qr(A|A(t)) and Q ;(A|A(t)), we can also devise a gradient SM algo-
rithm. As we can see, Qs (A]A(t)) completely decouples the correlation among A;;’s,
but Qr(A|A(t)) and @ 5 (A|A(t)) only decouple the correlation among A;;’s in the col-
umn and row directions, respectively. Now,

0Qr(A|A
e = 37 o) i) — il A(1)£(0ec) = Fi(A(D)
Ai=Ai(b) k
G2 Qr(AlA(1) ) ) —
IO |y _y = 2 POROplb AN ) = H(A),
the iterative procedure of the resultant gradient SM algorithm for Q1 (A|A(t)) is
Ai(t+1) = X (t) — (Hi(A®) T Fi(A(t), fori=1,...,c. (15)
Similarly, on denoting A.; = (A5, .., )\Cj)T, we obtain
00, AAD) = 7 ) 0ce) @ — (1)) = FLy (A1),
J A=A (1) k
2
FQ, (A1) = — 37 i) £ () (diag(an () — aw(t)af (1)) = H5(A@)),
NN In,oa,0  F

- _ _ T
where qx = (p(1[x1), - .-, p(clxr))" and i (t) = (p(1|xk, A(1)), - ., plc|xk, A1)
Then the gradient SM algorithm for @ ;(A|A(t)) updates the current parameter estimate
A;(t) through

Aj(t+1) = A;(t) — (H;(At)))

Note that the matrices H; and H.; are of sizes m x m and ¢ X ¢, respectively. There-
fore, in order to update A, the gradient step in (15) needs to invert ¢ mxm matrices,
while that in (16) needs to invert m c¢Xc matrices.

TUR(A®), forj=1,...,m. (16)

4.4 Quadratic SM Algorithm

Let L(0) be the objective function, VL(0) the Fisher score vector, and V2L(0) the
second derivative Hessian matrix at # € R”. Bohning and Lindsay [4] proposed the
quadratic lower bound algorithm under the assumption that a negative definite r x r
matrix B can be found such that VZL(0) = B for all 8.3 Thus, we can define the

3 Here C = D means C — D is positive semi-definite.



surrogate function Q(0 | ¢) of L(0) as

Q(819) = L(9) + (0~ #)"VL($) + 5(6 — )" B(O — ¢).

Itis clear that L(0)—Q(6|¢) attains its minimum at @ = ¢. Since Q(6|¢) is a quadratic
function, its convexity shows that it has only one maximum. The SM algorithm seeks to
approximate the maximum of L(@) with that of Q(6|¢) through an iterative procedure.
If we let ¢ be the tth estimate of 6, denoted 8, then maximizing Q(8]6®")) w.r.t. 6
yields the (¢+1)th estimate of 0 as

6 =9 —BlvL(eW). (17)

This shows that the quadratic lower bound algorithm amounts to maximizing L(8)
by using Newton’s method but with the Hessian matrix V>L(0) replaced by B. Let
A= (A117 ey Alma AN 7)\Cl, AN 7)\mn)T. Since

OLk(A)
8)\ij

= (P(ilxk) = p(ilxk, 4)) f5(xk),
this gives rise to the score vector

VLi(A) = (qr — ar) @ f(xz),

where the symbol ® stands for the Kronecker product [11] of two arbitrary matrices. In
addition, the second partial derivative of L (A) is computed by

O?Li(A) _ { —p(i|xk, A)(1 = plilxp, A)) f;(xx) fjr (xx) i = 7',
ONijONir 1 p(#'[xk, A)p(ilxx, A) f5(xk) fi (x1) i £,

leading to the Hessian matrix
V2Ly, = —(diag(ar) — aray ) ® £(xi)f (xp)-

Thus, we have

VEL(A) =Y p(xi) VAL, = = Y plx)[(diag(ar) — arat) @ £(xi)f" (xi)].
k k

This leads us to Newton’s method, as
At+1) = X(t) — (VELA(1))) " PVLA(®1)). (18)
Now using the following inequality [3, 4]

. 1 1
dlag(Qk) - qug = B {I - CllT} )



where 1 is the ¢ x 1 matrix (i.e., column vector) of ones, we obtain

VEL() = =5 i) { e f<xk>fT(X’“)}
k=1
_ ! [I - %117} ® Zn:ﬁ(xk)f(Xk)fT(Xk)

k=1

[\

1 1 ~

== [I - —117} ® (FDFT) £ B,

2 c

where F = [ f;(xz)] oxn and D = diag(j(x1), ..., p(xy)). We have an iterative pro-
cedure of resolving A as

n

At +1) = At) = B> p(xi) [(@r — ar(t) ® £(x)]. (19)

k=1

As we can see, the algorithm described by (19) is just a standard SM algorithm w.r.t.
the following surrogate function:

Qo(AJA()) = L(A(1) + (A= A1) T VL(A(t)) + %(A =A()"BA=A(t)). (20)

Here, we refer to it as the quadratic SM algorithm because its derivation is based on
the low quadratic bound principle. Note that for both the quadratic SM and Newton’s
method, it is not necessary to require f;(x;) > 0, Viand > ., fi(x;) < 1.

Iflee H= [I-1117] @ (FDF7), then H! = [I - 1117]" @ (FDFT)" !,
where the superscript T stands for the Moore-Penrose inverse. On the other hand, it is
easy to obtain that

> ploa) [(@r — (1) © £6x1)] = vee (Y ploxe)EGxr) (@ — ()

k=1 k=1
~wee(FD@ Q).
where the notation vec(-) denotes the st x 1 vector formed by stacking the columns of

an s x ¢ matrix [11], Q = [}5(z'|xk)]nXC and Q; = [p(i|xy, A(t))] . Using properties
of the vec operation [11], we have vec(A) = X and

{ {I - illT} : ® (F]jFT)l} Vec(Ff)(Q - Qt)>
+
~ vec <(F15FT)1(F13(Q — Q) [I _ i”T] ) .

Thus, we can rewrite the iterative procedure in (19) in matrix form as

A(t+1) = A(t) + 2(FDFT)"'FD(Q — Q) {I - inT} +. 1)



Note that if (19) is used, then, because B is cm x c¢m, inversion of a ¢m X cm matrix
is required at all iterations. On the other hand, if (21) is used, then only the inverses
of an mxm matrix and a cXc matrix are required. Clearly, the latter is more efficient,
especially when cm is large. Moreover, note that for Newton’s method defined in (18),
an efficient iterative equation like (21) cannot be derived.

5 Discussions and Experimental Results

We can see that the surrogate function for an objective function is not unique. As in
Section 4, by using the three different approaches outlined in Section 2, different SM
algorithms corresponding to different surrogate functions can be devised. While each of
these approaches can be used separately, using them together is sometimes also useful.
On the other hand, we also see that a standard SM algorithm for one surrogate function
can at the same time be a generalized SM algorithm for another surrogate function. We
are thus interested in criteria that guide us in the design of good surrogate functions.
Intuitively, one criterion that could be used is the closeness of a surrogate function to
the original objective function. For example, the closer is the surrogate function to the
objective function, the better it will be. Another possible criterion is the tractability of
the M-step. For example, a closed-form update equation will be most desirable. In other
words, we want the surrogate function to be both efficient and effective. In practice,
however, there has to be a tradeoff between these two criteria.

Now we demonstrate this tradeoff of the SM algorithms on a text categorization task
using the WebKB data set [6]. This data set contains web pages gathered from com-
puter science departments in several universities. The pages can be divided into seven
categories. In the experiments, we only use the four most populous entity-representing
categories, namely, student, faculty, course, and project, resulting in a total of 4199
pages. Based on the information gain, 300 features are selected. To satisfy the condition
in (6), we define a feature as
Nj(xk)

fj(Xk)Z m»

where N;(xy,) is the number of occurrences of feature j in document xj, and N (xy)
is the total number of occurrences of all features in document x. In the experiments,
70% of the data are randomly sampled for training while the remaining 30% are used
for testing. For each training example xy, p(i|xy) is set to 0.7 if y, = 4, and to 0.1
otherwise. The initial values of \;;’s are set to zero. The following four SM algorithms

SM-S: standard SM algorithm in (12),
SM-G1: gradient SM algorithm in (15),
SM-G2: gradient SM algorithm in (16),
SM-Q: quadratic SM algorithm in (19), and

Newton’s method in (18) are compared.

All implementations are in MATLAB, and the experiments are run on a 8 x Sun
Microsystems Ultra-SPARC III 900Mhz CPU each with 8MB E-Cache and 8GB RAM.
Figure 1 shows the results of our four algorithms and Newton’s method. Note that the

10



x-axis is in log scale for both plots. From Figure 1(a), we can see that SM-G1, SM-Q
and Newton’s method take only around five iterations to converge to the maximum log-
likelihood value, while SM-S and SM-G2 need tens of iterations. Results on the test set
classification accuracy also show similar trends (Figure 1(b)). Table 1 gives the CPU
time of these five methods. Recall that for SM-Q, we are required to invert a 300 x 300
matrix and a 4 x 4 matrix in all 100 iterations. On our workstation, it takes almost zero
time to invert the 4 x 4 matrix but it takes 6.79 seconds to invert the 300 x 300 matrix.
For Newton’s method, it needs to invert a 1200 x 1200 matrix at each iteration. So
its computational cost is very huge. Moreover, it also needs a lot of memory for this
1200 x 1200 matrix. So Newton’s method is ineffective for this problem. As we see,
both SM-G1 and SM-G2 reduce the computational and storage demands of Newton’s
method.

- L ¥
10 10' 10° 10° 10' 10°

(@) (b)

Fig. 1. (a) Log-likelihood loss vs. number of iterations; (b) Testing accuracy vs. number of itera-
tions.

Table 1. CPU time (in seconds) required for running 100 iterations.

SM-S SM-G1 SM-G2 SM-Q Newton’s
0.03 x 100|27.31 x 100|26.61 x 100(6.79 4+ 0.06 x 100{976.46 x 100

6 Concluding Remarks

In this paper, we use multi-class logistic regression models as a specific example to
illustrate some general principles for devising SM algorithms, which include construc-
tion of the surrogate function and its iterative maximization. Recall that SM-G1 (or SM-
G2) is essentially Newton’s method that works on the surrogate function Q1 (A|A(t))

11



(or Qs(AJA(t))) instead of L(A). For problems with a large amount of data and/or
data with high dimensionality (such as gene expression arrays, which typically have
50 to 100 samples and 5,000 to 20,000 genes), Newton’s method on L(A) becomes
intractable because the inverse of a high-dimensional Hessian matrix is required during
its each iteration. However, to a certain extent, both SM-G1 and SM-G?2 can be used to
deal with this problem.
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